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1 Introduction

The rich landscape of string theory can be charted with a high level of rigor in regions
where there is a full world-sheet description. However, even for well understood string
vacua with relatively simple geometries for the extra dimensions, not much is known about
the structure of the moduli spaces and the classification of the possible gauge groups
that can appear. These features contain a great deal of information about the properties
and predictions of the theory. In particular, they are essential ingredients in the tests of
duality conjectures, in the attempts to bring string theory closer to observable aspects of
fundamental physics, and in applications of the swampland and string lamppost principles.

Ten dimensional string constructions with sixteen supercharges only admit Eg x Eg and
Spin(32)/Zy gauge groups [1, 2] (the latter being locally equivalent to SO(32)). In lower
dimensions many other gauge groups can be realized at special points of the moduli space,
but these have only been partially identified. A systematic investigation on the structure of
the moduli space of toroidal compactifications of the heterotic string was started in [3, 4],
where all the maximal gauge symmetry groups and the points in moduli space where they
arise were presented for S and T? compactifications. The landscape of heterotic strings on
T contains gauge groups of (left) rank d + 16 [5]. General criteria to establish whether a
gauge group is realized or not on T were stated in [4] using lattice embedding techniques.
Modifying the method of deleting nodes in the extended Dynkin diagram of the Narain
lattice Iy 17 [6, 7], we developed more general algorithms to explore the moduli space, and
all the maximally enhanced gauge groups, moduli, and other relevant information about
the embeddings in IIj 4416 Were given for d < 2. In agreement with the duality between
the heterotic string on 72 and F-theory on K3, all possible gauge groups on 72 match all
possible ADE types of singular fibres of elliptic K3 surfaces that were found in [8].

With the motivation to get a better understanding of the landscape of string theory,
in this paper we extend the analysis of [4] to compactifications of the Eg x Eg heterotic
string on T9/7, asymmetric orbifolds which realize the so-called CHL string [9, 10] (in
10 — d dimensions with d > 1). This Zy acts by exchanging the two Eg components of
the momentum lattice, together with a shift by half a period along one of the compact
directions. One of the effects of this (freely acting) Zs modding is to remove eight of the
U(1) gauge bosons from the spectrum, thereby reducing the rank of the gauge group by
eight. The moduli space of the CHL string in 10 — d dimensions is locally %
and world-sheet current algebras can be realized at level 2 or 1.

The momenta of the physical states of the 9-dimensional CHL string belong to the
Lorentzian even self-dual lattice II; g [11]. At generic points of the moduli space the (left)
gauge symmetry is Abelian, namely U(l)g. In the absence of Wilson lines and for generic
values of the radius, some vector states of the untwisted sector become massless and enhance
the gauge group to Eg x U(1). At the self-dual orbifold radius R = /2 (taking o/ = 1),
two twisted states become massless and a further enhancement to Eg x SU(2) takes place.
Eight other non-Abelian ADE groups of maximal rank 9 can be found at other special
points of the moduli space. All of these groups have world-sheet current algebras realized
at level 2. In section 2 we list these groups, which can be easily obtained by deleting nodes



from the generalized Dynkin diagram for II; g (which is the same as the Dynkin diagram
of the group Ejp), in an analogous way as for the S compactification [3].

In less than nine dimensions the lattice of momenta of the physical states (the so-called
Mikhailov lattice) is even but not self-dual [11]. This can be understood by noting that there
is an asymmetry between the possible winding states along the orbifolded direction and
those along the remaining ones, obstructing an automorphism that would make the lattice
self-dual. On the other hand, this asymmetry enriches the pattern of gauge symmetries
with respect to those found from the Narain lattice, and we find in addition gauge groups
of BCF type.

As in the case of T¢ compactifications, there does not seem to exist a Generalized
Dynkin Diagram (GDD) from which one can extract all possible enhancements for d > 1.
Although many different GDDs can be constructed, it is uncertain whether they can pro-
duce the whole set of enhanced gauge groups. Hence, we adapt the exploration algorithm
that was introduced in [4] for the Narain lattices to the Mikhailov lattices. We find that,
for d = 2, the algorithm generates a list of 61 groups of maximal enhancement. In this
case, the CHL string is a realisation of the anomaly free theories with 16 supercharges and
rank 10 gauge groups [12]. We find that the ADE groups arise at level 2 while C groups
appear at level 1 (A; also appears at level 1, but A; = C;). Taking into account that the
exploration algorithm produces all possible maximal enhancements in 72 compactifications
strongly indicates that these results exhaust all the possibilities.

Roughly half of the enhanced gauge groups in the CHL string in eight dimensions are
multiply connected, while the rest are simply connected. Importantly, they are seen to
satisfy the condition derived in [13] for anomaly free 8d N' = 1 supergravities, a result that
can be proven in general also for T2 compactifications [14].

We note that our results for the 8d CHL string extend under T-duality to compactifica-
tions of the Spin(32)/Z5 heterotic string on tori without vector structure [15], as discovered
in [16] and further discussed in [17]. These theories are also dual to F-theory on K3 with
a frozen singularity [15, 18], hence it should be possible to reproduce our results in that
context. Similarly, the d = 1 case is dual to M theory on the Mobius strip [19, 20]. We do
not dwell on these dualities here, focusing our attention only on the (Eg x Eg) heterotic side.

The paper is organized as follows. In section 2 we review the construction of the CHL
string in nine dimensions as an S'/Z5 orbifold of the Eg x Eg heterotic string. We then
find all the maximal enhancements from the Generalized Dynkin diagram and list them
in table 3. The T-duality map among the states of the theory is also checked. The more
general setting of the CHL string in D = 10 — d dimensions (with D <9) is considered in
section 3, where the theory is realized as an orbifold of heterotic compactifications on 7%
We construct several extended diagrams, each of which gives a different set of enhanced
gauge groups. In section 4 we explain the methods used in the algorithm that searches
for maximal enhancement points and illustrate them with an explicit example. We then
present the maximal enhancements generated by this procedure in the eight dimensional
theory and collect the final results in table 7 of section 4.4. Conclusions are the subject of
section 5. The compactification of the heterotic string in the asymmetric S*/Z, orbifold is
studied in some detail in appendix A. Finally, the world-sheet realisation of the space-time
gauge symmetries is briefly discussed in appendix B.



2 The nine-dimensional CHL string

In this section we review the construction of the CHL string in nine dimensions [9] as
an S'/Z, orbifold of the Eg x Eg heterotic string [10] and fix our conventions. We recall
the massless spectrum and study the possible gauge symmetries from the point of view
of lattice embeddings. We will see that, as in the case of the heterotic string on S, this
problem is well under control.

2.1 Constructing the theory from the heterotic string

Consider the Eg x Eg heterotic string with the coordinate z° compactified on a circle of
radius R. Varying R and turning on the Wilson line A on the compact direction we sweep
through the Narain moduli space

1 O(1,17,R) [R

with the discrete T-duality group O(1, 17, Z) determining its global structure. These com-
pactifications yield theories with gauge group of rank 17 (ignoring the graviphoton). How-
ever, the class of nine-dimensional theories with 16 unbroken supercharges also contains
reduced rank theories, with gauge groups of rank 9 and 1. Those of rank 9 are realized in
the CHL string, and have moduli space

Mecnn = W/O(l,g, Z), (2.2)

as will be made clear at the end of this section.

For our purposes, it is convenient to construct the CHL string as an orbifold of the
Eg x Eg heterotic string following [10]. The orbifold symmetry g = RT consists of the
outer automorphism R of the Eg x E§ lattice accompanied by a half turn T around the
compactification circle, namely

R: Tg@lg =g &Te, T: 2" =2’ +nR, (2.3)

Since 22 ~ z? 4+ 27 R in the parent theory, g = 1 and g defines a freely-acting Z, orbifold.
To find the spectrum of this theory, we start by recalling the components of the internal
momentum of the heterotic string in nine dimensions:

1

- _ _(R2 L 142 —II-
T n— (R?+ 3A%)m —11- 4] , (2.4a)
_ 1 2 142
ol =1l 4 Alm (2.4¢)
where [ = 1,...,16, n € Z is the momentum number on the circle, m € Z is the winding

number and II € I's @ I'y, with I's = I'g,. The momenta form the unique even self-dual
Lorentzian lattice II1 17 (up to SO(1,17) boosts given by the moduli), with vectors labeled
by the quantum numbers m, n, II!. We use the convention o/ = 1.



On the S1/Z5 orbifold, the Wilson lines are restricted to take the form
A= (a,a), a€cRS (2.5)
Similarly, it is convenient to decompose the heterotic momenta as
0= (r,7), m,m €Ty, (2.6)
and to define the symmetric and antisymmetric combinations

1
ph=—=0"+p""), pl= ﬁ(pl —p*®, I1=1,...,8 (2.7)

Sl

Defining moreover the symmetric combination
p=7m+n €Ts, (2.8)

the components (2.4) can be written as

1
pR—ﬁ{nf]#mfaszp-a} , (2.9a)
1
P = 5 (p+ 2am) (2:90
p_ = \2(% -7, (2.9d)

and the total internal momentum vector is P = (pr;pr) = (Pr; PL, P+, P—)-
The orbifold action on the momenta can be written as

9 |pr;pL P4 p-) = ™ FlpRipL,pi, —p-) (2.10)

where the inner product is defined with respect to the metric diag(—1,+1,...,+1). The
shift vector v is constrained by the condition that g has order two. Choosing v_ = 0
implies that 2v belongs to the Narain lattice II; ;7. Besides, the condition that the shift
corresponds to the geometric translation of 29 by half a period amounts to e2™F = ¢/

and leads to ,

1 a? a
=—|-R——;R——,2a, 0. 2.11
v 2\/§< R, Ru CL, ) ( )

Notice that 2v equals the Narain lattice vector obtained by substituting m = 1,n = 0, and
7 =7 =0 in the formulae (2.9). The lattice vectors can be conveniently traded for states
|m,n,m, 7'}, which depend on the quantum numbers and transform as

g |m,n,m, 7'y =™ |m,n, ' 7, (2.12)

for all values of the moduli.



The action of g on the left-moving bosons living on I'g, ® I‘Eé, denoted Y and Y'I =
YI+8 T =1,...,8, is the exchange Y! < Y'I or Yil — iYi where

1
V2

The action on the space-time coordinates is just the translation in 2°. The corresponding

Yi=—=w!+y"). (2.13)

oscillators then transform as

I1+8

gla’)=a'™®, g(a'™F)=al, g(a) = o, (2.14)

where p = 2,...,9 refers to the space-time transverse coordinates. Notice also that
g(al) = +al for the Y{ oscillators.

In the untwisted sector, the spectrum consists of states of the parent theory invariant
under the orbifold action. The invariant states are superpositions of the form

1
‘90>untwisted = ﬁ <Oé |m7 n,m, 7T/> + (_1)ng(a) |ma n, ﬂ—,a 7T> ) ) (215)

where a denotes any possible combination of oscillators and g(«) its image under g, given
by (2.14).
In the twisted sector, the internal chiral bosons Y/ and Y/ satisfy the boundary
conditions
Yo 4 21) =Y (o) + Q1 Y (o4 21) =Y(0) +Q", (2.16)

where @, Q" are arbitrary (fixed) vectors in I's which specify the precise way of exchanging
Eg <+ E§ [21]. The Y{ then obey

Yi(o+2m) = +Yi(0) + —=(Q' +Q"), (2.17)

1
V2

and have oscillator expansions

ey ol o
Y7+ 0) = julo+ gl (r+0) +iy |5 3 —remnTho),
n#0
, (2.18)
Yir+o)=gylo+i i > 2oss is(r+o)
- 270 2 .8 ’
seZ+5
where p! = %(Ql + Q") and yi,o = %(QI — @'"). The boson corresponding to the

compact z° dimension satisfies
X% +2n) = X%(0) + 7R+ 2nRim = X°(0) + 27 Rm, (2.19)

with m € 7, and hence m € 7 + %

The twisted states have three distinctive features: they have half-integer winding m,
the occupation numbers of their oscillators can be half-integer or integer valued, and they
do not have antisymmetric momentum p’ . We write them as

’90>twisted = |m,n,p> ) (2.20)



up to the action of oscillators. Note that upon quantisation the symmetric momentum
takes the form py = %(p + 2am), with p = Q + Q" € T'g, coinciding with the untwisted
symmetric momentum in (2.7). The projection on invariant states in the twisted sector is
best deduced from the partition function. Using results in appendix A it can be shown
that all states satisfying level matching do survive the orbifold projection.

