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Basic properties of gauge theories in the framework of the Faddeev-Popov (FP) method, Batalin-
Vilkovisky (BV) formalism, and functional renormalization group (FRG) approach are considered. The FP
and BV quantizations are characterized by the Becchi-Rouet-Stora-Tyutin (BRST) symmetry, while the BRST
symmetry is broken in the FRG approach. It is shown that the FP method, the BV formalism, and the FRG
approach can be provided with the Slavnov-Taylor identity, the Ward identity, and the modified Slavnov-
Taylor identity, respectively. It is proven that using the background field method the background gauge
invariance of the effective action within the FP and FRG quantization procedures can be achieved in nonlinear
gauges. The gauge-dependence problem within the FP, BV, and FRG quantizations is studied. Arguments
allowing us to state the existence of principal problems of the FRG in the case of gauge theories are given.
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I. INTRODUCTION

Over the past three decades, there has been increased
interest in the nonperturbative approach in quantum field
theory known as the functional renormalization group
(FRG), which has been proposed in papers [1,2] and can
be considered as a version of Wilson renormalization group
[3.4]. The FRG approach has gotten further developments
[5-11] and numerous applications [12-23]. There are many
reviews devoted to detailed discussions of different aspects
of the FRG approach, and among them, one can find
Refs. [24-31] with qualitative references.

As aquantization procedure, the FRG belongs to covariant
quantization schemes. In the case of gauge theories, any
covariant quantization faces two principal problems: the
unitarity of S matrix first formulated by Feynman [32] and
the gauge dependence of results obtained. The study of the
unitarity problem requires consideration of canonical for-
mulation of a given theory on the quantum level and use of
the Kugo-Ojima method in construction and analysis of
physical state space with the help of the nilpotent Becchi-
Rouet-Stora-Tyutin (BRST) operator [33] to discovery the
criteria providing the unitarity. In the present paper, we will
not touch the unitary problem in all covariant quantization
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approaches to gauge theories, restricting ourselves the gauge-
dependence problem.

The gauge dependence is a problem in the quantum
description of gauge theories beginning with famous papers
by Jackiw [34] and Nielsen [35]. Study of the gauge-
dependence problem can be directly performed in covariant
quantization schemes, namely, in the Faddeev-Popov (FP)
method [36], the Batalin-Vilkovisky (BV) formalism
[37,38], and the FRG approach [1,2]. Analysis of the
gauge dependence problem for Yang-Mills theories in the
framework of the FP-method and for general gauge theories
within the BV-formalism has been given in papers [39—41],
respectively. Aspects of gauge invariance and related topics
were always under close attention in the FRG
[8,11,12,16,17,19,42-47]. Nevertheless, it seems a useful
and important task to consider the gauge-dependence
problem within the FRG approach for different types of
gauge theories from general points of view.

We are going to compare with each other basic properties
providing the FP method, BV formalism, and the FRG
approach and find new features concerning the gauge-
dependence problem in the FRG. Among the basic proper-
ties, it needs first of all to mention the BRST symmetry
[48,49], which is considered a fundamental principle of
modern quantum field theory allowing a suitable quantum
description of a given dynamical system [50,51]. For the
first time, the BRST symmetry was discovered as a global
supersymmetry of quantum action (the Faddeev-Popov
action) appearing in the process of quantization of Yang-
Mills theories. In its turn, the BRST symmetry in the BV
formalism is not the global supersymmetry of some action,
but it is encoded into the quantum master equation. The role

Published by the American Physical Society


https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.105.085014&domain=pdf&date_stamp=2022-04-22
https://doi.org/10.1103/PhysRevD.105.085014
https://doi.org/10.1103/PhysRevD.105.085014
https://doi.org/10.1103/PhysRevD.105.085014
https://doi.org/10.1103/PhysRevD.105.085014
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

P.M. LAVROV

PHYS. REV. D 105, 085014 (2022)

of BRST symmetry in the FP method and in the BV
formalism is extremely important because it guarantees the
gauge independence of the S-matrix elements. The BRST
symmetry is broken in the FRG approach, which leads to
the ill-defined S matrix [52].

The Ward identities in quantum theory of gauge fields are
the next basic property. Their existence is a direct conse-
quence of gauge invariance of the initial classical action
underlying a given system with gauge freedom. The BRST
transformations help to present the Ward identities in a
unique form that sometimes causes incorrect conclusions
concerning relations between the BRST symmetry and the
Ward identities; namely, the Ward identities by themselves
do not mean the existence of the BRST symmetry for a given
gauge system. It is exactly the case of the FRG approach
when it cannot be provided by the BRST symmetry in the
presence of the modified Slavnov-Taylor (mST) identities.

