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ABSTRACT: The content of two additional Ward identities exhibited by the U(1) Higgs model
is exploited. These novel Ward identities can be derived only when a pair of local composite
operators providing a gauge invariant setup for the Higgs particle and the massive vector
boson is introduced in the theory from the beginning. Among the results obtained from
the above mentioned Ward identities, we underline a new exact relationship between the
stationary condition for the vacuum energy, the vanishing of the tadpoles and the vacuum
expectation value of the gauge invariant scalar operator. We also present a characterization
of the two-point correlation function of the composite operator corresponding to the vector
boson in terms of the two-point function of the elementary gauge fields. Finally, a discussion
on the connection between the cartesian and the polar parametrization of the complex
scalar field is presented in the light of the Equivalence Theorem. The latter can in the
current case be understood in the language of a constrained cohomology, which also allows
to rewrite the action in terms of the aforementioned gauge invariant operators. We also
comment on the diminished role of the global U(1) symmetry and its breaking.
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1 Introduction

In a series of previous works [1-3] the U(1) Higgs model has been analyzed within the
gauge invariant formulation outlined in [4-6], see also [7-9] for recent contributions. More
precisely, the field content of the theory enables one to introduce the following pair of local
gauge invariant composite operators (O(z), V,(z)):

1
O(z)= B (h2+20h+p2) ,
1
V() = 5 (—p&uh + hO,p +vOup + eA, (v2 + h? + 2vh + pQ)) ) (1.1)

where (h, p) stand for the Higgs and Goldstone fields, while v is the classical minimum of
the Higgs potential, egs. (2.1), (2.3). For the record, we will work in Euclidean convention
in this paper.



In particular, from the one-loop computation of the two point functions (O(p)O(—p)),
(Vu(p)Vi(=p))T carried out in [2] in the 't Hooft Re gauge, it turns out that, besides being
independent from the gauge parameter £, the pole masses of (O(p)O(—p)), (V.(p)V.(—p))T
coincide, respectively, with the pole masses of the corresponding elementary correlation
functions (h(p)h(—p)) and (A, (p)A,(—p))T, where T denotes the transverse components’
of (Vu(p)V,(—p)) and (A,(p)A,(—p)). Also, both tree-level and one-loop expressions of
the longitudinal part of (V,,(p)V,(—p))¥ remain independent from the momentum p?, so
that they are not associated to any physical mode. Finally, both correlation functions
(O(p)O(=p)), (Vu(p)V,(—p))T display a Kéllén-Lehmann (KL) representation with positive
and gauge parameter independent spectral densities [2], a feature which highlights the
relevance of the operators (O(x),V,(z)) in order to provide a local and renormalizable
framework [3] for a fully gauge invariant description of the Higgs and vector gauge bosons.

Following the standard quantum field theory setup [10], in order to study the correlation
functions of the local composite operators (O(x), V), (z)) one has to introduce them in the
starting action by means of a suitable pair of external sources (J(x),2,(z)). It is remarkable
that, in doing so, two novel powerful Ward identities [3], see egs. (2.29), (2.30), arise which
enable us to establish a set of non-trivial all orders statements about (O(x),V,(x)). For
instance, in [3], these Ward identities have been already employed to prove the all order
renormalizability of (O(x), V,(x)) as well as to detect their possible mixing with other gauge
invariant composite operators. Moreover, besides the renormalization aspects, these Ward
identities encode many other features whose description is the main aim of this paper. Let
us also underline that the aforementioned Ward identities can be obtained only when the
operators (O(x),V,(x)) are manifestly present in the starting action, yielding a further
striking evidence of the role played by these operators in the gauge invariant picture of the
Higgs model.

For the benefit of the reader, we enlist here the set of results which give rise to the
content of the present work:

o After providing a short self-contained summary, section 2, of the quantization of
the U(1) Higgs model in the Landau gauge,? of the introduction of the local gauge
invariant composite operators (O(x), V,,(z)) and of the respective Ward identities, we
start by addressing the issue of the nature of the vector operator V,(z), eq. (1.1), a
topic covered in section 3. It turns out that the vector operator V), is nothing but the

!The correlation function (V,,(p)V.(—p)) can be decomposed into transverse and longitudinal components,
according to
V@)V (=p)) = VI (0*)Pun(p) + V5 () Lo (1)

where P, and L., are the transverse and longitudinal projectors, namely

Pow(p) = (cm - ”) o Lwl) =g (1.2)
p p
An analogue decomposition can be introduced for (A, (p)A.(—p)). Moreover, in the Landau gauge, 9A = 0,
the two-point function (A, (p)A,(—p)) is already transverse.
2 Although other renormalizable covariant gauges, as the 't Hooft R gauge, could be employed in the
quantization of the model [1, 2], the gauge invariance of both operators (O(z), V,.(z)) strongly motivates the
adoption of the Landau gauge as the most natural and direct choice [3].



conserved Noether current corresponding to the global U(1) invariance of the Higgs
model. Let us also point out that this global symmetry is manifestly preserved by the
Landau gauge, being broken in the R¢ gauge by unphysical BRST exact terms which
can be kept under control to all orders by means of the introduction of a suitable set
of BRST doublets of external sources, see the extensive analysis worked out in [11, 12].
The conservation law of the vector current, through the Ward identity (2.30), is at
origin of the all orders (non)-renormalization properties of V,(x), as expressed by [3]

Zoa =1, Qop = Zaa Qu,
Vo) = 2,/*V,, | ho=2""h,  Zy=2Zy=12,,
Ze=2,"?, (1.3)

where Zoq stands for the renormalization factor of the external source €2, coupled
to V,, and (Vp), denotes the bare operator written in terms of bare fields and bare
parameters. In particular, as a consequence of Zgn = 1, the operator V), displays
vanishing anomalous dimension, an expected feature for a conserved current [13].
Also, the last equation in (1.3) expresses a well known general feature of U(1) gauge
models, see for example [10].

We move then to the investigation of the exact consequences of the first Ward identity,
eq. (2.29), directly related to the composite operator O(x). As we shall see in details
in sections 4 and 5, this Ward identity enables us to establish an exact bridge between
the BRST invariant counterterm accounting for the vanishing of the tadpole diagrams
((h) = 0) which arise from one-loop onwards, another independent BRST invariant
vacuum counterterm connected to the vacuum energy &, and the vacuum expectation
value of (O), namely

0€,
th) = ov

Let us remind here that the appearance of a BRST invariant counterterm from one-

= (0) . (1.4)

loop onwards allowing to kill tadpoles order per order, see the do term in the fifth
line of equation (4.9), is a well known feature of the Higgs model since its original
BRST formulation [14, 15], see also [11, 12] for more recent investigations. However,
to our knowledge, it is the first time that such explicit relationship, encoded in (1.4),
is derived from a renormalizable Ward identity related to the construction of a gauge
invariant framework for the Higgs model.

Section 6 is entirely devoted to the study of the two-point correlation function
(Vu(p)Vi(=p)) by exploiting the second Ward identity, eq. (2.30), from which a couple
of exact non-trivial statements about (V,,(p)V,(—p)) can be derived. The main results
are summarized in egs. (6.13), (6.14), which we report below, namely:

N oy gt =m?)
Puw(0) (Vi () Vo (=) = 5 Puv (p) {Au (p) Ay (=) = 35—, (1.5)
and )
Lo () (Ve () Vi (=) = (1.6)



where P, (p) and L,,,,(p) are the transverse and longitudinal projectors, eq. (1.2). From
eq. (1.5) one can see that the transverse component of (V,(p)V,(—p)) is fully deter-
mined by the elementary two-point function of the massive gauge field (A, (p)A,(—p)).
This result has a deep physical meaning, implying in fact that the pole masses of the
transverse component of (V,(p)V,(—p)) and of (A,(p)A,(—p)) are identical.

On the other hand, eq. (1.6) states that the longitudinal component of (V,,(p)V.(—p))
does not receive any quantum correction beyond the tree level one, which is moreover
completely independent from the momentum p?. It is worth pointing out that
the momentum independence of the longitudinal component of (V,(p)V,(—p)) is as
expected for the description of a physical vector massive particle, see [10]. As such,
eq. (1.6) provides a relevant consistency check for the usefulness of the conserved
current operator V), for a genuine gauge invariant setup for the gauge boson.

For the record, the spectrum of the lattice Abelian Higgs model® was also considered
from the viewpoint of gauge invariant operators in [16, 17], where the analogues
of (1.1) also found their usefulness. Moreover, as expected, it was also confirmed that
different gauge invariant operators, with matching quantum numbers, can describe the
same state, by looking into their mutual overlaps/mixed propagators. In particular
can one also introduce gauge invariant “dressed” operators, see [18] or [19], based
on the seminal work of Dirac [20], to describe the spectrum. We will not pursue
this avenue here, but the proper renormalization properties of these dressed field
configurations can also be studied in the continuum, next to their correlation functions,
including the overlap with the here considered operators. The upshot of using the
here introduced operators is that they are local. Finally, let us mention the approach
of dressing elementary fields with Wilson lines to make them gauge invariant also
entered [6].