In the NS sector for the right movers (which gives the space-time bosons), the mass
and level matching conditions are

M? =pr” + pr® + 2(Ni + Ng) + 20— 1, (2.21)

0=prL” —pr’+2(NL — Ng) +2a+1, (2.22)

where the zero point energy a is -1 in the untwisted sector, as usual, and —% in the
twisted sector, since the left-moving side part receives contributions from 16 periodic bosons

{v!, X#} (with p labelling the 8 transverse directions) and 8 anti-periodic bosons {Y/}.
Concretely,

1
Qtwisted = 16 X Operiodic 1 8 X Qanti-periodic = —16 x ﬂ +8 X ZS = _5 . (223)

It is convenient to define the modified ‘oscillator number’

5— {% p?>  Untwisted

N} = Np, +34, (2.24)

% Twisted

where p? is an integer (cf. (2.9)), and the nine-dimensional momentum
Pr = (pr.p+), (2.25)

which allows to rewrite the formulas (2.21) and (2.22) in an O(1,9) covariant form as

M? = P} + p% + 2(N}, + Ng) — 3 (2.26a)
= %ZTHZ +2(N} 4+ Ng) -3 (2.26b)
0=P?—p%+2(N, — Ng)—1 (2.27a)
= %ZTnZ +2(Nj,— Ng)—1. (2.27b)

Here we have defined the charge vector
Z = |tn;p), (2.28)

with
{=2m, (2.29)

and p is defined in (2.8). Note that ¢ is always an integer, and is odd (even) for twisted
(untwisted) states. H is the so-called ‘generalized metric’
) E?/2 —a? FEa
= ) —2a , (2.30)
Ea® —2a" R? +2a'a

H



where a is taken to be a row vector and the lower right R? term is implicitly multiplied by
1g so that H is a 10 x 10 matrix, and

E=R*>+d?. (2.31)
Finally, n is the O(1,9) metric
010
n=1100]. (2.32)
00 1y
The important result
72 =7"nZ =2n + p? € 27 (2.33)

implies that the charge vectors Z span the even self-dual Lorentzian lattice II; g ~ II; 1 ®T's,
since £,n € Z and p € I's. The correspondence between the states of the theory and the
elements of II; 9 was first derived in [11]. Full details of the derivation are presented in
appendix A, where we discuss the partition function of the S!/Z orbifold.

It can now be seen that the local structure of the moduli space (2.2) is O(1,9,R)/O(9, R)
due to the reduction of the Wilson line from 16 to 8 components and the invariance of
egs. (2.26a) and (2.27a) under O(9, R) rotations of Pr. Furthermore, the automorphism
group O(1,9,Z) of II; g corresponds to the T-duality group of the theory, giving the global
structure for Mcpr,. The similarities between Mcpr, and Myarain (cf. eq. (2.1)) allow
to carry out an analysis of the nine-dimensional CHL string mirroring the one performed
for S! compactifications in [7], namely constructing the fundamental region of the moduli
space whose codimension r < 9 boundaries give enhanced semisimple gauge groups of rank
r. This ensures that we are able to easily find all possible gauge group enhancements in
the theory, as we explain shortly.

2.2 Massless vectors

From equations (2.26a) and (2.27a) we see that the NS sector contains massless states with

NR:%,pRzoand
1

P}=2(1-N};) = N;=01, 3 (2.34)
Of these, untwisted states can have Nj, = 0,1 and twisted states Nz, = 0 (cf. eq. (2.24)).
For N =1, besides the universal gravitational sector, the massless spectrum contains the

left abelian KK gauge vector
ofilzpﬁ% 0), (2.35)

with 121& 1 the coefficient of the Laurent expansion of the right-moving fermions, p =

2
2,...,8, and the 8 symmetric combinations of the Cartan sector of the heterotic theory
that survive the R projection
1 1 148\ Tp
—=(al; +a}") ¢_%’0> ; (2.36)

V2

implying that the gauge group of the theory has rank 9.



twisted | untwisted
Z? 2 2
l odd even
n | integer integer
P Iy Iy

Table 1. Quantum numbers of the massless states in the twisted and untwisted sector in nine
dimensions. The states must satisfy (2.37) to be massless.

For Nj = 0, the set of massless states depends on the point in moduli space. The
pr = 0 condition reads (cf. eq. (2.9a))

sEl—n+a-p=0, (2.37)

with E defined in (2.31), while the level matching condition (2.27b) becomes a constraint
on the norm of II; g vectors:

Z?=2n+p?* =4(1 — Nj) =4 or 2. (2.38)

The states with Z2 = 4 correspond to N} = 0, and from the definition of N} given in (2.24)
we see that this is only possible in the untwisted sector, with 7 = 7. From equation (2.15)
we see that such states could only exist with n even. However, substitution in (2.38) gives

2 = 1 — ¢ = odd, which is inconsistent since

2n + p? = 4q + 4n? = 4, with ¢ even, or 7
m € I's. In compactifications to lower dimensions, such massless states do appear, and
correspond to roots of gauge algebras at level 1, being long roots for non-ADE algebras
(see section 3). On the other hand, states with Z2 = 2 are well defined in this case, and
correspond to roots of ADE algebras at level 2. They come both from the twisted and
untwisted sectors (the latter with # = 0 or 7/ = 0). We summarise this in table 1.

At a generic point in the moduli space there are no massless states (twisted or un-
twisted) other than (2.35)-(2.36), since condition (2.37) can only be satisfied generically
for Z = 0, and therefore generically the gauge group is U(l)g. Enhanced gauge symmetry
appears at special points in the moduli space, as we will show.

Let us look at the simple situation where @ = 0. The massless condition (2.37) is
trivially satisfied for states with £ = n = 0, and the level matching condition (2.38) with
p? = 2, hence we get the massless untwisted sates with charge vectors

Z=10,0;p), p°=2. (2.39)

These are just the 240 roots of the Eg arising from the symmetric combination of the two
Eg’s in the parent theory. In the twisted sector, since ¢ is odd, equation (2.37) is not
satisfied for generic values of the compactification radius, since R = v/E in this case. The
surviving gauge group for a = 0 and generic R is then Eg x U(1). Interestingly enough,
taking R = 1 when a = 0 does not lead to additional states that enhance the U(1) to SU(2),



as occurs in the S compactification. For this enhancement to occur we must actually take
R =+/2,ie. E =2, so that equations (2.37) and (2.38) are solved by

Z =+|1,1;0), (2.40)

corresponding to two twisted states with winding number m = :i:%.

As we review in appendix B, in this example the world-sheet realisation of the Eg x
SU(2) space-time gauge symmetry is provided by a Kac-Moody algebra at level k = 2. It is
interesting to compare the radius that gives this enhancement in the orbifold theory with
the self-dual radius Ry, in the standard S! compactification where the enhancement occurs
at R = 1 and the gauge group is realized at level 1. They are related as R = VkRy,. For
generic Wilson lines this enhancement occurs at

E,=k'E =1. (2.41)

In the following section we show that this is a generic feature: while maximal enhancement
in the heterotic string on S' occurs at £ = 1 and the Kac-Moody algebra is realized at
k = 1, in the nine-dimensional orbifold theory they occur at £ = 2 and k = 2, i.e. both
enhancements occur at Ey = 1. This is actually expected from T-duality. We will shortly
explain that in the orbifold theory the self-dual point is £ = 2.

2.3 Maximal enhancements from the Generalized Dynkin diagram

As we have commented in section 2.1, the structure of the moduli space of the nine-
dimensional CHL string, Mcnr, is similar to that of S' compactifications of the heterotic
string, MpNarain- In particular, its global structure is given by O(1,9,7Z), the group of
automorphisms of a Lorentzian even self-dual lattice. This group is reflexive, meaning
that it can be generated by a finite set of Weyl reflections on the moduli space cover
0(1,9,R)/0(9,R), each of which fixes an hyperplane at the boundary of the fundamental
domain. Each one of these reflections is uniquely associated to a short root quantum state
that becomes massless on its fixed hyperplane, such that all possible enhanced semisimple
gauge groups of rank 7 may be found at their r-fold intersections (for details see [7]).

The upshot is that given the set of 10 roots corresponding to the boundaries of My,
we may simply impose that some of them satisfy the massless condition (2.37) (condi-
tion (2.38) is satisfied by construction), so that they become the simple roots of some sim-
ply laced gauge algebra. This can be done neatly by introducing the Generalized Dynkin
Diagram (GDD) [6] for the lattice II; g shown in figure 1, which is the over-extended Dynkin
Diagram for Eg, usually denoted E1g. The roots 1 through 8 are the simple roots of Eg,
and we take them to have the following embedding in II; o

Z;i=10,0;cq;) , i=1,...,8, (2.42)

where the «; are listed in table 2. The root 0 corresponds to the lowest root of Eg with
the additional property that it has n = —1, i.e.

Zy=10,—-1; ) . (2.43)



Figure 1. Generalized Dynkin Diagram for the lattice II; o.
reflects the fact that the associated states have nonzero momentum and/or winding, as opposed to

the white nodes.

O

O O O
O O O O
2 3 4 5

O o
O 9,
6 0

a0

1| K oy W

1|3 (1,-1,0,0,0,0,0,0) |-(-3.3.3.3.3.3.3.-2)
2|6 | (0,1,-1,0,0,0,0,0) | -(0,0,1,1,1,1,1,-5)
3/5] (0,0,1,-1,0,0,0,0) | -(0,0,0,1,1,1,1,-4)
4141 (00,0,1,-1,0,0,0) | -(0,0,0,0,1,1,1,-3)
5131 (0,0,0,01,-1,0,0) | -(0,0,0,0,0,1,1,-2)
6|2 (0,0,0,0,0,1,-1,0) (0,0,0,0,0,0,-1,1)
7|4 -(1,1,0,0,0,0,0,0) | -(3,3.3.3.3.5.5.-2)
812 |(3,4,4,4 4L L (0,0,0,0,0,0,0,2)
0| 1] (0,0,0,0,0,0,1,-1) (0,0,0,0,0,0,0,0)

The coloring of the nodes 0 and C

Table 2. Simple roots «;, Kac marks k; and fundamental weights w; of Eg.

Finally, the root C lies in the hyperbolic sublattice II; ; and reads

Zc = [1,1;0). (2.44)

Maximally enhanced (rank 9) non-Abelian gauge groups are then found by deleting
one node in the GDD such that the remaining nodes form the Dynkin diagram of an ADE
algebra. Imposing the condition (2.37) on the roots associated to the remaining nodes gives
rise to 9 constraints on the moduli and defines a singular point (E,a) at the boundary of
the fundamental domain with maximally enhanced gauge group. More generally, deleting
s nodes defines a subvariety of dimension s — 1 with generic semisimple gauge group of
rank 10 — s, given by the remaining Dynkin diagram.

Note that for maximal enhancements the node C cannot be broken, since the remaining
diagram corresponds to the infinite dimensional algebra Eg. This means that all maximal
enhancements must contain this node, and from equation (2.37) this implies that £ = 2.
The massless condition then reduces to

a-p=~{—n. (2.45)
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1 | Gauge group root lattice | —a

L A 2 | (8558865 o
2 A1+ Ay + Ag 2| (0,0,%,%,% % % —2)
3 Ay + A 2 | (0,003 %114
4 D5 + Ay 2| (0,0,0,0,%,%,1-3)
5 Eg + A3 2| (0,0,0,0,0,%, % —2)
6 Er + Ay 2 | (0,0,0,0,0,0,%, —3)
d Avt As 2| Gbbbdbi D
8 Dy 2 0,0,0,0,0,0,0,—1)
0 Eg + A; 2 (0,0,0,0,0,0,0,0)

Table 3. Maximal enhancements in the nine-dimensional theory, obtained by deleting the ith node
in the GDD shown in figure 1. All groups arise at level 2. The Wilson line is always of the form
a = w;/k; (cf. table 2).

Deletion of the ith node, i =0, ..., 8, corresponds to the Wilson line

1
a=—w;, (2.46)

(2
with no sum over i, where w; and k; are respectively the fundamental weight and Kac mark
listed in table 2. It is easy to show that this prescription exactly solves equation (2.45)
for the remaining roots Z;;, while violating the one for Z; since w; - a;/k; ¢ Z, i # 0. In
fact, these values for the Wilson line correspond to those for a shift vector breaking Eg to
a maximal regular subgroup [22].

The maximal enhancements are listed in table 3, where the subindex on the gauge
group indicates that the world-sheet Kac-Moody algebra is realized at level 2. This is
explained in detail in appendix B. Moreover, note that the relation (2.41) is satisfied in all
cases, since F = 2.

2.4 T-duality

The T-duality group of the nine-dimensional CHL string is O(1,9, Z), the automorphism
group of II; 9. Of particular interest is the Weyl reflection, say T, generated by the root
Z¢, whose action on the moduli and the quantum numbers ¢, n, p is
4 2a

T: E<—>E, ae =, Len,  pe—p (2.47)
while N is invariant. Note that this transformation is not inherited from the T-duality
group of the parent theory on S!, although it is analogous to the transformation E —
1/E found there. In fact, in the S'/Z5 orbifold some states in the untwisted sector are
transformed under T to states in the twisted sector. Twisted states with ¢ odd and n even
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are mapped to untwisted states with ¢ even and n odd (cf. table 1), and vice versa. This
mixing of the two sectors under T-duality was originally noted in [11].

In appendix A, we show that the partition function of the S'/Z5 orbifold is invariant
under 7'. One can also see explicitly how the mixing of untwisted and twisted states occurs
at the level of the Hilbert space by taking into account the difference in the ground states
and internal oscillators of the two sectors. As a simple example consider the twisted state
with £ = 1, n = 0, p = r, with r a root of Eg, and no left oscillators. Since T-duality
preserves the norms of the momenta p% and PI%, it should also preserve the value of N} to
leave the mass (2.26a) unaffected. In this case, N} = %, and so the transformed untwisted
state must have p> =1 (cf. eq. (2.24)). It is not hard to see that it should take the form

1
V2

where the notation is that of eq. (2.15).

