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Abstract: A sensitivity study on the measurement of the CKM angle  from  decays is conducted us-
ing the D-meson reconstructed in the quasi  flavour-specific  modes , ,  and ,  as  well  as CP-eigenstate
modes  and , where the notation  corresponds to a  or  meson. The LHCb experiment is presented as
a use case. A statistical uncertainty of approximately  can be achieved with the  collision data collected in
the LHCb experiment from 2011 to 2018. The sensitivity to  should be of the order  after accumulating 23
fb-1 of  collision data by 2025, whereas it is expected to improve further by 300 fb-1 by the second half of the 2030
decade. The accuracy is dependent on the strong parameters  and , which together with describe the interfer-
ence between the leading amplitudes of the  decays.

B0
s → D̃(∗)0ϕKeywords: sensitivity study, CKM angle γ,  decays

DOI: 10.1088/1674-1137/abd16d

I.  INTRODUCTION

γ

arg[−VudV∗ub/VcdV∗cb]

b→ cūs b→ uc̄s
γ

Precision  measurement  of  the  CKM  [1]  angle 
(which  is  defined  as )  in  various B-
meson  decay  modes  is  one  of  the  main  goals  of  flavor
physics. Such measurements can be achieved by exploit-
ing  the  interference  of  the  decays  that  proceed  via  the

 and  tree-level  amplitudes,  in  which  the
determination  of  the  relative  weak  phase  is not  af-
fected by theoretical uncertainties.

γ

γ = (74.0+5.0
−5.8)◦

γ

γ = (68.7+5.2
−5.1)◦

γ 2σ B+

Several methods have been proposed to extract  [2-
11]. In  LHCb,  the best  precision is  obtained by combin-
ing  the  measurements  of  many  decay  modes,  which
yields  [12].  This  precision  dominates  the
world  average  of  from  tree-level  decays.  LHCb  has
presented  a  new  measurement  based  on  the  BPGGSZ
method [7] using the full Run 1 and Run 2 data. The res-
ult is  [13], and it constitutes the single best
world  measurement  of .  A  difference  between 
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s

B0
s

B0
s → D∓s K±

B0
s → D∓s K±π+π−

γ−2βs = (42±10±4±5)◦

γ = (67±4)◦ B+

B0
s (64+4

−5)◦
(
(82+17
−20)◦

)
B0

s

B0
s

B+

B0
s → D∓s K±(π+π−)

B0

(82+8
−9)◦

B0→ D0K∗0 B0

and  results  was  observed  since  the  summer  of  2018.
The  measurement  is  based  on  a  single  decay  mode
with  only  Run  1  data, i.e., ,1) and  exhibits
large uncertainty [14]. In October 2020, LHCb included a
similar  analysis  with  the  decay  [15]
based  on  Run  1  and  Run  2  data,  for  which

. The  most  recent  LHCb  com-
bination  is  therefore  [16],  and  the  new 
( )  result  is  .  Additional  decay
modes  will  aid  in  improving  the  measurement  precision
of the  modes and the understanding of a possible dis-
crepancy with respect to the  modes. The two analyses
based on  use time-dependent methods
and are therefore strongly reliant on the B-tagging capab-
ilities  of  the  LHCb  experiment.  It  should  be  noted  that
measurements  exist  at  LHCb  for  mesons  [17, 18],
which  also  exhibit  quite  good  prospects  as  their  current
average  is .  These  are  based  on  the  decay

,  where  the  is  self-tagged  from  the
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 decay.  As  opposed  to  measurements  with
,  those  with  and  are  also  accessible  at  Belle  II

[19].  The  prospects  of  these  measurements  at  LHCb are
provided  in  Ref.  [20].  For  the  mode ,  one
may  anticipate  a  precision  on  of  the  order  of  after
the end of LHC Run 3 in 2025, and  by 2035-2038. In
combination  with  the  and  modes,  the  expected
sensitivities are  and . The anticipated precision
provided by Belle II is .
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ϕ

γ
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∗0
ϕ

D
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γ

γ
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s (0.05±0.50) B0
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In this work,  decays, the observations of
which  were  published  by  the  LHCb experiment  in  2013
[21]  and  2018  [22],  are  used  to  determine .  A  novel
method presented in Ref. [22] also demonstrated the feas-
ibility of measuring  decays with a high purity.
A  partial  reconstruction  method  is  used  for  the 
meson  [23].  A  time-integrated  method  [24-26] was  in-
vestigated, in  which  it  was  shown  that  information  re-
garding CP violation is preserved in the untagged rate of

 (or  of ),  and  that  if  a  sufficient
number  of  different D-meson  final  states  is  included  in
the analysis, this decay alone can be used to measure  in
principle. The sensitivity to  is expected to be much bet-
ter  with  the  case  of  the  decay  than  for

, as  it  is  proportional  to  the  decay  width  dif-
ference  defined  in  Section  II  and  is  equal  to

%  for  mesons  and %  for 
[27].  The  sensitivity  to  from  the  modes
arises  from  the  interference  between  two  colour-sup-
pressed  diagrams,  as  illustrated  in Fig.  1.  The  relatively
large  expected  value  of  the  ratio  of  the  and

 tree-level  amplitudes  ( %;  see  Section
IVA) serves as  additional  motivation for  measuring  in

 decays.  In  this  study,  five  neutral D-meson
decay  modes,  namely , , , ,  and ,  are
included,  the  event  yields  of  which  are  estimated  using
realistic assumptions  based  on  measurements  from  LH-
Cb [22, 28, 29]. We justify the choice of these decays and
also  discuss  the  case  of  the  two  decay  modes

 and  in Section III.
In Section II, the notations and the selection of the D-

meson  decay  final  states  are  introduced.  In  Section  III,
the  expected  signal  yields  and  their  uncertainties  are
presented.  In  Section  IV,  the  sensitivity  that  can  be
achieved using solely these decays is presented, and fur-

γ B0
s → D

(∗)0
ϕ

ther  improvements  are  briefly  discussed.  In  Section  V,
the  future  expected  precision  on  with  at
LHCb  is  discussed  for  the  dataset  available  after  LHC
Run  3  by  2025  and  after  a  possible  second  upgrade  of
LHCb by 2038. Finally, conclusions are presented in Sec-
tion VI.

II.  FORMALISM

Following the formalism introduced in Refs. [24-26],
we define the amplitudes

A(B0
s → D

(∗)0
ϕ) = A(∗)

B , (1)

A(B0
s → D

(∗)0
ϕ) = A(∗)

B r(∗)
B ei(δ(∗)

B +γ), (2)

A(∗)
B r(∗)

B B0
s

B0
s

δ(∗)B γ

[ f ]D

f̄

where  and  are  the  magnitude  of  the  decay
amplitude  and  amplitude  magnitude  ratio  between  the
suppressed  over  the  favored  decay modes,  respect-
ively, whereas  and  are the strong and weak phases,
respectively.  Neglecting  mixing  and CP violation  in  the
D decays  (see,  for  example,  Refs.  [30, 31]), the  amp-
litudes into the final  state f (denoted below as )  and
its CP conjugate  are defined as

A(D̄0→ f ) = A(D0→ f̄ ) = A f , (3)

A(D0→ f ) = A(D̄0→ f̄ ) = A f r
f
Deiδ f

D , (4)

δ
f
D r f

D
D0→ f

D̄0→ f

where  and  are the strong phase difference and rel-
ative  magnitude,  respectively,  between  the  and

 decay amplitudes.
The amplitudes of the full decay chains are given by

AB f ≡A(B0
s → [ f ]D(∗)ϕ)

=A(∗)
B A(∗)

f

[
1+ r(∗)

B r f
Dei(δ(∗)

B +δ
f
D+γ)

]
, (5)

AB f̄ ≡A(B0
s → [ f̄ ]D(∗)ϕ)

=A(∗)
B A(∗)

f

[
r(∗)

B ei(δ(∗)
B +γ)+ r f

Deiδ f
D

]
. (6)

The amplitudes of the CP-conjugate decays are obtained

B0
s → D

(∗)0
ϕ B0

s → D(∗)0ϕFig. 1.    (color online) Feynman diagrams for (a)  and (b)  decays.
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γby changing the sign of the weak phase 

ĀB f ≡A(B̄0
s → [ f ]D(∗)ϕ)

=A(∗)
B A(∗)

f

[
r(∗)

B ei(δ(∗)
B −γ)+ r f

Deiδ f
D

]
, (7)

ĀB f̄ ≡A(B̄0
s → [ f̄ ]D(∗)ϕ)

=A(∗)
B A(∗)

f

[
1+ r(∗)

B r f
Dei(δ(∗)

B +δ
f
D−γ)

]
. (8)

Using the standard notations

τ = Γst, Γs =
ΓL +ΓH

2
, ∆Γs = ΓL −ΓH ,

y =
∆Γs

2Γs
, λ f =

q
p
.
ĀB f

AB f
,

|q/p| = 1 |q/p| = 1.0003±0.0014
B0

s/B̄
0
s → [ f ]D(∗)ϕ

and assuming that  (  [32]),
the untagged decay rate for the decay  is
obtained by Eq. (10) of Ref. [33]:

dΓ(B0
s(τ)→ [ f ]D(∗)ϕ)

dτ
+

dΓ(B̄0
s(τ)→ [ f ]D(∗)ϕ)

dτ
∝ e−τ|AB f |2×

[
(1+

∣∣∣λ f
∣∣∣2)cosh(yτ)−2Re(λ f ) sinh(yτ)

]
. (9)

A.    Time acceptance
Experimentally, owing to the trigger and selection re-

quirements as well as inefficiencies in the reconstruction,
the  decay time distribution is  affected by the  acceptance
effects.  The  acceptance  correction  has  been  estimated
from  pseudoexperiments  based  on  a  related  publication
by the LHCb collaboration [34]. It is described by an em-
pirical acceptance function

εta(τ) =
(ατ)β

1+ (ατ)β
(1− ξτ), (10)

α = 1.5 β = 2.5 ξ = 0.01with , , and .
Taking  into  account  this  effect,  the  time-integrated

untagged decay rate is

Γ(B̃0
s → [ f ]D(∗)ϕ) =

∫ ∞

0

[
dΓ(B0

s(τ)→ [ f ]D(∗)ϕ)
dτ

+
dΓ(B̄0

s(τ)→ [ f ]D(∗)ϕ)
dτ

]
εta(τ)dτ. (11)

By defining the function

g(x) =
∫ ∞

0

e−xτ(1+ ξτ(ατ)β)
1+ (ατ)β

dτ, (12)

and using Eq. (9), one obtains

Γ(B0
s → [ f ]Dϕ) ∝

∣∣∣AB f
∣∣∣2 [(1+ ∣∣∣λ f

∣∣∣2)A−2yRe(λ f )B
]
, (13)

A = 1− [g(1− y)+g(1+ y)]/2 B = 1− [g(1− y)−
g(1+ y)]/2y y = (0.128±0.009)/2 B0

s

where  and 
.  With  for  the  meson

A = 0.488±0.005 B = 0.773±0.008[27], one obtains  and .
Examples of decay-time acceptance distributions are dis-
played in Fig. 2.

 

 

α β ξ

Fig.  2.    (color  online)  Examples  of  decay-time  acceptance
distributions for three different sets of parameters , , and 
(nominal in green).

 
D0B.    Observables for  decays

f −(≡ f ) = K−π+ K−3π K−π+π0

f +(≡ f̄ ) = K+π− K+3π
K+π−π0 fCP = K+K− π+π−

The D-meson decays  are  reconstructed  in  quasi  fla-
vor-specific  modes , ,  and ;
their CP-conjugate  modes , ,  and

; and CP-eigenstate modes  and .
βs

βs = arg
(
−

VtsV∗tb
VcsV∗cb

)
λ f = e2iβs

ĀB f

AB f

B0
s pp

N(B0
s)

B0
s → D̄0ϕ

f −

f − ≡ K−π+

In the following, we introduce the weak phase that

is  defined  as .  From Eqs.  (5),  (7),  and

(13) and  with , for  a  given  number  of  un-

tagged  mesons  produced  in  the  collisions  at  the

LHCb interaction point, , we can compute the num-
ber of  decays with the D meson decaying into
the  final  state .  For  the  reference  decay  mode

, we obtain

N
(
B0

s →
[
K−π+

]
D
[
K+K−

]
ϕ

)
=CKπ

[
−2ByrB cos(δB+2βs−γ)+A

(
1+ rB

2+4rBrKπ
D cosδB cos

(
δKπ

D +γ
)) ]
, (14)
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(rKπ
D )2≪ 1

yrKπ
D ≪ 1 rKπ

D = 5.90+0.34
−0.25
CKπ

in  which  the  terms  proportional  to  and
 have  been  neglected  (  %  [27]).

The best approximation for the scale factor  is

CKπ =N(B0
s)×ε(B0

s →
[
K−π+

]
D
[
K+K−

]
ϕ)

×Br(B0
s →

[
K−π+

]
D
[
K+K−

]
ϕ), (15)

ε(B0
s →

[
K−π+

]
D
[
K+K−

]
ϕ)

Br(B0
s →

[
K−π+

]
D[

K+K−
]
ϕ)

where  is  the  global  detection
efficiency  of  this  decay  mode,  and 

 is its branching fraction. The value of the scale

CKπ

fs/ fd

factor  is estimated from the LHCb Run 1 data [22],
the average  of the b-hadron production fraction ra-
tio  measured by LHCb [35],  and the  different  branching
fractions [32].

For  better  numerical  behavior,  we  use  the  Cartesian
coordinate parameterization

x(∗)
± = r(∗)

B cos(δ(∗)B ±γ) and y(∗)
± = r(∗)

B sin(δ(∗)B ±γ). (16)

Subsequently, Eq. (14) becomes

N
(
B0

s →
[
K−π+

]
D
[
K+K−

]
ϕ

)
=CKπ

[
−2By

[
x− cos(2βs)− y− sin(2βs)

]
+A

(
1+ x2

−+ y2
−+2rKπ

D [(x++ x−)cosδKπ
D − (y+− y−) sinδKπ

D ]
)]
. (17)

K3π Kππ0

δ
f
D

For  three  and  four  body  final  states  and ,
multiple  interfering  amplitudes  exist;  therefore,  their
amplitudes  and  phases  vary  across  the  decay  phase
space.  However,  an  analysis  that  is  integrated  over  the
phase space can be performed in a very similar manner to
two body decays with the inclusion of an additional para-

R f
D

δ
f
D

meter,  namely  the  so-called  coherence  factor ,  which
has  been  measured  in  previous  experiments  [36].  The
strong phase difference  is then treated as an effective
phase  that  is  averaged  over  all  amplitudes.  For  these
modes, we obtain an expression similar to (17):
 

N
(
B0

s →
[
f −

]
D
[
K+K−

]
ϕ

)
=CKπF f

[
−2By

[
x− cos(2βs)− y− sin(2βs)

]
+A

(
1+ x2

−+ y2
−+2r f

DR f
D

[
(x++ x−)cosδ f

D− (y+− y−) sinδ f
D

] )]
, (18)

F f

Kπ
where  is the scale factor of the f decay relative to the

 decay and depends on the ratios of detection efficien-
cies and branching fractions of the corresponding modes

F f =
C f

CKπ
=
ε(D→ f )
ε(D→ Kπ)

× [Br(D0→ f )+Br(D̄0→ f )]
[Br(D0→ K−π+)+Br(D̄0→ K−π+)]

. (19)

F f

B±→ DK± B±→ Dπ±

The value  of  for  the  different  modes  used in  this
study is determined from the LHCb measurements in the

 and  modes, with two or four-body
D decays [28, 29].