In appendix A one finds the details of the explicit one-loop verification of egs. (1.5),
(1.6).

e Finally, in section 7 we present an account of the connection between the Higgs
model expressed in cartesian coordinates and polar coordinates* in the light of the
Equivalence Theorem [21-24], a general result in quantum field theory stating that
field redefinitions have no effects on physical observable quantities like the S-matrix
amplitudes. Here, we shall follow the more recent approach outlined in [25] where

3Making abstract here of the fact that the Abelian gauge group is compact on the lattice, also allowing a
confining phase for sufficiently strong coupling.
4With the name cartesian coordinates we refer to the parametrization of the complex scalar field ¢

written as, see eq. (2.3),
1

cart — —= (U + h +1 s
Peart 2 ( p)
while, for polar coordinates, we refer to
Ppol = L (1}+h,/) eip, .
P \/§



the Equivalence Theorem has been re-formulated within a BRST framework by
exponentiating the Jacobian arising from the field redefinition a la Faddeev-Popov.
In fact, when exponentiated, the Jacobian can be re-expressed by introducing a
new set of harmless ghost variables, in much the same way as the Faddeev-Popov
determinant. Further, BRST transformations leaving the transformed action invariant
can be established for the new ghosts. As pointed out in [25], the new ghost fields
compensate precisely the effects of the field redefinition. The existence of such
BRST transformations guarantees that physical observables are insensitive to field
redefinitions, according to the Equivalence Theorem. We will discuss this from the
viewpoint of a constrained BRST cohomology. We will also briefly sketch how this
Equivalence Theorem can also be used to rewrite the action in terms of the gauge
invariant field operators (1.1).

2 Summary of the U(1) Higgs model in the Landau gauge: introduction
of the gauge invariant composite operators O(x) and V,(x) and related
Ward identities

The aim of this section is that of providing a short self-consistent summary of the results
obtained in [1-3] when the composite gauge invariant operators (O(x), V,,(x)) are introduced
from the beginning in the starting action.

2.1 The U(1) Higgs model in the Landau gauge
The Abelian U(1) Higgs model [26-29] is described by the following action

2
1 » 1 v?
SHiggs = /d4$ ZFuuFuu + (Dup)” (Duw) + 5)‘ <|§0‘2 - 2) ] 3 (2.1)
where
F,. =0,A, —0,A,,
Dyup = (0 +ieAu)p, (2:2)

with ¢ being a complex scalar field, e the electric charge and A the quartic self-coupling.
Expanding the complex field ¢ around the minimum of the classical potential in eq. (2.1),
i.e.

1 .
Lpzﬁ(v—i—h—kzp), (2.3)

where h and p are the Higgs and the Goldstone fields, expression (2.1) becomes
4 1 1 1 15, 1. 9.9
SHiggs = /d T ZF/WFW + §8uh8#h + §aﬂpaup + 56 v ALA, A+ evAOup + 5)\2} h
2 Lo Lo o
—eA,pO,h +eA,h0,p+ e vhA, A, + 3€P AAL+ 3¢ h=A,A,

+- + = + = + = + - 2.4
8)\h 8>\p 2)\vh Q)whp AhZp® | (2.4)



showing that both gauge and Higgs fields have acquired a mass, given respectively by
m° = e v*, mi = \v?. (2.5)

The field p, the would-be Goldstone boson, remains massless. The action (2.4) is left invariant
by the local gauge transformations

da Ay = =0y, d0oh = —eap, dap =ea(v+h), (2.6)
with a(z) a local gauge parameter:
0o SHiggs = 0. (2.7)

In order to quantize the model, we employ the Landau gauge [30], d,A, = 0. Following the
BRST procedure [14, 15], for the Landau gauge-fixing term we have

Syt = / dz (b0, A, + %) . (2.8)

where b stands for the Nakanishi-Lautrup field, while ¢ and ¢ are the Faddeev-Popov
ghosts. The local gauge invariance, eq. (2.7), is now replaced by the exact nilpotent BRST
invariance, namely

S (SHiggs + ng) =0, (2'9)

where
sA, = —0uc, sc=0,
sh = —ecp, sp=-ec(v+h),
s¢ = 1ib, sb=0,
s2=0. (2.10)
Besides the BRST invariance, the action (Shiggs + Sgf) enjoys the discrete charge conjugation
symmetry
A, — —A,, h—h
pP——p, b— _b7
¢— —¢, c— —c, (2.11)

as well as the global invariance

doh = —ewp, dwp =ew (v +h) ,
0uA, =0, 0,c=0, doc=0, 6,b=0, (2.12)
with
0w (SHiggs + Sef) =0, (2.13)

where w is a constant parameter. As we shall see in the following, the global invariance,
eq. (2.13), can be converted into a Ward identity which will imply helpful relationships



between the various terms of the most general local invariant counterterm needed to
renormalize the model. It is worth observing here that, unlike the R, gauge [11, 12], the
Faddeev-Popov ghosts (¢, c) are now non-interacting fields, being completely decoupled.
This is a helpful feature of the Landau gauge. The same property holds for the b-field,
which appears only at the quadratic level.

Let us end this short summary by noticing that the composite operators (O(z), V,(z))
are, respectively, even and odd under charge conjugation, i.e.

O(x) — O(x),
Viu(z) = =Vyu(z), (2.14)

a property which will be exploited in the next section.

2.2 Introduction of the gauge invariant operators (O (x),V, (x)) and Ward
identities

Following [3], the gauge invariant operators (O (z),V, (x)) can be studied at the quantum
level by coupling them to a pair of BRST invariant external sources (J,€2,). Moreover,
taking into account the mixing between V), and the BRST invariant quantities d,F,, and
0ub as well as that of the scalar operator O with v?, for the complete starting action ¥
one needs [3]

Y = SHiggs + Sgf + Sext 5 (2.15)

with
St = / d'z (L(sh) + R(sp) +JO + 1m0 + QuV, + T, Fop + ©,0,0) . (2.16)

where the sources (L, R) allow to define the BRST variations of the fields (h,p) [31],
egs. (2.10), while (J, 7,2, T, ©,) couple, respectively, to (O(x),v?, V,,(x), 0, F,p, 0,b). All
external sources are BRST invariant, i.e.

sL=sR=s5J=sn=s0,=sY,=50,=0, (2.17)

so that X is BRST invariant as well
sU=0. (2.18)

The fields (A, h, p,b) have dimensions (1,1,1,2) and ghost number zero. The Faddeev-
Popov ghosts (¢, ¢) have dimensions (2,0) and ghost number (—1,1). The two external
sources (L, R) have dimension 3 and ghost number —1. Finally, the sources (J,7,€,, T4, 0,)
all have vanishing ghost number and dimensions (2,2,1,1,1).

The complete classical action > fulfills a huge number of Ward identities, which we
enlist below:

e the Slavnov-Taylor identity expressing the BRST invariance of ¥ at the functional
level
S(X)=0, (2.19)



where

[DINDINPINDY 0
4 0=0%, %= o= 2.2
5= fdo < “5A RETA TR X T ba) (2.20)
o The b-Ward identity [31]
>
% - iaMAM - au@u . (221)

Notice that the right hand side of eq. (2.21), being linear in the quantum fields, is a linear
breaking, not affected by quantum corrections [31]. This equation expresses in functional
form that the b field is a non-interacting field.

o The antighost and ghost Ward identities

ox 9
— = 2.22
and
(52
e

These two Ward identities express in functional form the decoupling of the Faddeev-Popov

—0%¢ — Re(v+h) + Lep. (2.23)

ghost fields in the Landau gauge.

o The global invariance, eq. (2.12), can be extended to the external sources in such a

way that
dwh = —ewp, O0up=ew(v+h),
0wA, =0, 0,¢=0, d,c=0, 0,b=0,
0wl = —ewR, dwR =cwl,
dwd = 6un = 0,8, = 6,Y, = 6,0, =0, (2.24)
with
5,5 =0, (2.25)
yielding the powerful Ward identity
oX ox (52
4
= _p= —— | =0. 2.2
/d [pdh w5, —Bsp t1sg) =0 (2.26)

e The charge conjugation invariance

Ay — —A,,
h—h,

p——p,
b— —b,
¢— —¢C,
c— —c,
L— L,



R— —R,

J—=J,

Q, — —Q,,

T, — -"T,,

0, — —0,. (2.27)

e The external sources Ward identities

o=

>
T~ al/FV ;
oY, "

>
— =0,b. 2.2
00, & (2.28)

Notice that all terms in the right hand side of egs. (2.28) are linear breakings, which will
not be affected by quantum corrections [31]. As a consequence, these equations imply that
the most general local invariant counterterm does not depend on (1, T, ©).

As shown in [3], besides the previous Ward identities, the complete action ¥ enjoys two
additional powerful Ward identities which have far reaching consequences at the quantum
level, namely

0X 0 0%
4 o= i 4 _
/d x (5h )\U5J> 5 /d v (J —2n), (2.29)
and
0 0X 0X , ev? 9
E - 26@ - QQME == *aVF,/'u - Zaub + TQM + 8 T'u - aua,,'r,, . (230)

It is worth emphasizing that, unlike the Ward identities (2.19)—(2.28), which can be written
down independently from the introduction of the composite operators (O(x), V,(x)), the
additional Ward identities (2.29) and (2.30) can be obtained only when the composite
operators are introduced in the action from the beginning. As such, these two Ward
identities will express non-trivial features of the correlation functions of the two composite
operators (O(x), V,(z)), as it will be illustrated later on.

