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In this article, we investigate the quantum circuit complexity and entanglement entropy in the recently
studied black hole gas framework using the two-mode squeezed states formalism written in arbitrary
dimensional spatially flat cosmological Friedmann-Lemaître-Robertson-Walker background space-time.
We compute the various complexity measures and study the evolution of these complexities by following
two different prescriptions viz the covariant matrix method and Nielsen’s method. Independently, using the
two-mode squeezed states formalism we also compute the Rényi and von-Neumann entanglement entropy,
which show an inherent connection between the entanglement entropy and quantum circuit complexity. We
study the behavior of the complexity measures and entanglement entropy separately for three different
spatial dimensions and observe various significant different features in three spatial dimensions on the
evolution of these quantities with respect to the scale factor. Furthermore, we also study the underlying
behavior of the equilibrium temperature with two of the most essential quantities i.e., rate of change of
complexity with scale factor and the entanglement entropy. We observe that irrespective of the spatial
dimension, the equilibrium temperature depends quartically on entanglement entropy.
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I. INTRODUCTION

Circuit complexity has become a helping hand to not only
the high-energy physics community but also to the people
from other branches as well [1–24]. This quantum informa-
tion theory technique has been significantly used recently to
probe many features which were previously difficult.
Though this concept is a computation tool, its contribution
in the field of physics of late is massive. It provides a way to
probe physics behind the horizon of black holes through the
use of the “Complexity ¼ Volume” and “Complexity ¼
Action” conjectures [25–29]. Since then it has been exten-
sively used in quantum field theory and in studies involving
AdS=CFT correspondence [30]. These holographic
approaches connect a probe on the gravity side with a
concept of quantum information theory.

In the recent past, along with the out of time ordered
correlation functions [31–35], it has formed the web of
quantum chaos. It has been found to reveal essential
information like Lyapunov exponent, scrambling time
etc., required to diagnose chaos in a system. Many interest-
ing works have been done using this tool in wide areas of
physics. It was studied for cosmological islands in [36],
where the authors showed that entanglement entropy from
circuit complexity via a famous relation proposed in [25]
resembles the page curve in some particular regime where a
universal relation between circuit complexity, out-of-time-
ordered-correlation (OTOC) and entanglement entropy can
be written. It was used to study early Universe chaos within
the framework of bouncing cosmology [37]. People have
also computed circuit complexity in the context of super-
symmetric quantum field theory [38]. The connection
between entanglement and emergence of space-time has
been an active area of study, where the entanglement entropy
is the minimum cross-sectional area of an Einstein-Rosen
Bridge (ERB). However, classically the ERB continues to
grow for a very long time, whereas the dual thermodynamic
system comes to a thermal equilibrium quickly. This led
Susskind to introduce a new variable namely ‘complexity’
which could be responsible for the ERB growth [25].
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Complexity of a quantum system is a real quantity and its
growth rate has been conjectured to be proportional to the
entropy of the black hole based on these observations. It was
very recently shown in [39] that there exists some relation-
ship between entangling power and circuit complexity. Most
importantly, if the entanglement entropy grows linearly with
time, the geometric circuit complexity also grows linearly.
In this paper, we will study the evolution of complexity

with respect to the entanglement entropy of the black hole
gas model [40]. An important feature of this model is that
the total entropy of the black hole gas is directly propor-
tional to the volume of the system instead of the area and
the system behaves like a thermodynamic gas. We will
compute the most common measures for determining the
entanglement between the squeezed states of black hole
gas, namely the von Neumann and Rényi entropy, which
quantifies the amount of uncertainty linked to the density
matrix. We will measure the entanglement entropy by
constructing an effective thermal representation for the
reduced single-mode state from the two-mode squeezed
state which varies linearly with respect to squeezing
parameter r. Then by using the scale factor predicted by
the black hole gas model in the flat space-time metric as a
dynamical variable we will study the evolution of complex-
ity in three spatial dimensions and compare it with the
entanglement entropy in terms of squeezed state parame-
ters. One of the reasons we are interested in the black hole
gas is that its equation of state describes a universe right
after the big bang and before the start of inflation, if one
wants to avoid such an equation of state governing
radiations of very high densities then one needs to have
inflation right from the Planck scale. The key highlights of
this paper are as follows:
(a) The behavior of circuit complexity calculated from

two different approaches viz the covariance matrix
method and Nielsen’s wave function method has been
studied with respect to scale factor for the black hole
gas model. We observe interesting behaviors for
different spatial dimensions.

(b) The behavior of the von-Neumann entropy and the
Rényi entropy has been studied with respect to the scale
factor for different spatial dimensions. We observe
similar features for d ¼ 1, 2, whereas for d ¼ 3 we
observe slightly different behavior.

(c) The behavior of dC=da with respect to von-Neumann
and Rényi entropy has been studied for different
spatial dimensions. It is shown that by no means is
it a linear function.

(d) The behavior of the equilibrium temperature for the
blackhole gas model is identical compared to entropy
for different spatial dimensions whereas it seems
dependent on spatial dimension when compared
to dC=da.

The organization of the paper is as follows: We begin by
providing a review of the black hole gas given by Samir

Mathur in [40] in Sec. II. Solving the Friedmann equation
for blackhole gas, we relate the scale factor aðtÞwith spatial
dimension. We also examine black hole gas perturbation
theory in (dþ 1) dimensions and we investigate the
squeezed state formalism by perturbing the black hole
gas geometry in Friedmann-Lemaître-Robertson-Walker
(FLRW) spatially flat spacetime. In Sec. III we review
the circuit complexity and we discuss the geometric
framework of circuit complexity developed by Nielsen
and collaborators. In Sec. IVafter introducing the notion of
squeezed states, we calculate its circuit complexity using
two approaches: Complexity using the covariance matrix
and Nielsen’s method of wave functions. In Sec. V we
compute the entanglement entropy of two-mode squeezed
states. We also compute Rényi-entropy, von-Neumann
entropy and Rényi-2 entropy. We find entanglement
entropy grows linearly with increasing squeezing param-
eters for the short time period. Then, we compare entan-
glement entropy with circuit complexity obtained in Sec. I.
In Sec. VI we numerically study the behavior of the
complexity measures and entanglement entropy separately
for three spatial dimensions (d ¼ 1, 2, and 3). In Sec. VII
we conclude with some discussions.

II. A SHORT NOTE ON BLACK HOLE GAS

In this section, we review a model proposed in Ref. [40],
where the author has studied the state of a system moving
towards maximal entropy S. Note that this system is unlike
the inflationary model where we have a low entropy state
after the inflation because the positive energy of the matter
content is compensated by the gravitational potential. Here,
we provide a quick derivation of the equation of state that
describes the preinflationary Universe. We will consider a
configuration where we find entropy SðE;VÞ of a system in
a toroidal box of volume V in the limit E → ∞. At low
enough energies the matter phase corresponds to radiation
whose entropy as a function of E and V in dimension d can
be given by S ≈ Vρ

d
dþ1. By putting more energy into the box

one can look for a configuration where the system turns
into a black hole of radius R whose entropy is given by

Shole ¼
A
G
: ð1Þ

One might suspect that for a given box of radius R, Eq. (1)
describes the state with maximum entropy for energy
E ¼ Ebh, since throwing more energy into the black hole
will only result in increasing the Hubble expansion.
However, if we let go the constraint that the energy inside
the box shouldn’t be greater than the mass of the black hole
inside the box then one could arrive at a configuration where
the entropy of the system is greater than (1). This could be
achieved by putting N number of black holes, each of radius
R in a lattice instead of a single box of volume V. The
number of black holes in such a configuration is given as
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Nhole ¼
�
V
Rd

�
: ð2Þ

Therefore the total entropy of the system is

S ¼ NholeShole ¼
�
V
Rd

��
Rd−1

G

�
¼ V

RG
: ð3Þ

We notice that (3) is in contrast with (1) where the entropy
is directly proportional to the volume rather than the area
of the horizon. The energy leading to such a state is
undoubtedly greater than Ebh and could be expressed as
follows:

E ¼ NholeEhole ¼
�
V
Rd

��
Rd−2

G

�
¼ V

R2G
: ð4Þ

Substituting the value of R from (4) to (3) we get

S ¼
�

V
EG

�
−1
2 ð5Þ

and for ρ ¼ E=V we get,

S ¼ K

ffiffiffiffi
ρ

G

r
V: ð6Þ

This contrast in the definition of entropy is subject to the
constraint that microstates cannot expand freely to a larger
size unlike in asymptotically flat space where the entropy is
given by the area law. Also the resulting lattice configuration
with E > Ebh, having N number of black holes, would not
collapse to form one large black hole as the entropy
corresponding to the lattice configuration is larger than a
single black hole state in a box of volume V.
Now, from the first law of thermodynamics we can show

T ¼
�∂S
∂E

�
−1

¼ 2

K

ffiffiffiffiffiffiffi
EG
V

r
; ð7Þ

p ¼ T

�∂S
∂V

�
¼ E

V
¼ ρ: ð8Þ

Now from (8) we see that equation of state takes the form
ρ ¼ wp with w ¼ 1. The solution for the black hole gas
model can be obtained by starting with the FLRW flat metric
in (1þ d) dimensions which is given by the following line
element

ds2 ¼ −dt2 þ a2ðtÞdx⃗2: ð9Þ

Solving the Friedmann equation for black hole gas in the
(dþ 1)-dimensional flat metric with scale factor aðtÞ we get

aðtÞ ¼ a0t1=d: ð10Þ
The above FLRW flat metric can be written in terms of the
conformal time scale by using the following conversion
relation

dτ ¼ dt
aðtÞ : ð11Þ

Integrating both sides of the above equation we get the
following relationship between the physical time t and the
conformal time τ in the arbitrary (dþ 1)-dimensional black
hole gas,

t ¼
8<
:

expða0τÞ d ¼ 1�
a0ð1−dÞ

d

� d
d−1τ

d
d−1 d > 1:

