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Abstract

It is shown that a certain angular asymmetry of charged leptons produced in the decay of Z in the 
process e+e− → ZH , related to a tensor polarization component of the Z, can be used to constrain the 
anomalous triple-Higgs coupling, independent of the other anomalous couplings like the ZZH coupling 
which dominate at tree level. This is because the angular asymmetry is odd under naïve time reversal, 
and hence dependent on loop-level contributions. At a future e+e− collider like the International Linear 
Collider (ILC), for example, a limit of about 3.4 might be placed on the ratio of the actual triple Higgs 
coupling to that predicted in the standard model for a centre-of-mass energy of 500 GeV and an integrated 
luminosity of 30 fb−1 with electron and positron beams having longitudinal polarization of −80% and 
+30%, respectively.
© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Anomalous triple-Higgs coupling

Since the discovery of the Higgs boson, all-out efforts are being made to determine the prop-
erties of the Higgs boson, especially its couplings to fermions and gauge bosons, with increasing 
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accuracy. The results seem to be in agreement with the predictions of the standard model (SM) to 
a good degree of accuracy. An important aspect to pin down the theory as the SM is to measure 
the scalar self-couplings with great accuracy and to check their agreement with the predictions 
of the SM.

The scalar self-couplings correspond to λ3 and λ4 in the following terms in the scalar La-
grangian

L3H = −λ3H
3, (1)

L4H = −λ4H
4. (2)

In the SM, these couplings are related to the physical Higgs mass mH and the scalar vacuum 
expectation value v by

λSM
3 = λSM

4 v; λSM
4 = m2

H

2v2 . (3)

Future experiments at the LHC as well as at the proposed lepton colliders will determine 
λ3 and λ4 with greater precision and would be able to check the SM relations of eq. (3). It is 
possible that the correct full theory is not the SM, but an extension of the SM. In that case, the 
above couplings could be the couplings in an effective theory, and they may not obey the relations 
(3). The deviations of these couplings from their SM values have been discussed in the context 
of the standard model effective field theory (SMEFT), where effective interactions induced by 
new physics are written in terms of higher-dimensional operators, suppressed by a high-energy 
scale, the effective theory presumed to be valid at energies much lower than this scale. Thus, 
for example, L3H would get a contribution from a dimension-six operator, −λ6(H

†H)3, see for 
example, [1].

A determination of the triple-Higgs coupling λ3 can be carried out through a process where 
two (or more) Higgs bosons are produced. First of all, such a process needs a high centre-of-mass 
(c.m.) energy. Moreover, it has been found that in the SM [2], there is destructive interference 
between the one-loop diagrams contributing to the process gg → HH , making the total cross 
section extremely small at a hadron collider. Thus, the accuracy of the determination of λ3 is 
low.

A suggestion was made by McCullough [3] that the triple-Higgs coupling could be measured 
through its contribution in one-loop diagrams in single-Higgs production. The process considered 
in [3] was e+e− → ZH , in which, it was assumed that only λ3 deviates from its SM value,

λ3 = λSM
3 (1 + κ). (4)

κ can be nonzero in an SMEFT, for example, in the presence of dimension-six φ6 operators. 
The conclusion was that it would be possible to put a limit on the fractional deviation κ which 
is of the order of 28% at e+e− c.m. energy of 240 GeV, with an integrated luminosity L of 10 
ab−1, expected to be available at TLEP (currently known as FCC-ee) [4]. It was shown [5] that 
the sensitivity of e+e− → ZH can be improved with polarized beams and, in particular, for the 
polarization combination (Pe− = −0.8, Pe+ = +0.3) the accuracy to measure κ is about 57% 
for 

√
s = 250 GeV and L = 2 ab−1, envisaged at the ILC, as compared to 70% for the case of 

unpolarized beams. This estimate is based on the assumption, made for the sake of concreteness, 
that there are no other contributions to an effective ZZH vertex.

Unfortunately, anomalous ZZH couplings, as for example, characterized by dimension-six 
operators in SMEFT, can contribute at tree level to the cross section for e+e− → ZH , and hence 
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this contribution can overwhelm the triple-Higgs contribution. So this sensitivity is possible only 
provided the tree-level contributions are known, or eliminated somehow. The extraction of κ
from the cross section would then be possible, for example, making use of measurement at more 
than one energy, using the different energy dependences of the two contributions [3], or using 
details of Z decay distributions.

We examine here the possibility that Z polarization in e+e− → ZH can be used to measure κ
with either less sensitivity to the tree-level ZZH coupling, or, perhaps, independent of it. Using 
a very useful and simple relation first formulated in [6], the polarization parameters of the Z pro-
duced in various processes can be accessed through angular asymmetries of the decay products 
of the Z, especially a charged lepton pair [6–10]. This property was applied specifically to the 
process e+e− → ZH in [9]. The interesting feature of Z polarization and the consequent decay 
asymmetry that we would like to exploit here is that one particular asymmetry gets contribution 
from only the absorptive part of the amplitude. It is therefore sensitive to the loop-level contribu-
tion of the triple-Higgs coupling. This particular CP-even angular asymmetry is odd under time 
reversal T.1 The CPT theorem then requires the existence of an absorptive part in the amplitude 
for this asymmetry to be nonzero. This asymmetry then automatically measures the interference 
between the tree amplitude and the loop amplitude. Since the tree-level ZZH coupling at the 
lowest order is the SM coupling, the asymmetry is a measure of the loop contribution when 
restricting to linear order in anomalous couplings.2

While it is true that this asymmetry gets contribution from whichever loop amplitude con-
tributes to the process, we are mainly interested in the triple-Higgs coupling which is likely to be 
only mildly constrained. As compared to other couplings entering loop amplitudes, like the top 
Yukawa coupling or the WWH coupling, which would already be well known and close to their 
SM values, the triple-Higgs coupling would contribute the dominant uncertainty.

