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1. Introduction

Binary black hole (BH) systems have attracted our attention
since the early days of general relativity. The recent detection of
gravitational waves [1] produced by binary BH mergers permits us
to reconsider exact binary models to complement the vast amount
of numerical results in the literature. However, from a technical
point of view, it is quite complicated to take into account all the
dynamical interactions in a binary setup, and for such a reason the
stationary scenario seems to be a good candidate to develop an-
alytical results. In static charged systems, the Majumdar-Papetrou
metric [2-4] describes the simplest model of two extreme BHs,
which remain in neutral equilibrium due to the balance of their
electric charges and masses according to the relation Q; = +M;,
regardless of the separation distance among sources. Moreover, in
vacuum systems, the Kinnersley-Chitre (KCH) exact solution [5] al-
lows us the description of rotating binary BHs, after solving appo-
sitely the axis conditions [6,7]. In this type of binary vacuum sys-
tems, the Kerr BHs are apart by a conical singularity [8,9], which
can give us information on their gravitational attraction and spin-
spin interaction.

In contrast, the treatment of unequal binary configurations of
extreme Kerr-Newman (KN) BHs [10] has been a fairly complicated
problem beyond our possibilities, due mainly to the fact that the
axis conditions are not enough to define properly KN BHs, there-
fore, it is necessary to impose an extra condition in order to kill
both magnetic charges, otherwise, Dirac strings linked to the KN
BHs will appear [11-13]. The main purpose of this paper is to
derive a five-parametric exact solution that completely describes
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binary co- and counter-rotating extreme KN BH separated by a
massless strut in a unified manner. To accomplish such a goal, we
are going to take into account the recent results of [14] where a
complete derivation of the metric and thermodynamical proper-
ties for non-extreme KN BHs has been succeeded. Hence, the Ernst
potentials and metric functions will be depicted in terms of phys-
ical Komar parameters [15]: the masses M;, electric charges Q;,
and a coordinate distance R as well. In this scheme, the five ar-
bitrary parameters compose an algebraic equation thus defining a
dynamical law for interacting BHs with struts, which is reduced
to some previous studied cases [7,16]. At the same time, the met-
ric is concisely given in terms of Perjes’ factor structure [17]. Since
the physical limits in both rotating charged models are well iden-
tified, we derive quite simple formulas for the area of the horizon
and the interaction force during the merger limit of BHs, where a
deformed metric for a near horizon extreme binary KN BH is also
given.

2. The charged Kinnersley-Chitre exact solution

Ernst’s formalism [18] allows the description of Einstein-
Maxwell equations in stationary axisymmetric spacetimes, in terms
of a pair of complex functions (&, ®) satisfying

(Re8+ |c1>|2) AE=(VE+23VD) - VE,
- (1)
(Re8+ |<1>|2) AD = (VE42DVD). VO,

where any exact solution of Eq. (1) can be derived via Sibgatullin’s
method (SM) [19,20], which is also useful to obtain the metric
functions f(p, z), w(p, z) and y(p, z) of the line element [3]
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ds? = 1 [e2V (dp? +dz%) + ,ozdgoz] — f(dt — wde)?. )

Due to the fact that SM needs a particular form of the Ernst
potentials on the upper part of the symmetry axis, let us begin
with a more suitable physical representation, namely

QZ‘I’C[()
e

80,0=2,  ®0,2=
€2

e1=2° — [M +i(q+2J0)lz + P4 +iP1 — 2iJo(d — iq),
=22+ (M—iq)z+P_+iP,,
_ MQA, — R?) +2[gs1 — 2(¢oQ + boB)]

P
= aM
Py .
s1 =P1+ Py, d=M+?, Q=0Q +iB,
Go=0qo +ibo,  Aog=M?—1Q —¢°, 3)

where the aforementioned Ernst potentials Eq. (3) are the extreme
case of that one considered in Ref. [14], from which the first
Simon’s multipole moments [21] can be explicitly calculated by
means of the Hoenselaers-Perjés procedure [22,23]. In this sense,
M plays the role of the total mass of the system and Q + iB de-
fines the total electromagnetic charge, while the total electric and
magnetic dipole moment are g, — B(q + Jo) and b, + Q (q + Jo).
respectively. Besides, R represents a separation distance between
both sources. At the same time, the NUT charge Jo [24] and total
angular momentum of the system J are given by