ð12Þ

This relationship is extremely useful for the present
computation which helps us the directly translate the
information in terms of desired conformal time from
physical time.
In this conformal time coordinates, the flat FLRW line

element gets transformed as

ds2 ¼ a2ðτÞð−dτ2 þ dx⃗2Þ: ð13Þ

Hence, the above solution of the black hole gas scale
factor can be written in terms of conformal time as follows:

aðτÞ ¼
8<
:

a0 expða0τÞ d ¼ 1

a0
�
a0ð1−dÞ

d

� 1
d−1τ

1
d−1 d > 1:

ð14Þ

The corresponding Hubble parameter with respect to the
conformal time scale can also be written as

HðτÞ ¼
(
a0 d ¼ 1
1

d−1
1
τ d > 1:

ð15Þ

Now we will describe an equivalent scenario inside a black
hole gas where one can obtain the above mentioned scale
factor and Hubble parameter in any arbitrary (dþ 1)
dimensions. In this scenario we embed a scalar field within
the framework of Einstein gravity having the previously
mentioned spatially flat FLRW space-time, where the
solution of the scale factor is exactly same as mentioned
earlier. In this framework the representative action of the
scenario is described as

S ¼ 1

2

Z
ddþ1x

ffiffiffiffiffiffi
−g

p ½R − ð∂ϕÞ2 − VðϕÞ�; ð16Þ

where we have fixed the Planck mass Mp ¼ 1 for the
present computation. The first term in the action represents
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the usual Einstein Hilbert term, the second term represents
the kinetic term of the embedded scalar field. and the last
term represents the potential function in a black hole gas
VðϕÞ in any arbitrary (dþ 1) dimensions. We have found
the following two possibilities of the potential functions are
allowed in the present context which can finally give rise to
same same scale factor which we mentioned earlier,

VðϕÞ ¼
8<
:

3
d2 expð−

ffiffiffiffiffiffi
2d

p
ϕÞ Choice I

3
d2 expð

ffiffiffiffiffiffi
2d

p
ϕÞ Choice II:

ð17Þ

Here it is important to note that, since we have embedded
the scalar field in the homogeneous and isotropic spatially
flat FLRW background it turns out to be the field is only a
function of the time coordinate.
Further solving the Klein Gordon field equation in dþ 1

dimension spatially flat FLRW background the dynamical
solution of the homogeneous and isotropic background
scalar field ϕ in terms of the conformal time coordinate can
be expressed as:

ϕðτÞ ¼ ∓
ffiffiffi
2

p

d − 1
ln

�
a0ðd − 1Þ

d
τ

�
: ð18Þ

This solution actually representing the dynamics of the
field inside the black hole gas in (dþ 1)-dimensional
spatially flat FLRW background.
Now using this solution one can find out the following

conformal time dependence of the potential function in the
context of black hole gas

VðτÞ ¼
8<
:

3 expð−2a0τÞ d ¼ 1

3
d2

�
a0ð1−dÞ

d τ
�
− 2d
d−1 d > 1:

ð19Þ

In Figs. 1 and 2, we plotted the two choices of fields with
respect to the conformal time. In choice I, we see that for

d ¼ 1 the field keeps on increasing monotonically and for
higher dimensions i.e., d ¼ 2, 3 the field value decreases
slowly initially with respect to conformal time and then
rapidly as we increase the value of conformal time. The
exact opposite behavior can be seen for choice II. For d ¼ 1
the field value keeps on decreasing monotonically, where as
for d ¼ 2, 3 the field value grows steadily and then at a
faster rate with conformal time.
In Figs. 3 and 4, we plotted potential for the two choices

against the field. As can be seen from Eq. (17), the potential
function takes the form of exponentially decreasing and
increasing function for first and second choices respectively.
In Fig. 5 we have drawn the potential function with

respect to conformal time. We have taken the logarithm for
the potential. It can be seen that for d ¼ 1, the potential
decreases continuously in a straight line whereas for d ¼ 2,
3 the potential rises quickly after going through a slow rise
period in the beginning.
In Fig. 6 we plotted the scale factor of the black hole gas

model with respect to the conformal time scale. The plots

FIG. 1. Behavior of the first choice of the field solution with
respect to conformal time for different spatial dimensions.

FIG. 2. Behavior of the second choice of the field solution with
respect to conformal time for different spatial dimensions.

FIG. 3. Behavior of the first choice of the potential with respect
to the field for different spatial dimensions.
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have been done by fixing the value of the constant a0 to 1.
We observe a significant difference in the behavior of the
scale factor for the spatial dimension d ¼ 1 and the higher
spatial dimensions. The scale factor corresponding to the
spatial dimension d ¼ 1 shows increasing behavior in the

late time scales. The scale factor for higher spatial dimen-
sions shows a decreasing behavior. The decrease is linear
for the spatial dimension d ¼ 2 whereas it is nonlinear for
spatial dimension d ¼ 3.
In Fig. 7 we plotted the behavior of the Hubble parameter

(HðτÞ ¼ a0ðτÞ
aðτÞ) with respect to the conformal time scale. It

can be seen that the Hubble parameter is just a positive
constant for the spatial dimension d ¼ 1, whereas it
exhibits a decreasing behavior approaching negative infin-
ity at late conformal time scales (near τ ¼ 0) for the other
spatial dimensions. Moreover, the value taken by the
Hubble parameter for the higher spatial dimensions is
always negative.
One could also arrive at (6) by using the T and S duality

symmetries of string theory; this seems interesting because
it does not require the state of black hole gas to be a state
near the big bang since microstates of stringy theory could
also describe the microstates of black holes.

A. Black hole gas perturbation theory in (d + 1)
dimensions

In this section we will study squeezed state formalism
within the framework of black hole gas theory for FLRW
spatially flat background. In this context one needs to
consider the following perturbation in the scalar field:

ϕðx⃗; τÞ ¼ ϕðτÞ þ δϕðx⃗; τÞ; ð20Þ

and to express the whole dynamics in terms of a gauge
invariant description through a variable

ζðx⃗; τÞ ¼ −
HðτÞ
ðdϕðτÞdτ Þ

δϕðx⃗; tÞ: ð21Þ

At the level of first-order perturbation theory in a spatially
flat FLRW background metric, we fix the following gauge
constraints:

FIG. 4. Behavior of the second choice of the potential with
respect to the field for different spatial dimensions.

FIG. 5. Behavior of the potential with respect to the conformal
time. Here we have taken the logarithm along the vertical axis.

FIG. 6. Behavior of the scale factor aðτÞ with respect to the
conformal time for different spatial dimensions.

FIG. 7. Behavior of the Hubble parameter HðτÞ with respect to
the conformal time for different spatial dimensions.
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δϕðx⃗; τÞ ¼ 0;

gijðx⃗; τÞ ¼ a2ðτÞ½ð1þ 2ζðx⃗; τÞÞδij þ hijðx⃗; τÞ�;
∂ihijðx⃗; τÞ ¼ 0 ¼ hiiðx⃗; τÞ; ð22Þ

which fix the space-time reparametrization. In this gauge
the spatial curvature of constant hypersurface vanishes,
which implies the curvature perturbation variable is con-
served outside the horizon. Applying the ADM formalism
one can further compute the second-order perturbed action
for scalar modes. The action, after gauge fixing, can then be
expressed by the following:

δð2ÞS ¼ 1

2

Z
dτddx⃗

ad−1ðτÞ
H2

�
dϕðτÞ
dτ

�
2

× ½ð∂τζðx⃗; τÞÞ2 − ð∂iζðx⃗; τÞÞ2�: ð23Þ

Now introducing the Mukhanov variable, defined as
vðx⃗; τÞ ¼ zðτÞζðx⃗; τÞ where, zðτÞ ¼ a

d−1
2 ðτÞ ffiffiffiffiffiffiffiffiffiffiffi

2ϵðτÞp
; the

second-order perturbed action can be rewritten as

δð2ÞS ¼
Z

dτddx⃗

�
v02ðx⃗; τÞ − ð∂ivðx⃗; τÞÞ2 þ

�
z0ðτÞ
zðτÞ

�
2

× v2ðx⃗; τÞ − 2

�
z0ðτÞ
zðτÞ

�
v0ðx⃗; τÞvðx⃗; τÞ

�
; ð24Þ

where the quantity ϵðτÞ is known as the conformal time-
dependent slow-roll parameter and is defined as

ϵðτÞ ¼ 1 −
H0

H2
¼ 1

H2

�
dϕðτÞ
dτ

�
2

: ð25Þ

For the black hole gas model, it is very easy to verify that
the slow-roll parameter is equal to the dimension in which
the black hole model is being considered i.e.,

ϵðτÞ ¼ d: ð26Þ

which is finally independent of conformal time coordi-
nate τ.
By implementing the following ansatz for the Fourier

transformation

vðx⃗; τÞ ≔
Z

ddk⃗
ð2πÞd vk⃗ðτÞ expð−ik⃗:x⃗Þ; ð27Þ

the second-order perturbation for the scalar modes in
Fourier space can be further recast as

δð2ÞS ¼
Z

dτddk⃗

�
jv0

k⃗
ðτÞj2 þ

�
k2 þ

�
z0ðτÞ
zðτÞ

�
2
�

× jvk⃗ðτÞj2 − 2

�
z0ðτÞ
zðτÞ

�
v0
k⃗
ðτÞv−k⃗ðτÞ

�
: ð28Þ

Now, varying the above second order action, we get the
following equation of motion

v00
k⃗
ðτÞ þ ω2ðk; τÞvk⃗ðτÞ ¼ 0: ð29Þ

The above equation is known as the Mukhanov-Sassaki
equation with the frequency of the oscillator given by

ω2ðk; τÞ ≔ k2 þm2
effðτÞ: ð30Þ

The conformal time dependent effective mass in the present
computation is given by

m2
effðτÞ ¼ −

z00ðτÞ
zðτÞ ¼ 1

τ2

�
ν2BHGðτÞ −

1

4

�
; ð31Þ

with the conformal time dependent mass parameter for the
black hole gas in arbitrary dimension up to leading-order
terms is given by

νBHGðτÞ ≈
d
2
− 1þ

�
1 −

1

ϵðτÞ
�
H00

H2

¼ d
2
− 1 −

2

d
ð1 − dÞ3H; ð32Þ

where we can clearly observe that the slowly-varying
conformal-time dependence is appearing from the third term
where we have truncated the expansion. While computing
this mass parameter we have used the following facts.