There have been various suggestions for the construction of e+e− colliders with c.m. energy 
ranging from a few hundred GeV to a few TeV. After the discovery of the Higgs boson with 
mass of about 125 GeV, the dominant suggestion is to construct a linear collider, named the 
International Linear Collider, which would first operate at a c.m. energy of 250 GeV, enabling 
precise measurement of Higgs properties, through an abundant production of a ZH final state. 
There have also been other proposals, as for example, the Compact Linear Collider (CLIC), 
the Future Circular Collider (FCC-ee) and Circular Electron Positron Collider (CEPC) where 
electron and positron beams would be collided, providing a clean environment to study couplings 
of SM particles, and possibly look for new physics, if any. In the context of e+e− colliders, 
particularly the ILC, the possibility of utilizing beam polarization and its advantages has received 
much attention. Suitable longitudinal beam polarization could help in improving the sensitivity 
for many different processes and suppressing unwanted background [12,13].

The use of polarization in the context of Higgs properties is also discussed in [14,15]. It 
is expected that at the ILC, polarizations of 80% and 30% would be possible respectively for 
electron and positron beams for c.m. energy of 250 GeV [13].

On the experimental side, polarization of weak gauge bosons has been measured at the LHC 
in W + jet production [16,17], Z + jet production [18,19], in W production in the decay of top 
quarks [20], and more recently in WZ production [21] and same-sign WW production [22]. The 

1 We refer here to naïve time reversal, that is, a reversal of the directions of all spins and momenta, but not an inter-
change of initial and final states as is required by genuine time reversal. Henceforth T will refer to naïve time reversal.

2 The fact that naïve T-odd quantities can be used for studying loop induced triple-Higgs coupling has been made use 
of in [11], though they do not relate it to Z polarization variables.
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gauge-boson polarizations and helicity fractions are inferred from the angular distributions of the 
fermions to which the gauge bosons decay [23].

Various methods have been suggested for investigating the Higgs self-coupling. In a recent 
study [24], it is shown how the trilinear Higgs coupling can be constrained from di-Higgs pro-
duction with a bb̄bb̄ final state by using deep learning at a future high luminosity LHC (HL-LHC) 
run. With this method, a constraint of −0.8 < λ3/λ

SM
3 < 6.6 at 66% CL may be set with 3000 

fb−1 of HL-LHC data. Furthermore, for HL-LHC runs, using bb̄γ γ channel for HH , the tri-
linear coupling can be constrained to 1.00 < λ3 < 6.22 at the 95% CL [25]. Including various 
other decay channels, a precision range of 3.4 − 7.7% is proposed to be obtained for a 30 ab−1

integrated luminosity [26]. (See also [27].)
Modification of the Higgs coupling or a dimension-six operator in the SMEFT produces linear 

growth in energy of processes involving vector bosons which are longitudinally polarized and 
Higgs in the final state [28]. A detailed analysis in the context of lepton and hadron colliders for 
processes such as WLWL → WLWLH and WLWL → HHH , is contained in Ref. [29].

The current experimental bound from di-Higgs production obtained by ATLAS on the ratio 
of Higgs self coupling to its SM value is −5.0 < λ3/λ

SM
3 < 12.0 [30].

For e+e− colliders such as the FCC-ee [31], ILC [32], the CEPC [33], and the CLIC [34], 
there have been several proposals for using c.m. energies that cover a wide range starting from 
a few hundred GeV to a few TeV, as well as for methods to determine trilinear Higgs coupling 
[35,36].

2. Loop contribution of the triple-Higgs coupling in e+e− → ZH

The process e+e− → ZH involves a ZZ∗H vertex, which can be written as

�ZZH
μν = gZmZ[(1 +F1)gμν +F2k1νk2μ], (5)

where k1, k2 are the momenta (assumed directed inwards) of the gauge bosons carrying the 
respective polarization indices μ, ν. This form assumes that the gauge bosons are either on-shell, 
satisfying kiμεμ(ki) = 0 (i = 1, 2), or couple to a conserved current, so that the terms with k1μ

or k2ν can be dropped. Here mZ is the Z mass, and gZ = gW/ cos θW , θW being the weak mixing 
angle. The quantities F1,2 are functions of bilinear invariants constructed from the momenta.

Isolating the contribution of the triple-Higgs coupling λ3, the form factors F1,2 for the process 
Z∗ → ZH (we ignore the subprocess W+∗W−∗ → H , since the measurement of the gauge 
boson polarization requires decay into charged leptons) can be written at one-loop order in terms 
of the Passarino-Veltman (PV) functions [37] as follows.

F1(k
2
1, k2

2) = λSM
3 (1 + κ)

(4π)2

(
−3B0 − 12(m2

ZC0 − C00) − 9m2
H

2
(κ + 1)B ′

0

)
, (6)

F2(k
2
1, k2

2) = λSM
3 (1 + κ)

(4π)2 12(C1 + C11 + C12). (7)

For the process Z∗ → ZH , the arguments of the PV functions are

B0 ≡ B0(m
2
H ,m2

H ,m2
H ), C0 ≡ C0(m

2
H , s,m2

Z,m2
H ,m2

H ,m2
Z), (8)

and analogously for the functions B ′
0 and the tensor coefficients C1, C11 and C12.

