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We carry out the first lattice QCD derivation of the mixing energy and the mixing angle of the 
pseudoscalar charmonium and glueball on two gauge ensembles with N f = 2 degenerate dynamical 
charm quarks. The mixing energy is determined to be 49(6) MeV on the near physical charm ensemble, 
which seems insensitive to charm quark mass. By the assumption that X(2370) is predominantly 
a pseudoscalar glueball, the mixing angle is determined to be approximately 4.6(6)◦, which results 
in a +3.9(9) MeV mass shift of the ground state pseudoscalar charmonium. In the mean time, the 
mixing can raise the total width of the pseudoscalar charmonium by 7.2(8) MeV, which explains to 
some extent the relative large total width of the ηc meson. As a result, the branching fraction of 
ηc → γ γ can be understood in this cc̄-glueball mixing framework. On the other hand, the possible 
discrepancy of the theoretical predictions and the experimental results of the partial width of J/ψ → γ ηc

cannot be alleviated by the cc̄-glueball mixing picture yet, which demands future precise experimental 
measurements of this partial width.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The ηc meson is usually assigned to be the 11 S0 state of char-
monium in the quark model. The latest review of the Particle 
Data Group (PDG) [1] gives its mass and the total width to be 
mηc = 2983.9 ± 0.4 MeV and �ηc = 32.0 ± 0.7 MeV, respectively. 
Its width seems quite large among the charmonium states below 
the D D̄ threshold, since its strong decays take place only through 
the Okubo-Zweig-Iizuka rule (OZI rule) [2–4] suppressed processes. 
This large width motivates the scenario that ηc may have a sizable 
glueball component. Among the established flavor singlet pseu-
doscalar mesons, η(1405) is usually taken as a candidate for the 
pseudoscalar glueball [5–7]. However, the quenched lattice QCD 
studies [8–11] predict that the mass of the pseudoscalar glueball is 
around 2.4-2.6 GeV, which is confirmed by lattice simulations with 
dynamical quarks [12–14] (Note that in these lattice studies with 
dynamical quarks, only gluonic operators built from Wilson loops 
were used and the possible mixing of glueballs with qq̄ mesons 
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and multiple meson states were not considered yet). This raised a 
question on η(1405) as a glueball candidate because of its much 
lighter mass. On the other hand, there is also a theoretical anal-
ysis claiming that η(1405) and η(1475) can be the same state 
belong to the qq̄-nonet in the 1.3-1.5 GeV mass region [15], such 
that there is no need of a pseudoscalar glueball state in this re-
gion. Given the mass of the pseudoscalar glueball predicted by 
lattice QCD, it is intriguing to study the possible mixing between 
the pseudoscalar charmonium and the glueball. Apart from the to-
tal width of ηc , this mixing scenario is also physically relevant to 
the understanding of ηc properties in the ηc → γ γ [16–19] and 
J/ψ → γ ηc processes [20–25], where there exist more or less 
tensions between the experimental observations and the theoreti-
cal expectations. The phenomenological and lattice studies on this 
topic can be found in Refs. [26–29].

In this work, we investigate the charmonium-glueball mixing 
relevant to ηc in the lattice QCD formalism. There have been pi-
oneering lattice studies of the mixing of the scalar glueball and 
qq̄ mesons [30,31]. Strictly speaking, this kind of study should be 
carried out by the lattice calculation with dynamical quarks. It is 
known that glueballs are flavor singlets and can mix only with 
flavor singlet qq̄ mesons or meson systems. The propagator of a 
flavor singlet qq̄ meson has contributions from both connected and 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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Table 1
Parameters of two N f = 2 gauge ensembles with degenerate charm sea quarks.

Ensemble L3 × T β as (fm) ξ Ncfg m J/ψ (MeV)

I 163 × 128 2.8 0.1026 5 7000 2743(1)

II 163 × 128 2.8 0.1026 5 6084 3068(1)

disconnected quark diagrams. Theoretically, in full QCD the discon-
nected diagrams are the valence quark loops sandwiched with a 
tower of sea quark loops. When dynamical quarks are absent, the 
propagator of a flavor singlet qq̄ state is not complete such that 
there are no propagating modes. Since this work is an exploratory 
study on the charmonium-glueball mixing, we generate the gauge 
configurations with charm sea quarks and omit light sea quarks 
for the theoretical simplicity. Our lattice setup is unitary for charm 
quarks and permits the charmonium-glueball mixing to take place 
at any time in a temporal interval, since the species of the sea 
quarks and the valence quarks are the same. In practice, we gen-
erate two large gauge ensembles with two degenerate flavors of 
charm sea quarks. The Large statistics are mandatory for glueballs 
to have good signal-to-noise ratios. The key task of this study is the 
calculation of the annihilation diagrams of charm quarks, which is 
highly computational demanding. For this we adopt the distilla-
tion method [32] which enables us to realize the gauge covariant 
smearing of quark fields and the all-to-all quark propagators si-
multaneously.

