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1 Introduction

In the context of the planar limit of N = 4 super Yang-Mills (SYM) theory, the develop-
ment of new techniques has led to remarkable progress being made for the calculation of
scattering amplitudes, pushing the known results for the six- and seven-point gluon scat-
tering amplitudes up to seven and four loops, respectively [1–16]. Much less is still known,
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however, about scattering amplitudes with more external gluons, at least in general kine-
matics, where only the two-loop symbol is known for any number of gluons [17–19], and the
remainder function of the eight- and nine-gluon amplitude was determined up to two loops
in [20]. In this situation, considering the multi-Regge limit can provide valuable insights
on the path to the amplitude in full kinematics due to (at least) two of its properties which
were historically derived starting with the seminal BFKL papers [21–24]:

• firstly, the multi-Regge limit naturally re-organizes the perturbative expansion of the
scattering amplitude from loop levels to an expansion in logarithmic accuracy, where
each order corresponds to a resummation of certain large logarithms appearing in
this limit. This expansion starts with the leading logarithmic approximation (LLA)
and continues with the (Next-to-)k-LLA (NkLLA), with each logarithmic order con-
taining information from all loop orders, thus providing valuable information on the
all-loop structure of the amplitude, albeit in special kinematics. The multi-Regge
limit is naturally formulated in terms of effective particles, so-called Reggeons. Scat-
tering amplitudes can then be described by quantities related to those Reggeons,
namely BFKL eigenvalues describing the propagation of bound states of two or more
Reggeons and impact factors describing the transition of one Reggeon bound state
to another.

• Secondly, the BFKL eigenvalues and impact factors are universal quantities. This
means, for example, that the BFKL eigenvalue describing a two-Reggeon bound
state is always the same, independent of whether it appears in a six-, seven- or n-
point amplitude. Thus, results obtained for a lower-point amplitude can be re-used
in higher-point amplitudes. Furthermore, the appearance of BFKL eigenvalues and
impact factors is closely linked to the concept of so-called Mandelstam regions, which
are kinematical regions reached by analytic continuations of the scattering amplitude
in the kinematic variables. The theory of the multi-Regge limit predicts which of
these quantities appear in which Mandelstam region, thus, providing important data
for a potential ansatz in general kinematics.

The ultimate goal of the study of the multi-Regge limit in planar N = 4 SYM therefore is to
determine all possible BFKL eigenvalues and impact factors exactly. Our paper presents
a small step towards this goal by determining all possible BFKL eigenvalues at strong
coupling.

In this regard, the BFKL eigenvalue of the two-Reggeon bound state and the impact
factor describing the transition from one Reggeon to a bound state of two Reggeons were
determined perturbatively up to N2LLA [6, 7, 25–29] and at strong coupling [30, 31],
before finite coupling expressions were derived in [32]. These ingredients are sufficient
to describe the six-gluon amplitude. However, starting from seven gluons, an additional
quantity, namely the central emission vertex, is needed to describe the amplitude in all
kinematic regions. This quantity describes the emission of a physical gluon from the two-
Reggeon bound state. The central emission vertex was determined perturbatively up to
NLLA [33–36] and its contribution at strong coupling was analyzed in [37–39], before a
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conjecture for an exact expression at finite coupling was presented in [40]. As the number
of gluons increases, further ingredients will be required for the calculation of a n-gluon
amplitude in the multi-Regge limit. This includes, in particular, the BFKL eigenvalue of
Reggeon bound states consisting of more than two Reggeons. From Regge theory, the BFKL
eigenvalue of a k-Reggeon bound state is expected to appear starting from the 2k+2-gluon
amplitude [41, 42]. Understanding these Reggeon bound states is hence crucial in pushing
the exact results known in the multi-Regge limit for the six- and seven-point amplitudes
to higher-point amplitudes. However, compared to the quantities appearing in the six-
and seven-point amplitude, very little is known regarding the BFKL eigenvalues of bound
states of more than two Reggeons. So far, the contribution of a three-Reggeon bound state
was first observed in the context of the two-loop eight-point remainder function [43], and
its contribution to the eight-point remainder function from the perspective of Regge theory
is systematically explored in [44].

A rather simple picture for the Reggeon bound states is suggested by the Wilson
loop OPE [45–50], which is based on an expansion of the remainder function around the
collinear limit. This expansion is described by an integrable flux-tube spanned by a Wilson
loop, on which excitations propagate. The properties of these excitations, such as their
dispersion relations and their scattering matrices are known at finite coupling [51–60], which
in principle allows an evaluation of the remainder function to arbitrary precision, although
in practice the resummation of the excitations is difficult and was so far only carried out
in individual cases (see, for example, [61–66]). To connect the collinear limit and the
multi-Regge limit, an analytic continuation of the Wilson loop OPE from the collinear
to the multi-Regge regime for the six-point amplitude is used in [32] to extract exact
expressions for the two-Reggeon BFKL eigenvalue and the impact factor. This method
was extended in [40] to propose an exact expression for the central emission vertex. In
this approach, the BFKL eigenvalue corresponds to an analytic continuation of the energy
of certain excitations. Since the system described by these excitations is integrable, the
energy of several of these excitations corresponds to the sum of the energies of the individual
excitations. Hence, there seems to be no room for additional, fundamentally new structures
appearing at higher-point amplitudes. Assuming that the multi-Regge limit of higher-point
amplitudes can also be described by a continuation from the collinear limit, this picture
suggests that the BFKL eigenvalues of bound states of more than two Reggeons are, in
fact, not new and independent quantities, but should be related to the already known
two-Reggeon bound state. This is in line with results from Regge theory, where, to leading
order, the BFKL eigenvalue is identified with the energy of a spin chain model, for which
the number of sites is determined by the number of Reggeons in the bound state [41, 42].
However, from the perspective of Regge theory, it is not at all obvious whether such a
simple picture prevails beyond leading order, as well (see, for example, [67]).

We approach this question by calculating the possible BFKL eigenvalues for any num-
ber of gluons at strong coupling, where the remainder function is determined by a set of
thermodynamic Bethe ansatz (TBA) equations. The analytic continuation of these TBA
equations in the multi-Regge limit connects each Mandelstam region with a set of coordi-
nate Bethe ansatz equations, which then determines the remainder function. In previous
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papers, the calculation of amplitudes in the multi-Regge limit at strong coupling was based
on a case-by-case analysis, in which the analytic continuation of the TBA equations to dif-
ferent kinematic regions was carried out numerically [30, 31, 37–39]. This approach becomes
more and more difficult as the number of gluons increases, as the number of kinematic vari-
ables which need to be analytically continued grows and since the choice of the correct paths
of analytic continuation becomes more involved (see, for example, [38, 68, 69]). Therefore,
we take a different route in this paper. Rather than performing the analytic continuations
explicitly, we show that the multi-Regge limit imposes strong constraints on the allowed
Bethe ansatz equations. We then determine the remainder function for the Bethe ansatz
equations allowed by the multi-Regge limit and show that the resulting BFKL eigenvalues
are always multiples of the two-Reggeon BFKL eigenvalue. Furthermore, we show that
this result also holds for a set of kinematically subleading terms, which were analyzed in
the six-point case in [39] and which yield information beyond the strong coupling saddle
point. Thus, our result provides evidence that the BFKL eigenvalues of bound states of
three or more Reggeons are indeed simple functions of the two-Reggeon BFKL eigenvalue,
at least at strong coupling.

This paper is organized as follows. In section 2 we review the calculation of scattering
amplitudes in planar N = 4 SYM at strong coupling and explain that the remainder
function in the multi-Regge is determined by certain singularities of the associated TBA
equations. We then discuss the behavior of these singularities during an arbitrary analytic
continuation and the constraints the multi-Regge limit imposes on the relevant singularities
in section 3, before calculating the remainder function for the most general Bethe ansatz
allowed by the multi-Regge limit in section 4. We apply our results to the specific case of the
nine-point amplitude in section 5, in which we also analyze the structure of kinematically
subleading contributions to the remainder function. Lastly, we summarize our results and
discuss open questions in section 6. Technical results are collected in several appendices.

2 Review: the multi-Regge limit in strongly-coupled N = 4 SYM

2.1 Scattering amplitudes at strong coupling

Let us begin by briefly reviewing the calculation of scattering amplitudes in strongly-
coupled planar N = 4 SYM as derived in [70–73]. At strong coupling, the color-ordered
n-gluon amplitude is given by

An ∼ e−
√
λ

2π ABDS(xi)+Rn(ua,s), (2.1)

to leading order in
√
λ, where λ is the ’t Hooft coupling constant. In equation (2.1),

ABDS is the strong coupling limit of the BDS ansatz [1], which contains the IR-divergences
of the amplitude and Rn is the so-called remainder function.1 To describe the kinematic
dependence in eq. (2.1), we introduce the dual variables xi by pi =: xi−1−xi, with xi+n ≡ xi,
where pi are the gluon momenta. While the BDS ansatz in eq. (2.1) depends explicitly

1Note that at strong coupling, the dependence of the remainder function on the helicity of the gluons is
subleading in

√
λ. Therefore, Rn in eq. (2.1) is the same for all NkMHV configurations.
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on the xi, the remainder function only depends on 3n − 15 cross ratios ua,s due to dual
conformal symmetry [74], for which we choose the basis

u1,s :=
x2
s+1,s+5x

2
s+2,s+4

x2
s+2,s+5x

2
s+1,s+4

, u2,s :=
x2

1,s+2x
2
n,s+3

x2
n,s+2x

2
1,s+3

, u3,s :=
x2

2,s+3x
2
1,s+4

x2
1,s+3x

2
2,s+4

, (2.2)

where xi,j := xi − xj and s = 1, . . . , n − 5. The dependence of the remainder function on
the cross ratios is described by three terms,2

Rn := −
√
λ

2π (∆ +Aper +Afree) , (2.3)

which we discuss in turn. The simplest term, ∆ = ∆(ua,s), is a transcendentality-two
function of the cross ratios. Explicit expressions are derived, for example, in [76]. To explain
the other two terms in eq. (2.3), we introduce the auxiliary parameters ms =: |ms|eiϕs and
Cs, which are connected with the cross ratios (2.2) as described below. We furthermore
introduce 3n − 15 functions Ỹa,s(θ), which depend on the auxiliary parameters and a
complex parameter θ. These Ỹ-functions satisfy the non-linear integral equations

log Ỹa,s(θ) = −|ma,s| cosh θ+Ca,s +
∑
a′,s′

∫
R

dθ′Ka,a
′

s,s′ (θ− θ
′+ iϕs− iϕs′) log

(
1 + Ỹa′,s′(θ′)

)
,

(2.4)
where a, a′ ∈ {1, 2, 3}, s′ ∈ {s− 1, s, s+ 1} and s = 1, . . . , n− 5 as before. These equations
resemble thermodynamic Bethe ansatz equations and are called the Y-system or the TBA
equations in the following. In eq. (2.4), we have introduced the quantities

|ma,s| :=
√

2 δa,2 |ms|, Ca,s := (δa,3 − δa,1)Cs, (2.5)

and the integration kernels Ka,a
′

s,s′ , which are hyperbolic functions spelled out explicitly in
appendix A.1. Eq. (2.4) defines the Ỹa,s-functions for small imaginary parts of θ+iϕs−iϕs′ .
Whenever Im (θ + iϕs − iϕs′) = k · π4 with k ∈ Z holds, singularities of the integration
kernels lie on the integration contour and the corresponding residues need to be picked
up, which introduces additional terms in eq. (2.4). As an alternative to picking up the
residues of the singularities appearing for large imaginary parts of θ explicitly, one can use
the recursion relations

Ỹa,s(θ) =

(
1 + Ỹ[±1]

a,s+1(θ + iϕs − iϕs+1)
) (

1 + Ỹ[±1]
4−a,s−1(θ + iϕs − iϕs−1)

)
Ỹ[±2]

4−a,s(θ)
(

1 + 1
Ỹ[±1]
a+1,s(θ)

)(
1 + 1

Ỹ[±1]
a−1,s(θ)

) , (2.6)

where Ỹ[±k]
a,s (θ) := Ỹa,s

(
θ ± ik π4

)
, subject to the boundary conditions

Ỹ0,s(θ) = Ỹ4,s(θ) =∞, and Ỹa,0(θ) = Ỹa,n−4(θ) = 0 (2.7)

to relate the Ỹa,s-functions for any value of θ with those closer to the real axis.
2Note that for the case n = 4k, an additional contribution Aextra to the remainder function exists [71,

75, 76], which we ignore in the following. We show in section 4 that this does not limit the validity of our
results.
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To calculate the Afree-contribution to the remainder function (2.3) for given parameters
ms and Cs, one first needs to solve eqs. (2.4) for the Ỹa,s-functions on the real line, which
then are used to determine Afree,

Afree =
∑
a,s

|ma,s|
2π

∫
R

dθ cosh θ log
(
1 + Ỹa,s(θ)

)
. (2.8)

Lastly, Aper = Aper(ms) is simply a polynomial in the auxiliary parameters ms, which we
spell out for particular amplitudes in later sections.

This procedure allows to us to calculate the remainder function for given values of the
auxiliary parametersms and Cs. However, we still need to connect the auxiliary parameters
with the cross ratios which are used to describe the kinematics. The relation between the
two sets of parameters is derived in [73] and reads

u1,s =
Y[2s+7]

2,1

1 + Y[2s+7]
2,1

, u2,s =
Y[s+4]

2,s

1 + Y[s+4]
2,s

, u3,s =
Y[s+6]

2,s

1 + Y[s+6]
2,s

, (2.9)

where Y[k]
a,s := Ỹa,s

(
ik π4 − iϕs

)
, for the chosen basis (2.2). To calculate the remainder

function in practice, we would thus need to specify the values of the cross ratios we are
interested in and then try to find those values of the auxiliary parameters that reproduce
the behavior of the cross ratios via eq. (2.9).