N

Jo= Smaap_+ Pod)’

J=Mq= 2 +M+d]o
N = M2 {4(1)11)2 10012 — Ag(R? — A,,)}

—[gs1 —2(Qqo + Bbo)I?,

It is not difficult to show that once the SM [19,20] has been ap-
plied to the axis data Eq. (3), the Ernst potentials satisfying Eq. (1)
acquire the final aspect

Sp = P71 — Ps. (4)

_A-2T o 2x
T A+2I7 T A42D

A=R[(R2=8)(¢ = y)? 4564 = 1] + {2 + @+ Joxe

R = 5)} v = 0+ 2R [y [[e+ @+ JR] 0%~ 1)

— @+ JOR (A +y? = 2)| - RSi (¥ + y* - 22y?) |
Fr=M+ijJo)P1 — (b4+iS2)P2, x =QP1 +2q,P>
Py = R%x(¢* — 1) — (Rpx — ity) (y* — 1),
Py =R’y(x* — 1) — [py —i(a + Jo)RX](y* — 1),
v=2a—(q+ Jo)(R* —28) —2b]o,
a=MS; +2(boQ —qoB), 8§=2A0—2qJo, S1=s1—2d]o,
S2=s2—2dJo, b=[qs1 —2(@Q +boB)]/M—2qJo, (5

where (x, y) are prolate spheroidal coordinates related to cylindri-
cal coordinates (p, z) by means of

p=R?—68+iS;,

r++r_

ry —T—
o Y=o re=yptH @R/ (6)
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Furthermore, the metric functions contained within the line el-
ement can be written down in a closed analytical form by using
Perjes’s factor structure [17], thus getting!

D B R(y* — D)[(x* = )EI — OT]
f=% @=2Jy+0O+ 5D :

D
W= =D+0OM—(1-y)ET
REGE — y2)i° N + (1—-y")XT,

D=0+ - 1(y* - 1)=?
0= RZ[(R2 5 — 2 + 5 — 1)2]

+[19P + @+ Jor - R2R? = 8) |7 = 12,
= 2R((q + JORYE —ty? — 2RS1xy),
mn :4Rx{MR2(x2 — ¥ + M8+ (q+ J0)S2 +3J051](1 + %)
+ [2(M? + J3) — 1@ |Rx — 2] JoS2 + @ + Jo)S1 |y — 4J0S1 }
—4y{b[R2(x2 — 92+ 5(1 + y?) + 2MRx — Zby] 515,
x (14 y%) = 2(S3 = 2190*)y + Jo[t(1 = y*) +2(q +Jo>R2x2]},
2 2 2
T= z {ZR ([MS1 — @@+ Jo)b+ Jo(R* = 8)]y — S2(Rx+ M)
—a+ 25]0)(1 —X*)+ (2[551 + (R* — 8)S2 + Mt](Rx + M)
+2Jo[S152 — bR = &) = [Ip* + @+ Joye]y] - (M2 — gt

+2aR? + (@ + Jo)| 8R? + 2 Jor - 4|qo|2]><1 - y2>}. (7)

The above metric is the electromagnetically charged version of
KCH’s exact solution [5,6]. It contains nine physical parameters
defined by the set {M, R, q, P1, P2, Q, B, qo, bo}. Naturally, in the
absence of electromagnetic field (Q, B, qo, and b, set to zero) the
KCH exact solution is recovered from it.

Taking into account Bonnor’s description [25], the above metric
is not asymptotically flat due to the presence of the NUT charge
which represents a semi-infinite singular source located along the
lower part of the symmetry axis at y = —1, for C = —1, thus pro-
viding additional rotation to the binary system. The last point can
be better understood when analyzing the asymptotic behavior of
the metric functions; ie., f -1, ¥y - 0, and w — 2Jo(y + C) at
x — oo. In this regard, the condition Jo =0 is enough to ensure
any asymptotically flat spacetime from Eq. (7). Such a task can be
accomplished by means of

M2 [4(P1P2 + a0 — AR? = A)] = (as1 —2Q40)* =0,
A=M?>-Q%—¢, (8)

where we have imposed also the requirement B =0 in order to
describe afterward extreme KN binary BHs. In addition, the con-
dition w(x =1,y =2z/R) =0 permitting to disconnect the region
among the sources is reduced to