The Ward identity (2.29) will lead to the already mentioned relation (1.4) (see later
in (5.16)), explicitly connecting the vacuum energy &, to the tadpole diagrams in a very
simple and apparent way. This is one of the main novelties of our paper. On the other
hand, as underlined in [3], the second Ward identity (2.30) expresses the fact that the gauge
invariant vector operator V,(z) is a conserved current, a property which will be addressed
in detail in the next section. Finally, let us observe that also both egs. (2.29) and (2.30)
display a harmless linear breaking.

3 Investigating the nature of the gauge invariant vector operator V,(x)

Before addressing the issue of the vacuum energy &,, let us investigate the nature of the
gauge invariant vector operator V,,. As stated in the previous section, see [3], the composite



operators V,,(z) has the meaning of a conserved current. For a better understanding of this
feature, we rewrite the global Ward identity (2.26) as

/d4a: W(z)2 =0, (3.1)
where W(x) stands for the local operator

1) 1) 1)
= |— — L 2
W(r) = | ~pla) g + (0 h(e) s = Rl s + L) s (32)
Therefore, from the Noether theorem, we get
W(x)E = 0y, (), (3.3)
where, after a quick algebraic calculation, the current J,, reads
02
Ju(z) = — <Qu(%‘)0($) + 5 () + 2Vu(w‘)> : (3.4)
Setting thus all external sources (J,7,Q,, T,,©,) to zero, one gets
0
- — | (Sh =2 , .
) gy + 0+ h0) i | (S + Su) = =20, (35)

which shows that the gauge invariant vector operator V,,(z) is nothing but the conserved
Noether current corresponding to the global U(1) invariance, manifestly preserved in the
Landau gauge.

Furthermore, having introduced the two composite operators (O(z), V() in the starting
action ¥ from the beginning, equation (3.5) can be directly converted into a local Ward
identity, namely

,1)2
—y (Qu(x) 5(2@ +o (ff(x) + 2Qu(a:)> | (3.6)

Let us also observe that, upon making use of (2.30), equation (3.6) becomes the familiar
linearly broken local U(1) gauge Ward identity

0%

5% 5% 5% 5%
5A,@) ¢ {_”(x) e

Ou 5o~ 5w Y 5Rm

+ (v + h(x))

} — _io%b(x),

(3.7)
which follows by anti-commuting the Slavnov-Taylor Ward identity (2.19) with the ghost
Ward identities (2.23).

After having identified the operator V), as the Noether current of the global symmetry,
eq. (2.13), it is worth reminding here other properties of this operator. As shown in [3],
these are well captured by the cohomology of the BRST operator s in the sector of the local

~10 -



field polynomials which have dimension three, carry a vector index and are odd under charge
conjugation. It turns out [3] that the most general solution of the cohomology equation

sAu(x) =0, (3.8)

with A, (z) a local quantity of dimension three and odd under charge conjugation, is
given by
Au(l‘) = blvﬂ(l‘) + bg@l,F,,# — ibg(sé) , (3.9)

where (b, b2, b3) are free coefficients and V() # SVH(:U) for some local Vu(x) Eq. (3.9)
tells us that, in the Abelian case, apart from the trivial BRST exact term (s¢), the quantities
V, and 0,F,, are the only dimension three odd field polynomials left invariant by the
operator s. In particular, eq. (3.9) shows that V,, mixes with 0, F),, a feature already well
underlined in the previous study [3] on the renormalization of V, and exhibited in the next
Section 4, where the expression for the complete counterterm can be found. Moreover, it is
easily seen that the term 0, F),, is nothing but 0, F,, = 82AE, where AZ = (0uo — 8‘é#)Aa
is the transverse component of the gauge field. Of course, in the Abelian case, AE is gauge
invariant. Thus, in this case, both operators V), and AZ can be used to write down a gauge
invariant setup for the vector boson particle. In fact, from the one-loop computations
reported in [1, 2], the transverse component of both correlation functions P, (V,.(p)Vi(—p))
and P, (A,(p)A,(—p)) have the same pole-mass while exhibiting a Kéllén-Lehmann (KL)
representation with positive definite spectral functions. In a sense, in the Abelian case,
both operators V,, and Ag can be equally employed for a gauge invariant description of
the vector particle. As we shall in the following, the fact that both correlation functions
P (Vu(p)Vo(—p)) and P, (Au(p)A,(—p)) turn out to be related each other by a Ward
identity to all orders of perturbation theory, eq. (1.5), can be interpreted as a nice check of
this picture.

Nevertheless, anticipating the output of our forthcoming investigation [40] into the
non-Abelian SU(2) case with a fundamental single Higgs field, the situation changes
quite drastically. In the SU(2) case, the U(1) operator V, gets replaced by a triplet
({R}(z)},a =1,2,3) of local BRST invariant operators, sR},(z) = 0, R, # SRZ, which do
not mix with either transverse non-Abelian gauge field (Aa);-f or with (Dl‘}bFfu). The reason
behind this relies on the fact that (Aa)g is no more BRST invariant, just as (DﬁbFlf’u),
which transforms covariantly under s. Furthermore, as the U(1) operator V,, also the
triplet ({R}(z)},a = 1,2,3) turns out to be associated to a set of conserved Noether
currents related to an exact custodial symmetry of the SU(2) Yang-Mills-Higgs model. So,
unlike in the U(1) case, in the SU(2) model the operators ({Rj(z)},a = 1,2,3) are the
unique dimension three vector quantities providing a fully gauge invariant picture for the
non-Abelian gauge vector boson.

4 Revisiting the most general form of the invariant counterterm: adding
the vacuum energy counterterm

In this section we revise the construction of the more general invariant counterterm com-
patible with the whole set of Ward indentities. We shall pay particular attention to the

- 11 -



inclusion® of the vacuum counterterm of the type v*, which is generated from one loop
onwards and which is needed to properly renormalize the vacuum energy. Usually, such a
kind of counterterm is not introduced in the analysis of the counterterm, as it is not captured
nor constrained by the Ward identities which are expressed in terms of functional derivates
with respect to the fields and external sources. Nevertheless, due to the introduction of
the operators (O(z), V,(x)) in the starting action, it has been possible to derive the two
additional Ward identities (2.29) and (2.30). In particular, we point out the appearance
of the term g—% which, as we shall see, will capture the dependence of the theory from
the vacuum counterterm v#, relating it to the tadpole diagrams at the quantum level in a
BRST invariant fashion, see [11, 12, 14, 15]. In other words, the Ward identity (2.29) will
ensure in an explicit way that the vanishing condition of the tadpole diagrams is related
to the minimization procedure of the vacuum energy. A whole subsection will be devoted
to this issue. We highlight again that such a possibility depends crucially from the a
priori introduction of the two gauge invariant composite operators (O(x),V,(x)) in the
starting action.

In order to characterize the most general local invariant counterterm, we follow the
algebraic renormalization setup [31] and perturb the starting action %, i.e. ¥ — (X + €X)
with € being an expansion parameter. In agreement with the power counting, X is an
integrated local polynomial in the fields and external sources with dimension four, invariant
under charge conjugation and having vanishing ghost number. Demanding then that the
perturbed action, (3 + €X), fulfills to the first order in the expansion parameter € the
same Ward identities of the action X, egs. (2.19)—(2.30), one gets the following conditions

520‘5 5zct 52015
= = = 4'1
ob oc bc 0, (4.1)

as well as
5Ect 5Ect 52015

5y e, —or, (42)

Since ¥ is independent from the ghosts (c,¢), it immediately follows that, due to the fact
that the sources (L, R) have ghost number —1, they cannot give rise to a dimension four
quantity with vanishing ghost number, namely

52(:1; 62ct B

oL oR

0. (4.3)

Therefore
YU = %A, h,p,v, Q). (4.4)

The result (4.3) simplifies very much the Slavnov-Taylor identity, which takes the sim-
pler form

s¥=0. (4.5)

5In the previous work [3], the vacuum counterterm v? was not needed, as it was not entering the
correlation functions (O(p)h(—p)) and (V. (p)A.(—p)) whose study was the main goal of the work.
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From equations (2.29) and (2.30) one obtains two additional conditions

520‘, 5ECt (SECt
A, *5q, sy =0 (4.6)
and , , ,
03¢ 5Ec oxe
4
_ — =0. 4.
/d ( (5J> ov 0 (4.7)

After some algebraic calculation, from equations (4.1)—(4.5) one gets,
4 1 A 2\? v
et = /d x aOZFMVF[J,V_'_al (D;L(P)* Du90+a2§ (90 ¥ - 2) (6a)z

+ 50 (h2 + 2vh +p ) + b1 JO + baJv? + a8,V + 29,0, F,,
+ dIQMQ“Q,,QV + d9,0%Q,, + d39,0,0,Q,

+ dsv?Q,Q, + ds0Q,Q, + dgJ* + d7JQMQM} : (4.8)

where one notices the introduction of the vacuum counterterm (da)v*
Imposing now the two conditions (4.6) and (4.7), we have

. 1 1 1
by t— /d4x {QO (4FHVFNV - %QuayFy,u, - @QM({?QQM‘F Se QQ a 8 Q )

+ a1 <(Du90)* Dpp + .V, +

1 1
gvmuﬂu + 4OQMQM>

A v? ?
+ ag (cp @—2> + JO — OQQ +32)\

(22,2, + 1677 &mugﬂ)]

4 1 1
((5a) e 16)\2 (QMQ,LLQVQV + 16J2 - 8JQ/.LQM) )\ (JU - *’1)29 Q )]
2 1/ ., 1, 1
+ 60 (h + 20k 4 p?) + 5 (0 = 08 — 270 + SO0,
1 2
- s (QHQ”Q,,Q,, +16J% — SJQuQu) , (4.9)

with (ag, a1, az,00,da) free parameters.