2.2 The multi-Regge limit of the Y-system

So far, our discussion of the Y-system holds in general kinematics, i.e. for general values
of the cross ratios and the auxiliary parameters. However, in this setting the TBA equa-
tions (2.4) are difficult to solve and do not have an analytic solution. Therefore, we now
consider a special kinematical configuration, namely the multi-Regge limit (MRL), which
is characterized by the limit in which the rapidities of the outgoing particles are strongly
ordered. In terms of Mandelstam variables, this translates into the limit in which the s-like
Mandelstam variables

si := (pi+2 + pi+3)2 = x2
i+1,i+3, i = 1, . . . , n− 3, (2.10)

of all channels become large while the corresponding t-like momentum transfers

ti := (p2 + · · ·+ pi+2)2 = x2
1,i+2 (2.11)

remain finite (see, for example, [77] for a derivation). Furthermore, we restrict our attention
to 2→ n−2 scattering, so that p1, p2, and p3 and pn describe the initial and final momenta
of the scattering particles, respectively, while p4, . . . , pn−1 describe the gluons produced in
the scattering process (cf. figure 1). In terms of the cross ratios, the multi-Regge limit
corresponds to the limit

u1,s → 1, u2,s → 0, u3,s → 0, (2.12)

where the limit is taken in such a way that the so-called reduced cross ratios ũ2/3,s := u2/3,s
1−u1,s

attain finite values in the limit. Inspired by eq. (2.12) the cross ratios u1,s are called large
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p2

p3

p1

pn

q1 . . . qi . . .

p4 pi+2 pi+3

si

ti

p2 p1

p3 pnpi+2pi+1p4

x1
x2

x3
· · · xi+1 xi+2 xi+3 · · ·

xn

ti
si

Figure 1. Graphical representation of the Mandelstam variables si (2.10) and ti (2.11) in standard
momenta (left) and dual momenta (right) using the all-outgoing convention.

cross ratios, while u2/3,s are called small cross ratios. The limit is taken independently
for different values of s, which corresponds to the sub-energies si of the different channels
becoming large independently.

In [30, 77] it is shown that in terms of the auxiliary parameters of the Y-system, the
multi-Regge limit corresponds to the limit

|ms| → ∞, ϕs → (1− s)π4 , Cs → const. , (2.13)

where the Cs are purely imaginary. This is a special limit from the perspective of the TBA,
as all integrals are exponentially suppressed due to the parameters |ma,s| becoming large,
and the equations (2.4) reduce to algebraic equations,

log Ỹa,s(θ) ∼= −|ma,s| cosh θ + Ca,s, (2.14)

where ‘∼=’ denotes equality in the multi-Regge limit, and are therefore much easier to work
with than in general kinematics. Note, however, that this simple form only holds close to
the real axis. For large imaginary parts, one still has to pick up the residue contributions
of the integration kernels before dropping the integrals, or use the recursion relations (2.6).
An analysis carried out in [77] shows that due to the values of the parameters ϕs in the
multi-Regge limit (2.13), the simple form of the TBA equations (2.14) strictly speaking
only holds for real θ. However, as shown in that reference, the residue contributions of the
integration kernels are negligible in the region −π

4 ≤ Im θ ≤ π
4 , so that the simple form

of the TBA equations actually holds within this region and we refer to this region as the
fundamental strip in the following. This result is crucial for our analysis of the possible
Bethe ansatz equations in section 3.3.

For the values of the parameters ϕs in the MRL as shown in eq. (2.13), the recursion
relations (2.6) simplify. For example, the recursion relation in the direction of decreasing
Im θ reads

Ỹa,s(θ) =

(
1 + Ỹa,s+1(θ)

) (
1 + Ỹ4−a,s−1

(
θ − iπ2

))
Ỹ4−a,s

(
θ − iπ2

) (
1 + 1

Ỹa+1,s(θ−iπ4 )

)(
1 + 1

Ỹa−1,s(θ−iπ4 )

) , (2.15)

– 7 –



J
H
E
P
0
1
(
2
0
2
2
)
0
2
1

and a similar recursion relation holds in the direction of increasing Im θ. Furthermore, in
the MRL the cross ratios (2.2) correspond to the following Ỹ-functions:

u1,s =
Ỹ[2s+7]

2,1

1 + Ỹ[2s+7]
2,1

, u2,s =
Ỹ[−1]

2,n−4−s

1 + Ỹ[−1]
2,n−4−s

, u3,s =
Ỹ[1]

2,n−4−s

1 + Ỹ[1]
2,n−4−s

, (2.16)

where we have used the symmetry Y[k]
2,s = Y[k±n]

2,n−4−s to obtain these equations from eq. (2.9).3
In particular, the small cross ratios u2/3,s are located at fixed values of θ, which simplifies
their evaluation in the multi-Regge limit. For this purpose, we introduce the parameters

εs := e−|ms| cos((s−1)π4 +ϕs), ws := e|ms| sin((s−1)π4 +ϕs), (2.17)

which show the following behavior in the multi-Regge limit:

εs → 0, ws → const. (2.18)

In terms of these parameters, the cross ratios behave as

u1,s = 1− εn−4−s

(
wn−4−s + 1

wn−4−s
+ 2 coshCn−4−s

)
,

u2,s = εn−4−s · wn−4−s,

u3,s = εn−4−s
wn−4−s

(2.19)

in the multi-Regge limit with corrections of order O(ε2), see [77] for details. This is precisely
the behavior required by the multi-Regge limit (2.12).

Due to the simple form of the Ỹa,s-functions in the fundamental strip (2.14), the
integrals in the Afree-contribution to the remainder function (2.8) are also negligible. In
fact, the whole remainder function is trivial in the limit (2.13),

Afree +Aper + ∆→ const., (2.20)

see [30, 38, 77] for details. This, however, is not the end of the story as taking the limit (2.13)
of the remainder function (2.3) corresponds to the multi-Regge limit in the Euclidean region
only, in which the remainder function is known to vanish at weak coupling, too [41, 42].

As mentioned in section 1, we need to consider other kinematical regions to unravel the
full structure of the remainder function in the multi-Regge limit. The transition to other
kinematical regions (so-called Mandelstam regions) is described by an analytic continuation
of the remainder function in the cross ratios (2.2). In this paper, we are deliberately vague
regarding the precise form of the paths of analytic continuation. Indeed, our goal is to
show that we can determine the possible BFKL eigenvalues without specifying the path
of continuation explicitly. However, the multi-Regge limit imposes certain constraints on
the possible endpoints of the analytic continuations: the paths of analytic continuation are
constrained such that the large cross ratios u1,s perform an integer number of rotations

3This symmetry is a consequence of a symmetry of the Hitchin system underlying the Y-system, see [73].
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around the point u1,s = 0, while the small cross ratios u2/3,s have winding number ±1
2

and thus may only change their sign at the endpoint of these analytic continuations. This
entails that at the endpoint of any analytic continuation

u′1,s = u1,s, u′2,s = ±u2,s, u′3,s = ±u3,s (2.21)

holds for all relevant kinematic regions, where the prime indicates the value of the cross
ratios at the endpoint of the continuation. The fact that we do not need to specify an
explicit path of continuation is a virtue of our approach, since the selection of the correct
paths of continuation was a key problem in the calculation of the seven-point amplitude
at strong coupling [38]. One problem, for example, is the appearance of dependent cross
ratios, which are related to our basis of independent cross ratios (2.2) through conformal
Gram relations [78], which need to be satisfied throughout the continuation. This problem
becomes worse with increasing number n of gluons, as the number of dependent cross ratios
increases, too. Further aspects regarding the construction of the correct paths of analytic
continuation are discussed in [38, 68, 69].

Where required, we denote a specific kinematic region by the signs of the energies of the
n−4 produced particles, so that, for example, the two-Reggeon bound state contributes to
the six-point remainder function in the Mandelstam region (−−), and the three-Reggeon
bound state is expected to appear in the eight-point remainder function in the region
(−+ +−). In this paper, we do not consider regions in which the energies of the particles
p1, p2, p3 or pn are analytically continued. We now continue by exploring the consequences
of an analytic continuation of the cross ratios for the Y-system in the next section.

2.3 Analytic continuation of the Y-system

An analytic continuation of the cross ratios corresponds to an analytic continuation of the
auxiliary parameters ms and Cs, as those encode the kinematics for the Y-system. Pre-
scribing a path of analytic continuation for the auxiliary parameters and determining the
resulting paths of the cross ratios is simple due to the relations (2.9). However, in practice
we need to solve the inverse problem, namely prescribing a path of analytic continuation
of the cross ratios and finding the corresponding paths of the auxiliary parameters, which
is much more difficult as the auxiliary parameters enter the relations (2.9) only implicitly
through the Ỹ2,s-functions. Indeed, determining the correct paths of analytic continuation
is a key problem in the explicit calculation of the six- and seven-point remainder function
at strong coupling in the multi-Regge limit [30, 31, 37–39]. As explained before, we will
not specify the paths of analytic continuation for the auxiliary parameters explicitly, as
we argue that, as long as the endpoint of the analytic continuation corresponds to a Man-
delstam region, the possible BFKL eigenvalues governing the remainder function can be
determined without knowing the explicit path chosen for the auxiliary parameters.

The analytic continuation of TBA equations was originally studied in the context of
other TBAs in [79, 80] and is described in the context of the calculation of the remainder
function at strong coupling in [30, 38]. Therefore, we only review the essential pieces and
refer the reader to those references for details. For every Ỹa,s-function, there are special
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locations θ̃a,s at which
Ỹa,s(θ̃a,s) = −1 (2.22)

holds. The location of these points θ̃a,s, of course, depends on the auxiliary parameters ma,s

and Ca,s. Hence, as we perform an analytic continuation in the auxiliary parameters, the
positions θ̃a,s are moving in the complex θ-plane. The reason these points are special is that
they are singularities of the integrand in the Y-system equations (2.4). Therefore, if during
the analytic continuation one or several of the points θ̃a,s cross the integration contour, we
have to pick up the corresponding residue contributions. Parametrizing the solutions of
eq. (2.22) which have crossed the integration contour during the analytic continuation as
θ̃a,s,i, where i = 1, . . . , na,s denotes the number of crossing singularities of Ỹa,s, this results
in a modified Y-system

log Ỹ′a,s(θ) =− |ma,s|′ cosh θ+C ′a,s +
∑
a′,s′

∫
R

dθ′Ka,a
′

s,s′ (θ− θ
′+ iϕ′s− iϕ′s′) log

(
1 + Ỹ′a′,s′(θ′)

)

+
∑
a′,s′

na′,s′∑
i=1

sign(Im θ̃a′,s′,i) logSa,a
′

s,s′

(
θ− θ̃a′,s′,i + iϕ′s− iϕ′s′

)
, (2.23)

which holds in the fundamental strip. Note that a prime on the auxiliary parameters and
the Ỹ-functions indicates the values of the parameters at the endpoint of the continuation,
which will be related to the parameters at the starting point of the continuation later on.
Furthermore, we have introduced the objects ∂θ Sa,a

′

s,s′ (θ) := −2πiKa,a
′

s,s′ (θ) in eq. (2.23),
which are called S-matrices and which are specified in appendix A.2. Which Ỹa,s-functions
have crossing singularities depends on the paths of the auxiliary parameters during the
analytic continuation and needs to be determined on a case-by-case basis.

Once we have established which solutions of eq. (2.22) cross the integration contour,
we can take the multi-Regge limit (2.12) at the endpoint of the continuation. As in the
Euclidean region, the contributions of the integrals are exponentially suppressed, and the
equations for the Ỹ′-functions simplify,

log Ỹ′a,s(θ) ∼= −|ma,s|′ cosh θ+C ′a,s+
∑
a′,s′

na′,s′∑
i=1

sign(Im θ̃a′,s′,i) logSa,a
′

s,s′ (θ−θ̃a′,s′,i+iϕ
′
s−iϕ′s′).

(2.24)
Similarly, the integrals in the Afree-contribution to the remainder function at the endpoint
of the continuation are negligible when going to the multi-Regge limit and we end up with a
simple equation for A′free, which is determined by the configuration of crossing singularities
and the TBA parameters,

A′free =
∑
a,s

|ma,s|′

2π

∫
R

cosh θ log
(
1 + Ỹ′a,s(θ)

)
+
∑
a,s

i|ma,s|′
na,s∑
i=1

sign
(
Im θ̃a,s,i

)
sinh θ̃a,s,i

∼=
∑
a,s

i|ma,s|′
na,s∑
i=1

sign
(
Im θ̃a,s,i

)
sinh θ̃a,s,i. (2.25)
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Importantly, the A′free-contribution no longer vanishes in the multi-Regge limit as in the
Euclidean region, which ultimately gives rise to a non-trivial remainder function, as we will
see later.

So far, the remainder function at the endpoint of the analytic continuation still ex-
plicitly depends on the auxiliary parameters at the endpoint of the continuation and the
locations of the crossing singularities. The latter can be determined analytically, by eval-
uating the corresponding Ỹa,s-functions at those points, which gives rise to the endpoint
conditions −1 = Ỹa,s(θ̃a,s,i). Assuming that the endpoints lie within the fundamental strip,
the endpoint conditions read

−1 = Ỹ′a,s(θ̃a,s,i) = e−|ma,s|
′ cosh θ̃a,s,i+C′a,s

∏
a′,s′

na′,s′∏
i=1
Sa,a

′

s,s′

(
θ− θ̃a′,s′,i + iϕ′s− iϕ′s′

)sign(Im θ̃a′,s′,i)
.

