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1 Introduction

There remain a few simple, unanswered questions in supersymmetry (SUSY). The simplest
form of one such class of questions is,

“Given minimal representations of off-shell 4D, N = 1 supermultiplets, what combi-
nations of these can be used as a basis for forming off-shell 4D, N = 2 supermultiplets?”

We inaugurated our studies on this in a 2014 [1] research investigation. This current
work represents a continuation along that line. In particular, we propose to use the infor-
mation contained in the adinkra [2] projections of these supermultiplets to one-dimensional
supersymmetrical systems in order to answer this question.

Before turning to the 4D, N = 2 theories it is useful to recall our 4D, N = 1 super-
multiplets. Every off-shell 4D, N = 1 supermultiplet reduced to one dimension leads to a
set of matrices that satisfy the Garden algebra [16]

LI RJ + LJ RI = 2 δI J Id , RI LJ + RJ LI = 2 δI J Id . (1.1)

where the index I takes on values 1, . . . , 4 and d = 4p, where p is a non-negative integer
and equal to one for minimal representations. Each of the matrices L I takes the form

L I = S I P I , (1.2)

for each fixed value of I. Further, each matrix S I is diagonal and squares to the identity, and
each matrix P I describes a permutation. Thus, reduction to 1D provides a prescription
for mapping supermultiplets onto elements of the permutation group.

2 Potentially ‘colorful’ off-shell 4D, N = 2 SUSY multiplets

In the work of [1], by starting from pairs of the minimal off-shell 4D, N = 1 chiral,
tensor, and vector supermultiplets and their free actions, a second potential supersymmetry
operator was constructed for the six different choices of pairings of the supermultiplets.
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A “representation label” (R) was introduced to describe the six pairings: (CC), (CT ),
(CV ), (TT ), (TV ), and (V V ), where for example (CC) would refer to the Chiral + Chiral
supermultiplet and (TV ) would refer to the Tensor + Vector supermultiplet. For each value
of the representation label the pairs of supermultiplets were reduced to one dimensional
theories with extended supersymmetry. This led to eight L matrices for each pairing. In
the following, we list the L matrices in forms that can readily be used to generate the
factorization shown in eq. (1.2).

We factor [9] the signed permutation matrices

(LI)k̂i =
(
S(I)

) ˆ̀

i

(
P(I)

) k̂

ˆ̀

for each fixed I = 1, 2, . . . , N where the first factor corresponds to a d × d diagonal ma-
trix with only ±1 entries, and the second corresponds to a matrix representation of the
permutation of d objects. The signed factor can then be rewritten in a (reversed) binary
notation where

(
S(I)

)ˆ̀

i
=


(−1)b1 0 0 · · ·

0 (−1)b2 0 · · ·
0 0 (−1)b2 · · ·
...

...
... . . .

 ↔
(
RI =

d∑
i=1

bi2i−1
)
b

Using this notation, (R) = (CC), the L-matrices can be presented as:

L1 =
[

(10)b(243) 0
0 (10)b(243)

]
, L2 =

[
(12)b(123) 0

0 (12)b(123)

]
,

L3 =
[

(6)b(134) 0
0 (6)b(134)

]
, L4 =

[
(0)b(142) 0

0 (0)b(142)

]
,

L5 =
[

0 (15)b(243)
(0)b(243) 0

]
, L6 =

[
0 (9)b(123)

(6)b(123) 0

]
,

L7 =
[

0 (3)b(134)
(12)b(134) 0

]
, L8 =

[
0 (5)b(142)

(10)b(142) 0

]
.

(2.1)

For (R) = (CT ), the L-matrices can be presented as:

L1 =
[

(10)b(243) 0
0 (14)b(234)

]
, L2 =

[
(12)b(123) 0

0 (4)b(124)

]
,

L3 =
[

(6)b(134) 0
0 (8)b(132)

]
, L4 =

[
(0)b(142) 0

0 (2)b(143)

]
,

L5 =
[

0 (11)b(243)
(0)b(234) 0

]
, L6 =

[
0 (13)b(123)

(10)b(124) 0

]
,

L7 =
[

0 (7)b(134)
(6)b(132) 0

]
, L8 =

[
0 (1)b(142)

(12)b(143) 0

]
.