1 1t is possible to locate up or down semi-infinite singularities along the axis de-
pending on the values for C =0, &1 (see [6] and references therein).
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2(R+ M){ [qs1 — 2q0Q]s1 +M(R? — A)sy — quRz}

+2MPo| Ms3 +2boQ +qA | + Ma(Q2R? — 4lgo*) =0,
Po=(R+M)? +¢°. (9)

If one is able to get an analytical solution from Eqs. (8) and
(9), it will be possible to derive a binary model of rotating dyonic
extreme BHs kept apart by a massless strut, where the sources
are equipped with identical magnetic charges but endowed with
opposite signs. Therefore, there exists a Dirac string joined to the
BHs unless the magnetic charges are removed from the solution
[11-13]. In this case, an absence of individual magnetic charges is
accomplished with the following algebraic equation

40 { [MPO —(R+M)2M(R + M) — qz)]s% —4M%(R +M)P1P2}
+ M2 [ZqPobo —Q(Po—24%)(R? - A)]sz —2q, [M(A +MR)Pg
+ 2% (R +2M)Q2]s1 — 4903 Q [MPo — (R + M) Q?]

— MR+ M)(R? = A) [2Poby +qQ (R — &) | =0, (10)

that is achieved once the following condition on the real part of
the potential & is imposed [11]

AlimO[Reap(x:lﬂ,y=1)—Re<1>(x=1,y=1 —A)] —0, (11)

and this condition only is established in the upper BH since the
lower one contains the same magnetic charge with opposite sign
as we have before mentioned. At this point, it is important to
underline the fact that to study extreme KN BHs it is manda-
tory to analytically solve the set of Egs. (8)-(10). Unfortunately,
the most general exact solution cannot be derived directly from
these entwined Eqgs. (8)-(10) unless we get first a highly com-
plicated fourth-degree algebraic equation in terms of any of the
variables q,, P1, and P, consequently, one must circumvent this
technical issue by adopting a different point of view. As we shall
see next, we are going to derive the algebraic values for the set
{qo. by, P1, P2} that solve exactly Egs. (8)-(10) and define extreme
KN binary BHs held apart by a massless strut in a physical repre-
sentation.

3. Extreme KN binary BHs

Let us begin the section by considering first the variables
{qo. by, P1, P2} earlier derived in Ref. [14] for non-extreme KN BHS.
These parameters containing a physical representation are given by

_29(Q1J2=Q2J1) +%(R—2M2)— %(R—ZMQ,

0

Po
_ _ Ji_J2)_a
bo = |:(Q1C2 QzC1)<ng P2> Po (Q
B Q1H14+[Q1(Q1 — Q2)Po —2(R+ M)H1_]
P1
B Q2H24[Q2(Q2 — Q1)Po — 2(R+ M)Ha_] \ [ (R? — A)
Py 2 ’
2H>A> — RPoP: —(2H1A1 —RPyP
P1,2=( 2A2 0 2)]21P (2H1 A1 0 1)]2:|:(Mq—]),
oPo
(12)

with the following elements:
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Ai=P;— (R* = A)Hi1 Py, Hi=M;Po— QiQ(R+M),
Pi=Hi-Ci — (=1)'(M1 — M2)Q{ P§,
Po=MP1 — (R* — A)H14Hi— = MP; — (R* — A)Ha4 Ha—,
Ci = P3 — 2M;(R + M)Pg +242Q1 Q2,

Hix =M;jPo+Q1Q2(R+ M), i=1,2. (13)

Also, in Weyl's coordinates, the BH horizons in the binary setup
are represented on the symmetry axis as thin rods of length 20;
whose centers are separated by a distance R. For unequal KN BHs,
o; turns out to be [14]

JiGi — 2qA;B;
oi= |Di—Ji (713(2)7)1_2 :

Di=M? — Q2F; —2(~1)'Q;Fo,

2
Gi = [2(R+ M)P: + Po(R? = A)C; | — 4PoP1s,

E _ MxQq1—-M;Q2 1_£

O T R+M Po)’
2.2 2 2.2
: A?