(2.26)
These equations take the form of coordinate Bethe ansatz equations which can be solved
for the endpoints θ̃a,s,i. This means that to every kinematic region of the multi-Regge limit
we can associate a set of Bethe ansatz equations which characterize the pattern of crossing
singularities of the corresponding analytic continuation. Having fixed the endpoints θ̃a,s,i
of the crossing singularities, we still need to connect the TBA parameters m′s, ϕ′s and C ′s
with the corresponding parameters at the starting point of the continuation. Recall that
as explained at the end of section 2.2, the relevant paths of analytic continuation for the
cross ratios are such that at the endpoint

u′1,s = u1,s, u′2/3,s = ±u2/3,s (2.27)

holds, with the choice of signs in eq. (2.27) depending on the kinematical region under
consideration. To determine the cross ratios u′a,s in the new kinematic region, we can use
the relations between the cross ratios and the Ỹ2,s-functions,

u′1,s =
Y′[2s+7]

2,1

1 + Y′[2s+7]
2,1

, u′2,s =
Y′[s+4]

2,s

1 + Y′[s+4]
2,s

, u′3,s =
Y′[s+6]

2,s

1 + Y′[s+6]
2,s

, (2.28)

where Y′[k]
a,s := Ỹ′a,s

(
ik π4 − iϕs

)
as before. Using the relations (2.27) and (2.28) determines

the auxiliary parameters m′s and C ′s at the endpoint in terms of the parameters at the
starting point of the continuation. The value of these parameters, in general, differs from
that at the starting point of the continuation. In contrast, the parameters ϕ′s attain the
same values after the analytic continuation as in (2.13), i.e. ϕ′s = ϕs, since these values are
fixed by the condition that the ratio u2,s

u3,s
is finite in the multi-Regge limit (see [77]), which

holds at both the starting point and the endpoint of the continuation by eq. (2.27).
Then, finally, the remainder function in the Mandelstam region is given by

R′n = −
√
λ

2π
(
∆′(u′a,s) +A′per(m′s) +A′free(m′s, C ′s)

)
. (2.29)

Recalling from section 2.2 that the contributions of the remainder function cancel at the
starting point of the analytic continuation, the remainder function can also be written in
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terms of the differences of the individual contributions,

R′n = −
√
λ

2π
( (

∆′(u′a,s)−∆(ua,s)
)

+
(
A′per(m′s)−Aper(ms)

)
+
(
A′free(m′s, C ′s)−Afree(ms, Cs)

) )
,

(2.30)
which is simpler to evaluate in practice, as we will show when considering specific examples
of the procedure described in this section for the nine-point amplitude in section 5.

In this section, we have focused on the locations of the solutions of the equations
Ỹa,s(θ) = −1. However, the integrands of the Y-system (2.4) have additional singularities
at the locations Ỹa,s(θ) = ∞. The discussion of this section holds for those locations, as
well, the only difference being that all residues come with an additional minus sign (or,
equivalently, that the S-matrix associated with such a crossing singularity is simply the
inverse of a crossing singularity of the type Ỹa,s = −1 with the same indices a, s). The
locations of the solutions to Ỹa,s(θ) = ∞ are not discussed in [30, 31, 37–39], since such
singularities were not observed to cross in the analytic continuations, which are performed
numerically in those references. As we will see in section 3.1, these locations are closely
tied to the locations of the solutions Ỹa,s(θ) = −1 and play a central role in understanding
the spectrum of possible crossing patterns.

3 Singular points of the Y-system

3.1 Relations between singular points

After reviewing the general setup for the calculation of the remainder function in different
kinematical regions of the multi-Regge limit, we now examine how the locations of the
solutions Ỹa,s(θ) = −1 and Ỹa,s(θ) =∞ in the complex θ-plane are related. The following
observations were originally made in [80] in the context of other TBAs and are adapted for
the Y-system at hand in the following. As explained in section 2.3, the locations of these
solutions can modify the Y-system equations during an analytic continuation to another
kinematical region, which is a prerequisite of a non-trivial remainder function. We begin
our analysis in the Euclidean region of the multi-Regge limit (2.13), i.e. before any analytic
continuation of the Y-system is performed. In the following, we will focus on singularities in
the upper half-plane of the complex θ-plane for simplicity — all results hold symmetrically
for singularities in the lower half-plane, however, a general discussion would unnecessarily
complicate the formulas presented below.

As explained in section 2.1, when moving away from the real θ-axis into the complex
θ-plane, the Y-system equations (2.4) have to be modified due to singularities of the inte-
gration kernels, which cross the integration contour and whose residues have to be picked
up. Once the point in the θ-plane on which we want to evaluate a given Ỹ-function is
reached, we can drop the terms containing integrals, as those are negligible in the multi-
Regge limit. For example, assuming we move into the upper half-plane by increasing Im θ,
the Y-system equations schematically read

Ỹa,s(θ) = e−|ma,s| cosh θ+Ca,s ·
n∏
k=1

(
1 + Ỹak,sk

(
θ − nk · i

π

4

))ck
, (3.1)
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Figure 2. Contour plot of | log(1 + Ỹa,2(θ))| in the seven-point case for the three possible values
of a. Points of dense contour lines correspond to singular points of the Y-system, with singular
points in the vicinity of Im θ = π

2 and π corresponding to singularities of the type Ỹa,2 = −1 and
singularities around Im θ = 3π4 corresponding to singularities of the type Ỹa,2 =∞. Note that the
locations satisfy the relations indicated in the middle column of table 1.

where nk ∈ N0, ck ∈ {−1, 1}. In the following, we denote the exponential in eq. (3.1) as
the driving term, and the remaining terms as residue contributions. The precise number
of terms appearing on the right-hand side of eq. (3.1) depends on a, s and Im θ. Since the
parameters |ma,s| tend to infinity in the multi-Regge limit, the driving term of eq. (3.1)
will, depending on Im θ, either go to zero, go to infinity, or, at special points of θ, be a
pure phase. The latter points are particularly interesting, as these are the points where
solutions of Ỹa,s(θ) = −1 may be found. These solutions are found close to points at which
Re (cosh θ) vanishes, which is the case when the imaginary part of θ is close to an odd
multiple of π2 , see figure 2 for an example.

In contrast, the regions of the θ-plane in which the driving term diverges in the multi-
Regge limit are not necessarily the regions where solutions of Ỹa,s(θ) =∞ may be found,
as we are interested in the points at which Ỹa,s(θ) =∞ holds already for large, but finite
|ma,s|. To understand how such a singularity may arise, let us have a closer look at eq. (3.1),
which relates Ỹa,s-functions along the imaginary axis for the same value of Re θ. As we have
stated before, a singularity of the type Ỹa,s =∞ cannot be generated by the driving term,
since the parameters |ma,s| are assumed to be large but finite. Hence, such a singularity
can only arise through the residue contributions, namely when a Ỹa,s-function appearing
in the denominator of eq. (3.1) (i.e. a residue contribution with ck = −1) equals −1. This
means that locations of the solutions to Ỹa,s(θ) = −1 and Ỹa,s(θ) =∞ are closely related,
and singularities of the form Ỹa,s(θ) = ∞ can only appear if there is a singularity of the
form Ỹa,s(θ) = −1 at the same value of Re θ at a smaller absolute value of Im θ, i.e. closer
to the real axis.
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θ s = s0 − 1 s = s0 s = s0 + 1

θ0 + iπ2 Ỹ4−a0,s0 = −1 Ỹa0,s0+1 = 0

θ0 + iπ4 Ỹa0±1,s0 =∞

θ0 Ỹ4−a0,s0−1 = 0 Ỹa0,s0 = −1

Table 1. Singular points fixed through the recursion relations (2.15) by the occurrence of a singular
point Ỹa0,s0(θ0) = −1 with Im θ0 > 0. Note that Ỹa,s-functions with s /∈ {s0− 1, s0, s0 + 1} are not
affected by the singular point.

Ỹ4−a0,s0

(
θ0 + iπ2

)
= −1

Ỹa0−1,s0

(
θ0 + iπ4

)
=∞ Ỹa0+1,s0

(
θ0 + iπ4

)
=∞

Ỹa0,s0 (θ0) = −1

Figure 3. Related singular points of the Y-system enforced by the recursion relations due to the
occurrence of the singular point Ỹa0,s0(θ0) = −1.

Indeed, assuming that Ỹa0,s0(θ0) = −1 with Im θ0 > 0 holds, the recursion rela-
tions (2.15) immediately fix the value of several other Ỹa,s-functions, as summarized in
table 1. In table 1, we have only indicated the particular Ỹa,s-functions fixed by the occur-
rence of the singular point Ỹa0,s0(θ0) = −1, Ỹa,s-functions not specified in the table take
some value not equal to −1, 0 or ∞, which are not important in the following. It should
be noted that the pattern indicated in the table stops at θ0 + iπ2 , i.e. there are no singular
points further away from the real axis induced by the singular point Ỹa0,s0(θ0) = −1. As is
visible in table 1, the singularities for the index s = s0 naturally form diamonds as shown
in figure 3.

Note that for the case a0 = 2, the related singularities at θ0 + iπ4 are indeed two
singularities, namely Ỹ1/3,s0

(
θ0 + iπ4

)
= ∞. For the cases a0 = 1/3, only one related

singularity, Ỹ2,s0

(
θ0 + iπ4

)
= ∞, needs to be taken into account due to the boundary

conditions (2.7).
So far, our discussion was limited to the Euclidean region, i.e. before any analytic con-

tinuation to another kinematical region of the multi-Regge limit is carried out. However,
it is very important to note that the relations between the singular points of the Y-system
directly follow from the recursion relations. Since the recursion relations are preserved
during any analytic continuation, so are the relations between the singular points. This
entails that, while the location of the solution Ỹa0,s0(θ0) = −1 may vary as we perform
an analytic continuation of the parameters of the Y-system, the related singularities will
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move synchronously such that the relations indicated in table 1 hold throughout the con-
tinuation. As a consequence, the possible modifications of the Y-system during an analytic
continuation due to singular points of the Ỹa,s-functions crossing the integration contour
are also constrained, as we will argue in the next section.

3.2 Crossing diamonds

In this section, we start analyzing what happens when one or several of the singular points
of the diamond described in figure 3 cross the integration contour during any analytic
continuation of the parameters of the TBA equations. Note that, of course, not every
analytic continuation will lead to singular points crossing the integration contour (and hence
a non-trivial remainder function). Rather, we are interested in the question which patterns
of crossing singularities are possible if crossings occur in a given analytic continuation.
Furthermore, we focus on crossing singularities belonging to a single diamond for simplicity.
Of course, in a given analytic continuation, an arbitrary number of diamonds can have
crossing singularities. However, in this section we are only interested in which S-matrices
we need to take into account at the endpoint of any analytic continuation and from that
perspective the different diamonds are independent from each other and can be analyzed
separately. Lastly, as in section 3.1, we describe all formulas for singular points in the
positive half-plane of the complex θ-plane crossing into the negative half-plane during an
analytic continuation. The final results of this section, however, hold for singularities
crossing in either direction.

3.2.1 Case 1: −π
4 ≤ Im θ′0 ≤ 0

Due to the ordering of the singularities shown in figure 3, the first singular point to cross
the integration contour necessarily is the location of the solution to Ỹ′a0,s0(θ′0) = −1, where
the prime indicates that the location of this singularity has moved from its original point θ0
during the continuation. As long as −π

4 ≤ Im θ′0 < 0 holds throughout the continuation, all
related singularities shown in figure 3 do not cross the integration contour. Hence, at the
endpoint of the continuation we would have to take into account one crossing singularity of
the type Ỹ′a0,s0(θ′0) = −1, with Im θ′0 > −π

4 , as depicted in figure 4. This case was already
covered in section 2.3.

3.2.2 Case 2: −π
2 ≤ Im θ′0 < −

π
4

Let us now assume that −π
2 ≤ Im θ′0 < −π

4 . In this case, the two related singularities
Ỹ′a0±1,s0

(
θ′0 + iπ4

)
= ∞ have also crossed the integration contour, and the corresponding

S-matrices have to be taken into account as described at the end of section 2.3. Interestingly,
using the relations

S1

(
x+ i

π

4

)
S1

(
x− iπ4

)
= −S2(x),

S2

(
x+ i

π

4

)
S2

(
x− iπ4

)
= −S1(x)2,

S3

(
x+ i

π

4

)
= −S3

(
x− iπ4

)
(3.2)
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Re θ

Im θ
[π
4

]

Ỹa0±1,s0 = ∞

Ỹ4−a0,s0 = −1

Ỹa0,s0 = −1

S-matrices
at endpoint:

Re θ

Im θ
[π
4

]

Ỹa0,s0 = −1

Figure 4. Example of an analytic continuation in which only the first singular point of the diamond
shown in figure 3 crosses the integration contour, while the other singular points remain above the
integration contour indicated by the blue dashed line. The blue arrow indicates the orientation
that the residue contribution of the crossing singularity is picked up with. The green solid line
indicates the region −π4 ≤ Im θ ≤ π

4 . Note that the locations of the singularities Ỹ′a0±1,s0
=∞ are

within this region, but have not crossed the integration contour by assumption. At the endpoint,
one S-matrix corresponding to the crossing singularity has to be taken into account.

between the basic S-matrices (see section A.2), the S-matrices of the crossed singularities
can be combined into a single S-matrix,

Sa,a0
s,s0 (θ − θ′0 + iϕs − iϕs0)

Sa,a0+1
s,s0

(
θ −

(
θ′0 + iπ4

)
+ iϕs − iϕs0

)
Sa,a0−1
s,s0

(
θ −

(
θ′0 + iπ4

)
+ iϕs − iϕs0

)
= −Sa,4−a0

s,s0

(
θ −

(
θ′0 + i

π

2

)
+ iϕs − iϕs0

)
, (3.3)

so that the crossing pattern formally looks like the crossing of a singularity of the type
Ỹ′a0,s0

(
θ′0 + iπ2

)
= −1, which has crossed the integration contour from the negative half-

plane into the positive half-plane and is located at θ′0 + iπ2 .4 This is illustrated in figure 5.
Note that under the assumption −π

2 < Im θ′0 < −π
4 , the imaginary part of this effective

singularity is smaller than π
4 . Thus, as in the first case, at the endpoint of the continuation

we have to take into account a single crossing singularity of the type Ỹ′4−a0,s0(θ′′0) = −1,
with 0 < Im θ′′0 <

π
4 .