The mapping is more complicated when oscillators are involved. Consider for instance
the set of twisted states with charge vector Z = [1,0;0) and N; = 2, i.e. N, = % The
allowed combinations of oscillators along the eight directions I that can act on Z are

(|0717T70> - |071;07T>)7 (248)

I K I I
of ol af ) ok _ed L ol s, LILK=1,...8, (2.49)
2 ’ L) T2

giving 120 + 64 + 8 = 192 states. Their T-dual untwisted states, labelled by |¢,n; 7, 7'},

must have £ = 0, n = 1, #/ = —7 since p = 0, and they must also add up to 192 states.
For the first 120 twisted states the T-duality is
1
al_ _lai _lal_(_l7|170;070> A 7(‘071;7.7 _T> - ‘071;_T7T>)7 (250)
k) 2 9 2 9 2 »\/i

where 7 is any of the 120 positive roots of Eg (the other 120 give the same states up to an
overall irrelevant sign). We see that p?> = 2r? = 4, hence N 1 = 2 as required.
For the remaining states the mapping reads

Oé{i—,—lai7,% ‘170; 070> A 05{5_7_10617_1 ‘0,1;0,0> R
(2.51)
O‘I, ,§7‘17O; 07O> A a£7,2|0,1;0,0>.
’ 2

Here we have used that in the untwisted sector the ol oscillators have integer occupation
number and under the orbifold action pick up a minus sign so that the full states are
invariant.

3 The CHL string in D dimensions

We now consider the more general setting of the CHL string in D external dimensions, with
D < 9. It is realized as an orbifold of heterotic compactifications on 7% (with d = 10 — D),
where the orbifold symmetry is again g = RT (cf. eq. (2.3)), with T a half-turn around
one of the cycles of T%. We will choose this cycle to be along 2, while the others remain
unaffected.
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3.1 Extending the nine-dimensional construction

The moduli of the Eg x Eg heterotic string on 7% are the torus metric Gj, the antisymmetric
tensor B;; and the Wilson lines A;, where 4,5 = 1,...,d. Again, the Wilson lines have to
be invariant under the R symmetry, which implies that they are of the form A; = (a;, a;).
Generalizing (2.31), we define the moduli

Eij = Gij + Bij + ai - aj, (3.1)
and the quantum numbers
0 =2m', n;, ol =xl + 71, (3.2)

where m® and n; are the winding and momentum numbers along the ith direction and

7!, 7'l are the same as in (2.6). The momenta (2.9) are then generalized to

1 j i

PR = \ﬁ (nz - %Eijgj — Q- P) €, (3.3a)
1 1 j Al 1 7

PL= 75 (nz +(Gij — 5Bl —ai- P) e =pr+ \ﬁf e, (3.3b)
1 i

P+ = 2 (P + ¢ @i) ; (3.3¢)
1

o= (), (3:3d)

where e; is the vielbein for the torus metric, i.e. e; - e; = G;;, and é' its inverse.

The construction of the spectrum in section 2 carries over with some differences. Basi-
cally, the i = 1 direction behaves as in the nine-dimensional case, while the other directions
i > 2 behave as in the usual 7% compactification. In particular, the charge vectors

Z=04 . 0%y, ng: p) (3.4)

have ¢! odd (even) for twisted (untwisted) states, but £2,...,¢% are always even, while in
general, ny,...,ng € Z and p € I's.
The Lorentzian metric (2.32) generalizes to

n=1%4Ls 0 0 (3.5)

and, together with the allowed values for the quantum numbers, already suggests that the
vectors Z span the lattice
II(d) ~ IId,13d71(2> D IILg. (36)

d—1
The (2) at the right of IIj_1 g—1 ~ @ II;; means that the norm squared of its vectors is

scaled by a factor of 2, in this case due to £2, ..., ¢ always being even. This is in agreement
with [11], where these lattices were initially introduced. We therefore refer to Il in this
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twisted untwisted

A 2 2 4

A odd even even

ny | integer | integer | even

A even even even

n; | integer | integer | integer

p Ts T 2T

Table 4. Quantum numbers of the massless states in the twisted and untwisted sector. The index
i > 1 corresponds to further compactifications of the nine-dimensional theory. States with Z2 =4
can only be massless in D < 9 dimensions. The states must satisfy (3.7) to be massless.

context as the Mikhailov lattice. This is the analog of the Narain lattice 114 4116, but with
the important difference that it is not self-dual (except for the d = 1 case reviewed in
section 2). More details of these lattices can be found in appendix A, and here we present
the spectrum as originally worked out in [11].

The left moving sector of the theory now includes d abelian KK gauge vectors
like (2.35), so that the gauge group is of rank 8 + d. A generic point in the moduli
space has gauge group U(l)d+8, but at special points this group is enhanced. The novel
feature for d > 1 compactifications is that states with Z2 = 4 can become massless and
certain enhanced gauge groups are not simply laced, as we now show.

The zero mass and level matching conditions generalizing (2.37) and (2.38) are

1 ‘
iEijﬁj—ni—kai-p:O, 1=1,...,d, (37)
Z? =20'n; +p* =4 or 2. (3.8)

Let us take for the moment d = 2. An untwisted state with Z2 = 4 has n; even and
p! = 27!, Substituting in (3.8) gives 20'ny + 202ny + p? = 20%ny + 4q + 47% = 4, with ¢
even, but in contrast to the situation in d = 1, it can be solved by an appropriate choice of
¢% and nsy. Indeed, the product #2ny can be any even number, say 2p with p € Z. Then (3.8)
reduces to 72 = 1 — ¢ — p, which admits solutions in II(g) if p is odd. These states give
rise to C,, gauge algebras at level 1, where they play the role of long roots when n > 2
(C1 = Ay). For d > 3 there are more possibilities such as B,, and F4 algebras. In table 4
we record the values of the quantum numbers that massless states can have for d > 2,
together with the squared length Z2 of the charge vector.

3.2 Generalized Dynkin diagrams

As in T? compactifications of the heterotic string, there does not seem to exist a GDD for
d > 1 from which one can extract all possible enhancements. One obstruction to obtaining
such a GDD is that the group of automorphisms for the Mikhailov lattice, similarly to the
Narain lattice, is not generated by simple reflections when d > 1. In [4] it was found that
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7
O O O O O O O O
1 2 3 4 5 6 0 C1

Figure 2. Generalized Dynkin diagram giving enhancements (Gg)z + (A1)1. Green (blue) coloring
means that the state has nontrivial momentum number and/or winding only along direction 1 (2).
The double border of the Cy node indicates that it corresponds to a vector with Z2 = 4.

indeed there are many possible GDDs in T2 heterotic compactifications, each of which pro-
vides partial information about the possible gauge symmetry enhancements in the theory.
Here we extend this construction to the CHL string, where the story is similar.

The simplest kind of GDD that can be constructed is just the GDD of II; 9 C Iy
together with some nodes representing vectors with Z? = 4 in its orthogonal complement
II4-1,4-1(2). The maximal enhancements that can be read from these diagrams are those
of the form

(Go)2 + (Ga-1)1, (3.9)

where Gg is any maximal rank algebra of the d = 1 theory at level 2, and Gy is any
rank d — 1 algebra of ADE type at level 1. The roots of Gg are the same as before, with
P=.. . =ll=npy=...=ny=0, andtherootsof@d,l have ¢! =n; = p! = 0.

For d = 2, there is only one such diagram, shown in figure 2, giving maximal enhance-
ments of the form (Gg)2 + (A1)1. The extra vector is

Zc, =10,2,0,1;0), (3.10)

and the moduli for the enhancements are found by constraining them with equation (3.7).
The results are straightforward generalizations of those in table 3, with E;; = diag(2,1),
a1 = a, az = 0, and an extra (A;); factor in every algebra.

Although the GDD just constructed may seem trivial, it serves as a starting point for
a much more interesting one. Simply make the replacement

Ze, = Zo, = [2,2,0,1;0) . (3.11)

This new vector has nonzero inner product with Z¢, such that the resulting Dynkin diagram
is the one shown in figure 3. The first thing to note is that for maximal enhancements,
neither of the nodes C; and C5 can be removed. This means that there will always be some
non-ADE factor C,, in the resulting gauge algebra, and that E;; will always take the value

2 -2
Eij = <o . ) : (3.12)

as can be seen by substituting Zc, and Z¢ in (3.7). Moreover note that removing node 8
does not lead to a valid Dynkin diagram, i.e. a finite-dimensional semisimple Lie algebra.
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Cy
| %
O—O0—"FC—""C0C—"0—"0——=0
1 2 3 4 5 6 0 G

Figure 3. Generalized Dynkin diagram for d = 2 theories with enhancements to algebras with
C, factor. It is obtained from the GDD in figure 2 by replacing the node Cy with C, as shown
in (3.11). Yellow coloring means that the state has nontrivial momentum number and/or winding
along directions 1 and 2.

8
C1
7 @
0—O0—0—0—0—0—0<9
1 2 3 4 5 6 0 Ca

Figure 4. Generalized Dynkin diagram for d = 2 theories, obtained by replacing the node 0 by 0’
as shown in (3.13).

This is consistent with the fact that the predicted moduli for such a point has torus metric
with negative determinant, as one can easily check. The valid maximal enhancements given
by this diagram can be read off from table 3 (i # 8) by taking Fj; = (2 7%), a1 =a, a2 =0
and replacing the rightmost (A, )2 factor by (Cpi1)1.
Another interesting possibility is to change the winding of the state associated to
node 0,
Zy =10,0,—-1,0; a0) — Zy = 10,0,0, —2; ap) , (3.13)

and switch back ZC/2 — Zg,. This results in the diagram shown in figure 4, and the
corresponding maximal enhancements can be read from table 3 (i # 8) by taking E;; =
diag(2,1), a = 0, a = ag, and replacing the rightmost (Ay)2 factor by (A1) + (Cp)1. We
see that the breaking of Eg is now done by the second Wilson line as and not a;. These
enhancements are complementary to those of the GDD in figure 3, as they are still limited
to having a C,, factor (except for the trivial case with a; = 0). In fact, to obtain other
non-ADE factors such as Fyq or B, with n > 2 (recall that By ~ C3), we must go to
compactifications to dimensions lower than 8.

To obtain F4 and Bs, for example, simply go to 7 dimensions and add one node Cg
to the diagram in figure 3, such that it has one link with Cy. Deleting node 6 then yields
(E7)2+(F4)1, while deleting node 0 yields (Eg)2+(B3)1. Note that the algebra G is absent
in the theory, since there are no massless states with Z? = 6 regardless of the number of
compactified dimensions.

It is possible to construct many other GDDs, as we have done for T2 heterotic com-
pactifications in [4]. However, it is not guaranteed that doing so will produce all possi-
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ble enhancements. Indeed, we lack a complete understanding of the significance of these
diagrams yet. To get a more exhaustive list of enhancements we turn to the so-called
exploration algorithm, which we present in the next section.

4 Exploring the moduli space

In a previous work [4] we developed an algorithm for T compactifications which, starting
from a point pg of the moduli space corresponding to a (semisimple) gauge group of maximal
rank rma.x = d + 16, gives a set of new points of maximal enhancement. Heuristically, it
searches for maximal enhancement points which are connected to py through some variety
with generic gauge group of rank ryay — 1. In the case of S' and T2 compactifications, this
algorithm was proven to be exhaustive by comparing with previous results [7, §8].

For the present investigation we have modified this algorithm in order to apply it to the
CHL compactifications. This is required by the technicalities of working with Mikhailov
lattices as opposed to Narain lattices, specially for compactifications to spacetime dimen-
sions lower than nine, where non-ADE root lattices appear.

In the following section we explain the methods used in our algorithm and illustrate
them with an explicit example. We then present the maximal enhancements generated by
iterating this procedure, collecting the final results in table 7 of section 4.4.

4.1 Exploration algorithm

The purpose of our algorithm is to take as input some point py of maximal enhancement
and return a list of other such points py related to py in some specific, controllable way.
To this end, it is best to specify pg not by its moduli, but by its root lattice Ly via some
generating matrix (in general, by generating matrix we mean a matrix whose rows are a
basis for some lattice) of simple roots embedded in the Mikhailov lattice. Both sets of
data are equivalent as one can recover one from the other using equations (3.7) and (3.8).
However, the lattice L is more amenable to discrete operations, which we now describe.

Consider the (10 — d)-dimensional (d > 1) CHL string at a point py in moduli space
specified by a set of d + 8 simple roots with quantum numbers ¢/, n; and p. Substituting
each one of them in (3.7) gives d real constraints on the d x (d 4+ 8) moduli. It follows
that deletion of some simple root oy defines a d-dimensional subvariety in moduli space
which contains py. Generically, this subvariety contains many more maximal enhancement
points pg, each one corresponding to a distinct simple root r; replacing rq, ri # 9. It is
in this sense that the p; are neighbors of py. To generate such a root r; we solve a system
of equations stating that r; must have inner product 0, —1 or —2 with all other roots, its
squared length must be 2 or 4 and it must be embedded in the Mikhailov lattice II gy in
accordance with table 4.

In order to make sure that the root lattice obtained by replacing ro — r; corresponds
to the gauge group Gy at pi, we have to take care of an ambiguity in the relation between
the moduli of p, and the root lattice Ly = L of G. Even though the embedding of L
in T4 specifies the moduli via the constraints mentioned above, it is also true that any
sublattice L' C L with rank(L’) = rank(L) will give the same moduli. When we replace
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rog — 1 there is therefore the possibility that the lattice obtained will not be L but some
L'. This ambiguity is eliminated if we implement a procedure, which we explain below,
that takes L’ and returns L by adding the missing roots. This adding of roots will be
referred to as a saturation of L' to L.

