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1 Introduction

There are indications that the sum over topologies in the gravitational path integral is
related to an ensemble average over microscopic theories [1-7]. The clearest example is the
duality between two-dimensional JT gravity and random matrix theory, which suggests a
considerable extension to the AdS/CFT dictionary [4].

There are different points of view on the recent developments resurrecting this old idea.
The first is that the implications of the gravitational path integral should be trusted, and
non-factorizing contributions force us to consider an ensemble average (or, equivalently,
superselection sectors). The second is that the sum over topologies is an uncontrolled ar-
tifact of the low-energy description, and the true microscopic theory is ordinary quantum
mechanics without disorder. There is also a middle path, natural to an effective field theo-
rist: The microscopic theory is ordinary quantum mechanics, but the sum over topologies
accurately computes certain self-averaging observables. With this interpretation, we should
etther include the sum over topologies or UV microstates, not both, as the higher topolo-
gies encode some coarse-grained properties of the microstates. There is direct evidence
for this “topological dualism” in string theory [8-12] and the SYK model [13, 14], and
circumstantial evidence more generally, including the successful application of wormholes
to the Page curve [15, 16].

In more than two bulk dimensions, it is far from clear how to define an ensemble
average of microscopic theories. Progress has been made in AdS3 gravity in certain limits,
e.g. [7, 17-19]. An alternative is to simplify the problem by adding more symmetries.
Afkhami-Jeddi, Cohn, Hartman, and Tajdini [20] and Maloney and Witten [21] found that
one simple ensemble of 2d CFTs — the Narain ensemble of toroidal compactifications of N
free bosons — has a holographic interpretation. After averaging over the Narain moduli,
the partition function of the theory on any Riemann surface, or collection of disconnected
Riemann surfaces, can be reinterpreted as a sum over three-dimensional topologies. The
bulk theory is not ordinary gravity, because it has a large number of light states, but the
same is true of other models where we can perform the sum over topologies, including
tensionless string theory [22, 23] and the SYK model [24, 25].

At present, there is no fully satisfactory, non-perturbative definition of the bulk theory
dual to the Narain ensemble. It is related to U(1)?"N Chern-Simons theory, but there is
a restriction on the allowed gauge configurations and the sum over topologies appears ad
hoc. Therefore, conservatively, the bulk can be interpreted as an effective theory that is
UV-completed by an individual CFT in the ensemble, and the question is what aspects
of the UV are encoded in the IR sum over topologies. In theories of 2d gravity with a
hard cutoff on the dilaton, such as those obtained by reducing from higher dimensions, the
JT /Random matrix duality [4] should be interpreted in the same spirit.

It would be useful to have more examples of averaged CFTs in order to explore these
issues further. The original Narain duality has been extended in several directions recently,
to include chemical potentials [26], orbifolds of free bosons [27], and more general quadratic
forms [28] (see also [29-33] for related progress). In this paper, we generalize the Narain
duality to an ensemble of CFTs defined by the moduli space of the SU(N + 1), WZW



model deformed by exactly marginal current-current operators. The action is

N
Sawzw = Swzw + Z Aij /d2zJZ(z)JJ (2), (1.1)

1,j=1

where J? are the Cartan currents. These deformed WZW models are exactly solvable, as
described by Forste and Roggenkamp [34]. The moduli space is easy to describe. WZW
models can be realized as the orbifolds

SU(N + 1)y,

SU(N + 1), = ( U~

X TA) /Ty, (1.2)
where the first factor is known as a generalized parafermion theory [35, 36], T is a Narain
CFT, and I'y is a discrete group. The current-current deformation acts only on the T
theory. Therefore the moduli space of deformed WZW models is locally identical to the
Narain moduli space (but there are global differences related to dualities). The ensemble
average is defined by integrating over the couplings A;; with the Zamolodchikov measure.
We will see that the methods used to analyze the averaged Narain theory in [20, 21, 26-28],
based on the Siegel-Weil theorem, can be extended to study this more general ensemble.
The WZW model at level £ = 1 is a theory of IV free bosons, so we recover the Narain
duality in this special case.

Our main result is a simple formula for the averaged torus partition function,

(Zawzw(T)) = > Dl (1.3)

YETw\PSL(2,Z) A

where ‘dWZW’ stands for ‘deformed WZW?, A runs over primaries of SU(N + 1), and cf; is
the string function of the affine Lie algebra. The sum over PSL(2, Z) in this formula suggests
a holographic interpretation as a sum over 3-manifolds. We will not have much to say about
the bulk theory, but based on the partition function we conclude that perturbatively, it
should be a theory of U(1)2" Chern-Simons fields coupled to topological matter dual to the
parafermions. The U(1) sector and the parafermion sector are coupled only in the sense
that they are correlated by the sum over manifolds. The non-perturbative definition of the
bulk theory is incomplete, similar to the Narain duality.

It is remarkable that the final answer (1.3) is so simple. This is a consequence of various
cancellations. Note that the parafermions do not directly participate in the averaging
procedure, but nonetheless their characters, which are proportional to cf;, provide the seed
for the sum over manifolds.

This duality has some nice features beyond the original Narain duality. CFTs in the
ensemble generically have U(1){, x U(l)ﬁ\{ght symmetry, like the Narain duality, but a
larger central charge, ¢ > N. There are non-conserved primary operators coming from the
parafermion sector that survive the averaging procedure, so the bulk theory has matter
fields. This allows for the study of averaged correlation functions, although we will not
pursue this here. (Correlators were also studied recently in an orbifolded version of the
Narain duality and found to have an interesting correspondence to rational tangles [27].)



Also, since there is a coupling constant 1/k, the theory has an 't Hooft-like limit N, k — oo.
This limit resembles earlier versions of higher-spin AdS/CFT [37, 38]. Finally the WZW
models appear in various contexts in string theory, and we view our result as a step toward
averaging more general sigma models. Any sigma model with enough symmetry can be
recast as an abelian coset of a WZW model [39], so at least these cases should be tractable.

An intriguing aspect of averaged holographic dualities is the interplay with global
symmetries and the swampland [10, 40-43]. The arguments against global symmetries in
quantum gravity [40, 44-47] do not apply to ensemble-averaged theories, because factor-
ization fails, and black hole evaporation is not unitary in the usual sense. Thus global
symmetries can arise after averaging.

The pattern in the Narain duality and deformed WZW duality is a bit different from
the case of JT/Random matrix duality. At the perturbative level, the bulk theory has an
apparent global symmetry O(N, N) rotating the Chern-Simons fields. The moduli space
that defines the CFT ensemble is a quotient of the same group, O(N, N). Therefore by
summing over topologies, we end up averaging over the apparent global symmetry group of
the bulk theory. It is an interesting question whether this pattern applies more generally
to theories of quantum gravity with apparent global symmetries. Perhaps whenever a bulk
theory appears to have a global symmetry G, the sum over topologies induces an average
over G. This is related to observations in [40-42] that symmetries of the ensemble can
appear as global symmetries in the bulk.

The outline of the paper is as follows. In section 2 we review current-current defor-
mations of WZW models, and set up the calculation of the average. Unlike in [20, 21|, we
must consider twisted sectors of the Narain factor. Therefore in section 3 we calculate the
average partition function of a toroidal CFT with twisted boundary conditions (this result
stands independently and could be useful in other ensembles). In section 4 we return to
the WZW model and derive the average partition function quoted above in (1.3). We also
consider the averaged spectrum. Section 5 is a discussion of the holographic dual and some
open questions.

2 Current-current deformations of WZW models

2.1 WZW model as orbifold

Wess-Zumino-Witten (WZW) models are 2d rational CFTs associated to affine Lie
groups [48-52]. We will restrict to the case of SU(N + 1); with a diagonal spectrum,
but it should be straightforward to extend the analysis to other compact (and possibly
non-compact) groups. The central charge is

_ kN(N +2)

CTREN+L 21)

The level k is a positive integer, and we assume N > 2 because as we will see, otherwise
the average is ill defined. Denote the root lattice of SU(NN 4 1) by @ and the weight lattice
by P. Let e; be the simple roots and e’ the fundamental weights, with e’ - ej = (5; Our
convention is to suppress indices on lattice vectors but write other indices explicitly.



The torus partition function is a finite sum of affine characters,

Zwzw(T) = Y ha(n)?, (2.2)

+
AEP;

where P C P are the (finite parts of) integrable highest weights at level k, which cor-
respond to Young tableaux with at most k boxes in the first row. Representations of the
affine Lie algebra §i decompose into representations of the coset g/ 6, where § is the Car-
tan subalgebra of g. This underlies the orbifold construction in (1.2). Primaries in the
WZW model decompose into the parafermions and toroidal bosons as

we P viiev). (2.3)
REP/KQ

Thus the characters can be expanded in theta functions,

)= D u(m)bu(r) (2.4)

REP/KQ
where the coefficients c/); are called string functions, and
B(r) =Y qarlethd)? (2.5)
0eQ

with ¢ = e2™7. The string functions are complicated objects, but they have relatively nice
transformation laws under SL(2,Z) [53]. Up to a factor of (7)%, the string functions are
the branching functions for the g/ b coset.

An orbifold representation of WZW models as in (1.2) was described by Forste and
Roggenkamp [34], following earlier work in [35, 39, 54]. We will use a slightly different
construction (see appendix A for a comparison). The orbifold group is

Ty = Q/kQ. (2.6)

To describe its action on the Hilbert space, let G% = ¢;-e; be the Cartan matrix and define
the antisymmetric matrix B?j = G% for ¢ < j, B% = —G% for ¢ > j. Denote

B’ =¢'Blel . (2.7)

Below we will use the shorthand BY3 := eiB%(ej - ). The symmetry v € I'j, acts on the
(left ® right) parafermion Hilbert space as

ij ® Vfi _ ez’m-(uw)/k—z’m-BO~<u—m/kV§5 ® vfi (2.8)

and with the opposite phase on the bosons. The partition functions of the two factors,
twisted by group elements «, 8 € Iy, are

1 ira-(2u—p—B° = —
Zéf,f;(f):mm(ﬂlm ST ST e @uAmBAk e Tk 4 (7) (2.9)
XePf neP/kQ
- —ira-(2u—B—B° ) =
Z2 () = In(r)| 72N N et QueA=BA kg (1), _5(7) (2.10)
HEP/KQ



for the parafermions and the free bosons, respectively. These combine to reproduce the
WZW model partition function (2.2) by summing over twisted sectors and dividing by the
order of I',

Zwaw (1) =k N Y ZyG(T)Z5s(7). (2.11)
o BEQ/kQ

For more details and some useful string function identities, as well as a comparison to
Forste and Roggenkamp, see appendix A.