Recall from section 2.3 that crossing singularities modify both the Y-system and the
Afree-contribution to the remainder function (see eq. (2.25)). Due to the relation

A′free = . . . − i|ma0,s0 |′ sinh θ′0 + i|ma0+1,s0 |′ sinh
(
θ′0 + i

π

4

)
+ i|ma0−1,s0 |′ sinh

(
θ′0 + i

π

4

)
= . . . − i|m4−a0,s0 |′ sinh

(
θ′0 + i

π

2

)
, (3.4)

4We comment on the appearance of the additional minus sign and its implications for the remainder
function in appendix B.

– 16 –



J
H
E
P
0
1
(
2
0
2
2
)
0
2
1

Re θ

Im θ
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]

Ỹa0±1,s0 = ∞

Ỹ4−a0,s0 = −1

Ỹa0,s0 = −1

S-matrices
at endpoint:

Re θ

Im θ
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4

]

Ỹ4−a0,s0 = −1

Figure 5. Example of an analytic continuation in which the two lowest layers of the diamond
shown in figure 3 cross the integration contour, while the uppermost singular point of the diamond
remains above the integration contour indicated by the dashed blue line. The blue arrow indicates
the orientation that the residue contributions of the crossing singularities are picked up with. The
green solid line indicates the region −π4 ≤ Im θ ≤ π

4 . Note that the locations of the singularity
Ỹ′4−a0,s0

= −1 are within this region, but have not crossed the integration contour by assumption.
At the endpoint, despite several crossing singularities, only one S-matrix contribution corresponding
to an effective singularity of the type Ỹ′4−a0,s0

= −1 has to be taken into account.

where the dots indicate the integral contributions which are irrelevant at the endpoint of the
continuation, the same effective crossing singularity obtained for the Y-system equations
also describes the Afree-contribution of the crossing singularities to the remainder function.5

3.2.3 Case 3: Im θ′0 < −
π
2

Lastly, let us assume that Im θ′0 < −π
2 . In this case, all related singularities of figure 3 have

also crossed the integration contour and remarkably the corresponding S-matrices cancel,

Sa,a0
s,s0 (θ − θ′0 + iϕs − iϕs0)Sa,4−a0

s,s0

(
θ −

(
θ′0 + iπ2

)
+ iϕs − iϕs0

)
Sa,a0+1
s,s0

(
θ −

(
θ′0 + iπ4

)
+ iϕs − iϕs0

)
Sa,a0−1
s,s0

(
θ −

(
θ′0 + iπ4

)
+ iϕs − iϕs0

) = 1. (3.5)

5One subtlety to note here is that this relation is satisfied differently for the possible values of a0:
recall that |m2,s0 |′ =

√
2|m1/3,s0 |

′ (see eq. (2.5)). However, for the case a0 = 2 two singularities, namely
Ỹ′1/3,s0

(
θ′0 + iπ4

)
=∞ contribute in eq. (3.4), which compensate for that difference in the definition of the

parameter |ma,s|. For the cases a0 = 1/3, only one additional singularity, namely Ỹ′2,s0

(
θ′0 + iπ4

)
= ∞

contributes due to the boundary conditions (2.7).
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Figure 6. Example of an analytic continuation in which all singularities of the diamond shown in
figure 3 cross the integration contour indicated by the dashed blue line. The blue arrow indicates
the orientation that the residue contributions of the crossing singularities are picked up with. The
green solid line indicates the region −π4 ≤ Im θ ≤ π

4 . At the endpoint, the S-matrix contributions
of the crossing singularities cancel and no S-matrices have to be taken into account.

This means that, even though singularities of the Y-system have crossed the integration
contour, the corresponding contributions to the Y-system (and similarly to Afree) vanish
and can therefore be neglected in the calculation of the remainder function. This is depicted
in figure 6. Summarizing our discussion so far:

we have shown that the locations of the singularities of the Y-system (2.4) of the
type Ỹa,s = −1 and of the type Ỹa,s = ∞ are connected through the recursion rela-
tions (2.15) as summarized in figure 3 and move synchronously when the Y-system is
analytically continued into another kinematical region. The relations between the sin-
gularities of the Y-system imply that the most general pattern of crossing singularities
consists of an arbitrary number of crossing singularities of the type Ỹa,s = −1, whose
location at the endpoint of the continuation lies in the region

−π4 ≤ Im θ′0 ≤
π

4 .

The latter aspect is important because in this region, we can solve the corresponding Bethe
ansatz equations, as explained in the next section.

3.3 Solving the Bethe ansatz

In the previous section, we have argued that the most general pattern of crossing singu-
larities in any analytic continuation of the Y-system from the multi-Regge limit in the
Euclidean region to another kinematical region consists of an arbitrary number of crossing
singularities of the type Ỹ′a,s(θ̃a,s,i) = −1, where i = 1, . . . , na,s parametrizes the crossing
singularities for given indices a, s, whose endpoints lie in the strip −π

4 ≤ Im θ̃a,s,i ≤ π
4 .

In the following, we will also distinguish between the number n(+)
a,s of crossing singularities

with endpoints in the positive half-plane and the number n(−)
a,s of crossing singularities with

– 18 –



J
H
E
P
0
1
(
2
0
2
2
)
0
2
1

endpoints in the negative half-plane for given values of the indices a and s (these numbers
are related to the parametrization used so far by na,s = n

(+)
a,s + n

(−)
a,s ). As explained in

section 2.3, for each configuration of crossing singularities, there is an associated set of
Bethe ansatz equations, which determine the endpoints of the crossing singularities ex-
actly (see eq. (2.26)). While the results of the previous section still allow a considerable
number of possible Bethe ansatz equations, it turns out that there is a single physically-
relevant solution in the multi-Regge limit. The general idea in finding this solution is to
study the endpoint conditions (2.26) for the most general Bethe ansatz. This by itself
does not uniquely fix the endpoints of the crossing singularities. However, the multi-Regge
limit imposes further constraints on the behavior of the cross ratios at the endpoint of the
continuation, which are also affected by the crossing singularities. This additional input
fixes the endpoints of all crossing singularities. Since the derivation of this result is rather
technical, we only state the main result here and provide the details on the derivation in
appendix B:

the most general configuration of crossing singularities allowed in the multi-Regge
limit consists of a number n(+)

1/3,s crossing singularities of the form Ỹ′1/3,s(θ̃
(+)
1/3,s,i) = −1

with endpoints in the positive half-plane and n(−)
1/3,s crossing singularities of the form

Ỹ′1/3,s(θ̃
(−)
1/3,s,i) = −1 with endpoints in the negative half-plane. In particular, no

crossing singularities of the type Ỹ′2,s(θ̃
(+/−)
2,s,i ) = −1 are allowed. Furthermore, the

endpoints of the crossing singularities are uniquely fixed to

θ̃
(+)
a,s,i = i

π

4 , θ̃
(−)
a,s,i = −iπ4 .

This simple solution of the Bethe ansatz equations allows us to extract the possible BFKL
eigenvalues for a general n-point amplitude in section 4.

4 Remainder functions from the Bethe ansatz and BFKL eigenvalues

Having found the possible patterns of crossing singularities in section 3.3, we proceed by
calculating the remainder function for these configurations. Before we delve into the calcu-
lation, however, let us briefly discuss which parts of the remainder function can actually be
determined based on the solution of the Bethe ansatz alone. Recall that the contribution
∆ to the remainder function (see eq. (2.3)) is a function of the cross ratios ua,s of transcen-
dentality two. During an analytic continuation of the cross ratios, this term may pick up
discontinuities ∼ 2πi log ua,s, which result in phases appearing in the remainder function
at the endpoint of the continuation (see [30, 31, 38] for explicit examples in the six- and
seven-point case). These phases, however, can only be calculated by explicitly specifying
the path of continuation. Since we are only looking at the endpoint of any analytic contin-
uation, we cannot fully determine the phase of the remainder function using this approach.
The same applies to constants, which, for example, may arise from double discontinuities
of terms in the ∆-contribution to the remainder function. Hence, in the following, we also
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do not calculate phases appearing in the other components of the remainder function, but
mention where such terms are neglected. This is not a limitation of our results, since the
BFKL eigenvalues can still be fully calculated as described below.

Based on the results of the previous section, we start with the most general crossing
pattern, i.e. an arbitrary number n(+/−)

1/3,s of crossing singularities of the type Ỹ1/3,s = −1
with endpoints θ̃(+/−)

1/3,s,i = ±iπ4 . Note that the remainder function treats crossing singularities
of the two cases a = 1/3 identically,6 so that the most general crossing pattern is fully
specified by two values for each value of the index s.

We begin by calculating the parameters ε′s and w′s introduced in eq. (2.17) at the
endpoint of the continuation,

log εs = 1
2 log (u2,n−4−s u3,n−4−s) = 1

2 log
(
u′2,n−4−s u

′
3,n−4−s

) ∼= 1
2 log

(
Ỹ2,s

(
i
π

4

)
Ỹ2,s

(
−iπ4

))
= log ε′+ 1

4

(
n

(+)
1/3,s +n

(−)
1/3,s

)
log

S2
(
iπ2
)

S2
(
−iπ2

) − 1
2n

(+)
1/3,s−1 log

S1
(
iπ4
)

S1
(
−3iπ4

)
− 1

2n
(−)
1/3,s+1 log

S1
(
3iπ4
)

S1
(
−iπ4

) , (4.1)

which follows immediately from eq. (B.6) and the most general allowed crossing pattern
(see section 3.3). Evaluating the S-matrices leads to the following relations between the
parameters εs and ws at the starting point and the endpoint of the analytic continuation

log ε′s = log εs + log
(
1 +
√

2
) (
n

(−)
1/3,s+1 + n

(+)
1/3,s−1 − n

(+)
1/3,s − n

(−)
1/3,s

)
+ . . . ,

logw′s = logws + log
(
1 +
√

2
) (
n

(+)
1/3,s+1 − n

(−)
1/3,s−1 + n

(−)
1/3,s − n

(+)
1/3,s

)
+ . . . , (4.2)

where the relation for the parameter ws was derived analogously to eq. (4.1). The dots in
eq. (4.2) indicate phases, which we cannot fix from the Bethe ansatz alone, as mentioned
above.

Using these relations, we can evaluate the different contributions to the remainder
function. A′free naturally splits into a sum over the crossing singularities for the different
values of the index s (see eq. (2.25)),

A′free−Afree =
∑
a,s

i|ma,s|′
na,s,i∑
i=1

sign
(
Im θ̃a,s,i

)
sinh θ̃a,s,i =

∑
s

− 1√
2
|ms|′

(
n

(+)
1/3,s +n

(−)
1,3,s

)
=
∑
s

− 1√
2

(
n

(+)
1/3,s +n

(−)
1,3,s

)√
log2 ε′s + log2w′s

∼=
∑
s

1√
2

(
n

(+)
1/3,s +n

(−)
1,3,s

)
log ε′s

=
∑
s

1√
2

(
n

(+)
1/3,s +n

(−)
1,3,s

)
log εs + . . . , (4.3)

where we have used the endpoints of the crossing singularities in the second step and used
the relation

√
log2 ε′s + log2w′s

∼= − log ε′s, which holds in the multi-Regge limit since ε′s
6This is not true for the Y-system in general, where the terms γs explicitly break this symmetry (see

eq. (A.1)). However, the remainder function is determined based on the cross ratios, i.e. the functions Ỹ2,s,
and the contribution Afree, which are symmetric in Ỹ1,s ↔ Ỹ3,s.
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becomes small, while w′s remains finite. The dots in the last step of eq. (4.3) indicate
constants, which arise due to the difference between ε and ε′ (see eq. (4.2)), but which we
ignore as explained above.

The contribution Aper is more involved. In particular, it is not obvious that this
contribution can be written as a sum over the index s. However, in appendix C, we show
that this is indeed the case and that

A′per(ε′s, w′s)−Aper(εs, ws) =
1
2 log

(
1 +
√

2
)∑

s

(
− log εs(n(+)

1/3,s + n
(−)
1/3,s) + logws(n(−)

1/3,s − n
(+)
1/3,s)

)
+ . . . (4.4)

holds, where the dots indicate phases, which we ignore. Lastly, as explained above, the
contribution ∆′ −∆ to the remainder function consists of phases and constants only, and
will therefore be ignored in the following, as well. Combining the three contributions, we
find that the remainder function has a very simple form and reads

Rn|MRL =
√
λ

2π

[(1
2 log

(
1 +
√

2
)
− 1√

2

)∑
s

(n(+)
1/3,s + n

(−)
1/3,s) log εs

+1
2 log

(
1 +
√

2
)∑

s

(n(+)
1/3,s − n

(−)
1/3,s) logws

]
. (4.5)

Focusing on the terms ∼ log εs, we can spell out this result in terms of Mandelstam variables
using the kinematical identities

εn−4−s = u2,s u3,s = (1− u1,s) ũ2,s ũ3,s (4.6)

and 1−u1,s ∼ s−1
s+1 (see e.g. [77]), which shows that the amplitude (2.1), being proportional

to the exponential of the remainder function, has a power-law like Regge behavior. This
justifies our interpretation of the coefficients of log εs as the BFKL eigenvalue in this
particular channel. Note that the case n(+)

1/3,s = n
(−)
1/3,s = 1 for a given channel results in

the two-Reggeon BFKL eigenvalue e2 = log
(
1 +
√

2
)
−
√

2 and is the crossing pattern
observed in the six-point remainder function for the Mandelstam region (−−) [30, 31].