B0
s → [ f̄ ]Dϕ

AB f → ĀB f̄ λ f → λ̄ f̄ = λ
−1
f = e−2iβs (AB f̄ /ĀB f̄ )
βs→−βs γ→−γ

x±→ x∓ y±→ y∓

The  time-integrated  untagged  decay  rate  for
 is  given  by  Eq.  (13)  by  substituting

 and ,  which is
equivalent  to  the  change  and  (i.e.,

 and ). Therefore, the observables are

N
(
B0

s →
[
K+π−

]
D
[
K+K−

]
ϕ

)
=CKπ

[
−2By

[
x+ cos(2βs)+ y+ sin(2βs)

]
+A

(
1+ x2

++ y2
++2rKπ

D

[
(x++ x−)cosδKπ

D + (y+− y−) sinδKπ
D

] )]
, (20)

f + ≡ K+3π K+π−π0and for the modes , 

N
(
B0

s →
[
f +

]
D
[
K+K−

]
ϕ

)
=CKπF f

[
−2By

[
x+ cos(2βs)+ y+ sin(2βs)

]
+A

(
1+ x2

++ y2
++2r f

DR f

[
(x++ x−)cosδ f

D+ (y+− y−) sinδ f
D

] )]
. (21)

Obviously,  any  significant  asymmetries  on  the  yield  of
the observable corresponding to Eq.  (17)  with respect  to
Eq. (20), or Eq. (18) with respect to Eq. (21), are a clear
signature for CP violation.

D→ h+h− (h ≡ K, π)
rD = 1 δD = 0

For the CP-eigenstate modes , we
have  and . By following the same approach
as  that  for  quasi  flavor-specific  modes,  the  observables
can be written as
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N
(
B0

s →
[
h+h−

]
D
[
K+K−

]
ϕ

)
=4CKπFhh

[
A

(
1+ x2

++ y2
++ x++ x−

)
−By

(
(1+ x++ x−+ x+x−+ y+y−)cos(2βs)

+ (y+− y−+ y+x−− x+y−) sin(2βs)
)]
. (22)

F f FhhAnalogous to ,  is defined as

Fhh =
Chh

CKπ
=
ε(D→ hh)
ε(D→ Kπ)

× Br(D0→ hh)
[Br(D0→ K−π+)+Br(D̄0→ K−π+)]

(23)

F fand their values are determined in the same manner as .
K0

Sπ
+π− K0

SK+K− K0
ShhFor the modes  and  (i.e., ), we obtain

N
(
B0

s →
[
K0

Shh
]

D

[
K+K−

]
ϕ

)
=2CKπFK0

Shh×
[
−By

[
(x++ x−)cos(2βs)+ (y+− y−) sin(2βs)

]
+A

(
1+ x2

−+ y2
−+2(x++ x−)

× rK0
Shh

D (m2
+,m

2
−)κK

0
Shh

D (m2
+,m

2
−)cosδK0

Shh
D (m2

+,m
2
−)

)]
, (24)

FK0
Shh

rK0
Shh

D (m2
+,m

2
−) κK

0
Shh

D (m2
+,m

2
−) cosδK0

Shh
D (m2

+,m
2
−)

(m2
+,m

2
−) ≡ (m2(K0

Sπ
+), m2(K0

Sπ
−))

where  is defined  as  in  Eq.  (23).  The  strong  para-
meters , ,  and 
vary over the Dalitz plot 
and are defined in Section III.

D∗0C.    Observables for  decays
D∗0

D∗0→ D0π0 D∗0→ D0γ D0
For  the  decays,  we  consider  the  two  modes

 and , where the  mesons are re-

Kπ K3π Kππ0

ππ KK
B0

s → D̄∗0ϕ, D̄∗0→ D̄0π0

B0
s → D̄0ϕ

CKπ→CKπ,Dπ0 rB→ r∗B
δB→ δ∗B x±→ x∗± y±→ y∗±

constructed,  as  in  the  above,  in  quasi  flavor-specific
modes , ,  and  as  well  as CP-eigenstate
modes  and .  As  demonstrated  in  Ref.  [37],  the
formalism for the cascade  is sim-
ilar  to  that  of . Therefore,  the  relevant  observ-
ables  can  be  written  similarly  to  Eqs.  (17),  (18),  (20),
(21),  and  (22),  by  substituting , ,
and  (  and ):

N
(
B0

s →
[[

K−π+
]
D π

0
]

D∗
[
K+K−

]
ϕ

)
=CKπ,Dπ0

[
−2By

[
x∗− cos(2βs)− y∗− sin(2βs)

]
+A

(
1+ x∗2− + y∗2− +2rKπ

D

[(
x∗++ x∗−

)
cosδKπ

D −
(
y∗+− y∗−

)
sinδKπ

D

] )]
, (25)

N
(
B0

s →
[[

K+π−
]
D π

0
]

D∗
[
K+K−

]
ϕ

)
=CKπ,Dπ0

[
−2By

[
x∗+ cos(2βs)+ y∗+ sin(2βs)

]
+A

(
1+ x∗2+ + y∗2+ +2rKπ

D

[(
x∗++ x∗−

)
cosδKπ

D +
(
y∗+− y∗−

)
sinδKπ

D

] )]
, (26)

N
(
B0

s →
[[

f −
]
D π

0
]

D∗
[
K+K−

]
ϕ

)
=CKπ,Dπ0 F f

[
−2By

[
x∗− cos(2βs)− y∗− sin(2βs)

]
+A

(
1+ x∗2− + y∗2− +2r f

DR f

[(
x∗++ x∗−

)
cosδ f

D−
(
y∗+− y∗−

)
sinδ f

D

] )]
, (27)

N
(
B0

s →
[[

f +
]
D π

0
]

D∗
[
K+K−

]
ϕ

)
=CKπ,Dπ0 F f

[
−2By

[
x∗+ cos(2βs)+ y∗+ sin(2βs)

]
+A

(
1+ x∗2+ + y∗2+ +2r f

DR f

[(
x∗++ x∗−

)
cosδ f

D+
(
y∗+− y∗−

)
sinδ f

D

] )]
, (28)

N
(
B0

s →
[[

h+h−
]
D π

0
]

D∗
[
K+K−

]
ϕ

)
=4CKπ,Dπ0 Fhh

[
A

(
1+ x∗2+ + y∗2+ + x∗++ x∗−

)
−By

( (
1+ x∗++ x∗−+ x∗+x∗−+ y∗+y∗−

)
cos(2βs)

+
(
y∗+− y∗−+ y∗+x∗−− x∗+y∗−

)
sin(2βs)

)]
.

(29)

D∗0→ D0γ

π

D∗0→ D0π0

In the case of , the formalism is very simil-
ar, except that there is an effective strong phase shift of 
with respect to  [37]. The observables can be

CKπ,Dπ0 →
CKπ,Dγ δ∗B→ δ∗B+π x∗±→−x∗± y∗±→−y∗±

derived from the previous ones by substituting 
 and  (i.e.  and ):
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N
(
B0

s →
[[

K−π+
]
D γ

]
D∗

[
K+K−

]
ϕ

)
=CKπ,Dγ

[
2By

[
x∗− cos(2βs)− y∗− sin(2βs)

]
+A

(
1+ x∗2− + y∗2− +2rKπ

D

[
− (

x∗++ x∗−
)
cosδKπ

D +
(
y∗+− y∗−

)
sinδKπ

D

]) ]
, (30)

N
(
B0

s →
[[

K+π−
]
D γ

]
D∗

[
K+K−

]
ϕ

)
=CKπ,Dγ

[
2By

[
x∗+ cos(2βs)+ y∗+ sin(2βs)

]
+A

(
1+ x∗2+ + y∗2+ +2rKπ

D

[
− (

x∗++ x∗−
)
cosδKπ

D −
(
y∗+− y∗−

)
sinδKπ

D

]) ]
, (31)

N
(
B0

s →
[[

f −
]
D γ

]
D∗

[
K+K−

]
ϕ

)
=CKπ,DγF f

[
2By

[
x∗− cos(2βs)− y∗− sin(2βs)

]
+A

(
1+ x∗2− + y∗2− +2r f

DR f

[
− (

x∗++ x∗−
)
cosδ f

D+
(
y∗+− y∗−

)
sinδ f

D

]) ]
, (32)

N
(
B0

s →
[[

f +
]
D γ

]
D∗

[
K+K−

]
ϕ

)
=CKπ,DγF f

[
2By

[
x∗+ cos(2βs)+ y∗+ sin(2βs)

]
+A

(
1+ x∗2+ + y∗2+ +2r f

DR f

[
− (

x∗++ x∗−
)
cosδ f

D−
(
y∗+− y∗−

)
sinδ f

D

] )]
, (33)

N
(
B0

s →
[[

h+h−
]
D γ

]
D∗

[
K+K−

]
ϕ

)
=4CKπ,DγFhh

[
A

(
1+ x∗2+ + y∗2+ − x∗+− x∗−

)
−By

( (
1− x∗+− x∗−+ x∗+x∗−+ y∗+y∗−

)
cos(2βs)

+
(−y∗++ y∗−+ y∗+x∗−− x∗+y∗−

)
sin(2βs)

)]
.

(34)

CKπ,Dπ0 CKπ,Dγ

CKπ

B0
s → D∗0ϕ fL = (73±15±4)

Br(D̄∗0→ D̄0π0) Br(D̄∗0→ D̄0γ)

 and  are determined in the same manner as
, i.e., from the LHCb Run 1 data [22] and taking into

account the fraction of longitudinal polarization in the de-
cay , %  [22], and  the  branch-
ing fractions  and  [32].

III.  EXPECTED YIELDS

B0
s → D̃(∗)0ϕ D̃0→ Kπ

fb−1

D̃0

fL= (73±15±4)
B0

s→ D̃∗0ϕ

The  LHCb  collaboration  has  measured  the  yields  of
the  and  modes  using  Run  1  data,
corresponding to an integrated luminosity of 3  (Ref.
[22]).  Taking  into  account  the  cross-section  differences
among  different  center-of-mass  energies,  the  equivalent
integrated luminosities in different data over several years
from LHCb are summarized in Table 1. The correspond-
ing expected yields of the  meson decaying into other
modes  are  also  estimated  according  to  Refs.  [28],  [29],
and  [41].  The  scaled  results  are  listed  in Table  2,  where
the  longitudinal  polarization  fraction %
[22]  of  is  considered  so  that  the CP eigen-

B0
s → D̃0ϕ

value  of  the  final  state  is  well  defined  and  is  similar  to
that of the  mode.

Several additional parameters are used in the sensitiv-
ity study, as indicated in Table 3. Most of these originate
from D decays, and the scale factors F are calculated by
using  the  data  from  Refs.  [28]  and  [29],  as  well  as  the
branching fractions from PDG [32].

CKπ CKπ,Dπ0

CKπ,Dγ 608±67 347±56 189±31

B0
s → D

(∗)0
ϕ

B0
s → D

∗0
ϕ

The expected numbers of signal events are also calcu-
lated  from  the  full  expressions  provided  in  Sections  IIB
and IIC  by  using  the  detailed  branching  fraction  deriva-
tions explained in Ref. [22], as well as scaling by the LH-
Cb Run 1 and Run 2 integrated luminosities,  as listed in
Table 1. The obtained normalization factors , ,
and  are , ,  and , respect-
ively.  To  compute  the  uncertainty  on  the  normalization
factors, we assume that it is possible to improve the glob-
al uncertainty on the measurement of the branching frac-
tion of the decay modes , and of the polariza-
tion of the mode , by a factor of 2 when adding
the LHCb data from Run 2 [22]. The values of the three

Table 1.    Integrated luminosities and cross-sections of LHCb Run 1 and Run 2 data. The integrated luminosities are obtained from
Ref. [38] and the cross-sections are obtained from Refs. [39, 40].

Years/Run
√

s /TeV Int. lum./fb−1
Cross section Equiv. 7 TeV data

2011 7 1.1 σ2011 = 38.9 µb 1.1

2012 8 2.1 1.17×σ2011 2.4

Run 1 − 3.2 − 3.5

2015 to 2018 (Run 2) 13 5.9 2.00×σ2011 11.8

Total − 9.1 − 15.3
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normalization  factors  are  in  good  agreement  with  the
yields listed in Table 2.

RD

The number of expected event yields and the value of
the coherence factor  listed in Tables 2 and 3 justify a

γ Kπ K3π Kππ0 KK
ππ RD

rD = 1 K3π
RD 43 81
Kππ0 RD γ

γ

D0 KK ππ Kπ Kππ0 K3π

Kππ0 ππ

posteriori  our  choice  of  performing  the  sensitivity  study
on  with the D-meson decay modes , , , 
and . By definition, the value of  is 1 for two-body
decays  and  for CP-eigenstates,  whereas  for ,

 is  approximately %  and  larger,  namely %,  for
. A larger  results in stronger sensitivity to . Ac-

cording  to  Eqs.  (20),  (21),  and  (22),  it  is  clear  that  the
largest  sensitivity  to  is  expected  to  originate  from  the
ordered  decay modes: , , , ,  and ,
for  the  same number  of  selected events.  Therefore,  even
with  lower  yields,  the  modes  and  should  be  of
interest; this is discussed in Section IV I.

D0→ K0
Sππ K0

SKK
FK0

Sππ = (9.3±0.1) FK0
S KK =

(1.4±0.1) rK0
Shh

D (m2
+,m

2
−)

κ
K0

Shh
D (m2

+,m
2
−) cosδK0

Shh
D (m2

+,m
2
−)

D̃0

(m2
+, m2

−) N

Returning  to  the  modes  and ,  the
scale  factors  are %  and 

%  [41].  The  strong  parameters ,
,  and  can be  defined  ac-

cording  the  effective  method  presented  in  Ref.  [43],  by
using quantum-correlated  decays, in which the phase
space  is  divided  into  tailored  regions  or
“bins” [44], such that in the bin of index i,√

Ki/K−i =rK0
Shh

D,i , ci = κ
K0

Shh
D,i cosδK0

Shh
D,i ,

and si = κ
K0

Shh
D,i sinδK0

Shh
D,i ,

δ
K0

Shh
D,i κ

K0
Shh

D,i

ci si K±i

(m2
+, m2

−)
±i

D̃0 B0
s → D̃(∗)0ϕ

si

D0→ K0
Sππ

D0→ K0
SKK

2×2
D0→ K0

Sππ

D̃0

2×8

B0
s → D0(K0

Sππ)ϕ

where  is the strong phase difference and  is the
coherence factor. A recent publication by the BES-III col-
laboration  [45]  combines  its  data  with  the  results  of
CLEO-c  [44], while  applying  the  same  technique  to  ob-
tain  the  values  of  the , ,  and  parameters  varying
with the phase space.  The binning schemes are  symmet-
ric with respect to the diagonal in the Dalitz plot 
(i.e. ).  These  results  have  also  been  compared  to  an
amplitude  model  from  the B-factories  BaBar  and  Belle
[46].  When  porting  the  result  between  the  BES-
III/CLEO-c combination, obtained using quantum correl-
ated  decays,  and  LHCb  for  measure-
ments,  care  should be taken with  the  bin  conventions  so
that there may be a minus sign in the phase (which only
affects ).  The  expected  yield  listed  in Table  2 for  the
mode  is 54 events, whereas it is 8 events for
the  decay .  Although  the  binning  scheme in
the  latter  case  is  only , its  expected  yield  is  defin-
itely too small  to be considered further.  For ,
the binned method of Refs. [44, 45] splits the selected 
events  over  bins,  such  that  with  Run 1  and  Run 2,
only  approximately  three  events  may  populate  each  bin.
This is the reason that, although the related observable is
presented in Eq. (24), we decide not include that mode in
the sensitivity study. This choice could eventually be re-
visited  after  Run  3,  when  approximately  340

 events  should  be  available,  at  which
point approximately 20 events may populate each bin.