As already underlined in [3], the counterterm (4.9) exhibits a few properties worth
underlining. The first one is the presence of the term 2,0, F),,, with €, being the source
coupled to the vector operator V,,. As shown in [3], this term gives rise to the mixing between
the operators V,, and 9, F},,. The second feature concerns the well known presence [11, 12,
14, 15] of the BRST invariant counterterm (6o0)%: (h2 + 2vh + p?). As we shall see explicitly
in the next section, both coefficients (do) and da can be fixed, order by order in the &
expansion, so as to ensure the minimization procedure for the vacuum energy &, and the
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requirement of vanishing tadpoles. Finally, let us notice that the Ward identities allow for
the presence of higher order terms in the external sources, like (Qué)QQu, 0 Ja2, ).
These terms, which originate from one loop onwards, are needed to properly renormalize the
two-point correlation function of the composite operators as, for example, (V,(p)V.(—p)),
whose explicit one-loop computation will be presented in details.

After having obtained the most general form of the local invariant BRST counterterm,
eq. (4.9), we can obtain the bare action. For such a goal we look at how the counterterm (4.9)
can be reabsorbed into the tree level action X, namely

Y+ X% = Spare + O(€2), (4.10)
where
Ybare = 2 (Aow, hos po, bo, co, o, v0, €0, Xos Jo, 105 Qo Tous Oou, Lo, Ro)
+ / d%&aovf (h3+2voho+pg)
+ / &'z (Za—1) ( = 100,020, 57 20u0u Qol,>
+/d4az (Z,—-1) <8UOQOMQOH+OOQOHQOH)

4
+/ dx (Zx+2Z,—3) [ 009()“90“-1- (QONQOMQOVQOV—’_lGJO 8JOQOMQOM)]

32)\
4 1 1 2
+/d x 0o )\70 —*UOQOMQO'M%-*OQQOHQO#

(QOuQOquyQoleGJO SJOQOMQOH)}

8/\2
4 0 vh
/ dz (a)g |+ A2 (204204020000, +16J3 ~ 8020,y + 1 Pouho
(4.11)
with
1
Aoy = Z3A,,

ho = Z2h,
1

pPo=25p,
1

vg = Zjv,
1

bo = Z2b,
1

Co = cha
1

¢ =ZZ¢c,

eg = Ze€,

>\0 = Z)\)\v
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Lo=2Z.L,
RO = ZRR7
Ou0 = Ze®, (4.12)

and

Qou \ _ [ Zaa Zox Q,
Yoy Zrq Zyy T,
YA
Yoy Z (41 Zm) () (4.13)
Tlo ZnJ Znn n
In particular, the matrix form of equations (4.13) expresses, in terms of the corresponding

external sources (€, Yy, J,n), the mixing between the quantities V, and (9, F,,,) as well as
between O(z) and v?.

A direct inspection of equation (4.10) yields

1 1
Zj:Z_1—1+§eao,

1 1 1 1
Zﬁ:Zﬁ:Z&:lJrieal,
Z)\:1+6((12—2a1),

1 _1
72 =77,

_1 1
Zo=2,° =273,

_1 1

ZL=Zr=2'2,7:2,
Zag =1,
Zaor =0,

1 1
ZTQ——?GCLOZ—? (Za—1),

)
ZJJ—1+E(G2—G1—20>,

A
ZJn =0,
do  da
Zny =€ ()\ B A) !
Ty =Zy' =1—ear, (4.14)
and
(60)o = €(d0) . dag = €da (4.15)
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Thus, for the bare action, we get®

2
1 . A . v2
z]bare :/d4$ (4F0HIIFO/.LV+(D0H()OO) (DOM()DO)‘F?O (QOO(PO_ZO> )

+/d4$ (anzco—l-iboaquu—l-JoOo+Tlovg+ﬂou%u+’r0uauF0up>
1)

+ / d'z (“2’)0118 (h3+2voho+p%))

4 1 9 1
+/d I’(ZA—l) —7290“8 Q0M+—290#6H81,QO,,

8ef 8eg

4 1 2 1

+/d v (Zp—1) *UOQOMQOWL*OOQO;LQON

+/d4 Z/\—|—2Zh 3) [—Ooﬂouﬂou-i- (QOHQOHQOUQOV+16J0 8J090“Q(]u):|

3900
1
+ / &'z 60 [)\0 (—U%QO#QON—&— OOQO#QOHﬂ

+ / d%éao[ S (204204020, +16J3 - 8JOQOMQOM)}

4 2
4 Yo 2 Yo
+ / d'z (6)y | 3+ 152 (920420420, +16J3 —SJOQUMQOM)Jr%QOMQOM] ,
(4.16)
with
1/2
h .
= v+h+ip). 4.17

Let us end this section by giving, for completeness, the explicit values of the Z factors [3],
as evaluated at one-loop order in the MS scheme, working with dimensional regularization
where d = (4 — €). Let us begin with the Z factors of (h, p,v). We have

Zn =2y =2y, (4.18)
where, at the one-loop order
2
1) 3e 2
Z\1 = = ( —y+In (47r)> . (4.19)

The equality of the Z factors for (h, p,v) follows from the global invariance, eq. (3.1), which
(1)

is manifestly preserved in the Landau gauge. For Z,” we get
20 L (56— (2 —y+n (4@) (4.20)
A 1672 A € ’ ’
: 1/2
while Z, and Z,~ turn out to be
Z.ZY* =1, (4.21)

5Since we are not interested in the calculation of Green’s functions with insertions of the BRST exact
operators (sh, sp), from now on we shall set to zero the corresponding external sources, i.e. L = R = 0.
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with

4872

expressing a well known feature of the Abelian U(1) models, see, for example, [10]. Finally,

2
70 =_° (i —y+In (47r)) : (4.22)

the Z factors off the sources coupled to the composite operators (O(z), V,(x)) and to 0, F),,
are given by

1 1 2
78] = 5 (2~ 3¢%) ( oy +In <47r>) , (4.23)
and
1
Zg()g)) -0, (4.24)
1 e 2
Z&S)l = 567 (E —~y+1n (47T)) . (4.25)

Notice that eq. (4.24) is in perfect agreement with the general output of the Ward identities,
eqgs. (4.14), namely Zoq = 1, whose origin is due to the observation that V), is a conserved
current of a global symmetry. It is standard textbook material that conserved currents
do not need renormalization, expressed by Zoo = 1 [32]. However, the situation is bit
more subtle than that, apart from the potential mixing with other operators. Indeed, the
algebraic analysis also makes obvious the need for contact counterterms (corresponding to
the pure source terms) which are necessary to render finite correlation functions involving
currents. These contact terms are in particular necessary for the polynomial subtractions
when passing to a convergent Ké&llén-Lehmann spectral representation of the two-point
correlation function, see [33].

5 Tadpoles, vacuum energy and the condensate (O)

This section is devoted to a detailed analysis of the BRST invariant counterterms
(@v% (hZ + 2voho + p%)) and (6@)0%, which appear in the most general expression
for the bare action, eq. (4.16), in the light of the exact constraint (1.4) which follows from
the Ward identity (2.29).

Let us start first by discussing the counterterm stemming from ((5;)003 (h&+2voho+ p%)),

which presence is a well established feature of the Higgs model [11, 12, 14, 15]. Following [11,
12, 14, 15], this counterterm is fixed, order by order in the loop expansion, by requiring the
vanishing of the tadpoles, namely by imposing

(h) =0. (5.1)

For example, at one-loop, summing up all non-vanishing contributions, see figure 1, one
gets, again using the MS scheme in d = (4 — £) dimensions,

3\v

(B @)1 t00p = 5% (M) + €2u(d = D (m?) + (00) Do = 0, (5.2)
where x (M?) stands for
dk 1 1 d 41
(00) = [ G - o (1-3) )" (5:3)
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+ (WN}JrH

Figure 1. One-loop diagrams contributing to the one-point Green’s function (h) of the Higgs
field h. Curly lines refer to the gauge field, solid ones to the Higgs field and dashed ones to the
Goldstone field.

