PHYSICAL REVIEW D 104, 045016 (2021)

Celestial superamplitudes
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We study celestial amplitudes in (super) Yang-Mills theory using a parametrization of the spinor helicity
variables where their overall phase is not fixed by the little group action. In this approach the spin constraint

h — h = J for celestial conformal primaries emerges naturally from a new Mellin transform, and the action
of conformal transformations on celestial amplitudes is derived. Applying this approach to N = 4 super
Yang-Mills, we show how the appropriate definition of on-shell superspace coordinates leads naturally to a
formulation of chiral celestial superamplitudes and a representation of the generators of the four-
dimensional superconformal algebra on the celestial sphere, which by construction annihilate all tree-level

celestial superamplitudes.
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I. INTRODUCTION

The quest for secret symmetries of the S-matrix of
gauge theory and gravity has been a continuous source
of surprises. An example is the discovery of the dual
superconformal symmetry of A =4 supersymmetric
Yang-Mills (SYM) theory, first conjectured in [1] and
subsequently proved at tree level in [2]. It emerged from
earlier studies of iterative structures of maximally helicity
violating (MHV) amplitudes in perturbation theory [3-5]
and at strong coupling [6]. By replacing the standard
kinematic variables with dual (super)momenta, a new
duality of amplitudes with Wilson loops, valid at weak
and strong coupling, also became apparent [6-9], with the
dual symmetry acting as the usual conformal group on
these new dual variables.

Recently, the work of [10-12] suggested a new way
to interpret scattering amplitudes of a generic four-
dimensional theory as correlators of a two-dimensional
conformal field theory living at null infinity of Minkowski
spacetime, also known as the celestial sphere. This builds
on an earlier, important observation that the Lorentz group
SO(3,1) ~SL(2,C)2¢ of four-dimensional Minkowski
space is mapped to the conformal group SL(2, C)2¢ acting
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on the celestial sphere [13—-15] (see [16] for a recent
review). A fascinating consequence of this viewpoint is
that the well-known soft theorems of gauge theories and
gravity appear as Ward identities in the celestial conformal
field theory [17-27]. In fact, the natural group acting on the
sphere at null infinity is the infinite-dimensional Bondi-van
der Burg-Metzner-Sachs group [28,29], which is expected
to be a symmetry of the dual celestial conformal field
theory.

The mapping from Minkowski space to the celestial
sphere occurs through a Mellin transform which maps
momentum eigenstates to boost eigenstates—conformal
wavepackets with well-defined conformal weights. The
special features of this new basis have been discussed in
[10-12,30-32], in particular the boost eigenstates have
unusual properties such as the nondecoupling of infrared
and ultraviolet physics, as emphasized in [32], which also
gives a new angle on a possible nonperturbative S-matrix
bootstrap by looking at the analytic properties of the
celestial S-matrix. We also note the recent works of
[33,34], which study the universal infrared divergences
of celestial amplitudes in Yang-Mills theory, building on
earlier work on gravity and quantum electrodynamics
[32,35]. Most of the attention so far has been on tree
amplitudes, with the exceptions of [33,34,36,37], which
discussed the iterative structure of loop amplitudes or
infrared divergences thereof.

Work on supersymmetric theories has been mostly res-
tricted to minimal A" = 1 supersymmetric models [27,38],
whereas in this paper we focus on the maximally super-
symmetric ' =4 theory, its S-matrix and symmetries.
One of the questions we will answer is how to systemati-
cally derive the action of the full superconformal group
on celestial (super)amplitudes, extending the work of
[39] which presented the form of the generators of the
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four-dimensional conformal group on the celestial sphere.
The Lorentz subgroup is of course implemented trivially
as two-dimensional conformal transformations, however
the remaining generators give rise to highly nontrivial
constraints on a yet to be found celestial conformal field
theory. The question then naturally arises as to what the
celestial operators corresponding to the generators of the
full four-dimensional superconformal group are.

In order to answer this question in a systematic way, in
particular ensuring that the new generators in celestial
space naturally obey the superconformal algebra, we find it
useful to introduce a new “chiral” Mellin transform. In this
approach we define the Mellin transform to celestial
space in terms of standard spinor helicity variables without
modding out the little group redundancy occurring in
the expression of a null momentum in terms of spinor
variables. This has the advantage of making the translation
between Minkowski space generators and celestial gener-
ators immediate. Using our new Mellin transform we define
corresponding celestial states and (super)amplitudes (in the
supersymmetric case). After performing the integration
over the redundant little group phase, our celestial states
and amplitudes are equal to the conventional ones multi-
plied by a delta function imposing the spin constraint 4 —
h = J much in the same way as the momentum-conserving
delta function in Minkowski spacetime. This allows us to
give an unambiguous definition of the action of celestial
operators and of their weights. In particular we discuss
extensively how to compute weights of all the relevant
operators in celestial space. We also present explicit
expressions for tree-level MHV superamplitudes. Our
results here agree with those of [40], although the specific
forms of the superamplitudes we present are new.

The rest of the paper is organized as follows. In Sec. 11
we review the usual nonchiral Mellin transform and
introduce our chiral celestial coordinates along with their
transformations under the Lorentz group. We also discuss
the relation between these two sets of coordinates. In
Sec. III we introduce chiral celestial states and amplitudes,
and discuss the action of the Lorentz group on these
quantities. Section IV is devoted to the derivation of the
generators of the conformal group in Mellin space, showing
the usefulness of our chiral representation. In this section
we also explain how to determine the weights of operators
in celestial space. After briefly reviewing basic properties
of superamplitudes in /' = 4 SYM, we present in Sec. V
the formal derivation of celestial superamplitudes in this
theory, together with explicit examples at three, four and
five points, and comments about the general n-point case.
Section VI is devoted to the derivation of explicit expres-
sions for the full set of generators of the N' = 4 super-
conformal algebra. Finally, in Sec. VII we present our
conclusions and outline possible lines of further research.
The Appendix expands on the derivation of weights of
celestial operators, and in particular we present in Table I
the list of weights of all relevant celestial operators.

TABLE 1. Table of conformal weights for objects defined or
acting in Mellin space.

