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It was recently demonstrated that super-Schwarzian derivatives can be constructed from the Cartan forms
of the superconformal supergroups OSpð1j2Þ, SUð1; 1j1Þ, OSpð3j2Þ, SUð1; 1j2Þ. Roughly speaking, the
super-Schwarzian is just the component of the corresponding Cartan forms with the lowest dimension. In this
paper, we apply the same approach to superalgebra Dð1; 2;αÞ. The minimal set of constraints we used
includes: (a) introducing new superspace coordinates the Cartan forms depend on, which are completely
invariant with respect to the corresponding group; (b) nullifying the form for dilatation. In contrast to the
SUð1; 1j2Þ case, the new super-Schwarzian appears to be a dθia component of the form for suð2Þ
automorphism.
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I. INTRODUCTION

The breaking of the conformal symmetry in the
Sachdev-Ye-Kitaev model [1–4] results in an effective
Lagrangian for time reparametrization which is given by
the Schwarzian. The supersymmetric versions of the SYK
model up toN ¼ 2 supersymmetry have been constructed
and analyzed [5–7]. However, the construction of N ¼ 3,
4 supersymmetric SYK models and associated super–
Schwarzians is not straightforward, especially in the case
of N ¼ 4 supersymmetry.
A new approach to the construction of Schwarzians and

their supersymmetric extensions has been initiated in [8] and
then consistently applied toN ¼ 1; 2; 3; 4 supersymmetric
cases in [9–12]. The cornerstone idea of this approach is
based on the invariance of the bosonic Schwarzian Sðt; τÞ
defined as

Sðt; τÞ ¼ ⃛t
_t
−
3

2

�̈
t
_t

�
2

; _t ¼ ∂τt; ð1:1Þ

under SLð2;RÞ Möbius transformations acting on t½τ� via

t →
atþ b
ctþ d

: ð1:2Þ

The immediate consequence of this statement is the con-
clusion that the Schwarzian can be constructed in terms of
slð2;RÞ Cartan forms—which are essentially the unique
geometric invariants of the conformal group SLð2;RÞ.This
idea was realized in [8]. The straightforward generalization
of this approach to the supersymmetric cases means passing
from one dimensional conformal group SLð2;RÞ to its
supersymmetric extensions—the supergroups OSpð1j2Þ,
SUð1; 1j1Þ, OSpð3j2Þ, SUð1; 1j2Þ and Dð1; 2; αÞ. The
relevant super-Schwarzians must be invariant with respect
to these supergroups and, therefore, should be constructed
from the corresponding Cartan forms.
While trying to construct the Cartan forms and the

invariants from them, one may encounter two problems:
(i) One has to find a way to reduce the number of

independent fields parametrizing the group element,
(ii) One has to understand how the invariant (super)

space1 enters the game.
The approach initiated in [9] works perfectly in the cases
of N ¼ 0, 1 supersymmetries, but it puts unreasonably
strong conditions in the cases of higher supersymmetries.
In our recent paper [13] we proposed the set of constraints
which perfectly reproduced all known super-Schwarzians
till the N ¼ 4 one, related to the supergroup SUð1; 1j2Þ.
These constraints can be easily summarized as follows:

(i) For the supergroup containing the super Poincaré
subalgebra fQi;Qjg ¼ 2δijP the invariant super-
space fτ; θig should be introduced as

ωP ¼ dτ − idθiθi; ωi
Q ¼ dθi ðaÞ
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(ii) The unique additional constraint is

ωD ¼ 0 ðbÞ:

Here, ωP, ωi
Q, and ωD are the Cartan forms for translation,

supertranslations and dilatation, respectively.
In this paper we are going to demonstrate that our

approach works perfectly in the most complicated case—
the super-Schwarzian associated with the most general
N ¼ 4 superconformal group Dð1; 2; αÞ [14]. Despite the
simplicity of the constraints (a) and (b), their application is
not trivial. Indeed, one may quickly see that the straightfor-
ward calculations shortly become quite complicated and
rather cumbersome. That is why we decided to use the
Maurer–Cartan equations, which drastically simplify the
analysis. Thus, to be able to check the basic steps we put
the main formulas in the body of the paper, transferring
more technical things to the Appendixes A, B, and C.

II. PRELIMINARY STEPS: SUPERALGEBRA,
CARTAN FORMS AND ALL THAT

A. Superalgebra Dð1;2;αÞ
The structure of the superalgebra Dð1; 2; αÞ is quite

simple: it contains nine bosonic generators TAB
1 , Tij, Jab

spanning three commuting subalgebras slð2Þ × suð2Þ×
suð2Þ. The eight fermionic generators GA;i;a transform as
the doublets with respect to each of these algebras. The
anticommutator of the fermionic generators contains all
bosonic generators as

fGA;i;a; GB;j;bg ∼ ϵabϵijTAB
1 þ αϵABϵijJab

− ð1þ αÞϵABϵabTij: ð2:1Þ

Here, all indices can take values 1 or 2, and ϵij, ϵab, ϵAB are
antisymmetric symbols, normalized as ϵ21 ¼ 1. The
parameter α measures the balance between two suð2Þ
subalgebras. For the two values of α ¼ 0;−1 one of the
suð2Þ sub-algebras decouples andDð1; 2; αÞ reduces to the
suð1; 1j2Þ × suð2Þ superalgebra. Another interesting case
corresponds to ospð4j2Þ algebra with α ¼ − 1

2
, when both

suð2Þ subalgebras occur in the same way. In what follows,
we exclude consideration of the cases with α ¼ 0;−1
which can be found in [13]. Thus, we may easily divide
any expressions by α and/or by αþ 1.
From a physical point of view, the slð2Þ subalgebra TAB

1

is the conformal algebra of one-dimensional space.
Therefore, it is natural to introduce the generators of
translation, dilatation and conformal boosts as [15]

P ¼ T22
1 ; D ¼ −T12

1 ; K ¼ T11
1 : ð2:2Þ

Correspondingly, the supercharges divide into ordinaryQia

and superconformal Sia ones, as

Qia ¼ −G2ia; Sia ¼ G1ia: ð2:3Þ

The full list of the nonzero (anti)commutators can be found
in the Appendix A.