2. Numerical details

2.1. Lattice setup

As an exploratory study, we ignore the effect of light quarks 
and generate gauge configurations with N f = 2 flavors degenerate 
charm sea quarks on an L3 × T = 163 ×128 anisotropic lattice with 
the aspect ratio being set to ξ = as/at = 5, where at and as are the 
temporal and spatial lattice spacing, respectively. The lattice spac-
ing as is determined to be as = 0.1026 fm through the static poten-
tial and r0 = 0.491 fm. We use the tadpole improved anisotropic 
clover fermion action and tadpole improved gauge action, the de-
tails of lattice action can be found in [14]. To investigate the mass 
dependence of the mixing, we generate two gauge ensembles (de-
noted by Ensemble I and Ensemble II) with different bare charm 
quark masses. The parameters of the gauge ensembles are listed 
in Table 1, where m J/ψ is the corresponding mass of the vector 
charmonium on these two ensembles. The charm quark mass on 
Ensemble II is close to the physical one with m J/ψ = 3068 MeV, 
which is not far from the experimental J/ψ mass 3097 MeV. The 
quark mass on Ensemble I is a little lighter than the physical 
charm quark mass. We would like to use these two ensembles to 
check quark mass dependence of our results. In order to get good 
signals of glueballs, we generate the gauge ensembles with high 
statistics in this study.

2.2. Operators and correlation functions

The principal goal of this work is to investigate the possi-
ble mixing of the pseudoscalar glueball and the pseudoscalar 
cc̄ meson, therefore the annihilation diagrams of charm quark 
and antiquark should be taken care of. For this to be done, we 
adopt the distillation method [32]: First, for each configuration 
and on each time slice, we calculate N = 50 eigenvectors vn(t)
of the gauge covariant spatial lattice Laplacian operator −∇2

xy(t). 
Thus the smeared charm quark field c(s) can be obtained by 
c(s)(x, t) = [V (t)V †(t)]xyc(y, t) where V (t) is a matrix with each 
column being an eigenvector vn(t). Secondly, the all-to-all propa-
gator S(c)

(x, t; y, t′) of c(s) can be derived through perambulators 
αβ

2

defined in the framework of the distillation method (one can refer 
to Ref. [37] for the technical details).

Physically, there is only one flavor of the charm quark, while 
we have two degenerate flavors of charm quarks in the fermion 
action of our setup, therefore two degenerate charm sea quarks in 
the gauge configuration, which can be denoted by c1(x) and c2(x), 
and compose an ‘isospin’ doublet similar to u and d quarks. Since 
glueballs are independent of quark flavors and can mix only with 
flavor singlet mesons, the pseudoscalar charmonium of interest in 
this work is only the flavor (isospin) singlet state, whose interpo-
lation field can be defined in terms of the smeared charm quark 
fields c(s)

1 and c(s)
2

O� = 1√
2
(c̄(s)

1 �c(s)
1 + c̄(s)

2 �c(s)
2 ), (1)

where � refers to γ5 or γ5γ4. Based on the degeneracy of the two 
flavors of charm quarks, the correlation function of O� can be ex-
pressed as

CCC (t) = 1

T

T∑
ts=1

∑
xy

〈O�(x, t + ts)O†
�(y, ts)〉

= 1

T

T∑
ts=1

∑
xy

〈C(x, t + ts;y, ts) + 2D(x, t + ts;y, ts)〉

≡ C(t) + 2D(t) (2)

with C(x, t; y, t′) and D(x, t; y, t′) being the contributions from the 
connected and disconnected diagrams, respectively,

C(x; t,y, t′) = −Tr[�S(c)(x, t;y, t′)�† S(c)(y, t′;x, t)]
D(x; t,y, t′) = Tr[�S(c)(x, t;x, t)]Tr[�† S(c)(y, t′;y, t′)]. (3)

For the pseudoscalar glueball operator, we adopt the treatment 
in Ref. [9,10] to get the optimized hermitian operator OG(t) =
O†

G(t) coupling mainly to the ground state glueball based on differ-
ent prototypes of Wilson loops and gauge link smearing schemes, 
Appendix A shows details of the operator construction. Thus we 
have the following correlation functions

CGG(t) = 1

T

T∑
ts=1

〈OG(t + ts)OG(ts)〉

CGC (t) = 1

T

T∑
ts=1

∑
x

〈OG(t + ts)O†
�(x, ts)〉

= −
√

2

T

T∑
ts=1

∑
x

〈OG(t + ts)Tr[�† S(c)(x, ts;x, ts)]〉

CC G(t) = 1

T

T∑
ts=1

∑
x

〈O�(x, t + ts)OG(ts)〉 = ∓CGC (t) (4)

where the ∓ sign comes from the hermiticity of O� and takes the 
minus sign for � = γ5 (anti-hermitian) and positive sign for γ5γ4
(hermitian).