To saturate L’ we recall that all of its even overlattices are contained in the dual lattice
L', so that in particular L/ C L C L'*. It suffices then to compute the vectors dual to L/,
select those which correspond to roots embedded in Il 4 and add them to L'. In practice
this is done by iterating an algorithm which replaces one root vector in the generating
matrix for L’ such that det L’ gets smaller (indicating that L’ has been extended) and is
still embedded in Il4). When all attempts to do this leave the determinant of the lattice
invariant, L' has been saturated to the true root lattice L at pj.

4.2 Example

To illustrate this procedure we first consider an exploration of the neighborhood of the point
in moduli space corresponding to eight dimensional CHL with gauge algebra (A1+A3+Dsg)o
given by the moduli

20
Lij = <0 1) . ar=(00,1), ap=(0%,—3" 1) (4.1)

The root lattice Lg is generated by the rows (¢!, £2,n1,n2; p) of the 10 x 12 matrix

12-1-10 0 0 1 1 1 1 -2
0000 1-1000000
00000 1-1000 00
000 0-1-100 00 0 0

Go—|101 000000000 (42)
100 0 0 0 0 0 0 0 1 1
000000000 1-10
0000 0O0O0O0T1-100
000100 0-1-100 0
(10-1-10 0 0 0 0 0 0 -2

from which the gauge algebra is read by computing its Cartan matrix GonGg', with n given
in (3.5). Note also that Gy is not a square matrix due to the fact that it gives an embedding
of a rank 10 lattice into the rank 12 lattice II(5). We have chosen this particular vacuum
because, as we explain below, it neighbors another vacuum with globally non-trivial gauge
group. To obtain it we have applied the algorithm described here to another vacuum which
can be obtained from the GDD construction explained in section 3.2.

Starting from Gy, one of the paths that our algorithm will follow is to remove, for
example, the 6th row. This breaks (Dg)o — (2A;1 + Ag)s and eliminates two real con-
straints on the moduli (cf. eq. (3.7)), which taking into account the remaining 20 — 2 = 18
constraints read

2z
Eij = (0 y) . a1 =(03,z,(—2)3,1), ax=(03,y— 32, (3 —v)33), (4.3)
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with the subindex 3 meaning that the quantity is repeated 3 times. In other words, the
moduli are now constrained to a plane (z,y) with generic gauge algebra (3A1+2A3)2. Our
algorithm will now generate a new simple root « by picking out a solution to the set of
equations

kn € {0,—1, -2},
N €{2,4},

m#6 (4.4)

gO,mnan = km,
a? =N,

where a = (¢, n;; p) is constrained to lie in II(3), meaning that ony,ng €7, 0% € 27 and
p € I's. One possible solution with N =4 is

a=[02-2-30000222-2]. (4.5)

The new matrix G; resulting from this exchange of roots (« is now in the 6th row) is seen
to generate the root lattice L; corresponding to the gauge algebra (2A;1 + 2A3)2 + (Ca)1
and the moduli are fixed to

20
E’L] = <0 Z) ) a1 = (077 1)7 a2 = (037_%7 (_%)37 %) (46)

To check that L; contains all the solutions to equations (3.7) and (3.8), our algorithm

calculates the generating matrix Gy for the dual lattice Lj:

M1 1 1 1 1 1 1 T
31l-5-20 00 5 5 3 3 -1
000 0 5 —-3-30 0 0 00
000 0 0 0-10 0 0 0 0
000 0 —3-3-30 0 0 0 0
., 110 -20 0 0 0 1 1 1 —1
t1-2-20 0 0 0 1 1 1 -1
1 1 1 1 3
00 0 i 0 0 0—%% 11_?0
oog 100 0—g 51—?—?0
0032 0 0 0 0 -3-1-1_-19
50-3-30 0 0 0 0 0 0 —1

It then constructs generic integer linear combinations of the rows corresponding to roots
lying in II() and adds them to Ly by replacing one of the rows of G;. This is done in an
exhaustive way, but in this particular case no such replacement decreases the determinant
of G, hence L; is saturated. This means that the gauge algebra at this point in moduli
space is indeed (2A1 + 2A3)2 + (C2)1.

4.3 Matter states and global data

There are two other sets of data of importance that can be obtained by our methods, namely
the matter states in the lowest massive level associated to fundamental representations of
the gauge group G, and the global structure of G, i.e. the fundamental group 71 (G). Both of
these problems involve finding overlattices of root lattices which are primitively embedded
in the momentum lattice Il 4y or its dual II’(‘d), as we now explain.
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G Z(G)
SU(n +1) Lnt1
Spin(2n + 1), Sp(2n), E; 7o
Eq Zs
Spin(4n + 2) Z4
Spin(4n) Zy X 7o
Es, Fq, Go 1

Table 5. Center Z (G) of compact connected simple groups G.

4.3.1 Computing the overlattice

By primitively embedded overlattice we mean the intersection of the real span of the root
lattice, L ® R, and the momentum lattice II(4) in the ambient space RI*+8:4  In terms of
the momenta py, g this means all vectors which satisfy the constraint pp = 0 but py, is
unconstrained. Generally such an overlattice M corresponds to an extension of L by a set
of fundamental weights {u, ¢/, ...}, and the quotient M /L can be put in correspondence
with a subgroup K of the center of the universal cover G of G, denoted Z(G) (cf. table 5).
It follows that the overlattice data can be encoded in the generators {k,k’, ...} of K.

Computing the weight vectors p; can be done by a slight generalization of the sat-
uration algorithm described at the end of section 4.1. Indeed, what it basically does is
a computation of an overlattice of L which is also a root lattice. By relaxing this last
constraint, the same algorithm can be used to compute M. Returning to the example of
section 4.2, we apply this algorithm and find that L can be extended to an overlattice M
in II(3) by adding the weight vector

n=2,2-1,-2:0,0,—-1,0,2,1,1,-3) . (4.8)

In other words, the vector p satisfies pr = 0 (cf. eq. (3.7)) with the moduli given in (4.6),

but is not in L. Determining the precise KX C Z(G) now amounts to determining the

element in Z(G) to which p corresponds. To do this we recall that
Z(é) = Aweight/Aroot (49)

where Ayeight is the weight lattice, which in particular contains M, and Aot = L. The
weight p together with all its L-translations constitutes an equivalence class [u] € Z(Q).

In general, for G a semisimple group with s simple factors, Z(G) is a product of s + ¢
cyclic groups,

Z(G) =12y, x---x1 (4.10)

Ps+t )

where ¢ is the number of Dy, factors since they contribute each a Zs x Zs group (see

table 5). Any element of Z(G) can therefore be written as a tuple

k= (K1, ... ksit), (4.11)
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where k; ~ k; 4+ p;, and the ordering of the k;’s is appropriately specified in each case. In
our example, we have

G =SU(2)%xSU4)? xSp(2),  Z(G) =173 x 73 x 7, (4.12)
and each central element is of the form
k= (l{il,kg,kg,k4,/{?5) mod (2,2,4,4, 2) (413)

To determine which equivalence class k contains the weight vector u, we first note that
each possible k can be put in correspondence with a combination of fundamental weights
of G. If for example one looks at the fundamental weights w; of SU(n), one finds that
[w;] =1 € Z,, (up to the outer automorphism of SU(n) which maps ¢ -+ —i mod n). For
Sp(2), the only non trivial element of the center contains the weight corresponding to the
short simple root (or equivalently the spinor class in Spin(5) = Sp(2)). Using these facts
one finds that the u given in (4.8) is contained in

k=(1,1,2,2,1). (4.14)

To verify this, one can compute the fundamental weights (labeled by 7) w;; of each simple
factor (labeled by j) and check that the vector

w1 + w1 + w32+ wa + ws (4.15)

can be translated by roots in L to the given u. Keep in mind that these calculations are
performed with respect to the particular embedding of L and M in IIy).

Having determined the explicit form of £ = [u] € Z(G), we immediately find that
K =75, since 2k = (2,2,4,4,2) = (0,0,0,0,0), i.e. k is an order 2 element. Moreover, it is
uniquely in correspondence with the fundamental representation (2,2, 6, 6,4) of G. Indeed,
one can explicitly find all the states which form this representation with mass M? = 4.
It suffices to construct such a state from the weight vector (4.8) and act on it with the
Weyl group of the enhanced gauge group, which is a subset of the subgroup of T-dualities
that leave the moduli invariant. In this way all the states forming the corresponding

representation of G are obtained.

4.3.2 Computing the fundamental group

As explained in [14] (see also [11]) the fundamental group of G can be computed as the
quotient MV /LY, where LY and M" are respectively the coroot lattice and the cocharacter
lattice of G. For every G, LV is embedded in the dual Mikhailov lattice IT{4) (2), where the
(2) means that it is also rescaled by a factor of v/2 to make it even, and MV corresponds to
its overlattice primitively embedded in H’(kd) (2). In practice this means that to compute the
fundamental groups we need to find embeddings of the lattices L in the dual Mikhailov
lattice and then apply the procedure explained before to get the respective M.

Even though the exploration algorithm was designed to find points of maximal sym-

metry enhancement in moduli space, it can be considered on its own as an algorithm for
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finding embeddings of lattices into other lattices. For this reason it can be used also to
compute all possible root lattices in ITf, (2). This is due to the fact that the data that
we manipulate through this algorithm correspond to the lattice vectors themselves and
not the moduli or the momenta. A point that has to be made clear however is that the
condition for a vector in the lattice to be a root is that it is of norm 2, or that it is of
norm 4 and furthermore has even inner product with all other vectors in the lattice. This
is the statement which generalizes the conditions for massless states shown in table 4 to
any basis for the momentum lattice that we choose. It applies both to Il 4 and II’("d)(Q).
In eight dimensions, for example, we have

H(g) = 11171(2) ) 11171 ¢ Es = H&)(Q) = HLl D 111’1(2) D E8(2) . (4.16)

We can take as a starting point for the exploration the root lattice of, say, Big, which
can be constructed by hand and is expected to embed into IIf,)(2) since it is the coroot
lattice of C19 which embeds into I1(). After a few steps, the algorithm produces a list of
root lattices which correspond exactly to the coroot lattices of the gauge algebras found
by exploring the original lattice II(3). In particular, we find the root lattice

L= 2A1(2) D 2A3(2) @ Bo, (417)

which corresponds to the coroot lattice LY of the model used in the examples of sections 4.2
and 4.3.1. One may apply exactly the same procedure of the last section to compute its
overlattice and the subgroup of Z (GV) to which it corresponds, where GV is the simply
connected gauge group with root lattice in (4.17). Since this subgroup coincides with
MV /LY, its generators k; give precisely the fundamental group 71 (G) C Z(G) ~ Z(GY),
which we refer to as H, ie. G =G /H. In this case, we find two generators

k=(0,1,0,2,1), k' =(1,0,2,0,1) (4.18)

of order 2, so that H = Z5 X Z9, and the gauge group is

SU(2)? x SU(4)? x Spin(5)

G =
ZQXZQ

(4.19)

This result is in agreement with that of [14].

4.3.3 Anomaly for center symmetries

It has been shown in [13] that in order for an 8d N = 1 supergravity theory with global
gauge group G = G /H to be consistent, the following condition must be satisfied:

S
Zaéimik? =0 modl1, (4.20)
i=1

where G; are the s simple factors in G, Qg are the conformal dimensions of the Kac-Moody
representations which generate the center [23], m; are free parameters in the supergravity

theory and k = (ki,...,ks) is the generator of H € Z(G). This condition ensures that
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the H center symmetry is free of anomalies. In the string theory whose low energy limit
corresponds to this supergravity theory, m; are the levels of the world-sheet current algebra
of G;. Tt can be shown in general that (4.20) is satisfied by construction for all G = G/H
obtained from the heterotic string on 72 and the 8d CHL string [14]. Here we give a brief
alternative proof for this fact in the 72 case, and comment briefly on the CHL case.

The fact that the gauge groups that arise from the Narain lattice Il ;g satisfy (4.20)
by construction is relatively easy to see. For this we recall that the conformal dimension
@, can be written as

ag = —, (4.21)

(\Qm‘ @-gw

where w; is the fundamental weight that generates the center of the group G; and ay is the
highest root, which is a long root. In this case, all possible gauge groups are of ADE type,
so that a2 = 2, and have m; = 1. We can therefore rewrite (4.20) as

> (wiki)* =0 mod 2, (4.22)
=1

which is the statement that the weight vector > ;_; w;k; is even. For ADE groups, the root
and coroot lattices are the same, and since the Narain lattice is also self-dual, the global
structure is given by the overlattice M which embeds primitively into Il 18 and is given by
precisely this weight vector (cf. sections 4.3.1 and 4.3.2). It is of course possible that there
is more than one weight vectors involved, in which case the situation is analogous. Since
the Narian lattice is even, all overlattices M must be also even and so the condition (4.20)
is satisfied by construction.

For the CHL string the situation is more subtle since the Mikhailov lattice is not
self dual and there are symplectic groups. One can understand why groups occuring in
this case should satisfy (4.20) by noting that all of them can be constructed from groups
arising from the Narain lattice by a suitable projection [14], and so they must also preserve
condition (4.20). It is straightforward to verify the that this is the case given the H
generators displayed in table 6.