The free boson sector is a toroidal CF'T, so we can rewrite Z} A g As a sum over a Narain
lattice. By plugging (2.5) into (2.10) we see that the lattice is

1 / /
A:ﬁ{(x,x)EPxP]x—x € kQ}. (2.12)

This is an even self-dual lattice in RV

, with the inner product

(Ads An) - (s pm) = A iy — A - i (2.13)
where each entry is a vector in RY. Define the Siegel-Narain theta function

(a,b.7) Z (]% (A+b)2 q% A+b)36—2wia-(>\+%b)_ (2.14)
AEA

The twisted boson partition function given in (2.10) is

Zys(1) = In(m)| 72N O (w(@), w(B), 7). (2.15)

The twists «, 8 are vectors in RY while w(a), w(8) are vectors in RNV, In (2.15) they are
related by!

w(a) = (14 BYa, (—14+ B%a). (2.16)

2f

These twists are special in that they lie in the lattice ($A)/A and satisfy
w(a)? = w(B)* = w(a) - w(B) =0 (2.17)

under the Narain inner product. More details on the Narain lattice of the WZW model
can be found in appendix B.

2.2 Current-current deformations

The orbifold representation allows for a straightforward analysis of the moduli space of
current-current deformations [34]. The conserved currents of the WZW model are J%(z)
and J%(%z) with @ = 1...dim g running over the generators of the Lie algebra g. Currents
in the Cartan subalgebra, which we denote Ji(z) and J/(Z) with 4 = 1...rank g, are

+ kd, pu + k&') — Ao where p € P/kQ, §,8' € Q, and

!Derivation: starting from (2.14), write A = —=(u
p= (1 + B%)3 € P. Now plugging in the twists (2.16)

1

7
the shift is by the lattice vector Ao = ﬁ(p, p) with
immediately gives (2.10).



mutually commuting. Therefore for SU(N + 1), there are N? exactly marginal operators,
Ji(2)J7(Z). The WZW model deformed by these operators as in (1.1) is conformal for
finite values of the couplings A;;. (Conformal invariance would be broken if we deformed
by non-commuting currents.) The deformations modify the spectrum but leave the OPE
coefficients unchanged [34, 55].

In terms of the orbifold, the Cartan currents live in the Narain factor, so the deforma-
tion acts only on 7). The deformed WZW models are therefore orbifolds [34]

SU(N + 1),

dWZW = ( U~

X TOA) /Tk, (2.18)

where O € O(N, N) deforms the Narain lattice A. The partition function is

Zawzw(r) =k > ZPE(n)Z9%(r), (2.19)
o,BEQ/KQ
where
Z9%(r) = n(r)| 2N ©on (Ow(a), Ow(B), 7). (2.20)

Note that the deformation rotates the vectors w(«),w(S). This is required in order for
Zgg to stay in a fixed, finite-dimensional representation of SL(2,Z) after the deformation,
so that the full partition function Zgwzw remains modular invariant. In other words,
the coordinates of the vectors w(«),w(3) are held fixed under deformations, but the basis
vectors depend on moduli.

This construction implies that the moduli space of deformed WZW models is locally
identical to the Narain moduli space. Globally, the full moduli space is

M = O(N) x O(N)\O(N, N)/Dualities , (2.21)

where O(N) x O(N) are rotations acting individually on the two blocks of RV:Y. For a
Narain theory alone, the duality group would be the automorphism group of the original
lattice, which is isomorphic to O(N, N,Z). In the deformed WZW model there are further
restrictions on the dualities because the OPE coefficients must be preserved, so in fact for
N,k > 1 the duality group is a finite subgroup of O(N, N, Z) [34, 39].2

2.3 Setting up the average over moduli

Under the Haar measure, the moduli space M has infinite volume for & > 1, because the
symmetric space O(IN) x O(N)\O(N, N) has infinite volume and the duality group is finite.
This is in contrast to the Narain moduli space, which has finite volume for N > 2. These
moduli spaces are locally identical, but in the deformed WZW model, the duality group is
finite so M is generally much larger.

2Curiously, this means that for each point in the Narain moduli space, there is an infinite set of inequiv-
alent CFTs that all have the same partition function. Although the OPE coefficients are preserved by the
deformation, the CFTs are inequivalent because the assignment of OPE coefficients to Virasoro primaries
of given weight gets reshuffled by elements of O(N, N, Z).



To average over the moduli space of the deformed WZW model we must regulate this
infinity. Fortunately, for the partition function there is a natural choice: we simply average
over the Narain moduli space instead,

M' = O(N) x O(N)\O(N,N)/O(N,N,Z). (2.22)

This is well defined because the partition function has the full O(N, N,Z) invariance. For
N # 1 and k # 1, it divides the average over M by an infinite constant. Thus we define
the ensemble average partition function by

(Zawzw (7)) = w d(moduli) Zgwzw(7) . (2.23)

We emphasize that this is our choice of ensemble. Any observable can be averaged over this
ensemble, although for general observables sensitive to the OPE coeflicients, the result may
depend on the choice of fundamental domain for O(N, N,Z). For the partition function
this not an issue.® Only the boson factor depends on moduli, so

(Zawzw (1)) =k~ N[n(r)[ 72 Y0 ZEG(7)(Oa(w(a), w(B), 7)) (2.24)
a,B€Q/kQ

We will carefully define and calculate (©,) in the next section and return to the WZW
model in section 4.

3 Averaging twisted theta functions

Our first task is to compute the average over moduli space of a Siegel-Narain theta function,
with nonzero twists (a,b). The twisted sectors with a = 0 were treated by Siegel, and
interpreted holographically in recent work generalizing the Narain duality to orbifolds [27]
and general lattices [28]. The main new element here is to allow for independent a and b.

3.1 Siegel-Narain theta functions

Although we already defined the Siegel-Narain theta function in (2.14), this definition
is inconvenient for averaging because the twist vectors depend on moduli. We will now
introduce a more convenient notation similar to Siegel’s.

Let S,,, be a semi-integral quadratic form, i.e., a symmetric matrix with integers on the
diagonal and half-integers off the diagonal. For any positive definite matrix H,, satisfying
HS~'H = S, define the theta function

. . 1
n 7 v v i y v v (o V v
e} ,S( M,b“, ) 2 : e 2m 7o Hpy (R 401) (0¥ +0Y)+2miTy Sy (n# +b04) (0¥ +b") —4miSy ak (n¥ + 5 b )7

nHeZ2N

(3.1)

3That is, let F be any fundamental domain for O(N, N,Z) in the quotient (2.22). Any observable,
including correlation functions or higher genus partition functions (connected or disconnected) can be
averaged over F with the measure induced by the Haar measure. This therefore defines an ensemble of CFTs,
which is not limited to the torus partition function, but agrees with (2.23) for this particular observable.
The choice of F is of course not unique, so we obtain many inequivalent ensembles in this manner.



where a* and b* are vectors in RZN called characteristics or twists, and 7 = 7 + i with
71 € R and » € Ry . We will assume S, has signature (N, N) with N > 2.

Siegel developed a formalism to analyze general semi-integral quadratic forms, not
necessarily associated to self-dual lattices [56-58]. We are interested in the self-dual case
relevant to Narain lattices (but we will end up using Siegel’s more general result at an
intermediate step). The quadratic form associated to Narain lattices is

1 0 1yxn
T, =—- , 3.2

and the moduli of the Narain lattice are encoded in the block matrix H as

G! ;G7'B
H, = 2 :
: ( —1BG™! (G- BG7'B) ) (3:3)

where Gj; is the metric and B;; is the antisymmetric B-field. We will denote the inner
product with the Narain quadratic form by

<$, y> = ij;p“yy . (34)

The theta function O 7 is identical to the Siegel-Narain theta function written as a sum
over lattice points in (2.14),

®H7T(a“,b“,7) = @A<CLMU#,()NU#,7) (3.5)

where the vectors U, are the basis vectors of the Narain lattice as in appendix B. The
notation © y 7 is more convenient for doing the average because the coordinate a* is rational
and independent of moduli, unlike the vector a = a*U, as explained around (2.20).

To describe the modular transformations of O, let

= <ch 2) € SL(2,Z). (3.6)

at
oo (). o

The Siegel-Narain theta function for an even self-dual lattice of signature (N, N) trans-

Package the twists into a vector

forms as
@H,T(’YAM,’YT) = ‘CT + d’N@Hj(AM, 7') , (3.8)

where v acts on 7 by fractional linear transformations and on the vector A* by ordinary
matrix multiplication,

fr+yg fat + gbt
= AP = ) 3.9
[ 7 cat + dbt (39)
The formula (3.8) is equivalent to the statement that the combination ©/|n|?" appearing

in the partition function of free bosons is modular invariant, so long as we transform both
7 and the twists.



3.2 Calculating the average

The definitions and transformation rules above hold for arbitrary twists a and b. For generic
twists, the action of modular transformations on ©y 7 produces an infinite dimensional
representation of SL(2,7). However we will be interested in special cases where this action
truncates and the representation is finite-dimensional. This occurs when a*, b* are rational,
because if b* = cat + db* is integral, then the shift by o’ in the theta sum is trivial. We
therefore restrict to 1 1

at € EZQN, W e EZW, (3.10)

where k is a positive integer (which will eventually be identified as the WZW level).
We would like to calculate the average over Narain moduli space,

(Op(a", b, 7)) = /dH Opr(ah b, 7). (3.11)

The integral is over the moduli space O(N) x O(N)\O(N,N)/O(N,N,Z), and dH is the
Haar measure normalized by the volume of the moduli space. We will not need the explicit
formula for the measure but it can be found in [21, 56-58].

Siegel calculated the average for a = 0. Fortunately turning on nonzero a is a straight-
forward generalization, and the integral can be calculated by any of the various methods
described in [20] and [21], or (with somewhat more difficulty) by reducing it to a finite sum
of Siegel averages. Whatever method we use, the basic idea is that (©7) is determined
by its singularities as 7 approaches rational points on the real line, 7 — —%, and these
singularities are fixed by modular transformations. We will first use this intuition to guess
the answer, and then sketch the rigorous derivation below.

For ¢ # 0, the SL(2,Z) transformation v = (Jcc g) acting on 7 maps the point —%l to
100. For nearby points,

d
T=—- + 0T, |oT] < 1, (3.12)

the transformation rule (3.8) gives
Our(A*, 1) ~ |cr +d| N Ou r(vA*, i) . (3.13)

The corrections to this formula are exponentially suppressed as 7 — 0. Furthermore, the
theta function evaluated at 7 = ioco projects the sum onto contributions with zero scaling
dimension (where the scaling dimension is the quantity multiplying —27 72 in (3.1)). In an
untwisted theta function, this would project onto the zero vector n* = 0, corresponding to
the ground state of the CFT. In a twisted theta function, © g r(a*, b, ic0) is nonzero only

2mi{a,b)

if b € Z?N, in which case it is a pure phase e . Thus for 7 &~ —d/c, the result up to

exponentially small corrections is
Ou (A", 1) = |er + d| N e2rilfatgbeatd) 5 cqr 4 bt e 7) (3.14)

We use the shorthand

6(xeY):{1 ifrey (3.15)

0 otherwise



The right-hand side of (3.14) appears to depend on f, g, but this must be illusory because
the left-hand side depends only on d/c. To make this manifest, assume w.l.o.g. that ¢ and

d are coprime, and write

where m € Z and d* is the inverse of d modulo c. This is possible because dety= fd—gc=1.
The phase becomes

o
— 22 4b, b) + 2mimica + db, ca + db)| . (3.17)
C

o
exp |—2mi{a,b) + ﬂd*(ca + db, ca + db)
c

When the d-function is satisfied, the quantity multiplying m is 27i X (integer) so it drops
out, and we now have an expression that depends on only ¢ and d.