At this point, we have used all information of the solution of the most general crossing
pattern. However, we can constrain the remainder function even further by looking at
target-projectile symmetry. This symmetry exchanges the two incoming particles and
acts as

u1,s ↔ u1,n−4−s, u2,s ↔ u3,n−4−s (4.7)

on the cross ratios (see, for example, [38]), which implies that it acts as

εs ↔ εn−4−s, ws ↔
1

wn−4−s
(4.8)

on our kinematic parameters. Importantly, target-projectile symmetry relates the remain-
der function in the regions (s1 s2 · · · sn) ↔ (sn sn−1 · · · s1), where si ∈ {+,−}, such that
the structure of the remainder function is the same, but it is described in terms of different
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kinematic variables in the different regions,7 unless the region is target-projectile symmetric
in which case the remainder function must be invariant under the symmetry.

As a first application of target-projectile symmetry, let us consider the regions in which
Regge cuts are expected to contribute to the remainder function for the first time. Regge
theory predicts that when increasing the number n of gluons under consideration, the
first time a new Reggeon bound state contributes to the remainder function, it does so
in a kinematic region which is target-projectile symmetric [41].8 Therefore, as long as we
are only interested in the spectrum of possible BFKL eigenvalues, we can limit ourselves
to kinematic regions which are invariant under target-projectile symmetry. To be more
specific, we can always choose n = 4k + 2 (k ∈ N). In this case, Regge theory predicts
that there are Mandelstam regions in which the m-Reggeon bound state (m = 2, . . . , 2k)
propagates in the central channel with index s = 2k − 1 and which are symmetric under
target-projectile symmetry. This central channel is mapped to itself under target-projectile
symmetry (4.8). Therefore, target-projectile symmetry requires n(+)

1/3,2k−1 = n
(−)
1/3,2k−1 to

hold (cf. eq. (4.6)). Using this constraint, we see that all possible BFKL eigenvalues are
multiples of the six-point BFKL eigenvalue e2,(1

2 log
(
1 +
√

2
)
− 1√

2

)
(n(+)

1/3,2k−1 + n
(−)
1/3,2k−1) =

(
log

(
1 +
√

2
)
−
√

2
)
· n(+)

1/3,2k−1, (4.9)

which is the main result of this paper. Note that specifying the number of gluons to
n = 4k + 2 does not limit this result — if the remainder function is consistent with Regge
theory for all n, then the BFKL eigenvalue of them-Reggeon bound state must be the same,
independent of the number of external gluons. We only use the specific case n = 4k + 2,
since it allows us to leverage target-projectile symmetry.9

At this point, we have determined all possible BFKL eigenvalues. However, we cannot
conclude yet that the BFKL eigenvalue of a m-Reggeon bound state always shows up with
the same pattern of crossing singularities, since eq. (4.5) allows several combinations of
crossing singularities resulting in the same BFKL eigenvalue. To do that, we need to use
target-projectile symmetry again. Focusing on a particular channel s0, the contribution of
this channel to the remainder function would be mapped to the channel n− 4− s0 under
target-projectile symmetry,

(n(+)
1/3,s0

+ n
(−)
1/3,s0

) log εs0 + (n(+)
1/3,s0

− n(−)
1/3,s0

) logws0

←→ (n(+)
1/3,s0

+ n
(−)
1/3,s0

) log εn−4−s0 − (n(+)
1/3,s0

− n(−)
1/3,s0

) logwn−4−s0 , (4.10)
7As the simplest example for this effect of target-projectile symmetry, in the seven-point case it holds

that R7,(−−+)(u1,1, u2,1, u3,1) = R7,(+−−)(u1,2, u2,2, u3,2).
8For example, the three-Reggeon bound state is expected to contribute to the remainder function in

the (− + +−)-region of the eight-point amplitude [41, 44] and the four-Reggeon bound state is expected
to appear in the (− + − − +−)-region of the ten-point amplitude [41], both of which are target-projectile
symmetric. Also note that in both cases, the central channel in which the new bound state appears is
mapped to itself under target-projectile symmetry.

9Another reason to choose this case is the subtlety of the additional contribution Aextra to the remainder
function for the case n = 4k mentioned in section 2.1. Note, however, that our analysis shows that, if the
remainder function is compatible with Regge theory for all n, this additional piece cannot lead to different
BFKL eigenvalues.
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where we have dropped the overall factors appearing in eq. (4.5). As mentioned above, ap-
plying target-projectile symmetry may change the kinematic variables in which a remainder
function is expressed, but it cannot change the kinematic dependence itself. Accordingly,
the prefactor of logwn−4−s0 in eq. (4.10) must agree with that of logws0 before applying
target-projectile symmetry. Looking at eq. (4.10), we see that the kinematic dependence
is unchanged only if n(+)

1/3,s0
= n

(−)
1/3,s0

, since otherwise the term ∼ logws0 spoils this prop-
erty. This constrains the crossing patterns which are consistent with the multi-Regge limit
further and we can conclude that the BFKL eigenvalue k · e2 is uniquely described by the
crossing pattern n

(+)
1/3,s = n

(−)
1/3,s = k. Let us summarize the results of this section, before

discussing a specific example in the following section:

the remainder function of the most general pattern of crossing singularities allowed by
the multi-Regge limit as derived in section 3.3 can be written as a sum of terms, such
that the BFKL eigenvalue in each channel only depends on the number of crossing
singularities of the type Ỹ′1/3,s = −1 for the index s corresponding to that channel.
Furthermore, using target-projectile symmetry, we have shown that all BFKL eigen-
values contributing to any n-point remainder function in the multi-Regge limit are
multiples of the two-Reggeon BFKL eigenvalue,

en = k ·
(
log

(
1 +
√

2
)
−
√

2
)

= k · e2,

where k ∈ N. The corresponding crossing pattern is also determined uniquely and is
described by n(+)

1/3,s0
= n

(−)
1/3,s0

= k for the channel s0 in which the corresponding BFKL
eigenvalue appears.

Considering the picture of m-Reggeon bound states suggested by the Wilson loop OPE (see
section 1), it is most natural to expect that the BFKL eigenvalue of the m-Reggeon bound
state at strong coupling is given by (m − 1) times the two-Reggeon BFKL eigenvalue,
en

?= (n − 1) e2. However, based on the method used in this paper, we cannot prove
(or disprove) this expectation as this would require some “dynamic” information on the
analytic continuation, e.g. which cross ratios were analytically continued, to characterize
the specific Mandelstam regions in which the m-Reggeon bound states are expected to
appear.

5 Example: the nine-point remainder function

To fill the general results of the preceding sections with life, we discuss the concepts intro-
duced above for the example of the nine-point amplitude with a focus on the three-Reggeon
bound state, which has not yet been investigated in the strong coupling limit and whose
BFKL eigenvalue is still unknown. We start by introducing the relevant formulas for the
nine-point remainder function before briefly discussing the crossing patterns which are ex-
pected to describe the two-Reggeon bound state and show that the resulting remainder
function is indeed characterized by the two-Reggeon BFKL eigenvalue e2 already obtained
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in the six-point case. Furthermore, we show that such a solution can be found in all chan-
nels in which the two-Reggeon bound state is expected to appear by Regge theory. Finally
we analyze the most natural candidate of crossing patterns for the three-Reggeon bound
state (see the discussion at the end of section 4) and study the corresponding Bethe ansatz
equations and the BFKL eigenvalue their solution leads to. Additionally, we show that this
solution can be found in all channels in which the three-Reggeon bound state is expected to
be found in the nine-point case and show that the simple structure of this solution being a
multiple of the two-Reggeon BFKL eigenvalue also holds for the kinematically subleading
terms studied in [39].

Recall from the discussion in section 4 that the three-Reggeon bound state is expected
to appear for eight gluons or more. We choose to study the nine-point amplitude as this
allows us to check whether the crossing pattern conjectured to describe the three-Reggeon
bound state leads to the same BFKL eigenvalue in all channels in which the three-Reggeon
bound state is expected to appear from Regge theory. Furthermore, choosing the nine-point
amplitude avoids the technical difficulties introduced by the Aextra-contribution present in
the case n = 4k, which we alluded to before.

5.1 The nine-point amplitude and Mandelstam regions

Let us start by discussing the kinematics of the nine-point case. We can construct 18 dual
conformal cross ratios, four triplets of independent cross ratios, as well as six additional
ones which are related to the independent cross ratios through conformal Gram relations.
In the MRL, the large cross ratios u1,s → 1 and the small ones u2/3,s → 0, while the
dependent cross ratios go to one, as well.

The different contributions to the remainder function were described in general in
section 2, and their explicit form for n = 9 reads

Afree =
4∑
s=1

|ms|
2π

∫
R

dθ cosh θ log
(
(1 + Ỹ1,s)(1 + Ỹ2,s)

√
2(1 + Ỹ3,s)

)
, (5.1)

Aper =− 1
2
(
|m2|2 + |m3|2 +m1m̄3 +m3m̄1 +m2m̄4 +m4m̄2

)
−
√

2
4 (m1m̄2 +m2m̄1 +m1m̄4 +m4m̄1

+m3m̄4 +m4m̄3 + 2m2m̄3 + 2m3m̄2) . (5.2)

Following the discussion in section 4, we refrain from spelling out the contribution ∆ as
it is a rather lengthy expression, which only contributes phases to the remainder function
in the Mandelstam regions and is therefore not relevant in the following (the contribution
can be found, for example, in [76]).

As mentioned before, the remainder function in the Euclidean region, where all energy
variables are negative, is trivial. This behavior is obvious for the Afree-contribution since
in the multi-Regge limit all integrals are negligible. However, the behavior is less obvious
for the other contributions, but as it turns out the remaining contributions, Aper and ∆,
cancel each other in the multi-Regge limit. Thus, the BDS ansatz completely describes the
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n
(+/−)
1/3,1 = 1

Figure 7. Two-Reggeon bound states spanning different channels and their realization given in
terms of the numbers n(+/−)

1/3,s of crossing singularities in the corresponding channels.

scattering amplitude in the Euclidean region, which agrees with the field theory predictions
(see [25]). Therefore, we proceed by looking at Mandelstam regions, in which the remainder
function does not vanish.

Two-Reggeon bound states. Based on the analysis presented in sections 3.3 and 4,
we can parametrize the allowed BFKL eigenvalues by the number of crossing singularities
n

(+/−)
1/3,s . Given that the BFKL eigenvalue of the two-Reggeon bound state is realized by

a pair of crossing solutions n(+/−)
1/3,s = 1 in a particular channel in the six- and seven-point

remainder function (see [30, 31, 37–39]), we proceed by analyzing this configuration in the
nine-point case to check whether our calculations reproduce the expected results for the
two-Reggeon bound state regions.

In the nine-point case there are many kinematic regions in which the two-Reggeon
bound state is expected to appear, the simplest regions describing so-called short Regge
cuts, for which the two-Reggeon bound states only propagate in a single t-channel. As a
consequence, the remainder function is expected to depend on a single s-like Mandelstam
variable si. In terms of the parameters (2.17), this corresponds to a dependence on a single
εs or, equivalently, a single triplet of cross ratios. These cuts are connected to a kinematic
region in which two of the produced particles are chosen to be incoming. As mentioned
above, we expect these regions to be realized by one pair of crossing singularities of the
type Ỹ′1/3,s(θ) = −1 with endpoints in ± iπ

4 .
For n > 6, the Regge cut induced by the two-Reggeon bound state can span several

t-channels, in which case the remainder function depends on several triplets of cross ratios.
These cuts are usually referred to as long cuts and we expect those to be realized in the
nine-point case by a pair of crossing singularities of the Ỹ1/3,s-functions associated to the
corresponding t-channels. In figure 7 we illustrate two-Reggeon bound states of different
lengths corresponding to the regions described in table 2. Analyzing these configurations
of crossing singularities, we find that they are all described by the two-Reggeon BFKL
eigenvalue e2 = log

(
1 +
√

2
)
−
√

2, as expected, and that they have the kinematic depen-
dence expected from Regge theory. We spell out the analyzed remainder functions and the
kinematic regions, which we expect them to describe, in table 2.