B. Cartan forms

To obtain the Dð1; 2;αÞ-invariant super-Schwarzian, we
are going to use the method of nonlinear realizations,
developed in [16–19]. In the present case we need to
construct a nonlinear realization of the superconformal
group Dð1; 2; αÞ with the group element g parametrized as

g ¼ ei tPeξiaQ
ia
eψ iaSiaei zKeiuDei vijT

ij
eiϕabJab : ð2:4Þ

The Cartan forms Ω are defined in a standard way as

Ω ¼ g−1dg ¼ iωDDþ iωKK þ iωPPþ iðωJÞabJab
þ iðωTÞijTij þ ðωQÞiaQia þ ðωSÞiaSia: ð2:5Þ

The Cartan forms for the scalar generators can be easily
computed2

ωP ¼ e−uðdt − idξiaξiaÞ≡ e−u▵t;

ωD ¼ du − 2z▵tþ 2iψ iadξia;

ωK ¼ eu
�
dzþ z2▵t − 2izψ iadξia þ iψ iadψ ia

−
2

3
ð1þ 2αÞψc

kψ
kbψ j

bdξjc

þ 1

6
▵tð1þ 2αÞψ iaψ

ibψ jbψ
ja

�
: ð2:6Þ

The fermionic and suð2Þ × suð2Þ forms look more
complicated3

2The suð2Þ indices are raised and lowered as Ai ¼ ϵijAj,
Aj ¼ ϵjiAi, where the antisymmetric tensor ϵij satisfies
ϵijϵ

jk ¼ δki , ϵ12 ¼ ϵ21 ¼ 1.
3We define the matrix-valued functions ðevÞji and ðeϕÞba in a

standard way: nth term in Taylor series expansion of ev is
understood as 1

n! v
k1
i v

k2
k1
…vjkn−1 . In particular, this implies

ðevÞji ¼ cos
ffiffiffiffi
v2
2

q
δji þ

sin
ffiffiffi
v2
2

p
ffiffiffi
v2
2

p vji , v
2 ¼ vijvij, etc.
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ðωQÞia¼e−
u
2ðevÞjiðeϕÞbaðdξjb−ψ jb▵tÞ;

ðωSÞia¼e
u
2ðevÞki ðeϕÞca

�
dψkc−

i
2
ψ jbdξjbψkc

þ i
2
α
�
ψ jbdξ

j
cþψ jcdξ

j
b

�
ψb
k

−
i
2
ð1þαÞ

�
ψ jbdξbkþψkbdξbj

�
ψ j
c

−
i
3
ð1þ2αÞ▵tψb

kψ jbψ
j
c−zðdξkc−▵tψkcÞ

�
; ð2:7Þ

and

ðωTÞkm ¼ ϵkjðe−vÞjidðevÞim þ ðevÞikðevÞjmðω̂TÞij and

ðωJÞab ¼ ϵadðe−ϕÞdcdðeϕÞcb þ ðeϕÞcaðeϕÞdbðω̂JÞcd; ð2:8Þ

where

iðω̂TÞij ¼ ð1þ αÞð−ψ ibψ
b
j▵tþ ψ iadξaj þ ψ jadξai Þ;

iðω̂JÞab ¼ αðψ jaψ
j
b▵t − ψ jadξ

j
b − ψ jbdξ

j
aÞ: ð2:9Þ

C. Constraints and their consequences

As we already said in the Introduction, the constraints we
have to impose on the Cartan forms to find a proper super-
Schwarzian read

ωP ¼ dτ − idθiaθia ≡ ▵τ; ωia
Q ¼ dθia; ð2:10Þ

ωD ¼ 0: ð2:11Þ

Note that the covariant derivatives with respect to τ, θia are

∂τ ¼
∂
∂τ ; Dia ¼ ∂

∂θia þ iθia
∂
∂τ ;

fDia;Djbg ¼ 2iϵijϵab∂τ: ð2:12Þ

Therefore, for any superfield A we have

dA ¼ ▵τ∂τAþ dθiaDiaA: ð2:13Þ

With our definitions of the Cartan forms (2.6), (2.7), (2.8)
the constraints (2.10) and (2.11) read

ωP ¼ e−uðdt − idξjbξjbÞ ¼ e−u▵t ¼ ▵τ;

ðωQÞia ¼ e−u=2ðevÞjiðeϕÞbaðdξjb − ▵tψ jbÞ ¼ dθia ð2:14Þ

ωD ¼ du − 2z▵tþ 2iψ iadξia ¼ 0: ð2:15Þ

The constraints (2.14) imply

Diat−Diaξjbξ
jb ¼ 0; _t− i_ξiaξia ¼ eu; ð2:16Þ

Djbξia ¼ eu=2ðe−vÞjiðe−ϕÞba; ψ ia ¼ e−u _ξia; ð2:17Þ

while the constraints (2.15) are resolved by the following
relations

z¼ 1

2
e−u _u; Diau¼ 2iψ jbDiaξ

jb: ð2:18Þ

We observe that it is possible to covariantly express some of
the group parameters in terms of other parameters and their
derivatives. This a manifestation of the inverse Higgs
phenomenon [20]. Note that these constraints involve both
dτ and dθ projections of the forms, unlike the constraints
considered in [12]. This allows us, in particular, to express z
in terms of u (or ξia) without putting any constraint on the
forms of the superconformal generators.
As a result of (2.17) and the following identities

ϵikϵjlðevÞlk ¼ −ðe−vÞij; and ϵacϵbdðeϕÞdc ¼ −ðe−ϕÞab;

Diaξjb satisfies the relations

Djbξ
ia ¼ eu=2ðevÞijðeϕÞab ⇒Diaξkc Djbξ

kc ¼ δijδ
a
be

u;

DkcξjbDkcξ
ia ¼ δijδ

a
be

u; ð2:19Þ

and, moreover,

Dkcξ
iaDkbξld ¼

1

2
δilDkcξ

maDkbξmd; etc: ð2:20Þ

Thus, we see that all our superfields—coordinates of the
group element g (2.4) can be expressed through the
derivatives of the superfields ξia, only.4 In principle, it
should be the end of the story and the technical step is to
find among the components of the surviving Cartan forms
the super-Schwarzian. Unfortunately, this technical step is
too involved and the direct straightforward calculations
quickly become a rather cumbersome. The simplest solution
we found is to use the Maurer–Cartan equations to rewrite
the Cartan forms with the constraints (2.10) and (2.11) taken
into account.