H0

H2
¼ ð1 − dÞ; ð33Þ

H00

H2
¼ 2ð1 − dÞ2H; ð34Þ

where the explicit expression for the Hubble parameter in the
conformal time coordinate is quoted in the previous section.
Finally using this result we get the following simplified
expression for the mass parameter for black hole gas.

νBHGðτÞ ¼
8<
:

d
2
− 1 − 2

d ð1 − dÞ3a0 d ¼ 1

d
2
− 1þ 2

d ð1 − dÞ2 1
τ : d > 1

ð35Þ

A general solution to the equation of motion is written as

vk⃗ðτÞ ≔
ffiffiffiffiffiffi
−τ

p ½C1Hð1Þ
νBHGð−kτÞ þ C2H

ð2Þ
νBHGð−kτÞ�; ð36Þ

whereHð1Þ
νBHGð−kτÞ and Hð2Þ

νBHGð−kτÞ are Hankel functions of
the first and second kind, respectively, with argument −kτ
and order νBHG. The two integration constants can be fixed
by the choice of various initial conditions. In this paper, we
restrict our choice to only the Bunch-Davies vacuum case in
which one fixes the initial conditions, C1 as 1 and C2 as 0.
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However, it is generally difficult to work with these full
solutions and one takes the asymptotic limits of the solutions
which is given by

vk⃗ðτÞ ¼
2νBHG−

d
2ð−kτÞd2−νBHGffiffiffiffiffi

2k
p

				ΓðνBHGÞΓðd
2
Þ

				
�
1 −

i
kτ

�

× exp

�
−i


kτ þ π

2

�
νBHG −

d
2

���
fdðk; τÞ: ð37Þ

where the function fdðk; τÞ takes the following form

fdðk; τÞ ¼ 2
d−3
2 ð−kτÞ3−d2

				Γðd=2ÞΓð3=2Þ
				

× exp



−i
�
π

2

�
d − 3

2

���
: ð38Þ

The normalization with the factor fdðk; τÞ has been done in
such a way that for spatial dimension d ¼ 3, it becomes
f3ðk; τÞ ¼ 1. In Figs. 8 and 9, we plotted the behavior of the
real and the imaginary part of the mode functions with
respect to the conformal time. We observe an identical
behavior for both the real and imaginary parts of the mode
functions. It shows an oscillatory behavior with respect to the
conformal time and the amplitude of oscillation decreases
with the conformal time evolution. Also, it can be observed
that the amplitude of the oscillation decreases with the
increase in the number of spatial dimensions. From the mode
functions, one calculates the conjugate momentum to the
mode functions and thus constructs the classical Hamiltonian
function. By promotion of the mode function and the
conjugate momentum to quantum mechanical operators in
the Heisenberg picture, one quantizes the Hamiltonian which
is written as

ĤðτÞ ¼ 1

2

Z
d3k⃗½Ωk⃗ðτÞðĉ†k⃗ĉk⃗ þ ĉ†

−k⃗
ĉ−k⃗ þ 1Þ

þ iλk⃗ðτÞðe−2iϕk⃗ðτÞĉk⃗ĉ−k⃗ − e2iϕk⃗ðτÞĉ†
k⃗
ĉ†
−k⃗
Þ�; ð39Þ

where, the origin of the creation and the annihilation
operators can be understood, when one promotes the mode
functions and its conjugate momentum to quantum mechani-
cal operators. where the symbols ΩkðτÞ and λkðτÞ are
defined by the following expressions

Ωk⃗ðτÞ ≔ fjv0
k⃗
ðτÞj2 þ μ2ðk; τÞjvk⃗ðτÞj2g; ð40Þ

λk⃗ðτÞ ≔
�
z0ðτÞ
zðτÞ

�
; ð41Þ

where the quantity μ2ðk; τÞ is given by

μ2ðk; τÞ ¼ k2 − λ2kðτÞ: ð42Þ

Imposing the initial condition at the horizon crossing
(k=H ¼ 1), given by time scale (τ ¼ τ0) which is given
by the following conditions

Horizon crossing ¼
8<
:

k
a0
¼ 1 d ¼ 1

kðd − 1Þτ0 ¼ 1 d > 1;
ð43Þ

one can calculate the quantum operators at any arbitrary
scale in the Heisenberg picture. Our next job is to determine
the expression of the unitary operator in the context of
cosmological primordial perturbations of the scalar modes
where the concept of the squeezed state formalism plays a
significant role. In this approach, the unitary operator is
factorized as follows:

Uðτ; τ0Þ ¼ Ŝðrk⃗ðτ; τ0Þ;ϕk⃗ðτÞÞR̂ðθk⃗ðτÞÞ; ð44Þ
where R is the two-mode rotation operator which is
defined as

R̂ðθk⃗ðτÞÞ ¼ exp ð−iθkðτÞðĉk⃗ĉ†k⃗ þ ĉ†
−k⃗
ĉ−k⃗ÞÞ; ð45Þ

and Ŝ is the two-mode squeezing operator, defined as
FIG. 8. Behavior of the real part of the mode solution vk with
the scale factor.

FIG. 9. Behavior of the imaginary part of the mode solution vk
with the scale factor.
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Ŝðrk⃗ðτÞ;ϕk⃗ðτÞÞ ¼ expðrk⃗ðτÞ½e−iϕk⃗ðτÞĉk⃗ĉ−k⃗
− eiϕk⃗ðτÞĉ†

−k⃗
ĉ†
k⃗
�Þ: ð46Þ

Here the squeezing amplitude is represented by the time-
dependent parameter, rk⃗ðτÞ, and the squeezing angle or the
phase is represented by the time-dependent parameter
ϕk⃗ðτÞ. The two-mode rotation operator, R̂ produces an
irrelevant phase contribution and is ignored. The ground
state of the free part of the above Hamiltonian is taken as
the initial quantum state, whereas the two-mode squeezed-
quantum vacuum state obtained by acting the squeezed
operator on the initial vacuum is taken as the final target
state. The time evolution of the conformal time-dependent
quantum operators R̂ and Ŝ, described by the Schrödinger
equation, gives the following set of differential equations
for the squeezing parameters

drk⃗ðτÞ
dτ

¼ −λk⃗ðτÞ cosð2ϕk⃗ðτÞÞ ð47Þ

dϕk⃗ðτÞ
dτ

¼ Ωk⃗ðτÞ þ λk⃗ðτÞ cothð2rk⃗ðτÞÞ sinð2ϕk⃗ðτÞÞ ð48Þ

III. A SHORT NOTE ON CIRCUIT COMPLEXITY

One of the challenges in quantum information processing
is to find out the efficient circuit for implementing a unitary
operation U which can be used to solve a computational
problem like Search Algorithm or Shor’s factoring [41–43].
In computer science, a similar term called complexity
[44,45] exists, which can be defined as the minimum number
of computational gates required to implement a certain
algorithm. If we extend this definition to quantum version
as minimum number of quantum gates out of basic unitary
gates [46] in order to implement a unitary operation U, we
get quantum complexity [47,48]. Therefore, understanding
the difficulty of implementing such unitary operation U, as a
sequence of logical gates, is very helpful and at the same
time challenging.
In Refs. [49–51], the authors introduced a geometric

approach to compute quantum circuit complexity based on
the idea that finding the optimal quantum circuit is equiv-
alent to problems of computing geodesics in Riemannian
geometry. Here, we define a Riemannian metric on the space
of n-qubit operations, and the distance dðI; UÞ between
the identity and target unitary operation U is equivalent to
the number of quantum gates, which is then identified as the
circuit complexity. It was shown that minimizing this
distance dðI; UÞ i.e., finding geodesic length, gives a good
measure of complexity. Thus, one can employ well devel-
oped tools of Riemannian geometry such as the Levi-Civita
connection, geodesics, curvature, etc. to analyze the quan-
tum circuit complexity. It is important to note that,
even though in Refs. [49–51] geometric techniques were

introduced to study complexity, in Ref. [52], the authors
have used previous techniques from the theory of symmetric
spaces to study time-optimal control of quantum evolution.
Let U be a transformation which transforms reference

state jψRi to the target state jψTi via

jψTi ¼ UjψRi: ð49Þ

The unitary transform U, in the language of quantum
computation has an order of unitary gates Qi such that U ¼
Q1Q2…Qd where d is the depth of the circuit. We can also
introduce the tolerance ϵ which tells us whether the trans-
formation is successful

jjjψTi −UjψRijj2 ≤ ϵ: ð50Þ

This makes sense because in any practical implications, it is
difficult to represent the unitary transformation U exactly as
a combination of discrete unitary Qi operations.
Obviously, there exists infinite number of ways to achieve

this target state jψTi from the reference state. The circuit
complexity is then the depth of the optimal circuit out of this
infinite possibilities.
Motivated from the theory of Hamiltonian control

problem, authors in Refs. [49–51] introduced a geometric
approach to compute this circuit complexity which was
later used to compute complexity in various quantum
mechanical and quantum field theoretic models. Instead
of directly counting discrete set of gates required for
constructing U, Nielsen’s approach is geometric. In this
method, with a time-dependent Hamiltonian HðtÞ one
constructs unitary U as

