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Abstract: In this study, the first radial excited heavy pseudoscalar and vector mesons (17.(2S), ¥(2S), B:(2S),
B7(2S), np(2S), and T'(2S)) are investigated using the Dyson-Schwinger equation and Bethe-Salpeter equation ap-

proach. It is shown that the effective interactions of the radial excited states are harder than those of the ground

states. With the interaction well determined by fitting the masses and leptonic decay constants of ¥(2S) and 7(2S),

the first radial excited heavy mesons could be quantitatively described in the rainbow ladder approximation. The
masses and leptonic decay constants of 7.(25), B.(2S), B:(2S), and 1,(2S) are predicted.
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I. INTRODUCTION

For a theoretical scientist, radial excited hadrons are
more challenging to study than their ground states. They
are widely studied in the quark model [1-6]. However,
many “missing states” have been predicted. A more rigor-
ous corresponding relation between the quark model res-
onant states and the experimental observed ones is expec-
ted. Lattice Quantum Chromodynamics (QCD) aims to
produce the hadron spectrum from first principle. The
study of radial excited states is also less advanced than
that of the ground states; see Table I and Table II in Ref.
[7] for a lattice QCD study of ground state mesons. For
the radial excited hadrons, see Ref. [8-13].

My purpose herein is to study the radial excited states
via a continuum QCD approach, the Dyson-Schwinger
equation and the Bethe-Salpeter equation (DSBSE) ap-
proach. Many interesting properties of the excited states
have been obtained using this approach, for example, the
radial excited pseudoscalar mesons decouple from the
axial-vector current in the chiral limit [14]. The electro-
magnetic properties and chiral symmetry restoration of
the radial excited states were also studied [15, 16]. It is
shown qualitatively that radial excited mesons are more
sensitive to interactions at a large distance, though a real-
istic prediction for the excited mesons from the rainbow
ladder (RL) approximation failed [17, 18].

In this paper, I focus on the the first radial excited

heavy pseudoscalar and vector mesons, i.e. 7.(2S),
W(2S), B.(2S), B:(2S), ny(2S) and T(2S). Of these
mesons, ¥(2S) and T(2S) were discovered more than 20
years ago [19, 20], and they were extensively studied in
the following years. Even so, the decay width of 7,(2S) is
not well determined. Then, 7.(2S) was discovered in
2004 [21] and n,(2S) in 2012 [22]. The B, mesons are
much more difficult to observe due to their small produc-
tion cross sections. Until recently, B.(2S) and B:(2S)
were measured by the CMS and LHCb collaborations
[23, 24], yet the mass of B;(2S) has not been determined
precisely. Therefore, a systematic theoretical study of
these mesons is of significant meaning.

I and my collaborators studied these excited mesons
in the RL approximation in Ref. [25]. Therein, one gluon
exchange effective interaction between a quark and an
antiquark is fixed by the ground state mesons [7]. The ef-
fective interaction in Ref. [7] is universal for all light,
heavy-light, and heavy ground pseudoscalar and vector
mesons. It could be extended to ground state scalar and
axial vector mesons [26]. When applying the same inter-
action to radial excited heavy mesons, we found that the
spectrum is 1% lower than the available experimental
value. The leptonic decay constant is lower by 12% for
7(2S) and by 42% for y(2S). This tells us that radial ex-
cited mesons do not share the same effective interactions
with ground state mesons.

What should an effective interaction be like? A prop-
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er interaction should not only produce the right spectrum,
but also the right wave function for the mesons. The
leptonic decay constant (see Eq. (3) and Eq. (4)) de-
scribes quark antiquark annihilation inside a meson and
thus, is the simplest quantity related to the meson wave
function. Therefore, herein I refix the effective interac-
tion with the masses and leptonic decay constants of
7(2S) and y(2S). Then, the masses and leptonic decay
constants of the other four resonances are calculated. It
turns out that all first radial excited heavy pseudoscalar
and vector mesons could be described in a universal ef-
fective interaction. In Section II, I introduce the frame-
work of the DSBSE approach in the RL approximation.
The details of the calculation and the results are ex-
pounded in Section III. Finally, the summary and conclu-
sions are given in Section IV.

II. THE MODEL

The framework has been introduced in previous
works [7, 25, 26]. It is recapitulated here for convenience.
In the RL approximation, the quark propagator is solved
by the Gap equation [27, 28]:

4 A s
S5 ) = Zaliy -k Zump) + 5 (Z2)° fd Dy (y,S 1@y,
q
M

where f ={u,d,s,c,b,t} represents the quark flavor. S ((k)
is the quark propagator, which can be decomposed as
Zf(kz)
ik+Mp(k?)
tion and M;(k*) the quark mass function. [ =k—gq. my is
the current quark mass. DZV represents the effective inter-
action for the self energy of the f~quark. Z, and Z,, are
the renormalisation constants of the quark field and the

S p(k) = . Zp(k*) is the quark dressing func-

quark mass, respectively. fd/; =f A d*q/(27)* stands for a
Poincaré invariant regularized integration, with the regu-
larization scale A .