9.1fb−1

B0
s → D̃∗0ϕ

fL = (73±15)

Table  2.    Expected  yield  of  each  mode  for  (Run  1
and Run 2 data).  The expected yields  for  the  sub-
modes  are  scaled  by  the  longitudinal  fraction  of  polarization

%.  To  be  scaled  by  6.3  (90)  for  prospects  after
2025 (2038) (see Section V).

Expect. yield (Run 1 only)

B0
s → D̃0(Kπ)ϕ 577 132±13 (  [22])

B0
s → D̃0(K3π)ϕ 218

B0
s → D̃0(Kππ0)ϕ 58

B0
s → D̃0(KK)ϕ 82

B0
s → D̃0(ππ)ϕ 24

B0
s → D̃0(K0

Sππ)ϕ 54

B0
s → D̃0(K0

SKK)ϕ 8

B0
s → D̃∗0ϕ mode D0π0 D0γ

B0
s → D̃∗0(Kπ)ϕ 337 184

(119 [22])

B0
s → D̃∗0(K3π)ϕ 127 69

B0
s → D̃∗0(Kππ0)ϕ 34 18

B0
s → D̃∗0(KK)ϕ 48 26

B0
s → D̃∗0(ππ)ϕ 14 8

Table 3.    Other external parameters used in sensitivity study.
The scale factors F are also listed.

Parameter Value

βS−2  [mrad] −36.86±0.82 [42]

y = ∆Γs/2Γs  (%) 6.40±0.45 [27]

rKπ
D  (%) 5.90+0.34

−0.25  [27]

δKπD  [deg] 188.9+8.2
−8.9  [27]

rK3π
D  (%) 5.49±0.06 [36]

RK3π
D  (%) 43+17

−13  [36]

δK3π
D  [deg] 128+28

−17  [36]

rKππ0

D  (%) 4.47±0.12 [36]

RKππ0

D  (%) 81±6 [36]

δKππ
0

D  [deg] 198+14
−15  [36]

KπScale factor (w.r.t. ) (Stat. uncertainty only)

FK3π  (%) 37.8±0.1 [28]

FKππ0  (%) 10.0±0.1 [29]

FKK  (%) 14.2±0.1 [28]

Fππ  (%) 4.2±0.1 [28]
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IV.  SENSITIVITY STUDY FOR RUN 1 & 2 LHCB
DATASET

γ r(∗)
B δ(∗)B

χ2

B0
s → D̃(∗)0ϕ

The sensitivity  study  consists  of  testing  and  measur-
ing the value of the unfolded , ,  and  parameters
and their  expected resolution,  after  having computed the
values of the observables according to various initial con-
figurations and given the external inputs for the other in-
volved physics parameters or associated experimental ob-
servables.  To  achieve  this,  a  procedure  involving  global

 fit based on the CKMfitter package [47] has been es-
tablished  to  generate  pseudoexperiments  and  to  fit
samples of  events.

r(∗)
B δ(∗)B

γ

γ

r(∗)
B δ(∗)B γ r(∗)

B
δ(∗)B

γ

D→ K3π

γ

δ(∗)B
r(∗)

B

γ = 74◦

B0
s → D̃(∗)0(ππ)ϕ B0

s → D̃(∗)0(Kππ0)ϕ

This section is organized as follows: In Section IVA,
we  explain  the  various  configurations  that  we  tested  for
the  nuisance  strong  parameters ,  and ,  as  well  as
the  value  of .  In  Section  IVB,  we  explain  how  the
pseudoexperiments have been generated. In Section IVC,
the  first  step  of  the  method  is  illustrated  with  one-  and
two-dimensional (1-D and 2-D) p-value profiles for the ,

, and  parameters. Before showing how the , ,
and  parameters  are  unfolded  from  the  generated
pseudoexperiments in Section IVF, we discuss the stabil-
ity  of  the  former  1-D p-value  profile  for  when chan-
ging  the  time  acceptance  parameters  (Section  IVD)  and
for  a  newly  available  binning  scheme  for  the 
decay (Section IVE).  Thereafter,  the unfolded values for

 and  precisions  (sensitivity)  for  the  Run  1  &  2  LHCb
dataset  for  the  various  generated  configurations  of 
and  are presented in Section IVG. We conclude with
Sections  IVH and  IVI,  in  which  we  study  the  intriguing
case  where  (see  LHCb  2018  combination  [12],
recently  superseded  by  [16]),  and  we  test  the  effect  of
dropping or not dropping the least abundant expected de-
cays  modes  and  in
the Run 1 & 2 LHCb dataset.

γ r(∗)
B

δ(∗)B

A.    Various configurations of , ,

and  parameters

γ (65.66+0.90
−2.65)◦

γ

γ = (74.0+5.0
−5.8)◦

γ = 74◦

The  sensitivity  study  was  performed  with  the  CKM
angle  true value set to  (1.146 rad), as ob-
tained  by  the  CKMfitter  group,  while  excluding  any
measured values of  in its global fit [42]. As a reminder,
the average of the LHCb measurements is 
[12];  therefore,  the  value  was  also  tested  (see
Subsection IVH).

δ(∗)B

0◦ 57.3◦ 114.6◦ 171.9◦

229.2◦ 286.5◦

6×6

The value of the strong phases  is a nuisance para-
meter that  cannot  be  predicted  or  guessed  by  any  argu-
ment,  and  therefore,  six  different  values  are  assigned
thereto: 0, 1, 2, 3, 4, and 5 rad ( , , , ,

, and ). This corresponds to 36 tested config-
urations ( ).

As  both  interfering  diagrams  displayed  in Fig.  1 are

b̄→ ūcs̄
b̄→ c̄us̄ r(∗)

B
|VubVcs|/|VcbVus| ∼ 0.4

B0
s → D∓s K±

rB = 0.37+0.10
−0.09

B0
s → D∓s K±

B0→ DK∗0

rB = 0.22+0.17
−0.27

rB = 0.265±0.023 rB
γ 1/rB

0.22 0.40
r(∗)

B
rB r∗B

color-suppressed,  the  value  of  the  ratio  of  the 
and  tree-level  amplitudes  is  expected  to  be

.  This  assumption is  well  supported
by  the  study  performed  with  decays  by  the
LHCb  collaboration,  for  which  a  value  of 
has  been  measured  [14].  However,  as  the  decay

 is  color-favored,  it  is  important  to test  other
values  obtained  from  already  measured  colour-sup-
pressed B-meson decays, as non-factorizing final state in-
teractions  can  modify  the  decay  dynamics  [48].  Among
these, the decay  plays such a role,  for which
the  LHCb  has  obtained  [42],  which  has
been confirmed by a more recent  and accurate computa-
tion:  [18]. The value of  is known to
impact the precision on  measurements strongly as 
[49]. Therefore, the two extreme values  and  for

 were tested for the sensitivity study, whereas the val-
ues for  and  are expected to be similar.

r(∗)
B δB δ∗B 2×6×6

This leads to a total of 72 tested configurations for the
, , and  parameters ( ).

B.    Generation of pseudoexperiments for various
parameter configurations

γ

r(∗)
B δ(∗)B

CKπ CKπ,Dπ0

CKπ,Dγ

γ r(∗)
B

δ(∗)B χ2

γ r(∗)
B δ(∗)B

γ r(∗)
B δ(∗)B

χ2

γ r(∗)
B0

s
δ(∗)B0

s

γ r(∗)
B δ(∗)B

γ r(∗)
B δ(∗)B

As the  first  step,  different  configurations  for  the  ob-
servables corresponding to Sections IIB and IIC are com-
puted. The observables are obtained with the value of the
angle  and with the values of the four nuisance paramet-
ers  and  fixed to various sets of initial true values
(see Section IVA), whereas the external parameters listed
in Table  3 and  the  normalization  factors , ,
and  are left free to vary within their uncertainties.
In the  second  step,  for  the  obtained  observables,  includ-
ing  their  uncertainties  that  we  assume to  be  their  square
root, as well as all the other parameters except for , ,
and , a global  fit is performed to compute the res-
ulting p-value  distributions  of  the , ,  and  para-
meters. As the third step, for the obtained observables, in-
cluding their  uncertainties,  as  well  as  all  the  other  para-
meters  except  for , ,  and , 4000  pseudoexperi-
ments  are  generated  according  to  Eqs.  (14)-(34)  for  the
various tested configurations. As the fourth step, for each
of the generated pseudoexperiments,  all  of  the quantities
are varied within their  uncertainties.  Thereafter,  a  global

 fit is performed to unfold the value of the parameters
, , and  for each of the 4000 generated pseudoex-

periments.  As  the  fifth  step,  for  the  distribution  of  the
4000 values of the fitted , , and , an extended un-
binned maximum likelihood fit  is  performed to  compute
the most probable value for each of the former five para-
meters, together with their dispersions. The resulting val-
ues are compared to their  injected initial  true values.  Fi-
nally,  the  sensitivity  to , ,  and  is  deduced,  and
any bias correlation is eventually highlighted and studied.
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γ r(∗)
B δ(∗)BC.    1-D and 2-D p-value profiles for , , and 

parameters
γ

γ = 65.66◦ r(∗)
B = 0.4 δB = 3.0

δ∗B = 2.0

γ =
(
65.7+6.3

−33.8

)◦

γ =
(
65.7+6.9

−34.9

)◦
γ 68.3

ROOT TMath :: Prob

Prob 6.3/6.9 ≃ 91

Figure 3 displays the 1-D p-value profiles of  at step
2 of the procedure described in Section IVB. The figure is
obtained  for  an  example  set  of  initial  parameters:

 (1.146  rad), ,  rad,  and
 rad.  The  assumed  integrated  luminosity  in  this

case is that of the LHCb data collected in Run 1 & 2. The
corresponding  fitted  value  is ,  which  is
thus  in  excellent  agreement  with  the  initial  tested  true
value. Figure  3 also depicts  the  corresponding  distribu-
tions  obtained  from  a  full  frequentist  treatment  on  the
Monte-Carlo simulation basis [50], where .
This is considered as a demonstration that the two estim-
ates on  are in quite fair agreement, at least at the %
confidence level (CL), such that no obvious under-cover-
age is experienced with the nominal method, based on the

 function  [51].  On  the  upper  part  of
the  distribution,  the  relative  under-coverage  of  the
“ ”  method  is  approximately %. As  op-
posed to the full frequentist treatment on the Monte-Carlo
simulation basis, the nominal retained method allows per-
forming computations of a very large number of pseudo-
experiments within a reasonable amount of time and with
non-prohibitive CPU resources. For the LHCb Run 1 & 2
dataset,  72  configurations  of  4000  pseudoexperiments
were generated (288000 pseudoexperiments in total). The
entire study was repeated another two times for prospect-
ive  studies  with  future  anticipated  LHCb data,  such  that
more  than  approximately  864000  pseudoexperiments
were generated for this publication (see Section V). In the

r(∗)
B 0.4 0.22 γ =

(
65.7+12.0

−60.7

)◦
1/r(∗)

B 6.3×0.4/0.22 =

γ =
(
65.7+13.2

−∞
)◦

Prob

12.0/13.2 ≃ 91
γ

B0
s → D̃∗0ϕ

B0
s → D̃0ϕ γ(

65.7+6.3(12.0)
−∞

)◦
r(∗)

B = 0.4 0.22
γ

same figure, one can also observe the effect of modifying
the value of  from  to , for which ,
where the upper uncertainty scales are roughly as expec-
ted:  ( 12.6). Compared to the full fre-
quentist treatment on the Monte-Carlo simulation, where

, the relative under-coverage of the “ ”
method is approximately %. Finally, the p-
value profile of  is also displayed when dropping the in-
formation provided by the  mode, thus retain-
ing  only  that  of  the  mode.  In  this  case,  is
equal to ,  ( ), such that the CL
interval is noticeably enlarged on the lower side of the 
angle distribution (further details can be found in Section
VC).

r(∗)
B δ(∗)B

γ = 65.66◦ r(∗)
B = 0.4 δB = 3.0

δ∗B = 2.0

Figure 4 displays the 1-D p-value profile of the nuis-
ance  parameters  and  for  the  same  set  of  initial
parameters  (  (1.146  rad), , 
rad,  and  rad)  and  the  same  projected  integrated
luminosity. It can be observed that the p-value is the max-
imum at the initial tested value, as expected.

r(∗)
B δ(∗)B γ

γ = 1.146 δB = 1.0 δ∗B = 5.0
r(∗)

B = 0.4 r(∗)
B = 0.22

γ = 1.146 δB = 3.0
δ∗B = 2.0 r(∗)

B = 0.4 r(∗)
B = 0.22

δ(∗)B γ

The  2-D p-value  profiles  of  the  nuisance  parameters
 and  as a function of  are presented in Figs. 5-8.

Figures 5 and 6 correspond to two other example config-
urations  rad,  rad, and  rad, and

 and ,  respectively. Figures  7 and 8
represent  the  configurations  rad,  rad,
and  rad,  and  and , respect-
ively. These 2-D views allow the correlation between the
different parameters to be observed. In general, large cor-
relations between  and  are observed. In the case of

χ2 γ

γ = 1.146 r(∗)
B = 0.4 δB = 3.0 δ∗B = 2.0

r(∗)
B = 0.22

χ2 γ B0
s → D̃0ϕ γ = 1.146

r(∗)
B = 0.4 0.22 δB = 3.0 δ∗B = 2.0

γ

Fig. 3.    (color online) Profile of p-value of global  fit to  after computing observables (top left) for a set of true initial parameters:
 rad, ,  rad, and  rad (the corresponding distribution obtained from the full frequentist treatment on the

Monte-Carlo simulation basis [50] is superimposed on the same distribution). The related p-value profile for  is also presen-
ted (top right). The assumed integrated luminosity assumed is that of the LHCb data collected in Run 1 & 2. Profile of p-value of glob-
al  fit to  after computing observables, where only decay mode  is used, and for a set of true initial parameters: 
rad,  (bottom left) and  (bottom right),  rad, and  rad. In each figure, the vertical dashed red line indicates
the initial  true value, and the two horizontal dashed black lines refer to 68.3 and 95.4% CLs.
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χ2 r(∗)
B δ(∗)B

γ = 65.66◦ r(∗)
B = 0.4 δB = 3.0 δ∗B = 2.0

r(∗)
B δ(∗)B

Fig. 4.    (color online) Profiles of p-value distributions of global  fit to  (top left (right)) and  (bottom left (right)) after com-
puting observables for set of initial true parameters:  (1.146 rad), ,  rad, and  rad. In each figure, the
vertical dashed red line indicates the initial  and  true values, and the two horizontal dashed black lines refer to 68.3 and 95.4% CLs.