Fi:1—Q'—f<1——'2>+Q2q ,
PO Pi PO

Bi = Q?Po(R* — A)C; —2HiP;,  i=1,2, (14)

where the set of parameters {M1, M2, Q1, Q2, J1, J2} are the phys-
ical Komar parameters [15] for each source. It should be pointed
out, that the total mass, total electric charge, and total angular
momentum are M =M + My, Q = Q1+ Qo, and | = J1 + Ja,
respectively. Furthermore, G{ = G, and A = A, so these terms
have a symmetrical character under the change of constituents;
i.e, 1 < 2. A peculiar feature of the binary system is that the
seven physical parameters satisfy a dynamical law for interacting
KN sources (BHs o > 0 or naked singularities o < 0) with struts
defined by

qPo — J1P2 — J2P1 =0. (15)

The extreme limit solution is achieved by setting 01 =02 =0
in Eq. (14), where this condition enables one to get

_ qA1B1 +&1PoP1y/ Po(R? — A)Eod;

&1 ==1,
J1 G, 1
A>B &2 PoP2+/Po(R2 — A)Eod
JZZQZ2+202(;V o( )027 6y = £1,
2

Fo=4RP1 + (R? = A)[ (Po +2Q1Q2)C1 — 2(R — 85)PoH1. |
= 4RP; + (R = M)[ (Po+2Q1Q2)C; — 2(R +8) PoHa+ .

qQ2A;

i

2
d,‘:P%D,’—{-( ) , 62 =M1 — M. (16)
On one hand, if one takes into account the case &1 =&y = +1,
it might be possible to study co-rotating KN BHs, while on the
other hand, the choice &1 = —&y = +1, permits the description
of the corresponding counter-rotating scenario. The substitution of
Eq. (16) into Eq. (15) guides us to the simple formula

2
Po(R? = A)Eo(v/d; +€/dr) =a?(Eo—2RA0?, e =+1,
(17)
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and thereby the sign +/— determines co/counter-rotating KN bi-
nary BHs, where Ag defines either A or A, since these two terms
are equivalent.

In order to illustrate how this dynamical law might be used
to describe various scenarios among two interacting BHs, for in-
stance, let us explore first a four parametric solution describing
the case of a binary system of unequal counter-rotating KN BHs
[16] that arises immediately when € = —1 and q = 0, where it is
pretty much obvious that Eq. (17) is satisfied with the condition

2 _ 2
O1F = O2E»

M>Q1 —M1Q2
R+ M

For such a case, both angular momenta displayed in Eq. (16)
are reduced to

0igP1i(R+ M)
VPoo(RZ—50)
P11 = Mi[(R + M2)> — M}] — Q1[Q2R — 6:Q ],

Poo = [(R+M1)? — M3][(R + M2)? — M3] + (1R + 62,Q)?,
so=M>-Q?% 8 =Qi-Qa. (19)

Better yet, the substitution of these formulas inside of Eq. (12)
derives directly the simple results

Q1 Q2 Q2P; Q1P
= R —-2Mjy) — —(R —-2M =

°T 2

J1(R + 82)(R? — 89) P, J2(R — 82)(R? — 89)
- , Po= )
P11 P12

So, it is not quite difficult to show that Egs. (8)-(10) are iden-
tically satisfied by the results given above in Egs. (18)-(20), when
q = 0 is considered. The reader should notice from this counter-
rotating example that if both angular momenta equal zero, then
oig = 0 defines the extreme condition in electrostatic spacetimes.
The function ojr and its thermodynamical properties have been
derived first in [26].

On the other hand, the vacuum solution earlier studied in
Ref. [7] is the second trivial scenario that appears in the absence of
electric charges Q1 = Q2 =0 and it is well depicted by only three
parameters, where after choosing € = +1, Eq. (17) provides us a
bicubic equation for co-rotating Kerr BHs that is given by

oiE=\/Ml.2—Qi2—2(—1)iQi . i=1,2. (18)

Ji=e i=1,2,

&1 =—& ==1,

P12 = P11(1+2),

)

Py =

(20)

(M? — g*)(4M1M2q® — p1p2) — 4M1M2q*R* =0,
pr=(R+M)?—M3+q% py=(R+M)>—Mi+q (21)

A trivial combination of Egs. (12), (16), and (21), will lead us to
the following expressions in the co-rotating case

(M? — ¢? + MR)(M3 — M1)