(2.2)
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For (R) = (CV ), the L-matrices can be presented as:

L1 =
[

(10)b(243) 0
0 (10)b(1243)

]
, L2 =

[
(12)b(123) 0

0 (12)b(23)

]
,

L3 =
[

(6)b(134) 0
0 (0)b(14)

]
, L4 =

[
(0)b(142) 0

0 (6)b(1342)

]
,

L5 =
[

0 (2)b(243)
(13)b(1243) 0

]
, L6 =

[
0 (4)b(123)

(11)b(23) 0

]
,

L7 =
[

0 (14)b(134)
(7)b(14) 0

]
, L8 =

[
0 (8)b(142)

(1)b(1342) 0

]
.

(2.3)

For (R) = (TT ), the L-matrices can be presented as:

L1 =
[
n+(14)b(234) 0

0 m+(14)b(234)

]
, L2 =

[
n+(4)b(124) 0

0 m+(4)b(124)

]
,

L3 =
[
n+(8)b(132) 0

0 m+(8)b(132)

]
, L4 =

[
n+(2)b(143) 0

0 m+(2)b(143)

]
,

L5 =
[

0 n−(14)b(234)
m−(14)b(234) 0

]
, L6 =

[
0 n−(4)b(124)

m−(4)b(124) 0

]
,

L7 =
[

0 n−(8)b(132)
m−(8)b(132) 0

]
, L8 =

[
0 n−(2)b(143)

m−(2)b(143) 0

]
,

(2.4)

where

m± =
√

2 cos
[
π

4 (2m∓ 1)
]
, n± =

√
2 cos

[
π

4 (2n∓ 1)
]
. (2.5)

For (R) = (TV ), the L-matrices can be presented as:

L1 =
[
n+(14)b(234) 0

0 m+(10)b(1243)

]
, L2 =

[
n+(4)b(124) 0

0 m+(12)b(23)

]
,

L3 =
[
n+(8)b(132) 0

0 m+(0)b(14)

]
, L4 =

[
n+(2)b(143) 0

0 m+(6)b(1342)

]
,

L5 =
[

0 n−(14)b(234)
m−(10)b(1243) 0

]
, L6 =

[
0 n−(4)b(124)

m−(12)b(23) 0

]
,

L7 =
[

0 n−(8)b(132)
m−(0)b(14) 0

]
, L8 =

[
0 n−(2)b(143)

m−(6)b(1342) 0

]
.

(2.6)
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For (R) = (V V ), the L-matrices can be presented as:

L1 =
[
n+(10)b(1243) 0

0 m+(10)b(1243)

]
, L2 =

[
n+(12)b(23) 0

0 m+(12)b(23)

]
,

L3 =
[
n+(0)b(14) 0

0 m+(0)b(14)

]
, L4 =

[
n+(6)b(1342) 0

0 m+(6)b(1342)

]
,

L5 =
[

0 n−(10)b(1243)
m−(10)b(1243) 0

]
, L6 =

[
0 n−(12)b(23)

m−(12)b(23) 0

]
,

L7 =
[

0 n−(0)b(14)
m−(0)b(14) 0

]
, L8 =

[
0 n−(6)b(1342)

m−(6)b(1342) 0

]
.

(2.7)

3 HYMN Control of ‘colorful’ off-shell 4D, N = 2 SUSY multiplets

The real matrices L(R)
I and R(R)

I can be used to form 16 × 16 matrices using the definition

γ̂
(R)
I = 1

2 (σ1 + iσ2 ) ⊗ L(R)
I + 1

2 (σ1 − iσ2 ) ⊗ R(R)
I . (3.1)

for each of the six representations, and a corresponding matrix Ĉ(R) derived in the formula
shown below from using each γ̂(R)

I representation,

Ĉ(R) = γ̂
(R)
8 · · · γ̂(R)

1 . (3.2)

This leads the way to HYMN values [14, 15], which are the eigenvalues of the Ĉ(R) matrices
associated with each supermultiplet. For even N, this matrix is diagonal, i.e

Ĉ(R) =
(
LNRN−1 · · ·R1 0

0 RNLN−1 · · ·L1

)

The form of the Ĉ(R) matrices for each representation is shown below,

Ĉ(CT ) = Ĉ(CV ) = σ3 ⊗ I8 ,

Ĉ(CC) = Ĉ(TT ) = Ĉ(TV ) = Ĉ(V V ) = I16 .
(3.3)

These results were derived by explicitly calculating all 16 × 16 matrices using computer-
enabling codes. Algorithms were written in Python and Mathematica by two independent
groups. The general process of finding HYMN values is described in [14] (equations 4.28–
4.31), and was carried out in the same fashion by both groups, with only syntactical
differences. The Python package Numpy was used extensively for matrix operations and
to encode the matrices using the Numpy array type. Each group also made use of LaTeX-
formatted output commands for the ease of cross-verification at intermittent steps.