Table of conformal weights

Celestial object h, h) (A7)
A, (%5559 (.7)
A (=32 (0.-3)
za (41_1’ _i (07 %)
Da G-—1 (0.3)
B, (=33 (0.-3)
s G -3 (0.3)
D4 (-3:2) (0.-3)
Sa= (2, 1)q (=3.0) (=3.-3)
E=(z1), (0.-3) (=3:3)
(—z(h—iff*éA)Jrl—za) (3.0) (37
- B
(—Z(fz—i-ﬁrf‘éé)—l-l—ié) (0.3 (=3
- B
o (G-=3) (0.9
) Chh o sh
A (17 (3.0)
4 (.9 4.0)
o2+ (0,0) (0,0)

II. CELESTIAL COORDINATES

A. Review of nonchiral celestial coordinates

As usual in four spacetime dimensions, we write mass-
less momenta in terms of spinor helicity variables as
Pai = Aoty Little group transformations,

Ay = €92, Ay — e, (2.1)

leave a momentum invariant, where we are restricting to the
Minkowski slice where p* is real and 4, = €%, where ¢ is
an overall sign which is positive (negative) for outgoing
(incoming) momenta. Out of the four real degrees of
freedom in 4,, three are physical while its overall phase
e is redundant. It can be set to zero by a little group
transformation with ¢ = —0.

Transitioning from the usual language of scattering amp-
litudes in four-dimensional Minkowski spacetime to con-
formal correlators on the celestial sphere CS? requires one to
introduce new coordinates [10-12,20,23,24,30,31,39],

Paiq = €0q 445 (22)

where Qag = éa%o’n Withl

"We omit explicit spinor indices when there is no ambiguity.
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Z - Z
a = 5 a — . 2.3
¢ (1) : (1> 23)
In vector notation,
1 5 . _ 2
q" !=§(1+|Z| —z=Z,—i(z=2), 1 = [z]*). (2.4)

The energy of the particle is p® =% (1 + |z]*), however,
following standard convention we will refer to @ as the
“energy.”

Following [32], one can parametrize spinors in terms of
the physical degrees of freedom:

/1[,:6\/5<i>, i, = ﬁ(i) (2.5)

where a little group transformation was used to set 4, =
\/w to be real. The spinors 4, and 1, naturally transform in
the (anti)fundamental representation of SL(2, C)2c:

, (a b - 5 [a b\ -
Ao A= A, A=A = _ A
c d d

Hence, under a Lorentz transformation p,,; transforms as

_ jatb az+b
Pai = €w(cz +d)(¢Z+d) (“”d) <52+d)

(2.6)

o1

1 1
= ew’(Z/) (Z/> = ea)’(Z:Z/ Z/), (2.7)
1 1 7 1
where
which is a Mobius transformation on CS?, and
w— & =(cz+d)(cz+d)w. (2.9)

In the (w, z, 7) parametrization we can then write Lorentz
transformations on the spinors 4, and 4; as [32]

el ) ()= (E50) ()
==y §)(0)- (529 ()

(2.10)

Note that just transforming the coordinates @ — @' and
7z — 7' is not the same as performing a Lorentz trans-
formation due to the additional phase factors in (2.10),

which appear as a consequence of the particular para-
metrization chosen. Finally we note the action of a Lorentz
transformation on ¢,

g — Nog” = (cz+d)(ez+d)q", (2.11)

% 7 % Z
where ¢/, = &,&,, with &, = ( 1 ) and &, = ( 1 )

B. Chiral celestial coordinates

In this paper we will employ a different parametrization
of the spinors which does not fix the little group redun-
dancy. This has a number of advantages as we will see in
the following. In this parametrization, we define

Ay = 614(?) = eué,, Ao = ﬁ(f) = &, (2.12)

where u is a complex number such that
Uit = . (2.13)

It is immediate to relate this “chiral” parametrization of the
spinors to the “nonchiral” one in (2.5). Setting

u=we", i = /we ", (2.14)
the connection between the two is simply
Ao = e¥xc. Je = e xe, (2.15)

with e = | /u/ii. Thus the parametrization (2.12) contains
an additional degree of freedom. In the following we will
regard an amplitude as a function of the set of variables
{Z, Zu, L"t}. We will call these coordinates chiral celestial
coordinates or just chiral coordinates, as opposed to the
original nonchiral celestial coordinates {z,z,®}. Unlike
in the nonchiral case, the chiral coordinates are a straight-
forward change of variables from the original spinor
components /11,/12,:11,%. Furthermore, in the chiral para-
metrization (2.12), a Lorentz transformation of the spinors 4,,
and ; is written as a standard SL(2, C)2c transformation,

A—nl’:u(a ”)(Z):w(z'),
c d 1 1
- a b\ [z 7
,1—>,1’:u<a _)(Z):u’<z>, (2.16)
¢ d 1 1
where

It is instructive to contrast (2.16) with (2.10)—in the for-
mer the Lorentz transformation is equivalent to a Mobius
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coordinate transformation, while in the latter an additional
phase factor is needed.

III. STATES AND AMPLITUDES IN
MELLIN SPACE

In momentum space, consider the scattering of asymp-
totic states labeled by their momentum p* and helicity J,
where, under a little group transformation (2.1),

"2 ) = |p*:d) = () [pH: ). (3.1)
We can alternatively label states using spinor variables as

|Ags Ag:J). Then, in the chiral and nonchiral celestial
coordinates we write
Chiral: |z,Z,u,@;J) = |u&,, u&;;J),

Z, Z,w,~1> = |\/5€a’ \/aéa"]>

(3.2a)

Nonchiral:

(3.2b)

The two states are just related by the little group trans-
formation in (2.15),

zzou iy J) = ()72, 2, J), (3.3)
with e = \/u/u. This extends immediately to a relation
between amplitudes written in terms of chiral and nonchiral
coordinates:

A({zi. 2w 3 Ji}) = H(eigj)_zjjA({Zi’Zi’wi;‘,i})’
=1

(3.4)

A. Nonchiral Mellin transform

In the nonchiral approach of [10-12] one defines
conformal primary states using a Mellin transform with
respect to the energy of the particle,

2,2, Ay J) == /oo doo® 'z, Z, w;J), (3.5)
0

where A is the two-dimensional conformal weight of the
particle. Importantly, this state transforms as a conformal
primary under the SL(2,C) (or equivalently the Lorentz)
symmetry of the celestial sphere. From (2.10) it follows
that, under a Lorentz transformation,

d —J
zzwd) = 2.7 a5 ) (gz;ﬂ_) . (3.6)

hence, using (3.5) and (2.9),

2,2, 05J) = (cz+d) ™2/ (e z4+d)™AH

2\ [0\
- (8_Zz> (8_ZZ> 7,7, A0),

which is the transformation law for a two-dimensional
conformal primary with weights given in terms of A, J by

7,7,A0)

(3.7)

_ A-J
h="T
2

A+J
hzi’

. (3.8)

Hence these conformal primary states can be labeled by
{h,h} or {A,J} [10].