5.2 A solution with BFKL eigenvalue e3 = 2 · e2

In this section we now investigate the three-Reggeon bound state and its BFKL eigenvalue
e3. In the nine-point case the new Reggeon bound state can appear either in the t3- or the
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# of crossing singularities n(+/−)
1/3,s Remainder function

n
(+)
1/3,1 = n

(−)
1/3,1 = 1 eR9,+++−−

∣∣∣
MRL

∼ (1− u1,4)
√
λ

2π e2

n
(+)
1/3,1 = n

(−)
1/3,1 = n

(+)
1/3,2 = n

(−)
1/3,2 = 1 eR9,++−−−

∣∣∣
MRL

∼ ((1− u1,3)(1− u1,4))
√
λ

2π e2

n
(+)
1/3,1 = n

(−)
1/3,1 = n

(+)
1/3,2 = n

(−)
1/3,2 =

n
(+)
1/3,3 = n

(−)
1/3,3 = 1

eR9,+−−−−
∣∣∣
MRL

∼ ((1− u1,2)(1− u1,3)(1− u1,4))
√
λ

2π e2

n
(+)
1/3,1 = n

(−)
1/3,1 = n

(+)
1/3,2 = n

(−)
1/3,2 =

n
(+)
1/3,3 = n

(−)
1/3,3 = n

(+)
1/3,4 = n

(−)
1/3,4 = 1

eR9,−−−−−
∣∣∣
MRL

∼ ((1− u1,1)(1− u1,2)(1− u1,3)(1− u1,4))
√
λ

2π e2

Table 2. The different types of Regge cuts due to the two-Reggeon bound states all give rise to
the same BFKL eigenvalue e2 = log

(
1 +
√

2
)
−
√

2 in the remainder function, which agrees with
the value found in the six-point case.

t4-channel (or both) and we choose to discuss the region with the three-Reggeon bound
state in the t4-channel which is illustrated in figure 8. The analysis for the t3-channel is
analogous and leads to the same results. As we have explained at the end of section 4, the
BFKL eigenvalue of the three-Reggeon bound state cannot be fixed uniquely by analyzing
the Bethe ansatz equations at the endpoint alone. Therefore, in this section, we analyze a
crossing pattern for which the most natural conjecture for the BFKL eigenvalue of the three-
Reggeon bound state, namely that e3 = 2e2, is realized. While it is still a conjecture that
this configuration describes the three-Reggeon bound state, this configuration is consistent
with the expectation from integrability that the BFKL eigenvalue of the three-Reggeon
bound state is given by a sum of two BFKL eigenvalues of two-Reggeon bound states.
Furthermore, to reach the Mandelstam region in which the three-Reggeon bound state is
expected to appear, two subsequent analytic continuations of the cross ratios (as illustrated
in figure 9) are necessary. More specifically, in the first analytic continuation the four
external particles p5, . . . , p8 are chosen to be incoming, leading to the Mandelstam region
(+−−−−). By analogy with the six- and seven-point cases, we expect this region to be
described by a pair of crossing singularities of the type Ỹ′a,s = −1 for the indices s = 1, 2, 3,
as those lead to contributions in the t3-, t4- and t5-channel, respectively (see eq. (4.5)). It is
thus natural to expect that in the second analytic continuation, in which the Mandelstam
region (+−++−) is reached by choosing particles p6, p7 to be outgoing again (see figure 9),
two further crossing singularities occur in the Ỹa,2-function connected to the t4-channel.
Based on this expectation, we study the crossing pattern

n
(+)
1/3,3 = n

(−)
1/3,3 = 1,

n
(+)
1/3,2 = n

(−)
1/3,2 = 2,

n
(+)
1/3,1 = n

(−)
1/3,1 = 1. (5.3)

Note that we include crossing singularities not only for the t4-channel, in which we expect
the three-Reggeon bound state to appear, but also in the adjacent channels. The reason
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s3

s4

s5

n
(+/−)
1/3,3 = 1

n
(+/−)
1/3,2 = 2

n
(+/−)
1/3,1 = 1

s2

s3

s4

s5

n
(+/−)
1/3,4 = 1

n
(+/−)
1/3,3 = 2

n
(+/−)
1/3,2 = 2

n
(+/−)
1/3,1 = 1

Figure 8. Left: the three-Reggeon bound state is described by an additional Reggeon in the
corresponding t-channel. We study the three-Reggeon bound state connected to the t4-channel.
Such a bound state can only appear if the number of Reggeons in neighboring channels differs by
at most one, which is satisfied by the shown configuration of crossing singularities. The figure
also shows the number n(+/−)

1/3,s of crossing singularities which occur in the corresponding channels.
Right: a configuration in which the three-Reggeon bound state appears in both the t3- and t4-
channel. Again the associated crossing singularities are illustrated.

(+ + +++) (+−−−−) (+−++−)

Figure 9. Graphical representation of the analytic continuation to the Mandelstam region in which
the three-Reggeon bound state is expected to contribute to the nine-point remainder function.
During the first analytic continuation the particles p5, . . . , p8 are chosen to be incoming and cross
the center of the diagram which corresponds to the long Regge cut of the region (+−−−−), which
is described by two-Reggeon bound states only. To obtain a bound state of more Reggeons in the
t4-channel, a second analytic continuation needs to be performed choosing the particles p6 and p7 to
be outgoing again, during which we expect two additional crossing solutions in the Ỹa,2-functions.

for this is that in the planar limit, the number of Reggeons propagating in a given channel
may only differ by one from the number of Reggeons propagating in the adjacent channels
(see, for example, [41, 42, 81]). Thus, two-Reggeon bound states need to appear in both
the t3- and t5-channel, which are realized (as in the six- and seven-point case) as one pair
of crossing solutions as indicated in eq. (5.3).

Having fixed the crossing pattern, we can immediately follow the general analysis
presented in section 4 to calculate the nine-point remainder function for this region, since
the endpoints of the crossing singularities are fixed by the general analysis of section 3.3.
In this case, the parameters ε′s and w′s at the endpoint read

ε′1 = ε1, w′1 = γ w1,

ε′2 = 1
γ
ε2, w′2 = w2,
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ε′3 = ε3, w′3 = 1
γ
w3,

ε′4 = √γε4, w′4 = 1
√
γ
w4, (5.4)

where γ = −
(
1 +
√

2
)2
, see eq. (4.2). Using these relations, we can calculate the con-

tributions to the remainder function at the endpoint of the continuation, A′free and A′per,
and find

A′free
∼=
√

2 log ε1 + 2
√

2 log ε2 +
√

2 log ε3 + . . . , (5.5)

see eq. (4.3) and

A′per −Aper ∼= − log
(
1 +
√

2
)

log ε1 − 2 log
(
1 +
√

2
)

log ε2 − log
(
1 +
√

2
)

log ε3 + . . . ,

(5.6)
see eq. (4.4), where the dots indicate constants and phases which cannot be fixed by our
approach as explained in section 4, but which do not affect the BFKL eigenvalue. Collecting
the contributions to the remainder function we find

A′per −Aper +A′free
∼= −(2 · e2) log ε2 − e2 log(ε1 · ε3) + . . . , (5.7)

and the structure of the remainder function is then given by

eR9,+−++−
∣∣∣
MRL

∼ (1− u1,3)
√
λ

2π (2·e2) · ((1− u1,2) · (1− u1,4))
√
λ

2π e2 , (5.8)

with the two-Reggeon BFKL eigenvalue e2 = log
(
1 +
√

2
)
−
√

2, which is the same as in
the six-point case. Note that the three-Reggeon BFKL eigenvalue e3 = 2 · e2 is indeed
the sum of two BFKL eigenvalues of two-Reggeon bound states, as claimed before. In
the next section, we analyze two properties of this crossing pattern, namely whether the
same solution can be realized in other channels as required by Regge theory, and whether
this simple structure for the BFKL eigenvalue of the three-Reggeon bound state also holds
for contributions to the remainder function, which are kinematically subleading in the
multi-Regge limit.

5.2.1 Consistency of the crossing pattern and subleading kinematics

In this section, we show that the crossing pattern under consideration passes several consis-
tency checks. First, consistency of our results with Regge theory requires that, in different
Mandelstam regions, the three-Regge bound state can appear in either the t3- or t4-channel
and additionally as a long triple-Regge cut simultaneously in the t3- and t4-channel as il-
lustrated in figure 8. In all these cases, the three-Reggeon bound state needs to appear
with the same BFKL eigenvalue. The three Mandelstam regions, in which we expect the
three-Reggeon bound state to appear, are the regions (+ − + + −), (− + + − +) and
(−+ + + −). The first of these regions was analyzed in the previous section. Performing
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the corresponding calculations for the crossing patterns

n
(+)
1/3,4 = n

(−)
1/3,4 = 1,

n
(+)
1/3,3 = n

(−)
1/3,3 = 2,

n
(+)
1/3,2 = n

(−)
1/3,2 = 1

and

n
(+)
1/3,4 = n

(−)
1/3,4 = 1,

n
(+)
1/3,3 = n

(−)
1/3,3 = 2,

n
(+)
1/3,2 = n

(−)
1/3,2 = 2,

n
(+)
1/3,1 = n

(−)
1/3,1 = 1,

we find the remainder functions

eR9,+−++−
∣∣∣
MRL

∼ (1− u1,3)
√
λ

2π (2·e2) · ((1− u1,2) · (1− u1,4))
√
λ

2π e2 ,

eR9,−++−+
∣∣∣
MRL

∼ (1− u1,2)
√
λ

2π (2·e2) · ((1− u1,1) · (1− u1,3))
√
λ

2π e2 ,

eR9,−+++−
∣∣∣
MRL

∼ ((1− u1,2) · (1− u1,3))
√
λ

2π (2·e2) · ((1− u1,1) · (1− u1,4))
√
λ

2π e2 . (5.9)

Indeed, these solutions all have the same two- and three-BFKL eigenvalues e3 = 2 · e2 and
e2 in the relevant t-channels. Furthermore, note that the remainder functions are consistent
with target-projectile symmetry (see eq. (4.7)), since the first two regions are related by
target-projectile symmetry on the level of the cross ratios and the remainder function while
the third region is invariant under the symmetry.

Lastly, we analyze whether the contributions from the three-Reggeon bound state to
the remainder function which are subleading in kinematics also have the simple structure
found for the leading term. More specifically, as shown for the six- and seven-point am-
plitude in [39], the remainder function can be expanded in a series of terms of the form
∼ logk w

logn ε , which vanish in the strict multi-Regge limit and are kinematically subleading
compared to terms ∼ log ε considered so far (see eq. (4.5)). While subleading, these terms
are interesting as they contain additional information on the BFKL eigenvalue and allow a
precise comparison of the TBA at strong coupling with the finite-coupling expression of the
six-point remainder function in the multi-Regge limit [32]. These subleading terms arise
as corrections to the relations between the kinematical parameters at the endpoint and
the starting point of the continuation (see eqs. (2.27) and (4.2)) and as higher order terms
appearing in the contributions Afree and Aper to the remainder function (see eqs. (4.3)
and (4.4)). Since the analysis is identical to the six- and seven-point cases, we refer the
reader to [39] for technical details. For the purpose of this analysis, we again study the
region (+−+ +−) described by the crossing pattern (5.3). To find the relevant contribu-
tions at each order in the kinematic expansion ∼ 1

logn ε we start from a general ansatz for
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the kinematic variables at the endpoint of the continuation. For example, the ansatz for
the first subleading order reads

ε′s = εs

(
as,1 + as,2

log εs−1
+ as,3

log εs
+ as,4

log εs+1
+O(log−2 ε)

)
,

w′s = ws

(
bs,1 + bs,2

log εs−1
+ bs,3

log εs
+ bs,4

log εs+1
+O(log−2 ε)

)
. (5.10)

We then solve the condition u′a,s = ua,s order-by-order in 1/ log ε to fix the coefficients as,i
and bs,i. Note that at subleading order the kinematic variables from one channel at the
endpoints of the continuation depend on the variables from neighboring channels, as well,
which is not the case at leading order. The resulting parameters to the first subleading
order are presented in appendix D.

We then extend the ansatz for ε′s and w′s (5.10) by including higher-order terms in
1/ log ε, and solve the equations u′a,s = ua,s to fix the parameters in the ansatz order-by-
order to any desired order in the subleading terms. Once the kinematic parameters at the
endpoints of the continuation are fixed up to the desired order in 1/ log ε we can compute
the subleading terms in the remainder function. Up to third order in the subleading terms,
we find the following result for the remainder function for the crossing pattern (5.3):

R9,+−++−|MRL = −
√
λ

2π

[(√
2− log

(
1 +
√

2
))

log ε1 −
√

2 log2w1
log ε1

− 5
6
√

2
log4w1

log3 ε1

+ 2
(√

2− log
(
1 +
√

2
))

log ε2 − 2
√

2 log2w2
log ε2

− 2 5
6
√

2
log4w2

log3 ε2

+
(√

2− log
(
1 +
√

2
))

log ε3 −
√

2 log2w3
log ε3

− 5
6
√

2
log4w3

log3 ε3

]

+O
(
log−4 ε

)
, (5.11)

where we have only spelled out the contributions with the maximal power of logw for
each order of 1/ log ε, namely the terms of the form ∼ logk+1 w

logk ε . Note that the subleading
contributions in eq. (5.11) in the channel associated with the three-Reggeon bound state
again are simply given as twice the corresponding contributions for the two-Reggeon bound
states, as we established before for the leading terms.

This is a very interesting result for the following reason: recall that at weak and finite
coupling, remainder functions in the multi-Regge limit are naturally described in terms
of certain Fourier-Mellin integrals (see, for example, [32, 40, 82]). At strong coupling,
these Fourier-Mellin integrals can be evaluated by a saddle point approximation, which
then reproduces the results from the strong coupling TBA discussed in this paper (see [32,
39]). In particular, the BFKL eigenvalue of a m-Reggeon bound state ωm({νi, ni}) (i =
1, . . . ,m − 1) appearing in a given Fourier-Mellin integral would then become the BFKL
eigenvalues discussed in this paper, ωm({νi, ni}) → em. The subleading terms discussed
above arise from the Fourier-Mellin integrals when choosing the terms logk w

logn ε to be small
but finite, because the saddle point moves slightly away from the point where those terms
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strictly vanish (see [39]). Importantly, the equation determining the location of the saddle
point depends on the full structure of the BFKL eigenvalue ωm({νi, ni}) and not just its
value on the saddle point. In particular, as shown in [39], the terms of the form ∼ logk+1 w

logk ε
shown in eq. (5.11) do not depend on the impact factors and thus only probe the structure
of the BFKL eigenvalues appearing in the Fourier-Mellin integrals. Hence, assuming that
a similar Fourier-Mellin integral describing the region under consideration here exists, our
result (5.11) provides evidence that the BFKL eigenvalue of the three-Reggeon bound state
is given by a sum of two two-Reggeon BFKL eigenvalues, not just on the strong coupling
saddle point, but already for the BFKL eigenvalue appearing in the Fourier-Mellin integral.

6 Conclusions

In this paper, we have studied the constraints the multi-Regge limit imposes on the n-
point remainder function in different kinematic regimes, which are reached by analytic
continuations of the Y-system describing scattering amplitudes at strong coupling. Dur-
ing these analytic continuations, singularities of the Y-system may cross the integration
contour and lead to a non-trivial remainder function at the endpoint of the continuation.
We have shown that the possible patterns of crossing singularities are very simple and
can be parametrized easily. Based on this result, we have shown that all possible BFKL
eigenvalues are multiples of the two-Reggeon BFKL eigenvalue. Furthermore, based on
the example of the nine-point amplitude, we have provided evidence that this additivity
of BFKL eigenvalues is also satisfied for kinematically subleading terms, suggesting that
this simple structure of BFKL eigenvalues also holds beyond the saddle point governing
the strong coupling solution.