 

r(∗)
B δ(∗)B γ

γ = 65.66◦ δB = 57.3◦ δ∗B = 286.5◦ r(∗)
B = 0.4

Fig. 5.    (color online) 2-D p-value profile distribution of nuisance parameters  and  as a function of . In each figure, the dashed
black lines indicate the initial true values:  (1.146 rad),  (1.0 rad), and  (5.0 rad), as well as .

 

r(∗)
B δ(∗)B γ

γ = 65.66◦ δB = 57.3◦ δ∗B = 286.5◦ r(∗)
B = 0.22

Fig. 6.    (color online) 2-D p-value profile distribution of nuisance parameters  and  as a function of . In each figure, the dashed
black lines indicate the initial true values:  (1.146 rad),  (1.0 rad), and  (5.0 rad), as well as .
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r(∗)
B = 0.4 δ(∗)B

γ 95

r(∗)
B = 0.22 δ∗B γ

D∗0→ D0γ

π

D∗0→ D0π0

δB

γ

configurations where , a large fraction of the 
vs.  plane  can  be  excluded  at  a %  CL,  whereas  the
fraction  is  significantly  reduced  for  the  corresponding

 configurations. For the  vs.  plane, the ad-
vantage of  our  Cartesian  coordinate  approach  (see  Sec-
tion  IIB  and  IIC)  can  easily  be  observed,  together  with
the fact that in the case of the mode , there is
an  effective  strong  phase  shift  of  with  respect  to  the

 [37], such  that  additional  constraints  enable
the fold ambiguities with respect to the associated  vs.

 plane to be removed.

D.    Effect of time acceptance parameters
Figure  9 demonstrates  that  for  a  tested  configuration

γ = 1.146 r(∗)
B = 0.4 δ(∗)B = 1.0

A B

χ2 γ

γ(
65.3+14.3

−38.4

)◦ (
66.5+13.8

−51.0

)◦

B/A≃ 1.6 B/A≃ 1.0

cos(δB+2βs−γ)
γ

of  rad, ,  and  rad,  the  impact
of  the time acceptance parameters  and  can eventu-
ally be non negligible and the parameters affect  the pro-
file  distribution  of  the p-value  of  the  global  fit  to .
For  the  given  example,  the  fitted  value  of  is  either

 or  when  the  time  acceptance  is
either accounted for or not.  The reason due to which the
precision improves when the time acceptance is taken in-
to  account  may  not  be  intuitive.  This  is  because,  for

, as opposed to the case of , the im-
pact of the first term in Eq. (14), which is directly propor-
tional to , is amplified with respect to the
second  term,  for  which  the  sensitivity  to  is more  di-
luted.

r(∗)
B δ(∗)B γ

γ = 65.66◦ δB = 171.9◦ δ∗B = 114.6◦ r(∗)
B = 0.4

Fig. 7.    (color online) 2-D p-value profile distribution of nuisance parameters  and  as a function of . In each figure, the dashed
black lines indicate the initial true values:  (1.146 rad),  (3.0 rad), and  (2.0 rad), as well as .

 

r(∗)
B δ(∗)B γ

γ = 65.66◦ δB = 171.9◦ δ∗B = 114.6◦ r(∗)
B = 0.22

Fig. 8.    (color online) 2-D p-value profile distribution of nuisance parameters  and  as a function of . In each figure, the dashed
black lines indicate the true values:  (1.146 rad),  (3.0 rad), and  (2.0 rad), as well as .

 

Study of the CKM angle γ sensitivity using flavor untagged... Chin. Phys. C 45, 023003 (2021)

023003-11



A B

α β ξ

α A B
B/A β ξ
A B B/A

β ξ α
A B

γ

γ

B0
s → D̃(∗)0ϕ

Even  if  the  parameters  and  are  computed  to  a
precision at  the  percentage  level  (Section  IIA),  we  fur-
ther  investigate  the effect  of  changing their  values.  Note
that  for  this  study,  the  overall  efficiency  is  maintained
constant, whereas the shape of the acceptance function is
varied.  The  values , ,  and  are  changed  in  Eq.  (10),
and  the  results  of  those  changes  are  listed  in Table  4.
When  increases, both  and  become larger, but the
value of the ratio  decreases. When  or  decreases,
the three values of , , and  increase. The effect of
changing  or  alone is small. A modification of  has a
much greater impact on  and .  However, all  of these
changes have a weak impact on the precision of the fitted

 value. This is quite encouraging, as it means that the re-
lative efficiency  loss  caused  by  the  time  acceptance  ef-
fects will not cause a significant change in the sensitivity
to the CKM  angle. As a result, the time acceptance re-
quirements  can  be  varied  without  substantial  concern  to
improve  the  signal  purity  and  statistical  significance
when analyzing the  decays with LHCb data.

D→ K3πE.    Effect of new binning scheme for 
decay

K3π
According  to  Ref.  [46],  the  averaged  values  of  the
 input  parameters  over  the  phase  space,  which  are

defined as

RK3π
D e−iδK3π

D =

∫
A∗

D̄0→K3π
(x)AD0→K3π(x)dx

AD̄0→K3πAD0→K3π
, (35)

RK3π
D = (43+17

−13)

RK3π
D

δK3π
D

γ

r(∗)
B

δ(∗)B

D̃0→ K3π
RK3π

D
δK3π

D

are used here and correspond to a relatively limited value
for  the  coherence  factor: %  [36].  A  more
attractive approach may be to perform the analysis in dis-
joint bins of the phase space. In this case, the parameters
are re-defined within each bin. New values for  and

 in  each  bin  from  Ref.  [52]  have  alternatively  been
employed. No noticeable changes were observed in the 
and  fitted p-value profiles, but it is possible that cer-
tain fold-effects on , e.g., as observed in Figs. 5-7, be-
come less probable. The lack of significant improvement
is  expected  as  the  mode  is  not  the  dominant
decay,  and  also  because  the  new  measurements  of 
and  in each bin still have large uncertainties.

γ r(∗)
B δ(∗)BF.    Unfolding , , and  parameters from

generated pseudoexperiments
γ

r(∗)
B δ(∗)B

γ r(∗)
B δ(∗)B

χ2

r(∗)
B

δ(∗)B γ = 65.66◦

r(∗)
B = 0.4 δB = 171.9◦ δ∗B = 114.6◦

r(∗)
B

δ(∗)B
(176±42)◦ (104±13)◦

As explained in Section IVB, for each of the tested ,
, and  configurations, 4000 pseudoexperiments are

generated, for which the values of , , and  are un-
folded from the global  fits (see Section IVC for illus-
trations). Figure 10 displays the extended unbinned max-
imum likelihood  fits  to  the  nuisance  parameters  and

.  The  initial  configuration  is  (1.146  rad),
,  (3  rad),  and  (2  rad),

with an integrated luminosity that is equivalent to that of
the LHCb Run 1 & 2 data. It can be compared with Fig.
4.  All  of the distributions are fitted with the Novosibirsk
empirical  function,  the  description  of  which  contains  a
Gaussian  core  part  and  a  left  or  right  tail,  depending  on
the sign of the tail parameter [53]. The fitted values of 
are centered at their initial tested values of 0.4, with a res-
olution of 0.14, and no bias is observed. For , the fit-
ted  value  is  ( )  for  an  initial  true

γ

A B

Table 4.    Expected value of  as a function of different time
acceptance  parameters.  The  second  line  corresponds  to  the
nominal values. The nominal set of parameters  and  is in-
dicated in bold.

α β ξ A B B/A γ ◦Fitted  ( )

1.0 2.5 0.01 0.367 0.671 1.828 66.5+13.8
−40.1

1.5 2.5 0.01 0.488 0.773 1.584 65.3+14.3
−38.4

2.0 2.5 0.01 0.570 0.851 1.493 65.3+13.2
−37.8

1.5 2.0 0.01 0.484 0.751 1.552 65.9+13.2
−39.0

1.5 3.0 0.01 0.491 0.789 1.607 66.5+13.2
−38.4

1.5 2.5 0.02 0.480 0.755 1.573 66.5+13.8
−39.5

1.5 2.5 0.005 0.492 0.783 1.591 65.3+13.8
−36.7

χ2 γ γ = 1.146 r(∗)
B = 0.4

δ(∗)B = 1.0 A
B A = 0.488±0.005 B = 0.773±0.008

γ γ = 65.66◦

Fig. 9.    (color online) Profile of p-value distribution of global  fit to  for a set of true initial parameters:  rad, , and
 rad. The assumed integrated luminosity is that of the LHCb data collected in Run 1 & 2 when the time acceptance values 

and  are set to 1 in Eqs. (14) to (34): no time acceptance (top left) or to their nominal values  and 
(top right), as computed in Section IIA. The dashed red line indicates the initial  true value  (1.146 rad).
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171.9◦ 114.6◦

δ∗B 2/3

δB D∗0→ D0γ

D∗0→ D0π0

value that is equal to  ( ). The fitted value for
 is slightly shifted by approximately  of a standard

deviation, but its measurement is much more precise than
that of , as it is measured from both the  and

 observables.

γ r(∗)
B = 0.22

γ

r(∗)
B δ(∗)B

γ
65.66◦ γ

µγ = (65.9±0.3)◦

σγ = (8.8±0.2)◦ r(∗)
B = 0.4 µγ = (66.6±0.7)◦

σγ = (14.4±0.5)◦ r(∗)
B = 0.22

r(∗)
B = 0.22

1/r(∗)
B 8.8×0.4/0.22 ≃ 16.0

Figure 11 presents the corresponding fit  to the CKM
angle ,  where  the  value  is  also  tested.  This
figure  can  be  compared  to  the  initial p-value profiles  il-
lustrated in Fig. 3. As shown in Figs. 7 and 8,  is correl-
ated with the nuisance parameters  and . Such cor-
relations  may  generate  long  tails  in  the  distributions,  as
obtained  from  the  4000  pseudoexperiments.  To  account
for  these  tails,  extended  unbinned  maximum  likelihood
fits, constituting two Novosibirsk functions with opposite-
side  tails,  are  performed  on  the  distributions.  With  an
initial  value  of ,  the  fitted  value  for  returns  a
central  value equal  to  with a  resolution
of  when ,  and 
with  a  resolution  of  when .
The worse resolution obtained with  follows the
empirical  behavior  ( ).  Again,
no bias is observed.

r(∗)
B δ(∗)B γ

Finally, Fig.  12 displays  the  2-D  distributions  of  the
nuisance  parameters  and  as  a  function  of  ob-
tained from 4000 pseudoexperiments.  This figure can be

compared with the corresponding p-value profiles presen-
ted in Fig. 7.

δ(∗)B r(∗)
BG.    Varying  and 

δ(∗)B r(∗)
B

γ = 65.66◦

According to Section IVA, 72 configurations of nuis-
ance  parameters  and  have  been  tested  for

 (1.146 rad) and 4000 pseudoexperiments have
been generated for each set,  following the procedure de-
scribed  in  Section  IVB  and  illustrated  in  Section  IVF.
The assumed integrated luminosity in this  section is  that
of the LHCb data collected in Run 1 & 2.

γ µγ r(∗)
B = 0.4

0.22 δ(∗)B
65.66◦

σγ
γ

r(∗)
B = 0.4 σγ = 8.3◦ 12.9◦

r(∗)
B = 0.22

σγ = 13.9◦ 18.7◦ r(∗)
B = 0.22

γ

90◦ δ(∗)B = 286.5◦

The  fitted  mean  values  of  ( )  for  and
 as  a  function  of ,  for  an  initial  true  value  of

 (1.146 rad), are displayed in Table 5, whereas the
corresponding  resolutions  ( )  are  listed  in Table  6.  In
general,  the  fitted  means  are  compatible  with  the  true 
values  within  less  than  one  standard  deviation.  For

,  the  resolution  varies  from  to .
For , the resolution is worse, as expected, and it
varies from  to . For , the distri-
bution of  of the 4000 pseudoexperiments  has  its  max-
imum  above  for  and  it  is  therefore  not
considered.

µγ σγ
γ

The obtained values for  and  are also displayed
in Figs. 13 and 14. It is clear that the resolution on  de-

r(∗)
B δ(∗)B

γ = 65.66◦ r(∗)
B = 0.4 δB = 171.9◦ δ∗B = 114.6◦

δ(∗)B ±45◦

γ ∈ [0◦, 90◦]

Fig. 10.    (color online) Fit to distributions of nuisance parameters  (top left (right)) and  (bottom left (right)) obtained from 4000
pseudoexperiments. The initial configuration is  (1.146 rad), ,  (3 rad), and  (2 rad). The distri-
butions  of  are  plotted  and  fitted  within of  their  initial  true  values.  In  the  distributions,  only  the  candidates  with  values  of

 are considered.
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r(∗)
B

δ(∗)B
γ δ(∗)B = 0◦

180◦ π
σγ

γ

δ(∗)B = 90◦

π/2 270◦ 3π/2
δ(∗)B

r(∗)
B = 0.4

σγ ∼ 10◦ 15◦

pends to the first order on , and then to the second or-
der on . The best agreement with respect to the tested
initial true value of  is obtained when  (0 rad) or

 (  rad),  and the  best  resolutions  (the  lowest  values
of ) are also obtained in this case. The largest CP viol-
ation  effects  and  best  sensitivity  to  are  observed.  In
contrast, the worst sensitivity is obtained when 
(  rad)  or  (  rad).  The  other  best  and  worst
positions for  can easily be deduced from Eq. (14). In
most  cases,  for  (0.22), the  value  of  the  resolu-
tion  is  ( )  and  the  fitted  mean  value

µγ ∼ 65.66◦  or slightly larger.

r(∗)
B δ(∗)B

r(∗)
B δ(∗)B

For completeness, the fitted means and resolutions for
the  nuisances  parameters  and  are  presented  in-
Figs.  A1-A4 in  Appendix A.  It  can be  observed that  the
fitted mean values of  and  are in good agreement
with  their  initial  tested  true  values,  within  one  standard
deviation of their fitted resolutions.

γ 74◦H.    Case where  equals 
γ = 74◦Configurations in which  (see Ref.  [12]) have

also  been  tested.  The  potential  problem  in  this  case  is

γ

γ = 65.66◦ r(∗)
B = 0.4 δB = 171.9◦ δ∗B = 114.6◦

γ ∈ [0◦, 90◦]
r(∗)

B δ(∗)B

Fig. 11.    (color online) Fit to distributions of nuisance parameters  obtained from 4000 pseudoexperiments. The initial configuration
is  (1.146 rad),  (left) and 0.22 (right),  (3 rad), and  (2 rad). In the distributions, only the can-
didates  with  a  value  of  are  considered.  The  purple  dashed curve  represents  tails  generated  by the  correlations  with  the
nuisance parameters  and , whereas the blue dashed curve indicates the core part of the distribution, and the plain red line is the
sum of the two components of the fit.