B. Chiral Mellin transform

With the chiral variables u,#z we now define a new
Mellin transform as

_ 1 -
2,2, h by J) = — | du A dud® @22,z 0, ;).

2ri C

(3.9)

This is natural, since changing integration variables from
u, i to w, 0 using (2.14), and recalling (3.3), we find
1

- 2 ) B
|z,z,h, by J) = _/ do(20)(h=h=0)
2w 0

© _
X da)wh+h—l
0

Since we wish to consider conformal primaries with the
usual half-integer helicity, we restrict (h —h) €17, and
we arrive at

2zwJ).  (3.10)

2.2 h i J) =68, 50 /Oo do "z, 2, ;). (3.11)
0

Thus the state vanishes when h —h # J, while when
h—h = J it coincides with the nonchiral conformal pri-
mary state.

In the nonchiral case, a celestial amplitude is not initially
written as a function of 4 and h, since these quantities
do not appear explicitly in the @ Mellin integral; in order
to write it as such we must substitute according to the
condition 4 —h = J by hand. In contrast, in the chiral
Mellin transform 4 and h are introduced a priori as free
parameters varying within the constraint (2 — h) €  Z; the
chiral conformal primary is manifestly a function of &, &
which, however, is only nonvanishing when h —h = J.
The natural appearance of the spin constraint means that
states have the expected weights (h,h) = (43, 457)
selected by their helicity. The fact that 4 and & are now
explicit in the chiral Mellin transform also makes the action
of operators which shift conformal weight, such as e%/2,
unambiguous, as discussed in Sec. [V B.
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Finally we note that under a Lorentz transformation
|z, Z,u, 3 J) — |2, 20 W5 ), (3.12)
which follows simply from (2.16).

C. Celestial amplitudes: chiral vs nonchiral

The discussion of chiral and nonchiral states extends naturally to amplitudes as follows:

Chiral: A®({z;.Z;, h;. h;,J;}) = 2 H/du A ditju*t~ i P A ({2 Zi g i, ), (3.13a)
i)

Nonchiral: ANS({z;,z;,A;,J;}) :HA dw;wt ' A({z;. % 01, J;}). (3.13b)
J

We can compare these in a similar way to what was done for the states. We change variables from (u, ) to (w,6)
coordinates, and noting (3.4) we arrive at

A({zi, 2, his by Ji}) = H‘Sh,—ﬁj—Jj,O/ dw;o i +h A({z. 2 0. 01})

H —=J; OA {ZI’ZI’AI’J}) (314)

We conclude that the nonchiral celestial amplitude is simply the chiral celestial amplitude with the Kronecker deltas 6;,_;_; ¢
stripped off for each particle. This is analogous to the situation where we strip off the momentum-conserving delta function
from an amplitude and impose momentum conservation “by hand” instead. For the rest of this paper we will work with
chiral celestial amplitudes (3.13a) and use the representation (3.13b) when needed.?

It is also instructive to consider the Lorentz transformation of a chiral conformal primary state (3.9). Recalling (3.12), we
have

1
|ZZth>—>—/du/\duu
27i Je

Tl
= (cz4d) ez +d) 22,7 h b ). (3.15)

Thus the state transforms under the two-dimensional conformal group with weights given by the parameters 4 and h
appearing in the chiral Mellin transform. These considerations extend to amplitudes—using the invariance of an amplitude
under Lorentz transformations and (3.15) we have

A({zi 20 by i J}) = H(cz, +d) ez + d)MA{L 7 Ry L)), (3.16)

Jj=1

which is just the transformation for a correlator of n two-dimensional conformal primaries, as expected.

IV. FROM CHIRAL COORDINATES TO THE CELESTIAL CONFORMAL ALGEBRA

As a first demonstration of the use of chiral coordinates and the chiral Mellin transform, we rederive the celestial
representation of the four-dimensional conformal generators first presented in [39].

*From now on we will also drop the superscripts C and NC in the celestial amplitudes, unless we wish to make the distinction clear.
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A. Celestial conformal generators

Our first goal is to find representations of A, and 1; on the celestial sphere, that is derive their induced action on celestial
amplitudes in Mellin space. In chiral coordinates this is straightforward. First, we change variables from {1,,4;} to
{z,Z,u, 1}, with

0, —z0 ~ i0; — 70
6a::i:l<u ! ¢ >, ad::i:l<uau —Za>9 (41)
0% u -0

where 9, = 0/0u and 0; = 0/0n. Next we define the action of these objects on celestial amplitudes using the chiral Mellin
transform. For instance, for A,

JeA = Zi du A dﬁu”"lfﬂh‘lu(i)A = (i) zi / du A di®H12)=12h=14, (4.2)
Tl JC L Jc

We conclude that, when transformed to CS?, A, is represented by the operator3 Ao = (i)e%ah, where the exponential

operator shifts 7 — h + % Thus we find

o= (F)en aa=(5)en
1 1

2h—1+2z0\ . 2h—1+4+z0\
8,,2—( 9 ¢ >e‘iah, 8&:—< 5+Z >e‘50h. (4.3)

We can then immediately write down the generators of the conformal algebra from their momentum space counterparts
using the replacements (4.3).