We are now ready to compute the average. The magic of the Siegel-Weil formula is that
the average is simply equal to the sum over singularities, so the natural guess from (3.14) is

(Or(a* b, 7)) =6 €Z)+ Y. ler+d| Ni(cat + db* € Z) (3.18)
(e,d)=1,e>0

21 271
X exp [—2m’(a, b) + %d*(ca + db, ca + db) — %d(b, b)

This turns out to be correct. It is a generalization of the non-holomorphic Eisenstein series.
We have included the cusp at infinity separately in the first term.

The answer simplifies for twists living in just one of the two blocks of the Narain inner
product in (3.2). Suppose that in this basis a* = (0,a’) and b* = (0,b%) with a’,b' € +Z".
This subspace is preserved under modular transformations, and within it all twist inner
products vanish, (a,a) = (b,b) = (a,b) = 0. Therefore in this case

o 1 ) .
(Or(a',b', 7)) = 3 > Jer+dNo(ca' +db' € 7). (3.19)
(e,d)=1

The twists that appear in the deformed WZW models are of this type. In the notation of
section 2,

(Oa(a,b, 7)) = % > Jer+d No(ca+db € A), (3.20)
(e,d)=1

when a? = b2 = ¢ - b = 0. In this formula, A on the right-hand side should be interpreted
as the original, undeformed lattice with respect to which (a,b) are defined. Equivalently,

(Oa(a,b,7)) = Im 7)" 2 3" (Im y7)V/%5(ca+ db € A), (3.21)
YEL s \I'

where I' = PSL(2,Z) and I's is the abelian group generated by ({}). For prime k, this
expression simplifies further and becomes an Eisenstein series for the congruence subgroup
Io(k) as we will discuss in section 4.3.

~10 -



3.3 Derivation

We will now sketch the proof of (3.18).

We are calculating the average for a self-dual lattice, with both twists a and b non-zero.
Siegel solved a slightly different problem: the average for an arbitrary lattice, with only b
non-zero. We will show that our case can be reduced to Siegel’s.

First let us state Siegel’s main theorem in a convenient way (see [56-58] for the original
papers, and [59] for a review in English). Let S, be a semi-integral quadratic form of
signature (N, N) and choose b* such that 25,0 € Z. The leading behavior of the theta
function near rational points 7 — —% (with ¢ # 0) is of the form

Ows(0,0",7) ~ |er 4+ d| "N Rs(c, d, b"). (3.22)

Crucially, the right-hand side is independent of the moduli matrix H,,,. The coefficient Rg
is derived by Poisson summation of (3.1) and is known in closed form, but for our purposes
it is enough to know that it exists. (See appendix C for the formula.) Siegel’s theorem
states that the average over moduli space is the non-holomorphic Eisenstein series defined
by summing over singularities,
(05(0,0", 7)) =6 €Z)+ > Jer+d| VRgs(c,d, b"). (3.23)
(¢,d)=1,c>0

As advertised, the theorem requires a = 0 but allows for a general quadratic form S.

Fortunately we can recast our problem into this form. We want to calculate the average
of ©g r(a*,b*, 7) where a* € %ZQN, b e %Z2N for k € Z, and T}, is the Narain quadratic
form (3.2). By decomposing the theta sum into residue classes modulo k, n* = km* + r#,
we find

Our(a t,r)= 3 e G,y ey (o, (3.24)

b+t )
s, T
ree(Z/kZ)2N

k
The twists in the expression on the right-hand side satisfy the assumptions of Siegel’s
theorem: a’* = 0, and 25/, b € Z where S, = k*T),, and b'* = Z(b" + ). We can
therefore apply (3.23) to find the average

(Or(a", b, 7)) = (b € Z) (3.25)
. [l
+ > e+ d|=N > e a2 b R o (c, d, b—;{j—r) .
(¢,d)=1,c>0 rie(Z/kZ)2N

Next, we could plug in Siegel’s formula for Rg on the right-hand side, but there is a
shortcut. This is a sum over singularities at rational 7. We argued around (3.14) that
these singularities are fixed by modular invariance of © i 7 and are independent of moduli.
So there is no need to recalculate them: the final answer must be (3.18). This completes
the derivation.

As a consistency check, we perform the explicit sum of Siegel’s Rg in appendix C for
the case relevant to the WZW model, and (after quite a bit of effort) recover the simple
formula (3.19). In the appendix we also sketch a self-contained derivation of our averaging
formula using the method of Maloney and Witten [20] which turns the averaging integral
into a differential equation.
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4 Averaging the deformed WZW model
We now return to the deformed WZW model by assembling the results of sections 2 and 3.

4.1 Partition function

In section 3 we derived

(On(w(a),w(B),)) = ()™M > (Im y7)V?5(ca +dB € kQ). (4.1)

YET o \I"
Here we have applied (3.21) to the WZW model, i.e. to the Narain lattice (2.12) with twists
defined in (2.16). To translate the J-function we used (B.11). Combining this with (2.24)
we have

1

awnr)) = e

S ZPE(r) Y (Imyn)N25(ca + dB € kQ).
@,B€Q/kQ YELo\T'
(4.2)

This is not quite the final answer. The average can only be ascribed a natural holographic
interpretation if it can be written in the form >, Zo(y7) for some function Zp(7). We will
see that it can.

The parafermions satisfy the same modular transformation rule as the bosons,

ZEE(7r) = ZEF(vr)  with ((’;) = (g) . (4.3)

1

Therefore

(Zawzw (7)) =

ZEPE (yr) (Im y7) V26 (ca + dB € kQ)
N/2 Z (v g

kN7 2 (1) 2N @,B€Q/kQ 7ET AT

(4.4)

By a simple change of variables we can replace the sum over «, 8 by a sum over v, ¢,

1

SN ZER(n)Im )N 256 € kQ),  (45)

(Zawzw (7)) = —
N7y 2 |n(r) 2N 1,$€Q/kQ vET oo\

in which only ¢ = 0 contributes. Now we plug in the parafermion partition function (2.9),

(Zawzw (1)) = N+1 N 1DEN Z Z Z Z 2ml'”/k|0 (yr)I? (4.6)

AePF nEP/kQvEQ/kQ vET oo\

Summing over v sets u = 0 and contributes a factor of |P/kQ| = (N + 1)k, giving our
final answer

(Zawzw (7)) = > D lg(y)]*. (4.7)

V€l \I' e PF

This is the result quoted in the introduction.
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4.2 Average of an individual affine representation

The average contribution of a single WZW primary, {|x(7)|?), also has a Siegel-Weil
formula. The string functions for integrable representations at fixed level transform in a
finite-dimensional representation M of SL(2,Z) [53, chapter 13]:

! /
n(m)Nep(m) =n(yr)N DY MK (Ve (7). (4.8)
A’ePI:r
WEP/KQ
Repeating the steps from (4.2) to (4.7) we find
A A _ _
ba@P)y = > Yo M (M2 (Ve (v (v7) - (4.9)
'YGFOO\F /\1,/\2€P1j_
p1:12€P/kQ

This is a Siegel-Weil formula for the mod-squared characters of an affine Lie algebra.

4.3 Average spectrum for prime k

We will now rewrite the result in a way that makes the spectrum of the average theory
easier to discern. The average spectrum will of course be unitary, because we are averaging
an ensemble of unitary CFTs with a positive measure. This was not the case in pure
gravity [60], where the starting point was a Poincaré series rather than an ensemble of
CF'Ts, and indeed the Poincaré series for pure gravity led to a negative density of states in
some regimes [61].

We restrict to prime k in this section, for technical reasons that will become clear. As
the string functions are complicated functions that in general don’t have closed analytical
forms, we will do the analysis starting from (2.24), instead of (4.7).

The Poincaré sum for the averaged theta function (3.21) only has contributions from
coprime (c¢,d) such that ca + df € kQ. For prime k, this condition can only be satisfied
when the twists are colinear vectors. Therefore the important averages are

fo(T) = (©4(0,0,7)) (4.10)
f(7) = (Or(w(@),0,7))  (a#0)
9(1) = (©A(0,w(B), 7))  (B#0)

f and g are independent of the twists, because for example the condition ca € kQ is
equivalent to k|c for any a # 0. The only other non-zero averages for prime k are

g(T_h) = <@A(w(hﬁ)’w(ﬂ)v7-)v (411)

forh=0...k—1.

A useful observation is that the basic ingredients fy, f, g are all proportional to Eisen-
stein series. The untwisted term fj is the non-holomorphic Eisenstein series for SL(2,7Z);
this is the same quantity that appears in the Narain duality [20, 21]. The twisted average
f is proportional to an FEisenstein series for the congruence subgroup

F“M:{<ZZ>EF
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These Eisenstein series depend on a choice of Dirichlet character mod k. For the character
X, the real-analytic Eisenstein series is defined as

By(r,s5x) = > x(@)(Im 7). (4.13)
YETao\o (k)

Elements of I'so\I'g(k) correspond to coprime pairs (¢,d) with ¢ = 0 mod k. Therefore,
for the principal character xo(d), defined to be 1 if (d, k) = 1 and 0 otherwise, we have

Ey(7,s) := Ex(7,8;x0) = Z (Im ~7)° (4.14)
'YEFOO\FO("J)
1
= 5(Im T)° Z lckT + d) "> x0(d) . (4.15)
(e, d)=1

To relate this to the averaged theta functions, first consider o # 0, 8 = 0. We found the

average

f(1) = (Op(w(a),0,7)) =1+ Z ler +d| N (ca € kQ)

(C7d):1,0>0 (416)
_ —N/2 N
= (Im 7) (T, 5) :
Similarly for nonzero S,
9(1) = (OA0,w(B), 7)) = D ler +kdVxo(e), (4.17)
(¢,d)=1,c>0

_1 N
T 2

expressed in terms of the Fisenstein series for SL(2,Z). In appendix D we derive the

which is proportional to Ej( ). The Eisenstein series at prime level can be easily

relations

1) = o (Ko (k) — fo () (418)

90 = (5 (3) — fon))