 

r(∗)
B δ(∗)B γ

γ = 65.66◦ δB = 171.9◦

δ∗B = 114.6◦ r(∗)
B = 0.4

Fig.  12.    (color  online)  2-D distributions  of  nuisance parameters  and  as  a  function of  obtained from 4000 pseudoexperi-
ments. In each figure, the horizontal dashed black lines indicate the initial true values:  (1.146 rad),  (3.0 rad), and

 (2.0 rad), as well as .
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γ µγ r(∗)
B = 0.4 0.22 δ(∗)B

65.66◦
Table 5.    Fitted mean values of  ( ) (in [deg]) for  (top) and  (bottom), as a function of ,  for initial true value of

.

δB

δ∗B

0 57.3 114.6 171.9 229.2 286.5

r(∗)
B = 0.4

0.0 66.2±0.4 65.9±0.4 67.4±0.4 65.9±0.4 65.9±0.4 67.4±0.4

57.3 65.4±0.4 69.2±0.4 71.4±0.4 65.5±0.3 67.7±0.4 72.6±0.4

114.6 65.8±0.4 70.5±0.4 72.9±0.4 65.9±0.3 69.3±0.4 73.8±0.4

171.9 65.6+0.5
−0.4 65.2±0.3 65.9±0.3 65.5±0.3 65.2±0.4 66.1±0.3

229.2 64.9±0.4 67.6±0.4 68.9±0.4 65.0±0.4 67.1±0.4 69.0±0.4

286.5 66.1±0.4 71.0±0.4 75.7±0.4 65.7±0.3 69.8±0.4 78.8±0.4

δB

δ∗B

0 57.3 114.6 171.9 229.2 286.5

r(∗)
B = 0.22

0.0 67.2+0.9
−1.0 68.1+1.0

−0.9 68.3+0.9
−0.8 67.1±0.8 68.4±0.9 69.0±0.8

57.3 67.4±0.9 72.2±0.8 74.1+0.8
−0.7 66.6±0.7 71.5±0.8 75.5±0.8

114.6 65.7±0.9 71.8±0.6 74.9±0.6 68.0±0.6 71.2±0.7 74.9±0.6

117.9 65.4±0.7 66.9±0.7 66.6±0.7 64.7±0.7 65.2±0.6 68.3±0.6

229.2 65.9+0.9
−1.0 69.1±0.8 70.1+0.7

−0.8 67.7±0.7 67.4±0.7 71.0+0.6
−0.7

286.5 67.5±0.9 75.8±0.8 77.5+0.8
−0.7 68.1±0.6 72.8+0.9

−0.8 83.5+2.4
−1.5

γ σγ r(∗)
B = 0.4 0.22 δ(∗)BTable 6.    Fitted resolution of  ( ) (in [deg]) for  (top) and  (bottom), as a function of .

δB

δ∗B

0 57.3 114.6 171.9 229.2 286.5

r(∗)
B = 0.4

0.0 9.6±0.4 11.2±0.3 11.2±0.3 9.4±0.4 12.2±0.4 11.2±0.3

57.3 11.2±0.3 12.6±0.3 11.8±0.3 10.2±0.3 12.4±0.3 12.9±0.3

114.6 11.4±0.3 11.9±0.3 11.1±0.3 10.0±0.3 11.3±0.3 11.9±0.3

171.9 8.3±0.4 9.8±0.3 8.8±0.2 8.9±0.3 9.5±0.3 9.0±0.2

229.2 10.8±0.3 11.7±0.3 10.8±0.3 10.3±0.3 12.4±0.3 11.7±0.3

286.5 11.0±0.3 12.9±0.3 11.6±0.3 9.2±0.2 11.7±0.3 13.2+0.6
−0.5

δB δ∗B

0 57.3 114.6 171.9 229.2 286.5

r(∗)
B = 0.22

0.0 16.5±0.7 16.8±0.7 16.0±0.6 16.8+0.8
−0.7 15.9+0.0

−0.6 16.0±0.7

57.3 16.7±0.6 18.1+0.9
−0.8 17.1+1.0

−0.9 14.3±0.5 16.8±0.7 17.6+1.3
−1.1

114.6 16.1+0.6
−0.7 15.9±0.6 13.9±0.5 14.1±0.5 15.1±0.6 14.9±0.6

171.9 15.7+0.7
−0.6 14.5±0.5 14.4±0.5 15.5±0.6 15.7+0.0

−0.5 14.0±0.5

229.2 15.9±0.6 15.7+0.5
−0.6 15.4±0.6 14.6+0.6

−0.5 15.6±0.5 14.4±0.6

286.5 16.9+0.7
−0.6 18.0+1.3

−1.1 16.7+1.2
−1.0 14.9+0.5

−0.6 16.1±0.7 18.7+2.8
−2.1
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γ 90◦

r(∗)
B δ(∗)B
γ 90◦

γ = 74◦ r(∗)
B = 0.4

δB = 171.9◦ δ∗B = 114.6◦

µγ = (73.7±0.3)◦ (74.2±0.7)◦)
σγ = (7.7±0.3)◦ (14.7±0.6)◦) r(∗)

B = 0.4

γ

65.66◦ γ

γ = 74◦ r(∗)
B = 0.4

that, as the true value of  is closer to the  boundary,
the unfolding  of  this  parameter  may  become more  diffi-
cult  for  many  configurations  of  the  nuisance  parameters

 and . It is clear from Eq. (14) that the sensitivity to
 is null at . This is illustrated in Fig. B1 in Appendix

B, which can be compared with Fig. 11. In this case, the
initial tested configuration is ,  and 0.22,

 (3  rad),  and  (2  rad).  For  these
configurations,  (  and

 (  for  (0.22). There
is  limited  degradation  of  the  resolution  compared  to  the
corresponding  configuration  when  the  true  value  of  is

.  The  fit  to  for the  pseudoexperiments  corres-
ponding to the configuration ,  and 0.22,

δB = 57.3◦ δ∗B = 286.5◦

r(∗)
B = 0.22

γ

90◦

18◦

δ(∗)B = 286.5◦ 3π/2 r(∗)
B = 0.22

 (1 rad), and  (5 rad) is presented in
Fig.  B2 in  Appendix  B.  For ,  it  can  clearly  be
observed that the fitted  value approaches the boundary
limit of , and the corresponding resolution is approx-
imately .  Such  behavior  can  be  clearly  understood
from  the  2-D  distribution  presented  in Fig.  6.  This  is
comparable  to  the  case  listed  in Tables  5 and 6 when

 (near  rad) and .

B0
s → D̃(∗)0(ππ)ϕ

B0
s → D̃(∗)0(Kππ0)ϕ

I.    Effect of using or not the  and

 decays or not

ππ Kππ0
As  listed  in Table  2 the  expected  yields  for  the D-

meson decays to  and  are  somewhat  lower than
those for the other modes, down to a few tens of events.

γ µγ r(∗)
B = 0.22 δ(∗)B

65.66◦

γ

Fig. 13.    (color online) Fitted mean values of  ( ) for  (red circles) and 0.4 (blue squares) as a function of  for initial
true value of  (1.146 rad). All of the listed values are in [deg]. In each figure, the horizontal dashed black line indicates the initial

 true value. All of the plotted uncertainties are statistical only.
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B±→ D̃0(π/K)±

B0
s → D̃(∗)0(Kπ)ϕ

B0
s → D̃(∗)0(ππ)ϕ

B0
s → D̃(∗)0(Kππ0)ϕ

ππ
CP Kππ0

RKππ0

D = (81±6)
B0

s → D̃(∗)0(ππ)ϕ
B0

s → D̃(∗)0(Kππ0)ϕ

B0
s → D̃∗0ϕ

Again,  these  yields  have  been  computed  from  LHCb
studies on ,  as reported in Refs.  [28] and
[29],  and  normalized  to  Ref.  [22]  with  respect  to  the
mode .  Therefore,  the  selections  are  not
necessarily  against  the  signals  and

, and  the  expected  yields  may  be  un-
derestimated, as well as all the sub-decays listed in Table
2. Furthermore, it  should be noted that the mode  is a

-eigenstate, whereas the 3-body decay also has a
large coherence factor value % [36]. Nev-
ertheless,  the  effect  of  using  the  and

 decays or not has been studied and is
reported here, and in Section VC, the effect of including
the decays  or  not  is  also discussed for  future
more abundant datasets.

γ

3 15 B0
s → D̃(∗)0(ππ)ϕ

3 22
B0

s → D̃(∗)0(Kππ0)ϕ

According to Fig. C1 in Appendix C, there is a relat-
ive loss on the precision in the unfolded value of  of ap-
proximately  to %, when the  decays
are not used. Figure C2 in Appendix C indicates that a re-
lative loss in precision of approximately  to % is ob-
served when the  decays are not used.

γ

1−3

V.  PROSPECTIVE ON SENSITIVITY TO  FOR
RUNS  AND FULL HIGH-LUMINOSITY

LHC (HL-LHC) LHCb DATASETS

γ B0
s → D̃(∗)0ϕ

The prospectives on the sensitivity to the CKM angle
 with  decays have also been studied for the

foreseen LHCb integrated luminosities at the end of LHC

γ σγ r(∗)
B = 0.22 δ(∗)B

65.66◦

σγ = 5◦ 10◦ 15◦ 20◦

Fig. 14.    (color online) Fitted resolutions of ( ), for  (red circles) and 0.4 (blue squares) as a function of for initial true
value of  (1.146 rad). All of the listed values are in [deg]. In each figure, the horizontal dashed black lines are guides for the eye
at , , , and . All of the plotted uncertainties are statistical only.
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pp√
s = 13

Flater = 6.3 90
1/
√

Flater

Run  3  and  for  the  possible  full  HL-LHC  future  LHCb
program.  According  to  Ref.  [20], the  LHCb trigger  effi-
ciency will be improved by a factor of 2 at the beginning
of  LHC  Run  3.  The  full  expected  LHCb  dataset  of 
collisions  at  TeV  corresponding  to  the  sum  of
the Run 1,  2,  and 3 LHCb dataset  should be equal to 23
fb-1 by 2025, whereas it is expected to be 300 fb-1 by the
second half of the 2030 decade. The final integrated LH-
Cb  luminosity  accounts  for  an  LHCb  detector  upgrade
phase  II.  In  the  following,  the  projected  event  yields,  as
listed  in Table  2,  after  2025  and  after  2038  have  been
scaled  by  a  factor  and ,  respectively,  and
with uncertainties on observables of .

γ

B0
s → D̃(∗)0ϕ

A.    Projected precision on  determination with
 decays

Kπ K3π
Kππ0

CKπ CKπ,Dπ0 CKπ,Dγ

For  this  prospective  sensitivity  study,  we  have  made
the  conservative  assumption  that  the  precision  on  the
strong  parameters  of  the D-meson  decays  to , ,
and  listed  in Table  3 should  be  improved  by  a
factor of 2 at the end of the LHCb program (see the BES-
III  experiment  prospectives  [54]). The  procedure  de-
scribed for  the LHCb Run 1 & 2 data  in  Section IV has
been  repeated.  The  values  of  the  normalization  factors

, ,  and  obtained  for  Run  1  &  2  (see
Section III) have been scaled to their expected equivalent
rate for Runs 1 to 3 and full HL-LHC LHCb datasets. The
statistical  uncertainties of the computed observables (see
Secttion  IVC)  obtained  for  the  Run  1  &  2  LHCb  data

B0
s

2×6×6
r(∗)

B δ(∗)B
r(∗)

B = 0.22 δ(∗)B = 0
γ = 65.66◦

have been scaled by the square root of a factor two times
(trigger improvement) the relative increase in the anticip-
ated collected -meson yield: 2.2 (8.8) for the Run 1 to
3 (full HL-LHC) LHCb dataset. Thereafter, for the Run 1
& 2  sensitivity  studies,  the  same  configurations
of the , and  nuisance parameters have been tested
(  or  0.4  and ,  1,  2,  3,  4,  5  rad,  and

 (1.146 rad)).

r(∗)
B δ(∗)B γ

1−3

γ = 65.66◦

δB = 171.9◦ δ∗B = 114.6◦

r(∗)
B = 0.4

r(∗)
B vs. γ

δ(∗)B vs. γ

γ

r(∗)
B δ(∗)B

γ = 65.66◦ δB = 57.3◦

δ∗B = 286.5◦ r(∗)
B = 0.4

The 2-D p-value distribution profiles  of  the nuisance
parameters  and  as a function of  are presented in
Figs. 15 and 16 for the expected Run  LHCb dataset,
and in Figs. 17 and 18 for the full HL-LHC LHCb data-
set. For the purpose of these illustrations, the initial con-
figuration  of  true  values  is  (1.146  rad),

 (3.0 rad), and  (2.0 rad), as well as
 (0.22). Therefore,  the  distributions  can  be  dir-

ectly  compared  to  those  depicted  in Figs.  7 and 8.  The
surface of the excluded regions at a 95.4% CL in 
and  clearly  increases  with  the  additional  data,
but even  in  the  semi-asymptotic  regime,  for  the  full  ex-
pected  HL-LHC  LHCb  dataset,  one  can  clearly  observe
possible  strong  correlations  between  and  the  nuisance
parameters  and .  This  is  also  visible  in Figs.  D1
and D2 in Appendix D, which are the equivalent version
for the full expected HL-LHC LHCb dataset of the Run 1
& 2 LHCb dataset presented in Figs. 5 and 6 for the con-
figurations  (1.146  rad),  (1.0  rad),
and  (5.0 rad), as well as  (0.22).

r(∗)
B δ(∗)B 1−3 γ

γ = 65.66◦ δB = 171.9◦ δ∗B = 114.6◦

r(∗)
B = 0.4

Fig. 15.    (color online) 2-D p-value profiles of nuisance parameters  and  (Runs ) as a function of .  In each figure, the
dashed  black  lines  indicate  the  initial  true  values  (1.146  rad),  (3.0  rad),  and  (2.0  rad),  as  well  as

.
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γ = 65.66◦ δB =

171.9◦ δ∗B = 114.6◦

r(∗)
B = 0.4 γ

For  the  configuration  (1.146  rad), 
 (3.0  rad),  and  (2.0  rad),  as  well  as

 (0.22), Fig. 19 presents the fitted  distribution
obtained  for  4000  pseudoexperiments  for  the  expected

1−3
µγ = (67.7±0.1)◦ ((73.5±0.2)◦) σγ = (3.5±0.1)◦

((5.5±0.2)◦) r(∗)
B = 0.4

µγ = (68.1± 0.1)◦ ((71.1±0.1)◦)

Run  LHCb  dataset.  The  fitted  values  are
  and 

 for  (0.22).  The  fitted  values
presented  in Fig.  21 are   

r(∗)
B δ(∗)B 1−3 γ

γ = 65.66◦ δB = 171.9◦ δ∗B = 114.6◦

r(∗)
B = 0.22

Fig. 16.    (color online) 2-D p-value profiles of nuisance parameters  and  for Run  LHCb dataset as a function of . In each
figure, the dashed black lines indicate the initial true values  (1.146 rad),  (3.0 rad), and  (2.0 rad), as
well as .