These are:
p(l{l = j'(lj'(l = <ZZ Z > ez<8h+8h> (4 4)
z 1 aa
—2zh—720 —h—2z0
Myp = AoOp) = , 4.5
) ( Ch—2d 5 >a/; (4.5)
- -2z h =720 —E—zé)
My = Malp) = = = = ) 4.6
ap ( p) < —h - Za —8 ap ( )
ki = 0 = ( (@h=1+:0)2h-1+20) (2h-1+ Za)a) ) (47)
(2h—-147z0)0 00 it
1 1~ ~ -
dzixlac')(,+5/1“8(~,+l =—(h+h-1). (4.8)

These match the generators given in [39]. Note that they automatically satisfy the conformal algebra.* This follows from the
fact that the celestial space operators representing the spinors and the spinor derivatives have the same basic commutation
relations as the original momentum space spinors and their derivatives.

*We use the same symbols for the operator representations of objects in both momentum space and celestial space; the difference will
be clear from the context.
*The superconformal algebra of A" =4 SYM can be found in e.g., [1,41].
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The last property we wish to check is that the celestial
conformal generators annihilate conformally invariant
amplitudes, e.g., tree amplitudes in pure Yang-Mills theory.
Once again this is immediate: all the celestial generators
above have the property that we can push them back
through the Mellin transform to obtain the original momen-
tum space versions. In summary, the celestial generators
satisfy all of the properties one would expect: they close the
algebra and annihilate amplitudes.

We comment that deriving these generators using non-
chiral coordinates is not as straightforward as above, as it
involves relating four variables, {4,, 1&}, to three, {z,Z, w}.
To fix this in nonchiral coordinates we must require

Z

azﬁ(I

), 1&:\/56) = =12 (49

Due to this constraint, the spinors A, and 4, as well as their

derivatives 0, 50-,, can no longer be treated as independent,
which considerably complicates the analysis.

B. Weights of celestial operators

In using chiral coordinates we no longer have explicit
weight factors appearing when we perform a Lorentz
|

Aq

transformation in momentum space [see (2.16), as opposed
to its nonchiral counterpart (2.10)]. Celestial amplitudes
and the spinors they are built from will of course still have
weights under the two-dimensional conformal group on the
celestial sphere. By relating the chiral Mellin transform
(which treats 4 and & as free parameters) to the nonchiral
Mellin transform, the weights #, h of a celestial amplitude
were found in Sec. IIIA to be constrained to be
(h,h) = (A ,25]). We now show how this mechanism
also assigns weights to the celestial conformal generators
according to their helicity.

Consider a celestial spinor acting on a state |z, Z, &, hiJ ),

_ 1 = Z
Az, 2, b, by J) = 2—/ du A dﬁu2h"ﬁ2h‘lu< >
C a

7l 1

X

2,2, u, i3 J). (4.10)

Under a Lorentz transformation, spinors and states trans-
form as in (2.16) and (3.12), respectively, hence under a
Lorentz transformation we have

/

R 1
Z,Z,h,h,‘]> *g/

_ o z
du A dau® =1y 1u’<
Ljc

) et
1 a

Tl

- -1 _ 7
ﬂwwﬁ%mw%f/WAWWwM@)mammn
t a

= (cz+d) ez +d) W2 2 b s ), (4.11)

/
where in the last line A, = (Zl ) e, From (4.11) we see that the celestial spinor operator acting on a state,
a

Aelz, 7, u, it; J), has seemingly the same weight factors as |z, Z, u, &; J) and this is also the case for all of the chiral operators
in (4.3). This is an incorrect conclusion. Indeed, this argument misses the fact that the parameters 4, h must acquire values
that satisfy the spin constraint arising from the Kronecker delta. As such, to ascertain the weights of 4|z, z, u, &; J) we must
also consider the action of the operator 4, on the spin constraint. We now consider the action of a spinor on a state again,
making the connection to the nonchiral Mellin transform explicit,

- Z |-
dolezBid) = () ke a)

Z oo 7
= <1> 5/1_71—(1—%),0/ doo™ 5|2, 2, @ 0)
a - 0

Z _ 1

From (4.12) we can read off
(4.13)

therefore
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A+J 1 - A-J 1
]’l—T—Z, h—T+Z

(4.14)
These values can now be plugged in (4.11) to find the
weights of the operator 4, in celestial space. From this we
see that 4, has shifted the weights by (—1,1), as expected
from an object with helicity —%. This carries over to the
other celestial generators, and we provide further examples
in the Appendix along with a complete table of weights,
Table I. Note that generators such as p,;, and k,, are
weightless since they do not feature operators that act on
the spin constraint 4 — h = J.

V. FROM ON-SHELL SUPERSPACE TO
CELESTIAL SUPERAMPLITUDES

A. Lightning review of A =4 superamplitudes

We begin with a short review of the amplitudes in
N =4 SYM. In this theory one can package all amplitudes
with fixed total helicity and number of particles n into a
superamplitude. This depends on some auxiliary Gra3mann
variables 77!, one for each particle (labeled by i), with
A =1,...,4 being an index of the fundamental represen-
tation of the SU(4)4 R-symmetry group. By expanding a
superamplitude in these fermionic variables, one can obtain
the various component amplitudes. The precise correspon-
dence can be derived from the Nair super-creation operator
(often called the Nair superwavefunction) [42] which
incorporates the creation operators of the physical states,

- 1 1 _
DA, An) =G, +n' T, + EVIA’?BSAB +§€ABCD'13’7C’1DFA
1

+—¢eapcp nPnnPG_.

0 (5.1)

Then, in order to select a state with helicity J;, one needs to
pick the term with 2 —2J; powers of #; in the Taylor
expansion of the superamplitude. Note that ®(p,n) has
uniform helicity +1 since we assign the n* variables
helicity +1/2.

N =4 SYM is a superconformal theory, and we now
briefly review the generators of this symmetry. Firstly, there
are the supersymmetry generators g4, g4, which satisfy

{45, Gen} = ShAola.

Importantly, on-shell superspace allows us to realize these
generators as

(5.2)

A:

R (5.3)

Gan = AaOa-
In addition we have the generators of dilations and special
conformal transformations [43]

1 |y
d= ilaaﬂl + Elaaa +1, km'l = aaa[v (54)

together with two conformal supersymmetry generators
54 = 0.