Pyy= + (Mq—J),
1.2 2 (Mq—J)
MZqPo M2CIPO
h=—"—, J=—2—. (22)
Mp1 Mp>
In the meanwhile, whether € = —1 it is possible to derive an-

other bicubic algebraic equation concerning counter-rotating Kerr
BHs that now contains the form

(M? — ¢*)(4M1M2q? — p1p2) + 4M1MaR2(R + M)2 =0, (23)

where this binary configuration is entirely depicted by
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_ Mq(R?+MR - M? +¢%)

P1y= + (Mq—J),
S Ti 7Py VAT S Y S
Ji= Miq | 2Ma(R+M)p,
My — M 4M1M2Po — pip2 )’
M2 2M1(R + M
Jp=— 29 1— 1(R+ M)p, . (24)
My — M 4M1M3Po — p1p2

Regarding now the most general case, where after non-trivial
algebraic manipulations on Egs. (12), (16), and (17), eventually we
will get the algebraic set of parameters {q,, bo, P1, P2}, which solve
analytically Egs. (8)-(10) and give us a complete description of ex-
treme KN binary BHs in a physical representation; they read

Cy — C
0o = (% + M[(M1 Qa2 ~ M2 Q1)Po
Q1Q2(Q1 — Q2)(R+ M) RPo(R® — 4)
—0Q1Q2(Q1 — Q2 + ] my
boz[g(RP()(zrm(Rz—A>+R<cz+Q2QPo))_1)
q Eo — 2RA¢
2
+%<RPO<2””(R —A)+R(C1+Q1QP0)>_1)}
q Eo —2RAp
(R? - A)
X —7,
2
RPo(dy —dq)(R%2 — A
Py, = RPold2 —di) )+ (Mq— ), (25)

2q(Eo — 2RAo)
while the total angular momentum can be expressed as follows

2_ _
J = Mq— R+M_RP%P0(R A+MR)—2Q1Q2(A+MR)
q(Eo —2RAo)

(R?—A)
X ——
2

Then we have that a whole description for co- and counter-

rotating electrically charged BHs is made once the parameters con-

tained in Eqs. (25) and (26) are inserted inside the asymptotically

flat exact solution, which is obtainable from Egs. (5) and (7) by

making simply Jo =0 and B =0, where a physical representation

in terms of the parameters {M1, M2, Q1, Q2, R} will be achieved

through the parameter q once Eq. (17) is taken into account. Fi-

nally, to complete the full solution, we show also the Kinnersley
potential [27]

®, — (4q+iRxy)x —il
2 A+2T

(26)

I= R2{2qo[Rx — 4iqy — M(1 — yz)]—
Q[é(l +y2)+(2MRx—4boy—213+R2)y+2iqu]}(xz—1)
+ {Zqo[(Mp —iq8) (1+ y) — RX(4AMRx — 28y + p + 4A)
+iQqR? — r)y] + Q[(ép —iMr)(1 + y%) — Rx[2& Rx+

i(2r —qR%)] - (R2(p + 2R —2A>—2(|p|2+qr>)y]}(y2—1>,
r=2a,—q(R> —2A), &="b,+isy,
by = (Cl51 —2qo Q)/M, (27)

p=R%>— A+isq,
ao=MSZ+2bOQ7
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with the aim to derive the magnetic potential by considering its
real part. This potential is useful to deal with the contribution of
the Dirac string in the horizon mass [11-13].

3.1. Physical characteristics of extreme KN binary BHs

The thermodynamical properties of each extreme KN BH satisfy
the well-known Smarr formula for the mass [11,28]

M; =29 Ji +@7Q;, i=1,2, (28)

where Q; and ®; define the angular velocity and electric potential
in the corotating frame of each BH. Another important thermody-
namical aspect to be considered in the binary system is the area
of the horizon S;. In the extreme limit case of BHs, their corre-
sponding formulas are obtained by setting o; = 0 in those ones
previously derived in Ref. [14]. The result is

o — A JiPgPiR*(R* — A)
’_pp. 2 A2 20R2 _ AV2 A2’
oPi  PEN?+ P3(R2 — A2 M
o _ Mi—29i _ nPiZNiz—i—P%(Rz—A)ZMiZ
' QG R2PoP? ’
Ni=M;iPo—2q];i — QiQ(R+ M),
Mi=JiCi+qQ7 [MiPo+ Q1 QR+ M)], i=1,2.  (29)