3. Mixing angles

Strictly speaking, the hadronic states in lattice QCD are the 
eigenstates |n〉 of the lattice Hamiltonian Ĥ , which are defined as 
Ĥ|n〉 = En|n〉. For a given quantum number, |n〉’s span a orthogo-
nal and complete set, namely 

∑ |n〉〈n| = 1 with the normalization 

n



R. Zhang, W. Sun, Y. Chen et al. Physics Letters B 827 (2022) 136960
condition 〈m|n〉 = δmn . Therefore, the correlation function C XY (t)
of operator OX and OY can be parameterized as

C XY (t) ≈
∑
n 
=0

[
〈0|OX |n〉〈n|O†

Y |0〉
(

e−Ent ± e−En(T −t)
)]

(5)

where the ± sign is for the same and opposite hermiticities of OX
and OY , respectively.

Since our lattice formalism is unitary for charm quarks, namely, 
the species of sea quarks and valence quarks are the same, we 
can choose another complete state set {|αi〉, i = 1, 2, · · · } as the 
state basis, such that an eigenstate |n〉 of Ĥ can be expressed 
in terms of |αi〉 as |n〉 = ∑

i
Cni |αi〉 with 

∑
i

|Cni |2 = 1. In this 

sense, one can say that |n〉 is an admixture of states |αi〉 whose 
fractions are |Cni |2. For the case of this work, we choose the 
state set {|αi〉, i = 1, 2, . . .} of flavor singlet pseudoscalars to be 
|αi〉 = |G1〉, |(cc̄)1〉, |G2〉, |(cc̄)2〉, . . ., where |Gi〉 and |(cc̄)i〉 are the 
i-th pure gauge glueball state and the pure cc̄ state, respectively. 
This might be physically meaningful since glueball states are well 
defined and turn out to exist in the quenched approximation, as 
well as that charmonium states are usually considered as cc̄ bound 
states in the phenomenological studies. It should be emphasized 
that this assumption is the prerequisite of the following discus-
sion, and is the common ansatz in the phenomenological mixing 
models.

Obviously, the mixing takes place only between glueball states 
and cc̄ states in the state set {|αi〉, i = 1, 2, . . .}. If the dynamics 
of the mixing can be treated as perturbations, then to the lowest 
order of the perturbation theory, it may be assumed that the mix-
ing is dominated by that between the nearest glueball state and cc̄
state. Thus the Hamiltonian Ĥ can be expressed as

Ĥ =
(

mG1 x1
x1 m(cc̄)1

)
⊕

(
mG2 x2
x2 m(cc̄)2

)
⊕ · · · (6)

where mGi and m(cc̄)i are the masses of the state |Gi〉 and 
|(cc̄)i〉, respectively. The off-diagonal matrix elements xi of Ĥ
are called mixing energies which are exactly the transition ampli-
tude between state |Gi〉 and |(cc̄)i〉. Thus the eigenstates |n〉 =
|g1〉, |η1〉, |g2〉, |η2〉, . . . are related to |Gi〉 and |(cc̄)i〉 by( |gi〉

|ηi〉
)

=
(

cos θi − sin θi
sin θi cos θi

)( |Gi〉
|(cc̄)i〉

)
(7)

where the mixing angles θi have been introduced. The eigenval-
ues of Ĥ , namely, the masses of |ηi〉 and |gi〉 states can be eas-
ily derived as mηi = m̄i + �iδi/2 and mgi = m̄i − �iδi/2, where 

m̄i = 1
2 (mGi +m(cc̄)i ), �i = m(cc̄)i −mGi , δi =

√
1 + 4x2

i /�
2
i . Accord-

ingly, the mixing angles θi and mass shifts of |(cc̄)i〉 can be derived 
as

sin θi = sgn(xi�i)

√
δi − 1

2δi
= xi

�i
+O

(
x3

i

�3
i

)
,

�mηi = mηi − m(cc̄)i = −1

2
�i + 1

2
�iδi ≈ x2

i

�i
, (8)

where sgn(xi�i) refers to the sign of xi�i . Therefore, for the 
ground state ηc(1S) we are interested in, the key task is to ex-
tract θ1 that is the mixing angle of the ground state of the pseu-
doscalar glueball |G1〉 and the ground state pseudoscalar charmo-
nium |(cc̄)1〉.

3.1. The � = γ5 case

Actually the mixing angle θi can be derived from the correla-
tion function CC G (t) or CGC (t) for the � = γ5 case if we assume 
3

boldly that OG couples almost exclusively with |Gi〉 and O� cou-
ples exclusively with |(cc̄)i〉, namely,

O†
G |0〉 =

∑
i 
=0

√
ZGi |Gi〉

O†
γ5 |0〉 =

∑
i 
=0

√
Z(γ5),i|(cc̄)i〉 (9)

With this assumption and by utilizing Eq. (7) and Eq. (9), one has

CGC (t) = −
∑

i

√
ZGi Z(γ5),i cos θi sin θi

(
e−mgi t − e−mgi (T −t)

−(e−mηi t − e−mηi (T −t))
)

. (10)

Note that in the above equation, we also use the fact that Oγ5

is anti-hermitian. When T is large, the above parameterization of 
CGC (t) requires CGC (t = 0) ≈ 0, which is a direct consequence of 
the assumption of Eq. (9). The measured CGC (t)’s from the ensem-
ble I and II are shown in the right most column of Fig. 1, where 
one can see that this CGC (t = 0) ≈ 0 is meet. This manifests that 
the assumptions in Eq. (10) are reasonable.