Since the helicity of each supermultiplet created by
d>(/1,/~1, 1) is equal to one, the operator

Sup = 0,04, (5.5)

1 ~.
J = 3 (=A% + A0y + 1 0y), (5.6)
is such that for each particle i one has [43]
T A2 2m}) = Au({25. 25m33). - (5.7)

The algebra also has a central charge operator c =1 — 7
which for each particle annihilates the superamplitude:

i, ({A;.4;.n;}) = 0. (5.8)
Finally the SU(4)4 generators are
1
ry =m0 — 7631 Oc. (5.9)

Our next task is to find expressions for these generators on
the celestial sphere.

B. Celestial on-shell superspace

To consider celestial superamplitudes we must first
extend the celestial sphere to include a Gralmann variable
and hence define a CS? superspace. This was done for the
N =1 case in [27], we now do this for N' = 4 SYM using
chiral coordinates in the on-shell superspace formalism
reviewed in Sec. VA.

To begin with, we consider a Mellin transform of the
superwavefunction (5.1), as we did in Sec. III B for single-
particle states. However, before we do this we must
consider the transformation properties of 7%, which is
invariant under a Lorentz transformation, and transforms
under a little group rotation of the corresponding particle
since it carries helicity +1/2. Thus, in a similar manner to
the positive-helicity spinor 4, we replace #* in terms of a
new GraBmann variable 7% which is invariant under the
little group together with a phase that carries the little group

transformation:
A —i0 A \/ETA
nt—e = .
u

Using the Lorentz invariance of #”, the definition (5.10)
and (2.17), we see that 7! must change with the following
Mobius transformation under a Lorentz transformation:

74 = (iz_%— ?) %TA,
cz+d

(5.10)

(5.11)
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while it is by construction invariant under the little group. Note that (5.11) parallels (2.10).
From here we define the following conformal primary celestial superwavefunction:

_ 1 -
®(z,2,h, h,7) = 2_71'1/ du A du = @ (|2, z, u i, +1) + 9t 2. 2w +1/2) 4 -, (5.12)
C

where on the right-hand side of this equation # should be regarded as the function of 7 obtained by performing the
replacement in (5.10). The reason behind this definition becomes clear once we relate this to the nonchiral Mellin transform.
Indeed, doing so we see that the superwavefunction (and hence the superamplitudes) has a uniform helicity weight +1:

2,%,0,+1) + 74

(2.2, h h.7) = 5,1_,;_170/ dww 1 2w +1)2) 4 ), (5.13)
0

where we have used (3.3). Note that had we not performed the replacement (5.10) then each term in the superwavefunction
would have different weights, and we could not have interpreted it as a conformal primary.

As with the spinors and their derivatives, we can write 74 and J, as operators on the celestial sphere by pulling them
through the Mellin transform

7 = A=t o/4, D4 = D=0/, (5.14)

where we define 0, = % Using these operators we can extract the conformal primaries for all particles from the celestial
superwavefunction by simply taking fermionic derivatives. For example, for the gluino we have

22 h b +1/2), = 0,®D(2.2, h, h,7)|,_ = Dpe P 0/AD(2,7, h, h,7)|,_p

:5,,_;[_%,0/0 da)a)h+;'_1|z,2,a),+1/2)A. (5.15)

C. Celestial superamplitudes

The chiral Mellin transform of a superamplitude proceeds as a natural extension of the nonsupersymmetric case. A
celestial superamplitude is given by

~ _ 1 n _ 7 _i
An({zi,zi,hi,hi,‘[i}> = (Zﬂl)nH/Cdul A dﬁiu?hi lﬁ?h, 1,4”({”[7 ﬁi, Zjs Z[? \/Z:T,}) (516)
i=1 i

We can again relate this to the nonchiral Mellin transform in the @ coordinate similarly to what was done in Sec. III C. The
result is

A,z zihi i) = [ 410 A do"™ A, ({01, 22071 )), (5.17)
i=1

where we have used (5.7). Note the appearance of Kronecker deltas enforcing the spin constraint ; — h; = 1 for every

particle i. (5.17) is the supersymmetric generalization of (3.14). On the support of the Kronecker delta, the celestial
superamplitude transforms as a two-dimensional conformal correlator with weights now given by (h;, ;) = (55, 221,

Under Lorentz transformations we have

. . " - . +b az+b - [cz+4d\
JZah kT Y) = 4 )AL (67, 4 d) A el y———, h;, h;, i . 5.18
An({Z, is M5 N Tl}) il;[(czz + ) (CZ, + ) An<{czi+d cz+d ir I cz+d T ( )

We can examine the infinitesimal version of (5.18) to obtain the generators of the Lorentz symmetry on celestial
superamplitudes. In order to do so we first note that a Mobius transformation (2.8) is now accompanied by the
transformation ¢ — 7’4 defined in (5.11). The infinitesimal transformation has then the form

7 =z+¢€(2), 7 =7+¢€7), 7 =1+ k(z,2)7, (5.19)

with k = %8@—%86‘. The corresponding generator acting on each particle is then (omitting the particle label)
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hde + €d + h0é+e0 +
1 . \- _
(h——TA8A> e + €0 + (h+4rAaA)8é+éa.
(5.20)

Thus we obtain the celestial superspace generators from
those defined earlier in celestial space by simply shifting &
and h as

1 .«
h—h —ZTAaA, h — h TAaA (521)

As an example, we have the following Lorentz generators
acting on superamplitudes:

—2z<h—‘—1‘rAéA> -720 —(h—irAéA) —2z0

e ~(n=14e8,) =20 —0 aﬂ’

o (2E(Aie0n) 20— (hrietd) 20

T (hre,) - 20 5 )
(5.22)

These generators feature the weights of the superamplitude
(h,h) = (A, 251) but shifted in such a way as to subtract
off the weights of 74 (or equivalently %), which, since it
carries helicity + 3, are just (3, — 7). In these generators, the
weight-counting operator acts on each term in the super-
amplitude and measures the weights of only the component
amplitude in that term. Indeed this must be the case since
the Lorentz generators act on the spinors alone and
annihilate the superamplitude precisely by annihilating
each component amplitude.