Therefore, (§o)(1) becomes

iv2

(60) ) = ! (—62 (d—1)x (m2) — %)\X (m%)) . (5.4)

In particular, employing the subtraction procedure of the MS scheme, for the divergent
part, one has:
m 1 1

(00)qiv = a2 ) (362m2 + gAm%) <§ —v+1n (477)) . (5.5)

Let us turn now to the vacuum energy &,. At one-loop order,” one easily gets from the
bubble graph

1 d—1 4
Ey = 5/ddk log(k% +m3) + — /ddklog(k:2 +m?) + (6a)’ UZ . (5.6)
Taking the derivative of eq. (5.6) with respect to v, it follows
9Ey 2 2 2 13
5, = Avx (mh) +e*v(d—1)x (m ) + (da) v?, (5.7)
which, using eq. (5.4), can be rewritten as
o0&, AU
50 = (M)1100p + (00)'0* = (30) Vo — Tox (m}) - (5.8)
Therefore, we determine the counterterm (5a)1 in such a way that
A 1
(6a)" = (60) Y + 352X (m,%) = (—62(d —1)x (mz) —Ax (m%)) . (5.9)
As a consequence, we have
0&,
5, — (h)1_100p = 0, (5.10)

expressing the important fact that the vacuum energy &, is minimized at v.

To be more precise, one can fix the two free BRST invariant counterterms, (do)o,
(da)p, order by order in the loop expansion, in such a way that the two conditions, namely:
vanishing of the tadpoles and minimization condition for the vacuum energy &,, are
simultaneously fulfilled.

"The classical vacuum energy is zero as ¢ = % corresponds to the classical minimum.
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It is worth emphasizing that characterizing the counterterm (5a)1 in such a way that
equation (5.10) holds has a deep relationship with the Ward identity (2.29). In fact, by
direct inspection of the bare action, eq. (4.11), one realizes that the perturbative condensate
(O)pert will vanish if the two BRST invariant counterterms (60)o, (da)o are fixed as described.
Indeed, we get

1
(O)pert = 5 (h* () + 20h(x) + p*(2))pert = 0. (5.11)
This follows by noticing that (O)pert is given by
0Z°¢
<O>pert - W sources:O’ (512)

where Z¢ denotes the generator of the connected Green functions. A simple way to evaluate
(O)pert is that of computing the Feynman diagrams which have as unique external leg the
source J. After that, one differentiates with respect to J in agreement with eq. (5.12), thus
obtaining (O)pert-

A quick look at the bare action, eq. (4.16), reveals that the terms linear in the source
J are hiding in

/d4$ (J[)Oo—}—?’]o’()g) . (513)

Therefore, for the one-loop contributions with a single external leg J we get, upon proper
expansion,

_ o)D) )
J(0) (;X(mﬁ) + (5; v? — (5)? v2> =0, (5.14)

which vanishes exactly, due to equation (5.9). The quantity J is the Fourier transformation
of J. We see thus that fixing the vacuum counterterm (da)®) as in eq. (5.9), together
with the requirement of vanishing tadpoles as in eq. (5.5), yields automatically a vanishing
condensate (O)pert-

Let us turn now to the Ward identity (2.29), written at the quantum level in terms of
the 1PI generator I, i.e.

or or or
4 e sy Y 4 _
/d T ((5h /\Ué_J) : /d v (J —2n) . (5.15)

Setting all fields and sources to zero and making use of (O)pery = 0, it follows that
equation (5.15) gives nothing but

o€,
ov

To our knowledge, this is the first time in which the relation between the condition of

= (h) — \v (O) . (5.16)

the vanishing of the tadpoles, (h) = 0, and the minimization procedure of the vacuum
energy &, can be established in a direct way by means of a Ward identity, eq. (5.15), whose
origin relies on the introduction from the beginning of the two local composite operators
(O(x),V,(x)). Notice that (5.16) goes a bit beyond the standard textbook version, see
e.g. [34] of splitting a quantum field as ¢ = ¢ + 1, where ¢ is a “classical” background
and 7 the fluctuation, where it is understood that (¢) = ¢ holds order per order with
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Do = 0 (minimization of the vacuum energy aka. effective potential) if the tadpoles vanish,
viz. (n) = 0. In the current setting, we have established that BRST invariance allows for a
priori two independent counterterms, one of which is related to the tadpoles and one to the
vacuum energy minimization. It is in principle allowed to choose them differently, in return
this will lead to a compensating (O) # 0 so that (5.16) is fulfilled.

Noteworthy, eq. (5.16) is an exact functional constraint as directly arising from an
underlying invariance of the theory, which validity in principle goes beyond perturbation
theory. As such, even if (O) .
equivalence between minimal vacuum energy and vanishing tadpoles is guaranteed, non-
perturbative effects potentially leading to <O)non_pe]Ct # 0 will then also alter the relation
between the tadpoles and minimization condition, albeit in a constrained manner, namely
according to (5.16). In the current Abelian case this might not happen, but it is more likely
to occur when the generalization to the non-Abelian case will be considered in future work.

= 0 order per order so that, perturbatively, the common

6 The two-point current-current correlation function (V,(p)V,(—p))

In this section we shall show that the transverse part of the two-point correlation function of
the composite operator V,,, i.e. (V, (p)V, (—p))T, can be expressed exactly in terms of the
two-point elementary Green function (A4, (p) A, (—p)), a result which is a direct consequence
of the Ward identity (2.30). Moreover, the same Ward identity implies that the longitudinal
component, i.e. (V, (p) Vi, (—p))L, does not receive any quantum correction beyond the tree
level one, given by a momentum independent expression, up to a constant shift proportional
to (O). In particular, this last result, also exactly valid, implies that (V,, (p) V,, (—p))"
does not correspond to any propagating physical mode. This is an important consistency
check of the gauge invariant description of the massive gauge vector particle in terms of
the composite vector operator V,,. Only the transverse two-point function (V, (p) V., (—p))"
describes a propagating excitation, corresponding to the 3 physical degrees of freedom of
an observable massive vector particle.

Let us start thus by reminding the Ward identity (2.30), namely

or or or _ 2 : ev?
A, () 0, () = — (0010 — 0u0a) A (@) = 00 () + - Uy ()

+0*Y, (z) — 0,0,T, () , (6.1)

which we rewrite in terms of the generating functional Z¢ of the connected Green’s functions:

Z¢=T+ Y /d4m Js®, (6.2)
fields ¢
yielding
VA §7¢ §7¢ §7¢  ev?
A —20- 27 o 4 _ (925 _ 04 e 04T CUT
T4 (x) RO (6280 B ) 5T O g @
+02Y, (2) — 9,0,y (x) (6.3)
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where J;? and J° are the sources of A, and b, respectively. Acting with §/6J7 (y) on
eq. (6.3) and taking all sources equal to zero, we get

08 (2= )26 (Vi (2) Ay (1) = (%) 0 — G202 (Aa () Ay () +i05 (b () Ay (1)

(6.4)
where the connected Green functions (V,,(z)V,(y)) and (A4,(z)V,(y)) are given by
§%z¢ §2z¢
Vv, Vy = - ) A VV == ’
< M(LU) (y)> 5Qu($)5Qy(y) sources=0 < M(m) (y)> 5<];L4(33)6QV(3/) sources=0
(6.5)
Employing now the Ward identity (2.21), one can easily show the exact result
d*k k, _,
b(x)A, = —/7—'/6_““’(””_9) 6.6
0 A = [ S (6:6)

as well as the transversality of the elementary two-point correlation function (A4, (x) A, (y)),
due to the Landau gauge 0A = 0. As a consequence, eq. (6.4) becomes

26 (i () Ay () = 02 4 2) Ay )+ (0= 20) 54 e =), 6)

or, equivalently, in momentum space
2e (Vi (p) Av (—=p)) = —p* (A (p) Av (=p)) + P (p) - (6.8)

To proceed, we act with §/6€Q, (y) on eq. (6.3), obtaining a relationship between
(Vi (2) Ay (y)) and (V,, (2) Vi, (y)), L.e.

26 (Vy (2) Vi, (1) —€00,6" (2—9) (O (2)) = (080~ 0ua)  (Aa(2) Vi (9))+i05 (b () Vi, ()
€U2
+ 50w (z-y) - (6.9)

The equation above can be greatly simplified since from the BRST invariance of V), it
follows that

(b(z) V., (y)) = (s(=ic(x)Vo(y))) = 0. (6.10)
Employing then eq. (6.7), we find
16 ()6 ) = (0 (40 &) 4 )+ 077 (b — 2202) 742 )
+ (m* +2¢*(0))8,,0 (z — y) , (6.11)

or, in momentum space:

4e* (V, (p) Vi (=p)) = p* (A (p) Ay (=) — PP (p) + (m* + 262 (0))6p . (6.12)

Splitting now equation (6.12) into transverse and longitudinal components, we get the
announced exact results:

Puv(p) (Vi (p) Vi (—p)) = %PM (p) (A, (p) A, (—p)) — N il 7”46—226 o)

(6.13)
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and
v*  (0)

Lunp) Vi ) Vi (1)) = 5 + 57 (6.14)

Egs. (6.13) and (6.14) show in fact that (V,, (p) Vi, (—p))"™" can be expressed in terms of
(A, (p) Ay (—p)) and that (V, (p) V., (—p))* does not receive any quantum correction up to
perhaps a constant shift in (O).