Now we will use these results to rewrite (Zqwzw) in a way that makes the spectrum more

apparent. Recall that the averaged partition function is

(Zawzw (1)) = k=N |n(r)| 72N Z ZOIZE(TX@A(w(a), w(B),7)). (4.19)
a,BEQ/kQ
At prime k,
(Zawzw (7)) (4.20)
k—1
- vt | AR 10 Y 2@+ Y S A e - b
"ok’ "ok "
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Plugging in the twisted parafermion partition function (2.9), this becomes

(Zawzw(r)) = > (fh(T)\cO )P+ ha(r) Do len(nP+ Y e (P (7 ))

Xept H#0 a#0,p
(4.21)
where
m(r) = oy (fo(r) + (B ~ ) >) folk) (4.22)
ha(7) = ,%N (fo(r) = f(7)) = kN 1 (fo(m) = fo(k)) (4.23)
(1) = /%N 3 el Gk — p) (4.24)
h=0

The full spectrum is thus a convolution of the parafermion spectrum with that of hy, ho,
and h5“. The latter spectra can be found by a Fourier transform. The Fourier expansions
of hy and hy are given in (D.19) and (D.20). They are manifestly positive, and they have
continuous spectra starting at the unitarity bound. Finally, consider the hg term in (4.21).
The Fourier transform of g(7) is

)= go(ra)e™m/k (4.25)
lez
where the coefficients gy are given in (D.16) and (D.17) and are also manifestly positive.
Performing the sum over h, we get

Z Z cl’)’ () = KN Z Z c agl QWil%é(l—a-u%—agﬂek‘Z)
Xep aFOu A, #0 I=—00
(4.26)
Although the exp(2milT; /k) is not periodic under 73 — 71 + 1, the full expression is peri-
odic indicating a spectrum with integers spins, because the string functions obey (see for
example [52, §14.5])

N1+ 1)) _o(F + 1) = @ 2a/k A (A (7). (4.27)

To summarize, for prime k, the average partition function is (4.21), where the coeffi-
cients hq, ha, h4™® are all known explicitly and we have given their Fourier expansions. The
spectrum is unitary, continuous, and consists only of integers spins. Of course the spectrum
of the deformed WZW model is unitary and integer-spin at any point in moduli space, so
these features were guaranteed by the setup. The continuous spectrum is a consequence
of averaging.

5 Discussion of the holographic interpretation

A natural ansatz for the partition function of 3d gravity is the Poincaré series [60]

Z ZO(’YT) ’ (51)

V€L \T
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where Zy(7) is the perturbative partition function of bulk fields on the solid torus with com-
plex structure 7 at infinity. The solid torus is a Euclidean black hole, and the Poincaré sum
is interpreted as a sum over the Maldacena-Strominger family of SL(2,Z) black holes [62].
In a general theory of 3d gravity there are additional contributions to the path integral,
but (5.1) might be sufficient (or at least dominant) in simple examples. The averaged
partition function of Narain CFTs takes this form; this observation is the starting point for
the Narain duality proposed in [20, 21] (see also [63, 64] for earlier efforts to apply Poincaré
series to rational CFTs). A similar sum can be used to calculate indices in supersymmetric
theories [65, 66], but in the present discussion, Z is not holomorphic in 7.

We have shown that the averaged partition function in the deformed WZW model
(Zawzw) can also be written as a Poincaré series. This suggests a holographic interpreta-
tion. To succeed, we need a three-dimensional theory for which the perturbative partition
function on a solid torus is

Zo(r) = 3 (). (5.2)

Xept

Let us reorganize this into

ZO(T) ( |2N Z |b0 ’ (53)

epPt

where b;}( )y =n(m)Ve ( ) is the branching function of the SU(N+1);/U(1)" coset, i.e., the
parafermion character. We have factored out the term |n(7)| =2V, which is the perturbative
partition function of three-dimensional U(1)?¥ Chern-Simons theory [20, 21, 67]. For k = 1,
the branching functions are trivial and there is only one non-zero contribution to the sum
over A, so we recover the Narain duality. This is expected, because SU(N + 1); lives in the
moduli space of N free bosons.

The form (5.3) suggests that at the perturbative level, the holographic dual of the
average deformed WZW model is U(1)?Y Chern-Simons theory coupled to topological
‘matter fields’ The matter fields should account for the parafermion contribution to (5.3).
There is a well known construction of holomorphic parafermion characters using Chern-
Simons theory [68-71], but what is needed is a non-holomorphic combination of left and
right movers. For abelian Chern-Simons theory this was achieved in [72], but to our
knowledge the nonabelian generalization needed to write a Lagrangian for our bulk theory
does not appear in the literature, so we defer this problem to the future.*

In addition to finding the bulk Lagrangian, there are several concrete directions to
pursue. The duality can be explored at higher genus, as in [21]; the double torus is
especially interesting because it encodes energy spacing statistics of the ensemble [7]. As
mentioned in the introduction, there are nontrivial correlation functions in the deformed
WZW duality that can be studied using methods similar to [27]. It may be interesting to
analyze the thermodynamics of the averaged theory as well. In particular, we have not
calculated the spectral gap or compared to the Cardy formula (see [20] for the Narain
case). Part of our motivation for studying this class of theories is that the symmetry class

4An alternative approach would be to implement the orbifold I'y, directly on the bulk theory, as in [27].
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of theories with U(1)" chiral algebra and ¢ > N interpolates between the pure Virasoro
case and the maximally symmetric case ¢ = N relevant to sphere packing [73, 74]; it would
be interesting to understand whether this ultimately gives insight into the pure Virasoro
limit, relevant to Einstein gravity in three dimensions.

We conclude with a few more general open questions:

1. Is there a non-perturbative definition of the bulk theory, in the Narain duality or the
duality described here, that does not rely on an ad hoc prescription for the sum over
manifolds?

2. Is there a worldsheet interpretation of the ensemble average? The WZW models in
particular appear as worldsheet sigma models. It would also be very interesting to
average over Calabi-Yau moduli, but this requires new ideas [27].

3. Can these methods be extended to non-compact gauge groups? If so, they can be
applied to the SL(2, R)/U(1) black hole [75], or string theory on AdS3 [76]. Current-
current deformations of non-compact CFTs have been studied in, e.g., [77-80].

4. Can these holographic dualities be embedded into string theory? If so, what is the
meaning of the ensemble average? In string theory we expect the dual to be a single
CFT, but it could be useful to introduce an explicit average to calculate certain
observables. For example, maybe the average allows some statistical properties of
the UV theory to be accessed in supergravity.
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A Details on orbifolding

A.1 Comparison to Forste and Roggenkamp

In section 2, we constructed the WZW model as an orbifold by the group T'y = Q/kQ.
This is based on [34], but our orbifold action appears to be slightly different, so here we
will explain the differences.

First, the orbifold group in [34] is described as P/kQ. This is not a significant differ-
ence, because the elements of P/Q correspond to the center of SU(NN 4 1) and act trivially.
In particular, Zf’ g vanishes for either a or 5 in P/Q, so (2.11) can be written as a sum
over a, § € P/kQ, in agreement with [34].

More importantly, the orbifold action in [34] (see also earlier work by Gepner [35])
is defined to be (2.8) without the B° terms. This leads to ambiguities, because the re-
sulting phase depends on the coset representatives chosen for ~, y, g. Our definition of
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the symmetries resolves these ambiguities. To see this, rewrite the phase in (2.8) as
exp (27”( ZR+IMJ + ’yZR”,uJ)) where R;; = %(G?j ¥ B%). The matrices RZ?; have integer
entries, so this is invariant under shifting ~, iz, or i by an element of kQ. Without B°,
there would be a sign ambiguity under these shifts.?

In the rest of this appendix, we elaborate on the orbifold sum, eq. (2.11).

A.2 Vacuum normalization

First, let us explain the normalization of the parafermion partition function in eq. (2.9).
The coefficient, (N +1)~!, is chosen to normalize the vacuum state to have unit coefficient
(see [52, §18.2]). Consider the untwisted partition function of the parafermions:

Zgg (1) = O > > | (A1)

Xept ueP/kQ

Here we prove a useful identity:

Y OY aga=0in Y Y i (r2)

eP} nEP/KQ AeP} neP/kP

This identity can be shown by applying outer automorphisms. The automorphism group
is O(su(N + 1)) = Zny41 whose generator we denote by a. The group acts on affine
weights, but we only care about its action on the finite part of the affine weights. For
A=a" € O(su(N +1)) withn=0...N, this is

a"\ = ke" + wgn A (A.3)

in which {e’} are the fundamental weights, e = 0, and wgn is a Weyl transformation
corresponding to a”. We note that {0} U {ke'} = kP/kQ. Thus, for a given n and pu,
we have

TAgaTmA
2 Cﬂ+kencﬂ+k€” =2 q Won Z}an(ﬂ B) (A4)
xept xept
Z ¢ _"/\—a:")\
Xept
— A2
- Z CuCu—s

+
AeP;

in which we used the fact that ¢/ A# = ¢ in the second equality and cf‘uu = cl); in the third

o
equality. The last equality simply follows from o™ being a symmetry of the set P,j . The

5The twisted partition functions can be calculated from the orbifold symmetries by a standard procedure:
(i) Insert the symmetry into the trace Zao = Tr gag=0~¢/2gr0=¢/24 (i) Act with 7 — —1/7 to find
Zy,a, (iii) Insert a different symmetry to find Zg .. We came upon (2.8) as follows. First we calculated
the partition function of N free bosons with twisted boundary conditions, using standard path integral
methods. This leads to (2.10), and from here one can easily work backwards through this 3-step procedure
to determine the orbifold symmetries.
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equality above means that, for a particular sum of string functions of this kind, we are able
to shift its 1 index by ke’ without changing its value. Thus,

DY D @lis= D D D Curslarss= DL D Culugs

XeP neP/kP Xep 6€kP/kQ neP/kP xept ueP/kQ
(A.5)

We can thus write

Zgg () =@ >0 Y0 lep(n) (A.6)

XeP neP/kP

Finally, if we limit ourselves to u € P/kP, the vacuum term (qq)~¢"*/?* comes en-
tirely from the |cJ| term, whose coefficient is 1. Thus, the partition function is correctly
normalized.

A.3 Orbifold sum

Now we derive eq. (2.11). Using the identity eq. (A.6), we are able to write

FN S ZEE )28 4(0)

,BEQ/kQ

D VD DED DED D ar O N IC

0,BEQ/kQ \e P W EP/KP p€P/kQ

Z Z Z Z o(p—p' € kP)C (7 ) C —B(%)HM(T)Qu—ﬁ(%)

BeQ/kQ xep W EP/kP neP/kQ

D 2 X g s(6u(r)8u-s(7)

BEQ/kQ XeP;f neP/kQ

Yoo > e p()0u(r)0,-p(7)

BEP/KQ Ae P HEP/KQ

=2 | > ™)

reP;t lneP/kQ

=Y @)

xept

= Zwow (7). (A7)

In line 5 we extended the range of the 8 summation because the product of string functions

vanish if § € Q.