The results in eq. (3.3) show that the eigenvalues of Ĉ(R) split the six representations:
(CC), (CT ), (CV ), (TT ), (TV ), (V V ), into two classes. One class contains only (CT ),
and (CV ), while the remaining four representations are all members in a second class.
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Next we calculate the anti-commutators of the matrices define in eq. (3.1). We find
for (R) = (CT ), and (CV ) {

γ̂
(R)
I , γ̂

(R)
J

}
= 2 δIJ I16 . (3.4)

However for the (CC), (TT ), (TV ), and (V V ) representations we find{
γ̂

(R)
I , γ̂

(R)
J

}
= 2 δIJ I16 +N IJ

α̂ (R) κ
(R)
α̂ . (3.5)

where the coefficients N IJ
α̂ (R) and the sets of 16 × 16 matrices κα̂(R) are defined in

equations (7), (30), (31), (65), (66), (74), (75), (81), and (82) of the work [1] that began
the line of inquiry. We thus see an alignment between the eigenvalue classes of Ĉ(R) and
whether the LI

(R) and RI
(R) matrices satisfy the condition for 1D SUSY shown in eq. (1.1).

The result in eq. (3.5) might imply that more component auxiliary fields would be
needed in the cases of the (CC), (TT ), (TV ), and (V V ) on-shell representations.

Therefore, the most elegant way to understand why only the (R) = (CT ), and (CV ),
4D, N = 1 supermultiplets can describe full-fledged off-shell 4D, N = 2 supermultiplets is
because only their adinkras provide a spinor representation of a Euclidean SO(8) group.
It is either an extraordinary coincidence that the split of the six ‘exemplary’ on-shell
supermultiplets follows the exact same ratio as the split among the six dissected groups of
S4 [3] or there is a deeper connection yet to be uncovered.

It turns out that there is yet one more way to test the assertion that valid off-shell
supermultiplets lead to a HYMN matrix that is traceless. In the works of [11–13] which
contain our earliest exploration of these issues, an algorithm is given for constructing
L-matrices that is independent of combination of N = 1 supermultiplets that can be
combined into a valid N = 2 supermultiplet. One set of these L-matrices leads to an octet
that contains the identity matrix and can be dubbed the ‘Diadem(8)’ Octet (denoted by
DO(8)). This is the higher dimensional analogue1 of the Klein 4-group (also known as the
Klein Vierergruppe). From the work in [11] the elements of this octet are given by

L1 = I2×2 ⊗ I2×2 ⊗ I2×2 = R1

L2 = iI2×2 ⊗ σ3 ⊗ σ2 = −R2

L3 = iσ3 ⊗ σ2 ⊗ I2×2 = −R3

L4 = iI2×2 ⊗ σ1 ⊗ σ2 = −R4

L5 = iσ1 ⊗ σ2 ⊗ I2×2 = −R5

L6 = iσ2 ⊗ I2×2 ⊗ σ1 = −R6

L7 = iσ2 ⊗ I2×2 ⊗ σ3 = −R7

L8 = iσ2 ⊗ σ2 ⊗ σ2 = −R8

and it leads to the result

Ĉ(DO(8)) = γ̂
(DO(8))
8 · · · γ̂((DO(8)))

1 = σ3 ⊗ I8 , (3.6)

showing it is indeed in the same class that also contains (CT ) and (CV ).
1In the sense that its matrices are 8 × 8 matrices.
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Figure 1. Colored permutation addresses adorning the permutahedron.

4 4D, N = 1 SUSY and the permutahedron

In a recent paper, [3] the relevance of a well-known mathematical concept, the permutahe-
dron [4–7], was brought into focus. In particular, it was conjectured the permutahedron for
S4, along with Bruhat weak ordering [8], provide a foundation for a representation theory
of off-shell 4D, N = 1 SUSY theories. A representation of the S4 permutahedron is shown
in figure 1. Each of the listed subsets (dubbed quartets) contains four elements. Those
four elements are shown in the same color on the permutahedron.

We remind the reader that of the subsets, only the {P [1]}, {P [2]}, and {P [3]} ones are
associated, respectively, with the chiral, tensor, and vector supermultiplets. These were
derived by a projection procedure carried out in the work of [9]. Respectively, these are
associated with the green, purple and rust colored permutation elements.