III. N = 4 SUPER-SCHWARZIAN

A. Maurer–Cartan equations

If the Cartan form Ω is defined as in (2.5)

ΩðdÞ ¼ g−1dg ¼ iωDDþ iωKK þ iωPPþ iðωJÞabJab
þ iðωTÞijTij þ ðωQÞiaQia þ ðωSÞiaSia;

then by construction it obeys the Maurer–Cartan equation.
We prefer to deal with this equation in the form used in [21].

4The superfield t can be in principle found from the Eq. (2.16).
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There, two independent differentials d1, d2 were introduced,
so that d1d2 ¼ d2d1 and differentials of bosons and fermions
are bosons and fermions, respectively. Therefore, the relation

d2Ω1 − d1Ω2 ¼ ½Ω1;Ω2�; Ω1 ¼ Ωðd1Þ; Ω2 ¼ Ωðd2Þ
ð3:1Þ

turns into identity upon substitution Ωi ¼ g−1dig. At the
same, one can substitute Ωi as a general expansion in
generators (2.5) and find the list of relations the individual
forms satisfy. In the case of Dð1; 2;αÞ Eq. (3.1) can be
expanded into following set of equations5

iðd2ω1P − d1ω2PÞ ¼ −i½ω2Dω1P − ω1Dω2P� þ 2ðω1QÞiaðω2QÞia;
iðd2ω1K − d1ω2KÞ ¼ i½ω2Dω1K − ω1Dω2K� þ 2ðω1SÞiaðω2SÞia;
iðd2ω1D − d1ω2DÞ ¼ −2i½ω2Kω1P − ω1Kω2P� þ 2½ðω1QÞiaðω2SÞia − ðω2QÞiaðω1SÞia�;

iðd2ðω1JÞab − d1ðω2JÞabÞ ¼ i½ðω1JÞacðω2JÞbc − ðω2JÞacðω1JÞbc� − 2α½ðω1QÞiðaðω2SÞibÞ − ðω2QÞiðaðω1SÞibÞ�;
iðd2ðω1TÞij − d1ðω2TÞijÞ ¼ i½ðω1TÞikðω2TÞjk − ðω2TÞikðω1TÞjk� þ 2ð1þ αÞ½ðω1QÞðiaðω2SÞajÞ − ðω2QÞðiaðω1SÞajÞ�;

d2ðω1QÞia − d1ðω2QÞia ¼ −
1

2
½ω2Dðω1QÞia − ω1Dðω2QÞia� þ ½ðω1JÞabðω2QÞbi − ðω2JÞabðω1QÞbi �

þ ½ðω1TÞijðω2QÞja − ðω2TÞijðω1QÞja� − ½ω1Pðω2SÞia − ω2Pðω1SÞia�;

d2ðω1SÞia − d1ðω2SÞia ¼
1

2
½ω2Dðω1SÞia − ω1Dðω2SÞia� þ ½ðω1JÞabðω2SÞbi − ðω2JÞabðω1SÞbi �

þ ½ðω1TÞijðω2SÞja − ðω2TÞijðω1SÞja� þ ½ω1Kðω2QÞia − ω2Kðω1QÞia�: ð3:2Þ

The forms should be subjected to the conditions

ωP ¼ ▵τ; ðωQÞia ¼ dθia;

ωD ¼ 0; ▵τ ¼ dτ − idθjbθjb: ð3:3Þ

To analyze the consequences of these constraints let us
represent other forms in most general way as

ðωSÞia ¼ ▵τΨia þ dθjbAia
jb; ωK ¼ ▵τCþ dθiaΓia;

ðωJÞab ¼ ▵τðSJÞab þ dθkcΣðabÞkc;

ðωTÞij ¼ ▵τðSTÞij þ dθkcΠðijÞkc: ð3:4Þ

Here Ψia, Aia
jb, C, Γia, ðSJÞab, ΣðabÞkc, ðSTÞij, and ΠðijÞkc

are superfields that depend on τ, θia.
The first of equations, dωP in (3.2), is satisfied identi-

cally due to the condition (3.3). Indeed, the left-hand side of
the first equation in (3.2) reads

iðd2ω1P − d1ω2PÞ ¼ ið−id1θiad2θia þ id2θiad1θiaÞ
¼ 2d1θiad2θia: ð3:5Þ

Clearly, (3.5) coincides with

2ðω1QÞiaðω2QÞia ¼ 2d1θiad2θia: ð3:6Þ

The analysis of other Maurer–Cartan equations in (3.2) is
straightforward, but it is rather involved. These technical
calculations are presented in the Appendix C. The result of
these analysis can be summarized as follows: the Cartan
forms can be expressed through the fermionic superfield
σia as

ωP ¼ ▵τ; ωD ¼ 0; ωK ¼ ▵τCþ idθiaΨia; ð3:7Þ

ðωJÞab ¼ ▵τðSJÞab þ
1

3
ðdθkaσkb þ dθkbσkaÞ; ð3:8Þ

ðωTÞij ¼ ▵τðSTÞij −
1

3
ðdθicσcj þ dθjcσci Þ; ð3:9Þ

ðωQÞia ¼ dθia; ðωSÞia ¼ ▵τΨia − dθibðSJÞba − dθkaðSTÞki ;
ð3:10Þ

where the superfields C, Ψia, ðSTÞij, ðSJÞab have the form
5Round brackets are used to denote symmetrization of indices,