The above expressions are to be evaluated to first order in the parameter κ for consistency, as 
there would be higher-loop contributions at order κ2 which are not being included. Use has been 
made of the package LoopTools [38] to evaluate the PV integrals.
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3. Z polarization parameters and lepton angular asymmetries

An earlier work [9] considered Z polarization in e+e− → ZH in the presence of anomalous 
ZZH couplings, and discussed the role of angular asymmetries of leptons produced in Z decay. 
We use the formalism of that work in the presence of not only tree-level anomalous coupling, but 
include the loop-induced couplings involving the triple-Higgs coupling.

We now use the notation of [9], rather than the one used in eq. (5), for ease of comparison. The 
two notations are related to each other in the way described below. The vertex Zμ(q) → Zν(k)H

in the process e+e− → Z∗(q) → Z(k)H is written with the Lorentz structure

�ZZH
μν = g

cos θW

mZ

[
aZgμν + bZ

m2
Z

(
qνkμ − gμνq · k) + b̃Z

m2
Z

εμναβqαkβ

]
(9)

where g is the SU(2)L coupling and θW is the weak mixing angle. The aZ and bZ terms are 
invariant under CP, while the b̃Z term is CP violating. In the SM, at tree level, the coupling 
aZ = 1, whereas the other two couplings bZ and b̃Z vanish. We will now take aZ and bZ each to 
be a sum of a tree-level contribution from SMEFT and a loop-level contribution from diagrams 
including an effective triple-Higgs coupling, and neglect the CP-violating coupling b̃Z. With this 
in mind, we are using a modified notation, and now aZ and bZ will include also contribution 
from F1 and F2 discussed above:

aZ = a0
Z +F1 − (q · k)F2, (10)

bZ = b0
Z − m2

ZF2. (11)

In a low-energy SMEFT with a cut-off scale 
, aZ and bZ would receive tree-level contribu-
tions, represented above by the subscript 0, from the SM and from dimension-six terms like 
�†�FμνF

μν/
2, where � is the scalar doublet field and Fμν is the field strength tensor.
The non-zero helicity amplitudes in the limit of massless initial states are [9]

M(−,+,+) = g2mZ

√
s(cV + cA)

2
√

2 cos2 θW (s − m2
Z)

[
aZ −

√
s

m2
Z

(EZbZ + ib̃Z| �pZ|)
]

(12)

×(1 − cos θ)

M(−,+,−) = g2mZ

√
s(cV + cA)

2
√

2 cos2 θW (s − m2
Z)

[
aZ −

√
s

m2
Z

(EZbZ − ib̃Z| �pZ|)
]

(13)

×(1 + cos θ)

M(−,+,0) = g2EZ

√
s(cV + cA)

2 cos2 θW (s − m2
Z)

[
aZ −

√
s

EZ

bZ

]
sin θ (14)

M(+,−,+) = −g2mZ

√
s(cV − cA)

2
√

2 cos2 θW (s − m2
Z)

[
aZ −

√
s

m2
Z

(EZbZ + ib̃Z| �pZ|)
]

(15)

×(1 + cos θ)

M(+,−,−) = −g2mZ

√
s(cV − cA)

2
√

2 cos2 θW (s − m2
Z)

[
aZ −

√
s

m2
Z

(EZbZ − ib̃Z| �pZ|)
]

(16)

×(1 − cos θ)

M(+,−,0) = g2EZ

√
s(cV − cA)

2 2

[
aZ −

√
s

E
bZ

]
sin θ (17)
2 cos θW (s − mZ) Z

5
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Here the first two entries in M denote the signs of the helicities of the e− and e+, respectively, 
and the third entry is the Z helicity. θ is the polar angle of the Z relative to the e− direction as 
the z axis. cV and cA are respectively the vector and axial-vector leptonic couplings of the Z, 
given by

cV = 1

2
(−1 + 4 sin2 θW ), cA = −1

2
. (18)

The density matrix elements for e−e+ → ZH for the Z spin summed over the e+ and e−
helicities are derived from the helicity amplitudes, setting b̃Z = 0 are given by

ρ(±,±) = g4m2
Zs

8 cos4 θW (s − m2
Z)2

[
(cV + cA)2(1 ∓ cos θ)2

+(cV − cA)2(1 ± cos θ)2
] ∣∣∣∣∣aZ − bZ

EZ

√
s

m2
Z

∣∣∣∣∣
2

(19)

ρ(0,0) = g4E2
Zs

2 cos4 θW (s − m2
Z)2

sin2 θ (c2
V + c2

A)

∣∣∣∣aZ − bZ

√
s

EZ

∣∣∣∣
2

(20)

ρ(±,∓) = g4m2
Zs

4 cos4 θW (s − m2
Z)2

sin2 θ (c2
V + c2

A)

∣∣∣∣∣aZ − bZ

EZ

√
s

m2
Z

∣∣∣∣∣
2

(21)

ρ(±,0) = g4mZEZs

4
√

2 cos4 θW (s − m2
Z)2

sin θ

×
[
(cV + cA)2(1 ∓ cos θ) − (cV − cA)2(1 ± cos θ)

]

×
[
|aZ|2 − aZb∗

Z

√
s

EZ

− a∗
ZbZ

√
sEZ

m2
Z

+ s

m2
Z

|bZ|2
]

. (22)

Here +, − and 0 denote the Z helicities.
We do not display the somewhat longer expressions for the density matrix elements taking into 

account the polarizations PL and P̄L of the electron and positron beams, respectively. However, 
the expressions are more compact on integration over cosθ , and these are displayed here. We 
also include the appropriate phase space factor, so that the expressions are normalized to give the 
correct total cross section σ as the trace of the density matrix:

σ = σ(+,+) + σ(−,−) + σ(0,0). (23)

The integrated density matrix is given by

σ(±,±) = 2(1 − PLP̄L)g4m2
Z|�kZ|

192π
√

s cos4 θW (s − m2
Z)2

(c2
V + c2

A − 2P eff
L cV cA)

×
∣∣∣∣∣aZ − bZ

EZ

√
s

m2
Z

∣∣∣∣∣
2

(24)

σ(0,0) = 2(1 − PLP̄L)g4E2
Z|�kZ|√

4 2 2
(c2

V + c2
A − 2P eff

L cV cA)

192π s cos θW (s − mZ)

6
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×
∣∣∣∣aZ − bZ

√
s

EZ

∣∣∣∣
2

(25)

σ(±,∓) = (1 − PLP̄L)g4m2
Z|�kZ|

192π
√

s cos4 θW (s − m2
Z)2

(c2
V + c2

A − 2P eff
L cV cA)

×
∣∣∣∣∣aZ − bZ

EZ

√
s

m2
Z

∣∣∣∣∣
2

(26)

σ(±,0) = (1 − PLP̄L)g4mZEZ|�kZ|
256

√
2
√

s cos4 θW (s − m2
Z)2

(2cV cA − P eff
L (c2

V + c2
A))

×
[
|aZ|2 − aZb∗

Z

√
s

EZ

− a∗
ZbZ

√
sEZ

m2
Z

+ s

m2
Z

|bZ|2
]

. (27)

In the above equations, P eff
L = (PL − P̄L)/(1 − PLP̄L), and the indices +, − and 0 denote the Z

helicities.
It was shown that certain angular asymmetries of the charged lepton produced in the decay 

of the Z can be simply related to vector and tensor polarizations of the Z [6–9] and hence 
to the spin density matrix of the Z in the process. Each of the asymmetries considered was 
found to be dominated by one of the anomalous couplings δaZ ≡ ReaZ − 1, RebZ and ImbZ

to linear order in the anomalous couplings. Now that we include loop contributions of the triple-
Higgs couplings, these asymmetries could be measured experimentally to put limits on linear 
combinations of the anomalous ZZH couplings and the anomalous triple-Higgs coupling κ .

Here we choose a particular angular asymmetry, Ayz, the only one found to be proportional 
to the imaginary part of the anomalous coupling bZ. Ayz is defined as

Ayz ≡ σ(cos θ∗ sinφ∗ > 0) − σ(cos θ∗ sinφ∗ < 0)

σ (cos θ∗ sinφ∗ > 0) + σ(cos θ∗ sinφ∗ < 0)
(28)

and is related to the tensor polarization component

Tyz = −i
√

3{[σ(0,+) − σ(+,0)] − [σ(−,0) − σ(0,−)]}
4σ

(29)

by

Ayz = 2

π

√
2

3
Tyz. (30)

Here, σ(i, j) is the integral of ρ(i, j) over the Z azimuthal angle, σ being the trace of σ(i, j). 
The angles θ∗ and φ∗ are polar and azimuthal angles of the lepton in the rest frame of the Z. The 
Z rest frame is reached by a combination of boosts and rotations from the laboratory frame. In 
the laboratory frame, the e− momentum defines the positive z axis, and the production plane of 
Z is defined as the xz plane. While boosting to the Z rest frame, the xz plane is kept unchanged. 
Then, the angles θ∗ and φ∗ are measured with respect to the would-be momentum of the Z.

Let us understand why the asymmetry Ayz will be proportional to Im bZ . For that we need to 
know the transformation properties of cosθ∗ sinφ∗ under CPT. Under naïve time reversal T, all 
momenta change sign. With the above definitions, it can be seen that under T, the Z momentum 
in the laboratory frame changes sign, as also the momentum of the decay charged lepton, so 
the value of θ∗ unchanged. On the other hand, since the normal to the xz plane, which is along 
7
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�pe− × �pZ , does not change under T, the y component of the decay-lepton momentum changes 
sign because �p�− itself changes sign. This makes the asymmetry Ayz a T-odd asymmetry. At 
the same time, the momenta of the e−e+ pair in the laboratory frame, as also those of the final 
charged lepton pair in the Z rest frame, are invariant under CP. The momentum of the Z does 
change sign under CP, and also the normal to the xz plane changes direction. Therefore, cosθ∗
and sinφ∗ both change sign. The combination cosθ∗ sinφ∗ then remains invariant under CP. 
The asymmetry Ayz is thus odd under CPT. As remarked earlier, for a CPT-odd quantity to get 
a nonzero value, it should get contribution from an absorptive amplitude. In our case, the only 
absorptive part which can interfere at linear order with the SM contribution is from the imaginary 
part of bZ . It can be checked that all other asymmetries are either even under CPT, or else odd 
under CP and so not possible at one-loop level.