In order for θi ’s to be extracted using Eq. (10), one has to 
know the parameters mgi , mηi , ZGi and Z(γ5),i , which, based on 
the assumptions of Eq. (9), are encoded in the correlation func-
tions CCC (t) and CGG (t) as

CGG(t) =
∑

i

ZGi

[
cos2 θi

(
e−mgi t + e−mgi (T −t)

)

+ sin2 θi

(
e−mηi t + e−mηi (T −t)

)]
CCC (t) =

∑
i

Z(γ5),i

[
cos2 θi

(
e−mηi t + e−mηi (T −t)

)

+ sin2 θi

(
e−mgi t + e−mgi (T −t)

)]
. (11)

Therefore, we carry out a simultaneous fit to CGC (t), CCC (t) and 
CGG (t) through the correlated minimal-χ2 fitting procedure us-
ing the function forms in Eq. (10) and (11). Since we focus on 
θ1, in practice we only consider the contribution from the lowest 
two glueball states and two cc̄ states, namely, we use i = 1, 2 in 
above functions to model the data and treat the second states to 
be the effective states that take account of the contribution of all 
the higher states. The calculated results and fit results are shown 
in Fig. 1. The data points in the left most column show the effec-
tive masses meff

CC (t) of the correlation function CCC (t) on the two 
ensembles (the upper panel is for ensemble I and the lower one is 
for ensemble II), which are defined by

meff
CC (t) = ln

CCC (t)

CCC (t + 1)
. (12)

The effective mass meff
GG (t) on the two ensembles are shown as 

data points in the middle column. The right most two panels of 
Fig. 1 show the correlation functions CGC (t) obtained on the two 
ensembles. The curves with error bands are plotted using the best 
fit parameters obtained through the fitting procedure mentioned 
above, where the colored bands illustrate the fitting time range. 
The fitted masses and the mixing angles θ1 are collected in Table 2, 
where the masses are converted into the values in physical units 
through the lattice spacings in Table 1. The fit time windows and 
the related χ2 per degree of freedom (χ2/dof ) are also presented. 
It is seen that the function forms of Eq. (10) and Eq. (11) describes 
the data very well with a reasonable χ2/dof . On the ensemble 
I, the fitted ηc mass is around mη1 ≈ 2.7 GeV, while the result 
on ensemble II is mη1 ≈ 3.0 GeV and close to the experimental 
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Fig. 1. Effective mass from two point functions CCC (t), CGG (t) and correlation function CGC (t) for operator with � = γ5 using best fit parameters from Eq. (10) and (11)
on ensemble I (top) and ensemble II (bottom), where points with error bar are from simulation data with jackknife estimated error, the light gray band shows the fitted 
results with best fit parameters in Table 2, and the color band indicates the fitting range. The large errors of meff

CC (t) in the time range beyond t/at > 20 come mainly from 
the disconnected diagrams (see discussions in Appendix B).

Table 2
Ground state mass and mixing angle fitted from operators with � = γ5 and � = γ5γ4 on ensemble I and ensemble II, rows started 
with avg. are the final weighted average results.

ensemble � [tl, th]CC [tl, th]GG [tl, th]GC χ2/dof mη1 (MeV) mg1 (MeV) θ1 x1(MeV)

I
γ5 [10, 25] [2, 18] [2, 25] 1.1 2705(2) 2289(50) 6.8(9)◦ 49(9)
γ5γ4 [10, 25] [2, 18] [2, 30] 0.98 2701(1) 2283(51) 6.5(9)◦ 48(9)
avg. — — — — 2703(1) 2286(50) 6.6(9)◦ 48(9)

II
γ5 [13, 30] [3, 15] [2, 20] 1.1 3028(8) 2261(74) 4.5(6)◦ 60(10)
γ5γ4 [13, 30] [2, 15] [1, 30] 1.1 3031(3) 2348(47) 3.9(3)◦ 47(5)
avg. — — — — 3031(3) 2323(55) 4.3(4)◦ 49(6)
value. On the two ensembles, the fitted pseudoscalar glueball mass 
is around 2.3 GeV and shows little dependence of the charm quark 
masses. Finally, we get the mixing angle θ1 = 6.8(9)◦ and θ1 =
4.5(6)◦ on ensemble I and ensemble II, respectively. According to 
Eq. (8) and using the mass differences mη1 − mg1 listed in Table 2
as the estimate for �1 = m(cc̄)1 − mG1 , the mixing energy x1 is 
derived to be 49(9) MeV and 60(10) MeV on these two ensembles.