AðijÞ ¼ 1
2
ðAij þ AjiÞ.
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ðSJÞab ¼
i

1þ α

�
1

12
ðDkaσbk þDkbσakÞ −

1

9
σamσ

mb

�
;

ðSTÞij ¼
i
α

�
1

12
ðDicσjc þDjcσicÞ þ

1

9
σicσ

jc

�
;

Ψk
a ¼

i
3α

�
DkbðSJÞab þ _σka þ

4

3
ðSJÞdaσkd

�
;

C ¼ 1

4
½DiaΨia þ 2ðSJÞ2 þ 2ðSTÞ2�: ð3:11Þ

In addition, the superfield σia in virtue of the same
constraints (3.3) has to obey the following conditions

1

2
½Dia;Djb�σjb ¼ 3i _σia; DiðaσjbÞ þDjðaσibÞ ¼ 0: ð3:12Þ

Clearly, the fermionic superfield σia is a candidate for the
super-Schwarzian. The final step is to express σia in terms
of ξia.

B. The super-Schwarzian

To find the explicit expression for the super–Schwarzian,
one should calculate the dθ-projections of ωT , ωJ forms,
taking into account explicit consequences of conditions
(3.3). Expanding (3.3) into ▵τ and dθ projections, one
can find

ωP ¼ e−uðdt − idξjbξjbÞ ¼ ▵τ ⇒ Diat −Diaξjbξ
jb ¼ 0; _t − i_ξiaξia ¼ eu;

ðωQÞia ¼ e−u=2ðevÞjiðeϕÞbaðdξjb − ▵tψ jbÞ ¼ dθia ⇒ Djbξia ¼ eu=2ðe−vÞjiðe−ϕÞba; ψ ia ¼ e−u _ξia: ð3:13Þ

As a result of (3.13), Diaξjb satisfies relations

Djbξ
ia ¼ eu=2ðevÞijðeϕÞab ⇒ DiaξkcDjbξ

kc ¼ δijδ
a
be

u;

DkcξjbDkcξ
ia ¼ δijδ

a
be

u; ð3:14Þ

and, moreover,

Dkcξ
iaDkbξld ¼

1

2
δilDkcξ

maDkbξmd; etc: ð3:15Þ

Using these relations, it is possible to find Dldeu

eu ¼ 1

4
DiaξkcDiaξ

kc ⇒ Dldeu ¼ 2i_ξiaDldξ
ia: ð3:16Þ

The super-Schwarzian σia can be obtained as a dθ-
projection of either the forms ωT or ωJ. For example, T part
of the Cartan form reads

iðωTÞijTij ¼ i▵τðSTÞijTij −
2i
3
Tijdθiaσaj

¼ −iTk
mðe−vÞki dðevÞim

þ iTkmðevÞikðevÞjmðω̂TÞij; ð3:17Þ

where ðω̂TÞij is given by (2.9).
To obtain dθ-projection of ðe−vÞki dðevÞim, one should

note that due to (3.13),

DldDkcξ
iaDjbξia ¼

1

2
δjkδ

b
cDldeu þ euδbcðe−vÞjiDldðevÞik

þ euδkjðe−ϕÞbaDldðeϕÞac: ð3:18Þ

Substituting this into relation

DldDkcξ
iaDjbξia¼fDkc;DldgξiaDjbξia−DkcDldξ

iaDjbξia

ð3:19Þ

and taking trace over c, b, one can find

2euðe−vÞjiDldðevÞik þ euðe−vÞjiDkdðevÞil
¼ −2iδjk _ξiaDldξ

ia − iδjl _ξiaDkdξ
ia

− 2iϵkl _ξiaD
j
dξ

ia − δjl e
uðe−ϕÞbaDkbðeϕÞad: ð3:20Þ

Therefore,

euðe−ϕÞbaDkbðeϕÞad ¼ −euðe−vÞjiDjdðevÞik − 3i_ξiaDkdξ
ia;

euðe−vÞjiDldðevÞik ¼
2

3
δjle

uðe−vÞmn DmdðevÞnk

−
1

3
δjke

uðe−vÞmn DmdðevÞnl ;

euðe−vÞmn DmdðevÞnk ¼
1

2
DjdDkbξ

iaDjbξia

− i_ξiaDkdξia: ð3:21Þ

The rest of the form reads

− dθldð1þ αÞTkmðevÞikðevÞjmðψ iaDldξ
a
j þ ψ jaDldξ

a
i Þ

¼ 2ð1þ αÞTkmdθkd _ξ
a
i ðe−ϕÞdaðevÞike−u=2

¼ 2ð1þ αÞTkmdθkde−u _ξ
iaDd

mξia: ð3:22Þ
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These results ensure that dθ-projection of the form ωT has
the structure (C5), with σkd being

σdk ¼
1

4
e−u½Djd;Dck�ξiaDjcξia

þ 3

2
ið1þ 2αÞe−u _ξiaDdkξia: ð3:23Þ

Analogous study of form ωJ

iðωJÞabJab ¼ i▵τðSJÞabJab þ
2i
3
Jabdθiaσib

¼ −iJcdðe−ϕÞcadðeϕÞad þ iJcdðeϕÞacðeϕÞbdðω̂JÞab;
ð3:24Þ

leads to the same expression (3.23).
Thus, we see that all the Cartan forms can be expressed

through the fermionic superfield σai (3.23). We associate
this field withN ¼ 4 super-Schwarzian we are looking for:

Sðτ; θÞia ¼
½Dja;Dci�ξkbDjcξkb
DmdξneDmdξ

ne

þ 6ið1þ 2αÞ
_ξdkDiaξdk

DmdξneDmdξ
ne : ð3:25Þ

IV. N = 4 SCHWARZIAN ACTION

Like the previously considered cases [13], one may ask
whether the superfield Schwarzian action, which provides
the Dð1; 2; αÞ-invariant generalization of the bosonic
Schwarzian action,