A meson is qualified by the Bethe-Salpeter amplitude
(BSA), T/¢(k; P), with k and P being the relative and the
total momentum of the meson, respectively. P> = —Mzg,
and My, is the mass of the meson with quark flavor (f,g).
The BSA is solved by the Bethe-Salpeter equation (BSE)
[29, 30]

A
| g(k;P)]; =- fd ) g(Zz)zbﬁ(l)[n]Z[%]Z[Xf “q:P)

(2)

where a, f, o, and J are the Dirac indexes.

x'8(q; P) = S p(q4)T/8(q; P)S¢(g-) is the wave function,
g+ =q+nP/2, q-=q—(1-nP/2, 5 is the partitioning

parameter describing the momentum partition between
the quark and the antiquark and does not affect the phys-
ical observables. D£§ represents the effective interaction
between the quark and the antiquark. The leptonic decay
constant of the pseudoscalar meson, fp-, is obtained by

A
fo Pa=2aNete [y, S @@ RIS a0 )
dg

N, =3, is the color number. “tr” represents the trace of
the Dirac index. The leptonic decay constant of the vec-
tor meson, fi-, is analogous to

A n
fi-My- = Z,N, trfdl 7,le~(4+)1"{:5’”(61;P)Sg(q-)- 4)
q

_ _ . L1,
D{:V and Df:f:’ are decomposed as D*,’:V(l)=(6w—’;—2)

L
tions G/ (12) and G/4(1?) are modeled as

L. 1.1, .
G/ (%) and Dﬁé’(l) = (@W— £ ) G74(1%). The dressing func-

G/ (5) = Glp(5) + Guv (), (5)
: D:

Gla(s) =8 eI, (©)

f

G'8(s) = GI5(5) + Guv(s), (7)
for v _ 022 Do 1,0

Gp(s) =8r P wge , (8)

~ 872y, F (5)
GV = s/ALp)?]’ ©)

where s = 1. Q{R(s) and g{,‘;’(s) are the infrared interac-
tions responsible for the hadron properties. wy represents
the interaction width in momentum space, and Dy is the
infrared strength. Gyv(s) keeps the one-loop perturbative
QCD limit in the ultraviolet. F(s)=[l—exp(—s*/
[AmiDl/s, v, =12/(33-2N;), with m,=1.0GeV,
t=e-1, Ny=5, and Aqcp =021 GeV. This model
turned out to be successful for all ground state pseudo-
scalar and vector mesons, from heavy, heavy-light to
light mass scales. It has been extended to the scalar and
axial vector mesons [26]. These successes support that
Eq. (8) contains the proper flavor dependence. However,
the same interaction should not apply to radial excited
mesons if high precision is required, as stated in Section
L.
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To mimic the interesting difference between the radi-
al excited states and the ground states, Eq. (8) is changed
into

D D
g{ﬁ(s) — 87T2 nr 2f Mg zge—s/((rfu),nka)g). (10)

wf Wy

While wy and Dy (f ={c,b}) are kept unchanged from
those in Ref. [7], ay and 5y (f ={c,b}) are free paramet-
ers. ay presents the changing of the interaction width and
ns the infrared strength. The four free parameters, a., s,
n., and n,, are fixed by fitting the masses and leptonic
decay constants of y(25) and T(2S) (Myws), Mras),
fues), fres)) to the experimental values. The expriment-
al values of fyns) and frps) are extracted from the
branch decay width of the vector meson to e*e™. The val-
ues arc f,/,(zs) =-0.208 GeV, f'r(zs) =-0.352 GeV [25]
Then, the masses and leptonic decay constants of 7.(25),
B.(2S), B:(2S), and n,(2S) are calculated with refixed in-
teractions.

III. OUTPUTS OF THE MODEL

Before discussing the results, we should first explain
the process of solving the BSE, Eq. (2). Eq. (2) is solved
as a P?>-dependent eigenvalue problem,

A C (04 o

VEPH[TH kP =~ fd %(zzfﬁﬁé’ (l)[y,,](r[w];[xfg(q;P)]a-
q

(1

The meson mass is determined by 1/¢(P? = —Mj%g) =1.
However, due to the singularity of the quark propagators
in the complex momentum plane, there is a lower bound
value for P? in Eq. (11). Only when P?> > -M2,__, Eq. (11)
is solvable. M2 defines the contour border of the calcul-
able region of the quark propagators; see appendix of
Ref. [31] for this problem.