 

r(∗)
B δ(∗)B γ

γ = 65.66◦ δB = 171.9◦ δ∗B = 114.6◦

r(∗)
B = 0.4

Fig. 17.    (color online) 2-D p-value profiles of nuisance parameters  and  for full HL-LHC LHCb dataset as a function of . In
each figure, the dashed black lines indicate the initial true values  (1.146 rad),  (3.0 rad), and  (2.0 rad),
as well as .
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σγ = (2.5±0.1)◦ ((5.3±0.1)◦) r(∗)
B = 0.4

γ

8.8/3.5 = 2.5 14.4/5.5 = 2.6) r(∗)
B = 0.4

and   for  (0.22), re-
spectively,  for  the expected full  HL-LHC LHCb dataset.
The  fitted  values  are  slightly  shifted  up  with  respect  to
the  initial  true  value  but  are  compatible  within  one
standard  deviation.  When  comparing  with  the  numbers
listed  in Table  6,  it  can  be  observed  that  the  resolution
improves  as  ( for 
(0.22) when moving from the Run 1 & 2 to the expected

1−3

1−3
3.5/2.5 = 1.4 5.5/5.3 = 1.040)

r(∗)
B = 0.4

8.8/2.2 = 4.0

r(∗)
B δ(∗)B

Run  LHCb datasets,  whereas  a  factor  of  2.2  is  ex-
pected.  However,  when  moving  from  the  expected  Run

 to  the  full  expected  HL-LHC  LHCb  datasets,  the
improvement  is  only  (  for

 (0.22), whereas one may naively expect an im-
provement . This is certainly partially owing
to the strong correlations between the nuisance paramet-
ers  and . A more sophisticated simultaneous global fit to

r(∗)
B δ(∗)B γ

γ = 65.66◦ δB = 171.9◦ δ∗B = 114.6◦

r(∗)
B = 0.22

Fig. 18.    (color online) 2-D p-value profiles of nuisance parameters  and  for full HL-LHC LHCb dataset as a function of . In
each figure, the dashed black lines indicate the initial true values  (1.146 rad),  (3.0 rad), and  (2.0 rad),
as well as .

 

γ 1−3
γ = 65.66◦ r(∗)

B = 0.4 δB = 171.9◦ δ∗B = 114.6◦

r(∗)
B δ(∗)B

Fig. 19.    (color online) Fit to distributions of  obtained from 4000 pseudoexperiments for expected Run  LHCb dataset. The ini-
tial configuration is ,  (left) and 0.22 (right),  (3 rad), and  (2 rad). The purple dashed curve rep-
resents the tails generated by the correlations with the nuisance parameters  and ,  whereas the blue dashed curve indicates the
core part of the distribution, and the plain red line is the sum of the two components of the fit.
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γ σγ 1−3
δ(∗)B r(∗)

B = 0.4 65.66◦

σγ = 5◦ 10◦

Fig. 20.    (color online) Fitted mean values of  ( ) for Run 1 & 2 (pink lozenges), Run  (blue squares), and full HL-LHC (red
circles) LHCb dataset as a function of , for  and initial true value of  (1.146 rad). In each figure, the horizontal dashed
black lines are guides for the eye at  and .

 

γ

γ = 65.66◦ r(∗)
B = 0.4 δB = 171.9◦ δ∗B = 114.6◦

r(∗)
B δ(∗)B

Fig. 21.    (color online) Fit to distributions of  obtained from 4000 pseudoexperiments for expected full HL-LHC LHCb dataset. The
initial configuration is ,  (left) and 0.22 (right),  (3 rad), and  (2 rad). The purple dashed curve
represents the tails generated by the correlations with the nuisance parameters  and , whereas the blue dashed curve is the core
part of the distribution, and the plain red line is the sum of the two components of the fit.
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r(∗)
B δ(∗)B γthe nuisance parameters  and , and  may be useful.

TMath :: Prob
(91)

(89) r(∗)
B = 0.4

1−3

It must also be remembered that still ex-
hibits  some  under-coverage, namely 79 %  and  94

%  for  (0.22), with  respect  to  the  full  fre-
quentist  treatment  on  the  Monte-Carlo  simulation  basis
[50], as presented in Fig. 23, with the Run  and full

FK3π FKππ0 FKK Fππ

CKπ CKπ,Dπ0 CKπ,Dγ

B0
s → D

(∗)0
ϕ

expected HL-LHC LHCb datasets,  respectively.  The rel-
ative scale factors , , , and  used in this
study  already  have  a  precision  above  2%.  The  precision
on  the  normalization  factors , ,  and 
may also benefit from another improved precision of the
branching fraction of the decay modes  and of

γ σγ 1−3
δ(∗)B r(∗)

B = 0.22 65.66◦

σγ = 5◦, 10◦, 15◦

Fig. 22.    (color online) Fitted resolutions of  ( ) for Run 1 & 2 (pink lozenges), Run  (blue squares), and full HL-LHC (red
circles)  LHCb  dataset  as  a  function  of ,  for  and  initial  true  value  of  (1.146  rad).  In  each  figure,  the  horizontal
dashed black lines are guides for the eye at  and .
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B0
s → D

∗0
ϕ

B0
s → D̃0ϕ

D̃∗0(π0, γ)ϕ

the  longitudinal  polarization  fraction  in  the  mode
. However,  the  normalization  factors  are  the

same  for  all  sets  of  Eqs.  (14)-(34)  for  or
,  and  their  improved  precision  should  be  a

second order  effect.  All  of  the  above  listed  improve-
ments are expected to occur to benefit from the total ex-
pected HL-LHC LHCb dataset fully.

γ

δ(∗)B = 0 γ = 65.66◦

r(∗)
B = 0.4

r(∗)
B = 0.22 1−3

r(∗)
B = 0.4

3.4◦ 7.8◦ 1−3 2.2◦

7.1◦

r(∗)
B = 0.22 5.5◦ 8.2◦

1−3 3.3◦ 7.8◦

The expected resolutions on  for the other usual con-
figuration ( , 1, 2, 3, 4, 5 rad, and  (1.146
rad)) are presented in Fig. 20 for  and in Fig. 22
for , for the Run 1 & 2, Run , and full HL-
LHC LHCb datasets. For , the resolution mainly
ranges  from  to  for  Run  and  from  to

,  or  better,  for  the  full  HL-LHC  dataset.  For
, the resolution ranges from  to  for Run

 and from  to , or better, for the full HL-LHC
dataset.

B0
s → D̃(∗)0

CP K+K−

B0
s → D̃(∗)0ϕ

γ

Another  expected  improvement  could  arise  from  a
time-dependent CP Dalitz  plane  analysis  of  the  decay

, as anticipated in Ref. [55]. With the ul-
timate  HL-LHC  LHCb  dataset,  it  should  be  possible  to
perform such an analysis, thus including the 
decay,  to  extract  the  CKM  angle ,  as  proposed  a  few
years ago in [56].

For completeness, an alternate definition of the resol-

r(∗)
B δ(∗)B

ution as half of the 68.3% CL frequentist intervals of the
1-D p-value profiles  of  a  68.3%  CL  is  provided  in  Ap-
pendix E in Figs. E1 and E2. A better scaling of the per-
formances  is  observed  with  the  size  of  the  datasets,
whereas relatively worse resolutions are obtained with re-
spect to those displayed in Figs. 20 and 22. However, the
effects of the nuisance parameters  and  are treated
in a simplified manner compared to the full treatment by
the generated pseudoexperiments.

y = ∆Γs/2Γs

B.    Effect of strong parameters from D-meson
decays and of 

Kπ K3π Kππ0

τ

γ
γ = 1.146 65.66◦

r(∗)
B = 0.4 δB = 3.0 δ∗B = 2.0

γ

Most of the strong parameters of the D-meson decays
to , ,  and  are  external  parameters  and  are
obtained from beauty- or charm-factories, such as BaBar,
Belle,  CLEO-c,  and  LHCb  [27].  Improvements  in  their
determination  are  expected  soon  from the  updated  BES-
III  experiment  [50]  or  later,  from  future  super -charm
factories  [57-59].  Several  scenarios  have  been  tested  to
verify the effects of these improvements to the  sensitiv-
ity.  With  the  set  of  parameters  rad  ( ),

, and  rad, as well as , the uncer-
tainties  of  the  current  measurements  of  the D-meson
parameters listed in Table 3 have been scaled down, and
their  effects  on  the  fitted  values from  pseudoexperi-
ments are listed in Table 7. As the uncertainties of the ex-

χ2 γ γ = 1.146 r(∗)
B = 0.4

0.22 δB = 3.0 δ∗B = 2.0

TMath :: Prob
γ

Fig. 23.    (color online) Profiles of p-value distributions of global  fit to  for set of true initial parameters  rad, 
(left)  (right),  rad, and  rad. The assumed integrated luminosity is that of the LHCb data expected to be collected
after LHC Run 3 (top) and after the full  HL-LHC (bottom) period. The corresponding distribution obtained from the full  frequentist
treatment on the Monte Carlo simulation basis [50] is superimposed on the profile obtained with . In each figure, the ver-
tical dashed red line indicates the initial  true value, and the two horizontal dashed black lines refer to 68.3 and 95.4% CLs.
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γ

ternal parameters are not yet dominant (Run 1 & 2 data),
a study has also been performed for the expected full HL-
LHC dataset.  However, with substantially more data, fu-
ture  improvements  in  the  measurements  of  the  strong
parameters from the D-meson decays do not appear to in-
fluence the sensitivity to the CKM angle significantly.

γ r(∗)
B δ(∗)B

y = ∆Γs/2Γs

This exercise was repeated using the same initial con-
figuration  of  the  parameters , ,  and , for  the  un-
certainty on . The results of this study are lis-
ted  in Table  8,  Again,  no  obvious  sensitivity  to  these
changes is highlighted, neither for Run 1 & 2 nor for the
full  HL-LHC  dataset.  To  our  knowledge,  it  should  be
stressed that the tested improvements in y have not been
supported by any published prospective studies.

γ

r(∗)
B δ(∗)B
γ

B0
s → D̃(∗)0ϕ

From the  above  studies,  it  can  be  concluded that  the
possibly large correlations  of  with respect  to  the  nuis-
ances parameters  and  definitely dominate the ulti-
mate  precision  on  for  the  extraction  with  the

 modes.

B0
s → D̃∗0ϕC.    Effect of using  decays or not

B0
s → D̃∗0ϕ

B0
s → D̃0ϕ

γ π0

D̃∗0

rB δB γ
γ

1−3
γ = 65.66◦

δB = 171.9◦ δB = 114.6◦

It has been demonstrated in Ref. [22] that the decays
 can be reconstructed in a clean manner togeth-

er with , with a similar rate and a partial recon-
struction method, where the  or  produced in the de-
cay of  are omitted. Thus far, these modes have been
included  in  the  sensitivity  studies. Figures  F1-F6 in Ap-
pendix F present the 2-D p-value profiles of the nuisance
parameters  and  as a function of  as well as the fit
to the distributions of  obtained from 4000 pseudoexper-
iments  for  the  Run  1  &  2,  Run ,  and  full  HL-LHC
LHCb datasets for the initial true values  (1.146
rad),  (3.0  rad),  (2.0  rad),  and

r(∗)
B = 0.4 B0

s → D̃∗0ϕ

γ
B0

s → D̃∗0ϕ
r(∗)

B = 0.4
B0

s → D̃∗0ϕ

γ

 (0.22).  The  information  from  de-
cays has not been included in these figures. According to
Figs.  F2, F4,  and F6 in  Appendix  F,  there  is  a  relative
loss in the precision of the unfolded value of  of approx-
imately  20  (40%)  when  the  decays  are  not
used  for  (0.22). For  future  datasets,  the  im-
provement obtained by including the  modes is
less significant, but not negligible, and aids in improving
the measurement of .

VI.  CONCLUSIONS

B0
s → D̃(∗)0ϕ

γ
Kπ K3π Kππ0 KK ππ

γ 8◦ 19◦

γ 3◦−8◦

1−3
2◦−7◦

γ r(∗)
B

δ(∗)B
γ B0

s
γ B+ B0

s

Untagged  decays provide  another  theor-
etically  clean pathway to  the  measurement  of  the  CKM-
angle . By using the expected event yields for D decays
on , , , ,  and ,  we  have  demonstrated
that  a  precision  on  of  approximately  to  can  be
achieved  with  LHCb  Run  1  &  2  data.  With  additional
data, a precision on  of  can be achieved with the
LHCb  Run  dataset  (23  fb-1 in  2025).  Ultimately,  a
precision of the order of  is expected with the full
HL-LHC LHCb dataset (300 fb-1 in 2038). The asymptot-
ic sensitivity  is  dominated  by  the  possibly  large  correla-
tions of  with respect to the nuisance parameters  and

. The use of this method can improve our knowledge
of  from  decays and aid in understanding the discrep-
ancy of  between measurements with  and  modes.

We  are  grateful  to  all  members  of  the  CKMfitter
group  for  their  comments  and  providing  us  with  their
private software based on a frequentist approach for com-
puting  the  many  pseudoexperiments  performed  for  this
study. In particular, we would like to thank J. Charles for
his helpful comments on starting this analysis.

γ σγTable  7.    Fitted  resolutions  of  ( )  in  [deg]  obtained from 4000 pseudoexperiments  as  a  function  of  decreasing  uncertainties  of
strong D-meson parameters (see Table 3).