Making use of expression for the density matrix elements derived in the presence of anoma-
lous ZZH couplings aZ and bZ (since no CP violation is possible at one-loop level, we do not 
consider b̃Z), we find that the asymmetry Ayz is given by

Ayz =
(

2cV cA − P eff
L (c2

V + c2
A)

4(c2
V + c2

A − 2P eff
L cV cA)

)(
|�kZ|2√s

(E2
Z + m2

Z)mZ

)(
Im (a∗

ZbZ)

|aZ|2
)

. (31)

As can be seen, the asymmetry is proportional to Im bZ . Hence it will not get contributions 
from the tree-level couplings, if they are assumed to be real. As discussed earlier, in SM exten-
sions like the 2HDM, aZ is real, though it could be different from unity at tree level, and bZ = 0
at tree level. Im bZ does get contribution at one-loop from the triple-Higgs coupling. In fact, it 
can be written down as

Im bZ = −m2
ZIm F2. (32)

Ayz can therefore be used to determine the triple-Higgs coupling independent of the tree-level 
anomalous ZZH couplings. aZ also gets contribution from the triple-Higgs coupling at loop 
level, but working to linear order in the anomalous couplings, Im (a∗

ZbZ)/|aZ|2 is simply Im bZ .
We now evaluate the contribution of the triple-Higgs coupling to the asymmetry Ayz. The 

tree-level bZ , if any, being real, will not contribute to the asymmetry. The contribution of aZ, 
appearing in denominator of the asymmetry, will be restricted, for consistency to aZ = 1, since 
the contribution of any anomalous coupling δaZ = aZ − 1 will appear only as δa2

Z , and hence 
can be neglected.

We include the possibility of longitudinal electron polarization of 80% and positron polariza-
tion of 30% for the ILC, and only polarized electrons with 80% polarization for CLIC. There 
are studies which consider the possibility of incorporating polarized beams at CEPC as well as 
FCC-ee, which we hope will allow their advantage to be utilized. Since we find the most advan-
tageous configuration as (Pe−, Pe+) = (−0.8, +0.3), we show results of only this combination. 
Moreover, for simplicity and uniformity, we assume that the full luminosity to be available for 
the polarized beam combination, though many staging possibilities have been considered while 
planning future experiments.

That such a combination of beam polarization enhances the asymmetry can be seen from the 
following arguments. As we argued earlier, Ayz is odd under T. Now, all momenta transform 
in the same way under parity P as under T, i.e., they reverse their signs. In addition, under P, 
the helicities change sign. Thus, if P is a symmetry of the theory, Ayz being odd under P would 
vanish. Our theory is not symmetric under P, since the left-hand and right-handed couplings of Z
to leptons are different. But because cV ≈ −0.06 is numerically small, there is an approximate 
8
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P invariance, and the asymmetry turns out to be proportional to cV , and therefore small. In the 
presence of significant beam polarizations which are opposite in sign for the e− and e+, the P 
symmetry is no longer an approximate symmetry. There is quite a large P violation, and as a 
result, Ayz is greatly enhanced.

We can see how this works out in practice from explicit expressions. Ayz arises from a com-
bination of the imaginary parts of the density matrix elements ρ(±, 0). It can be seen from 
eqs. (12)-(17) that the contribution to these matrix elements from the e− and e+ helicity com-
binations (−, +) and (+, −) occur with opposite signs, in addition to the different couplings 
(cV + cA) and (cV − cA), respectively. Since numerically cV is much smaller than cA in magni-
tude, this results in a partial cancellation in the calculation of ρ(+, 0) as well as that of ρ(−, 0), 
giving a coupling dependence of 2cV cA in the numerator of the asymmetry as compared to 
c2
V + c2

A in the cross section appearing in the denominator of the asymmetry. In the presence of 
polarization, the factors (cV + cA)2 and (cV − cA)2 get different polarization dependent factors, 
preventing the partial cancellation, and thus enhancing the asymmetry.

For an asymmetry, the estimated error takes the form

δA =
√

1 − A2
SM√

σSML
(33)

with σSM being the SM cross section for the process e+e− → Z∗H → ��̄H (� = e, μ) at a 
collider with integrated luminosity L and ASM is the corresponding value of asymmetry in the 
SM.

The efficiency of measurement of the cross section for ZH production with Z decaying into 
lepton pairs is taken to be 0.4% for 

√
s = 240 GeV and luminosity 10 ab−1 [4]. It is appropriately 

scaled for other luminosities. Efficiencies for cross section measurement quoted in earlier works 
are 0.9% for ILC at 250 GeV and luminosity 2 ab−1 [39,40], 3.8% at CLIC for 

√
s = 350 GeV 

and luminosity 500 fb−1 [41], and 0.5% at CEPC for 
√

s = 240 or 250 GeV and luminosity 5.6 
ab−1 [42].

For our numerical calculations we make use of the following values of parameters: mZ =
91.1876 GeV, mW = 80.379 GeV, mH = 125.0 GeV, sin2 θW = 0.22 and GF = 1.1663787 ×
10−5 GeV−2.

4. Results

The results are as follows.
We first list in Table 1 values of Im bZ which arise from the one-loop triple-Higgs contribution 

for the value of κ = 1 for various values for c.m. energy. We present in Table 2 the asymmetry 
Ayz and the limits that could be obtained using this asymmetry for several colliders, with different 
energies and integrated luminosities. In cases where polarized beams are likely to be available, 
we include the results with unpolarized beams, as well with e− and e+ polarizations of −0.8 and 
+0.3 respectively. In case of CLIC, we give the result with only electron beams polarized.

The limit on κ from Ayz with the same ILC parameters as mentioned, viz., 
√

s = 250 GeV and 
L = 2 ab−1, and using the same sensitivity for Z measurement as obtained from the literature, 
comes out to be about 119. However, this limit has the advantage that it is strictly independent 
of the tree-level contribution to the ZZH coupling. To maintain this advantage and get a better 
limit, both energy and luminosity need to be pushed up. Thus, for 

√
s = 500 GeV, it is 4.16 for 

L = 10 ab−1 and 2.40 for L = 30 ab−1.
9
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Table 1
Values of Im bZ from one-loop 
triple-Higgs coupling contributions 
for κ = 1 and various values of 

√
s.