S ¼ −
1

2

Z
dτSðt; τÞ ¼ −

1

2

Z
dτ

�
⃛t
_t
−
3

2

�̈
t
_t

�
2
�
; ð4:1Þ

could be constructed. As is shown in the Sec. III and the
Appendix C, the Maurer–Cartan equations imply that the
only superfields, invariant with respect to Dð1; 2; αÞ group
transformations, are the super-Schwarzian σia and its
derivatives. Therefore, it would be natural to expect that
the superfield action is some integral of σia over the part of
superspace. Indeed, let us show that the expression

S ¼ −
1

72

Z
dτDkcDlcDkbσ

lbjθ→0 ð4:2Þ

is invariant with respect to N ¼ 4 supersymmetry, realized
on superspace coordinates τ and θia as

δτ¼−iϵiaθia; δθia¼ ϵia; δ▵τ¼ 0; δdθia¼ 0: ð4:3Þ

The active variation of any superfield f with respect to
transformations (4.3) is given by the formula

δ⋆f ¼ −δτ
∂f
∂τ − δθia

∂f
∂θia ≡ −ϵiaQ̂iaf;

Q̂ia ¼ ∂
∂θia − iθia

∂
∂τ : ð4:4Þ

It can be straightforwardly shown that the differential
operator Q̂ia anticommutes, as expected, with the covariant
derivative Djb and differs from it by the sign of the θ∂τ-
term. Therefore,

δ⋆S ¼ 1

72

Z
dτDkcDlcDkbϵiaQ̂

iaσlbjθ→0

¼ 1

72
ϵia

Z
dτQ̂iaDkcDlcDkbσ

lbjθ→0: ð4:5Þ

As after applying differential operators on σia we take limit
θ → 0, the θ∂τ-term in Q̂ia is irrelevant, and Q̂ia can be
replaced with Dia. Therefore

δ⋆S ¼ 1

72
ϵia

Z
dτDiaDkcDlcDkbσ

lbjθ→0

¼ 1

72
ϵia

Z
dτ½2iDiaDkc _σkc

− iDa
l ðDib _σlb þDlb _σibÞ�jθ→0 ¼ 0; ð4:6Þ

where the expression forDiaDkcDlcDkbσ
lb is a consequence

of the constraint (3.12).
The supersymmetry invariant integral over dτ can be

presented as an integral over part of the superspace:

S ¼ 1

72

Z
dτdθkcdθlcdθkbσlb: ð4:7Þ

One can also evaluate the component form of this action.
Simplest way to do so is to observe that the ▵τ projection of
the form ωK ¼ ▵τCþ � � � (3.11) contains the third deriva-
tive of σia [this expression can be found in the Appendix C
(C21)]. Comparing this with the projection which can be
obtained directly from (2.6) after applying all the necessary
conditions, one can obtain that
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S ¼ −
1

72

Z
dτDkcDlcDkbσ

lbjθ→0 ¼ −
Z

dτ

�
1

2
αð1þ αÞ

�∂τ ð̈t − ïξiaξiaÞ
_t − i_ξjbξjb

−
3

2

ð̈t − ïξiaξiaÞ2
ð_t − i_ξjbξjbÞ2

�

þ iαð1þ αÞ
_ξiaξ̈

ia

_t − i_ξjbξjb
−
1

2
α∂τðe−vÞil∂τðevÞli þ

1

2
ð1þ αÞ∂τðe−ϕÞad∂τðeϕÞda

−iαð1þ αÞ ðe
−vÞjk∂τðevÞlj _ξlb _ξkb

_t − i_ξiaξia
− iαð1þ αÞ ðe

−ϕÞbc∂τðeϕÞdb _ξjd _ξjc
_t − i_ξiaξia

−
i
9
_σkcσkc −

1

9
F2

�
: ð4:8Þ

Here, we denote the first component of each superfield with
the same letter, and 4F ¼ Dmcσmcjθ→0. Note that the first
component of the super-Schwarzian σia should be treated
as an independent one, asDiaDjbξ

kc cannot be expressed in
terms of time derivatives of anything else. The same applies
to Dmcσmc, too.
The action (4.8) is invariant with respect to the whole

Dð1; 2; αÞ group for general α and should contain
SUð1; 1j2Þ case, which corresponds to α ¼ 0 or −1, as a
particular limit. However, simply setting α ¼ 0 or −1 in
(4.8) would remove the most important terms in the action.
To take the limit properly, we should, at first, “renormalize”
the action by dividing it by αð1þ αÞ, thus removing α
dependence from the most of the terms. Second, one should
remove σkcjθ→0 and F by their equations of motion,
_σiajθ→0 ¼ 0 and F ¼ 0. Third, one should set to zero
ϕab, if limit α → 0 is to be taken, or vij if α → −1.
Then the action becomes nonsingular in α and after taking
the appropriate limit coincides with one obtained in [13].
Note that the somewhat confusing difference in signs of
kinetic terms of vij and ϕab allows us to obtain proper sign
of the kinetic term of the remaining field in the SUð1; 1j2Þ
action for α ¼ 0 and α ¼ −1.