3.2. The � = γ5γ4 case

As a cross check, we also carried out the similar calculation 
by using the � = γ5γ4 for the interpolation field operator of the 
pseudoscalar cc̄ states. The corresponding correlation functions 
CCC (t) and CGC (t) are calculated using Eq. (4). The effective masses 
meff

CC (t), meff
GG(t) and CGC (t) on the two ensembles are shown in 

Fig. 2. It is interesting to see that, in contrast to the case of � = γ5, 
the correlation function CGC (t) does not go to zero when t → 0
now (see the right most column of Fig. 2). This implies that the 
assumptions in Eq. (9) may not apply here. If we insist the rela-
tion O†

G |0〉 = ∑
i 
=0

√
ZGi |Gi〉 still holds, then the second assumption 

in Eq. (9) should be modified.
Actually, the operator Oγ5γ4 is the temporal component of the 

isoscalar axial vector current Jμ5 = c̄γ5γ
μc with c = (c1, c2)

T here 
(up to a normalization factor since the charm quark fields in Oγ5γ4

are spatially smeared). According to the U A(1) anomaly of QCD, Jμ5
satisfies the following anomalous axial vector relation

∂μ Jμ(x) = 2mcc̄(x)γ5c(x) + q(x), (13)
5

4

where q(x) = g2

16π2 εαβρσ Ga
αβ Ga

ρσ is the anomalous term from the 
U A(1) anomaly with g being the strong coupling constant and Ga

αβ

being the strength of color fields. The first term on the right hand 
side of Eq. (13) is proportional to our operator Oγ5 , thus based on 
the assumption in Eq. (9) we have

〈0|∂μ Jμ5 (x)|Gi〉 ≈ 〈0|q(x)|Gi〉. (14)

On the other hand, if we introduce the decay constant of the glue-
ball state |Gi〉 through the definition

〈0| Jμ5 (x)|Gi, p〉 = i fGi pμe−ip·x, (15)

then we have 〈0|∂μ Jμ5 (0)|Gi, p = 0〉 = m2
Gi

fGi and therefore fGi =
1

m2
Gi

〈0|q(0)|Gi〉. Thus from Eq. (15) we can estimate that

〈0|Oγ5γ4 |Gi,p = 0〉 ∝ 1

mGi

〈0|q(0)|Gi〉. (16)

Previous lattice studies show that pseudoscalar states can be ac-
cessed by the operator q(x) [10,11], thus the nonzero matrix el-
ement 〈0|q(0)|Gi〉 implies the coupling 〈0|Oγ5γ4 |Gi〉 
= 0. Conse-
quently we have the following matrix elements

〈0|Oγ5γ4 |gi〉 = cos θi〈0|Oγ5γ4 |Gi〉 − sin θi〈0|Oγ5γ4 |(cc̄)i〉
〈0|Oγ5γ4 |ηi〉 = sin θi〈0|Oγ5γ4 |Gi〉 + cos θi〈0|Oγ5γ4 |(cc̄)i〉. (17)

Thus the correlation function CGC (t) can be parameterized as
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Fig. 2. Effective mass from two point functions CCC (t), CGG (t) and correlation function CGC (t) for operator with � = γ5γ4 using best fit parameters from CGG (t) of Eq. (11)
and (18) on ensemble I (top) and ensemble II (bottom), where points with error bar are from simulation data with jackknife estimated error, the light gray band shows 
the fitted results with best fit parameters in Table 2, and the color band indicates the fitting range.
CGC (t) =
2∑

i=1

[
〈0|OG |gi〉〈gi |Oγ5γ4 |0〉

(
e−mgi t + e−mgi (T −t)

)

+〈0|OG |ηi〉〈ηi|Oγ5γ4 |0〉
(

e−mηi t + e−mηi (T −t)
)]

≈ √
ZG1〈0|Oγ5γ4 |G1〉 cos2 θ1

(
e−mg1 t + e−mg1 (T −t)

)

−
2∑

i=1

√
ZGi Z(γ5γ4),i cos θi sin θi

(
e−mgi t + e−mgi (T −t)

−(e−mηi t + e−mηi (T −t))
)

, (18)

where 
√

Z(γ5γ4),i = 〈0|Oγ5γ4 |(cc̄)i〉 has been defined. The second 
equality is derived based on first assumption of Eq. (9), namely 
〈0|OG |(cc̄)i〉 = 0, and 〈0|Oγ5γ4 |Gi〉 
= 0 discussed above. In the first 
term of the last expression of Eq. (18), we only keep the mass 
term of |g1〉 state to take care of the temporal behavior of CGC (t)
in the early time range. This is justified since the operator OG(t)
is optimized to couple most to the ground state with ZG1 � ZG2 . 
The terms proportional to sin2 θi are expected to be small and also 
neglected here.

Using Eq. (11) (after replacing Z(γ5),i by Z(γ5γ4),i ) and Eq. (18), 
we carry out a simultaneous fit to CGG (t), CGC (t) and CCC (t). The 
fit procedure is the same as the case of � = γ5. In Fig. 2, the 
colored curves with error bands are plotted using the best fit pa-
rameters. It is seen that the function forms mentioned above also 
describe the data very well. The fitted results are shown in Table 2
and can be compared with the γ5-case directly. On both ensem-
bles, it is clear that the results of the two cases are compatible 
with each other within errors.