Uncertainties of D-meson params. Now ×1/2 ×1/5 ×1/10

r(∗)
B = 0.4Run 1 & 2 ( ) 8.8±0.2 8.1±0.3 8.0±0.3 7.8±0.2

r(∗)
B = 0.22Run 1 & 2 ( ) 12.9±0.3 13.2±0.5 13.1±0.5 12.8±0.9

r(∗)
B = 0.4Full HL-LHC ( ) 2.6±0.1 2.5±0.1 2.5±0.1 2.5±0.1

r(∗)
B = 0.22Full HL-LHC ( ) 5.4±0.1 5.3±0.1 5.2±0.1 5.1±0.1

γ σγ

y = ∆Γs/2Γs

Table  8.    Fitted  resolutions  of  ( )  in  [deg]  obtained  from  4000  pseudoexperiments  as  function  of  decreasing  uncertainties  of
. For the full HL-LHC dataset, the uncertainties for the strong D-meson parameters are divided by 2 with respect to the cur-

rent measurements (see Table 3).

y = ∆Γs/2ΓsUncertainty on Now ×1/2 ×1/5 ×1/10

r(∗)
B = 0.4Run 1 & 2 ( ) 8.8±0.2 8.3±0.2 8.2±0.2 8.1±0.3

r(∗)
B = 0.22Run 1 & 2 ( ) 12.9±0.3 12.6±0.4 12.5±0.5 12.5±0.5

r(∗)
B = 0.4Full HL-LHC ( ) 2.5±0.1 2.5±0.1 2.5±0.1 2.5±0.1

r(∗)
B = 0.22Full HL-LHC ( ) 5.3±0.1 5.3±0.1 5.2±0.1 5.2±0.1
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r(∗)
B δ(∗)BAppendix A: Fitted nuisance parameters  and 

rB µrB r(∗)
B = 0.22 δ(∗)B

γ 65.66◦ rB

rB σrB

Fig. A1.    (color online) Fitted mean values of  ( ), for  (red circles) and 0.4 (blue squares) as a function of  for initial
true value of  of  (1.146 rad).  In each figure,  the horizontal  dashed black line indicates the initial  true value,  and the dis-
played uncertainties are the fitted resolutions on  (i.e. ).
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r∗B µr∗B
r(∗)

B = 0.22 δ(∗)B

γ 65.66◦ r∗B
r∗B σr∗B

Fig. A2.    (color online) Fitted mean values of  ( ), for  (red circles) and 0.4 (blue squares) as a function of  for initial
true value of  of  (1.146 rad).  In each figure,  the horizontal  dashed black line indicates the initial  true value,  and the dis-
played uncertainties are the fitted resolutions on  (i.e. ).
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δB µδB r(∗)
B = 0.22 δ(∗)B

γ 65.66◦ δB

δB σδB

Fig. A3.    (color online) Fitted mean values of  ( ), for  (red circles) and 0.4 (blue squares) as a function of  for initial
true value of  of  (1.146 rad).  In each figure,  the horizontal  dashed black line indicates the initial  true value,  and the dis-
played uncertainties are the fitted resolutions on  (i.e. ).
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δ∗B µδ∗B
r(∗)

B = 0.22 δ(∗)B

γ 65.66◦ δ∗B
δ∗B σδ∗B

Fig. A4.    (color online) Fitted mean values of  ( ), for  (red circles) and 0.4 (blue squares) as a function of  for initial
true value of  of  (1.146 rad). In each figure, the dashed black line indicates the initial  true value, and the displayed uncer-
tainties are the fitted resolutions on  (i.e. ).
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γ 74◦Appendix B: Case of  equals 

γ

γ = 74◦ r(∗)
B = 0.4 δB = 171.9◦ δ∗B = 114.6◦

γ ∈ [0◦, 90◦]
r(∗)

B δ(∗)B

Fig. B1.    (color online) Fit to distributions of nuisance parameters  obtained from 4000 pseudoexperiments. The initial configuration
is ,  (left)  and 0.22 (right),  (3 rad),  and  (2 rad).  In the distributions, only the candidates with a
value of  are considered. The purple dashed curve represents the tails generated by the correlations with the nuisance para-
meters  and , whereas the blue dashed curve indicates the core part of the distribution, and the plain red line is the sum of the two
components of the fit.

 

γ

γ = 74◦ r(∗)
B = 0.4 δB = 57.9◦ δ∗B = 286.5◦

γ ∈ [0◦, 90◦]
r(∗)

B δ(∗)B

Fig. B2.    (color online) Fit to distributions of nuisance parameters  obtained from 4000 pseudoexperiments. The initial configuration
is ,  (left)  and  0.22  (right),  (1  rad),  and  (5  rad).  In  the  distributions,  only  the  candidates  with  a
value of  are considered. The purple dashed curve represents the tails generated by the correlations with the nuisance para-
meters  and , whereas the blue dashed curve indicates the core part of the distribution, and the plain red line is the sum of the two
components of the fit.
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B0
s → D̃(∗)0(ππ)ϕ B0

s → D̃(∗)0(Kππ0)ϕAppendix C: Excluding  and  decays

γ

γ = 65.66◦ rB = 0.4 δB = 171.9◦ δ∗B = 114.6◦ δB = 57.3◦

δ∗B = 286.5◦ B0
s → D̃(∗)0(ππ)ϕ

r(∗)
B δ(∗)B

Fig. C1.    (color online) Fit to distributions of  obtained from 4000 pseudoexperiments for Run 1 & 2 LHCb dataset. The initial con-
figuration is ,  (left) and 0.22 (right), and (top)  (3 rad) and  (2 rad) or (bottom)  (1 rad)
and  (5 rad) (w/o ). The purple dashed curve represents the tails generated by the correlations with the nuis-
ance parameters  and , whereas the blue dashed curve is the core part of the distribution, and the plain red line is the sum of the
two components of the fit.

 

γ

γ = 65.66◦ rB = 0.4 δB = 171.9◦ δ∗B = 114.6◦ δB = 57.3◦

δ∗B = 286.5◦ B0
s → D̃(∗)0(Kππ0)ϕ

r(∗)
B δ(∗)B

Fig. C2.    (color online) Fit to distributions of  obtained from 4000 pseudoexperiments for Run 1 & 2 LHCb dataset. The initial con-
figuration is ,  (left) and 0.22 (right), and (top)  (3 rad) and  (2 rad) or (bottom)  (1 rad)
and  (5  rad)  (w/o ).  The  purple  dashed  curve  represents  the  tails  generated  by  the  correlations  with  the
nuisance parameters  and , whereas the blue dashed curve is the core part of the distribution, and the plain red line is the sum of
the two components of the fit.
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Appendix D: Other examples of 2-D p-value profiles for full HL-LHC LHCb dataset

r(∗)
B δ(∗)B γ

r(∗)
B δ(∗)B γ γ = 65.66◦ δB = 57.3◦

δ∗B = 286.5◦ r(∗)
B = 0.4

Fig. D1.    (color online) 2-D p-value profiles of nuisance parameters  and  for full HL-LHC LHCb dataset as a function of . In
each  figure,  the  dashed  black  lines  indicate  the  initial  and  ( )  true  values:  (1.146  rad),  (1.0  rad),  and

(5.0 rad), as well as .
 

r(∗)
B δ(∗)B γ

γ = 65.66◦ δB = 57.3◦ δ∗B = 286.5◦

r(∗)
B = 0.22

Fig. D2.    (color online) 2-D p-value profiles of nuisance parameters  and  for full HL-LHC LHCb dataset as a function of . In
each figure, the dashed black lines indicate the initial true values  (1.146 rad),  (1.0 rad), and  (5.0 rad), as
well as .

 

Study of the CKM angle γ sensitivity using flavor untagged... Chin. Phys. C 45, 023003 (2021)

023003-31



γAppendix E: Half of 68.3% CL intervals of 1-D p-value profiles of 

γ 1−3
δ(∗)B r(∗)

B = 0.4 65.66◦
Fig.  E1.    (color  online)  Half  of  68.3%  CL  intervals  of  1-D p-value  profiles  of  for  Run  1  &  2  (pink  lozenges),  Run  (blue
squares), and full HL-LHC (red circles) LHCb dataset as a function of , for  and initial true value of . In each figure,
the horizontal dashed black lines are guides for the eye.
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γ 1−3
δ(∗)B r(∗)

B = 0.22 65.66◦
Fig.  E2.    (color  online)  Half  of  68.3%  CL  intervals  of  1-D p-value  profiles  of  for  Run  1  &  2  (pink  lozenges),  Run  (blue
squares), and full HL-LHC (red circles) LHCb dataset as a function of , for  and initial true value of . In each figure,
the horizontal dashed black lines are guides for the eye.
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B0
s → D̃∗0ϕAppendix F: Excluding  decays

rB δB γ

γ = 65.66◦ δB = 171.9◦ rB = 0.4
B0

s → D∗0ϕ

Fig. F1.    (color online) 2-D p-value profiles of nuisance parameters  and , for the Run 1 & 2 LHCb dataset, as a function of . In
each figure, the dashed black lines indicate the initial true values  (1.146 rad),  (3.0 rad), and  (left) and 0.22
(right) (w/o ).

 

γ

γ = 65.66◦ rB = 0.4 δB = 171.9◦ B0
s → D∗0ϕ

r(∗)
B δ(∗)B

Fig. F2.    (color online) Fit to distributions of  obtained from 4000 pseudoexperiments for Run 1 & 2 LHCb dataset. The initial con-
figuration is ,  (left) and 0.22 (right), and  (3 rad) (w/o ). The purple dashed curve represents the
tails generated by the correlations with the nuisance parameters  and , whereas the blue dashed curve indicates the core part of
the distribution, and the plain red line is the sum of the two components of the fit.
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rB δB 1−3 γ

γ = 65.66◦ δB = 171.9◦ δ∗B = 114.6◦

rB = 0.4 B0
s → D∗0ϕ

Fig. F3.    (color online) 2-D p-value profiles of nuisance parameters  and  (Run  LHCb) as function of . In each figure, the
dashed  black  lines  indicate  the  initial  true  values  (1.146  rad),  (3.0  rad),  and  (2.0  rad),  as  well  as

 (left) and 0.22 (right) (w/o ).
 

γ 1−3
γ = 65.66◦ rB = 0.4 δB = 171.9◦ B0

s → D∗0ϕ

r(∗)
B δ(∗)B

Fig. F4.    (color online) Fit to distributions of  obtained from 4000 pseudoexperiments (Run  LHCb). The initial configuration is
,  (left) and 0.22 (right), and  (3 rad) (w/o ). The purple dashed curve represents the tails gener-

ated by the correlations with the nuisance parameters  and , whereas the blue dashed curve indicates the core part of the distribu-
tion, and the plain red line is the sum of the two components of the fit.
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rB δB γ

γ = 65.66◦ δB = 171.9◦ rB = 0.4
B0

s → D∗0ϕ

Fig. F5.    (color online) 2-D p-value profiles of nuisance parameters  and  (full HL-LHC LHCb) as function of . In each figure,
the dashed black lines indicate the initial true values  (1.146 rad) and  (3.0 rad), as well as  (left) and 0.22
(right) (w/o ).

 

γ

γ = 65.66◦ rB = 0.4 δB = 171.9◦ B0
s → D∗0ϕ

r(∗)
B δ(∗)B

Fig. F6.    (color online) Fit to distributions of  obtained from 4000 pseudoexperiments (full HL-LHC LHCb). The initial configura-
tion is ,  (left) and 0.22 (right), and  (3 rad) (w/o ). The purple dashed curve represents the tails
generated by the correlations with the nuisance parameters  and , whereas the blue dashed curve indicates the core part of the dis-
tribution, and the plain red line is the sum of the two components of the fit.

 

D. Ao, D. Decamp, W. B. Qian et al. Chin. Phys. C 45, 023003 (2021)

023003-36



References

 M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652
(1973)

[1]

 I. Dunietz, Phys. Lett.  B 270, 75 (1991)[2]
 M. Gronau and D. London, Phys. Lett. B 253, 483 (1991)[3]
 M. Gronau and D. Wyler, Phys. Lett. B 265, 172 (1991)[4]
 D.  Atwood,  I.  Dunietz,  and  A.  Soni, Phys.  Rev.  Lett. 78,
3257 (1997), arXiv:hep-ph/9612433

[5]

 D.  Atwood,  I.  Dunietz,  and  A.  Soni,  Phys.  Rev.  D 63,
036005 (2001)

[6]

 A.  Bondar, Proceedings  of  BINP  special  analysis  meeting
on Dalitz analysis, 24-26 Sep. 2002, unpublished;

[7]

 A.  Giri,  Yu.  Grossman,  A.  Soffer et  al.,  Phys.  Rev.  D 68,
054018 (2003), arXiv:hep-ph/0303187

[8]

 A. Poluektov et al. (Belle Collaboration), Phys. Rev. D 70,
072003 (2004), arXiv:hep-ex/0406067

[9]

 Yu.  Grossman,  Z.  Ligeti,  and  A.  Soffer,  Phys.  Rev. D  67,
071301 (2003), arXiv:hep-ph/0210433

[10]

 A.  Ceccucci,  T.  Gershon,  M.  Kenzie et  al.,  arXiv:
2006.12404 [physics.hist-ph]

[11]

 M. W. Kenzie and M. P. Withehead (on behalf of the LHCb
Collaboration),  LHCb-CONF-2018-002,  CERN-LHCb-
CONF-2018-002

[12]

 R.  Aaij et  al.  (LHCb  Collaboration),  LHCb-PAPER-2020-
019, CERN-EP-2020-175, arXiv: 2010.08483 [hep-ex]

[13]

 R.  Aaij et  al (LHCb  Collaboration),  J.  High  Energy  Phys.
1803, 059 (2018), arXiv: 1712.07428[hep-ex].

[14]

 M. Schiller  (on  behalf  of  the  LHCb Collaboration), CERN
LHC seminar, and LHCb-PAPER-2020-030 in preparation.

[15]

 M. W. Kenzie and M. P. Withehead (on behalf of the LHCb
Collaboration),  LHCb-CONF-2020-003,  CERN-LHCb-
CONF-2020-003

[16]

 R.  Aaij et  al.  (LHCb Collaboration),  J.  High Energy Phys.
08, 137 (2016), arXiv:1605.01082[hep-ex]

[17]

 R.  Aaij et  al.  (LHCb Collaboration),  J.  High Energy Phys.
08, 041 (2019), arXiv:1906.08297[hep-ex]

[18]

 E.  Kou et  al. (Belle  Ⅱ Collaboration),  Prog.  Theor.  Exp.
Phys., (2019), arXiv:1808.10567[hep-ex]

[19]

 I.  Bediaga et  al.  (LHCb  Collaboration),  CERN-LHCC-
2018-027, LHCB-PUB-2018-009, arXiv: 1808.08865 [hep-
ex]

[20]

 R. Aaij et al. (LHCb Collaboration), Phys. Lett. B 727, 403
(2013), arXiv:1308.4583[hep-ex]

[21]

 R.  Aaij et  al.  (LHCb  Collaboration),  Phys.  Rev.  D 98,
071103 (2018), arXiv:1807.01892[hep-ex]

[22]

 R. Aaij et  al.  (LHCb Collaboration),  Phys.  Lett.  B 777,  16
(2017),  arXiv:  1708.06370  [hep-ex]  And  update  in  LHCb-
PAPER-2020-036, in preparation

[23]

 M. Gronau, Y. Grossman, N. Shuhmaher et al. , Phys. Rev.
D 69, 113003 (2004), arXiv:hep-ph/0402055

[24]

 M.  Gronau,  Y.  Grossman,  Z.  Surujon et  al.,  Phys.  Lett.  B
649, 61 (2007), arXiv:hep-ph/0702011

[25]

 S.  Ricciardi,  LHCb-PUB-2010-005,  CERN-LHCb-PUB-
2010-005

[26]

 Y.  Amhis et  al.  (Heavy  Flavor  Averaging  Group
(HFLAV)), arXiv: 1909.12524 [hep-ex] and online updates
at hflav.web.cern.ch

[27]

 R. Aaij et al. (LHCb Collaboration), Phys. Lett. B 760, 117
(2016), arXiv:1603.08993[hep-ex]

[28]

 R.  Aaij et  al.  (LHCb  Collaboration),  Phys.  Rev.  D 91,
112014 (2015), arXiv:1504.05442[hep-ex]

[29]

 Y.  Grossman,  A.  Sofer,  and  J.  Zupan,  Phys.  Rev.   D 72,
031501 (2005), arXiv:hep-ph/0505270

[30]