In appendix A one finds a detailed one-loop verification of the results (6.13) and (6.14).
To that end, let us end this section by rewriting eqgs. (6.13), (6.14) in a slightly different form
which will turn out to be helpful for the one-loop check. Adopting as before a renormalization
consistent with vanishing tadpoles and % = 0, we already have proven that this implies
that (O)

pert = 0- Looking at the expression for the vector operator V,,(z), i.e.

v

Vi=3

(evA, +0up) + ..., (6.15)

it is convenient to subtract from the correlator (V,, (x) V, (y)) the quantities (A, (z) A, (y))
and (p (x) p (y)). Accordingly, we introduce the subtracted correlation function

— 62’04 02
Vi @) Vo (9)) := (Vi (@) Vo () = = (A (2) A () = 9505 (p () p(y)) - (6.16)
From egs. (6.13) and (6.14) we get
4 2 _m?
P o)V (0) Vi (-2) = B0, () (4, ) s ()~ 32 (e
and
— 1)2 1)2])2
Ly @)V (0) Vo (=p)) = - = —— (e () p(=p)) (6.18)
meaning that
T (p* —m?)
<V,u (p) Vl/ (_p)>n_100p = TP}U/ (p) <Au (p) AV (_p)>n_1oop ’ n > 1 ’ (619)
— ’U2 2
V) Vo D rioop = — L (0 0) 0 Py 12 1. (6.20)

6.1 A comment about resummation: (A, (p)A,(—p)) vs. (V.(p)Vi(—p))

In previous work [2], we introduced a resummation scheme for the connected diagrammatic
contributions to the correlation function of the composite operators.® Given the higher-
dimensionality of e.g. the operator V,, the UV tail of the corresponding propagator is
blowing up ~ p* (up to logs), impairing a resummation of the full set of diagrams into

an improved tree level propagator, as the tree level contribution to <VMV,,>T is given by
t 1 )
Zl?pQ-l—mQ + 2
Since V,, is not an elementary field, the textbook correspondence between connected
propagator and inverse self-energy (1PI) two-point function is also lost.

8 An alternative resummation strategy can be found in [36].
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The question to be answered here is whether the resummation strategy of [2], which can
be immediately generalized to the non-Abelien case [35], is compatible with the Ward iden-
tity (6.13), since in contrast with (Vu(p)V,,(—p))T, the loop corrections to <Au(p)A,,(—p))T
were fully resummed in [2]. We will now answer this affirmatively. We will illustrate it at
one-loop order. For the elementary field, we have

T
(AP AL-D)T = s+ hea D o)
= ! + O(h?) (6.21)

p* +m? — hIT} 4 (p)

where HZ; 4(p) is the photon self-energy correction as in [2], and in the last line we applied
the standard resummation.
Let us first slightly rewrite the Ward identity, using a similar trick as in [2], namely we
reexpress
pt = m* = 2m2(p? + m?) + (p? + m?)? (6.22)

so the Ward identity becomes, upon simplification,

4 1 4 HT
= pr Maalp) (6.23)

r_ -
<Vﬂ(p)V1/( p)> - 4€2p2+m2 + 462 (p2+m2)2

T
+ o (07 +m?) =2’ (07 + ) (pgfgﬁ)2 - <20> +O(h?).
Writing
VoWVl =12 4 L Mov®) oy (6.

2 4e2p2+m2 U 4e? (p? + m2)2
T
the resummation strategy of [2, 35] was such as to resum only the pieces of % that
carry, up to logs, the same UV p?-power as the tree level propagator.® Higher powers can
be rewritten using (6.22) or higher dimensional variants thereof. To be more precise, we
can Taylor expand p?, p*, etc. around p? = —m?, to rewrite

7y (p) = mo(p) + (p? + m)m(p) + (p* + m?)?ma(p) + ..., (6.25)

where the 7;(p) are no longer carrying a UV dimension, up to logs. In the current case,
only the terms with 7, m; are to be resummed. Concretely, we get

O) mt 1
Vo)V (—p))T = 19 ™
VWD =5 S 2w~ hmalo) + 2+ B ()
4
+h (Z;ﬂz(p) +.. ) +O(1). (6.26)
The non-resummed piece (%7‘(2 (p) + .. ) is what we coined Cyy (p) in [2]. Notice also that

only 7o(p) will affect the pole mass, as (p? + m?)m(p) vanishes at p?> = —m?.

9Ignoring the constant piece in (O) which was not present in [2], see earlier discussion in the current paper.
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It was verified explicitly in [2] that resumming in the just described way, the original
photon field and V), share their pole mass, and that the correlation function obeys a
subtracted Kallén-Lehmann spectral representation with positive definite spectral density.

Now, returning to the Ward identity (6.23), the same resummation procedure can be
applied to its r.h.s., leading to full compatibility with the l.h.s.. Notice in fact that due to
the presence of an overall (p? +m?) in front of the third term, this term will only contribute
to m1(p) and we see that mo(p) = IT4 ,(p), thereby immediately confirming that the pole
mass is identical to that of <A#(p)A,,(—p)>T.

7 The Higgs model revisited by means of the Equivalence Theorem

7.1 Step 1: from cartesian to polar coordinates

In order to investigate the field redefinition allowing to move from cartesian to polar
coordinates within the Equivalence Theorem [21-24], let us consider the starting partition
function of the Higgs model, i.e.

ZHiggs — /[D(b] ef(SHiggs(A,h,P)‘i’f d4x(ib8A+682c)) , (71)

with Shiges(A4, h, p) given in expressions (2.4) equipped with the cartesian parametrization
of eq. (2.3). The measure [D®] denotes integration over all fields (A4,, h,p, b, ¢, c).
Let us perform the field transformation enabling us to move to the polar parametrization

(h/7 ;0/7 A;:,)a namely

h — (b +v)cos(p) — v,
p— (b +v)sin(p’),

1
AN — A‘/u — g upl, (72)
the remaining fields (b,¢, c) being left unchanged. For the partition function Ziges we
get thus
ZHiggs _ /[Dq)l] (det M) e—(SHiggs(A',h’,p’)+fd4x(ib(8A'—%82p’)+662c)) ’ (73)

where [D®'] = [DA" Dh/ Dp' Db D¢ Dc| and (det M) stands for the Jacobian stemming
from (7.2), i.e.

cos(p'(x)) —(h'(x) +v)sin(p'(x)) 0O
(det M) = det [ 6*(x —y) | sin(p/(x)) (W' (z)+ vl) cos(p'(z)) O . (7.4)
0 —E(‘)ff Oup

As already mentioned, the (det M) can be exponentiated by introducing a suitable set of
anti-ghosts (7,7,&,) as well as a set of ghosts (n,0,&,), so that

(det M) = /[D(new ghosts)] e Sehosts.1 (7.5)
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with [D(new ghosts)] = [Df D& D¢ Dy Do D€] and
Sehosts,1 = /d4x <1777 cos(p') — o (h' + v) sin(p’) — ifl,aya)

+ /d4x (677 sin(p’) +ao(h' + v) cos(p) + 5_,,51,) . (7.6)
Therefore, for the partition function we get

ZHiges = / [D®'][D(new ghosts)] e~ Seft | (7.7)
with

Seft = S0 + Sghosts,1 »
So(A 1 p') = Stiges (A, 9) + / e (ib(@A’ _ éa%’) + ca%) (7.8)

It is easy to check now that expression (7.8) is left invariant by the following nilpotent
BRST transformations

sALzO,

sh' =0,

sp = ec, sc=0,
SE:'L.b, Sb:

Sgl,:sfyzsn:sa:(),

s8N = —eco
so = ecr], (7.9)
with
$Ser =0,  s2=0. (7.10)

As pointed out in [25], the existence of the BRST transformations (7.9) guarantees that
the field redefinition (7.2) is harmless for physical quantities, as stated by the Equivalence
Theorem [21-24]. The new ghosts (7,7,&,) and (1, 0,&,) turn out to compensate [25] the
effects of the change of variable (7.2).

Moreover, taking a look at the Higgs action Siges(A’, h', p’) in terms of the new field
variables, one gets

2
Stiiges (A", 1, p') /d4 ( F*(A) + (@JL')2 + %(A,)Q(U + K2 + % (h'2 + 2h’v)2

(7.11)
where, according to the BRST transformations (7.9), the new variables (4], h’) are gauge
invariant. Said otherwise, there is no more trace in expression (7.11) of the original U(1)
local gauge invariance, as everything is expressed in terms of the gauge invariant fields
(Aj,,h'). From eq. (7.2) one notices in fact that the Goldstone boson p’ has been eaten by
the vector field, expressing the physical content of the Higgs phenomenon. This renowed
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feature of the polar parametrization is nicely captured by the BRST transformations (7.9),
from which one observes that the fields (p’, ¢) form a so-called BRST doublet [31], i.e.

sp' = ec, sc=0. (7.12)

From the general results on the BRST cohomology [31], it follows that these fields do not
contribute to the non-trivial cohomology of the BRST operator. As such, the field p’ cannot
enter the explicit expressions of the BRST invariant physical operators, see egs. (7.13) below.

7.2 Step 2: from polar coordinates to the gauge invariant operators (O, V),)

We can further improve upon the previous Step 1, not only to formally banish the new
ghosts (,,£,),m,0,&,) to the unphysical sector, but to actually show the extra ghost piece
of the action, Sghost, is akin to a gauge fixing.