U ¼ P⃖ exp

�
−i

Z
1

0

dτHðτÞ
�

where HðτÞ ¼
X
I

YIðτÞOI: ð51Þ

Here, the Hermitian operators OI form the basis for time
dependent Hamiltonian HðτÞ. The path-ordering operator P
is another version of the time-ordering operator which
indicates that the circuit, made out of noncommuting
operators, is built from right to left. The right to left
application of operators is a choice of convention. The
control functions YIðτÞ can be thought as particular gates
added at a time s represented by Eq. (51).
One can then construct paths in the space of unitaries as

U ¼ P⃖ exp

�
−i

Z
τ

0

dτ0Hðτ0Þ
�
: ð52Þ

The most interesting case is when the trajectory satisfies the
boundary conditions Uðτ ¼ 0Þ ¼ 1 and Uðτ ¼ 1Þ ¼ U.
These OI and YIðτÞ satisfy
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YIðτÞOI ¼ ∂τUðτÞU−1ðτÞ: ð53Þ

Equation (53) is actually just a time-dependent Schrödinger
equation in the form when one solves it via time-ordered
exponentials.
As we discussed before, there are an infinite number of

ways of achieving a unitary transformation U. However,
not all processes are optimal. In order to find out the
optimal transformation, a cost function FðU; Y⃗ðτÞÞ is
defined. This cost function FðU; Y⃗ðτÞÞ is a local functional
along the trajectory of the UðτÞ and tangent vectors Y⃗ðτÞÞ.
Now, for each path the cost is defined as

DðUðtÞÞ ¼
Z

1

0

dtFðUðtÞ; _UðtÞÞ: ð54Þ

Nielsen showed that, the variational geometric approach of
minimizing this functional is basically finding the opti-
mized quantum circuit. Standing on the physical grounds,
the cost function F should satisfy certain properties. Those
are appended below.
(a) Continuity: F ∈ C0 i.e., F should be continuous. It is

reasonable to assume continuity on physical grounds.
(b) Positivity: Based on the definition of cost function F, it

is reasonable to expect

FðU; vÞ ≥ 0; ð55Þ

where equality holds if and only if v ¼ 0. The equality
condition also implies that the reference and target is
basically same.

(c) Positive homogeneity: For any positive real number α
and any vector v, we get FðαvÞ ¼ αFðvÞ.

(d) Triangle Inequality: F satisfies the triangle inequality,

FðU; vþ v0Þ ≤ FðU; vÞ þ FðU; v0Þ; ð56Þ

for all tangent vectors v and v0. The special case
FðU; vþ v0Þ ¼ FðU; vÞ þ FðU; v0Þ is satisfied if and
only if v and v0 are along the same ray coming out
from the origin.

If one extends the continuity condition F ∈ C0 with F ∈
C∞ i.e., F is smooth; then the manifold is known as Finsler
Manifold. Nielsen’s geometric approach of determining
complexity is computing the geodesic in Finsler geometry,
and the length of this geodesic gives the complexity. This
definition of complexity is also called the geometric circuit
complexity.
In literature, there are different choices of these cost

functions FðU; vÞ. These choices depends on how one
defines the complexity, and the elementary gate sets for
their setup. Some of the simple examples are

F1ðU; YÞ ¼
X
I

jYIj;

FpðU; YÞ ¼
X
I

pIjYIj;

F2ðU; YÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
I

jYIj2
r

;

FqðU; YÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
I

qIjYIj2
r

: ð57Þ

We can now give comments on various choices of these
cost functions. F1; the linear cost functional, measure is the
nearest concept that is close to counting individual gates in
the circuit. F2; the quadratic cost functional, can be
considered as the proper distance in the manifold. F1p

can be thought of as a cost function where penalty factors
pI are used to favor certain directions over others. This
becomes reasonable when one consider elementary gates
coupled only to the neighboring qubits and discard those
qubits which are nonlocal. Depending on the system, one
can choose different cost functions to study the circuit
complexity.
One can also introduce a general class of inhomogeneous

and homogeneous family of functionals represented by

FkðU; YÞ ¼
X
I

jYIjk;

F1
k
ðU; YÞ ¼

X
I

jYIj1k; ð58Þ

where k ≥ 1 represents the degree of homogeneity. Fk was
introduced in the context of holography to match the results
obtained from “Complexity ¼ Action” and “Complexity ¼
Volume” conjectures.

IV. CIRCUIT COMPLEXITY OF TWO MODE
SQUEEZED STATES

A simple but a very rich example of entangled multi-
mode field states is the two-mode squeezed vacuum state.
(More details about two-mode squeezed states can be found
in [53].) As already defined in the previous section, the
two-mode squeezing operator is given by

Ŝk⃗ðξÞ ¼ expðξ�ĉk⃗ĉ−⃗k − ξĉ†
−⃗k
ĉ†
k⃗
Þ; ð59Þ

where ξ ¼ rkeiϕk , rk and ϕk are known as squeezing
parameters and 0 ≤ rk < ∞ and 0 ≤ ϕk ≤ 2π. The two-
mode squeezed vacuum state, which will act as our target
state is given by the action of two-mode squeezing
operator Ŝk⃗ðξÞ on the two-mode vacuum state (initial
state), j0ik⃗j0i−⃗k ¼ j0; 0i.
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jψ sqik⃗;−⃗k ¼ Ŝk⃗ðξÞj0; 0i
¼ expðξ�ĉk⃗ĉ−⃗k − ξĉ†

−⃗k
ĉ†
k⃗
Þj0; 0i: ð60Þ

In terms of the number of states, one can show that the
state of two-mode squeezed states is given by

jψ sqik⃗;−⃗k ¼
1

cosh rk

X∞
n¼0

ð−1Þneinθðtanh rkÞnjnk; n−kiÞ: ð61Þ

We are now in the position to compute circuit complexity
of the reference and target state of the two-mode squeezed
states and compare it to the entanglement entropy. For
this, we need to write our reference and target quantum
states as Gaussian wave functions. The auxiliary position
and momentum variables are

q̂k⃗ ¼
1ffiffiffiffiffiffiffiffi
2Ωk

p ðĉ†
k⃗
þ ĉk⃗Þ; ð62Þ

p̂k⃗ ¼ i

ffiffiffiffiffiffi
Ωk

2

r
ðĉ†

k⃗
− ĉk⃗Þ; ð63Þ

with, ½q̂k⃗; p̂k⃗0 � ¼ iδ3ðk⃗ − k⃗0Þ. The reference state i.e., the
two-mode vacuum state, in the position space can be
expressed as a Gaussian wave function as follows:

ψRðqk⃗; q−k⃗Þ ¼ hqk⃗; q−k⃗j0ik⃗;−k⃗
¼

�
Ωk

π

�1
4

exp

�
−
Ωk

2
ðq2

k⃗
þ q2

−k⃗
Þ
�
: ð64Þ

The target state, the two-mode squeezed state, in the
position space has the wave function

ψ sqðqk⃗; q−k⃗Þ ¼ hqk⃗; q−k⃗jψ sqik⃗

¼ eAðq
2

k⃗
þq2

−k⃗
Þ−Bqk⃗q−k⃗

cosh rk
ffiffiffi
π

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − e−4iϕk tanh2rk

p ; ð65Þ

where, A and B are the coefficients and are functions of
squeezing parameters rk and ϕk

A ¼ Ωk

2

e−4iϕk tanh2rk þ 1

e−4iϕk tanh2rk − 1
;

B ¼ 2Ωk
e−2iϕk tanh rk

e−4iϕk tanh2rk − 1
: ð66Þ

It is helpful to define three other terms for simplifying the
complexity calculation

Σk⃗¼−2AþB; Σ−k⃗¼−2A−B; ωk⃗¼ω−k⃗¼
Ωk

2
: ð67Þ

Three methods of computing complexity were discussed
in [54]. For our case, two methods i.e., computing

complexity via covariance matrix method and Nielsen’s
method are relevant. As we discussed before in Eqs. (57)
and (58), complexity depends on the choice of cost
functions. Let C1 be the circuit complexity corresponding
to linear cost functional F1, C2 to quadratic cost functional
F2, and Ck to k family of functionals Fk.

A. Complexity via the covariance matrix method

This method is interesting because complexity from the
covariance matrix method is independent of the squeezing
angle ϕk. We will see later that the entanglement entropy
obtained is also independent of the squeezing angle ϕk, so
the comparison between circuit complexity and entangle-
ment entropy is more visible in this approach. Since our
reference and target states (64) and (65) are in Gaussian
form, we can express it as covariance matrix. The covari-
ance matrix for the reference state is given as

Gs¼0
k ¼

2
666664

1
Ωk

0 0 0

0 Ωk 0 0

0 0 1
Ωk

0

0 0 0 Ωk

3
777775: ð68Þ

The covariance matrix for the target state is given as

Gs¼1
k ¼

2
66666666664

1
ReðΣk⃗Þ − ImðΣk⃗Þ

ReðΣk⃗Þ 0 0

− ImðΣk⃗Þ
ReðΣk⃗Þ

jΣk⃗j2
ReðΣk⃗Þ 0 0

0 0 1
ReðΣ−k⃗Þ − ImðΣ−k⃗Þ

ReðΣ−k⃗Þ

0 0 − ImðΣ−k⃗Þ
Reð−Σk⃗Þ

jΣ−k⃗j2
ReðΣ−k⃗Þ

3
77777777775
; ð69Þ

where Σk⃗ and Σ−k⃗ are defined in (67). The covariance
matrix basically carries the same information as the wave
function. In the context of the covariance matrix approach,
circuit complexity quantifies the number of gates to take the
covariance matrix of the reference state to the covariance
matrix of the target state. We will factorize the covariance
matrix G into two 2 × 2 matrices. This gives us the benefit
that we can compute complexity for each block and sum
over all Ωk to give the total complexity. The two symmetric
blocks for the reference states are