This paper answers the questions which BFKL eigenvalues are possible in any analytic
continuation consistent with the multi-Regge limit. However, it does not answer the ques-
tions if and when these eigenvalues appear, i.e. in which kinematic region they contribute
and to which Reggeon bound state they are associated. In fact, it is not even clear that
bound states of more than two Reggeons are visible at strong coupling. In the six-point
case, the strong coupling result obtained from the TBA arises from the finite-coupling
Fourier-Mellin integral as a saddle point of that integral. However, as shown in [34, 35, 44],
for more than six gluons the remainder function in certain kinematic regions is described
by a sum of several such integrals. At strong coupling, the remainder function obtained
from the TBA should thus represent the dominant saddle point of those terms. Whether
this dominant saddle point necessarily contains the interesting bound states of more than
two Reggeons, however, is not a priori clear. So far, this question can only be answered by
performing the analytic continuation numerically, which becomes more and more difficult
as the number of gluons is increased. Whether there is a way along the approach proposed
in this paper to predict which BFKL eigenvalue appears in which kinematic region is a
very interesting open question, which we leave for future research.
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A Y-system kernels and S-matrices

A.1 Integration kernels of the Y-system

To state the kernels of the Y-system (2.4), we start from the case ϕs = 0 (note that in this
case the complex parameters ms = |ms|eiϕs are real and that Ỹa,s = Ya,s), for which the
Y-system equations are given by (see [73])

log Y1,s = −ms cosh θ − Cs −
1
2K2 ? βs −K1 ? αs −

1
2K3 ? γs,

log Y2,s = −
√

2ms cosh θ −K2 ? αs −K1 ? βs,

log Y3,s = −ms cosh θ + Cs −
1
2K2 ? βs −K1 ? αs + 1

2K3 ? γs, (A.1)

where the convolution is defined as

(Ka ? f)(θ) =
∫
R

dθ′Ka(θ − θ′)f(θ′), (A.2)

and the three basic kernels are given by

K1(θ) = 1
2π

1
cosh θ , K2(θ) =

√
2
π

cosh θ
cosh 2θ , K3(θ) = i

π
tanh 2θ. (A.3)

Furthermore, certain combinations of Y-functions αs, βs and γs are defined as

αs = log (1 + Y1,s)(1 + Y3,s)
(1 + Y2,s−1)(1 + Y2,s+1) ,

βs = log (1 + Y2,s)2

(1 + Y1,s−1)(1 + Y1,s+1)(1 + Y3,s−1)(1 + Y3,s+1) ,

γs = log (1 + Y1,s−1)(1 + Y3,s+1)
(1 + Y1,s+1)(1 + Y3,s−1) , (A.4)

from which an arbitrary kernel between two Y-functions Ka,a
′

s,s′ can be easily read off. For
the case relevant in the main text, namely that of non-vanishing parameters ϕs, the Y-
system (2.4) is obtained by simply making the replacements

ms → |ms|, Ya,s → Ỹa,s, Ka,a
′

s,s′ (θ − θ
′)→ Ka,a

′

s,s′ (θ − θ
′ + iϕs − iϕs′), (A.5)
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where Ỹa,s(θ) := Ya,s(θ + iϕs), as in the main text. Explicitly, the kernels of the Y-
system (2.4) thus read:

K1,2±1
s,s = −K1(θ − θ′),

K1,2
s,s = −K2(θ − θ′),

K2,2±1
s,s = −K2(θ − θ′),

K2,2
s,s = −2K1(θ − θ′),

K3,2±1
s,s = −K1(θ − θ′),

K3,2
s,s = −K2(θ − θ′),

K1,2
s,s±1 = K1(θ − θ′ + iϕs − iϕs±1),

K1,1
s,s±1 = 1

2K2(θ − θ′ + iϕs − iϕs±1)± 1
2K3(θ − θ′ + iϕs − iϕs±1),

K1,3
s,s±1 = 1

2K2(θ − θ′ + iϕs − iϕs±1)∓ 1
2K3(θ − θ′ + iϕs − iϕs±1),

K2,2
s,s±1 = K2(θ − θ′ + iϕs − iϕs±1),

K2,2±1
s,s±1 = K1(θ − θ′ + iϕs − iϕs±1),

K3,2
s,s±1 = K1(θ − θ′ + iϕs − iϕs±1),

K3,1
s,s±1 = 1

2K2(θ − θ′ + iϕs − iϕs±1)∓ 1
2K3(θ − θ′ + iϕs − iϕs±1),

K3,3
s,s±1 = 1

2K2(θ − θ′ + iϕs − iϕs±1)± 1
2K3(θ − θ′ + iϕs − iϕs±1). (A.6)
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A.2 S-matrices of the Y-system

The S-matrices of the basic kernels (A.3) are defined as

− 2πiKa(θ) =: ∂θ logSa(θ) (A.7)

and are thus given by

S1(θ) = i
1− ieθ
1 + ieθ

, S2(θ) = 2i sinh θ −
√

2
2i sinh θ +

√
2
, S3(θ) = cosh 2θ. (A.8)

For the combinations of Y-system kernels (A.6), the S-matrices can be determined by noting
that by the definition of the S-matrices, the S-matrix of a general combination of kernels
K = ca1Ka1 + ca2Ka2 reads S = S

ca1
a1 · S

ca2
a2 . With these conventions, residue contributions

due to singularities of the Y-system of the type Ỹa,s = −1 crossing the integration contour
schematically appear as follows:∫

R

dθ′Ka,a
′

s,s′ (θ − θ
′ + iϕs − iϕs′) log

(
1 + Ỹa′,s′(θ′)

)

=
∫
R

dθ′

−∂θ′
 logSa,a

′

s,s′ (θ − θ′ + iϕs − iϕs′)
−2πi

 log
(
1 + Ỹa′,s′(θ′)

)

= −
∫
R

dθ′
logSa,a

′

s,s′ (θ − θ′ + iϕs − iϕs′)
2πi

∂θ′Ỹa′,s′(θ′)
1 + Ỹa′,s′(θ′)

. (A.9)

Hence, singularities crossing into the positive half-plane appear with a plus sign ∼+ logSa,a
′

s,s′ ,
while those crossing into the negative half-plane appear with a minus sign ∼ − logSa,a

′

s,s′ , as
in eq. (2.23). For crossing singularities of the type Ỹa,s =∞, the signs are changed.

B Derivation of the BAE solution

In this appendix, we derive the solution of the Bethe ansatz equations for the most general
pattern of crossing singularities. We have emphasized before that −π

4 ≤ Im θ̃a,s,i ≤ π
4

holds for the location of all crossing singularities. This is important because, as explained
in section 2.2, in the multi-Regge limit the residue contributions of kernel singularities
referred to in eq. (3.1) are negligible in the fundamental strip −π

4 ≤ Im θ ≤ π
4 . Therefore,

the endpoint conditions of crossing singularities in the fundamental strip (2.26) are only
coupled through the S-matrices and the Bethe ansatz equations corresponding to the most
general crossing pattern read

−1 = Ỹ′a,s(θ̃a,s,i) = e−|ma,s|
′ cosh θ̃a,s,i+C′a,s

∏
a′,s′

na′,s′∏
j=1
Sa,a

′

s,s′

(
θ̃a,s,i− θ̃a′,s′,j + iϕs− iϕs′

)sign(Im θ̃a′,s′,j)
,

(B.1)
where the prime on the Ỹ-functions and the TBA parameters indicates quantities at the
endpoint of the continuation, as before. There is one such equation for each crossing
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singularity, i.e. a total of ∑a′,s′ na′,s′ Bethe ansatz equations. In eq. (B.1), a′ ∈ {1, 2, 3}
and s′ ∈ {s − 1, s, s + 1} due to the structure of the Y-system (2.4). Recall that in
the kinematic regions under consideration, the driving term in eq. (B.1) vanishes since
|ms|′ → ∞ in the multi-Regge limit. Thus, in order to get a finite expression on the
right-hand side of the equations in the multi-Regge limit, the S-matrix factor on the right-
hand side of eq. (B.1) has to diverge. Accordingly, we can determine the endpoints of the
crossing singularities by ensuring that the S-matrix factor diverges for all Bethe ansatz
equations (B.1). As in the main text, we parametrize the most general crossing pattern of
singularities by the number n(+/−)

a,s of crossing singularities with endpoints in the positive
(negative) half-plane and label the locations of the endpoints of the crossing singularities
as θ̃(+/−)

a,s,i , i = 1, . . . , n(+/−)
a,s , so that

− π

4 ≤ Im θ̃
(−)
a,s,i ≤ 0, 0 ≤ Im θ̃

(+)
a,s,i ≤

π

4 . (B.2)

We begin by studying the endpoint conditions for crossing singularities of the type Ỹ′2,s =
−1. Note that such singularities can never have an endpoint at ±iπ4 ,

θ̃
(+/−)
2,s,i

!
6= ±iπ4 , (B.3)

as those points correspond to the cross ratios u′2/3,s (see eqs. (2.16) and (2.28)). Due to
our choice of continuation paths (2.27), these cross ratios are going to zero at the endpoint
of the continuation, which requires the corresponding Ỹa,s-functions to be infinitesimal,
as well. A crossing singularity ending at ±iπ4 , however, would lead to the corresponding
Ỹa,s-function being equal to −1 at that point. Therefore, the endpoints ±iπ4 for crossing
singularities of the type Ỹ′2,s = −1 are excluded by the relevant paths of continuation in
the multi-Regge limit. With this in mind, let us now study the endpoint condition for a
crossing singularity of the type Ỹ′2,s = −1 in the positive half-plane, for which the most
general endpoint condition has the form

−1 = Ỹ′2,s(θ̃(+)
2,s,i) (B.4)

= e
−
√

2|m2,s|′ cosh θ̃(+)
2,s,i ·

∏
s′

n
(+)
2,s′∏
i1=1
S2,2
s,s′

(
θ̃

(+)
2,s,i− θ̃

(+)
2,s′,i1 + iϕs− iϕs′

)
n

(−)
2,s′∏
i2=1
S2,2
s,s′

(
θ̃

(+)
2,s,i− θ̃

(−)
2,s′,i2 + iϕs− iϕs′

)
︸ ︷︷ ︸

1

·
∏

a′∈{1,3}

n
(+)
a′,s∏
i3=1
S2,a′
s,s

(
θ̃

(+)
2,s,i− θ̃

(+)
a′,s,i3

)
n

(−)
a′,s∏
i4=1
S2,a′
s,s

(
θ̃

(+)
2,s,i− θ̃

(−)
a′,s,i4

)
︸ ︷︷ ︸

2

·

n
(+)
a′,s−1∏
i5=1

S2,a′
s,s−1

(
θ̃

(+)
2,s,i− θ̃

(+)
a′,s−1,i5 + iϕs− iϕs−1

)
n

(−)
a′,s−1∏
i6=1

S2,a′
s,s−1

(
θ̃

(+)
2,s,i− θ̃

(−)
a′,s−1,i6 + iϕs− iϕs−1

)
︸ ︷︷ ︸

3

·

n
(+)
a′,s+1∏
i7=1

S2,a′
s,s+1

(
θ̃

(+)
2,s,i− θ̃

(+)
a′,s+1,i7 + iϕs− iϕs+1

)
n

(−)
a′,s+1∏
i8=1

S2,a′
s,s+1

(
θ̃

(+)
2,s,i− θ̃

(−)
a′,s+1,i8 + iϕs− iϕs+1

)
︸ ︷︷ ︸

4

.

We have grouped the various contributions of the S-matrix factor in eq. (B.4) in four terms.
The possible endpoints of θ̃2,s,i can now be determined by examining the locations of the
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poles of each of the four terms. To that end, we use the expressions for the S-matrices
spelled out in appendix A.2. Note that, while all S-matrices appearing in eq. (B.4) have
infinitely many poles and/or zeros, the range of the argument is restricted by eq. (B.2).
Indeed, the difference between the imaginary parts of two crossing singularities in the same
half-plane (in different half-planes) cannot exceed ±iπ4 (±iπ2 ), and we only consider poles
and zeros of the S-matrices in this region in the following. We obtain the following results:

1 for the S-matrices S2,2
s,s′ , which explicitly read

S2,2
s,s−1(x+ iϕs − iϕs−1) = S2

(
x− iπ4

)
=

2i sinh
(
x− iπ4

)
−
√

2
2i sinh

(
x− iπ4

)
+
√

2
,

S2,2
s,s (x) = S−2

1 (x) = −
(1 + i ex

1− i ex
)2
,

S2,2
s,s+1(x+ iϕs − iϕs+1) = S2

(
x+ i

π

4

)
=

2i sinh
(
x+ iπ4

)
−
√

2
2i sinh

(
x+ iπ4

)
+
√

2
,

the poles and zeros are located at x = ±iπ2 , where we have used the results of
appendix A.2 and eq. (2.13). Due to the range of the endpoints (B.2), the only way
to reach this point would be that θ̃(+)

2,s,i − θ̃
(−)
2,s,j = iπ2 holds for some j, which would

entail θ̃(+)
2,s,i = −θ̃(−)

2,s,j = iπ4 . This configuration, however, is not allowed as explained
around eq. (B.3). Therefore, this term does not lead to a possible endpoint for θ̃(+)

2,s,i.

2 In this term (and the following), we have grouped the cases a′ = 1 and a′ = 3 for
s′ = s− 1 as the S-matrices are identical and read

S2,1/3
s,s (x) = S−1

2 (x) = 2i sinh x+
√

2
2i sinh x−

√
2
.