For each ensemble, the final results are obtained by averaging 
the results of the γ5 and γ5γ4 case weighted by their inverse error 
square. To be specific, for a quantity A, its averaged value and error 
are calculated through

Aavg =
∑

i

ωi Ai, Aerr =
√∑

i, j

ωiω jσiσ j, (19)

with ωi = σ−2
i / 

∑
i σ

−2
i , where σi is the standard error of observ-

able Ai . The averaged results are also shown in the rows labeled
5

by avg. in Table 2. Finally, we get the following mixing angles θ1

and the mixing energies x1 on ensemble I and II

θ1 = 6.6(9)◦, x1 = 48(9) MeV (Ensemble I)

θ1 = 4.3(4)◦, x1 = 49(6) MeV (Ensemble II). (20)

Since the mass mη1 on ensemble II is close to the experimental 
value of mηc , we use Eq. (8) to estimate the mass shift from m(cc̄)1

due to the mixing as

�mlat
ηc

≈ x2
1

mη1 − mg1

≈ 3.4(9) MeV. (21)

4. Discussion

Till now, our major conclusion is that there does exist the 
mixing between the ground state pseudoscalar glueball and the 
ground state pseudoscalar charmonium. In this section, we will 
discuss the possible phenomenological implications of this kind of 
mixing. The prerequisite of these discussions is the identification 
of the possible pseudoscalar glueball candidate in experiments. 
The BESIII collaboration has observed a likely pseudoscalar struc-
ture X(2370) in the processes J/ψ → γ η′ππ [33] and J/ψ →
γ η′K K̄ [34]. The mass of X(2370) is consistent with the prediction 
of the pseudoscalar glueball mass from lattice QCD studies. On the 
other hand, the branching fractions are measured to be Br( J/ψ →
γ X → γ η′ K +K −) = (1.79 ± 0.23(stat.) ± 0.65(syst.)) × 10−5 and 
Br( J/ψ → γ X → γ η′K S K S ) = (1.18 ± 0.32(stat.)) ± 0.39(syst.)) ×
10−5 [34], which are also compatible with the lattice prediction 
of the branching ratio of J/ψ radiatively decaying into a pseu-
doscalar glueball, namely Br( J/ψ → γ G) = 2.31(80) × 10−4 [25]. 
With these observations, we tentatively consider X(2370) as the 
pseudoscalar glueball candidate in the following discussions.

First, we consider the mass shift of the pseudoscalar charmo-
nium due to the mixing. The non-zero mixing angle θ1 and mix-
ing energy x1 imply that the mixing can shift the masses of the 
unmixed pseudoscalar charmonium upward. Since x1 reflects the 
dynamics of the cc̄-glueball mixing, it is expected that x1 is in-
sensitive to the small variances of the masses of the pseudoscalar 
glueball and charmonium. Thus, to the lowest order of the pertur-
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bation theory (see Eq. (8)), the mixing angle and the mass shift of 
the ground state pseudoscalar charmonium can be estimated as

sin θexp ≈ x1

mηc − mX(2370)

≈ 0.080(10)

�mexp
ηc ≈ x2

1

mηc − mX(2370)

≈ 3.9(9) MeV, (22)

where the corresponding mixing angle is θexp ≈ 4.6(6)◦ . These re-
sults are relevant to the charmonium hyperfine splitting �HFS =
m J/ψ − mηc , which is usually used as a good quantity to calibrate 
the systematic uncertainties of lattice QCD calculations in charm 
physics. The PDG2020 result [1] gives �HFS = 113.0(4) MeV. The 
latest lattice calculation carried out by the HPQCD collaboration 
finds �HFS = 120.3(1.1) MeV at the physical point after consid-
ering the quenched QED effects [35]. Obviously, this result, with 
a much smaller error, still deviates the experimental value by 
+7.3(1.2) MeV. The uncontrolled systematic uncertainties of this 
calculation are the charm quark annihilation effects and the pos-
sible mixing between pseudoscalar glueball and the pseudoscalar 
charmonium. As far as the charm annihilation effects are con-
cerned, previous lattice studies show that they contribute little 
to the J/ψ mass while move the ηc mass upward by roughly 2 
MeV [36]. We have also investigated these effects using the same 
ensembles in this work and obtained the mass shift of ηc due to 
the charm annihilation effects is +3.7(5) MeV [37]. We are not 
sure whether this mass shift is theoretically equivalent to �mηc in 
Eq. (21) or they can be combined together to give the total mass 
shift of ηc . Anyway, these corrections to the ηc mass are in the 
right direction. On the other hand, the effect of light sea quarks, 
which are not considered in this work, may push the ηc mass up-
ward further.