4.3.4 Globally non-trivial groups of lower rank

So far we have discussed maximally enhanced gauge groups. For non-Abelian groups of
lower rank there are of course many more possibilities. In particular, the list of all possible
gauge groups arising in 72 compactifications of the heterotic string is 5366, of which only
336 are of maximal rank; this was determined by Shimada in [24] from the point of view
of elliptic K3 surfaces, and in principle applies to the heterotic string on 72 in light of its
duality with F-theory on K3.

An important fact that was noticed in [24] is that all possible gauge groups of rank
lower than 18 (the maximal rank in 72 compactifications) which are simply-connected can
be obtained from those of rank 18 which are also simply-connected by deleting nodes in
the corresponding Dynkin diagram (e.g. Ajin+1 — Am + Ap). For groups with non-
trivial fundamental group H, this is not necessarily true. For example, the gauge group
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#| L H k #| L H k
1| 2As +2A3 Zy 0022 28| 2A1 + Ay +Cy 7o 1101
2 | 2As5 Zs 33 31| 2A; + A2+ GCs Zo 0101
0103 33| A1+ A3+ Cs VA 101
3| 2A+A3+ A5 Zo X Z2 - ’ ‘ :
1023 36| 2A; + Csg Z2 001
4| A1 +As+ As Z2 103 37| A2+ Cs Zo 01
6 A1+A2+A7 ZZ 004 40 2D5 Zz 22
71 A1+ Ay Zs 15 42 A1+ As +Csy + D5 Zo 1012
9| A1 +A3+ A5 +Cy Z2 1230 43| A1 +Cy4 + D5 Zo 012
12| 2A1 + A7+ Cy Z2 1140 02(1,1)
45 A1—|—A3—|—D6 ZQXZQ
01021 10 (0,1)
15| 2A1 +2A3 + Cs VAR WA
10201 46| As + Co + Ds Zs 01 (1,0)
16| A1 +A3+A4+Cs Zo 1201 47| C4 + Dg 7o 1(1,1)
00031
18] 3A, + As + 74 % Zs 48 | A1 +C2 + D7 Zo 112
Lr1od 49| 2A; +D Zyx 7 00(0.1)
X
19| As+ As + Ca Z, 031 LT 77,0
26| 2A1 +2A5 + Cy Zo 11001 56| A1+ As +Er Zs 101
271 A1 +As+ A3 +Cy Z2 0021 58| A1 +Cs + Er Zs 011

Table 6. Maximal enhancement groups with non-trivial global structure for the 8-dimensional
CHL string. The k’s are the generators of H. All ADE groups arise at level 2 while C groups arise
at level 1.

Spin(8)4/(Zy x Z3) cannot be enhanced to a higher rank group, so that, conversely, it
cannot be found by deleting a node as just described. We note that Shimada has given a
set of rules for obtaining such gauge groups (see theorems 2.4-2.7 of [24]), but they do not
correspond to arbitrary node deletion and are rather involved.

Here we will not attempt to repeat this analysis for the CHL string, but instead ask
the following question: what gauge groups with non-trivial H can be obtained by breaking
maximally enhanced groups via node deletion? Given that all maximal enhancements in
9d have trivial H (cf. table 3), we will restrict ourselves to the 8d theory. In this case,
there are 29 such groups, 24 with H = Z3 and 5 with H = Z3 x Z3 (cf. table 7).We record
them with their corresponding £’s in table 6.

It is easiest to find the answer to our question by brute force. Just delete one of the
simple roots in the embedding of the rank 10 root lattice L into the Mikhailov lattice Iy
and check if the resulting rank 9 lattice L’ C L still has a nontrivial weight overlattice
W’ C W. This will give rank 9 semisimple gauge groups with H = Z5 or Zy x Z5 (as there
are no other possibilities). Repeating the same procedure gives groups of rank 8 with the
same H, and so on.

There is only one non-simply-connected gauge group of rank 4, namely SU(2)?/Z,,
and there are none for rank < 3. On the other hand, all of the 29 rank 10 groups can be
broken to the rank 4 one. Analogously, SU(2)"/(Zs x Z3) is the only one gauge group of
rank 7 with H = Z9 x Z5. There are no groups with that H for rank < 6 and all of the five
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Figure 5. Scheme of how deleting nodes in the Dynkin diagrams of maximally enhanced groups
with H = 75 x Z5 lead to gauge groups with lower rank and also with H = Z5 X Z.

rank 10 groups with that fundamental group can be broken to the rank 7 one. In figure 5
we present a graph which encodes the breaking patterns that preserve the Zy x Z». Graphs
of this type were studied in [25] at the level of the algebra for the heterotic string on 72
from the point of view of F-theory.

4.4 Results

We collect in table 7 the 61 maximally enhanced groups G = G /H that are realized in the
eight-dimensional CHL string, and give the point in moduli space where they arise. ADE
groups are realized at level 2 of the Kac-Moody algebra, as explained in appendix B, while
C groups arise at level 1.

Our results for the algebras are in complete agreement with those obtained in [26] from
F-theory, which appeared while the present paper was being written.

There are 32 simply connected groups. The rest are of the form G /H with H = Z5 or

Zy X Zo. The fundamental group H is generated in each case by the elements k € Z(G)
shown in table 6. Our results are in perfect agreement with those in [14].

Most of the groups shown lie in the subspace of moduli space given by E;; = diag(2, 1),
and it can actually be shown that the remaining ones can be mapped to this subspace by
applying T-dualities. This is analogous to the situation in the heterotic string on 72 with
E;; = diag(1,1) [4]. By performing the necessary T-dualities to realise the enhancement
groups at such Fj;, however, the Wilson lines get much more complicated, and difficult
to handle.
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# L H E11E21 E22 E12 ay az # L H E11E21 E22Eq2 ay az
1| 2A5 +2A5 Zol2 o 3 1 ¥3  |u3_ w2 32| 2A5 + Cg T2 0 1 o %2 —wl%2
2 | 2A5 Zal 2 o 1 —1| e w2 33| A1+ A3+ Cg Zol 2 o 1 o |
3| 2A1 +As+ A Z% 2 0 2 2 0 B _ s 341 Ay + Cg T]2 o 1 o % |
4| A1 +A4+ A5 Zol 2 0 2 2 0 |2z _ 23 35 A1 +Ay +Cr T2 o 1 -2 % |o
5| 2As + Ag 12 o 3 % 22 0 36| 2A1 + Cg Zol 2 0o 1 o 0 |ur
6| A1+ Ay + Ay Zal2 o % 2 0 w2 371 Ay +Cg Zol 2 -1 1 o 0 |wz
71 A1+ Ay Zol 2 o 3 —2 0 A3 38| A1+ Cy Il2 o 1 o 0o &
8| A1 +2Ac+A4+Cqy|1 ]2 0 1 o »2 o w2 _ 2ws 39| Cqp Tl2 0o 1 -2 % |o
9| Al +A3+A5+Cqy |Zs]l 2 0 1 0 »s | _ %3 40| 2D5 Zol 2 0o 1 -1 0 |va
10| Ay + A5 +C4 Ll2 0 1 o 23 o 41| A4 +C1 +Dj Tl2 o1 of % |o
11| A7+ As+Ag+Cqy |12 0 1 0 w2 0 42| Ay + A2+ Co+D5|Zsl 2 0 1 o 21 |ma
12| 2A1 + A7 +C4 Zal 2 o 1 o Yy |w2_ 2us 43| A1 +C4 + D5 Zol2 o 1 o 0 |wa
13| A1 +Ag+Cy T2 o 1 0 v 0 44| C5 + D5 T2 o 1 —2| % |o
14| Ag+ Cy Ll2 0 1 o 2 o 45| A1+ A3z + Dg Z% 2 0 2 2 0 |
15| 2A1 + 2A3 + Co Z% 2 0 1 0 s |¥3 _ s 46| As + Gy + Dg Zol 2 0o 1 2 0 |ua
16| Aj+As3+A4+Co [Zof 2 0 1 0 B2 B2y, 47| C4 + Dg Z3l 2 0o 1 o M |we
17 2A4 + Co Ll2 0 1 0 fog—2%3 23 48| A1 + Cy + Dy Zol 2 0o 1 o 48 |ws
18| 3A1 + A5 + Cy Z% 2 0 1 0 »s vz _ 3us 49| 2A1 + Dg Z% 200 1 —1|% Y
19| A3+ A5 + Co Zol 2 o 1 2 0 w3 50| C1 + Dy Ll2 o 1 of 2 |o
20 Ao+ Ag +Co T2 o 1 2 0 wr 51| Ay + Eg T]l2 0o 1 -1 o [
21| Ag+Co T2 o 1 -2 0 3 52| Aj +As+Ci+Eg|1|2 0 1 o % |=
22| 2A5+ A3+ Cg Tl2 0 1 o0 L3 |43 %2 53| As+ Cy + Eg¢ T2 0 1 o] % |o
23| A1 +As+A4+Cs |12 0 1 o0 2 —v2 541 A1 + C3 + Eg¢ T2 o 1 o 0o |48
24| Ao+ A5+ Cs T2 0 1 o e |wr _ 29 55| C4 + Eg T]l2 o 1 -2 % |o
25| A1+ Ag+Cs T2 o 1 o B2 |y - 22 56| A1+ As + E7 Z3l 2 0o 1 1| o |4
26| 2A1 +2A5 + Cy Zol 2 0 1 o o 22 57| Ao+ Cy + E7 T]l2 01 0o % |o
27| A1+ A +A3+Cy [Za] 2 0 1 o |%r—ma] = 58| A1+ Co +Er Zol 2 0o 1 o 0 |%
28| 2A1 + A4+ Cy Zol 2 0o 1 o0 2 vz 59| C3 + E7 T]l2 o1 of % |
291 A1+ A4+ Cy L]l2 o 1 o 0 3 60| A1 +Cy + Eg 1]l2 o 1 o o |o
30| A5 + Cs T2 0o 1 o[¥ -] 6 61| Cy + Eg Tl2 o 1 —2] o |o
31| 2A1 + Ay + Cg Zol2 o 1 o 0 ¥z

Table 7. All groups of maximal enhancement in the 8-dimensional CHL string. The Wilson lines
are given in terms of the fundamental weights of Eg, see table 2. ADE groups arise at level 2 and
C groups at level 1.

The central charge ¢ of the Kac-Moody algebras of the 9- and 8-dimensional models
listed in tables 3 and 7 can be easily calculated as explained in appendix B. A consistency
check is that when the difference (16 4+ d — ¢) is less than one, it is always equal to the
central charge of a unitary minimal model.
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5 Conclusions

In this work we have studied heterotic string compactifications that realize the CHL branch
of superstring vacua with 16 supersymmetries in (10 — d) dimensions, d > 1. Such vacua,
characterized by left-moving gauge group of rank d + 8, were first obtained in the context
of type I strings [27] and later derived in heterotic strings both in the fermionic [9] and
bosonic formalism [10]. We have followed the latter approach, based on compactification of
the Eg x Eg heterotic string on an asymmetric orbifold 7% /Z2, which enables a description at
any point of the moduli space. In particular, we have focused on the question of which non-
Abelian groups of maximal rank can appear. We have given a complete answer in d = 1,2
in the form of a list of allowed groups and the corresponding moduli. We believe that this
list is exhaustive. This claim is supported by our previous work on compactifications of the
heterotic string on T¢ [3, 4] where using the same algorithms in d = 1 we found all groups
dictated by the Generalised Dynkin diagram, and in d = 2 we reproduced the results of [8]
based on the dual realisation in F-theory on elliptic K3 surfaces. More generally, non-
exhaustivity of the exploration algorithm (for arbitrarily many iterations) would imply the
existence of special points with maximal enhancement in moduli space which cannot be
connected to others by moving along hypersurfaces as illustrated in section 4.2, which does
not happen for d = 1,2. Moreover, we have verified that starting with different points of
maximal enhancing we always obtain the same set of groups. Thus, the algorithm appears
to be exhaustive for all d.

Our analysis relies on the Mikhailov lattice II4 underlying the T¢/75 asymmetric
orbifold. In analogy with the Narain lattice I1; 4416 associated to heterotic compactification
on 7% the momenta of all states in the orbifold spectrum lie in II 4y and symmetries of the
spectrum correspond to automorphisms of the lattice [11]. For our purposes an essential
fact is that the root lattice of the resulting non-Abelian groups must admit an embedding
in IT4), which is even but not self-dual for d > 1. This last property leads to both simply-
laced and non simply-laced groups realized at Kac-Moody level 2 and 1 respectively. The
embedding condition gives a systematic prescription to determine the groups that can arise
or not. Moreover, studying embeddings of the coroot and cocharacter lattices in the dual
Mikhailov lattice allows to determine the global structure of the gauge group [14]. In this
way we have proven that for d = 1 the groups are simply-laced and simply-connected
whereas for d = 2 there are also symplectic and doubly-connected groups.

Our results for the global groups exactly match those obtained in [14], where they
were shown to satisfy the condition for anomaly-free one-form center symmetries [13]. It
would be interesting to check if these results are also consistent with constraints imposed
by triviality of cobordism classes [28]. A partial check was carried out in [14].