Gs¼0
k¼0 ¼

� 1
Ωk

0

0 Ωk

�
; Gs¼0

k¼1 ¼
� 1
Ωk

0

0 Ωk

�
; ð70Þ

while, the two symmetric blocks for the target states are
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Gs¼1
k¼0 ¼

2
64

1
ReðΣk⃗Þ − ImðΣk⃗Þ

ReðΣk⃗Þ

− ImðΣk⃗Þ
ReðΣk⃗Þ

jΣk⃗j2
ReðΣk⃗Þ

3
75; ð71Þ

ð72Þ

Gs¼1
k¼1 ¼

2
6664

1
ReðΣ−⃗kÞ − ImðΣ−⃗kÞ

ReðΣ−⃗kÞ

− ImðΣ−⃗kÞ
ReðΣ−⃗kÞ

jΣ−⃗kj2
ReðΣ−⃗kÞ

3
7775; ð73Þ

The basis for each block is changed to make the calculation
easier as follows:

G̃s¼1 ¼ SGs¼1ST; G̃s¼0 ¼ SGs¼0ST; ð74Þ

where S is a specifically chosen matrix such that G̃s¼0 ¼ 1.
In our case, the matrix S is given by

S ¼
� ffiffiffiffiffiffi

Ωk
p

0

0 1ffiffiffiffi
Ωk

p
�
: ð75Þ

This implies G̃s¼0 ¼ 1 and

G̃s¼1 ¼

2
64

Ωk
ReðΣk⃗Þ − ImðΣk⃗Þ

ReðΣk⃗Þ

− ImðΣk⃗Þ
ReðΣk⃗Þ

jΣk⃗j2
ΩkReðΣk⃗Þ

3
75: ð76Þ

We can assume that k is real. In the language of the
covariance matrix, the unitary transformation of wave
functions can be expressed as

G̃s ¼ ŨðτÞG̃s¼0ŨðτÞT: ð77Þ

The unitary transformation is then parametrized with gates
satisfying SLð2; RÞ algebra as

ŨðτÞ ¼

2
64
cosðμðτÞÞ coshðρðτÞÞ − sinðθðτÞÞ sinhðρðτÞÞ − sinðμðτÞÞ coshðρðτÞÞ þ cosðθðτÞÞ sinhðρðτÞÞ

sinðμðτÞÞ coshðρðτÞÞ þ cosðθðτÞÞ sinhðρðτÞÞ cosðμðτÞÞ coshðρðτÞÞ þ sinðθðτÞÞ sinhðρðτÞÞ

3
75; ð78Þ

where, μ, ρ, θ are the coordinates on the SLð2; RÞ group.
Now, we will set following boundary conditions:

G̃s¼1 ¼ Ũðτ ¼ 1ÞG̃s¼0Ũðτ ¼ 1ÞT;
G̃s¼0 ¼ Ũðτ ¼ 0ÞG̃s¼0Ũðτ ¼ 0ÞT: ð79Þ

This boundary conditions applied with the parametrized
unitary transformations gives

ðcoshð2ρð1ÞÞ;tanðθð1Þþμð1ÞÞÞ¼
�
Ω2

kþjΣkj2
2ΩReðΣkÞ

;
Ω2

k−jΣkj2
2ΩImðΣkÞ

�
;

ðρð0Þ;θð0Þþμð0ÞÞ¼ð0;cÞ: ð80Þ

In order to make the calculation simpler we choose:
(1) μðτ ¼ 1Þ ¼ μðτ ¼ 0Þ ¼ 0.
(2) θðτ ¼ 0Þ ¼ θðτ ¼ 1Þ ¼ c ¼ tan−1ðΩ2

k−jΣkj2
2ΩImðΣkÞÞ.

Given these conditions the metric for Ũ becomes

ds2 ¼ dρ2 þ coshð2ρÞcosh2ρdμ2
þ coshð2ρÞ sinh2 ρdθ2 − sinhð2ρÞ2dμdθ: ð81Þ

The simple geodesic is a straight line on this geometry
which is given by ρðτÞ ¼ ρð1Þτ. From, the boundary
conditions (80), we get

ρkðτ ¼ 1Þ ¼ 1

2
cosh−1

�
Ω2

k þ jΣk⃗j2
2ΩkReðΣk⃗Þ

�
: ð82Þ

In order to get total circuit complexity, we have to sum over
both values of k i.e., k and −k. Therefore, for linear and
quadratic cost functions, C1 and C2, we will get

C1ðΩkÞ ¼ ρkðτ ¼ 1Þ þ ρ−kðτ ¼ 1Þ

¼ 1

2

�
cosh−1

�
Ω2

k þ jΣk⃗j2
2ΩkReðΣk⃗Þ

�

þ cosh−1
�
Ω2

−k þ jΣ−k⃗j2
2Ω−kReðΣ−k⃗Þ

��
; ð83Þ

C2ðΩkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρkðτ ¼ 1Þ2 þ ρ−kðτ ¼ 1Þ2

q
¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
cosh−1

�
Ω2

k þ jΣk⃗j2
2ΩkReðΣk⃗Þ

��
2

þ
�
cosh−1

�
Ω2

−k þ jΣ−k⃗j2
2Ω−kReðΣ−k⃗Þ

��
2

s
: ð84Þ
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Using the explicit form of Σk⃗, Σ−k⃗, the circuit complexity
reduces to a simple form which is independent of the
squeezing angle ϕk

C1ðΩkÞ ¼ 4rk ð85Þ

C2ðΩkÞ ¼ 2
ffiffiffi
2

p
rk ð86Þ

These two cost functions are then related by C1ðΩkÞ ¼ffiffiffi
2

p
C2ðΩkÞ. Naturally, for small squeezing parameters

rk → 0, C1 ≈ 0 and C2 ≈ 0. This makes sense as for small
squeezing parameters rk, the reference and the target states
are basically same.

B. Complexity via Nielsen’s wave-function method

Unlike covariance matrix method, Nielsen’s approach
using wave functions gives the circuit complexity of two-
mode squeezed states that is sensitive to both squeezing
parameters, rk and ϕk. The general philosophy of comput-
ing circuit complexity is basically same as in the covariance
approach. However, instead of representing the wave
function as a covariance matrix, we will directly compute
the complexity using the reference and target two-mode
squeezed states, i.e., Eqs. (64) and (65) respectively. Then,
we will be able to write the circuit complexity in terms of
squeezing parameters rk and ϕk.
The exponent of the target state i.e., two-mode squeezed

states Eq. (65) can be diagonalized as

ψ sq ¼ N exp

�
−
1

2
M̃abqaqb

�
; ð87Þ

where N is the normalization constant i.e., denominator in
(65) and

M̃ ¼

2
64
−2Aþ B 0

0 −2A − B

3
75 ¼

2
64
Σk⃗ 0

0 Σ−⃗k

3
75 ð88Þ

The unsqueezed reference state is also a Guassian wave
function represented by

ψR ¼ N exp

�
−
Ωk

2
ðq2

k⃗
þ q2

−k⃗
Þ
�

¼ N exp

�
1

2

X
k;−k

Ωkk⃗
2

�
: ð89Þ

Our two Gaussian wave functions have the form

ψτ ¼ N exp

�
−
1

2
ðva:Aτ

ab:vbÞ
�
; ð90Þ

where v ¼ ðqk⃗; q−⃗kÞ and Aτ is a 2 × 2 diagonal matrix. For
the target state Eq. (87),

Aτ¼1 ¼ M ¼

2
64
Σk⃗ 0

0 Σ−⃗k

3
75; ð91Þ

while for our reference state Eq. (89), matrixA isAτ¼0. So,

Aτ¼0 ¼

2
64
Ωk 0

0 Ω−k

3
75: ð92Þ

The unitary transformation Eq. (52) acts like,

Aτ ¼ UðτÞ:Aτ¼0:UTðτÞ: ð93Þ

The boundary conditions are given by

Aτ¼1 ¼ Uðτ ¼ 1Þ:Aτ¼0:UTðτ ¼ 1Þ;
Aτ¼0 ¼ Uðτ ¼ 0Þ:Aτ¼0:UTðτ ¼ 0Þ: ð94Þ

U can be parametrized as in Eq. (51) such that at τ ¼ 1, the
required target state is achieved. Since, Aτ¼1 and Aτ¼0 can
have complex elements, elementary gates are restricted to
GLð2; CÞ unitaries. Tangent vector components YI in
Eq. (53) are complex parameters while OI are the gen-
erators. Equation (53) can also be expressed as

YI ¼ Trð∂τUðτÞU−1ðτÞðOIÞTÞ ð95Þ

where, we note that

TrðOI:OT
J Þ ¼ δIJ; ð96Þ

and I; J ¼ 0, 1, 2, 3. The metric is then given by:

ds2 ¼ GIJdYIdY�J: ð97Þ

For simplicity, we will choose penalty factors GIJ ¼ δIJ

where we fix it to unity. The off-diagonal elements in
GLð2; CÞ can be set to zero as they increase the distance
between states. The UðτÞ will become

UðτÞ ¼ exp

� X
i∈ðk;−kÞ

αiðτÞOdiagonal
i

�
; ð98Þ

where, αiðτÞ are complex parameters and Odiagonal
i are

generators with identity at i diagonal elements. The metric
takes a simple form

ds2 ¼
X

i∈ðk;−kÞ
ðdαi;ReÞ2 þ ðdαi;ImÞ2; ð99Þ

where Re and Im indicates real and imaginary part of αk
respectively. The geodesic is again a straight line in the
manifold given by
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αi;pðτÞ ¼ αi;pðτ ¼ 1Þ þ αi;pðτ ¼ 0Þ; ð100Þ

for each ði ∈ k;−kÞ and ðp ¼ Re and ImÞ. Given the boundary conditions, we will get,