V. CONCLUSION

In this work we applied the method of nonlinear realiza-
tions to the construction of the N ¼ 4 super-Schwarzian
associated with the Dð1; 2; αÞ conformal group. As com-
pared to the previous attempt to utilize the nonlinear
realizations for construction of the N ¼ 4 super-
Schwarzians [12] we successfully used the minimal set of
the constraints on the Cartan forms advocated in [13]:

(i) For the superalgebra containing the super Poincaré
subalgebra fQia;Qjbg ¼ −2ϵijϵabP the invariant
super-space fτ; θiag defined as

ωP ¼ dτ − idθiaθia; ðωQÞia ¼ dθia ðaÞ

(ii) The unique additional constraint has to be imposed
on the Cartan form for dilatation

ωD ¼ 0 ðbÞ:

From the general structure of the Cartan forms upon
imposing the constraints (a,b), it follows that the fermionic
components of the forms in (3.7), (3.8), (3.9), and (3.10) are
quite nontrivial. Therefore, any constraint would be imposed
on these forms will result in the constraints on the super-
Schwarzian σia. That is why our minimal set of the
constraints is the maximally possible one. We also demon-
strated that the Maurer–Cartan equations greatly simplified
all calculations helping to express all Cartan forms in terms
of the single object—N ¼ 4 super-Schwarzian. However, to
find the expression of theN ¼ 4 super-Schwarzian in terms
of the basic superfields one has to again use all set of
constraints.
We are planning to apply the proposed approach to N -

extended superconformal group including the variant of
OSpðnj2Þ superconformal symmetry. Another interesting
problem is to obtain nonrelativistic and/or Carrollian versions
of the Schwarzian [22], as well as to the flat space analogue
of the Schwarzian [23].
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APPENDIX A: SUPERALGEBRA Dð1;2;αÞ
The set of the generators spanning Dð1; 2; αÞ super-

algebra includes

Bosonic generators∶ P;D;K − forming slð2Þ algebra
the suð2Þ × suð2Þ generatorsTij ¼ Tji; Jab ¼ Jba; i; j ¼ 1; 2; a; b ¼ 1; 2

Fermionic generators∶ Qia; Sia; ðA1Þ
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which obey the following conjugation rules

ðTijÞ† ¼ Tij; ðJabÞ† ¼ Jab; ðP;D;KÞ† ¼ ðP;D;KÞ; ðQiaÞ† ¼ Qia; ðSiaÞ† ¼ Sia: ðA2Þ

The nonzero (anti)commutators are

i½P;K� ¼ −2D; i½P;D� ¼ −P; i½K;D� ¼ K;

i½Tij; Tkm� ¼ ϵikTjm þ ϵjmTik; i½Jab; Jcd� ¼ ϵacJbd þ ϵbdJac;

i½P; Sia� ¼ −Qia; i½K;Qia� ¼ Sia; i½D;Qia� ¼ 1

2
Qia; i½D; Sia� ¼ −

1

2
Sia;

i½Tij; Qka� ¼ 1

2
ðϵikQja þ ϵjkQiaÞ; i½Jab; Qic� ¼ 1

2
ðϵacQib þ ϵbcQiaÞ;

i½Tij; Ska� ¼ 1

2
ðϵikSja þ ϵjkSiaÞ; i½Jab; Sic� ¼ 1

2
ðϵacSib þ ϵbcSiaÞ;

fQia;Qjbg ¼ −2ϵijϵabP; fSia; Sjbg ¼ −2ϵijϵabK;

fQia; Sjbg ¼ 2ð−ϵijϵabDþ αϵijJab − ð1þ αÞϵabTijÞ: ðA3Þ

APPENDIX B: suð2Þ ROTATIONS

Using the commutator relations of the Dð1; 2; αÞ algebra (A3) it is not too complicated to find the effect of the suð2Þ ×
suð2Þ rotations on the fermionic and suð2Þ generators

e−i v·TQkcei v·T ¼ ðevÞkmQmc ¼ cos

ffiffiffiffiffi
v2

2

r
Qkc þ

sin
ffiffiffiffi
v2
2

q
ffiffiffiffi
v2
2

q vkmQmc; v2 ≡ vijvij; ðB1Þ

e−iϕ·JQkceiϕ·J ¼ ðeϕÞcdQkd ¼ cos

ffiffiffiffiffi
ϕ2

2

r
Qkc þ

sin
ffiffiffiffi
ϕ2

2

q
ffiffiffiffi
ϕ2

2

q ϕc
dQkd; ϕ2 ≡ ϕabϕ

ab; ðB2Þ

e−i v·TTkmei v·T ¼ Tkm þ sin
ffiffiffiffiffiffiffi
2v2

p
ffiffiffiffiffiffiffi
2v2

p ðvknTnm þ vmn TnkÞ þ 1 − cos
ffiffiffiffiffiffiffi
2v2

p

2v2
ð−v2Tkm þ 2vki v

m
j T

ijÞ; ðB3Þ

e−iϕ·JJcdeiϕ·J ¼ Jcd þ sin
ffiffiffiffiffiffiffiffi
2ϕ2

p
ffiffiffiffiffiffiffiffi
2ϕ2

p ðϕc
bJ

bd þ ϕd
bJ

bcÞ þ 1 − cos
ffiffiffiffiffiffiffiffi
2ϕ2

p
2ϕ2

ð−ϕ2Jcd þ 2vcavdbJ
abÞ; ðB4Þ

and

e−iv·Tdeiv·T ¼ idvkm

�
Tkm þ 1 − cos

ffiffiffiffiffiffiffi
2v2

p

v2
vki T

im þ
ffiffiffiffiffiffiffi
2v2

p
− sin

ffiffiffiffiffiffiffi
2v2

p

2v2
ffiffiffiffiffiffiffi
2v2

p ð−v2Tkm þ 2vki v
m
j T

ijÞ
�
; ðB5Þ

e−iϕ·Jdeiϕ·J ¼ idϕab

�
Jab þ 1 − cos

ffiffiffiffiffiffiffiffi
2ϕ2

p
ϕ2

ϕa
dJ

db þ
ffiffiffiffiffiffiffiffi
2ϕ2

p
− sin

ffiffiffiffiffiffiffiffi
2ϕ2

p
2ϕ2

ffiffiffiffiffiffiffiffi
2ϕ2

p ð−ϕ2Jab þ 2ϕa
cϕ

b
dJ

cdÞ
�
: ðB6Þ

It is less evident to note that the expressions (B3) and (B4) can be written, similarly to (B1) and (B2), as

e−iv·TTkmeiv·T ¼ ðevÞki TijðevÞmj and e−iϕ·JJcdeiϕ·J ¼ ðeϕÞcaJabðeϕÞdb: ðB7Þ

Finally, the expressions (B5) and (B6) can be also written in a simplified way as
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e−iv·Tdeiv·T ¼ −iðTÞkmðe−vÞki dðevÞim and

e−iϕ·Jdeiϕ·J ¼ −iðJÞcbðe−ϕÞcadðeϕÞab: ðB8Þ

Note the useful identities which simplify the explicit
calculations

ðevÞkm ¼ cos

ffiffiffiffiffi
v2

2

r
δkm þ

sin
ffiffiffiffi
v2
2

q
ffiffiffiffi
v2
2

q vkm;