Note that the combination 749, is little group invariant
and therefore we can replace it with #49,. We leave this
expression as it is to highlight the role 7* plays in the chiral
coordinates and also in the celestial superconformal algebra
in Sec. VL

D. Examples of celestial superamplitudes

Here we derive the supersymmetric three-, four- and five-
point tree-level MHV superamplitudes using the Mellin
transform.” We also make some remarks on the general
case. We will work with the chiral Mellin transform using its
relationship with the standard nonchiral transform (3.14). To
begin with we write the three-point MHV tree-level super-
amplitude in terms of nonchiral celestial coordinates,

(g, + a5y — d4)

)
AYHY — ¥ (py + pa— p3)

12)(23)(31)
@ (@&t} + \Janyth — \J3ETh)

=39 (p, + pa—p3)

(5.23)
—W1WrW3212223331

where we take particles 1 and 2 incoming and 3 outgoing. To evaluate the Mellin transform with respect to each w; we first

rewrite the momentum-conserving delta function as follows:

89 (py + pa— p3) = W (161& + 0,68, — w38:5;)
4
= 275(231)5(223)5<0)1 —ws Zﬁ) 5<0)2 —ws Zﬂ) . (5.24)
3723231 221 221

The first two delta functions here imply the constraint 4, ~ 4, ~ 15 as expected for three-point MHV amplitude:s.6 The
remaining two delta functions trivialize the w; and w, integrals to give

3
AMHV __ _ A;—=1 sMHV
A3 —_— Héhhi—l,()[) da) C() ./4

i=1

3 (o)
=4 H 5hj,,-—1,0 A
i=1

( 3 A ) —4
j=1 J

8(231)8(223) 25,

4 A— Z Z
A AZZ§3' 4Z3A12 45(8)( ﬁ@lﬁ”‘ szﬂé—fﬂ?)

(5.25)

>This section on explicit MHV celestial superamplitudes partly overlaps with work carried out recently in [40] although the formula

at four- and five-points, (5.33) and (5.36), are new.

6Technically this means we must work with complexified momenta with z and z independent at three points.

045016-10



CELESTIAL SUPERAMPLITUDES PHYS. REV. D 104, 045016 (2021)

To ensure that the conformal primary wavefunctions are delta-function normalizable we must have A; = 1 + if3; [10], hence
the amplitude becomes

APV = —(8) Héh —R; 105<Zﬁ1> Z31) 123)221 41?3' 4Z%A12_4
(231! + V2316078 — V2 ETh)
- - _ 3-2h;=2h;
= —(8n) Héh,—ﬁi—l,oé(Zﬁi> 8(231)8(223 HZ
i=1 i=1

i<j

1/4 1/4 1/4
x5(8)<< 223 > 5¢;‘+< el > @rg‘—( o2 ) §3r§>, (5.26)
231212 212223 223431

where in the last expression we have extracted the term carrying the conformal scaling properties for the variables z. To
check this result we can extract the three-point MHV gluon amplitude from the superamplitude by acting with the

appropriate GraBmann derivatives 9, = e(@=9)/4),

Ag/mv(—’ —+) = (alA)4(82A)4AMHV = (é a)? (82/4) (On =00 ) (P2 =0h,) JMHV
_(8”)5h,—ﬁ|+l.05h2—1_12+1,05h3—713—1,05<Zﬁi>5(231)5(Z23)Z21Z23 2Z3A12 g (5.27)
i=1

If we strip off the helicity constraint deltas from each leg this result agrees with [12] up to an overall normalization.
We can follow a similar calculation for the four-point MHV superamplitude. As before, we rewrite the momentum-
conserving delta function

SV (py + pa— Py — py) = 0D (@,E(& + 0,608, — 038383 — w,E4E))
45(r — z z z
_ (”’)5(@4 + o Z”f'2)5<w3 . Z“‘f]z)a(wz + o Z”f“‘) . (5.28)

C01|Zl3|2|Zz4|2 234224 234223 223224

where r is the cross-ratio given by

_ Lt (5.29)
213224

The &(r — 7) term imposes the constraint from 2 — 2 scattering that all four particles lie in the same plane [32]. Again we
have three delta functions which trivialize the integrals over ; 3 4 and the remaining integral over w; gives us a 5(f) factor,
where = >"% | p;. Thus the four-point celestial MHV superamplitude is

A+ Au=4 (5 \ As+A4—4 /5 \ A2 Ay=2
Z 2 4 Z 3 4 Z 2 Z 3
ANV (g7) H5h N 105<ﬁ)( 13) ( 12) ( 14) (_14)
242 234 23 223

o(r—r 2132 Z14% 2132
» ( )‘ 25(8) £7h + / 13_1452113 _ ]4_1253 13 125 (5.30)
212223234241 ‘Z13 2|Z24| 223242 234223 234242
Defining the conformally covariant expression
B (k) E— (Bt
14(2’ Z) — HZZ] (hx+hj)2?j (hx+h./)’ (531)
i<j

where h =%, h; and h =Y}, h;, and

0, i +dh

X = H(ijzjk)‘%H(ZzzZzz) = 14 L, (5.32)

i<k I#i
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then the above amplitude may be written as (with €¢; = €, = —¢3

AV = 8nH5,,,“5 (r—

Now we can write

4
8 (Z 61‘%51’&?)
i=1

and conclude that this fermionic delta function is weightless under (z;,

supercoordinate 74 which transforms under Mobius maps.

= —€4 = 1)
4
P (z.2)3(1 — r)36® (Z eixifir‘iq>. (5.33)
i=1
ZHZe € XX 12T (5.34)

=1 i<j

o

4) = (z},7/1); this is only made possible using a
The result (5.33) for the superamplitude is consistent with the

four-point gluon amplitude appearing in, for example, [12].
Expressions for the bosonic n-point amplitudes have been derived in [21,30]. At five points, we define the conformally

covariant expression

(5.35)

Then we find that the five-point MHV superamplitude can be written in the form

5
A ~ H‘S/u—ﬁ,-,ﬁ(ﬁ)ls(z, )X

i=1

where
ah, h
yi= H(Z/kzjk)iH(ZﬂZﬂ)_é =l 15, (5.37)
i<k I#i
and
O+,
Vi(r)=X""e (5.38)

Here X(r, {h;, h;}) is a function only of the cross-ratios (of
which there are two at five-point) and the weights {4;, i, }
which appear as exponents. The amplitude (5.36) trans-
forms covariantly under two-dimensional conformal trans-
formations with the correct weights.