αi;Reðτ ¼ 0Þ ¼ αi;Imðτ ¼ 0Þ ¼ 0;

αi;Reðτ ¼ 1Þ ¼ 1

2
ln

				 Σ⃗i

ω⃗i

				;
αi;Imðτ ¼ 1Þ ¼ 1

2
tan−1

ImðΣ⃗iÞ
ReðΣ⃗iÞ

; ð101Þ

for each ði ∈ k;−kÞ. Now, the circuit complexity for linear C1ðΩkÞ and quadratic cost C2ðΩkÞ functions can be derived as
follows:

C1ðΩkÞ ¼ αk;Reðτ ¼ 1Þ þ α−k;Reðτ ¼ 1Þ þ αk;Imðτ ¼ 1Þ þ α−k;Imðτ ¼ 1Þ

¼ 1

2

�
ln

				 Σk⃗

ωk⃗

				þ ln

				 Σ−k⃗
ω−k⃗

				þ tan−1
ImðΣk⃗Þ
ReðΣk⃗Þ

þ tan−1
ImðΣ−k⃗Þ
ReðΣ−k⃗Þ

�
; ð102Þ

C2ðΩkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðαk;Reðτ ¼ 1ÞÞ2 þ ðα−k;Reðτ ¼ 1ÞÞ2 þ ðαk;Imðτ ¼ 1ÞÞ2 þ ðα−k;Imðτ ¼ 1Þ

q
Þ2

¼ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
ln

				 Σk⃗

ωk⃗Þ
				
�

2

þ
�
ln

				 Σ−k⃗
ω−k⃗Þ

				
�

2

þ
�
tan−1

ImðΣk⃗Þ
ReðΣk⃗Þ

�
2

þ
�
tan−1

ImðΣ−k⃗Þ
ReðΣ−k⃗Þ

�
2

s
: ð103Þ

Using explicit values of Σk⃗, Σ−k⃗, ωk⃗, and ω−k⃗ from Eq. (67), we can get general circuit complexity form,

C1ðΩk; τÞ ¼
				 ln

				 1þ expð−2iϕkðτÞÞ tanh rkðτÞ
1 − expð−2iϕkðτÞÞ tanh rkðτÞ

				
				þ jtanh−1ðsinð2ϕkðτÞÞ sinhð2rkðτÞÞÞj ð104Þ

C2ðΩk; τÞ ¼
1ffiffiffi
2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
ln

				 1þ expð−2iϕkðτÞÞ tanh rkðτÞ
1 − expð−2iϕkðτÞÞ tanh rkðτÞ

				
�

2

þ ðtanh−1ðsinð2ϕkðτÞÞ sinhð2rkðτÞÞÞÞ2
s

: ð105Þ

We can also obtain approximate expressions for different
limiting conditions. These expressions are discussed below:
(a) Small rkðτÞ and Small ϕkðτÞ; For small rkðτÞ and

ϕkðτÞ, we can use approximating expressions,
expð−2iϕkðτÞÞ ≈ 1, sinð2ϕkðτÞÞ ≈ 2ϕkðτÞ, tanh
rkðτÞ ≈ rkðτÞ, and sinhð2rkðτÞÞ ≈ 2rkðτÞ to get

C1ðΩk; τÞ ≈ 2jrkðτÞjð1þ 2jϕkðτÞjÞ; ð106Þ

C2ðΩk; τÞ ≈
ffiffiffi
2

p
jrkðτÞj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4ðϕkðτÞÞ2

q
: ð107Þ

(b) Large rkðτÞ and Large ϕkðτÞ; For large rkðτÞ and
ϕkðτÞ, we can use the approximating expression
expð−2iϕkðτÞÞ ≈ 0, and obtain the approximated cir-
cuit complexity form

C1ðΩk; τÞ ≈ jtanh−1ðsinð2ϕkðτÞÞ sinhð2rkðτÞÞÞj;
ð108Þ

C2ðΩk; τÞ ≈
1ffiffiffi
2

p ðsinð2ϕkðτÞÞ sinhð2rkðτÞÞÞ: ð109Þ

These two cost functions are related
by jC1ðΩk; τÞj ≈ 1ffiffi

2
p C2ðΩk; τÞ.

(c) Small rkðτÞ and Large ϕkðτÞ; For small rkðτÞ and large
ϕkðτÞ, we can use the approximating expressions:
expð−2iϕkðτÞÞ ≈ 0, tanh rk ≈ rkðτÞ, and sinh
ð2rkðτÞÞ ≈ 2rkðτÞ. This leads to the approximated
circuit complexity of the form

C1ðΩk; τÞ ≈ 2jrkðτÞ sinð2ϕkðτÞÞj; ð110Þ

C2ðΩk; τÞ ≈
ffiffiffi
2

p
rkðτÞ sinð2ϕkðτÞÞ: ð111Þ
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These two cost functions are then related by
jC2ðΩk; τÞj ≈ 1ffiffi

2
p C1ðΩk; τÞ.

Also, for an example, let us see the structure of the cost
functions for large squeezing parameters rk and ϕk → − π

2
:

C1ðΩkÞ ≈
ffiffiffi
2

p
C2ðΩkÞ ≈

				 ln
�
1 − tanh rk
1þ tanh rk

�				 ≈ rk: ð112Þ

V. ENTANGLEMENT ENTROPY OF TWO MODE
SQUEEZED STATES

In this section wewill compute the entanglement entropy
for the two-mode squeezed states and compare it to the
circuit complexity. Not only are our states are entangled,
there is also a strong correlation between the two modes.
jψ sqik⃗;−⃗k is also an eigenstate of the difference number

operator n̂k − n̂−k with eigenvalue 0, where n̂k ¼ ĉ†
k⃗
ĉ−⃗k and

n̂−k ¼ ĉ†
−⃗k
ĉk⃗. Due to this strong correlation and symmetry

between the two modes, the average photon number in each
mode is same

hn̂ki ¼ hn̂−ki ¼ sinh2 rk: ð113Þ

The reduced density operators for the individual modes are
given by

ρ̂k ¼
X∞
n¼0

1

ðcosh rkÞ2
ðtanh rkÞ2nhnkjnki; ð114Þ

ρ̂−k ¼
X∞
n¼0

1

ðcosh r−kÞ2
ðtanh r−kÞ2nhn−kjn−ki: ð115Þ

The probability of having n photons in a single mode k
or −k is

PðiÞ
n ¼ ðtanh rkÞ2n

ðcosh rkÞ2
; i ¼ k;−k: ð116Þ

Commonly used entanglement entropies are von-Neumann
and Rényi entanglment entropies. For a density operator ρ̂,
von-Neumann entropy is given by

Sðρ̂Þ ¼ −Tr½ρ̂ ln ρ̂�: ð117Þ

If the density operator ρ̂ is pure, then Sðρ̂pureÞ ¼ 0, while
for mixed states Sðρ̂mixedÞ > 0. It is usually not trivial to
calculate the entropy. However, for the basis in which the
density operator is diagonal such as in the Schmidt basis,
the entropy can be calculated simply from the diagonal
elements as

Sðρ̂Þ ¼ −Tr½ρ̂ ln ρ̂� ¼ −
X
k

ρkk ln ρkk ð118Þ

Since our two-mode squeezed state (61) is already in the
form of a Schmidt decomposition, and we also have the
form of reduced density operators of individual modes a
and b, we can calculate the von-Neumann entanglement

entropy by realizing that the diagonal elements ρkk is P
ðiÞ
n .

Then, the von-Neumann entropy, a measure of degree of
entanglement is

Sðρ̂kÞ ¼ −Tr½ρ̂k ln ρ̂k� ¼ Sðρ̂−kÞ

¼ −
X∞
n¼0

Pn lnPn

¼ −
X∞
n¼0

tanh2nrk
cosh2rk

ln
tanh2nrk
cosh2rk

¼ −
X∞
n¼0

tanh2nrk
cosh2rk

ðlnðtanh2nrkÞ − lnðcosh2rkÞÞ

¼ lnðcosh2rkÞcosh2rk − lnðsinh2rkÞsinh2rk: ð119Þ

We have plotted the von-Neumann entanglement entropy in
Fig. 10. It can be seen that entanglement entropy increases
with increasing squeezing parameter rk. Note that we did
not calculate the entropy corresponding to the squeezed
state Eq. (61) because naturally this entropy is going to be
zero as it is a pure state. Instead, we have calculated entropy
for the reduced density matrix.
We can now generalize von-Neumann entropy to get

Rényi entropy for the reduced density operator

Sμ ¼
1

1 − μ
ln
Xd
n¼1

Pn

¼ 2μln coshrk þ lnð1 − tanh2μrkÞ
μ − 1

; ð120Þ

FIG. 10. von-Neumann entanglement entropy S as a function of
a squeezing magnitude rk.
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where μ ≥ 0 is the Rényi parameter and d is the Schmidt
rank of the squeezed state Eq. (61) which is infinity. Again,
we can see that the Rényi entropy increases with increasing
squeezing parameter rk. In Fig. 11 we plotted Rényi-
entanglement entropy for various Rényi parameters, μ.
For very large squeezing parameters we get

Sμðrk → ∞Þ ≈ 2μrk
ðμ − 1Þ : ð121Þ

If we take the limit μ → 1, we get the von-Neumann
entropy (119). Meanwhile, Rényi-2 entropy is given
by S2ðrkÞ ¼ ln cosh2rk.
One can also calculate the effective temperature of the

source by computing the thermal distribution with an
average photon number, hn̂ii ¼ sinh2 rk. The average
photon number of the thermal field is given by

hn̂ii ¼ n̄ ¼ 1

expðℏω=kBTÞ − 1
: ð122Þ

Then, one can compute the effective temperature as

T ¼ ℏωi

kB
ln

� hn̂ii
hn̂ii þ 1

�

¼ ℏωi

kB
ln

�
sinh2 rk

sinh2 rk þ 1

�

¼ ℏωi

2kB lnðcoth rkÞ
; ð123Þ

where, ωi ¼ i=c is the frequency of the mode
and i ∈ ðk;−kÞ.