In our investigation, we pay special attention to the
gauge-dependence problem within the FP method, the BV
formalism, and the FRG approach with or without using the
background field method (BFM) [53-55] because of its
importance for the physical interpretation of used schemes
of quantization. Our interest in the background field
method is caused by an important property of gauge
invariance of the background effective action under gauge
transformations of background fields helping to simplify
quantum calculations in the Yang-Mills and gravity theo-
ries within the FP method. Unfortunately, this method
does not help to improve the situation with the gauge-
dependence problem in the FRG because the effective
average action being a gauge-invariant functional remains a
gauge-dependent object.

The paper is organized as follows. In Sec. II, a brief
description of theories invariant under the gauge trans-
formations from the point of view of the structure of
corresponding gauge algebras is given. In Sec. III, the
BRST symmetry in the context of the FP method, BV
formalism, and FRG approach is discussed. In Sec. IV, the
Slavnov-Taylor (ST) identity in the FP method, the Ward
identity in BV formalism, and the mST identity in the FRG
approach are studied. In Sec. V, the gauge-dependence
problem is studied within quantization schemes mentioned
above. In Sec. VI, the all basic properties of FP method and
FRG approach are investigated for the Yang-Mills type of
gauge theories within the BFM. Finally, in Sec. VII, the
results obtained in the paper are discussed.

We use the DeWitt’'s condensed notations [56]. We
employ the notation &(A) for the Grassmann parity of
any quantity A. The right and left functional derivatives
with respect to fields and antifields are marked by special
symbols « and —, respectively. Arguments of any func-
tional are enclosed in square brackets [|, and arguments of
any function are enclosed in parentheses (). The symbol
F A[¢,...] means the right derivative of F[¢,...| with
respect to field ¢*.

II. GAUGE THEORIES

Let us start from some initial classical action Sy[A] of the
fields A’, with Grassmann parities £(A’) = ¢;, being invari-
ant under the gauge transformations (X = §X/5A")

SAT= RL(A)E.  SpilAIRL(A) =0,  (2.1)
where % are arbitrary functions with Grassmann parities
(&) =epa=1,2,...,m,and R\ (A), e(R,(A)) =¢;+¢,
are generators of gauge transformations. It is assumed the
set of fields A’ is linear independent (in particular, it is not
the case of higher-spin fields [57]). The general form of
algebra of generators R’ (A) reads

Rl j(A)RH(A) = (=1) R}, (A)Ri(A)

= —RI(A)F"(A) = So [AIM(A). (2.2)

where F};(A) = —(=1)*F},(A) are structure functions
depending, in general, on the fields A’ and Mgﬂ(A)
satisfies the':' conditions M;’ﬂ(A) = —(—1)£f€fM£iﬂ(A) =
—(=1) M, (A).

If the structure functions do not depend on fields A’,
M;Jﬁ (A) = 0 and, in addition, the generators R’,(A) form a
set of linear independent operators with respect to the index
a, then we have the case of the Yang-Mills type of gauge
theories being very important for practical applications
because all modern models of fundamental forces are
described in terms of such a kind of theories.

For an example, let us consider the case of the pure
Yang-Mills theory, defined by the action

SymlA] = — L Fa (A)F2, (4).

2 Fi (2.3)

where F4,(A) = 9,A¢ — 0,A% + f*°ALAC is the field
strength for the non-Abelian vector field A, taking values
in the adjoint representation of a compact semisimple Lie
group with structure coefficients f¢*°. We have the follow-
ing identifications with previous notations:

Al AL Fg o f2, RL(A) = Db (A) =60, + f*P Ay,
(2.4)

Here, D4’(A) is the covariant derivative.

For a second example, consider the case of quantum
gravity theories, defined by an action Sy(g) of a Riemann
metric g = {g,,(x)} with £(g) = 0' and which is invariant
under general coordinate transformations. The generator of
such transformation is linear in g,, and reads

"The standard example is Einstein gravity with a cosmological
constant term, Sy[g] = — L [ dxy/=detg(R(g) + 2A).
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R;wa(x’ ys g) = —5()6 - y>8ag;w(x) - g/w(x>av5(x - y)
~ 9o (x)0,0(x = y). (2.5)

Therefore, for an arbitrary gauge function &% with
€(&*) =0, one has 8g,, = R,,,(9)&’, or, writing all the
arguments explicitly,

89 (x) = / dyR,,;(x,y; 9)E°(y). (2.6)