The relevant locations of the poles and zeros of this term are a pole of the S-matrices
appearing in the numerator at θ̃(+)

2,s,i − θ̃
(+)
1/3,s,j = −iπ4 and a zero of the S-matrices in

the denominator at θ̃(+)
2,s,i − θ̃

(−)
1/3,s,j = iπ4 . These constraints would require a solution

of Ỹ2,s,i = −1 to be located a distance of iπ4 above (below) a solution of Ỹ1/3,s,j = −1
which has crossed into the negative (positive) half-plane. However, by the analysis
of section 3.1 we know that Ỹ2,s equals infinity at those points rather than −1.
Therefore, the constraints arising from this part of the S-matrix factor cannot be
satisfied and do not lead to a possible endpoint of θ̃(+)

2,s,i.

3 The S-matrices appearing in this term,

S2,1/3
s,s−1(x+ iϕs − iϕs−1) = S1

(
x− iπ4

)
= i

1− i ex−iπ4
1 + i ex−i

π
4
,

have a zero at θ̃(+)
2,s,i − θ̃

(+/−)
1/3,s−1,j = −iπ4 . Thus, a zero in the denominator could,

in principle, lead to a pole in the overall S-matrix factor. However, the difference
θ̃

(+)
2,s,i − θ̃

(−)
1/3,s−1,j appearing in the denominator has a positive imaginary part by
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eq. (B.2) and thus the zero of the S-matrix cannot be reached by that argument. The
S-matrices appearing in the numerator cannot lead to a pole of the overall S-matrix
factor, as the S-matrices of this term only have zeros. Hence, this term also does not
lead to a possible endpoint for θ̃(+)

2,s,i.

4 The S-matrices appearing in this term,

S2,1/3
s,s+1(x+ iϕs − iϕs+1) = S1

(
x+ i

π

4

)
= i

1− i ex+iπ4

1 + i ex+iπ4
,

only have poles in the relevant range of x, hence only the terms appearing in the
numerator are relevant for a pole of the overall S-matrix factor. This pole is located
at θ̃(+)

2,s,i− θ̃
(+)
1/3,s+1,j = iπ4 for some j. However, due to the range of the variables (B.2)

this condition would enforce θ̃(+)
2,s,i = iπ4 , which is not possible as explained for term

1 above. Therefore, this term does not lead to a possible endpoint for θ̃(+)
2,s,i.

While we have only provided the details for singularities of the type Ỹ′2,s = −1 crossing into
the positive half-plane, the results also hold equivalently for singularities crossing into the
negative half-plane. Hence, in the multi-Regge limit the endpoint condition for crossing
singularities of the type Ỹ′2,s = −1 cannot be satisfied, as there is no allowed endpoint
of such a crossing singularity which would approach a pole of the S-matrix factor and
could compensate the small driving term in eq. (B.4). Therefore, these types of crossing
singularities can be neglected in the following.

We now turn to the cases a = 1, 3, but refrain from spelling out all details as the
analysis is very similar to that of eq. (B.4). The key difference, however, is that in these
cases there are locations of the poles of the S-matrix factor which can be reached by the
endpoints of the crossing singularities. For example, from the analysis of the most general
endpoint condition of a singularity of the type Ỹ1,s(θ̃(+)

1,s,i) = −1 in the positive half-plane,
we obtain the following possible configurations which lead to a pole in the S-matrix factor:

• θ̃
(+)
1,s,i − θ̃

(−)
3,s−1,j = 0 (which, together with eq. (B.2), implies θ̃(+)

1,s,i = θ̃
(−)
3,s−1,j = 0),

• θ̃
(+)
1,s,i − θ̃

(−)
1,s,j = iπ2 (which implies θ̃(+)

1,s,i = −θ̃(−)
1,s,j = iπ4 ),10

• θ̃
(+)
1,s,i − θ̃

(−)
3,s,j = iπ2 (which implies θ̃(+)

1,s,i = −θ̃(−)
3,s,j = iπ4 ) or

• θ̃
(+)
1,s,i − θ̃

(+)
3,s+1,j = 0.

10Strictly speaking, this condition implies θ̃(+)
1,s,i = x+ iπ4 , θ̃

(−)
1,s,j = x− iπ4 , for some x ∈ R, only. However,

the most general BAE (B.1) can be schematically rewritten as

k · iπ = −|ma,s|′ cosh θ̃a,s,i + C′a,s + log S({θ̃a′,s′,j}), (B.5)

where k ∈ Z and where we have collected all S-matrices into a single factor. These are two equations for
each crossing singularity — one for the real part and one for the imaginary part of eq. (B.5). As explained in
the main text, since Re |ma,s|′ →∞ in the multi-Regge limit, the S-matrix factor has to diverge. However,
as the poles of the S-matrices appearing in eq. (B.5) are all simple poles, the singularities appearing in that
equation are logarithmic singularities, at which the imaginary part is discontinuous, but does not diverge.
The condition, that the imaginary part of eq. (B.5) has to remain finite in the multi-Regge limit then
implies that Re θ̃a,s,i

!= 0, which leads to the implication stated in the main text.
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Importantly, the endpoint condition does not uniquely specify the endpoint of the crossing
singularity θ̃(+)

1,s,i. However, there are additional constraints from the multi-Regge behavior
of the cross ratios. By eq. (2.28), the cross ratios u′2/3,s at the endpoint of the continuation
are related to the Ỹ2,s-functions at θ = ±iπ4 and are therefore also subject to S-matrix
contributions from the crossing singularities. For the most general pattern of crossing
singularities, these contributions read

u′2/3,s ≈
u′2/3,s

1− u′2/3,s
= Ỹ′2,s

(
±iπ4

)

= e−
√

2|ms|′ ·
∏

a′∈{1,3}

n
(+)
a′,s−1∏
i1=1

S2,a′
s,s−1

(
±iπ4 − θ̃

(+)
a′,s−1,i1 + iϕs − iϕs−1

)
n

(−)
a′,s−1∏
i2=1

S2,a′
s,s−1

(
±iπ4 − θ̃

(−)
a′,s−1,i2 + iϕs − iϕs−1

)

·

n
(+)
a′,s∏
i3=1
S2,a′
s,s

(
±iπ4 − θ̃

(+)
a′,s,i3

)
n

(−)
a′,s∏
i4=1
S2,a′
s,s

(
±iπ4 − θ̃

(−)
a′,s,i4

) ·
n

(+)
a′,s+1∏
i5=1

S2,a′
s,s+1

(
±iπ4 − θ̃

(+)
a′,s+1,i5 + iϕs − iϕs+1

)
n

(−)
a′,s+1∏
i6=1

S2,a′
s,s+1

(
±iπ4 − θ̃

(−)
a′,s+1,i6 + iϕs − iϕs+1

) .

(B.6)

Note that in eq. (B.6), we have already neglected contributions from crossing singularities
of the type Ỹ2,s = −1 as those cannot occur, as explained around eq. (B.4). By our choice of
endpoints of the analytic continuation (2.27), the cross ratios u′2/3,s have to approach zero
at the same rate as the cross ratios u2/3,s at the starting point of the analytic continuation.
Therefore, in the multi-Regge limit the endpoints of the crossing singularities may never
end on a zero or a pole of the S-matrix factor in eq. (B.6), which introduces constraints
on the endpoints of the crossing singularities. An analysis similar to that around eq. (B.4)
shows that this constraint excludes zero as an endpoint for any crossing singularity,11 i.e.
θ̃a,s,i 6= 0. Using this constraint, only

θ̃
(+/−)
1/3,s,i = ±iπ4 (B.7)

remains as a possible endpoint for the crossing singularities,12 which is the result quoted
in the main text.

11In principle, eq. (B.6) allows pairs of crossing singularities (i.e. one crossing singularity in the positive
and one crossing singularity in the negative half-plane) with the same index s with both endpoints at zero.
However, the contribution of such pairs to both the cross ratios in eq. (B.6) and the A′free-contribution in
eq. (2.25) vanishes, so that from the point of view of the remainder function such configurations would not
be visible and are hence neglected in the following.

12One quick way to see this is to choose s̃ as the largest s-index for which there is a crossing singularity.
Then, there are no contributions of S-matrices of the form S2,a′

s̃,s̃+1 in eq. (B.6). We then choose θ = +iπ4 ,
in which case the S-matrices S2,a′

s̃,s̃−1 have no poles or zeros in the range (B.2), so that only the S-matrices
S2,a′
s̃,s̃ are relevant. The latter explicitly enforce the constraint that θ̃a′,s̃,i 6= 0. Of the four possible endpoint
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Before closing this appendix, let us comment on an observation made in section 3.2,
namely that the combinations of S-matrices leading to effective crossing singularities come
with an additional minus sign (see eq. (3.3)). This entails that, depending on the number of
these effective crossing singularities, the left-hand side of the Bethe ansatz equations (B.1)
equals 1 instead of −1. However, the arguments used in this appendix never used the
explicit value on the left-hand side of the Bethe ansatz equations, but only that it is a
finite value. Since we have identified a unique configuration of endpoints for the cross-
ing singularities, the analysis of this appendix also covers the case of the effective crossing
singularities. Also note that the configurations used in section 4 to extract the BFKL eigen-
values have an equal number of positive and negative crossing singularities (see discussion
around eq. (4.9)), in which case the additional minus sign is not present.

C Factorization of Aper

In this appendix, we show that the Aper-contribution to the remainder function at the
endpoint of the analytic continuation factorizes, i.e. that there is no dependence between
terms of different s-indices. The contribution Aper for a general n-point amplitude can be
written as a polynomial in the complex parameters ms,

Aper =
∑
i,j

Kijmim̄j , (C.1)

where K is a symmetric (n − 5) × (n − 5)-matrix, whose entries depend on the parity of
(n − 1)/2 and whose construction is described in detail in [73]. To connect Aper with the
parameters (4.2), we use the definition of the parameters ms = |ms|eiϕs to rewrite the
contribution as

Aper = 2
∑
i<j

Kij cos(ϕi−ϕj)|mi||mj |+
∑
i

Kii|mi|2 (C.2)

= 2
∑
i<j

Kij
(

log εi log εj cos
(

(j− i)π4

)
+ logwi logwj cos

(
(j− i)π4

)
+ logwi log εj sin

(
(j− i)π4

)
− log εi logwj sin

(
(j− i)π4

))
+
∑
i

Kii
(
log2 εi + log2 wi

)
,

where in the second step we have used the definition of the kinematic parameters (2.17).
Based on this expression, it is straightforward to calculate the contribution A′per(ε′s, w′s)−
Aper(εs, ws) to the remainder function at the endpoint of the analytic continuation. Using
the expressions (4.2), we obtain the result used in the main text

A′per(ε′s, w′s)−Aper(εs, ws) =
1
2 log

(
1 +
√

2
)∑

s

(
− log εs(n(+)

1/3,s + n
(−)
1/3,s) + logws(n(−)

1/3,s − n
(+)
1/3,s)

)
+ . . . , (C.3)

configurations listed in the main text, the fourth is not available (since there is no crossing singularity with
index s̃ + 1 by definition) and the first one is excluded by the constraints on the cross ratios, leaving only
the second and third configuration which both imply the result stated in the main text. The result for
channels s < s̃ follows similarly.
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where the dots indicate phases and constants, which we cannot fix as explained above.
Hence, terms including different values of the index s indeed cancel and the contribution
Aper to the remainder function factorizes. However, this cancellation of terms with different
s-indices from eq. (C.2) to eq. (C.3) is not obvious. Using the explicit form of the matrices
Kij , we generated the corresponding expressions (C.2) and checked that the relation (C.3)
holds for all cases n ≤ 30, n 6= 4k.13 Since the cancellations between terms with different
s-indices hinges on the explicit entries of the matrices Kij an analytic proof for all values
of n does not seem feasible.

D Kinematic parameters in subleading kinematics

In section 5.2.1, we analyze a set of contributions to the remainder function which are
kinematically subleading in the multi-Regge limit. For this analysis, the first subleading
order of the kinematics parameters ε′s and w′s at the endpoints is needed, which reads:

ε′1 =ε1

(
1− 2

√
2 logw2

log ε2
+O(log−2 ε)

)
,

w′1 =γ w1

(
1−

4
√

2 log
(
1+
√

2
)

log ε1
− 2
√

2 logw1

log ε1
+ 2
√

2 logw2

log ε2
+O(log−2 ε)

)
,

ε′2 = 1
γ
ε2

(
1+

2
√

2 log
(
1+
√

2
)

log ε1
+
√

2 logw1

log ε1
+

2
√

2 log
(
1+
√

2
)

log ε3
−
√

2 logw3

log ε3
+O(log−2 ε)

)
,

w′2 =w2

(
1+

2
√

2 log
(
1+
√

2
)

log ε1
+
√

2 logw1

log ε1
− 4
√

2 logw2

log ε2
−

2
√

2 log
(
1+
√

2
)

log ε3
+
√

2 logw3

log ε3
+O(log−2 ε)

)
,

ε′3 =ε3

(
1+ 2

√
2 logw2

log ε2
+O(log−2 ε)

)
,

w′3 = 1
γ
w3

(
1+ 2

√
2 logw2

log ε2
+

4
√

2 log
(
1+
√

2
)

log ε3
− 2
√

2 logw3

log ε3
+O(log−2 ε)

)
,

ε′4 =√γ ε4

(
1−

2
√

2 log
(
1+
√

2
)

log ε3
+
√

2 logw3

log ε3
+O(log−2 ε)

)
,

w′4 = 1
√
γ
w4

(
1−

2
√

2 log
(
1+
√

2
)

log ε3
+
√

2 logw3

log ε3
+O(log−2 ε)

)
. (D.1)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

13Note that there is a small typo in the matrix K3 used in [73] for the case n = 4k+ 5, namely the entry
(K3)1,4 should read 1, not 0 as stated there.
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