There is one special property of {P [6]} as it is the only subset that contains the identity
permutation element. Regarding all the subsets as unordered, the following equations
follow,

{P [1]} = (132) {P [6]} , {P [2]} = (123) {P [6]} , {P [4]} = (23) {P [6]} ,
{P [4]} = (13) {P [6]} , {P [5]} = (12) {P [6]} ,

and according to the use of a lexicographical ordering prescription {P [6]} is the “smallest”
of the twenty-four permutations contained in S4. The permutations in the subset {P [6]}
can also be represented as

P1 = I2 ⊗ I2 = () = 〈1234〉 ,
P2 = I2 ⊗ σ1 = (12)(34) = 〈2143〉 ,
P3 = σ1 ⊗ I2 = (13)(24) = 〈3412〉 .
P4 = σ1 ⊗ σ1 = (14)(23) = 〈4321〉 ,

(4.1)

written successively in matrix, cycle, and one-line notations.
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The permutations in eq. (4.1), which correspond to the supercharges that act on the
P6 supermultiplet, occur at two vertices of the base face and two vertices of the top face. In
this sense, they can be seen as two-colored quartets. Further explanation of this statement
is warranted, for which we turn to the findings of [11], in particular appendix A. Given an
arbitrary N -extended theory with N matrices, we can always build an (N − 1)-extended
theory by taking any set of (N-1) matrices from the N -extended theory. For the case of
4D, N = 1 SUSY, after dimensional reduction we end up with a 1D, N = 4 theory [10].
The process, which shows the “interdimensionality” of adinkras, is as follows. Reducing
to 3D, we get an N = 2 scalar theory (chirality doesn’t exist in 3D). Further reducing
to 2D, we get a 2D, N = (1, 1) theory. Reduction once more leads to the 1D, N = 4
scalar theory. All of these theories have the same adinkras. Turning back to the present
case of the 1D, N = 4 theory, it follows that we could use this N = 4 theory to build
theories for N = 1, 2, or 3, by simply taking subsets of the quartets. In this particular
way, the faces of the permutahedron for the 1D, N = 4 theory are seen to be composed
of the supercharges that act on two different N = 2 supermultiplets (where each N = 2
supermultiplet is acted on by 2 of the matrices corresponding to the supercharges for the
larger N = 4 supermultiplets).

A similar argument is constructed in [17], where the actions for 1D, N = 4 σ-models
are computed with respect to the two inequivalent (2,8,6) multiplets. It’s shown that
imposing the 5th supersymmetry (with four supersymmetry generators already manifest)
automatically induces full N = 8 off-shell invariance.

This has an interesting implication for the 4D, N = 2 theories that are the target of
our investigation in this work. In the future we seek to further understand the role that
the permutahedron may play in picking out valid combinations of N = 1 supermultiplets
to create valid N = 2 supermultiplets. The fact that permutations corresponding to the
supercharges of valid supermultiplets of lower degree or extension may be formed by the
square faces hints at a potential way to embed lower degree supercharges of supermultiplets
(say of N = 1) into higher dimensional permutahedra (say of N = 2). This will be
investigated in future works.

5 ‘Colorful’ off-shell 4D, N = 2 SUSY multiplets & their explicit S8

permutations

The skeptical reader may object that arguments based on the use of γ̂I
(R) having nothing

to do with the permutahedron associated with S8. This is not so. As indicated by the result
in eq. (1.2), the permutation elements powerfully determine the forms of the matrices that
are described by the GR(d,N) or Garden Algebra in eq. (1.1). We believe this current work
shows how the GR(8, 8) representation clearly impacts how off-shell 4D, N = 1 theories
can be combined to become off-shell 4D, N = 2 theories.

As a step toward enabling a deeper study of these issues, it is necessary to give a
reformulation of the results in (2.1)–(2.7). We find these can be recast as the following,
where explicit dependences on the elements in S8 (as both cycle and one-line notations)
appear.