ðe−vÞkm ¼ cos

ffiffiffiffiffi
v2

2

r
δkm −

sin
ffiffiffiffi
v2
2

q
ffiffiffiffi
v2
2

q vkm ¼ −ϵkiϵmjðevÞji : ðB9Þ

APPENDIX C: SOLUTION TO THE MAURER–
CARTAN EQUATIONS

As we already demonstrated the equation dωP (3.2) is
satisfied due to the condition (3.3). In contrast, dωQ

equation is not trivial. After substitution of (3.3), it
separates into two equations:

ð▵1τd2θjb −▵2τd1θjbÞ∶ 0¼ −Aia
jb − δjiðSJÞab − δbaðSTÞij;

d1θkcd2θld∶ 0¼ δliΣa
djkc þ δkiΣa

cjld

þ δdaΠ
ljkc
i þ δcaΠi

kjld: ðC1Þ

The first of these equations straightforwardly expresses
Aia

jb in terms of ðSJÞab and ðSTÞij, the second one is more
elaborate. At first, multiplying it by δilδ

a
c, one can obtain

Σc
djkcþΠl

kjld¼ 0⇒Σc
djkc¼ σkd; Πl

kjld ¼−σkd: ðC2Þ

Next, multiplying by just δil and taking into account (C2),
one obtains

2Σa
djkc þΣa

cjkd − δcaσ
kd ¼ 0⇒ Σa

djkc ¼ 2

3
δcaσ

kd −
1

3
δdaσ

kc:

ðC3Þ

Multiplying by δad, one obtains

2Πi
ljkc þΠi

kjlc þ δki σ
lc ¼ 0⇒ Πi

kjlc ¼ −
2

3
δliσ

kc þ 1

3
δki σ

lc:

ðC4Þ

Substituting these relations back into (C1), one notes that
dθ × dθ equation is satisfied with no further constraints on
σkd, and ωJ and ωT forms can be written as

ðωJÞab ¼ ▵τðSJÞab þ
1

3
ðdθiaσib þ dθibσiaÞ;

ðωTÞij ¼ ▵τðSTÞij −
1

3
ðdθiaσaj þ dθjaσai Þ: ðC5Þ

The fermion σia is an obvious candidate for the super-
Schwarzian. Note that if α ¼ 0;−1, the generators of one of
SUð2Þ groups do not appear at the right-hand side of
commutators of supercharges. If this decoupled SUð2Þ is
dropped entirely from the coset space, Eq. (C1) would not
contain either Σ or Π. This equation would, as it follows
from (C2), set the remaining fermion to zero and, as was
already found, the bosonic component of the automorphism
form becomes the super–Schwarzian. We, therefore,
assume that α ≠ 0;−1 in further considerations.
Not all the equations have been written down. The dωJ

equation also separates into two:

▵1τd2θkc − ▵2τd1θkc∶ iDkcðSJÞab −
i
3
ðδca _σkb þ δcb _σ

k
aÞ ¼ −

i
3
ðδcbðSJÞadσkd þ δcaðSJÞbdσkdÞ

−
i
3
ððSJÞacσkb þ ðSJÞbcσkaÞ þ αðδcbΨk

a þ δcaΨk
bÞ;

d1θkcd2θld∶ 2ϵklϵcdðSJÞab þ
i
3
ðδcaDldσkb þ δcbD

ldσka þ δdaDkcσlb þ δdbD
kcσlaÞ

¼ ϵklϵcd
�
−
2i
9
σmaσ

m
b − 2αðSJÞab

�
þ ðδcaδdb þ δcbδ

d
aÞ
�
2αðSTÞkl −

2i
9
σkfσ

lf

�
: ðC6Þ

Substituting Diaσjb into the second equation as most general combination of tensors of various symmetries

Diaσjb ¼ ϵijϵabF −
1

2
ϵijFðabÞ −

1

2
ϵabFðijÞ þ FðijÞðabÞ;

F ¼ 1

4
Dkcσkc; Fij ¼ 1

2
ðDicσjc þDjcσicÞ; Fab ¼ 1

2
ðDkaσbk þDkbσakÞ; ðC7Þ

one can obtain that second equation (C6) implies FðijÞðabÞ ¼ 0, relates Fij and Fab to ðSTÞij and ðSJÞab
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ðSJÞab ¼
i

1þ α

�
Fab

6
−
σamσ

mb

9

�
;

ðSTÞij ¼
i
α

�
Fij

6
þ σicσ

jc

9

�
; ðC8Þ

and places no restriction on the scalar F. Therefore, σia

satisfies the differential constraint

Diaσjb þDjaσib þDibσja þDjbσia ¼ 0;

Diaσjb þDjbσia ¼ 1

2
ϵijϵabDkcσkc: ðC9Þ

To study the first equation of (C6), one should find the
derivative of ðSJÞab, and, therefore, of F, Fij and Fab.
Using their definition (C7) and commutation relation of
derivatives (2.12), one can obtain the relations

DkcFab ¼ −
1

3
ϵacDk

dF
bd −

1

3
ϵbcDk

dF
ad;

DkcFij ¼ −
1

3
ϵikDc

l F
jl −

1

3
ϵjkDc

l F
il;