√
s Im bZ

(GeV) (for κ = 1)

240 −3.62 × 10−4

250 −4.91 × 10−4

350 −8.22 × 10−4

365 −8.09 × 10−4

380 −7.93 × 10−4

500 −6.13 × 10−4

Table 2
Values of the asymmetry Ayz for κ = 1 and 1 σ limits on κ from Ayz at various colliders with different energies and 
luminosities. Values for CLIC are shown for unpolarized beams, as well as for e− beams polarized to −80%. In case 
of ILC, values are shown for unpolarized beams as well as with e− and e+ beam polarizations of −0.8 and +0.3, 
respectively.

Collider c.m. 
energy 
(GeV)

104 × Ayz Lumi-
nosity 
(ab−1)

Limit

unpolarized 
beams

polarized 
beams

unpolarized 
beams

polarized 
beams

CEPC 240 −0.159 10 506
CEPC 240 −0.159 20 358
CLIC 380 −2.88 −10.6 0.5 124 31.0
FCC 240 −0.159 10 506
FCC 250 −0.314 5 362
FCC 365 −2.64 1.5 78.2
ILC 250 −0.314 −1.23 2 573 119
ILC 250 −0.314 −1.23 5 362 75.3
ILC 350 −2.39 −9.38 30 19.4 4.03
ILC 500 −4.00 −15.7 4 31.6 6.57
ILC 500 −4.00 −15.7 10 20.0 4.16
ILC 500 −4.00 −15.7 30 11.5 2.40

While our main interest is to use measurements which are independent of the tree-level 
anomalous couplings, for the sake of completeness, we also list in Table 3 the limits (in per-
cent) that can be obtained on κ from the measurement of the cross section, under the assumption 
that there are no tree-level anomalous contributions, i.e., δaz = 0 and bZ = 0. Table 4 lists the SM 
cross sections at various c.m. energies, including the contribution of the one-loop triple-Higgs 
contribution.

5. Conclusions

We have investigated the possibility of using a tensor polarization variable Tyz of the Z in 
the process e+e− → ZH and a decay-lepton asymmetry Ayz related to this variable to constrain 
the loop-level contribution to the anomalous triple-Higgs coupling κ , independent of tree-level 
anomalous ZZH coupling. Ayz, an asymmetry dependent on the lepton azimuthal angle in a 
10
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Table 3
Cross sections (in fb) for κ = 1 and 1 σ limits (in per cent) on κ from the cross section at various colliders with 
different energies and luminosities, assuming no anomalous tree-level ZZH contribution. Values for CLIC are shown 
for unpolarized beams, as well as e− beams polarized to −80%. In case of ILC, values are shown for unpolarized beams 
as well as with e− and e+ beams polarizations of −0.8 and +0.3, respectively.

Collider c.m. 
energy 
(GeV)

Cross section (fb) Lumi-
nosity 
(ab−1)

Limit (%)

unpolarized 
beams

polarized 
beams

unpolarized 
beams

polarized 
beams

CEPC 240 247 10 27.3
CEPC 240 247 20 19.3
CLIC 380 107 127 0.5 1334 1223
FCC 240 247 10 27.3
FCC 250 246 5 44.3
FCC 365 117 1.5 506
ILC 250 246 368 2 70.0 57.1
ILC 250 246 368 5 44.3 36.1
ILC 350 129 194 30 81.3 66.4
ILC 500 56.8 85.2 4 311 254
ILC 500 56.8 85.2 10 197 161
ILC 500 56.8 85.2 30 114 92.8

Table 4
Values of the SM cross sections at various c.m. energies, 
including the contribution of the one-loop triple-Higgs 
contribution, for unpolarized and polarized beams. In the 
polarized case e− and e+ polarizations are respectively 
−0.8 and +0.3, except in the case of the for 380 GeV, 
where the e+ polarization is zero.

c.m. energy Cross section (fb)

(GeV) unpolarized polarized

240 243 365
250 242 363
340 138 207
350 129 194
365 117 176
380 107 127
500 56.9 85.4

specific frame, is found to be odd under naïve time reversal operation, and is therefore propor-
tional to the absorptive part of the amplitude. It therefore isolates the loop-level contributions. 
In case the triple-Higgs contribution is the dominant one, we calculate the asymmetry and the 
possible limit on κ for several collider energies and luminosities.

It is seen that a considerably high luminosity of at least 30 fb−1 is needed to constrain anoma-
lous triple-Higgs coupling even at the level of 200% to 400%. The better limit of about 240% 
requires a c.m. energy of 500 GeV. The use of longitudinally polarized beams is also seen as 
absolutely essential to reach these sensitivities. Longitudinal beam e− polarization of −80% and 
e+ polarization of +30% improve the limits by a factor between 4 and 5.
11
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While the limit which could be obtained by measuring the cross section for the same combina-
tion of experimental parameters is much better, about 93%, this is possible only if the tree-level 
ZZH contribution is known to be negligible.

Note that we have used the formalism of [6], which entails a particular choice of frame of 
reference, as also the charged-lepton decay channels for the Z. It is possible that by employing 
some different frame, as also including hadronic decay channels of the Z, the sensitivity may 
be improved. This investigation would require detailed numerical simulations, which we do not 
attempt in this work.

CRediT authorship contribution statement

Kumar Rao: Conceptualization, Formal analysis, Methodology, Software. Saurabh D. Rin-
dani: Conceptualization, Formal analysis, Methodology, Software. Priyanka Sarmah: Concep-
tualization, Formal analysis, Methodology, Software. Balbeer Singh: Conceptualization, Formal 
analysis, Methodology, Software.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal rela-
tionships that could have appeared to influence the work reported in this paper.