In this case, the structure functions are given by

F3 (x.9.2) =8(x—)6705)6(x—2) = 8(x — 2)350,” 8(x ).
(2.7)

which satisfies the antisymmetry properties, F;y(x, v,2) =
—F3 (x,z,y), as usual.
In terms of the notation used, one has the correspondence

A" g, (x),  RL(A) = Ryue(x,y39),  Fj 0> Fp (x,9,2).
(2.8)

In general, the structure functions may depend on fields
A, M;(A) may not be equal to zero (open algebras), and
Ri(A) may not be linear independent in the index «
(reducible algebras). In all these cases, we meet the so-
called general gauge theories [37,38]. For our goals, a
detailed description of structure of gauge algebras is not
essential, and we omit their further discussions.

All results obtained below within the FP method and the
FRG are valid for any Yang-Mills type of gauge theories in
any admissible gauge. The same remark is valid for general
gauge theories in the BV formalism.

III. BRST SYMMETRY

At present, the BRST symmetry is considered as a
fundamental principle in the construction of the consistent
quantization procedure for field and string theories [50,51].
In the next three subsections, we are going to discuss a
status of the BRST symmetry for the Yang-Mills type of
gauge theories within the FP method and the FRG approach
and for the general gauge theories within the BV
formalism.

A. BRST in FP method

Let Sy[A] be an action of fields A’ which include Yang-
Mills fields and, in general, multiplets of spinor and scalar
fields. Vacuum functional for the Yang-Mills type of gauge
theories is constructed by the Faddeev-Popov rules [36] in
the form of functional integral

(3.1)

= / D¢exp{%spp[¢]}

over fields ¢. In (3.1), Sgp[¢] is the Faddeev-Popov action,

Seel#] = SolA] + C°(xa(A. B)4 )RE(A)CP + B%,(A, B),
(3.2)

where y, (A, B) are functions lifting the degeneracy of the
Yang-Mills action, ¢ = {¢*} is the set of all fields

¢t = (A B, CCY),  e(@t) =es  (33)
with the Faddeev-Popov ghost and antighost fields C* and
C* [¢(C*) = &(C%) = 1,gh(C%) = —gh(C*) = 1], respec-
tively, and the Nakanishi-Lautrup auxiliary fields
B%[e(B*) = 0,gh(B*) = 0]. A standard choice of linear
and nondegenerate gauges y,(A, B) reads

X(I(A’ B) = FrliAi +§Bm

: (3.4)

where F,, being some differential operations, do not
depend on fields A’ and & is a constant gauge parameter.
In what follows, we do not restrict ourselves to the case
(3.4) and consider the gauge-fixing functions in general
settings.

The action (3.2) is invariant under global supersymmetry
(BRST symmetry) [48,49]2

. 1
SpAl = Ry(A)C,  85C" = =5 (=1)7F},C'Cly,

55C% = B*(=1)fp,  85B° =0, (3.5)

where  is a constant anticommuting parameter or, in short,
5B¢A = RA (¢>Iu’

e(RY(¢)) =ea+1. (3.6)

where
1 1 5 a £
RAP) = (RUAICS, 0, = (=1)%Fj,C7CP B (-1)%)
(3.7)
Introducing the gauge-fixing functional ¥ = W¥|[¢),
¥ = C%,(A, B),

(3.8)

the action (2.7) is rewritten in the form

2 . .
For more compact presentation, we use the notation dp for
OBRST-
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Sepl¢] = SolA] + P[PIR(¢) = So[A] + Plg] 4R ().

SolA]R(¢) = 0. (3.9)

where

R($) = DR () (3.10)
is the generator of BRST transformations. Because of the
nilpotency property of R, R? = 0, the BRST symmetry of
Sgp follows from the presentation (3.9) immediately,
SeplpIR () = 0. (3.11)
The BRST symmetry of Sgp leads to a very important
property of the vacuum functional (3.1), namely, its gauge
independence. Indeed, let Z,, be vacuum functional corre-
sponding to choice of gauge-fixing functional ¥. Consider

the vacuum functional for another choice of gauge con-
dition ¥ + 6%, Z,,, 5y. Then, we have

Zueow = [ Doesp{y (Suwld] + o¥gIR@) | (312

Making use of change of integration variables in the
functional integral (3.12) in the form of the BRST trans-
formations (3.6) but with parameter u being an functional

= plg] with

ulg] = L wig)

- (3.13)

and taking into account that the Jacobian of the trans-
formations is equal to

J = exp{-ulp|R(¢)}, (3.14)
we obtain
Zyisy = ZLy. (3.15)
In deriving (3.14), the relations
(=)0, RL(A) + (=19 Fj, =0 (3.16)

were used. In Yang-Mills theories, for instance, the
relations (3.16) are satisfied due to antisymmetry properties
of the structure constants. The BRST transformations (3.5)
obey the property of nilpotency, §3¢* = 0. In terms of
RA(¢), this property means equalities

R%(¢)RE(¢) = 0. (3.17)

In turn, the relations (3.16) are equivalent to

R4 (¢) = 0.