For n > 5 points, the bosonic amplitudes are given in
terms of n — 4 integrals. In the formulation of [21], one can
show that there are changes of integration variables such
that the z, 7 dependence inside the integrals is only through
cross-ratios. For the superamplitudes, this approach can
also be followed, and the outcome is that the super-
amplitude is given by integrals over expressions which
take a form analogous to the right-hand side of (5.36),
where the function X and the coefficients inside the
supersymmetric delta function now depend on the integra-
tion variables and the cross-ratios. These expressions are

(r,{h;, h;})o (5.36)

<Z eyiVi(

rather complicated and it would be of interest to explore if
there is a more concise formulation.

VI. CELESTIAL SUPERCONFORMAL ALGEBRA

With our description of celestial on-shell superspace in
chiral coordinates and a chiral Mellin transform taking us to
Mellin space, we can derive the generators of supercon-
formal symmetry. We will follow the same path as in
Sec. IV to write the generators on the celestial sphere in
terms of their momentum space counterparts.

Our first step is to write the spinors A,, 4, and the super-
coordinate #” in chiral coordinates, and perform a change
of variables from {A,, 147"} to {z.Z,u,@,7*}. Since
n* = (it/u)'/?>z*, the reparametrization of superspace in
chiral coordinates will also change the form of the spinor
derivatives, for example

0 _ 020 0, 0ud ond 0t D
AL oA Iz oAtoz oA Ou  OA dm - OA Ot
z 0 0 11 0

We see that 74 now appears explicitly in the spinor
derivatives, however this is not surprising given the form
of the Lorentz generators we found in (5.22). For the
remaining objects we have
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, _u<z) 5 _l(uaqu%rAéA—za)
a l a’ a M _8 {1’

(aaﬂ ~1249, —zé,)
= <E> P
u

-0
A
8, = (ﬁ> B,
u
As in Sec. IV, these are uniquely mapped to operators in
Mellin space under the chiral Mellin transform. We obtain’

a

v

]

Il

<
VR
—_ NI
~~

]
!
N

a

(6.2)

From here we can write down the superconformal
generators on the celestial sphere, using their representation
in on-shell superspace (as in e.g., [1,41]) and the dictionary
provided by (6.3).

First we have translations, Lorentz, conformal and
dilation generators:

~ 2z Z o %

_ _ hph

Paa = j'(11/1131 - < _ > e 2,
< 1 aa

(6.4)

Map = AaOp)
(—Zz(h —-1749,) =220 —(h—1740,) - za)

_l 5 - 9 v
Aa= <Z> o, c%——(z(h i) 1+Z8) e, —(h=37404) =20 —0 ap
1 a a a
- v - 6.5
- z o - 2(h+ﬁrA8A)—1+28, % = o
Ao = €2, Og=-— _ e, e = A
1/, 0 " ap — a"p)
. o, 0 273(h+1749,) =720 —(h+1749,) =78
WA:TAe_dTh*'%, aAzaAe%—%, (6.3) _ ZZ(_ +4TAV8A) Z_a (h+4TA_ 1) =20 ’
—(h—l—ir“‘@A)—Za -0 ap
Note that / and i are now shifted in the same way as (6.6)
in (5.21). '
J
kaéc = 8(18(1
2(h—3749,) = 1 +20)(2(h + 1140,) = 1 +20) (2(h—;TAéA)—1+za)5> 2% (6)
= _ o _ _ e 2 2, .
(Z(h—l—ir“‘@A)— 1+2z0)0 00 it
1 a 1~(}z~ 1 A 7 1 A 7
d:E/I 8,,+§/1 Do+1=- h_ZTAaA+h+ZTAaA_1 =—(h+h-1). (6.8)
The N = 4 supersymmetry generators are given by:
q2 = /1(1’7A = (i) TAe%TthﬁTilv qu = Z(')laA = (i) .éAe%thdTﬁ' (69)
This matches the structure of the N' = 1 supersymmetry . 1 .
generators found in [27]. The remaining superconformal ry = t'0p 2 37¢0c, (6.12)

generators on the celestial sphere are

—174H,) - v o %
SaA = 8ozaA = _<2(h 4TA8§) b+ Za) 8A€_T_OT,
(6.10)
Eg\:éaﬂA:—<2(ﬁ+iTA 1_4)_1+28> TAE_%_ZZ_I-’
9 P
(6.11)

7 . .
Again we use the same expression for a momentum space
operator and its Mellin space counterpart.

1 .+ . 1 v
c==1—j=1—(h_4TAaA_(h+4TAaA>+2TAaA)

=1-(h-h). (6.13)
One can deduce that these generators satisfy the full
superconformal algebra by checking that the commutation
relations of the celestial superspace operator representation
of the variables {A,. A;. 7"} and the derivatives with respect
to them reproduce those of the superspace variables and
derivatives. These celestial superconformal generators are
guaranteed to annihilate superamplitudes from their deri-
vation, as was the case for the conformal generators in
Sec. IV.
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VII. CONCLUSIONS

In this paper we considered a celestial space paramet-
rization of null momenta in which the little group is not
fixed. This leads to a natural definition of a “chiral” Mellin
transform which can be reduced to the usual “nonchiral”
transform, but which also includes a spin constraint
h—h =J. We discussed how states and amplitudes are
represented in these chiral celestial coordinates and how
this approach simplifies the derivation of the conformal
symmetry operators. We extended this discussion to N/ = 4
SYM, giving a definition of N = 4 chiral superspace, the
states and superamplitudes, and presented some explicit
examples. We further showed how the full superconformal
algebra generators follow directly from their spacetime
representations.