On the other hand, the interaction force related to the strut has
the form [14]

— NO
P3(RZ—M2+Q2+¢?)’
No=(MiM2P} - ?QFQ3) [(R+ M)* - 2]

7._

—(Q1 — Fo)(Q2 + Fo)P§ + qz{(Ml Q2 — M2Q1)*Pg

+Q1Q> [2(R2+MR+q2)P0+(P0+ Q1Q2)Q2] } (30)

and it acquires the same aspect regardless if the binary system
is co/counter-rotating. The distinction between each configuration
will be dictated by the choice of the sign +/— in the dynamical
law shown in Eq. (17). The conical singularity in the middle region
among the BHs can be removed if the force equals zero. However,
a non vanishing force can give us more insight on how the sources
are attracting or repelling each other via the gravitational, spin-
spin, and electric interactions. Besides, the force provides the limits
of the interaction distance, for instance, the merger limit of BHs is
obtainable by equating the denominator of its formula to zero, thus
getting the value R = Rg = /M? — Q2 — g2, where q= J/M [see
Eq. (26)]. Luckily, the merger limit of extreme BHs brings us rather
simple expressions for @2; and ®;, which are given by

o M _ QRo+M) , Ro .
QL= = & d),_ido +2Qi7 i=1,2,
do = (Ro 4+ M)? + (J/M)?, (31)

while each angular momentum takes the final form

Ro[282(Ro+ M) — Q56
]1:M1q+%—:+ 0[282(Ro ) — Qé1]

)

4q
Rg|262(Ro+ M) — Q6
]2=M2q_%_ 0[282(Ro ) Ql]’
q 4q
V=M1Q2 — M2Q;. (32)
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Table 1

Numerical values at the merging limit for the values M; =1.2 and

M, =0.8.
Q1 Q Ro q J1 J2
25  -18 011772 186980 144435  2.29524
09 106 0.09520 0.38644 198612  -1.21324
03 165 0.34519  0.27990 778701  -7.22721
1.0 0.95455 0.0 042394 130509 -0.45720
25 -155364 0.0 038644  1.07652  2.44735

In this limit, Eq. (17) is simplified as follows
qRo[(ZMle(Ro +M) = Q(M2Q1 +M;Q2) — Q1 QaRo )

-29%Q7Q3(Ro + M)} =0, q=]J/M, (33)

and this equation is quite practical to straightforwardly identify
some non trivial situations. On one hand, exclusively the counter-
rotating case establishes as q = 0 the lowest value for q at the
distance Rg =+/M?2 — Q2. Naturally that, in this physical scenario,
the total angular momentum of the system is J =0, where both
angular momenta fulfill the condition J; = — J, = oo [see Eqgs. (19)
and (32)]. On the other hand, if Rg =0, then it follows that q =
VM2 — Q2, where it can be possible to recover the well-known
expression for extreme KN BHs

J1+ J2 = (M1 + Ma)y/ (M1 + M2)2 — (Q1 + Q2)2. (34)

However, this second case may adopt co- and counter-rotating
setups, depending on the chosen values for the masses and elec-
tric charges. Additionally, other examples during the merger limit
can be explored when the polynomial enclosed in square brackets
within Eq. (33) is solved. Regarding this point, Table 1 illustrates a
set of numerical values carrying out this task.

Conversely, when the BHs are far away from each other, in
the limit R — oo, the parameter q — J1/M1 + € Jo/Ma, € = %1,
where now each angular momentum satisfies the relation J; =
M;i,/M? — Q} for extreme KN BHs. Once again, it must be recalled
that the sign +/— for € is related to co/counter-rotating KN BHs,
respectively.