We first notice that for the gauge invariant composite operators (O, V,) in the new
variables (A}, h’), one obtains

Y L 2 v? Y €1 2 41
O(Au,h):§(h +v) — 5 VM(A,h):§(h +v)°A,. (7.13)

As expected, no dependence from the Goldstone boson p’ is found here. The foregoing
relations (7.13) can be inverted as follows

W=S(rcnom) =2k (14 cno?) (7.14)

ev?

where we introduced a new parameter ¢ in front of the non-linear part, encoded in the
quantities f; and fy, which are power series in (O/v?). Its role will become clear soon.

Next, we consider (7.14) as a path integral field transformation. As before, we may
introduce a set of ghosts (w,w,w,,w,) to exponentiate the corresponding Jacobian. One
arrives at a new!'” classical action

Snew(v,ua 0, P/) = SO(QVN/(BU2)7 0/1}2, Pl) + CSI(V/M 0, P,) + Sghosts,l + Sghosts,Q (715)
where

Csl(v;m 07 pl)

= S0(2V,/(e0?) (14 C2(0/0%)) , 0/ (1+ CF(O/0%)) ,9) = So(2Vp/ (ev?), O /0%, o)
(7.16)

1 df1
R S 2 TC50 0 w
s [te(@a) (G wsiien)(5) o

ev?

and

Given the gauge invariant nature of both O and V},, the BRST transformation s can be
naturally generalized to the new ghosts,

sw = 5w = swy = s, = 0. (7.18)

10And at first sight non-renormalizable because of the vertices containing inverse powers of v.
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On top of the BRST s, we now introduce another nilpotent (Grassmann) symmetry
generator J,

6B, =1, 6B, =7,  0Be,=E,,
0B, =w, OBy = Wy,
0f=¢, 0¢ =0,
d(rest) =0, (7.19)

where, following [25], we introduced new local ghosts (B, By, B¢ 1, Bw, Bw,u) and a global
ghost 3, left invariant by the BRST operator, namely

S (Bn,BoaBé,uanan,uaﬁaC) = 07 (7.20)

from which it follows that
=0, {s50}=0. (7.21)

For convenience, we can replace
4 ~ ! — 0
Sghosts,l — Sghosts,l = C/d x (7777005(0 ) —no ( (1+Cf1) +U> Sln( ) 51/8 U)
@) _
+C/d4:£ (ansin(p’) +oo (112(1+Cf1) +v) cos(p) +§,,£l,) , (7.22)

which corresponds to pulling out a factor of v/ from each of the fields (7,5,&,,7,0,&,).
Importantly, this does not alter the BRST variations (7.9). We can then rewrite the new
action (7.15) as

Snew = So(2V,u/(ev2), 0/, p) + 6(BS1) + 6G1 + 6G (7.23)

where
= C/d:c< ancos(p’) — BU(UO2(1+Cf1)+v)s1n( /) — Bglﬁ )
+¢ [ (Bansin() + B (5041 +0) coslel) + Bes,)

_ [ b+ ¢4 0 w
gg—/da:(Bw BW)< CVM‘W 6325“”(1+<f1)> (wy>. (7.24)

Equivalently, we could have introduced an extended BRST invariance [37] corresponding to
the generalized nilpotent operator § = s 4§, with §Shew = 0, and derive everything from
there, although in the current paper, we will immediately work at the level of'! s and 4.

We will also need a new ghost charge, defined as +1 for (o,7,&,,w,w,), —1 for
(6,ﬁ,§_u,@,wu) and —2 for (By), By, Be,u, B, B s 8). The other fields remain uncharged.
The operator § then increases this charge by one unit. Clearly, the action Syeyw carries no
such charge.

HBoth formulations are equivalent upon introducing a proper filtration, see [37].
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To define the physical subspace, we can now first identify the BRST s-cohomology, which
contains the (standard) gauge invariant operators of the Abelian Higgs model, supplemented
with s-invariant operators constructed from the new ghosts which are not s-exact. To
remove these extra operators from the physical subspace, we can further restrict within
that s-cohomology to those field functionals that belong to the d-cohomology. This is an
example of a constrained cohomology, a concept which was already successfully employed in
other cases as, for example, the characterization of the observables of topological Yang-Mills
theory [37], see also [38, 39]. In our case, since all the newly introduced ghost fields during
Step 1 as well as Step 2 form d-doublets, this constrained cohomology will just contain the
original gauge invariant operators, as desired. Moreover, these operators can be re-expressed
in terms of O and V,.

The dependence of the quantum effective action I', and thus of the S-matrix, on the
parameter ¢ is well under-control, and can also be expressed in a neat functional way. The
functional d-operator reads

5 ) - 0 ) 0 0
_ 4 = = - 2 _
D/da:<7753n+05 U—i—fu&Bg#—i-wé +wu5 +C8ﬁ> D“ =0, (7.25)

and since it is linear, it can be used at the quantum level.

Evidently, we have DSpew = 0, which for the quantum effective action I' implies
DI =0, (7.26)

which is non-anomalous since there is no room for §-non-cohomologically trivial breaking
terms, as the new ghost charged fields are all coming in J-doublets.
Moreover, for any functional F, it can be verified that

0 oF OF
—7D D—=— 2
ac F — ac 95" (7.27)
which we can use to show that
OSnew 0O oy 0y oy
= —D) = D——F— D— + 5. 7.28
¢~ ac oc Tap = Pac o (7.28)
We introduced the shorthand
Y =pS1+ G+ Ga. (7.29)
Unfortunately, the r.h.s. of (7.28) is not D-exact, but fortunately
OSnew
(e — (c et 55:) (7.30)

is. Thanks to the Quantum Action Principle, [31], this classical result can be extended to
the quantum level, i.e.

or
&_D(Ay'r+A1-F) (7.31)

where Ay - T' = (%% + O(h) and Ay - T' = 8S1 + O(h) are quantum insertions reducing
to the operators present in (7.30) for A — 0 [31]. Their precise form is of no interest to
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us, as the final relation (7.31) is sufficient to conclude that the (-dependent pieces of the
quantum action are relegated to a cohomologically trivial sector and as such will have no
bearing on physical expectation values, that is, the observables. A fortiori, the dangerous
“non-renormalizable” terms stemming from f; and fy in (7.14) will not lead to non-curable
UV divergences in physical correlation functions.

The foregoing analysis implies that at the end, the physically relevant piece of the
action can be expressed in terms of the gauge invariant operators O and V,,, where only
the leading (linear) terms in (7.14) are relevant for the physics. Concretely, this amounts
to considering

1 1 2 4 A
S — / i <4F2(2Vu/(ev2)) 5 (Bu0P + V2 + V20 + 2o2> (7.32)

2ib b
+ / dz %EhVM —2—82p/ + éd?c | + d—cohomologically irrelevant pieces.
ev e
[ ——
:—55(682;)’)

Notice that the underbraced part contains a physically irrelevant piece, being s-exact, which
is actually a remnant of the original (Landau) gauge fixing, while the other piece assures
that V), will be transverse on-shell (as expected). The physical correlation functions are
fully determined by the (renormalizable) vertices and propagators derivable by (7.32).

7.3 On the U(1) symmetry

Once the action is rewritten in terms of the gauge invariant variables, one might wonder
about the role of the (global) U(1) and its symmetry breaking, since its role is diminished in
the new formulation. Needless to say, V,, is still the corresponding Noether current. However,
we no longer have (p) at our disposal to decide about the vacuum being (globally) invariant
or not. At the end, this is not what interests us, but rather whether the vector particles
are massive (or not). If a transition from massive to massless behaviour corresponds to an
actual phase transition can be analyzed in terms of the analytic properties of the free energy.

Concretely, in the current BRST invariant framework, we can always introduce a gauge
invariant parameter v # 0 as the minimum of the classical potential and keep it as minimum
for the quantum potential by a suitable choice of the vacuum renormalization constant.'?
Evidently, physics will not depend on this choice of renormalization scheme. Depending
on its own dynamics, the theory will then tell us whether (O) remains nonzero or not,
and whether the gauge invariant vector quantity V), keeps its nonzero mass pole beyond
tree level. This is in perfect accordance with the analysis presented in [5, 6]. In fact, it
was shown in these references that in some classes of gauge, (¢) = 0 due to (non-trivial)
quantum effects. Evidently, this does not imply that the observable vector particles would
not be massive in these gauges.

12 And depending on the value of (O), {¢) and % may coincide or not, depending on whether (h) is zero
or not.
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The rewriting of the action in terms of the explicitly gauge invariant variables, in
conjunction with the Equivalence Theorem we worked out, is an explicit framework capable
of implementing consistently the main message of [5, 6], namely: we may choose around
which value of ¢ on the @-orbit (v in our language) one expands, whilst standard perturbation
theory as developed in textbooks corresponds to the situation of picking up a particular
direction, i.e. setting (¢) = ¢(= %) At the end, the observable physics will be the same,
irrespective of any gauge choice or assumption about broken global U(1) invariance.