A. Quantum circuit complexity vs entanglement

Now, a comment on comparison of entanglement
entropy with circuit complexity is in order. It was very

recently shown in [39] that there exists some relationship
between entangling power and circuit complexity. Most
importantly, if the entanglement entropy grows linearly
with time, the geometric-circuit complexity also grows
linearly.
Generally, quantum circuit complexity and entanglement

are different quantities. However, for small values of circuit
cost and entanglement, one can use the entanglement
entropy to bound the circuit complexity. The argument
presented in [39] is that quantum gates that are close to the
identity exhibit little entanglement from the product or
entangled states. One of the interesting corollaries pre-
sented in [39] is that whenever entanglement entropy grows
linearly in time, the circuit complexity also grows linearly.
Linear growth of entanglement entropy is a generic feature
of several quenched many-body systems.
Our analysis of complexity and entanglement entropy of

two-mode squeezed states is in agreement with the result in
[39]. Since both entanglement entropy and circuit complex-
ity computed with the covariance matrix method are
independent of the squeezing angle ϕk, the comparison
is clearer than with Nielsen’s method of wave functions.
The explicit form of circuit complexity with the covariance
matrix method is obtained in Eq. (85),

C1ðkÞ ¼ 4rk; ð124Þ

C2ðkÞ ¼ 2
ffiffiffi
2

p
rk: ð125Þ

While comparing the form of entanglement entropy
Eqs. (119) and (120) with this circuit complexity, we get

C1ðrkÞ ¼
ffiffiffi
2

p
C2ðrkÞ ¼ 4rk ≥ SðrkÞ ≈ rk: ð126Þ

In Fig. 12, we plotted the comparison between von-
Neumann entropy and circuit complexity (computed using
the covariance matrix method). The circuit complexities C1

FIG. 12. Comparision of the von-Neumann entanglement en-
tropy with circuit complexity.

FIG. 11. Rényi-entanglement entropy Sμ as a function of
squeezing magnitude r. For large r, they grow linearly with
increasing r.
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and C2 grow linearly just like the entanglement entropy. Up
to these distances, circuit complexity is indeed lower
bounded by entanglement entropy. This result can have
a physical interpretation. Since the entanglement entropy
for the two-mode squeezed states increases with increasing
rk, the entanglement entropy from the vacuum to distant
states is large. Therefore, in the context of two-mode
squeezed states, with proper circuit complexity cost,
entanglement entropy could be used as a measure of
complexity.
So far, we have only compared circuit complexity

obtained via the covariance approach. A more detailed
numerical comparison of circuit complexity via Nielsen’s
approach with entanglement entropy and temperature will
be discussed in the numerical analysis section.

VI. NUMERICAL RESULTS

In this section we do the numerical analysis of the circuit
complexity calculated for the model of “black hole gas”. To
provide a wholesome and physically relevant discussion,
we do the analysis in terms of the scale factor. We begin by
solving the evolution equations of the squeezed state
parameters given in Eq. (47).
To recast the above differential equations and study the

time evolution in terms of a scale factor, a simple change of
variable is implemented, which transforms the above
equation. This change of variable is sometimes called a
field redefinition.
In Fig. 13, we have plotted the evolution of the squeezed-

state parameter with respect to the scale factor. The
behavior of the squeezed-state parameter rk is crucial for
understanding the behavior of the circuit complexity and its
evolution with the scale factor. From the behavior of the
squeezed state parameters, we see widely different behav-
iors of the model in (1þ 1) dimensions i.e., d ¼ 1 in the
plots. The behavior for the higher dimensions however
looks to be pretty similar. The squeezing is large and
growing at early times; however, after a certain scale, the

squeezing freezes and saturates at a constant value of
squeezing. The increase in the squeezing grows up to a very
large scale for spatial dimension 1 (d ¼ 1 in the plots) and
the freezing of the squeezing effect is not observed even for
extremely high scales. This makes the spatial dimension 1
markedly different from the higher spatial dimensions
where the freezing effect in the squeezing is explicitly
observed.
In Fig. 14, we plotted the squeezing angle ϕk with

respect to the scale factor. For the model considered in this
paper, we observe that for the spatial dimension 1, the
squeezed angle rises for initial scales and is frozen and
saturated at intermediate and late scales. However, for
higher dimensions the squeezed angle increases at the
initial scales but shows a fall after a certain character-
istic scale.
In Figs. 15 and 16, we plotted the circuit complexity with

respect to the scale factor calculated from the two different
cost functionals using both Nielsen’s and the covariance
approach. Let us make a comparative analysis of complex-
ity obtained from Nielsen’s and the covariance approach.
The structure of circuit complexity in the covariance
approach has a similar pattern as the squeezing parameter
rk in Fig. 13 and has almost no feature coming out of the
squeezing angle ϕk of Fig. 14. This makes sense as the
circuit complexity obtained from the covariance approach
is independent of the squeezing angle. Irrespective of the
spatial dimension, the circuit complexity C1 and C2

gradually increase and saturates after some values of a.
In contrast to the covariance approach, Nielsen’s approach

gives a different story of circuit complexity. This is mainly
due to the reasoning that the circuit complexity in Nielsen’s
approach is dependent on both squeezing parameters, rk and
ϕk, from Figs. 13 and 14. This lets us observe the detail of the
evolution of the wave function uniquely. As already pointed
out in the previous discussion, the speciality of the spatial
dimension 1 can be clearly understood from the complexity
plots as well. The initial rise in the complexity measures is
observed irrespective of the spatial dimension though the

FIG. 13. Behavior of the squeezed-state parameter rk with the
scale factor.

FIG. 14. Behavior of the squeezed state parameter ϕk with the
scale factor.
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scale factor up to which the rise is observed is influenced by
the spatial dimension. With the increase in spatial dimension,
the rise in the complexities is observed until lower scale
factors. After a critical value of the scale factor the complex-
ity measures show a gradual fall in the values. This rate of fall
is found to be extremely less for the spatial dimension 1
where even at large value of the scale factor, only a small fall
in the value of the complexity is observed. It can be noted
that for higher dimension, the complexity measure falls off
quickly. The faster a complexity measure falls to a certain
minima, the faster it starts to oscillate as seen in the graph.
For d ¼ 3 the oscillation starts early compared to d ¼ 2.
Also, such oscillatory behavior is saturated at higher values
of scale factors. The oscillations in Figs. 15 and 16 for higher
spatial dimensions could be a hint of the quantum gravity
corrections in the very early Universe in terms of vaccum
fluctuations of “virtual black holes” of radii R. Such

fluctuations could effectively resolve the cosmological con-
stant puzzle. The “vecro component” which describes the
part of the wave functional associated to virtual black hole
fluctuations that could alter the overall vaccum energy giving
us an effective value of cosmological constant Λ ¼ ðGR2Þ−1
and hence resolving the issue. The other way to look at the
oscillation of complexity is that at the minimum complexity
regions, the distance in initial and evolved states are low as
one state can be evolved to the next with low number of
quantum gates while it is opposite in the maximum complex-
ity regions. So, the structure of the wave function in lower
complexity regions are closer to the initial states than the one
in high complexity regions.
In Figs. 17–19, we plotted the behavior of entanglement

entropy with respect to the scale factor. The two curves in
the plots correspond to the two types of entanglement
entropy we considered in this paper viz von-Neumann

(a) (b)

FIG. 15. Behavior of the linearly weighted circuit complexity C1 with respect to the black hole gas scale factor.

(a) (b)

FIG. 16. Behavior of the geodesically weighted Circuit complexity C2 with respect to the black hole gas scale factor.
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entanglement entropy and Rényi entropy. Even though the
overall behavior of both forms of entanglement entropy
are identical, we still observe a minute difference. It can be
seen that the von-Neumann entropy rises faster to a higher
value compared to Rényi entropy. This feature is observed
for all spatial dimensions. For spatial dimension d ¼ 1, we
observe an increasing behavior of the entropy through the
entire range of the scale factor. But for the spatial
dimension d ¼ 2, 3, we observe an initial increase in
the entropy which then starts to oscillate with its ampli-
tude decaying for higher value of scale factor. It can be
noted that with rise in the number of spatial dimension, the
rise in entropy decreases and hence saturates at a lower
value. We would like to relate the entropy calculated from
the squeezed state formalism with the entropy of the black
hole gas. One can comment about the entropy of the black
hole gas from the entropy calculated using the squeezed
state formalism because the information about the black
hole gas is itself encoded in the squeezed parameter rk. To
be more precise, the evolution equations for the squeezed
state parameters written in Eq. (47) has been solved using
the solution of the scale factor of the black hole gas model
as the dynamical variable. Hence, the information about
the black hole gas model propagates through the squeezed
state parameters to any quantity we calculate. Thus, the
entnaglement entropy calculated from the squeezed state
parameter is intimately related with the entropy of the
black hole gas model.
In Fig. 20, we plotted dCi=da computed with both

Nielsen’s and Covariance approach with respect to the
von-Neumann entanglement entropy to inspect the val-
idity of the conjectured relation proposed by Susskind
between complexity and entanglement entropy. We
observe that for the spatial dimension d ¼ 1, in the initial
values of entanglement entropy, the behavior dCi=da
shows an is increasing. However, at the intermediate
scales, dCi=da shows a sharp fall followed by a rise
and saturation at large values of entanglement entropy.
Thus, we observe a nonlinear relation between dCi

da and
entropy. For low values of entanglement entropy, the
difference in amplitude of dC1=da and dC2=da is higher
in Nielsen’s approach than in the covariance approach.
This could be because in the covariance approach C1 and
C2 are related by C1 ¼

ffiffiffi
2

p
C2 ¼ 4

ffiffiffi
2

p
rk while in Nielsen’s

approach C1 and C2 have a complicated relationship.
In Figs. 21 and 22, we study the behavior of dCi=dawith

von-Neumann entanglement entropy for the spatial dimen-
sion d ¼ 2 and d ¼ 3. We observe an almost identical
behavior for the higher spatial dimensions with the behav-
ior shown in spatial dimension 1.
In Figs. 23–25, we have plotted dCi=da vs Rényi

entropy (μ ¼ 2) for different spatial dimensions. It is
observed that the overall behavior of dCi=da with respect
to the Rényi entropy is identical to what we observe in the
von-Neumann entanglement entropy case. This identical

FIG. 17. Behavior of entanglement entropy vs the scale factor
for the black hole gas in d ¼ 1 spatial dimension.