As the masses of the radial excited mesons are bey-
ond the contour border, i.e. My, > Mmax, the following
form is used to fit A/¢(P?):

N,
1+ Z an(P? +5,)"
1 _ n=1
Afg(P?) N, ’ (12)
1+ Z ba(P? +5,)"
n=1

where N, is the order of the series s, and a, and b, are
the parameters to be determined by the least square meth-
od. f,(P?) is fitted by

N,
fot Y ca(P? + M2y
fra(PH = —2= : (13)
du(P* + M?)"

o

1+
n=1

where f;, ¢,, and d, are parameters, and M? is the square
of the mass. The physical value of the decay constant is
fre(~M?*) = f,. This extrapolation scheme has been used
in Refs. [25, 26]. The error is controllable as long as the
physical mass of the meson is not considerably larger
than Mp.x. The extrapolation results are illustrated by
B.(2S) in the two upper figures of Fig. 1. N, =1,2,3 are
considered in practice, and the differences between the
three cases are estimated to be the error from extrapola-
tion.

Three groups of w; and Dy are used, which are the
same as in Ref. [7]. Different groups of parameters cor-
respond to different interaction widths. In each case, af
and 7y (f ={c,b}), are fixed by fitting the masses and
leptonic decay constants of (2S) and T’(2S) to the ex-
perimental values. Then, masses and leptonic decay con-
stants of 7.(2S), B.(2S), B:(2S), and 7,(2S) are output-
ted. The differences in the outputs are considered to be
the errors due to varying the parameters. This is illus-
trated by B.(2S), the two lower figures of Fig. 1.

The masses and leptonic decay constants of 7.(25),
W(2S), B:(2S), Bi(2S), np(2S), and T1(2S) herein (the
DSE results) and the available experimental values (the
expt. results) are listed in Table 1. For the DSE results,
the first error is from the extrapolation, and the second is
from varying the parameters. The extrapolation errors of
the charmonium masses are larger than those of the B,
mesons and the bottomonium, because heavier mesons
are less affected by the higher orders in Eq. (12) in the
extrapolation process. Comparing the DSE results with
the experimental values, the largest mass deviation is
20 MeV, in the case of 7.(2S). Therefore, the systematic
error of the DSE calculated spectrum is estimated to be
20 MeV. The mass of B;(2S) is not well determined ex-
perimentally, due to a lack of knowledge of the B:(1S)
mass. Herein, I provide the most precise prediction of the
B;(2S) mass to date. Note that my prediction is also con-
sistent with the potential model results, for example, see
Table IV in Ref. [37].

There are no experimental values for f, o5y, fz.0s),
fB:@25), Or fy,25)as of now. I list the leptonic decay con-
stants from other models in Table 1. In this article, the
normalization convention f; = 0.093 GeV ~ 0.131/ V2
GeV is used for the leptonic decay constants, so the res-
ults in Refs. [33-35] have to be divided by V2 for com-
parison with those of this study. Ref. [33] includes the
nonrelativistic quark model results, cited therein for the
case of “BGS log” with A =0.25 GeV and A =0.40 GeV.
Ref. [34] describes the static potential model results, and
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Fig. 1. (color online) Extrapolation of the eigenvalue, A(P?), and the leptonic decay constant, f(P?), of B.(2S). The upper two figures
show the extrapolation with N, = 1,2,3 using Eq. (12) and Eq. (13). The lower two figures show the results of using the three different
groups of parameters that are listed in Table Al in the appendix. The vertical dot-dashed orange line is the contour border on the right
of which the direct calculation can be applied. The green stars present the location of the meson masses.

Table 1. Masses and leptonic decay constants of the first radial excited heavy pseudoscalar and vector mesons (in GeV). The normal-
ization convention f, =0.093 GeV is used for the leptonic decay constants. M%SEE and f;,SE are the Dyson-Schwinger equation results,
whereby the first error is from the extrapolation, and the second is from varying the parameters. The underlined values are used to fit
the parameters oy, and ns, in Eq. (10). M;;‘f’t' are the experimental values [32]. See the text for the experimental values of f,s) and
fres)- The results in Refs. [33-36] have to be divided by V2 for comparison with those of this study. Ref. [33] presents the nonrelativ-
istic quark model results, cited therein for the case of “BGS log” with A =0.25 GeV and A =0.40 GeV. Ref. [34] presents the static po-

tential model results. Ref. [35] presents a QCD sum rule estimation and Ref. [36] a nonrelativistic Cornell potential model result.