As mentioned above, the automorphisms of the Mikhailov lattice are T-dualities of the
theory. As such they restrict the moduli space, and fixed points of discrete transformations
are expected to display gauge symmetry enhancement. Indeed, we have shown that this is
the case in d = 1. A striking feature of the T-duality in d = 1 is that it mixes untwisted
and twisted states. This can be demonstrated at the level of the partition function and it is
expected to occur for d > 1. It would be interesting to examine T-duality transformations
and fixed points for d > 1.
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The methods developed to analyze lattice embeddings can also be applied to find out
the non-Abelian groups that actually occur in the CHL branch when d > 3. Already consid-
ering simple GDDs shows that factors F4 and SO(2r+1) can appear in agreement with ear-
lier results [10, 11, 17]. It is further known that for d > 3, superstring vacua with 16 super-
charges exhibit a broader pattern of rank reduction. In particular, in d = 3 there are com-
ponents with rank 7 or 5 for which an underlying momentum lattice analogous to II(4) has
been constructed [17]. For these components it would be interesting to explore the associ-
ated moduli spaces, their duality symmetries, and the points of maximal enhancement. One
could also consider toroidal compactifications of the 7-dimensional theories with rank 7 or 5.

The 8-dimensional CHL string is known to have a dual F-theory description in terms
of compactification on a K3 surface with frozen singularities [15, 18]. The gauge groups
arising in F-theory on such K3 surfaces were worked out very recently in [26], and agree
perfectly with the heterotic groups of maximal enhancing given in table 7, giving yet more
support to the exhaustiveness of our algorithm.

To conclude, let us stress that perturbative heterotic compactifications with 16 super-
charges are endowed with rich structures that allow a detailed exploration of their moduli
spaces. We believe that in nine and eight dimensions the compactifications of the heterotic
and CHL string provide the full landscape of gauge groups of half-maximal supergravities.

In lower dimensions there remain many open questions that deserve further investigation.
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A Partition function

In this appendix we study in some detail the compactification of the heterotic string in the
asymmetric S!/Z5 orbifold, where Z is the action defined in (2.3). We are mostly interested
in writing down the partition function in order to derive properties of the resulting spectrum
and to reproduce the results of [11]. An early discussion of the partition function was given
in [29].

A.1 Notation and conventions

We will use the bosonic formulation in which there are 16 internal left-moving bosonic
fields denoted Y7, I= 1,...,16. Modular invariance requires the Y/ to be compactified on
an even self-dual lattice which in the Eg x Eg heterotic string is I's # I's. As in the text, we
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will also use the combinations Y. in which the exchange of the two Eg factors is diagonal,
ie Y — +Y[
To fix notation and conventions we recall the partition function of the 10-dimensional
Eg x Eg heterotic string, discussed for instance in [30]. Up to normalization,
1

Zio(7,7) = Zrears(T) Z¢(T) . Al
10(7, 7) T rsars (7) Z¢(T) (A1)

The first factor is due to transverse worldsheet bosons in the lightcone. The Zp gry(7)

piece, arising from the 16 internal left-moving bosons, can be written as

1,2
ZF8®F8 (T) = (T)lG Z q2p ) (A2)
T persars
where ¢ = €>™7. The right-moving world sheet fermions give rise to Zy(T), which is
given by
_ 1 _ _ _ _
Z(7) = 50z [94(7) = 9A() = 95(7) + 01(7)] (A.3)

For the Jacobi ¥-functions we use the conventions of [30]. Recall that ¥ (7) = 0, but it is
convenient to introduce it with a sign such as to explicitly have the same GSO projection in
both NS and R sectors. By virtue of Jacobi’s abtruse identity, Z,(7) vanishes identically.
Hence, there are equal number of spacetime bosons and fermions at every mass level and
the theory is supersymmetric.

A.2 Compactification on S

The partition function of the heterotic string compactified on a d-dimensional torus is
discussed e.g. in [30]. In the S! case it takes the form
1
Zai(1,7) = — Zy(T) Zu(r, 7). (A.4)
(v72n(r)n(7))

The first term is due to the uncompactified worldsheet bosons. The Z,(7), coming from

the worldsheet fermions, is again given by (A.3). The last term Z11(7, 7) is the contribution
of the 16 internal left-moving bosons and the worldsheet boson compactified on S!. More

precisely,
1

LGRS

where II; 17 is the even, self-dual Narain lattice [5]. The moduli dependent momenta are

GaPR gapitar’ (A.5)

PR;PL:p) €117

ZH(T,f') =

given in (2.4).

A.3 Compactification on asymmetric S'/7Z5 orbifold

The Z5 action consists of a translation by half a period along the circle, i.e. ° — z° + 7R,
together with an exchange of the two Eg factors in the lattice I's @ I's, which amounts
to Y! — +Y[. Since the Y{ are purely left-moving, this orbifold can be more accurately
described in the formalism of asymmetric orbifolds [31], as done in [10], and in more
generality in [17].
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In an asymmetric orbifold the action of the orbifold generator, denoted g, is defined in
terms of the momenta in the Narain lattice, II; 17 in the case at hand. Specifically,

9 |pr;pr,p) = 2T PLOLTPVIPROR) |0 p e ) py, Op) (A.6)

We are interested in the case with unbroken supersymmetry in which 6y = 0p = 1. We
consider a Z5 orbifold with ¢? = 1. Thus, # must be an automorphism of order two acting
on I's @ I's. Without loss of generality we can assume that 8V = V. It then follows that
the shift vector v = (vg; v, V) satisfies 2v € 11 17.

We want the effect of the shift v to correspond to the geometric translation of z° by
half a period. This means that

2mi(PLoL+PV=PRVR) — cimn (A7)
where n is the quantized momentum along S'. Using the momenta in (2.4) yields
1 R?+14%2 R? 142
(UR; UL, V) =35 | il 2 ) % ) (AS)
2 V2R V2R

Observe that v? = 0.

Let us briefly examine the possibilities for the order two automorphism 6 acting on
the lattice I's @ I's. In principle, # might involve changing the sign of a number of lattice
coordinates, but as we will shortly show, modular invariance requires that the number
of —1 eigenvalues of # be a multiple of eight. For example, we could take Y/ — —Y7,
I =1,...,8. However, this is an inner automorphism of the Eg lattice that can be realized
by a shift in the lattice, as explained in the appendix of [32]. In other words, such inner
automorphisms can be realized by setting # = 1 and including an additional phase e>P*9,
with 2§ € T's @ I, in the right-hand side of (A.7). Now, such action could not reduce the
rank of the gauge group because all Cartan generators would be invariant. Luckily, for the
Eg x Eg heterotic theory there is the option of taking 6 to be the exchange of the two Eg
factors which is actually an outer automorphism of the lattice I's @ I's. The corresponding
0 precisely has eight —1 eigenvalues so that it is allowed by modular invariance. Moreover,
the rank of the gauge group will be reduced by eight because the action of this 6 will
eliminate eight Cartan generators. The upshot is that the appropriate automorphism is
the exchange of the two Eg factors and we make this choice in the following. This means
that 6 is taken to be R defined in (2.3).

We now proceed as in section 2, writing IT € T's @ I's as II = (7, 7’), with 7,7’ € Ts.
The Wilson line A is split in a similar way. In fact, the condition 0V = V requires
A = (a,a). We then switch to a basis for II; ;7 with momenta (pgr;pr,p+,p—) written
in (2.9). The shift v in (A.8) has components (vg;vr,vy,v_) given in (2.11). In this basis
the Z5 generator g acts as

91pR;PL. P+, =) = €™ |pR; DL, P+ —D—) (A.9)

where we substituted (A.7). Besides, g acts on the left-moving coordinates as gYi = iYiI .
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We also need to describe the sublattices I, I'* and I of ITy 17 which will enter in the
partition function of the asymmetric S!/Z5 orbifold. The invariant lattice, denoted I, is
the sublattice of II; 17 left invariant by 6 [31]. Since in our case § is the exchange of the

two Eg factors, this sublattice corresponds to m = 7/, i.e to p_ = 0, whereas pg, pr, and p,
reduce to
1 2 142 PN
pR:ﬁ[n—(R —i—ia)m—ﬂ-a}, (A.10a)
1
PL=5n [n+ (R? - a*)ym — 7 -4, (A.10b)
py = V2 (7 +am) =7 + ma, (A.10c)

where we defined # = v/27 and @ = v/2a. Notice that # € v/2Ts. Rewriting the momenta
in terms of the hat quantities is intended to highlight the structure of I. In fact, comparing
for instance (A.10) with (2.4) we see that the invariant lattice is given by

I~ Hl,l D F8(2) , (A.ll)

where II; ; is the even self-dual lattice of signature (1,1) and I's(2) is the lattice whose
Gram matrix is the Gram matrix of Eg multiplied by 2 (i.e. the basis is multiplied by v/2).
In (A.11) the symbol ~ is used because I equals the given lattice at a particular point in
its moduli space, concretely at @ = 0. As we will see shortly, I has discriminant group
Ay = 78. As shown by Kneser and Nikulin (see Theorem A1 quoted in appendix A of [11]),
I is unique up to a SO(1,9) transformation, parameterised by the 9 moduli a and R.
The dual lattice I* plays an important role in asymmetric orbifolds [31]. In the example
at hand we find
I =1L, & Ts(3), (A.12)

where T's(3) is the lattice whose Gram matrix is the Gram matrix of Eg divided by 2 (i.e.
the basis is divided by v/2). It follows that

Ar=T1")I =175, |I* /I =28. (A.13)

The results for I and I* agree with those of [10] where 6 was also taken to be the exchange
of the two Eg.

Another relevant sublattice is I, defined to be the projection of the Narain lattice IT; 17
into I [31]. The elements of I only have components |pg; pr, P4 ), given in (2.9). To identify
I we recast these components as

1 A P
PR = Wi [n — (R? + 3a*)m — N a] , (A.14a)
1 N P .
pL = 7R [n + (R* - a®)ym — 7B a] , (A.14b)
Py = % + ma, (A.14c)
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where @ = v/2a as before, and p = 7 + 7. Since p € T, % € T's(3). From the form of the

component momenta in (A.14) we then conclude that I is given by
I~ &Ts(3). (A.15)

Hence, I = I*, in agreement with the general result shown in appendix A of [31].

By construction, the invariant lattice I is a sublattice of I, which is consistent with the
property I C I*. In fact, I is the sublattice given by = = 7/, which implies p € 2I's. More
explicitly, for 7 = 7/, % = /21 = #. Therefore, (A.14) reproduces (A.10) when m = 7.

After describing the general setup we move on to compute the partition function for
the asymmetric S!/Z5 orbifold. In a Z orbifold with Abelian generator g, the partition
function is a sum of contributions Z(g’, g*), j,k = 0,1. The first and second entries refer
to boundary conditions along the worldsheet o and ¢ directions. In operator language,
Z(gl,gF) = Trq.[j(gk qlo (IZO), where H; is the g/-twisted Hilbert space, meaning that
worldsheet fields are periodic in ¢ up to a transformation by ¢/. The sum in j is over
twisted sectors whereas the sum in k enforces the projection on states invariant under g.
The double sum is required by modular invariance [32, 33].

As we have seen, g does not act on the worldsheet fermions and acts only on the
worldsheet X? by a translation. This implies that Z(g7, g*) takes the form

1
(v/T2n(r)n(7))

Z(g',g") = = Zy(7) Zu(g’, g"), (A.16)

where Zy(7) is given in (A.3). The presence of Zy(7), Vj, k, indicates that supersymmetry
is unbroken.

The full partition function can be expressed as

1
7 Zw ZHO . (A17)

z - -
SU% T )

From now on we will drop the dependence on the modular parameter 7, and use abbrevia-
tions n = n(7), 1 = n(7), ¥2 = Y2(7), and so on. In turn the full orbifold lattice sum Zjy,_ is

ZIIO = ZH(]I) + ZII(g) , (A18)

where the untwisted and twisted projected lattice sums are defined as

Zn(1) = 5 [Zn(1,1) + Zn(1.9)] (A.192)
Zn(g) = 5 [Z0(0,1) + Zn(g, )] (A-190)

It remains to determine the lattice pieces Z1(g7, g*). Below we will analyze the untwisted
and twisted sectors separately.

~32 -



A.3.1 Untwisted sector

The Z(1,1) term is nothing but the partition function in S!' discussed previously.
From (A.4) we see that

1

Zu(1,1) = —= S gErhgEitaieat (A.20)
Ui

(PR spLP+,p—) €1l 17

We stress that the lattice sum in Zyi(1,1) is over the full II; ;7 for which we use the
basis (2.9).
The next step is to obtain Z11(1, ¢g) taking into account the action of g. It turns out that

4

1 o3 .

Zn(l,9) = — (1;7 > 3 gavh garitar o (A.21)
m 2] wripLps) el

Notice that now the lattice that enters is the invariant lattice I in which p_ = 0 and the
remaining momenta are given in (A.10). The appearance of I in Z(1,g¢) is a well known
result [31]. The reason is that Z(1,g) = Trf,qo(g qlo q’:“), and the insertion of ¢ in the
trace removes the non-invariant subspace. To explain the prefactor, notice first that 1/1'6
in (A.20) is due to the oscillators in the expansion of the 16 left-moving coordinates vl
Next, in the diagonal basis gY{ = Y/ I =1,...,8. Using properties of Jacobi functions
we then find that instead of 1/7'6, the Y oscillators contribute

1 /2n\z 1 (2 2
)y =— (=5 A.22
7716711 <ﬂ2> n16 ( 192 ) ) ( )

with n = 8. The parameter n counts the number of —1 eigenvalues of g acting on the vl

A.3.2 Twisted sector

The partition function in the twisted sector is obtained by the chain of modular transfor-
mations
T——1/T

Z(1,9) 2(g,1) 7% 2(g,9) . (A.23)

The modular transformations of n and ¥ functions are standard. Concerning the lattice
sum, the 7 — —1/7 transformation of the lattice sum involves Poisson resummation while
T — 7+ 1 is elementary.