– 7 –



J
H
E
P
0
4
(
2
0
2
2
)
1
0
4

(R) = (CC)

L1 = (170)b(243)(687) = (170)b〈 1 4 2 3 5 8 6 7 〉 ,
L2 = (204)b(123)(567) = (204)b〈 2 3 1 4 6 7 5 8 〉 ,
L3 = (102)b(134)(578) = (102)b〈 3 2 4 1 7 6 8 5〉 ,
L4 = (0)b(142)(586) = (0)b〈 4 1 3 2 8 5 7 6 〉 ,

L5 = (15)b(15)(364728) = (15)b〈 5 8 6 7 1 4 2 3 〉 ,

L6 = (105)b(163527)(48) = (105)b〈 6 7 5 8 2 3 1 4 〉 ,
L7 = (195)b(26)(174538) = (195)b〈 7 6 8 5 3 2 4 1 〉 ,
L8 = (165)b(37)(182546) = (165)b〈 8 5 7 6 4 1 3 2 〉 ,

(5.1)

(R) = (CT )

L1 = (234)b(243)(678) = (234)b〈 1 4 2 3 5 7 8 6 〉 ,
L2 = (76)b(123)(568) = (76)b〈 2 3 1 4 6 8 7 5 〉 ,

L3 = (134)b(134)(576) = (134)b〈 3 2 4 1 7 5 6 8〉 ,
L4 = (32)b(142)(587) = (32)b〈 4 1 3 2 8 6 5 7 〉 ,

L5 = (11)b(15)(28)(36)(47) = (11)b〈 5 8 6 7 1 3 4 2 〉 ,

L6 = (173)b(1648)(2735) = (173)b〈 6 7 5 8 2 4 3 1 〉 ,
L7 = (103)b(1726)(3845) = (103)b〈 7 6 8 5 3 1 2 4 〉 ,
L8 = (193)b(1837)(2546) = (193)b〈 8 5 7 6 4 2 1 3 〉 ,

(5.2)

(R) = (CV )

L1 = (170)b(243)(5687) = (170)b〈 1 4 2 3 6 8 5 7 〉 ,
L2 = (204)b(123)(67) = (204)b〈 2 3 1 4 5 7 6 8 〉 ,
L3 = (6)b(134)(58) = (6)b〈 3 2 4 1 8 6 7 5〉 ,

L4 = (96)b(142)(5786) = (96)b〈 4 1 3 2 7 5 8 6 〉 ,

L5 = (210)b(15283647) = (210)b〈 5 8 6 7 2 4 1 3 〉 ,
L6 = (180)b(1635)(27)(48) = (180)b〈 6 7 5 8 1 3 2 4 〉 ,
L7 = (126)b(1738)(26)(45) = (126)b〈 7 6 8 5 4 2 3 1 〉 ,
L8 = (24)b(18253746) = (24)b〈 8 5 7 6 3 1 4 2 〉 ,

(5.3)

(R) = (TT )

L1 = (238)b
[(1

2

)(
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(234)(678)

= (238)b
[(1

2

)(
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 1 3 4 2 5 7 8 6 〉 ,

L2 = (68)b
[(1

2

)(
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(124)(568)

= (68)b
[(1

2

)(
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 2 4 3 1 6 8 7 5 〉 ,
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L3 = (136)b
[(1

2

)(
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(132)(576)

= (136)b
[(1

2

)(
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 3 1 2 4 7 5 6 8〉 ,

L4 = (34)b
[(1

2

)(
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(143)(587)

= (34)b
[(1

2

)(
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 4 2 1 3 8 6 5 7 〉 ,

L5 = (238)b
[(1

2

)(
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(15)(274638)

= (238)b
[(1

2

)(
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 5 7 8 6 1 3 4 2 〉 ,

L6 = (68)b
[(1

2

)(
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(164528)(37)

= (68)b
[(1

2

)(
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 6 8 7 5 2 4 3 1 〉 ,

L7 = (136)b
[(1

2

)(
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(172536)(48)

= (136)b
[(1

2

)(
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 7 5 6 8 3 1 2 4 〉 ,

L8 = (34)b
[(1

2

)(
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(183547)(26)

= (34)b
[(1

2

)(
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 8 6 5 7 4 2 1 3 〉 ,

(5.4)

(R) = (TV )

L1 = (174)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(234)(5687)

= (174)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 1 3 4 2 6 8 5 7 〉 ,

L2 = (196)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(124)(67)

= (196)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 2 4 3 1 5 7 6 8 〉 ,

L3 = (8)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(132)(58)

= (8)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 3 1 2 4 8 6 7 5〉 ,

L4 = (98)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(143)(5786)

= (98)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 4 2 1 3 7 5 8 6 〉 ,
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L5 = (174)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(38)(46)(1527)

= (174)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 5 7 8 6 2 4 1 3 〉 ,

L6 = (196)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(16372845)

= (196)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 6 8 7 5 1 3 2 4 〉 ,

L7 = (8)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(17362548)