DkcF ¼ i _σkc; Di
cFac ¼ 6i _σia −Da

kF
ik: ðC10Þ

We prefer to express derivatives of Fcd in terms of
derivatives of Fij. Substituting ðSJÞab (C8) into first
equation (C6) and evaluating derivatives, it could be
obtained that all the terms neither proportional to δca or
δcb vanish and the rest imply that

αð1þ αÞΨia ¼ −
i
3
α _σia −

1

18
Da

jF
ij þ 1

9
Fσia −

1

18
Filσal

−
1

18
Facσic þ

4

81
σicσ

c
mσ

ma: ðC11Þ

Equation dωT is very much similar to dωJ:

▵1τd2θkc − ▵2τd1θkc∶ iDkcðSTÞij þ
i
3
ðδki _σcj þ δkj _σ

c
i Þ ¼

i
3
ðδkjðSTÞilσcl þ δki ðSTÞjlσcl Þ

þ i
3
ððSTÞikσcj þ ðSTÞjkσci Þ − ð1þ αÞðδkiΨc

j þ δkjΨc
i Þ;

d1θkcd2θld∶2ϵklϵcdðSTÞij −
i
3
ðδki Dldσcj þ δkjD

ldσci þ δliD
kcσdj þ δljD

kcσdi Þ

¼ ϵklϵcd
�
−
2i
9
σiaσ

a
j þ 2ð1þ αÞðSTÞij

�
þ ðδki δlj þ δkjδ

l
iÞ
�
−2ð1þ αÞðSJÞcd −

2i
9
σcmσ

md

�
: ðC12Þ

Substitution of relations obtained above (C7), (C9), (C8),
(C11) guarantees that these two equations are satisfied in
the same manner as dωJ equations (C6).
The equation dωD results in the following relations:

Γia ¼ iΨia; Aiajjb þ Ajbjia ¼ 0: ðC13Þ

The second equation in (C13) is satisfied after substitution
Aiajjb ¼ −ϵijðSJÞab − ϵabðSTÞij (C1), while the first one
expresses the Γia through Ψia.
Now, combining everything together we will have the

following expressions for the Cartan forms

ωP¼▵τ; ωD¼0; ωK ¼▵τCþ idθiaΨia; ðC14Þ

ðωJÞab ¼ ▵τðSJÞab þ
1

3
ðdθkaσkb þ dθkbσkaÞ; ðC15Þ

ðωTÞij ¼ ▵τðSTÞij −
1

3
ðdθicσcj þ dθjcσci Þ; ðC16Þ

ðωQÞia¼dθia; ðωSÞia¼▵τΨia−dθibðSJÞba−dθkaðSTÞki ;
ðC17Þ

with only one function C remaining to be determined by
study of dωS and dωK equations.
The dωS equation again separates into two

DjbΨiaþ ϵijð _SJÞabþ ϵabð _STÞij

¼−
1

2
ϵijϵabðS2

J þS2
T − 2CÞþ 2ðSJÞabðSTÞij

−
1

3
ðϵabðσjcΨicþ σicΨjcÞ− ϵijðσakΨkbþ σbkΨkaÞÞ; ðC18Þ
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− ϵilDkcðSJÞad − ϵikDldðSJÞac − ϵadDkcðSTÞil − ϵacDldðSTÞik − 2iϵklϵcdΨia

¼ −iϵilϵadΨkc − iϵikϵacΨld þ 1

3
ð−ϵacϵilσkbðSJÞbd − ϵadϵikσlbðSJÞbc

þ ϵilσkaðSJÞcd þ ϵikσlaðSJÞcd þ ϵikσlcðSJÞad þ ϵilσkdðSJÞac þ ϵklϵcdσibðSJÞbaÞ

þ 1

3
ð−ϵacσkdðSTÞil − ϵadσlcðSTÞik − ϵadσicðSTÞkl − ϵacσidðSTÞkl

þ ϵklϵcdσamðSTÞim − ϵikϵadσcmðSTÞlm − ϵilϵacσdmðSTÞkmÞ: ðC19Þ

Equation (C19) is satisfied identically after substitution of
Ψia (C11) and ðSJÞab, ðSTÞij (C8). In this calculation, one
should use the formula

DjbDa
kF

ik ¼ 3iϵab _Fij −
1

4
ϵijϵabDc

kDclFkl; ðC20Þ

which follows from (C10) and commutation relations
(2.12). Equation (C18) after substitution of Ψia (C11)
and ðSJÞab, ðSTÞij (C8) reduces to ϵijϵab-projection, which
determines C

αð1þ αÞC ¼ −
i
3
α _F þ 1

72
Dc

kDlcFkl

þ 1

9
F2 −

1

72α
FklFkl þ 1

72ð1þ αÞFcdFcd

−
1

54ð1þ αÞF
cdσmcσ

m
d −

1

54α
Fklσkcσ

c
l

þ i
9
_σkcσkc þ

1

162

�
1

α
þ 1

1þ α

�
σkcσ

k
dσ

c
l σ

ld:

ðC21Þ

Finally, studying dωK equation we will get the following
relations

i _Ψia −DiaC ¼ −2iðΨi
cðSJÞca þ Ψa

kðSTÞkiÞ; ðC22Þ

2ϵijϵabC −DiaΨjb −DjbΨia

¼ ϵijϵabðS2
J þ S2

TÞ − 4ðSTÞijðSJÞab: ðC23Þ

Here, S2
J ≡ ðSJÞabðSJÞab and S2

T ≡ ðSTÞijðSTÞij. The rela-
tion (C23) is simply a consequence of (C18) and therefore, is
satisfied identically. Finally, substituting C (C21), Ψia (C11)
and ðSJÞab, ðSTÞij (C8) into (C22) and using formula

DiaDc
kDlcFkl ¼ −4iDa

l
_Fil; ðC24Þ

one finds that (C22) is also identically satisfied, leaving no
extra constraints on σia.
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