Acknowledgement

SDR acknowledges support from the Indian National Academy, New Delhi, under the Senior 
Scientist programme.

References

[1] G. Degrassi, P.P. Giardino, F. Maltoni, D. Pagani, J. High Energy Phys. 1612 (2016) 080, arXiv :1607 .04251 [hep -
ph].

[2] E.W.N. Glover, J.J. van der Bij, Nucl. Phys. B 309 (1988) 282.
[3] M. McCullough, Phys. Rev. D 90 (1) (2014) 015001, Erratum: Phys. Rev. D 92 (3) (2015) 039903, arXiv :1312 .3322

[hep -ph].
[4] M. Bicer, et al., TLEP Design Study Working Group, J. High Energy Phys. 1401 (2014) 164, arXiv :1308 .6176

[hep -ex].
[5] S.D. Rindani, B. Singh, Int. J. Mod. Phys. A 35 (04) (2020) 2050011, arXiv :1805 .03417 [hep -ph].
[6] F. Boudjema, R.K. Singh, J. High Energy Phys. 0907 (2009) 028, arXiv :0903 .4705 [hep -ph].
[7] R. Rahaman, R.K. Singh, Eur. Phys. J. C 77 (8) (2017) 521, arXiv :1703 .06437 [hep -ph].
[8] R. Rahaman, R.K. Singh, Eur. Phys. J. C 76 (10) (2016) 539, arXiv :1604 .06677 [hep -ph].
[9] K. Rao, S.D. Rindani, P. Sarmah, Nucl. Phys. B 950 (2020) 114840, arXiv :1904 .06663 [hep -ph].

[10] K. Rao, S.D. Rindani, P. Sarmah, Nucl. Phys. B 964 (2021) 115317, arXiv :2009 .00980 [hep -ph].
[11] J. Nakamura, A. Shivaji, Phys. Lett. B 797 (2019) 134821, arXiv :1812 .01576 [hep -ph].
[12] G. Moortgat-Pick, et al., Phys. Rep. 460 (2008) 131, arXiv :hep -ph /0507011.
[13] LCC Physics Working Group, K. Fujii, et al., arXiv :1801 .02840.
[14] G. Durieux, C. Grojean, J. Gu, K. Wang, J. High Energy Phys. 1709 (2017) 014.
[15] T. Barklow, K. Fujii, S. Jung, R. Karl, J. List, T. Ogawa, M.E. Peskin, J. Tian, Phys. Rev. D 97 (5) (2018) 053003.
[16] S. Chatrchyan, et al., CMS, arXiv :1104 .3829 [hep -ex].
[17] G. Aad, et al., ATLAS, Eur. Phys. J. C 72 (2012), arXiv :1203 .2165 [hep -ex], 2001.
[18] V. Khachatryan, et al., CMS, Phys. Lett. B 750 (2015) 154–175, arXiv :1504 .03512 [hep -ex].
[19] G. Aad, et al., ATLAS, J. High Energy Phys. 08 (2016) 159, arXiv :1606 .00689 [hep -ex].
[20] G. Aad, et al., CMS and ATLAS, J. High Energy Phys. 08 (08) (2020) 051, arXiv :2005 .03799 [hep -ex].
12

http://refhub.elsevier.com/S0550-3213(21)00346-1/bibE1D29BB95A4FAC4E965010213A2936C0s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibE1D29BB95A4FAC4E965010213A2936C0s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib8925613CE25FD881B5C3B1AEDD60890Cs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib78283C4DE2961B5CF216374F4F454F40s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib78283C4DE2961B5CF216374F4F454F40s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibA585A8B7761931BC581178C718759809s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibA585A8B7761931BC581178C718759809s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibE877040E5B3C2129185DC768C95A01EFs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib60C601C1136124BD79CA7D018BE4096Bs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib114EE4B623EB7899AFA67E56F15B559Cs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib529D1584F106581790E61B4ECE098964s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibFBEF1BA6A6D0DE91413CD6C568E9607Cs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib8EAD1ECEBC5E1ABC97FE91C5FDCD8E95s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibB5AC5D91E4F08D81783D9B4A93C065ABs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib27D3C1BBFA348DBAF32A9802CB8CE22As1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibB52E452220C1F8BE3836C13A4FCC74B6s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib143B44CC4E7E257AC122076F5750BACAs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibD7145D13ECCE7CD4D2ED827AB95C9B28s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibA397281EDFB3378FCCBF66DD1BEF811Ds1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibF01632A9CE7F4E92886B570B93A2B052s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibAFA8D703692D40C5B082818DEBEF8E92s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib0708E4FF2387C4F1BB4AF353021A95B9s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibACA38E9EDA77A9491A2D98304D9E634Fs1


K. Rao, S.D. Rindani, P. Sarmah et al. Nuclear Physics B 975 (2022) 115649
[21] M. Aaboud, et al., ATLAS, Eur. Phys. J. C 79 (6) (2019) 535, arXiv :1902 .05759 [hep -ex].
[22] A.M. Sirunyan, et al., CMS, Phys. Lett. B 812 (2021) 136018, arXiv :2009 .09429 [hep -ex].
[23] W.J. Stirling, E. Vryonidou, J. High Energy Phys. 07 (2012) 124, arXiv :1204 .6427 [hep -ph].
[24] J. Amacker, W. Balunas, L. Beresford, D. Bortoletto, J. Frost, C. Issever, J. Liu, J. McKee, A. Micheli, S. Paredes 