In the first step we obtain

4

1 3

Zu(g,1) = — (g) Z g%(PRJrvR)Q q%(pL+vL)2+%(p++v+)2 . (A.24)
m ) wrwLpr)el*

The dual lattice arises from Poisson resummation. The shifts in the momenta emerge
rewriting €™ as in (A.7). The factor vol(I) equals /[I*/I| = 2%, cf. (A.13). Tt cancels

against the original 2% in (A.21) which actually corresponds to \/det’(1 —#). In other
words, the degeneracy of the twisted sector is one. In general this degeneracy is given
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by D = M, where det’ is the determinant over the eigenvalues of @ different from

[ /1]
one [31].
The components of (pr;pr,p+) € I* are written in (A.14), while the shift v has
v— =0 and (vr;vr,vy) given in (2.11). Therefore, in the twisted sector the momenta have
the form
1
PR+ VR = NoT: [n —(R*+3a®)(m+3) - % . &] , (A.25a)
1
T [n LR La%)m+ by - % a] , (A.25b)
Py + vy = % + (m+ 3)a. (A.25¢)

Comparing with (A.14) shows that in the twisted sector the winding number m is shifted
by % This result is expected because in the twisted sector the bosonic field X? satisfies
the boundary condition X°(¢,0 + 27) = X%(¢,0) + 2rmR + 7R.

Performing a 7 — 7 + 1 transformation we find

2

i 4
1 n 3 ,
Zu(9,9) = = (e o > > g2 Prton)” gr (L v)t5(pite)? ginlnt i) (A 26)
(

9
m 3 PR;PL.P+)ET*

Here we used again (A.7) and v? = 0.
A further 7 — 7 + 1 transformation gives Z(g, %), but g> = 1. Therefore, it must
be that

T—=742

Z(g,1) =272 2(g,1). (A.27)

This is the necessary and sufficient condition for modular invariance at one loop and it is
equivalent to level matching [32-34]. From the above results it is not difficult to check that
this condition is satisfied. We might as well consider a more general Z5 action such that
6 has n negative eigenvalues as in (A.22), 2v € I but v? # 0. In this case the modular

invariance condition (A.27) leads to
()™ =1 = g totez. (A.28)

Thus, modular invariance is verified in our case in which n = 8 and v? = 0.

Using identities such as (2/n(q)02(¢))* = 1/9(¢?) and (1/n(q)9a(q))* = 1/5(¢?), one
can check that our results in the untwisted and twisted sector agree with those in [11]
and [29].

A.4 Underlying Mikhailov lattice in the S'/7Z, asymmetric orbifold

So far we know that physical states are characterized by momenta (pg;pr,p+) belonging
to an integer lattice of signature (1,9). In the untwisted sector (pgr;pr,p+) € I*, whereas
in the twisted sector (pgr;pr,p+) € I* +v. The untwisted sector has the additional feature
that some momenta belong to the invariant lattice I. In [11] it is argued that the full

lattice is
iy =1, (A.29)
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where II; g is the even self-dual lattice of signature (1,9) which is unique up to SO(1,9)
transformations. In fact, II; g ~ II; 1 @ I's. Below we will deduce this result by mimicking
the reasoning in [11]. We will refer to I}y as the Mikhailov lattice.

A.4.1 A basis for Iy

To simplify the arguments we set the Wilson line a to zero. Restoring a in the end is
straightforward. More crucially, we introduce the Mikhailov radius Rjy; according to

R=+V2Ry, (A.30)

where R is the S! radius. The components of (pr; pr,p+) € I*, cf. (A.14), can be recast as

_ 1 2
1 2
P
. A31
P+ ﬂ ( C)

where we defined ¢ = 2m as in the text. The advantage of redefining the radius and the
winding is that now the momenta in I* + v take the same form as in (A.31), but with
¢ =2m +1, as seen from (A.25). Recall that p € I's.

A further essential advantage of redefining the winding and the radius is that it al-
lows to identify the momenta of the Mikhailov lattice II(;), which we dub (pr; L, ).

Concretely,
1
OR = 5o n— R3], (A.32a)
1
oL = 5 |n+ (R (A.32D)
where n,¢ € Z and p € I's. Notice that formally
(or; 9L, 9) = V2(pRi PL P+ ) , (A.33)

but now ¢ can be even or odd. Recall that for (pr;pr,p+) the redefined winding ¢ is even
or odd depending on whether it belongs to I* or to I* 4 v.
The points (pg; pr, ) clearly lie in 11y ~ 11 ; @ I's. In particular,

0>+ 7 — ph =p°+2n €27 (A.34)

With fixed Ry, a point in II() is specified by n, £ and p.

These quantum numbers allow a neat characterisation of the points in II(;) based on
the simple fact that % p% -+ fn can be even or odd. Indeed, as noted in [11] there are 3 types
of points (¢,n, p) € I}y given by

1. 3p%+n €27, ({,n,p) € 21y,
2. %pQ +4n € 2Z, but (¢,n,p) & 211y, (A.35)
3. 1P +ne2l+1.

We will soon see how these points show up in the orbifold spectrum.
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It is interesting to consider the duality symmetries of the II(;) lattice. With zero
Wilson line there is just the T-duality Ryy — 1/Rpr, n <+ €. The self-dual radius is
Ry = 1, which corresponds to R = /2. This explains why enhancement occurs at this
value of R. Restoring the Wilson line, enhancing takes place when Fj; = R?M + %aQ =1,
which translates into £ = R? + a? = 2. We will shortly prove that the partition function
enjoys T-duality.

A.4.2 Rewriting the partition function

To continue we need to rewrite the partition function in a way more appropriate to reveal
the underlying lattice. The strategy is to unify the different lattices, namely I*, I and
I* + v, into one bigger structure. The main outcome will be the full orbifold lattice sum
21, cf. (A.18), expressed in a form that shows the correspondence with the Mikhailov
lattice. Below we proceed in order.

Untwisted sector. The untwisted projected sum Zp;(1) is complicated because the two
terms involve different lattices. In the term Zy1(1, g), given in (A.21), the relevant lattice
is I. In the invariant lattice the momenta are again given by (A.31) but with p € 2I's. We
then have

4

1 2m3 .

Zn(l,9) = — (1;]) Z q%P%@ qépie“m Z quQ' (A.36)
m 2 /) nez te2z pe2l's

The momenta pr and py, are given in (A.31).

The next task is to express Z(1,1) in a similar way involving sums over n, ¢ and p.
This is more difficult because in Z(1,1) the lattice sum is over the whole II 17. In other
words, the (pr;pr,p+) are in I*, but p_ also appears. In [11] the clever way to deal with
this is to distinguish whether or not p € I'g also belongs to 2I's. There are two possibilities

A. pe2l'g, ¢ €2Z. In this case one can write

_P r_P_
T = 2+S, =3 S, (A.37)

where S € Tg.

B. pelg/2l'g, £ € 2Z. In this case one can instead take
tr=p+L, 7 =-L, (A.38)
where L € I's.

For future purposes we have stressed that £ € 27, which is always the case in the untwisted
sector.
Dividing the states in 11y 17 into classes A and B allows to rewrite the sum over = and

' as

D ) DIt DD DI LI S car e (A.39)

welg,n’e€l'g p€e2l's Sel's p€elsg/2T's LeT'g
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The sums over S and L can be related to ©g functions [11]. In particular,

> g° = 03(2r) = 1 + 24042 + 2160¢* + 672045 + - (A.40)
Sel's

Putting together the above results in (A.20) leads to

1
Zu(l 1) =~ > g2 qép%{ Y oqifteser) + Y ¢t Y q(L+S)2} .

neZ, be27 pe2l'g pGFg/QFg LeT'g
(A.41)

The sum over L only depends on the conjugacy classes of p € I's/2I'g, denoted p [11]. This
will be further elaborated in section A.4.3.
Substituting (A.36) and (A.41) in (A.19a) gives the untwisted lattice sum

1
Zu(l) = = 57 3 PR gari { S ¢ Fi(gnmod2) + 3 qiﬁ’sz(q,ﬁ)} .

nez, be27 pe2l’y p€lg/2I'g
(A.42)
The function Fj is
1 TN 2773 '
]:1((],71 HlOd 2) = 5 @8(27’) +e 197 . (A43)
2

Finally, F3 is given by

Z gt e" (A.44)

LEFs
The functions Fi, F2, and F3 below, match the Mikhailov’s generating functions Fy, Fb
and F3 given in equations (3.3)-(3.5) in [11] up to an overall factor ¢/n**. The meaning of
these functions will be explained shortly.

Twisted sector. The twisted sector is much simpler. The two terms in Zyj(g) are given

in equations (A.24) and (A.26). Combining them gives
1 _1,2 1,9 1.2 2
Zn(9) = =+ Z q2Pr q2PL Z qs? fg(q,(% +n) mod2) . (A.45)
M ez te2z 41 pels

The momenta pr and py, are again given in (A.31). The function F3 reads

3 4 2 3 4
T\ _ it (12
<194> e 2 <193)] . (A.46)

The twisted states constitute class C characterized by p € I's and ¢ € 27 + 1.

]:3<q, (% +n) mod2> = %

Full orbifold. Adding Z11(1) and Z11(g) yields

1 1,2 1.2 12 1.2 1.2 1.2 12
Zn, = o Y Pl Y qiP Fio+ Y qif Fo| )y @PRgAPE Y qif T
nez car €Tg /2T nez T
(€27 pEsts pEls/2s 0e27+1 petE

(A.47)
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class l n p sector generating function
A 27 z 2I'g untwisted Fi(g,nmod 2)
B 27 Zz I's/2Tg untwisted Fa(q, p)
C 27 +1 z I's twisted F3 (q, (% + n) mod 2)

Table 8. Classes of orbifold states.

The arguments of F;, F» and F3 are omitted to simplify the expression. From this result
we can read off the content of orbifold states classified according to the possible domains
of ¢, n and p. This information is summarised in table 8.

A.4.3 Reading II(;) from the partition function

It turns out that some identities relating the functions Fi, F» and F3 are needed to show
that the orbifold states lie in the lattice II(;). In [11] the relations are proven analytically
for the generating functions F,, ¢ = 1,2, 3, connected to the F. by

1 F, (A.48)

FC:@ c -

The identities can be verified by comparing the g-expansions of the F.. For Fi(q,n mod 2)
and F3 (q, (% + n) mod 2) these expansions are easily found from their definitions. The
expansion of Fy(q, p) is less direct because it depends on p, which is the conjugacy class
of pin I's/2T's. As explained in [11], if %pZ is odd, then p equals a root modulo 2I's. We
denote the conjugacy class by Ag. If instead % p? is even, then p modulo 2T'g is equal to a
vector p € I'y with 0> = 4. We denote the conjugacy class by A4. From the expansions we
can check the identities

Fi(g,1) = Falq, As) = F3(q,0) = 8g + 64¢> + 224¢” + 512" + - - -, (A.49a)
Folq, Ag) = Fs(q, 1) = q2 (1 + 28¢ + 126¢2 + 344¢° + -+ ) . (A.49b)

The Mikhailov’s generating functions F, verify the same identities because they are equal
to the F. up to an overall factor.

The meaning of the generating functions can be understood by looking at the simple
lattice partition function of the 10-dimensional heterotic string in (A.2). In this case there
is a generating function 1/7'®. Now, we know that for each vector in the lattice there is
a tower of excited states created by acting with the oscillators of the vl , I= 1,---,16.
Moreover, the coefficients in the g-expansion of 1/76 precisely count the number of states
at each excited level. The meaning of the Mikhailov’s generating functions Fy is completely
analogous. The prefactor ¢/n?* in the relation with the F, is well justified. The power of
7 corresponds to the 24 left-moving coordinates, and the power of ¢ just offsets the normal
ordering constant. In this way their g-expansion will be of the form

F(g) =Y _d(N',(t,n,p)q"" (A.50)
<
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Iy type (l,n,p) %pQ +{In orbifold class
1 211(1) 27 [A,n S 2Z]
2 Iy, 22 [A,n €22 +1], [B,1p? €22], [C, (§p* +1n) € 27]
3 M) 22+1 B e2z+1],[C, (4% +n) €22 +1]

Table 9. Points in II(;y vs orbifold classes.

where now N’ corresponds to the full left-moving oscillator number. For each state (¢, n, p),
the coefficients d(N', (¢,n, p)) count the number of states with oscillators acting on it and
given oscillator number N’. The dependence on (¢,n,p) is necessary because, as seen in
table 8, for each type of state there is an associated generating function.

We are finally ready to state Mikhailov’s proof that the spectrum of orbifold states
can be put into correspondence with the points in the lattice II(;) displayed in (A.35).
This correspondence is summarised in table 9. For example, the points of type 1 where
(£,n, p) € 2111 can only correlate with points of orbifold class A which have p € 2I's, and
{ € 27, provided that also n € 27.