FIG. 18. Behavior of entanglement entropy vs the scale factor
for the black hole gas in d ¼ 2 spatial dimension.

FIG. 19. Behavior of entanglement entropy vs the scale factor
for the black hole gas in d ¼ 3 spatial dimension.

KIRAN ADHIKARI et al. PHYS. REV. D 104, 065002 (2021)

065002-18



nature in the behavior of dCi
da is observed for all spatial

dimensions.
In Figs. 26–28 we plotted the behavior of the equilibrium

temperature of the black hole gas with respect to dCi=da
and the entanglement entropy for the spatial dimension
d ¼ 1, 2, 3. The reason we plotted the behavior of the
equilibrium temperature with respect to dCi=da and the
entanglement entropy on the same plot was to get an idea of

how it behaves with two most important quantities in our
analysis i.e., dCi=da and entanglement entropy. The
motivation came from Susskind’s conjectured relation
where he connected the rate of change of complexity with
the entanglement entropy and the equilibrium temperature.
However, instead of using dCi=dt, we used dCi=da as we
have used the scale factor, which is cosmologically a much
more relevant quantity, as the dynamical variable of our

(a) (b)

FIG. 20. Behavior of dCi=da vs von Neumann entanglement entropy for the black hole gas in d ¼ 1 spatial dimension.

(a) (b)

FIG. 21. Behavior of dCi=da vs von Neumann entanglement entropy for the black hole gas in d ¼ 2 spatial dimension.
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analysis. The red curve in the plot shows the behavior of the
equilibrium temperature with respect to the entanglement
entropy, whereas the black curve shows the behavior with
respect to dCi=da. It is clearly evident that irrespective of
the spatial dimension, the behavior of the equilibrium
temperature shows an increasing. One can approximate
the behavior as follows:

T ∝ S4:

However, it can be seen that the behavior of the equilibrium
temperature is overall not identical in nature with dCi=da
for different spatial dimensions and the measure to compute
complexity, although some of the features do match. In
Nielsen’s approach, it can be observed that for negative
values of dCi=da, for two values of dCi=da the black hole
gas model attains same value of the equilibrium temper-
ature. For spatial dimension d ¼ 1, in the intermediate and
positive values of dCi=da, the equilibrium temperature is

(a) (b)

FIG. 22. Behavior of dCi=da vs von Neumann entanglement entropy for the black hole gas in d ¼ 3 spatial dimension.

(a) (b)

FIG. 23. Behavior of dCi=da vs Rényi entropy for the black hole gas in d ¼ 1 spatial dimension.

KIRAN ADHIKARI et al. PHYS. REV. D 104, 065002 (2021)

065002-20



almost constant, but for higher spatial dimension the
multivalue nature of dCi=da with the equilibrium temper-
ature returns. However, in the covariance approach in all
three spatial dimensions, the behavior is identical.
Thus we see that irrespective of the spatial dimension

and the approach of computing complexity in which the
black hole model is considered, neither dCi=da nor
entanglement entropy has a linear relationship with the
equilibrium temperature.

A. Quantum extremal islands vs black hole gas

In this portion, we are going to give a comparative
analysis of the quantum extremal islands with the black
hole gas model from the perspective of circuit complexity.
(a) Circuit complexity calculated from the solution of

cosmological islands resembled the page curve in a
specific parameter space [36] but for the black hole gas
model we observe different behavior of the circuit
complexity for different spatial dimension.

(a) (b)

FIG. 24. Behavior of dCi=da vs Rényi entropy for the black hole gas in d ¼ 2 spatial dimension.

(a) (b)

FIG. 25. Behavior of dCi=da vs Rényi entropy for the black hole gas in d ¼ 3 spatial dimension.
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(b) In another parameter space the behavior of the circuit
complexity for the island model showed only a rising
behavior which is also different from the one we
observe for the black hole gas model.

(c) The entanglement entropy predicted from the circuit
complexity in the cosmological island model again
resembled the page curve in a particular parameter
space and showed a decreasing behavior in another
parameter space, whereas for the black hole gas

model the entropy showed a increasing behavior
for the spatial dimension 1 and 2 and an increasing
behavior followed by an oscillation for the spatial
dimension 3.

(d) The oscillatory behavior of the circuit complexity at
large values of scale factor, which is observed for the
higher spatial dimensions for the black hole gas model
is absent in the cosmological island model, even when
probed to very high scales.

(a) (b)

FIG. 26. Behavior of equilibrium temperature of the black hole gas with respect to dCi=da and entanglement entropy in d ¼ 1 spatial
dimension.

(a) (b)

FIG. 27. Behavior of equilibrium temperature of the black hole gas with respect to dCi=da and entanglement entropy in d ¼ 2 spatial
dimension.
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B. Comparative analysis of circuit complexity from Nielsen’s method and the covariance matrix method

Parameters Covariance approach Nielsen’s approach

Dependence on squeezing
angle ϕk

Does not depend on ϕk Depends on ϕk

Dependence on squeezing
parameter rk

Always linearly dependent onsqueezing
parameter rk

May have nonlinear dependence on
squeezing parameter rk

Sensitivity to details of wave
function

Since it is independent of ϕk, it is not so sensitive
to the details of the wave function

Since it depends on both rk and ϕk it is
sensitive to the details of the wave function.

Limiting conditions Only one condition exists C1 ¼
ffiffiffi
2

p
C2 ¼ 4

ffiffiffi
2

p
rk C1 and C2 are vastly different

Structure of Circuit
complexity in Black Hole
Gas model

For all spatial dimensions it grows until certain a
then, it saturates

Depending on the spatial dimension, it can
oscillate

Comparison with genral form
of entanglement entropy

Easier to compare with entanglement entropy as
both are independent of ϕk

Due to dependence on ϕk, it is difficult to
compare with entanglement entropy.

Entanglement entropy and
Circuit Complexity in Black
hole Gas Model

Complexity has the same growth pattern as
entanglement entropy in all three spatial
dimensions which is expected.

It is not trivial to compare complexity with
entanglement entropy. So, one has to do
case by case analysis.

dCi=da and Entanglement
entropy (S) in Black hole
Gas Model

The difference in amplitude of dC1=da and
dC2=da is lower.

The difference in amplitude of dC1=da and
dC2=da is higher.

dCi=da, Temperature and
entropy (S) in Black hole
Gas Model

The behavior of Temperature with dCi=da and
entropy is different in three different spatial
dimensions.

The behavior of temperature with dCi=da and
entropy is same in three different spatial
dimensions.

(a) (b)

FIG. 28. Behavior of equilibrium temperature of the black hole gas with respect to dCi=da and entanglement entropy in d ¼ 3 spatial
dimension.
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VII. CONCLUSIONS

Through analysis of the black hole gas model from the
perspective of circuit complexity and entanglement entropy
using the language of the squeezed state formalism we
arrive at the following conclusions:
(a) The circuit complexity computed from Nielsen’s wave

function approach provides a much better understand-
ing than that computed from the covariance matrix
method as it depends on both the squeezing angle and
the squeezing parameter and hence can be related to
the entanglement entropy.

(b) The behavior of the circuit complexity for the spatial
dimension d ¼ 1 is significantly different from higher
spatial dimensions. Whereas complexity saturates or
changes significantly slowly at large scale factors for
d ¼ 1, it falls off rapidly and has an oscillatory
behavior for higher spatial dimensions.

(c) The behavior of the entanglement entropy with respect
to the scale factor for different spatial dimension shows
different features. For d ¼ 1, it is just an increasing
function whereas for d ¼ 2 and 3, we observe an
oscillatory behavior with the frequency of oscillation
increasing with the increase in spatial dimension.

(d) We observe that for no spatial dimensions the quantity
dCi=da varies linearly with the von-Neumann entan-
glement entropy or Rényi entropy.

(e) For different spatial dimensions, the behavior of the
equilibrium temperature with dCi=da is peculiar and it
is not possible to predict an approximate relation; one
has to study different ranges of dCi=da separately to
understand the behavior of the equilibrium temperature.

(f) For different spatial dimensions, from the behavior of
equilibrium temperature with entanglement entropy, it
can be understood that the relation between entangle-
ment entropy and equilibrium temperature is not linear
but goes as

T ∝ S4

(g) From the comparative analysis of the black hole gas
model with that of the cosmological islands from the

perspective of circuit complexity, we can conclude that
circuit complexity can be used as a useful tool to
discover the underlying features of a model which are
otherwise difficult to analyze.

The future prospects of the work can be written:
(a) Circuit complexity has been studied for thermofield

double states [20]. The process of thermalization can
also be realized by a process known as quantum
quench, where the states are expressed as the gen-
eralized Calabrese Cardy form. Hence one can
explore the thermalization phenomenon using circuit
complexity.

(b) People have studied circuit complexity as a deforma-
tion in the Euclidean path integral for conformal field
theory (CFT’s). This is mainly known as path integral
optimization [19]. However, these deformations ap-
pear in the context of cosmological perturbation theory
as well and one can try to extend this circuit complex-
ity using path integral optimization in de Sitter space.
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