B Details on Narain lattices

Denote a vector in A € RVY by A = (Ay,A_), where A, and A_ are each vectors in RY.
The inner product is
)\',LL:>\+'/J/+—)\7')\7. (Bl)

For vectors in RY, the inner product is the ordinary Euclidean dot product.
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RMN can be con-

A Narain lattice is an even self-dual lattice. Any Narain lattice in
structed starting from a Euclidean lattice L € RY as follows. Start with a basis v; for L,
and dual basis v’ for L* satisfying v’ - v = (5; (Each v; is a vector in RY with components
v?, but we will suppress the lattice index a which is raised and lowered with d4.) The

basis for L defines a metric

Gij = V; Uj . (B'Q)
Define the RNV vectors
V’i — (Ui,vi) (BS)
~ 1 : ;
Vi = 5(7)2 + B,-jvj, —v; + Bij’Uj) s (B'4)

where B;; = —Bji. The set of 2N vectors {V?, V;} is a basis for a Narain lattice, Q. The
basis vectors satisfy R ‘ ‘ o

VieVy=46;, VOVI=V V=0, (B.5)
which makes it easy to check that 2 is even and self-dual. The moduli of the Narain
lattice are the antisymmetric tensor B;; and the metric Gj;. There are also O(N) x O(N)

rotations, but these do not affect the CFT or the theta function.
Introduce an index p = 1,...,2N running over all the Narain basis vectors,

U, = (V,V;). (B.6)
Points on the lattice are
A =nlU, = w V' +p'V;, (B.7)

with n# € Z2N. The integers p’ and w; are momentum and winding of the compact boson.

The Narain lattice A associated to the level-k WZW model was defined in (2.12).
The corresponding Euclidean lattice is L = vkQ, so in terms of the roots and weights,
v; = Ve, v' = ﬁei. The moduli are [81]

Gij =kGy;, By =kB) (B.8)

where G?j is the Cartan matrix and B% was defined below (2.7). The basis vectors are

. o . A , A
Vi=—(e"), Vi= \g(ei + B%ej, —e; + B?je]). (B.9)

w(a) = 7a'Vi, w(p) = %BZVZ- (B.10)

where o' = €' - o, ' = €' - 3. In the notation used in section 3, a = a#U, and b = b*U,,,
the components are

o/’) . (B = (6, ;B’) . (B.11)

T =
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C Details on Siegel’s formula

In this appendix we give some more details on Siegel’s averaging formula, and use it to
reproduce our average (3.19) directly from Siegel’s theorem as stated in [59]. We also
rederive our result using the method of Maloney and Witten based on a modular differen-
tial equation.

C.1 The averaging of partition functions © g r(0, b*, )

We start with the case a = 0. Note that @y 7(0,b",7) = Op (0,6, 7). This rescaling
is necessary so that ETb* has integer entries to apply Siegel’s formula. In our basis,
b = (0,b%).

The Siegel-Weil formula [56-59] tells us that

(©r(0,07) = [ dHO1r (0.1, 7) (1)
1 —-N
=ty > dNI-S Rs(ed V)
(e,d)=1,d>0
in which
C
Rg(c,d,b") = Y exp(27r7jgk (g+b,g+b)) (C.2)
g€(Z/dzL)2N

is the singularity coefficient mentioned in eq. (3.23), and derived in [59]. ~, = 0 unless
b = 0, in which case 7, = 1. We note that pairs (c,d) where d > 0 can be mapped to
elements in I'o\SL(2,Z). That is, we write matrices in SL(2,Z) as

y = <J; _9d> . (C.3)

We simplify the last sum of phases as follows. First we write g = (m,n) in which m,n are
N dimensional integer mod d vectors:

Rs (¢, d,b) = Z exp <2m’2k (g+b,g+ b))) (C.4)
g€(Z/dZ)2N

= Z exp (27r7j;km “(n+ b))

m,ne(Z/dZ)N
N d c o
= H Z exp (2mdkmi (n +b ))
=1 mi,nzzl
1 — exp (2mickb’)

- H Z 1 —exp (2migk (n® 4 b))

i=1n;=

This expression is zero if the denominator is not zero because the numerator is always zero.
When the denominator is zero, the fraction is d by "Hospital’s rule. Thus

N
Rg (c,d,b") = d" [[ #{n’ € (Z/dZ)" | kn' + b’ mod d = 0} (C.5)
=1
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Now we have a lemma:

Lemma 1. The number of solutions of
kx +b mod d=0 (C.6)
is equal to (k,d) when (k,d)|b; otherwise it is zero.

Proof. When (k, d) does not divide b, the equation obviously has no solutions; any solution
would introduce a contradiction because one side is divisible by (k,d) and the other side
is not.

Otherwise consider first the case (k,d) = 1. The proposition is obvious because k is
invertible mod d.

Suppose a = (k,d) # 1. Define k' = k/a,d = d/a,b’ = b/a. Then the equation

Kz -+t modd =0 (C.7)

has exactly one solution, xq, with k’zg + 0 = cd’, or kzg + b = cd.

Consider any solution y of the original equation, ky + b = d. This means that k'(y —
xo) = (1 — ¢)d’, so that y — z¢ is divisible by d’. Thus, y = x + pd’; since y € Z/dZ, p can
take values from 1 to a. Therefore there are a = (d, k) solutions.

O]

In the end, we are able to collect all the terms:

1 -N N . o
©rO¥ . =mnty >, 4V %—2 []#{n' € (Z/dZ)N | kn’+b mod d=0}
(¢,d)=1,d>0 i=1
(C.8)
ot a T e )V sk mod (k.d
(c,d)=1,d>0
1 _NIT C -N i
=W+ ow > od Z—g|  Olckb’ mod (k,d))
(¢,d)=1,d>0

The last line is true because b has entries whose numerators are less than or equal to k,
and (¢,d) = 1. Now we write k = (k,d)p,d = (k,d)q, (p,q) = 1. Furthermore we note that
(pc,q) = 1. Then

(Or(0,0",7)) =y + Z lqr — pe| ™V 6 (pekb® mod k) (C.9)
(pc,q)=1,4>0
=w+ > |er—d|"No(dkb' = 0 mod k)
(¢, d)=1,c>0
=%+ Y. |er—dNo(db' € ZN)
(¢,d)=1,c>0

in which in the second equality we have renamed all the variables. It is worth mentioning
that the renaming of the variables do not cause any multiplicity troubles. That is, there is a
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bijection between pairs (¢, d) and pairs (pc, ¢): the map from (¢, d) to (pc, q) is the definition.
The map from (pc, q) to (¢, d) is by observing that (k,pc) = p(k/p,c) = p((k,d),c) = p, so
(k,d) = k/(k,pc) and thus d = k/(k, pc)q, ¢ = pc/(k, pc).

This completes the averaging process for © g 7(0, b, 7).

C.2 The averaging of partition functions @ g r(a*,b*, T)
Now consider the case a # 0. We note the following identity of theta functions:
b 4+t T

Our(a, b, 1))=Y e PO (0, — k)

rie(Z/KL)2N

(C.10)

Here we take the basis a* = (0, a’),b* = (0,b%). We have thus reduced the averaging to the
procedure in the previous section. Note that an k? rescaling as in (3.24) would have been
sufficient for the requirement of the averaging process because 2k?T(b + r)/k has integer
entries; we used a k3 scaling to simplify the following calculations.

We can thus calculate the average

1 —2N|T  C_N
<9T(auv bu77)> =M% + kfﬂiN Z d |% - g| (C]_l)
(¢,d)=1,d>0
x> > e <2m'flk3 9+ + %g+%+%> —2m'<a,2r>)

re(Z/kZ)?N ge(z/dZ)
Again, we focus on the sum of phases.
b b
> > exp (2m’2k3 (g+ % +og % + %> — 27i{a, 2r)> (C.12)
re(Z/kZ)2N ge(Z/dz)2N
da da

= Z Z exp<27ri2k:<k:g+r+b—k,kg+r+b—k))
re(Z/KZ)2N ge(Z/dL)2N ¢ ¢

d d
= Z exp (2m'ck(m+b—a,m+b—a))
2N

me(Z/dkZ) d ck ck
C da da
— Z Z exp<27mdk‘<g+dr+b—k,g+dr+b—k})
re(Z/KZ)2N ge(Z/dZ)2N ¢ ¢
) c da da
= Y exp(—2mid{a,2r)) Y = exp <2mdk (g+b——g+b- Ck>>

re(Z/kZ)2N gE(Z/dZ)2N

In the second line we used the fact that (a,a) = (b,b) = (a,b) = 0. Hence, we can do the
two sums separately,

Z exp (—2mid (a, 2r)) Z exp <2m’2kz (g+b— d—:,g +b— dZ}) (C.13)
re(Z/kZ)2N 9e(Z/dZ)2N ¢ ¢
— 12N i o 7N . _da _da
=k 5(da S/ ) Z exp(27mdk(g+b ck’g+b ck>>
9€(Z,/dZ)2N

= kN5 (da' € ZV) @V (ke,d)™ 6 (ckb' — da’ mod (ke d))
= kNN (e, d)" 5 (ckb' — da’ mod (k,d))
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in which we have omitted the exponential sum that’s exactly the same as the last section.
In the last equality the two delta functions merge: if da’ ¢ ZY, then the last delta function
can never be satisfied.

We can thus plug this result back into the average:

-N
§(ckb—da’ mod (k,d)) (C.14)

T C

1 —N N
(@T(a“,bﬂ,r)>:%+k—N > dN(k,a) E

(e,d)=1,d>0

Similarly we write k = (k,d)p,d = (k,d)q, (p,q) = 1. Thus

Op(a* b, 7)) =%+ > lar - pe| N8 (pckb® — kqb® mod k) (C.15)
(pe,q)=1,4>0
=w+ > |er—d|™Né(cka' — dkb" mod k)
(e,d)=1,e>0
=%+ Z ler —d| N6 (ca® — db* € ZN)
(e,d)=1,e>0

which is the final expression for the averaged classical partition function of the twisted
boson, eq. (3.19)

C.3 Derivation from modular differential equation

For a self-contained derivation of our general averaging formula (3.18), we can also apply the
method of Maloney and Witten [21]. Tt is straightforward to check by a direct calculation
that © 7 in (3.1) obeys the differential equation

0
(AT N2 AM> Ou (A7) =0 (C.16)
019
where Ajy is the Laplacian on moduli space acting on H,, (or Gi; and Bij), and A, is
the hyperbolic Laplacian on the upper-half plane, A, = —72 (88—7_22 + %). Inserting this
1 2

differential equation into the averaging integral (3.11) leads to the eigenvalue equation

(AT +y (*7;7 - 1)) N2 (A 1)) = 0. (C.17)

So far, this is exactly the argument of Maloney and Witten, who considered the case with
trivial twists A* = 0 [21]. All the twisted sectors obey the same differential equation, but
the difference is that with nontrivial twists, © is no longer invariant under SL(2,Z); it
transforms in some finite-dimensional representation. In fact the decomposition (3.24) and
the results of [82, 83] on the a = 0 theta functions tell us that ©y 7 is a modular form for
the congruence subgroup I'(k?).