For points of type 2 and 3 there can be more than one orbifold class as can be under-
stood by looking at table 8. For these points consistency requires precise identities among
the generating functions. For example, the points of type 3 must appear with the same
generating function whether they arise in class B with %pQ € 27 + 1, or in class C with
(%,02 +n) € 2Z+1. This means that Fa(q, Az) must be equal to F3(g, 1), which is precisely
the identity in (A.49b). Similarly for the points of type 2 the functions Fi(q, 1), Fa(q, A4)
and F3(q,0) must be the same, which is true by virtue of the identity (A.49a). For points
of type 1 they just fall in class A and occur with generating function JFj(g,0).

A.4.4 T-duality

The previous results can be used to show that the partition function of the S!/Z5 orbifold
is invariant under T-duality. We consider the simpler situation with Wilson line a = 0
in which T-duality is the action n <> ¢, Ryy — 1/Rps. The relevant piece of the parti-
tion function is the lattice contribution Zy, displayed in (A.47). From the corresponding
spectrum of states summarised in table 8 it is evident that T-duality mixes twisted and
untwisted states as remarked in [11].

To establish T-duality it is enough to show that the quantity between brackets in (A.47)
is invariant. The parts with both n and ¢ even (odd), arising in the untwisted (twisted)
sector, are clearly invariant by themselves. The remaining question is whether the untwisted
sector terms with n odd and ¢ even do match the twisted sector terms with n even and ¢
odd. The answer is yes as follows from the equality

1,2 1.2 12 1.2 _
> @@PrqePL| > qi” Fi(q,1) + > qi” Falq, p)

ne2Z+1 pe2l'g P EFg/QFg
le27
1,2 1.2 12 2
= E q2Pr q2P1 E qiP ]-':,)(q,% mOdZ). (A.51)
ne27 p€els
Le27+1
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In turn this identity can be shown using the properties Fi(g,1) = F3(q,0), Fa(q,Ay) =
F3(q,0) and Fa(q, As) = F3(q, 1), given in (A.49).

B World-sheet realisation of gauge symmetries

In this appendix we briefly discuss the Kac-Moody algebras that realize the space-time

gauge symmetries of the CHL theory in 9 dimensions and its toroidal compactifications.
The space-time Eg x E§ gauge symmetry is realized on the world-sheet by dimension

(1,0) currents J¢ ® 1 and 1 ® J&, a,b = 1,...,248, that obey the OPE

fi0

{ ,
T 0) ~ =5+ _fPeT(0), i=1,2 (B.1)

at level k; = i—@ =1, where k; = 1, wiz = 2 is the norm of the highest root and f,. are the
structure constants of the simply-laced Lie algebra of Eg.
The Sugawara construction induces a representation of the Virasoro algebra with cen-

tral charge
2 2 .
k; dim G;
= ;= _, B.2
) ; T hs B2

i=1
where g; is the dual Coxeter number of the group G; (see table 10). These formulae hold
in general for arbitrary products of groups [35, 36]. For simply laced algebras at level one
it follows that ¢; = rank GG;. In the ten dimensional heterotic string with G; = Eg, clearly
¢; = 8 and ¢ = 16.

The currents of the level £k = 1 untwisted affine Kac Moody algebras associated with
simple Lie algebras which are simply-laced were constructed using the vertex operators of
the massless gauge bosons of the string spectrum in [37, 38]. In the ten dimensional theory,
the 248 gauge bosons of each Eg comprise the 8 Cartan o’ 4|0, 0) or ang]O, 0),I=1,...,8
and the 240 roots |p!, p!*8) = |71, 0) or |0,71), with r{,rL € I's. Their vertex operators can
be written in terms of the free bosons Y (z) and Y’/ (z), and the corresponding currents
Ji'9 have the following realisation in the Cartan basis

H(z) = i0Y(2), EE(z) = ¢, 1 MY E) (B.3)
Hi(z) =Y (2), EF™(2) = ¢y : 572V (2) (B.4)
where ¢, , ¢, are cocycle factors. Using the OPEs
I J 51] 1 W 51]
the current algebra of E;<\Eg is realized at level k1 = ko = |i§|i2 =1, as can be read from
Ioygrd 056"
1] () H} (0) ~ 2L (B.6a)
| +rl EF7(0)5;
1 () B (0) ~ 0 0 (B.6b)
z

Ei(2)E " —_+ — B.

7 (Z) 7 (O) 22 + P ) ( GC)

40 —



G A, D, Ee¢ | Er | Eg B Cp Fq| Go

g n+1 2n —2 12| 18 | 30 2n —1 n+1 9 4
dim G | n(n+2) | n(2n—1) | 78 | 133 | 248 | n(2n+1) | n(2n+1) | 52 | 14

Table 10. Dual Coxeter number g and dimension of the gauge group G.

As we have seen, the CHL string in 9 and lower dimensions can be constructed as a
Z5 orbifold involving the outer automorphism that exchanges Eg and E§. In 10 dimensions
the orbifold by this exchange simply reproduces the original theory. This can be verified
computing the partition function as discussed in appendix A, with g corresponding to the
action Eg «+» E§, and using the identities (A.49). However, if the exchange of Eg and E§
is accompanied by an additional 27 rotation of the ten dimensional space-time one gets
the non-supersymmetric Eg string [39, 40] in which some sectors of the Hilbert space are
projected out. As explained in [40], only the products Hspr ® Hs and Hepp @ Has survive,
where Hqpp(Hspr) denotes the Hilbert subspace of space-time bosons (fermions) which is
symmetric (antisymmetric) under ﬂe\ZTr rotation. Since the internal Hilbert space Hint is
an irreducible representation of Eg x Ef, its symmetric and antisymmetric subspaces Hs
and H,s are not invariant under the full Eg x E§ current algebra, but are invariant under
the algebra of the diagonal currents

Tz) =J{(2) @1+ 1® J3(2), (B.7)

since T* is invariant under the exchange of the two Eg’s. The diagonal Eg is a subalgebra

of Eg/Eg and clearly, the current algebra is realized at level k; 4+ ko = 2. In this case, the
31
2
, which is equivalent to the Ising model [40].

central charge obtained from (B.2) is and the missing % is provided by the coset theory

(Eg xEg)p—1
(Es) k=2
Let us now turn to CHL strings. As we have reviewed in the main text, the 9-

dimensional theory can be described by a S'/Z, orbifold, with Z5 action given by the
exchange Eg > Ef together with a translation in the compactified direction z° — 2% + 7 R.
For arbitrary values of the compactification radius R and Wilson lines a, only the 8 diag-
onal Cartan gauge bosons in the untwisted massless sector survive the orbifold projection,
and together with the KK gauge boson of the compactified 22, they account for the U(l)9
abelian symmetry of the theory, with generators

T{ = H{ +H =i (0Y'(2) + 0Y'(2))  and  H®=idX°(2), (B.8)

where X? is a free boson.
For arbitrary R and a = 0 the untwisted states % (|rI ,0) + 0, ! )) are also massless

1

when r* is a root of Eg and m = n = 0. Together with the nine Cartan above, they give

rise to the rank nine gauge symmetry Eg x U(1), with Eg the diagonal subgroup of the
original Eg x Eg. The corresponding raising and lowering currents are

T = Bf 4+ B (B.9)

The Eg current algebra is realized at level 2, just as in the 10-dimensional Eg string theory.
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Lower rank groups and higher level algebras are a hallmark of CHL strings. The total
central charge ¢ of the Kac-Moody algebra associated to the gauge symmetry also gives
useful information. In general, in (10 — d) dimensions there is a bound ¢ < ¢, where the
internal piece is ciL“t = 16 4 d. This follows because keeping transverse degrees of freedom
the total left-moving central charge is ¢;, = 24 and the world-sheet bosons corresponding

to the space-time coordinates contribute (8 —d). It is convenient to write the bound on ¢ as
A=16+d—c>0. (B.10)

We will refer to A as the missing central charge. A consistency condition is that when
A < 1 it must be equal to the central charge of a unitary minimal model given by

6

I . j=34,.... B.11
JjG+1) (B-11)

Cj =1
For instance, in the above Eg x U(1) example the Kac-Moody central charge is ¢ = % +1
and the missing A = % is provided by the j7 = 3 minimal model, i.e. the Ising model which

is furthermore equivalent to the coset theory %

Continuing with the 9-dimensional CHL string, at the particular radius R = v/2 and
a = 0, the states with £ = +1,n = +1,p = 0 in the twisted sector become massless and
enhance the U(1) of the KK vector to SU(2). The vertex operators that create these states

involve the left moving currents
H'(2)=i0X'(2),  E*(z) = cxAetPr-X() (B.12)

where the fields X?(z) = e2X*(z) with a,i = 1,...,d have tangent space indices a and
standard propagator
(X2(2)XP(w)) = —0%In(z — w). (B.13)

The momentum in the tangent space is pra = éa'pri = 1 and A is a twist field with
conformal dimension h = % and OPE

A(z)A(0) = % + reg, (B.14)

which is necessary to build spin 1 currents [41, 42]. From the OPEs

H(z)H(0) ~ —, (B.15)
H(2)E*(0) ~ imaE;(m , (B.16)
EH2)E(0) ~ — + PLaf?(0) (B.17)

z z

we see that the affine SU(2) algebra is realized at level k = 12)—5 = 2. The central charge of
) L
the Eg x A1 model at level k = 2 saturates ¢i™ = 17, as may be verified using the data in

table 10.
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The central charges of all the maximal enhancements listed in table 3 can be readily
computed. Except for the Dg and Eg x A; models, the internal Kac-Moody algebras do
not saturate ci]ft = 17. In some cases, the missing central charge A is provided by unitary
minimal models, cf. (B.11). For instance the Eg x A3 at level 2 requires A = 6/7 = ¢g. On
the other hand, the A; x Ay X Ag current algebra at level 2 leads to A = % which could
arise combining two minimal models with j = 4 and j = 9. However in the case D5 x Ay,
with A = 8/7, a candidate world-sheet CFT is not obvious. It would be interesting to
understand if there is a realisation of the missing CF'Ts in terms of coset models involving
the original and the enhanced gauge groups.

In compactifications of the CHL string to 8 dimensions, the gauge group is U(l)10 for
generic values of the background fields. To analyze maximal enhancement at a special point
in moduli space let us choose E11 = 2,F9 = 1,FE12 = E91 = 0 and a1 = as = 0. These
moduli actually correspond to starting with the 9-dimensional CHL model with group
Eg x Ay at level k = 2 discussed above, and further compactifying on a circle of radius Ry =
1. Following the analysis in section 3, and using equations (3.7) and (3.8), we see that there
are additional untwisted states with Z2 = 4, having p = 0 and (¢, 2, n1,n2) = £(0,2,0,1).
These states enhance the (Eg x Aj)2 x U(1) gauge symmetry to (Eg x A1) X (C1)1. Using
that p7 = %lieia = (0,/2), the vertex operators contain the currents

H? =idX?,  E*=ctetivax® (B.18)

which realize the current algebra of C; at level k = 1.

We next consider an example with short and long roots. Taking F11 = 2, EF13 = —2,
FEo =0, Eoo =1 and a1 = ag = 0, gives gauge symmetry Eg x Co. The quantum num-
bers (01,02, n1,n2) of the massless states that enhance the U(1)? to Cy are £(0,2, —2,1),
+(2,2,0,1), +(1,0,1,0) and +(1,2,—1,1), and they all have p = 0. The vertex operators
contain the currents

EE(z) = FA(2)es X0, pip =1 = (1,0), (B.19a)
Ef (2) = i eFiX'(2)-X2() Pi =g = (—1,1), (B.19b)
By (2) = cF A(2)eX"0), phr = as = (0,1), (B.19¢)
Ef(2) = cf e X (HX2() Pl =as=(1,1) (B.19d)

Together with the Cartan operators H! = i9X! and H? = i0X?, the current algebra of
C, is realized at level k = 1 since, k = 1 and the square of the highest root ay is 2.

It is straightforward to calculate the central charge of the Kac-Moody algebras of the
eight dimensional models listed in table 7. As in the nine-dimensional case, they do not
saturate A = 0 in general, but again in most cases one can find combinations of minimal
models that account for the missing contribution. A consistency check is that when A <1
it is always equal to the central charge of a unitary minimal model.

Finally, let us remark that vertex operators for the twisted states in the examples (B.18)
and (B.19) discussed above do not involve the fields YL, YT explicitly. However, when p
is non-vanishing, they are expected to be part of the exponentials in the currents. For
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instance, with Wilson line a = %UJG and R? = % in nine dimensions, the states with quantum
numbers (¢,n, p) given by £(1,0, —ws) and £(1,1,0) become massless and enhance the
gauge group to E7 X Ao, with current algebra realized at level 2. Free field representations of
the affine SU(3) current algebra at level 2 are known [35] as well as of the level 1 non-simply
laced algebras [43-45] involved in the enhanced gauge groups of the eight dimensional
theory (see also [46] for constructions of Kac Moody algebras in terms of free fields). But
not all of them can be directly related to the vertex operators of the twisted states of the
CHL theory. We postpone a detailed analysis of the twisted vertex operators that realize
these current algebras to a future publication.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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