 M. Martone and J. Zupan, Phys. Rev. D 87, 034005 (2013),
arXiv:1212.0165[hep-ph]

[31]

 M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98,
030001 (2018)

[32]

 M.  Gronau,  Y.  Grossman,  Z.  Surujon et  al.,  Phys.  Lett.  B
649, 61 (2007)

[33]

 R.  Aaij et  al.  (LHCb Collaboration), Phys.  Rev.  Lett. 108,
101803 (2012), arXiv:1112.3183[hep-ex]

[34]

 R.  Aaij et  al.  (LHCb Collaboration),  J.  High Energy Phys.
04,  001  (2013),  arXiv:  1301.5286  [hep-ex];  the fs/fd value
was  updated  in  the  report  LHCb-CONF-2013-011,  CERN-
LHCb-CONF-2013-011

[35]

 T. Evans, S. Harnew, J. Libby et al., Phys. Lett. B 757, 520
(2016) and  Erratum  ibid  B 765,  402  (2017), arXiv:
1602.07430 [hep-ex]

[36]

 A.  Bondar  and  T.  Gershon,  Phys.  Rev.  D 70,  091503
(2004), arXiv:hep-ph/0409281

[37]

 The LHCb Collaboration public page[38]
 R.  Aaij et  al.  (LHCb Collaboration),  J.  High Energy Phys.
1308, 117 (2013), arXiv:1306.3663[hep-ex]

[39]

 R.  Aaij et  al. (LHCb Collaboration),  Phys.  Rev.  Lett. 118,
052002  (2017)  [Erratum  ibid 119, 169901  (2017)],   arXiv:
1612.05140 [hep-ex]

[40]

 R.  Aaij et  al.  (LHCb Collaboration),  J.  High Energy Phys.
10, 097 (2014), arXiv:1408.2748[hep-ex]

[41]

 J.  Charles et  al.  (The  CKMfitter  Group),  CKMfitter
Summer 2019 update

[42]

 A.  Bondar  and  A.  Poluektov,  Eur.  Phys.  J.  C 47, 347
(2006), arXiv:  hep-ph/0510246  and  Eur.  Phys.  J.  C 55,  51
(2008), arXiv: 0801.0840 [hep-ex]

[43]

 J.  Libby et  al.  (BES-Ⅲ Collaboration),  Phys.  Rev.  D 82,
112006 (2010), arXiv:1010.2817[hep-ex]

[44]

 M.  Ablikim et  al.  (BES-Ⅲ Collaboration),  Phys.  Rev.  D
101,  112002 (2020), arXiv: 2003.00091 [hep-ex] and Phys.
Rev. D 102, 052008 (2020), arXiv: 2007.07959 [hep-ex]

[45]

 I. Adachi et al. (BaBar and Belle Collaboration), Phys. Rev.
D 98, 110212 (2018)

[46]

 J. Charles et al. (The CKMfitter Group), Eur. Phys. J. C 41,
1  (2005), arXiv:  hep-ph/0406184,  updated  at  [ckmfitter.
in2p3.fr]

[47]

 J.  P.  Lees et  al.  (BaBar  Collaboration),  Phys.  Rev.  D 84,
112007  (2011) and  Erratum  ibid  D 87,  039901
(2013), arXiv: 1107.5751 [hep-ex]

[48]

 V.  Tisserand  (on  behalf  of  the  BaBar  and  Belle
Collaborations),  eConf C070512,  009  (2007),
arXiv:0706.2786[hep-ex]

[49]

 B. Sen, M. Walker, and M. Woodroofe, Statistica Sinica 19,
301-314 (2009)

[50]

 G. Cowan (for the Particle Data Group), review on statistic
in Phys. Rev. D 98, 030001 (2018) and 2019 online update

[51]

 T.  Evans,  J.  Libby,  S.  Malde et  al.,  Phys.  Lett.  B 802,
135188 (2020), arXiv:1909.10196[hep-ex]

[52]

 H. Ikeda et  al.  (Belle  Collaboration),  Nucl.  Instrum.  Meth.
A 441, 401-426 (2000)

[53]

 D.  M.  Asner et  al.,  Int.  J.  Mod.  Phys.  A 24,  S1-794
(2009), arXiv: 0809.1869 [hep-ex]

[54]

 R.  Aaij et  al.  (LHCb  Collaboration),  Phys.  Rev.  D 98,
072006 (2018), arXiv:1807.01891[hep-ex]

[55]

 S. Nandi and D. London, Phys. Rev. D 85,  114015 (2012),
arXiv:1108.5769[hep-ph]

[56]

 H.  Sheng  Chen,  Nucl.  Phys.-  Proceedings  Supplements  B
59(13), 316-323 (1997)

[57]

 S.  Eidelman, Nucl.  and  Part.  Phys.  Proceedings 260,  238-
241 (2015)

[58]

 Joint  Workshop  of  future  tau-charm  factory  (2018)  Orsay,
France  and  Joint  Workshop  on  future  charm-tau  Factory
(2019) Moscow, Russia.

[59]

Study of the CKM angle γ sensitivity using flavor untagged... Chin. Phys. C 45, 023003 (2021)

023003-37

https://doi.org/10.1143/PTP.49.652
https://doi.org/10.1103/PhysRevLett.78.3257
https://arxiv.org/abs/9612433
https://arxiv.org/abs/0303187
https://arxiv.org/abs/0406067
https://arxiv.org/abs/0210433
https://arxiv.org/abs/1605.01082
https://arxiv.org/abs/1906.08297
https://arxiv.org/abs/1808.10567
https://arxiv.org/abs/1308.4583
https://arxiv.org/abs/1807.01892
https://arxiv.org/abs/0402055
https://arxiv.org/abs/0702011
https://arxiv.org/abs/1603.08993
https://arxiv.org/abs/1504.05442
https://arxiv.org/abs/0505270
https://arxiv.org/abs/1212.0165
https://doi.org/10.1103/PhysRevLett.108.101803
https://arxiv.org/abs/1112.3183
https://arxiv.org/abs/0409281
https://arxiv.org/abs/1306.3663
https://arxiv.org/abs/1408.2748
https://arxiv.org/abs/1010.2817
https://arxiv.org/abs/0706.2786
https://arxiv.org/abs/1909.10196
https://arxiv.org/abs/1807.01891
https://arxiv.org/abs/1108.5769
https://doi.org/10.1016/j.nuclphysbps.2015.02.050
https://doi.org/10.1143/PTP.49.652
https://doi.org/10.1103/PhysRevLett.78.3257
https://arxiv.org/abs/9612433
https://arxiv.org/abs/0303187
https://arxiv.org/abs/0406067
https://arxiv.org/abs/0210433
https://arxiv.org/abs/1605.01082
https://arxiv.org/abs/1906.08297
https://arxiv.org/abs/1808.10567
https://arxiv.org/abs/1308.4583
https://arxiv.org/abs/1807.01892
https://arxiv.org/abs/0402055
https://arxiv.org/abs/0702011
https://arxiv.org/abs/1603.08993
https://arxiv.org/abs/1504.05442
https://arxiv.org/abs/0505270
https://arxiv.org/abs/1212.0165
https://doi.org/10.1103/PhysRevLett.108.101803
https://arxiv.org/abs/1112.3183
https://arxiv.org/abs/0409281
https://arxiv.org/abs/1306.3663
https://arxiv.org/abs/1408.2748
https://arxiv.org/abs/1010.2817
https://arxiv.org/abs/0706.2786
https://arxiv.org/abs/1909.10196
https://arxiv.org/abs/1807.01891
https://arxiv.org/abs/1108.5769
https://doi.org/10.1016/j.nuclphysbps.2015.02.050
https://doi.org/10.1143/PTP.49.652
https://doi.org/10.1103/PhysRevLett.78.3257
https://arxiv.org/abs/9612433
https://arxiv.org/abs/0303187
https://arxiv.org/abs/0406067
https://arxiv.org/abs/0210433
https://arxiv.org/abs/1605.01082
https://arxiv.org/abs/1906.08297
https://arxiv.org/abs/1808.10567
https://arxiv.org/abs/1308.4583
https://arxiv.org/abs/1807.01892
https://arxiv.org/abs/0402055
https://arxiv.org/abs/0702011
https://arxiv.org/abs/1603.08993
https://arxiv.org/abs/1504.05442
https://arxiv.org/abs/0505270
https://arxiv.org/abs/1212.0165
https://doi.org/10.1143/PTP.49.652
https://doi.org/10.1103/PhysRevLett.78.3257
https://arxiv.org/abs/9612433
https://arxiv.org/abs/0303187
https://arxiv.org/abs/0406067
https://arxiv.org/abs/0210433
https://arxiv.org/abs/1605.01082
https://arxiv.org/abs/1906.08297
https://arxiv.org/abs/1808.10567
https://arxiv.org/abs/1308.4583
https://arxiv.org/abs/1807.01892
https://arxiv.org/abs/0402055
https://arxiv.org/abs/0702011
https://arxiv.org/abs/1603.08993
https://arxiv.org/abs/1504.05442
https://arxiv.org/abs/0505270
https://arxiv.org/abs/1212.0165
https://doi.org/10.1103/PhysRevLett.108.101803
https://arxiv.org/abs/1112.3183
https://arxiv.org/abs/0409281
https://arxiv.org/abs/1306.3663
https://arxiv.org/abs/1408.2748
https://arxiv.org/abs/1010.2817
https://arxiv.org/abs/0706.2786
https://arxiv.org/abs/1909.10196
https://arxiv.org/abs/1807.01891
https://arxiv.org/abs/1108.5769
https://doi.org/10.1016/j.nuclphysbps.2015.02.050
https://doi.org/10.1103/PhysRevLett.108.101803
https://arxiv.org/abs/1112.3183
https://arxiv.org/abs/0409281
https://arxiv.org/abs/1306.3663
https://arxiv.org/abs/1408.2748
https://arxiv.org/abs/1010.2817
https://arxiv.org/abs/0706.2786
https://arxiv.org/abs/1909.10196
https://arxiv.org/abs/1807.01891
https://arxiv.org/abs/1108.5769
https://doi.org/10.1016/j.nuclphysbps.2015.02.050
https://doi.org/10.1143/PTP.49.652
https://doi.org/10.1103/PhysRevLett.78.3257
https://arxiv.org/abs/9612433
https://arxiv.org/abs/0303187
https://arxiv.org/abs/0406067
https://arxiv.org/abs/0210433
https://arxiv.org/abs/1605.01082
https://arxiv.org/abs/1906.08297
https://arxiv.org/abs/1808.10567
https://arxiv.org/abs/1308.4583
https://arxiv.org/abs/1807.01892
https://arxiv.org/abs/0402055
https://arxiv.org/abs/0702011
https://arxiv.org/abs/1603.08993
https://arxiv.org/abs/1504.05442
https://arxiv.org/abs/0505270
https://arxiv.org/abs/1212.0165
https://doi.org/10.1103/PhysRevLett.108.101803
https://arxiv.org/abs/1112.3183
https://arxiv.org/abs/0409281
https://arxiv.org/abs/1306.3663
https://arxiv.org/abs/1408.2748
https://arxiv.org/abs/1010.2817
https://arxiv.org/abs/0706.2786
https://arxiv.org/abs/1909.10196
https://arxiv.org/abs/1807.01891
https://arxiv.org/abs/1108.5769
https://doi.org/10.1016/j.nuclphysbps.2015.02.050
https://doi.org/10.1143/PTP.49.652
https://doi.org/10.1103/PhysRevLett.78.3257
https://arxiv.org/abs/9612433
https://arxiv.org/abs/0303187
https://arxiv.org/abs/0406067
https://arxiv.org/abs/0210433
https://arxiv.org/abs/1605.01082
https://arxiv.org/abs/1906.08297
https://arxiv.org/abs/1808.10567
https://arxiv.org/abs/1308.4583
https://arxiv.org/abs/1807.01892
https://arxiv.org/abs/0402055
https://arxiv.org/abs/0702011
https://arxiv.org/abs/1603.08993
https://arxiv.org/abs/1504.05442
https://arxiv.org/abs/0505270
https://arxiv.org/abs/1212.0165
https://doi.org/10.1103/PhysRevLett.108.101803
https://arxiv.org/abs/1112.3183
https://arxiv.org/abs/0409281
https://arxiv.org/abs/1306.3663
https://arxiv.org/abs/1408.2748
https://arxiv.org/abs/1010.2817
https://arxiv.org/abs/0706.2786
https://arxiv.org/abs/1909.10196
https://arxiv.org/abs/1807.01891
https://arxiv.org/abs/1108.5769
https://doi.org/10.1016/j.nuclphysbps.2015.02.050
https://doi.org/10.1143/PTP.49.652
https://doi.org/10.1103/PhysRevLett.78.3257
https://arxiv.org/abs/9612433
https://arxiv.org/abs/0303187
https://arxiv.org/abs/0406067
https://arxiv.org/abs/0210433
https://arxiv.org/abs/1605.01082
https://arxiv.org/abs/1906.08297
https://arxiv.org/abs/1808.10567
https://arxiv.org/abs/1308.4583
https://arxiv.org/abs/1807.01892
https://arxiv.org/abs/0402055
https://arxiv.org/abs/0702011
https://arxiv.org/abs/1603.08993
https://arxiv.org/abs/1504.05442
https://arxiv.org/abs/0505270
https://arxiv.org/abs/1212.0165
https://doi.org/10.1143/PTP.49.652
https://doi.org/10.1103/PhysRevLett.78.3257
https://arxiv.org/abs/9612433
https://arxiv.org/abs/0303187
https://arxiv.org/abs/0406067
https://arxiv.org/abs/0210433
https://arxiv.org/abs/1605.01082
https://arxiv.org/abs/1906.08297
https://arxiv.org/abs/1808.10567
https://arxiv.org/abs/1308.4583
https://arxiv.org/abs/1807.01892
https://arxiv.org/abs/0402055
https://arxiv.org/abs/0702011
https://arxiv.org/abs/1603.08993
https://arxiv.org/abs/1504.05442
https://arxiv.org/abs/0505270
https://arxiv.org/abs/1212.0165
https://doi.org/10.1103/PhysRevLett.108.101803
https://arxiv.org/abs/1112.3183
https://arxiv.org/abs/0409281
https://arxiv.org/abs/1306.3663
https://arxiv.org/abs/1408.2748
https://arxiv.org/abs/1010.2817
https://arxiv.org/abs/0706.2786
https://arxiv.org/abs/1909.10196
https://arxiv.org/abs/1807.01891
https://arxiv.org/abs/1108.5769
https://doi.org/10.1016/j.nuclphysbps.2015.02.050
https://doi.org/10.1103/PhysRevLett.108.101803
https://arxiv.org/abs/1112.3183
https://arxiv.org/abs/0409281
https://arxiv.org/abs/1306.3663
https://arxiv.org/abs/1408.2748
https://arxiv.org/abs/1010.2817
https://arxiv.org/abs/0706.2786
https://arxiv.org/abs/1909.10196
https://arxiv.org/abs/1807.01891
https://arxiv.org/abs/1108.5769
https://doi.org/10.1016/j.nuclphysbps.2015.02.050