It is easy to check that the Eisenstein series (3.18) satisfies the eigenvalue equation.
We can also check that (3.18) transforms in the correct representation, as follows. First we
rewrite the average as

(O7(A*, 7)) = (Im 7)~ /2 S (m )N 2Our(vA*, ico). (C.18)
7€l \SL(2,Z)
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Now act on this with ¢ € SL(2,Z) by replacing A* — cA¥,7 — or. By relabeling

1

v — vo~* in the resulting sum, we find

(O7(cA*, o7)) = (Im o)~ N2 (Im 7)N/2(O1 (A", 1)) (C.19)

which is indeed the correct transformation (3.8).

So our (O7) has all the right properties to be the average: it obeys the differential
equation (C.17), has the correct singular behavior, and transforms properly. In fact it is
the unique object with these properties. The proof of uniqueness uses the fact that (Or)
is a modular form for T'(k?) and follows exactly the argument in [21, 28] so we omit it.

D Fourier transforms

In this appendix we calculate the Fourier transforms used in section 4.3 and discuss some
additional properties of the I'g(k) Eisenstein series.

D.1 Fourier transform of fo(7), f(7), and g(7)

As explained in the main text, the functions fy, f, g defined in (4.10) are related to the
principal Eisenstein series for I'g(k). For non-prime k, the Fourier transform can be found
using the methods in, e.g. [84, 85], but in this section we assume k is prime, and in this
case things are considerably simpler. First let us review the situation for the Eisenstein
series for SL(2,7Z). To calculate the Fourier transform of

fo(r) =(OA(0,0,7)) =14+ > Jer+d 7V, (D.1)
(e,d)=1,e>0

the first step is to multiply by ((N), because this converts the sum over coprime (¢, d) into
a sum over unrestricted integers,

C(Nfolr) =C(N)+ > |m7 +n[7. (D.2)

m,n€Z,m>0

Now the Fourier integral is straightforward to calculate, with the result

_ _ I'(N-1)
N = (V) + 22 VNN - )y D.
() folr) = CN) + 2V ar NN = 1) s (D.3)
27TN/2 _ B )
+ ——= Z Jl,N(n)T§/2 N/Q\n|N/2 1/2KN/2_1/2(27r|n|72) exp(2minTy)
I'(N/2) w0
where o5(n) = 374, d° is the divisor function. To repeat this for an Eisenstein series

defined on the congruence subgroups, we first multiply by a Dirichlet L-function. This is
the analogue of ((N) for the ordinary Eisenstein series. The Dirichlet L-function for a
multiplicative character x is defined as

LIN,X) = ), x(m) (D.4)
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For the principal character,
L(N,xo0) = ¢(N)(1 =k~ ™). (D.5)

Now consider

f(1) = (Or(w(w),0,7)) =1+ Z ler 4+ d| "NV (ca € kQ)
(e,d)=1,e>0

N (D.6)
= (Im T)fN/z Ey (T, 2) .
We first multiply by the L-function,
LN x0)f(7) = LN.xo) + 3 xolm)p——o
,X0)f(T) = » X0 Xo(n et £ nV (D.7)

m,ne€z,m>0

The Fourier transform is now straightforward, for any k. For prime k, we can also write
the sum as
1 1 1 1
2 Xo(n)|k:m7—|—n]N = 2 \kmr +n|N kN 2 |mT + n|N

m,neZ,m>0 m,neZ,m>0 m,n€Z,m>0

(D.8)

Comparing to (D.2), we recognize this as the difference of two ordinary SL(2,Z) Eisenstein
series multiplied by ((N). Thus

1

1) = o (W folkr) = fo(r) - (D.9)

The Fourier transform is therefore

2-NaD(N = 1) (k—1) |
KNT(N/2)2 2

L(N,x0)f(t) = L(N, xo0) +

o N/21/2-N/2

C(N — 1) (D.10)

+ T END(NJ2) \ 3" o1on () [N Ky gy (2| )T
n#0
RN/ 3 Ul—N(n)|TL|N/271/2KN/271/2(QW’n’kT2)€27Tiknﬁ)
n#0

Now consider the other twist,

g(1) = (Ox(0,w(B), 7)) . (D.11)
By a modular transformation,
g(r) =7 (=) (D.12)

Using (D.9) and fo(—2) = |7|V fo() we can express this in terms of the SL(2, Z) Eisenstein
series as

g(r)= ﬁ (fo (;) — fo (T)) (D.13)
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Define the twisted divisor function

os(n,x0) = Y, m’xo(m). (D.14)
m|n,m>0
The Fourier transform is
= Y gn)eE (D.15)
l=—00
where
2-NoD(N — D)7V L(N -1,
go(72) = ( 2) 2 Xo) (D.16)
kT'(N/2) L(N, xo0)
and
orV/2r, 1/27N/2 |l|
J|N/2-1/2 1, x0) K <2 2) D.17
qi(72) = kN/2+1/2F(N/2) (N ,XO)H o1-~N(l x0) Kny2-1/2 | 27 L ( )

D.2 WZW coefficients hy; and ho

Now we are ready to calculate the WZW coefficients h; and hy defined in (4.22)—(4.23),

hi(r) = fo(kT),  ha(7) = k‘N 7 (fo(r) = fo(kT))- (D.18)
The Fourier expansions are

22 Npr) N (N —1)T(N — 1)
RN C(N)  T(N/2)?
o7 N/2 112N/

T ENT(N/2)C(N)

(D.19)

]{,‘N/2+1/2 Z 0'1,N(TL)|’I’L|N/2_1/2KN/2_1/2(27T’n‘k7'2)62mkn71
n#0

and

ha(1) =

2_N7T _ Tl*N _ —
22 N7 (N — 1)7) C(NN)l) <1_ k 1) (D.20)

kNT(N/2)2 c( KV 1
onN/2.1/2-N/2
+ 2
(kY — DT (N/2)C(N (

Z o1 N ‘TL|N/2 1/2KN/2 1/2(27T|7”L|k57'2) 27rzkn7—1
#0,kin

+ Z (on-1(kn) —on-1(n)) ‘kn‘1/2N/2KN/21/2(27r‘n‘k7_2)627rikm-1)
n#0

We have rearranged terms in this expression so that the Fourier coefficients are mani-
festly positive.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

—97 —


https://creativecommons.org/licenses/by/4.0/

References

[1] S.R. Coleman, Black Holes as Red Herrings: Topological Fluctuations and the Loss of
Quantum Coherence, Nucl. Phys. B 307 (1988) 867 [INSPIRE].

[2] S.B. Giddings and A. Strominger, Loss of Incoherence and Determination of Coupling
Constants in Quantum Gravity, Nucl. Phys. B 307 (1988) 854 [InSPIRE].

[3] P. Saad, S.H. Shenker and D. Stanford, A semiclassical ramp in SYK and in gravity,
arXiv:1806.06840 [INSPIRE}.

[4] P. Saad, S.H. Shenker and D. Stanford, JT gravity as a matriz integral, arXiv:1903.11115
[INSPIRE].

[5] P. Saad, Late Time Correlation Functions, Baby Universes, and ETH in JT Gravity,
arXiv:1910.10311 [nSPIRE].

[6] D. Marolf and H. Maxfield, Transcending the ensemble: baby universes, spacetime
wormholes, and the order and disorder of black hole information, JHEP 08 (2020) 044
[arXiv:2002.08950] INSPIRE].

[7] J. Cotler and K. Jensen, AdSs gravity and random CFT, JHEP 04 (2021) 033
[arXiv:2006.08648] [INSPIRE].

[8] L. Eberhardt, Partition functions of the tensionless string, JHEP 03 (2021) 176
[arXiv:2008.07533] [INSPIRE].

[9] L. Eberhardt, Summing over Geometries in String Theory, JHEP 05 (2021) 233
[arXiv:2102.12355] [INSPIRE].

[10] J. McNamara and C. Vafa, Baby Universes, Holography, and the Swampland,
arXiv:2004.06738 [INSPIRE].

[11] J.M. Maldacena and L. Maoz, Wormholes in AdS, JHEP 02 (2004) 053 [hep-th/0401024]
[INSPIRE].

[12] N. Arkani-Hamed, J. Orgera and J. Polchinski, Euclidean wormholes in string theory, JHEP
12 (2007) 018 [arXiv:0705.2768] [INSPIRE].

[13] P. Saad, S.H. Shenker, D. Stanford and S. Yao, Wormholes without averaging,
arXiv:2103.16754 [iNSPIRE].

[14] B. Mukhametzhanov, Half-wormhole in SYK with one time point, arXiv:2105.08207
[INSPIRE].

[15] A. Almbeiri, T. Hartman, J. Maldacena, E. Shaghoulian and A. Tajdini, Replica Wormholes
and the Entropy of Hawking Radiation, JHEP 05 (2020) 013 [arXiv:1911.12333] [INSPIRE].

[16] G. Penington, S.H. Shenker, D. Stanford and Z. Yang, Replica wormholes and the black hole
interior, arXiv:1911.11977 [INSPIRE].

[17] A. Ghosh, H. Maxfield and G.J. Turiaci, A universal Schwarzian sector in two-dimensional
conformal field theories, JHEP 05 (2020) 104 [arXiv:1912.07654] [INSPIRE].

[18] H. Maxfield and G.J. Turiaci, The path integral of 3D gravity near extremality; or, JT gravity
with defects as a matriz integral, JHEP 01 (2021) 118 [arXiv:2006.11317] [InSPIRE].

[19] J. Cotler and K. Jensen, AdSs wormholes from a modular bootstrap, JHEP 11 (2020) 058
[arXiv:2007.15653] [INSPIRE].