Saenz, et al., J. High Energy Phys. 12 (2020) 115, arXiv :2004 .04240 [hep -ph].
[25] J. Chang, K. Cheung, J.S. Lee, J. Park, Phys. Rev. D 101 (1) (2020) 016004, arXiv :1908 .00753 [hep -ph].
[26] M.L. Mangano, G. Ortona, M. Selvaggi, Eur. Phys. J. C 80 (11) (2020) 1030, arXiv :2004 .03505 [hep -ph].
[27] J. Park, J. Chang, K. Cheung, J.S. Lee, Phys. Rev. D 102 (7) (2020) 073002, arXiv :2003 .12281 [hep -ph].
[28] B. Henning, D. Lombardo, M. Riembau, F. Riva, Phys. Rev. Lett. 123 (18) (2019) 181801, arXiv :1812 .09299

[hep -ph].
[29] J. Chen, C.T. Lu, Y. Wu, arXiv :2105 .11500 [hep -ph].
[30] G. Aad, et al., ATLAS, Phys. Lett. B 800 (2020) 135103, arXiv :1906 .02025 [hep -ex].
[31] A. Abada, et al., FCC, Eur. Phys. J. Spec. Top. 228 (2) (2019) 261–623.
[32] P. Bambade, T. Barklow, T. Behnke, M. Berggren, J. Brau, P. Burrows, D. Denisov, A. Faus-Golfe, B. Foster, K. 

Fujii, et al., arXiv :1903 .01629 [hep -ex].
[33] J.B. Guimarães da Costa, et al., CEPC Study Group, arXiv :1811 .10545 [hep -ex].
[34] P.N. Burrows, et al., CLICdp and CLIC, arXiv :1812 .06018 [physics .acc -ph].
[35] P. Azzurri, G. Bernardi, S. Braibant, D. d’Enterria, J. Eysermans, P. Janot, A. Li, E. Perez, arXiv :2106 .15438

[hep -ex].
[36] A. Blondel, P. Janot, arXiv :2106 .13885 [hep -ex].
[37] G. Passarino, M.J.G. Veltman, Nucl. Phys. B 160 (1979) 151.
[38] T. Hahn, M. Perez-Victoria, Comput. Phys. Commun. 118 (1999) 153, arXiv :hep -ph /9807565.
[39] D.M. Asner, et al., ILC Higgs White Paper, arXiv :1310 .0763 [hep -ph].
[40] K. Fujii, et al., arXiv :1710 .07621 [hep -ex].
[41] H. Abramowicz, A. Abusleme, K. Afanaciev, N.A. Tehrani, C. Balázs, Y. Benhammou, M. Benoit, B. Bilki, J.J. 

Blaising, M.J. Boland, et al., Eur. Phys. J. C 77 (7) (2017) 475, arXiv :1608 .07538 [hep -ex].
[42] F. An, Y. Bai, C. Chen, X. Chen, Z. Chen, J. Guimaraes da Costa, Z. Cui, Y. Fang, C. Fu, J. Gao, et al., Chin. Phys. 

C 43 (4) (2019) 043002, arXiv :1810 .09037 [hep -ex].
13

http://refhub.elsevier.com/S0550-3213(21)00346-1/bib2BA615183D47FBE6478F7C3C6315EBBBs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib3BF83D6D3C913343A32722E8D4EC8AA9s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibDF7E9BEE65DD278BE0C4EC6CF4B59837s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib8F7BC161015B6CEBFB4AA856CCB08B17s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib8F7BC161015B6CEBFB4AA856CCB08B17s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib1335DFA39A144342962E2B3FF3A905DCs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib1F236124AADCB62AD12034E75FA7AED8s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib3841DDE4C063FEDBDEE6E4F4E5A052E2s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib024DACACE9BB645D5F66B43B3CB2E3D8s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib024DACACE9BB645D5F66B43B3CB2E3D8s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib0178EB9F6995C269DB54BD37BE73C6D2s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib6D39593C32D583C11D01B02356D50BF6s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibA2BBCA1E23CA7CD230408C326B55D493s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibD618C175A6C2D9C27FD6E040A74E662Cs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibD618C175A6C2D9C27FD6E040A74E662Cs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib2968BF701F625E2F6DC4F75E522F9072s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibA13741A09C56409AA088FBC48F180F46s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib5B26AF32A2ED3C29A1AF8812FCC857CBs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib5B26AF32A2ED3C29A1AF8812FCC857CBs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib7E080CC86EF1A9DAB3B836895040693As1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibA565153DF227B0510B1C789D5CDC39ECs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib20C5AEF01A23A03AE89AC740400A7D19s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib4A1D0AD33C6D6B4D7747F8BFB625B7D5s1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib99D5C3802C05121D407E4D192932B8EDs1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibFEB320CF2162858A453E906018FE8D0Ds1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bibFEB320CF2162858A453E906018FE8D0Ds1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib5D9493B4DFD93FD731DF5F7DBBC8EA9Es1
http://refhub.elsevier.com/S0550-3213(21)00346-1/bib5D9493B4DFD93FD731DF5F7DBBC8EA9Es1

	Use of Z polarization in e+e−→ZH to measure the triple-Higgs coupling
	1 Anomalous triple-Higgs coupling
	2 Loop contribution of the triple-Higgs coupling in e+e−→ZH
	3 Z polarization parameters and lepton angular asymmetries
	4 Results
	5 Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgement
	References