Secondly, the cc̄-glueball mixing can contribute substantially to 
the total width of ηc . It is known that ηc decays predominantly 
into light hadrons such that the total width of ηc can be approx-
imated as �ηc ≈ �(ηc → LH) where LH stands for all the light 
hadron final states. Although a direct derivation of �(ηc → LH)

cannot be achieved from lattice QCD in the present era, we can 
discuss the contribution of the cc̄-glueball mixing to �ηc by the 
following logic. To the leading order of perturbative QCD, the pro-
cesses ηc → LH can be viewed as that ηc decays into two gluons 
first and then the two gluons are hadronized into light hadrons. 
Thus the decay width �(ηc → LH) can be expressed as

�ηc ≈ �(ηc → LH) ≈ �(ηc → gg) = 1

2

1

16π

1

mηc

|M(ηc → gg)|2

(23)

where the additional factor is due to the identical two final state 
gluons. These arguments also apply to the hadronic decays of the 
pseudoscalar glueball (denoted by |G〉) and charmonium (denoted 
by |(cc̄)〉). Therefore we obtain the following relation

|M(G → gg)|
|M(cc̄ → gg)| ≈

(
mG�G

mcc̄�cc̄

)1/2

, (24)

where (mG , �G), (mcc̄, �cc̄) are the mass and width of |G〉 and 
|(cc̄)〉, respectively. If ηc is an admixture of |G〉 and |(cc̄)〉, i.e. 
|ηc〉 = cos θ |(cc̄)〉 + sin θ |G〉 (see Eq. (7)), by using Eq. (24) the ratio 
of �ηc to �cc̄ is expressed as

�ηc

�cc̄
≈ |M(ηc → gg)|2mcc̄

|M(cc̄ → gg)|2mηc

≈
∣∣∣∣cos θ + sin θ

|M(G → gg)|
|M(cc̄ → gg)|

∣∣∣∣
2

≈ 1 + 2 sin θ

(
mG�G

m �

)1/2 (
�ηc

�

)1/2

, (25)

ηc ηc cc̄

6

where we use mcc̄ ≈ mηc , cos θ ≈ 1. With the assumption that 
X(2370) is predominantly a pseudoscalar glueball, and if we take 
�G ≈ �X(2370) ≈ 100 MeV and use the PDG value �ηc = 32.0(7)

MeV, then by solving Eq. (25) we get �ηc
�cc̄

= 1.29(4), which implies 
�cc̄ ≈ 24.8(9) MeV. Finally, the contribution of cc̄-glueball mixing 
to �ηc is estimated as

δ�cc̄ ≡ �ηc − �cc̄ ≈ 7.2(8) MeV. (26)

The decays of cc̄ pseudoscalar meson into hadrons can be 
viewed as that the cc̄ first decays into two gluons and then the two 
gluons are hadronized into light hadrons. In this sense, one can 
take the approximation �cc̄ ≈ �(cc̄ → gg). On the other hand, the 
radiative decay ηc → γ γ is dominated by cc̄ → γ γ . According to 
the running of the strong coupling constant αs(μ), at μ ≈ mc ≈ 1.5
GeV, αs takes the value in the range 0.3 < αs < 0.35. If one takes 
α = 1/134 at the charm quark mass scale, to the leading order 
QCD correction [26,38] one has

�(cc̄ → γ γ )

�(cc̄ → gg)
≈ 8

9

α2

α2
s

1 − 3.4αs/π

1 + 4.8αs/π
≈ (1.6 ∼ 2.5) × 10−4 (27)

Experimentally, the PDG result of Br(ηc → γ γ ) = (1.61 ± 0.12) ×
10−4 [1]. Considering the ratio �ηc /�cc̄ = 1.29(4), the experimen-
tal value implies �(cc̄ → γ γ )/�(cc̄ → gg) ≈ (2.07 ± 0.17) × 10−4, 
which falls into the range of Eq. (27). Note that the NRQCD analysis 
with next-next-leading order QCD corrections predicts the branch-
ing fraction Br(ηc → γ γ ) ∼ (2.3 − 2.9) × 10−4 if ηc is taken as a 
pure cc̄ state [39], which also requires a smaller total width of the 
ground state pseudoscalar charmonium when comparing with PDG 
value. Anyway, the above discussions are just tentative because 
of the assumption that X(2370) is predominantly a pseudoscalar 
glueball. The existence and the status of X(2370) need to be clari-
fied by future experiments.

As for the decay width of J/ψ → γ ηc , however, the tension be-
tween the experiments and the theoretical predictions cannot be 
alleviated by the cc̄-glueball mixing. PDG gives the world average 
value Br( J/ψ → γ ηc) = (1.7 ± 0.4) × 10−2 [1], which corresponds 
to the partial decay width �( J/ψ → γ ηc) = 1.6 ± 0.4 keV. The-
oretically, the effective field theories and non-relativistic potential 
models predict the partial width to be 1.5-2.9 keV [40–45]. The re-
sult from the NRQCD effective field theory predicts the branching 
fraction to be (1.5 ± 1.0) keV [43], which is compatible with the 
experimental value but with a quite large error. The predictions 
of most of lattice QCD calculations, both quenched and full-QCD 
ones [20–25], are around 2.4-2.9 keV, which have discrepancies 
from the PDG value, but are in agreement with the KEDR ex-
perimental result �( J/ψ → γ ηc) = 2.98 ± 0.18+0.15

−0.33 keV [46]. As 
addressed before, since the radiative production rate of the pseu-
doscalar glueball in the J/ψ decays is two orders of magnitude 
smaller than that of the pseudoscalar charmonium [25], and ηc

has a very small fraction of the pseudoscalar glueball, the mix-
ing cannot change the partial width of J/ψ → γ ηc . Hopefully, the 
controversial situation on the decay width of J/ψ → γ ηc can be 
resolved by the future study of the BESIII collaboration using its 
large J/ψ event sample.