~ 98 —


https://doi.org/10.1016/0550-3213(88)90110-1
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB307%2C867%22
https://doi.org/10.1016/0550-3213(88)90109-5
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB307%2C854%22
https://arxiv.org/abs/1806.06840
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1806.06840
https://arxiv.org/abs/1903.11115
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.11115
https://arxiv.org/abs/1910.10311
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1910.10311
https://doi.org/10.1007/JHEP08(2020)044
https://arxiv.org/abs/2002.08950
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2002.08950
https://doi.org/10.1007/JHEP04(2021)033
https://arxiv.org/abs/2006.08648
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.08648
https://doi.org/10.1007/JHEP03(2021)176
https://arxiv.org/abs/2008.07533
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2008.07533
https://doi.org/10.1007/JHEP05(2021)233
https://arxiv.org/abs/2102.12355
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2102.12355
https://arxiv.org/abs/2004.06738
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2004.06738
https://doi.org/10.1088/1126-6708/2004/02/053
https://arxiv.org/abs/hep-th/0401024
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0401024
https://doi.org/10.1088/1126-6708/2007/12/018
https://doi.org/10.1088/1126-6708/2007/12/018
https://arxiv.org/abs/0705.2768
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0705.2768
https://arxiv.org/abs/2103.16754
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2103.16754
https://arxiv.org/abs/2105.08207
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2105.08207
https://doi.org/10.1007/JHEP05(2020)013
https://arxiv.org/abs/1911.12333
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1911.12333
https://arxiv.org/abs/1911.11977
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1911.11977
https://doi.org/10.1007/JHEP05(2020)104
https://arxiv.org/abs/1912.07654
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.07654
https://doi.org/10.1007/JHEP01(2021)118
https://arxiv.org/abs/2006.11317
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.11317
https://doi.org/10.1007/JHEP11(2020)058
https://arxiv.org/abs/2007.15653
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2007.15653

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

N. Afkhami-Jeddi, H. Cohn, T. Hartman and A. Tajdini, Free partition functions and an
averaged holographic duality, JHEP 01 (2021) 130 [arXiv:2006.04839] INSPIRE].

A. Maloney and E. Witten, Averaging over Narain moduli space, JHEP 10 (2020) 187
[arXiv:2006.04855] [iNSPIRE].

M.R. Gaberdiel and R. Gopakumar, Tensionless string spectra on AdSs, JHEP 05 (2018)
085 [arXiv:1803.04423] [INSPIRE].

L. Eberhardt, M.R. Gaberdiel and R. Gopakumar, Deriving the AdSs/CFTs correspondence,
JHEP 02 (2020) 136 [arXiv:1911.00378] INSPIRE].

S. Sachdev and J. Ye, Gapless spin fluid ground state in a random, quantum Heisenberg
magnet, Phys. Rev. Lett. 70 (1993) 3339 [cond-mat/9212030] [INnSPIRE].

A. Kitaev, A simple model of quantum holography,
https://online kitp.ucsb.edu/online/entangled15/kitaev/.

S. Datta, S. Duary, P. Kraus, P. Maity and A. Maloney, Adding Flavor to the Narain
FEnsemble, arXiv:2102.12509 [INSPIRE].

N. Benjamin, C.A. Keller, H. Ooguri and 1.G. Zadeh, Narain to Narnia, arXiv:2103.15826
[INSPIRE].

M. Ashwinkumar, M. Dodelson, A. Kidambi, J.M. Leedom and M. Yamazaki, Chern-Simons
Invariants from Ensemble Averages, arXiv:2104.14710 [INSPIRE].

A. Pérez and R. Troncoso, Gravitational dual of averaged free CFT’s over the Narain lattice,
JHEP 11 (2020) 015 [arXiv:2006.08216] [INSPIRE].

A. Dymarsky and A. Shapere, Quantum stabilizer codes, lattices, and CFTs, JHEP 21
(2020) 160 [arXiv:2009.01244] [NSPIRE].

A. Dymarsky and A. Shapere, Comments on the holographic description of Narain theories,
arXiv:2012.15830 [INSPIRE].

[32] V. Meruliya, S. Mukhi and P. Singh, Poincaré Series, 3d Gravity and Averages of Rational

CFT, JHEP 04 (2021) 267 [arXiv:2102.03136] [ixSPIRE].

[33] V. Meruliya and S. Mukhi, AdS; Gravity and RCFT Ensembles with Multiple Invariants,

[34]

[35]

[36]

[37]

[38]

[39]

arXiv:2104.10178 [NSPIRE].

S. Forste and D. Roggenkamp, Current current deformations of conformal field theories, and
WZW models, JHEP 05 (2003) 071 [hep-th/0304234] [INSPIRE].

D. Gepner, New Conformal Field Theories Associated with Lie Algebras and their Partition
Functions, Nucl. Phys. B 290 (1987) 10 [nSPIRE].

D. Gepner and Z.-a. Qiu, Modular Invariant Partition Functions for Parafermionic Field
Theories, Nucl. Phys. B 285 (1987) 423 [INSPIRE].

M.R. Gaberdiel and R. Gopakumar, An AdSs Dual for Minimal Model CFTs, Phys. Rev. D
83 (2011) 066007 [arXiv:1011.2986] [INSPIRE].

E. Kiritsis and V. Niarchos, Large-N limits of 2d CFTs, Quivers and AdSs duals, JHEP 04
(2011) 113 [arXiv:1011.5900] [INSPIRE].

E. Kiritsis, Eract duality symmetries in CFT and string theory, Nucl. Phys. B 405 (1993)
109 [hep-th/9302033] [INSPIRE].

~ 99 —


https://doi.org/10.1007/JHEP01(2021)130
https://arxiv.org/abs/2006.04839
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.04839
https://doi.org/10.1007/JHEP10(2020)187
https://arxiv.org/abs/2006.04855
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.04855
https://doi.org/10.1007/JHEP05(2018)085
https://doi.org/10.1007/JHEP05(2018)085
https://arxiv.org/abs/1803.04423
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1803.04423
https://doi.org/10.1007/JHEP02(2020)136
https://arxiv.org/abs/1911.00378
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1911.00378
https://doi.org/10.1103/PhysRevLett.70.3339
https://arxiv.org/abs/cond-mat/9212030
https://inspirehep.net/search?p=find+EPRINT%2Bcond-mat%2F9212030
https://online.kitp.ucsb.edu/online/entangled15/kitaev/
https://arxiv.org/abs/2102.12509
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2102.12509
https://arxiv.org/abs/2103.15826
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2103.15826
https://arxiv.org/abs/2104.14710
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2104.14710
https://doi.org/10.1007/JHEP11(2020)015
https://arxiv.org/abs/2006.08216
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.08216
https://doi.org/10.1007/JHEP21(2020)160
https://doi.org/10.1007/JHEP21(2020)160
https://arxiv.org/abs/2009.01244
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2009.01244
https://arxiv.org/abs/2012.15830
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.15830
https://doi.org/10.1007/JHEP04(2021)267
https://arxiv.org/abs/2102.03136
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2102.03136
https://arxiv.org/abs/2104.10178
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2104.10178
https://doi.org/10.1088/1126-6708/2003/05/071
https://arxiv.org/abs/hep-th/0304234
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0304234
https://doi.org/10.1016/0550-3213(87)90176-3
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB290%2C10%22
https://doi.org/10.1016/0550-3213(87)90348-8
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB285%2C423%22
https://doi.org/10.1103/PhysRevD.83.066007
https://doi.org/10.1103/PhysRevD.83.066007
https://arxiv.org/abs/1011.2986
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1011.2986
https://doi.org/10.1007/JHEP04(2011)113
https://doi.org/10.1007/JHEP04(2011)113
https://arxiv.org/abs/1011.5900
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1011.5900
https://doi.org/10.1016/0550-3213(93)90428-R
https://doi.org/10.1016/0550-3213(93)90428-R
https://arxiv.org/abs/hep-th/9302033
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9302033

[40]

[41]

[42]

D. Harlow and E. Shaghoulian, Global symmetry, Euclidean gravity, and the black hole
information problem, JHEP 04 (2021) 175 [arXiv:2010.10539] INSPIRE].

Y. Chen and H.-W. Lin, Signatures of global symmetry violation in relative entropies and
replica wormholes, JHEP 03 (2021) 040 [arXiv:2011.06005] [INSPIRE].

P.-S. Hsin, L.V. Iliesiu and Z. Yang, A wviolation of global symmetries from replica wormholes
and the fate of black hole remnants, Class. Quant. Grav. 38 (2021) 194004
[arXiv:2011.09444] [iNSPIRE].

A. Belin, J. De Boer, P. Nayak and J. Sonner, Charged Figenstate Thermalization, Euclidean
Wormbholes and Global Symmetries in Quantum Gravity, arXiv:2012.07875 INSPIRE].

C.W. Misner and J.A. Wheeler, Classical physics as geometry: Gravitation,
electromagnetism, unquantized charge, and mass as properties of curved empty space, Annals
Phys. 2 (1957) 525 [INSPIRE].

J. Polchinski, Monopoles, duality, and string theory, Int. J. Mod. Phys. A 19S1 (2004) 145
[hep-th/0304042] [INSPIRE].

T. Banks and N. Seiberg, Symmetries and Strings in Field Theory and Gravity, Phys. Rev. D
83 (2011) 084019 [arXiv:1011.5120] [INSPIRE].

D. Harlow and H. Ooguri, Constraints on Symmetries from Holography, Phys. Rev. Lett. 122
(2019) 191601 [arXiv:1810.05337] [INSPIRE].

J. Wess and B. Zumino, Consequences of anomalous Ward identities, Phys. Lett. B 37 (1971)
95 [InSPIRE].

E. Witten, Global Aspects of Current Algebra, Nucl. Phys. B 223 (1983) 422 [INSPIRE].

E. Witten, Nonabelian Bosonization in Two-Dimensions, Commun. Math. Phys. 92 (1984)
455 [INSPIRE].

S.P. Novikov, The Hamiltonian formalism and a many valued analog of Morse theory, Usp.
Mat. Nauk 37N5 (1982) 3 [iINSPIRE].

P. Di Francesco, P. Mathieu and D. Senechal, Conformal Field Theory, Graduate Texts in
Contemporary Physics, Springer-Verlag, New York, U.S.A. (1997), [DOI] [nSPIRE].

V.G. Kac, Infinite dimensional Lie algebras, Cambridge University Press (1990).

S.-K. Yang, Marginal Deformation of Minimal N = 2 Superconformal Field Theories and the
Witten Index, Phys. Lett. B 209 (1988) 242 [INSPIRE].

S. Chaudhuri and J.A. Schwartz, A Criterion for Integrably Marginal Operators, Phys. Lett.
B 219 (1989) 291 [INSPIRE].

C.L. Siegel, Indefinite quadratische Formen und Funktionentheorie I, Math. Ann. 124 (1951)
17.

C.L. Siegel, Indefinite quadratische Formen und Funktionentheorie II, Math. Ann. 124
(1951) 364.

C.L. Siegel, On the theory of indefinite quadratic forms, Annals Math. 45 (1944) 577.

C.L. Siegel, Lectures on Quadratic Forms, Tata Institute of Fundamental Research, Bombay,
India (1957).

A. Maloney and E. Witten, Quantum Gravity Partition Functions in Three Dimensions,
JHEP 02 (2010) 029 [arXiv:0712.0155] INSPIRE].