This work provides a potentially simplified approach to
the study of (chiral) celestial amplitudes and their sym-
metries. It can be directly applied to the derivation of
particular amplitudes and the formulation of recursion
relations. Several avenues for further investigation are
possible. Among these, one pressing question is to clarify
the nature of a potential celestial two-dimensional super-
conformal field theory whose correlation functions are our
superamplitudes of N' =4 SYM. Extensions to super-
gravity, in particular A = 8 supergravity, should also be
immediate, as should the study of amplitudes in theories
with less than maximal supersymmetry, for which the
appropriate on-shell superspace is known. It would also
be very interesting to intensify the study of celestial loop
amplitudes, and to find a possible celestial representation of
hidden symmetries of the N” = 4 SYM S-matrix such as the
dual superconformal and Yangian symmetries. We will
return to these questions in the near future.
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APPENDIX: CONFORMAL WEIGHTS

In this Appendix we state the weights for all objects
appearing in N’ =4 SYM, Table I, and provide some
example derivations. The weights of an object are defined
under the two-dimensional conformal group only once it
has been mapped to Mellin space by a chiral Mellin
transform, and are derived according to the method laid
out in Sec. IV B.

To summarize, the weights of generators are always
dictated by their helicity and carry zero conformal dimen-
sion—whereas splitting generators into their constituent
differential operators produces objects with conformal
dimension also. The weights of a celestial amplitude are
given by the parameters in the chiral Mellin transform
which have values (h, h) = (% , %) Intuitively, the spin
J is set by the amplitude itself while the conformal
dimension A := h + h is a free parameter set by the powers
of w (equivalently u,#) in the Mellin transform. The
weights of all operators are defined according to how they
act on celestial amplitudes.

As examples we will now derive the weights of the
GraBmann variable n*, the spinor derivative 9, and the

. o
exponential operator ez.

1. GraBmann variable: 7
Following Sec. IV B we can compute the weights of the
o % . .
celestial operator 7 = 4¢3+ by acting on a celestial
superstate |z, z, i, h, 1A>. Under a Lorentz transformation,

2.7 h bty = (cz 4+ d)"2(cz4+d) Mz, 2. b, ho ).
(A1)

nA

In order to find the weight values that 4, h localize onto, we
look at the action of #* (as given above) on the Kronecker
delta. This gives the following shifted spin constraints:

h—h=1+~, h+h=A=1+il, (A2)

N =

hence

A+1 1 _ 1
h——2 +Z, h——2 e (A3)

We see that the operator 7% has shifted the weights by

(4. —7%) in line with an object with helicity 4, while identical
11

. . . . n o %
considerations assigns weights (—;,;) to 04 = 043 7.
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2. Spinor Derivative: 9,

The spinor derivative in the supersymmetric theory is
written in momentum space according to (6.2) and trans-
forms under a Lorentz transformation as

20,=(“ "o
MyOs; =
b (c d)a b
1 [/ a(ud, +149 az+b
o Tanign) () 2] e
wlNc(ud, +11%04)/ , cz+d/,
Under the combined Mobius coordinate transformation
(u',i',7,7,74) we have the following partial derivatives,

00 = (cz+ d)0y. 0y = (€2 +d) 0. Dy = | ‘C’ZZiZéA,

1 / ¢ / ¢ IA Y
" A,
(cz+d) cz+d +2(cz+d)T 4
= 1 c ¢ y
8 — — / + — ﬁ/aﬁ/ _— 7_‘[/148/ . AS
(cz4+d)?" ' tz+d 20z +d) (45)

Using (A5) we can write the Lorentz transformed spinor
derivative after a few steps as,

[(( W', +OIT/A8A)>Q_<Z1/)081:|’ (A6)

and, as was the case for the chiral spinors in (2.16), we have
no need for additional phase factors.

Following Sec. IV B, we can find the weights of the
spinor derivative d, in Mellin space by acting on a
superstate,

Oglz,Z, h, h,74)

/du/\duuzh 1721 2 [(”a "'ITAaA)
C u 0 o

Z
- ( ) a:| |Z/a 2/7 u/’ ﬁ/,T/A>a
1 a

and using (A6) we conclude that this transforms under
Lorentz with weight factors equal to (cz+d)™2"

(¢z+4d)2". However, the Kronecker delta appearing in
A has a shifted spin constraint and the state has a reduced
conformal dimension due to the action of e~%/2. Hence,

B
Mhd, =

(A7)

h—h= h+h-— :A—%:I—H/l——

+
| =
[NSH

(A8)

implying,

A+1 1 - A-1 1
=—+- = Al

h 2 * 4’ h 2 4 (A9)
Thus the operator 9, has shifted the weights by (3, — 1) and
we assign it weights accordingly and in line with an object
with helicity + 4.

3. Exponential Shift Operator: eaTh

We can also break up generators into their constituent
differential operators and study the separate action of those
on celestial amplitudes and derive their weights. As an
example, consider the action of the exponential operator e %
on a state. It shifts (h, h) — (K, h'), where we have i’ =
h —l—% while 7' = h is left unchanged. Hence,

i J) = )

— 51‘1’—;1’—

o
€212, 2,

Iy, (A10)

where the conformal dimension has been shifted to A’ =
A —I—% from the conformal dimension of the original state,
A =1+ if. Hence, the weights satisfy

_ - 1
W—-h=1J, h’+h’:A+5, (A11)
which implies
A+J 1 — A-J 1
W =— 4 W =—t-—. Al2
2 +4’ 2 +4 ( )
Hence, under a Lorentz transformation
e hy J)
> (cz+d) Y (@z+d) 2 |, 2 h, Ry J)
= (cz 4 d) 22 (e z4d) > 2ez|z 7, hh;J), (A13)

where in the last line we have used (A12). The quantity in
(A13) transforms with weights (43 +1 4374 1), and

compared to the weights (M,A;) of the ongmal state

we see that the operator ¢* has shifted them by (5.9

Hence we conclude that this operator has weights
et~ (L 3> 4) We stress that the operator e % receives these
weights despite shifting 7 — i/ = h + é, this is because
the spin constraint still requires that 4’ —h' =J and
therefore the new weights 4/, ”’ must correspond to a
spin-J object. In other words, the conformal dimension A is
the only free parameter of a celestial amplitude and so only
it is shifted.
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