meson JPC MgSE Migpt. fEIgSE f:;pt If] [33] Ifl [36]
7:(25) o+ 3.618(25)(3) 3.638 —0.158(8)(4) - 0.170~0.172 0.197
Y(28) - 3.686(21)(0) 3.686 =0.208(5)(0) -0.208 0.207~0.216 0.182
DSE t. DSE t. ;
meson JP Mci; M(CEP fci} f:gP Ifl [34] Ifl [35] Il [36]
B.(25) 0 6.874(9)(6) 6.872 —0.174(5)(4) - 0.198(35) 0.304(14) 0.251
BX(25) - 6.926(12)(6) - -0.216(9)(4) - - 0.325(14) 0.252
DSE expt. DSE expt. 33] [36]
meson JPe M M Fop fop 11 I£1
np(25) 0+ 9.989(13)(3) 9.999 —0.345(6)(1) - 0.291~0.299 0.367
TQS) - 10.023(11)(0) 10.023 -0.352(4)(0) -0.352 0.336~0.350 0.367

Ref. [35] presents a QCD sum rule estimation. Recently, sistent one compared with this study. There are fewer
some other model estimations have been made of the studies on the B.(2S) and B;(2S) leptonic deacy con-
leptonic decay constants of 7.(2S), ¥(2S), n,(2S), stants. Results from Ref. [34] are consistent with those of
and?’(25) [38, 39]. However, Ref. [33] is the most con- this study. However, results in Ref. [35] are incompatible
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Fig. 2. (color online) Effective interaction dressing func-

tions of the ground states (Egs. (7)-(9)) and the first radial ex-
cited states (Eq. (7), Eq.(10) and Eq. (9)). The region bound-
ary is defined by Parameter-1 and Parameter-3 in Table Al in
the appendix.

with the viewpoint herein. Ref. [36] calculated the entire
S-wave heavy meson spectrum and the leptonic decay
constants via the nonrelativistic Cornell potential model.
The bottomonium decay constants therein are consistent
with those from this study, while there are deviations for
the charmonium and the B, mesons.

Regardless, the reasonableness of my results can be
justified with the following three facts:

1. The RL approximation is suffcient for the pseudo-
scalar and vector mesons;

2. The interaction patterns in Eq. (7), Eq. (10) and Eq.

(9) contain the proper flavor dependence, so the B.
mesons share this universal interaction form with the
charmonium and the bottomonium,;

3. The interaction is refixed by the experimental value
of the masses and leptonic decay constants of 7’(2S) and
¥(28), so the interactions for the radial excited mesons
are realistic.

Finally, let us discuss the effective interaction
between a quark and an antiquark in radial excited
mesons. This is characterized by the dressing function
G’¢. The dressing functions, G(k?), G°(k*) and G**(k?),
for the ground states and the first radial excited states are
depicted in Fig. 2. We can see that the dressing functions
of the radial excited mesons are smaller in the region
K <07~11GeV? and larger in the region
k*2 0.7 ~ 1.1 GeV?. This can be understood as follows:
the energy of quarks in the radial excited mesons is lar-
ger, so the soft interaction declines, and the hard interac-
tion increases. This feature also applys to light mesons.
As the light excited meson mass is farther from the con-
tour border, the extrapolation of Eq. (12) and Eq. (13) has
a larger error. This problem is reserved for future studies.

IV. SUMMARY AND CONCLUSION

In summary, the first radial excited heavy pseudoscal-
ar and vector mesons (7.(25), ¥(2S), B.(2S), B:(2S),
np(2S), T(2S)) are studied with the Dyson-Schwinger
equation and the Bethe-Salpeter equation approach. The
interaction is refixed by fitting the masses and leptonic
decay constants of (2S) and 7(2S) to the exprimental
values. With the interaction well determined, a precise
prediction of the masses and leptonic decay constants of
n:(2S), B.(2S), B:(2S), and n,(2S) can be given. This
study also shows that, compared with the ground states,
the soft part of the effective interaction in the excited
states declines and the hard part increases.

APPENDIX A

The three groups of parameters corresponding to
w, =0.45,0.50,0.55 GeV are listed in Table Al. The

quark mass rhj: is defined by

: /|:1 é,2 :|7m
il =g | sln5—| (A1)
f 2 Adep
1 2 Ym
iy = lim [ElnA‘f M(pD). (A2)
p?—oo QCD

with { being the renormalisation scale, /%, the renormal-
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Table A1. Three groups of parameters correspond to wy,/q = 0.45,0.50,0.55 GeV. mfmcv, wy and Dy are measured in GeV. a and 7 are
of unit 1.

Parameter-1
flavor m;f:zcev
: wy D} ar ny
c 1.17 0.690 0.645 1.360 0.755
b 4.97 0.722 0.258 1.323 0.671
—2GeV Parameter-2
flavor ﬁzi’ © >
wy Dy af ny
c 1.17 0.730 0.599 1.304 0.817
b 4.97 0.766 0.241 1.265 0.730
Parameter-3
flavor m{;mev
wy D} ar ny
c 1.17 0.760 0.570 1.265 0.865
b 4.97 0.792 0.231 1.225 0.766

isation-group invariant current-quark mass, and M(p?)

the quark mass function.
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