— 30 —


https://doi.org/10.1007/JHEP04(2021)175
https://arxiv.org/abs/2010.10539
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2010.10539
https://doi.org/10.1007/JHEP03(2021)040
https://arxiv.org/abs/2011.06005
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2011.06005
https://doi.org/10.1088/1361-6382/ac2134
https://arxiv.org/abs/2011.09444
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2011.09444
https://arxiv.org/abs/2012.07875
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2012.07875
https://doi.org/10.1016/0003-4916(57)90049-0
https://doi.org/10.1016/0003-4916(57)90049-0
https://inspirehep.net/search?p=find+J%20%22Annals%20Phys.%2C2%2C525%22
https://doi.org/10.1142/S0217751X0401866X
https://arxiv.org/abs/hep-th/0304042
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0304042
https://doi.org/10.1103/PhysRevD.83.084019
https://doi.org/10.1103/PhysRevD.83.084019
https://arxiv.org/abs/1011.5120
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1011.5120
https://doi.org/10.1103/PhysRevLett.122.191601
https://doi.org/10.1103/PhysRevLett.122.191601
https://arxiv.org/abs/1810.05337
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1810.05337
https://doi.org/10.1016/0370-2693(71)90582-X
https://doi.org/10.1016/0370-2693(71)90582-X
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB37%2C95%22
https://doi.org/10.1016/0550-3213(83)90063-9
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB223%2C422%22
https://doi.org/10.1007/BF01215276
https://doi.org/10.1007/BF01215276
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C92%2C455%22
https://doi.org/10.1070/RM1982v037n05ABEH004020
https://doi.org/10.1070/RM1982v037n05ABEH004020
https://inspirehep.net/search?p=find+doi%20%2210.1070%2FRM1982v037n05ABEH004020%22
https://doi.org/10.1007/978-1-4612-2256-9
https://inspirehep.net/search?p=find+doi%20%2210.1007%2F978-1-4612-2256-9%22
https://doi.org/10.1016/0370-2693(88)90940-9
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB209%2C242%22
https://doi.org/10.1016/0370-2693(89)90393-6
https://doi.org/10.1016/0370-2693(89)90393-6
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB219%2C291%22
https://doi.org/10.1007/BF01343549
https://doi.org/10.1007/BF01343549
https://doi.org/10.1007/BF01343576
https://doi.org/10.1007/BF01343576
https://doi.org/10.1007/JHEP02(2010)029
https://arxiv.org/abs/0712.0155
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0712.0155

[61]

[62]

[63]

[64]

[79]

N. Benjamin, H. Ooguri, S.-H. Shao and Y. Wang, Light-cone modular bootstrap and pure
gravity, Phys. Rev. D 100 (2019) 066029 [arXiv:1906.04184] [InSPIRE].

J.M. Maldacena and A. Strominger, AdS3 black holes and a stringy exclusion principle,
JHEP 12 (1998) 005 [hep-th/9804085] [INSPIRE].

A. Castro, M.R. Gaberdiel, T. Hartman, A. Maloney and R. Volpato, The Gravity Dual of
the Ising Model, Phys. Rev. D 85 (2012) 024032 [arXiv:1111.1987] [INSPIRE].

C.-M. Jian, A W.W. Ludwig, Z.-X. Luo, H.-Y. Sun and Z. Wang, FEstablishing
strongly-coupled 3D AdS quantum gravity with Ising dual using all-genus partition functions,
JHEP 10 (2020) 129 [arXiv:1907.06656] [INSPIRE].

R. Dijkgraaf, J.M. Maldacena, G.W. Moore and E.P. Verlinde, A black hole Farey tail,
hep-th/0005003 [INSPIRE].

A. Dabholkar, J. Gomes and S. Murthy, Localization € Ezact Holography, JHEP 04 (2013)
062 [arXiv: 1111. 1161] [INSPIRE].

M. Porrati and C. Yu, Kac-Moody and Virasoro Characters from the Perturbative
Chern-Simons Path Integral, JHEP 05 (2019) 083 [arXiv:1903.05100] [INSPIRE].

E. Witten, Quantum Field Theory and the Jones Polynomial, Commun. Math. Phys. 121
(1989) 351 [INSPIRE].

E. Witten, On holomorphic factorization of WZW and coset models, Commun. Math. Phys.
144 (1992) 189 [INSPIRE].

J.M. Isidro, J.M.F. Labastida and A.V. Ramallo, Coset constructions in Chern-Simons
gauge theory, Phys. Lett. B 282 (1992) 63 [hep-th/9201027] [INSPIRE].

K. Gawedzki, Boundary WZW, G/H, G / G and CS theories, Annales Henri Poincaré 3
(2002) 847 [hep-th/0108044] [INSPIRE].

S. Gukov, E. Martinec, G.W. Moore and A. Strominger, Chern-Simons gauge theory and the
AdSs/CFTy correspondence, in From Fields to Strings: Circumnavigating Theoretical
Physics: A Conference in Tribute to Ian Kogan, (2004), pp. 1606-1647, DOI
[hep-th/0403225] [INSPIRE].

T. Hartman, D. Mazac¢ and L. Rastelli, Sphere Packing and Quantum Gravity, JHEP 12
(2019) 048 [arXiv:1905.01319] [INSPIRE].

N. Afkhami-Jeddi, H. Cohn, T. Hartman, D. de Laat and A. Tajdini, High-dimensional
sphere packing and the modular bootstrap, JHEP 12 (2020) 066 [arXiv:2006.02560]
[INSPIRE].

E. Witten, On string theory and black holes, Phys. Rev. D 44 (1991) 314 [INSPIRE].

J.M. Maldacena and H. Ooguri, Strings in AdSs and SL(2,R) WZW model 1. The Spectrum,
J. Math. Phys. 42 (2001) 2929 [hep-th/0001053] [NSPIRE].

D. Israel, C. Kounnas and M.P. Petropoulos, Superstrings on NS5 backgrounds, deformed
AdS3 and holography, JHEP 10 (2003) 028 [hep-th/0306053] [INSPIRE].

D. Orlando, AdSs x S2 as an exact heterotic string background, in NATO Advanced Study
Institute and EC Summer School on String Theory: From Gauge Interactions to Cosmology,
(2005), pp. 345-349, DOI |[hep-th/0502213] [INSPIRE].

S. Detournay, D. Israel, J.M. Lapan and M. Romo, String Theory on Warped AdSs and
Virasoro Resonances, JHEP 01 (2011) 030 [arXiv:1007.2781] [INSPIRE].

~ 31—


https://doi.org/10.1103/PhysRevD.100.066029
https://arxiv.org/abs/1906.04184
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.04184
https://doi.org/10.1088/1126-6708/1998/12/005
https://arxiv.org/abs/hep-th/9804085
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9804085
https://doi.org/10.1103/PhysRevD.85.024032
https://arxiv.org/abs/1111.1987
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1111.1987
https://doi.org/10.1007/JHEP10(2020)129
https://arxiv.org/abs/1907.06656
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.06656
https://arxiv.org/abs/hep-th/0005003
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0005003
https://doi.org/10.1007/JHEP04(2013)062
https://doi.org/10.1007/JHEP04(2013)062
https://arxiv.org/abs/1111.1161
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1111.1161
https://doi.org/10.1007/JHEP05(2019)083
https://arxiv.org/abs/1903.05100
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.05100
https://doi.org/10.1007/BF01217730
https://doi.org/10.1007/BF01217730
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C121%2C351%22
https://doi.org/10.1007/BF02099196
https://doi.org/10.1007/BF02099196
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C144%2C189%22
https://doi.org/10.1016/0370-2693(92)90480-R
https://arxiv.org/abs/hep-th/9201027
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9201027
https://doi.org/10.1007/s00023-002-8639-0
https://doi.org/10.1007/s00023-002-8639-0
https://arxiv.org/abs/hep-th/0108044
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0108044
https://doi.org/10.1142/9789812775344_0036
https://arxiv.org/abs/hep-th/0403225
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0403225
https://doi.org/10.1007/JHEP12(2019)048
https://doi.org/10.1007/JHEP12(2019)048
https://arxiv.org/abs/1905.01319
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.01319
https://doi.org/10.1007/JHEP12(2020)066
https://arxiv.org/abs/2006.02560
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.02560
https://doi.org/10.1103/PhysRevD.44.314
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD44%2C314%22
https://doi.org/10.1063/1.1377273
https://arxiv.org/abs/hep-th/0001053
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0001053
https://doi.org/10.1088/1126-6708/2003/10/028
https://arxiv.org/abs/hep-th/0306053
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0306053
https://doi.org/10.1007/1-4020-3733-3_22
https://arxiv.org/abs/hep-th/0502213
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0502213
https://doi.org/10.1007/JHEP01(2011)030
https://arxiv.org/abs/1007.2781
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1007.2781

[80]

[81]

[82]

[83]

G. Giribet, J. Oliva and R. Stuardo, Comments on single trace TT and other current-current
deformations, Phys. Rev. D 103 (2021) 126010 [arXiv:2101.08867] [INSPIRE].

P.H. Ginsparg, Comment on Toroidal Compactification of Heterotic Superstrings, Phys. Rev.
D 35 (1987) 648 [NSPIRE].

B. Schoeneberg, Das Verhalten von mehrfachen Thetareihen bei Modulsubstitutionen, Math.
Ann. 116 (1939) 511.

M.-F. Vignéras, Séries théta des formes quadratiques indéfinies, in Modular Functions of One
Variable VI, J.-P. Serre and D.B. Zagier, eds., Berlin, Heidelberg, pp. 227-239, Springer
Berlin Heidelberg, (1977).

D. Goldfeld, On Convolutions of Non-Holomorphic Fisenstein Series, Adv. Math. 39 (1981)
240.

H. Iwaniec, Topics in classical automorphic forms, vol. 17 of Graduate Studies in
Mathematics, American Mathematical Society, Providence, RI; U.S.A. (1997),
[https://doi.org/10.1090/gsm/017].

~32 -


https://doi.org/10.1103/PhysRevD.103.126010
https://arxiv.org/abs/2101.08867
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2101.08867
https://doi.org/10.1103/PhysRevD.35.648
https://doi.org/10.1103/PhysRevD.35.648
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD35%2C648%22
https://doi.org/10.1007/BF01597371
https://doi.org/10.1007/BF01597371
https://doi.org/10.1016/0001-8708(81)90002-5
https://doi.org/10.1016/0001-8708(81)90002-5
https://doi.org/10.1090/gsm/017

	Introduction
	Current-current deformations of WZW models
	WZW model as orbifold
	Current-current deformations
	Setting up the average over moduli

	Averaging twisted theta functions
	Siegel-Narain theta functions
	Calculating the average
	Derivation

	Averaging the deformed WZW model
	Partition function
	Average of an individual affine representation
	Average spectrum for prime k

	Discussion of the holographic interpretation
	Details on orbifolding
	Comparison to Förste and Roggenkamp
	Vacuum normalization
	Orbifold sum

	Details on Narain lattices
	Details on Siegel's formula
	The averaging of partition functions Theta(H,T)(0,b**(mu),tau)
	The averaging of partition functions Theta(H,T)(a**(mu), b**(mu), tau)
	Derivation from modular differential equation

	Fourier transforms
	Fourier transform of f(0)(tau), f(tau), and g(tau)
	WZW coefficients h(1) and h(2)