5. Summary

We generate large gauge ensembles with N f = 2 degenerate 
charm quarks on anisotropic lattices, such that the theoretical 
framework is unitary for charm quarks. The annihilation diagrams 
of charm quark are tackled through the distillation method. By 
calculating the correlation functions of the pseudoscalar quark bi-
linear operators and the pseudoscalar glueball operator, the mixing 
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energy x = 49(6) MeV and the mixing angle θ = 4.3(4)◦ have been 
obtained for the first time through lattice QCD calculations.

The nonzero mixing energy and the mixing angle help to un-
derstand the properties of the ηc meson. If X(2370) observed by 
BESIII can be taken as predominantly a pseudoscalar glueball, then 
the cc̄-glueball mixing can result in a positive mass shift approxi-
mately 3.9(9) MeV of the ground state pseudoscalar charmonium, 
which serves to understand the discrepancy of lattice and the ex-
perimental results of the 1S hyperfine splitting of charmonia. In 
the mean time, the mixing implies that the total width of the 
pseudoscalar charmonium can be increased by 7.2(8) MeV, which 
can explain to some extent the relatively large width of ηc in 
comparison with the theoretical expectations for a pure cc̄ state. 
Furthermore, the branching fraction of ηc → γ γ can be under-
stood in this cc̄-glueball framework. It should be notified that, even 
though the assumption that X(2370) is predominantly a pseu-
doscalar glueball seems compatible with the discussion in this 
work, its justification should be clarified by future experimental 
and theoretical investigations. At last, the seemingly discrepancy of 
the theoretical predictions and the experimental results of the par-
tial width of J/ψ → γ ηc cannot be alleviated by the cc̄-glueball 
mixing picture, which demands future sophisticated experimental 
studies. The BESIII collaboration may take this mission by the help 
of its largest J/ψ event ensemble in the world.
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Appendix A. Glueball operator construction

Based on the four prototypes of Wilson loops shown in Fig. 3, 
we build A−+

1 operators for the pseudoscalar glueball operators 
with A1 being an irreducible representation of spatial symmetry 
group, namely, the octahedral group O . We adopt six different 
schemes to smear gauge links, which are different combinations of 
single link smearing and double link smearing [9,10]. Let Wα(x, t)
be one prototype of Wilson loop under a specific smearing scheme, 
then the A−+

1 operator in the rest frame of a glueball can be ob-
tained by

φα(t) =
∑

x

∑
R∈O

c A1
R

[
R ◦ Wα(x, t) −PR ◦ Wα(x, t)P−1] (28)

where R ◦ Wα refers to a differently oriented Wilson loops af-
ter one of the 24 elements of O (R) operated on Wα , P is 
7

Fig. 3. Wilson loop prototypes used to construct the pseudoscalar glueball opera-
tor [9,10].

spatial reflection operation and C A1
R are the combinational coef-

ficients for the A1 representation. Thus we obtain a A−+
1 operator 

set {φα(t), α = 1, 2, . . . , 24} based on the four prototypes and six 
smearing schemes. We then use the well established variational 
method to get an optimized operator O G that couples most to the 
ground state glueball by solving the generalized eigenvalue prob-
lem.

Appendix B. Large t behavior of CG G (t) and CC C (t)

The spectrum of CGG (t) and CCC (t) should be the same, as 
reflected by Eq. (11). It is expected CGG (t) and CCC (t) are domi-
nated by the contribution from the lowest state |g1〉 at very large t
(when T → ∞) such that their effective masses meff

GG (t) and meff
CC (t)

should merge into mg1 at at very large t . The left panel of Fig. 4
shows meff

GG (t) and meff
CC (t) for the � = γ5 case on ensemble II. We 

do not observed a clear tendency that they will merge together at 
mg1at in the available time range. This implies that sin2 θ1 should 
be very small, as confirmed by the fitted result sin2 θ1 ∼ 0.006.

On the other hand, the error of meff
CC (t) is quite small when 

t/at < 20 but grows rapidly beyond t/at > 25. Actually, the error of 
CCC (t) comes mainly from the error of the disconnected diagram 
contribution. Since the disconnected part falls off more slowly than 
the connected part, the contribution and the error of the former 
become more pronounced when t increases. In the right panel of 
Fig. 4, we compare meff

CC (t) with the effective mass meff
C (t) of the 

connected part for the � = γ5 case on ensemble II. It is seen that 
meff

CC (t) deviates from meff
C (t) gradually beyond t/at ∼ 15 where the 

mixing effect begins to show up.
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