= (8)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 7 5 6 8 4 2 3 1 〉 ,

L8 = (98)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(35)(47)(1862)

= (98)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 8 6 5 7 3 1 4 2 〉 ,

(5.5)

(R) = (V V )

L1 = (170)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(1243)(5687)

= (170)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 2 4 1 3 6 8 5 7 〉 ,

L2 = (204)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(23)(67)

= (204)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 1 3 2 4 5 7 6 8 〉 ,

L3 = (0)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(14)(58)

= (0)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 4 2 3 1 8 6 7 5〉 ,

L4 = (102)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
(1342)(5786)

= (102)b
[(1

2

) (
(I + σ3)n+ + (I− σ3)m+

)
⊗ I4

]
〈 3 1 4 2 7 5 8 6 〉 ,

L5 = (170)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(1647)(2835)

= (170)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 6 8 5 7 2 4 1 3 〉 ,

L6 = (204)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(15)(27)(36)(48)

= (204)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 5 7 6 8 1 3 2 4 〉 ,
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L7 = (0)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(18)(26)(37)(45)

= (0)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 8 6 7 5 4 2 3 1 〉 ,

L8 = (102)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
(1746)(2538)

= (102)b
[(1

2

) (
(I + σ3)n− + (I− σ3)m−

)
⊗ I4

]
〈 7 5 8 6 3 1 4 2 〉 .

(5.6)

There are twenty-four vertices (= 4!) associated with the permutahedron of order four
(for 4D, N = 1 supersymmetry). This same argument implies that 4D, N = 2 theories
must have a permutahedron with 8! = 8 · 7 · 6 · 5 · 4! = (1,680) · (24) = 40,320 vertices.
In fact, this polytope, the Permutahedron of order 8, is known as the hexipentisterirun-
cicantitruncated 7-simplex, or more simply, as the omnitruncated 7-simplex, depicted in
figure 2

P1 = I2 ⊗ I2 ⊗ I2 = () = 〈1 2 3 4 5 6 7 8 〉 ,
P2 = I2 ⊗ I2 ⊗ σ1 = (12)(34)(56)(78) = 〈2 1 4 3 6 5 8 7 〉 ,
P3 = I2 ⊗ σ1 ⊗ I2 = (13)(24)(57)(68) = 〈3 4 1 2 7 8 5 6 〉 ,
P4 = I2 ⊗ σ1 ⊗ σ1 = (14)(23)(58)(67) = 〈4 3 2 1 8 7 6 5〉 ,
P5 = σ1 ⊗ I2 ⊗ I2 = (15)(26)(37)(48) = 〈5 6 7 8 1 2 3 4 〉 ,
P6 = σ1 ⊗ I2 ⊗ σ1 = (16)(25)(38)(47) = 〈6 5 8 7 2 1 4 3 〉 ,
P7 = σ1 ⊗ σ1 ⊗ I2 = (17)(28)(35)(46) = 〈7 8 5 6 3 4 1 2 〉 ,
P8 = σ1 ⊗ σ1 ⊗ σ1 = (18)(27)(36)(45) = 〈8 7 6 5 4 3 2 1 〉 .

(5.7)

Several questions remain for future inquiry. If the faces of permutahedra can be inter-
preted as consisting of supercharges of lower degree supermultiplets, can we embed these
supercharges (of lower degree supermultiplets) of a lower degree permutahedra into higher
degree permutahedra (thereby creating a mechanism for the generation of higher N su-
permultiplets from lower N supermultiplets? Another pressing question to pursue in the
context of permutahedra is what is the interpretation of the non-closure terms in eq. (3.5)?
Lastly, does the Bruhat weak ordering metric on the permutations plays a role in the
sorting done by the eigenvalues?

Answering these questions will require:

(a.) explicit knowledge of the arrangements of all 40,320 permutations in the S8 permu-
tahedron, and

(b.) the calculation of all two point “correlator” matrices [3] between the permutations
that appear in the six representations seen above together with those associated with
the permutations described in eq. (5.7).

Thanks to modern IT coding and infrastructure this is a surmountable problem. In a
future paper these results will be reported.
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Figure 2. The permutahedron of order eight, known as the omnitruncated 7-simplex, which exists
in 7 dimensions and has 40,320 vertices.

“As the prerogative of Natural Science is to cultivate
a taste for observation, that of Mathematics is, almost
from the starting point, to stimulate the faculty of
invention.”

- J.J. Sylvester
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