Continuing with the analysis, but centering our attention in the
case where R =0, one should be aware that the interaction force
and the horizon area become indeterminate at this value. To calcu-
late their correct expressions, one must apply a Taylor expansion
around R = 0 after using the term q =+/M2 — Q2+ CoR in Eq. (17)
with the objective to obtain the correct value for Cy, which is gov-
erned by the quadratic equation

4C2 +4,/(@2 — 1)1 —a?)Co+ a2 —1=0,

[2m2 — g2
oy =2 T(\/‘U%-FQTL:‘:\/‘U%-FQ;}),

o = 8o(4M? — Q2 — 612 +42M? — Q?)%s2, (35)

and, therefore, it can be shown that the final expressions for the
area of the horizon and the force are given by

4 2M? — Q232 J4)2 + 2
.o J Hﬁ)}

VALY [0

2
oco<,/o¢§r 14 eooz+) —4Q2M?2 — Q2)3

16(2M2 — Q2)3 ’

F = i=1,2, (36)
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where €9 = £1. In this occasion, the signs +/— define two dif-
ferent scenarios during the merger limit where both sources at-
tract/repel to each other. In order to verify the accuracy of our re-
sult, for Q1 = Q2 =0, it is possible to attain directly from Eq. (36)
the result [29],

S; = 87 M;(M; +M2)2<M1 + M — EoJW)

M? + M3
MM €0/ 2M1M> (M M
F_M 2 + €04/ 2M1 M (M1 + 2)’ i=1.2, (37)
2(M1 + M3)?

where the attractive scenario has been deduced before in Ref. [30],
but it was expressed in terms of dimensionless parameters. Fi-
nally, after performing a first order expansion around R = 0 and
the simple coordinate changes p = (r — M)sin6, z= (r — M) cos6
on Egs. (5) and (7) with Jo =0, B =0, and the formulas contained
in Egs. (25)-(26), it is possible to get

2M r—M)cosf —iasin?0 R
E~1— ——m—— 1—‘K( ) - ,
r—iacoso r —iacosf r—M
r— M)cosf —iasin?d R
o~ ,Q 1—7(( ) - ,
r—iacoso r —iacosf r—M
Mr +a?®)E — 2Mr — Q2)(Mr + a% cos 20
F~ fo 1_1_27(( ) H(H Q)(2 )
E(E —2Mr+ Q%)
Rcos® 402K sin% 0
X , eV ~eo 4 — " " Rcosf,
r—M (r—M)3
2r— M M
w>~wy|1-2K ( ) R cos@ |,

E—2Mr+Q2 2Mr— Q2
M2 -Q)[Q81(4M? — Q% —57) —4M(2M? — Q %)5; ]

K
o
€0/ —1 IMr— 02
x1- Y- ), f0=1—4,
oy &)
, a2 sin% 6 a2Mr — Q2)sin®6
e V0:1_77 wo = — )
(r— M)? E_2Mr+ Q2
E=r’+ad’cos’0, a=]J/M, € ==1, (38)

being (r,#) the Boyer-Lindquist coordinates. Eq. (38) defines a de-
formed metric for a near horizon extreme binary KN BH, where
in the physical limit at R =0 it is possible to recover the metric
for a single extreme KN BH of mass M = M + M5, electric charge
Q = Q1 + Q3, and angular momentum J = My/M2 — Q2, in other
words

ds? = 3! [eZVO [dr? + (r — M)2d6%] + (r — M)? sin Gd(pz]
— fo(dt — wode)?. (39)
4. Conclusion

The derivation of the metric that completely characterizes un-
equal configurations of extreme KN BHs in a physical representa-
tion finally has been succeeded. The task of solving the conditions
on the axis and the one eliminating the magnetic charges is ac-
complished by adopting a fitting parametrization that has been
earlier introduced in [14]. It follows that the asymptotically flat
metric has been written in a quite simple form by means of Perjes’
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approach [17], where it contains a physical representation in terms
of the set {My, M2, Q1, Q2, R} that is very suitable to concrete
some applications in rotating charged binary systems. Similarly to
the non-extreme case [14], the physical parameters are related to
each other through an algebraic equation that represents a dy-
namical law for interacting BHs with struts. Unfortunately, there
is no chance to solve exactly this higher degree equation except
for some special unequal cases [7,16].

Due to the fact that our solution reported in this work is pre-
sented with a more physical aspect, the physical limits of the in-
teraction of BHs can be readily identified in both co- and counter-
rotating cases. Even better, the thermodynamical characteristics of
each BH during the merger limit have been also derived and con-
cisely introduced, where it is possible to conceive an attractive or
repulsive final state at this limit. In this respect, the deformed met-
ric for a near horizon extreme binary KN BH is also obtained, from
which we do not exclude that it might be helpful to develop some
analytical studies related to the collision of two BHs like gravita-
tional waves by assuming a quasi stationary process, in a similar
way to that previously considered in [31].
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