8 Conclusion

In this work we have exploited the content of two new Ward identities, eqgs. (2.29), (2.30),
which can be obtained when the two gauge invariant operators (O(z), V,(x)), eq. (1.1),
are introduced in the U(1) Higgs model from the beginning. As already discussed in [1-3],
the renormalizable operators (O(x), V,,(x)) offer a truly gauge invariant framework for the
description of the Higgs and gauge vector boson particles [4-6].

These additional Ward identities have far reaching consequences. For instance, the
Ward identity (2.29), corresponding to the inclusion of the scalar operator O(x), has enabled
us to connect in an explicit way the stationary condition for the vacuum energy &, the
vanishing of the tadpole diagrams and the vacuum condensate (O), as expressed by eq. (1.4),
see the discussion given in section 5. To our knowledge, this is the first time in which such
a relationship has been established by means of a Ward identity.

Concerning the vector operator V), (x), it turns out that it can be identified with the
conserved Noether current of the global U(1) invariance, egs. (2.12), (2.13), displayed by
the action of the Higgs model. The second additional Ward identity (2.30) can be seen
in fact as the translation at the functional level of the conservation law obeyed by V().
Also here, the identity (2.30) has deep consequences, see egs. (1.5), (1.6). In particular, the
transverse component of the two-point function (V,(p)V, (—p)) can be obtained exactly from
the elementary correlator (A,(p)A,(—p)), a fact which ensures that the pole masses of both
correlation functions are identical. Moreover, the longitudinal component of (V,(p)V,(—p))
does not receive any momentum dependent contribution, eq. (1.6). As a consequence,
the longitudinal part of (V,(p)V,(—p)) cannot describe a propagating mode. In the final
section 7, we have in a first step discussed the connection between the cartesian and
the polar parametrization of the complex scalar field ¢ in the light of the Equivalence
Theorem [21-24], reformulated within a BRST framework [25]. The Jacobian relating
the two parametrizations can be exponentiated by introducing a new set of ghost fields,
leading to the BRST transformations displayed in eq. (7.9). We then introduced another
set of fields and associated BRST transformation to show that the non-linear pieces in the
field redefinitions are akin to a gauge fixing term and are as such irrelevant for physical
observables. This generalization of the results [25] leads to a constrained BRST cohomology
characterization of the gauge invariant observables. These transformations guarantee that
field redefinitions have no effects on physical quantities, according to the Equivalence
Theorem [21-24]. This had lead to an explicitly gauge invariant action (7.32) leading to
renormalizable physical correlation functions and thus S-matrix elements. In future work, we
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will explore the quantum (spectral) properties of (7.32) in more detail and compare with the
original Higgs theory. An interesting observation is that, given that O and V), are now the
elementary excitations, the standard formalism of quantum field theory becomes available
again, allowing a full resummation of connected graphs into 1PI ones, etc. Moreover,
thanks to the presence of v in some vertices, we expect some aspects of superrenormalizable
interactions to show up.

Let us mention that we are now investigating to what extent all of these results can
be generalized to the non-Abelian SU(2) Higgs model with a single scalar field in the
fundamental representation [40], with as final aim developing a sensible fully gauge invariant
study of the more complex electroweak theory SU(2)z x U(1), as realized in Nature. Apart
from that, even in the Abelian case some topics deserve further investigations, for example
the inclusion of vortices, [41], in the gauge invariant reformulation or the case where the
parameter v has a purely dynamical origin, [42]. Notice that we can still define v as the
minimum of the potential, the connection with tadpoles and potential vacuum expectation
value of O, see also [43], will still be encoded in the identity (5.16). As mentioned in the
previous section, further non-perturbative dynamics can yield a non-vanishing (O), which
will leave its footprints in the spectrum, viz., particle masses, but also in (h) which then
needs to taken into proper account, according to the constraint (5.16).

Finally, the investigation of the non-Abelian case will enable us to make concrete
contact with the lattice available numerical simulations already performed, see [44, 45] and
references therein.
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A Some explicit one-loop verifications

A.1 Evaluation of the correlation function (V,, (93/)\‘71, (v))

At one-loop order, the diagrams contributing to the two-point function of the vector
operators V,,, including the needed counterterms, are shown in figure 2. As done before,
dimensional regularization will be employed.

For further use, next to the already defined (5.3), it is helpful to also introduce

dik 1 1
2 2,2
mi, msy, =
(. v?) /(27r)dk2+m%(p—k)2+mg

d
d_2

=L (2-3) [ (el - D4 mizemia-0) L ()

(4m)? 2
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Figure 2. Diagrams contributing to the one-loop two-point Green’s function of the V,, operator.
Curly lines refer to the gauge field, solid ones to the Higgs field and dashed ones to the Goldstone field.

For the diagrams of figure 2 we obtain:

d
Vo (0) Vo (=p)) 1) = (=) ( / (d B 2) Py (p) (_;%2)

om)? k24+mj, ) p?+m?

1 2,2 1 2
260 X (715) P (0) (A-2)

—_— d 17 av
Vel =2 [ 5 [ ot 20| oy s e o] 2

— d i
<Vu (p) Vi (—p)>(3) :2/dﬂk [_2(_pu+2ku)] k2—:m% (p_lk)z (_)‘U)plg

== 5L () (min (0,m7,p*) +x (m})] (A.4)

~— A% Ppo (k 1 Ps, 1
W @)Vo (=P)) o :2(_%)/ (2m)? k;—f'gng (p—k)*+m3 (—2¢%udas) pQB—FEZ; <_€U2>
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m 2 2 9
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(d—1) 4m?2p?
1
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() () ()]} a9
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Finally, summing up all contributions, egs. (A.2)—(A.11), one gets

(d—1)
4_m4 1
N (592+m2)>2 {_4 (m?)
o)l el

2
o {” (it )+ g g 0’
iy ()~ s [ ) )

o) - ) o)

1
- (20 zm?) } , (A.12)

and

Euy(p)<vu (p/)_‘\/V/(_p»l_loop = _m2 {77 <m27m%7p2> - 47771121)2 (p2 +m%)277 (0,771%,])2)

e
—m2X (m,%) - (p2+m%—m2) X (mQ)} }
o Do) e ()] <o

A.2 Evaluation of (A, (p) A, (—p))

At one-loop order, for the two-point function of the gauge field A, we have the diagrams

depicted in figure 3:

(A (D) Ay (=p)) gy = ;‘ﬁ% ;ffﬁg (—2¢%00ay) (267005 / (;li];d ;"i% - k)lz ol
_ 422 P () i
(p*+m?)
2
{" (i p?) + (dil) (pi;;?;é) 1(0.mip") - (d1_1)” (m®, k)
_(dil)élrn12p2 {(p2+m%—m2)2n (m27m}2”p2>
—m?y (m}) = (p*+mj —m?) x (mz)} } : (A.14)
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Figure 3. Diagrams contributing to the one-loop two-point Green’s function of the Abelian gauge
field A,,. Curly lines refer to the gauge field, solid ones to the Higgs field and dashed ones to the
Goldstone field.

~ Pua(p) Pus(p)

d
(A (P) Av (=P)) o) / (d e (~2ka+pa) o5 —gic (2hg—pg)
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A A (— _ 'Pm, (p) Z(l) 2 Z(l) 2 A8
< M(p) V( p)>(5)— (p2+m2)2( a4+ h m) ( . )
Summing up all contributions, egs. (A.14)—(A.18), we find that

m (A (P) Av (=) 1100p
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Figure 4. Feynman diagrams contributing to the two-point Green’s function of the Goldstone
field p. Curly lines refer to the gauge field, solid ones to the Higgs field and dashed ones to the
Goldstone field.

Comparing now the two expressions (A.12) and (A.19), one immediately realizes that the
Ward identity (6.19) is fulfilled at the one-loop order.

A.3 Evaluation of {p (p) p (—p))

At one-loop order, for the two-point function of the Goldstone field p we have the diagrams
shown in figure 4. They are given by:

1 o [ d% 1 1
WPy = (N [ g
= pl4 (—)\v)2 n (O,mi,p2> , (A.20)
1 [ d% P, (k) . 1 ,
(p(P)p(=p)(2) = p4/ 2n)° k;—l—(m)?w (—2pu + k) m%’ (2py — k)

)
= 4e2pl2 {77 (mz, m%,pz) — ﬂ/1L24;2 (p2 + m;%)2 n (O,m;%,l?z)
g [0 k=) o)

—m?y (m}) = (b +mf - m?) x (mQ)} } , (A.21)

d
<p(p)p(—p)>(4)_114(_k)/ adr 1

2p (2m) k2 +m]
11 Ak P (k
(P () p (=) = 2t (—2625W) / (zﬂ)dkzi(mé
= —;462 (d=1)x (m?), (A.23)
(0 (p) p(=P))() = —pl4 (23"p% + 600?). (A.24)
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Summing up all contributions, egs. (A.20)—(A.24), we get

<p(p)p(—p)>1-1oop=462p12 {n(mQ,miap) 7—2 (o +m3) 0 (0.m3.p?)
gz [+t ()

—m?y (m}) = (p* + m - m?) x (m2>] }

+ ;1 [min (O,m%,pQ) +x (mh)} - fZ(l) (A.25)

Again, the direct comparison of the two equations (A.13) and (A.25) shows that the Ward
identity (6.20) for the longitudinal sector is also fulfilled at one-loop order.
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