We assume the validity of (3.17) and (3.18) in the case of
any Yang-Mills type of gauge theories.

From (3.15), we conclude the gauge independence of the
vacuum functional. It was the reason for us to drop
subscript ¥ in the vacuum functional (3.1). The gauge
independence of Z is closely related with the BRST
symmetry of Sgp[¢] and leads to the gauge independence
of S-matrix elements due to the equivalence theorem [58].

(3.18)

B. BRST in BV formalism

Let Sy[A] be an initial classical action belonging to the
set of general gauge theories described in Sec. IL
Quantization of this gauge theory can be performed in
the BV formalism [37,38]. The vacuum functional can be
presented in the form of functional integral

2= [ Dopg arexp 351+ 03 - ¥ipldp)it) |
(3.19)

where S = S[¢, ¢*] is an action satisfying the quantum
master equation

1
E(S’ S) = ihAS (3.20)
and the boundary condition
S|(/)*:h:0 - So[A] (321)

The total configuration space ¢ = {¢*}, e(¢?) =&, is
introduced. For irreducible theories, the set of fields ¢*
coincides with (3.3). For reducible theories, the set of fields
¢* has more complicated structure [38] and contains main
chains of the ghost, antighost, and auxiliary Nakanishi-
Lautrup fields as well as pyramids of the ghosts for ghosts
and auxiliary fields. For our goals here, the explicit
structure of ¢* is not important; only its existence suffi-
cient. To each field ¢ of the total configuration space, one
introduces the corresponding antifield ¢} . The statistics of
@7 is opposite to the statistics of the corresponding fields
&, e(¢}) = 4 + 1. In the left-hand side of (3.20) on the
space of the fields ¢ and antifields ¢, the notation of
antibracket
(F.G) = F(0y0y = 04:0,)G  (3.22)
is used. In the right-hand side of (3.20), A means the
second-order functional differential operator
A= (—I)SA&/)A@@,

eA) =1,  (3.23)
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which obeys the nilpotency property

A% =0. (3.24)
Additionally, in (3.19), the auxiliary fields 14, e(14) =
ey + 1 are introduced. Finally, in (3.19), ¥ = P[¢] is
suitable odd gauge-fixing functional.

Note, first of all, that the integrand in (3.19) is invariant
under the following global supertransformations:

S =2, S5y =p(S[h.710p). 852 =0. (3.25)

These transformations represent the BRST transformations
in the space of variables ¢, ¢*, 1. In the case of general
gauge theories, the BRST symmetry is not the symmetry of
some action in contrast with the FP method, but as in the
case of the Yang-Mills type of gauge theories, they do not
depend on the choice of the gauge-fixing condition. It is
very important to realize that the existence of this symmetry
is the consequence of the fact that the bosonic functional
S satisfies the quantum master equation (3.21).

/ - - |
Zu.ow = [ DOD dsexp{ 5 (0.1 + (5~ Vg0 = VTt 0155, |

Choosing the functional u[¢] in the form

i
ulgl =~ 6¥[4] (3.29)
and taking into account that S[¢, ¢*| satisfies the quantum
master equation (3.20), we obtain
Zyisw = ZLy. (3.30)
In turn, the gauge independence of vacuum functional
(3.30) leads to the statement about the gauge independence
of the § matrix due to the equivalence theorem [58]. Let us
stress once more that the gauge independence of the

vacuum functional (and S matrix) is a direct consequence
of the BRST symmetry.

C. BRST in FRG

The recent development of quantum field theory is
greatly related with attempts to study nonperturbative
aspects of gauge theories. The request for such a non-
perturbative treatment is related to nonperturbative nature
of low-energy QCD and also an expectation to achieve a
consistent theory of quantum gravity. One of the most
promising approaches is related to different versions of the
Wilson renormalization group approach [3,4]. The quali-
tative idea of this work can be formulated as follows:
regardless, we do not know how to sum up the perturbative

The role of this symmetry is the same as in the case of the
Yang-Mills type of gauge theories; namely, it is responsible
for the gauge independence of vacuum functional (3.19).
Indeed, suppose Zy = Z. We shall change infinitesimally
the gauge ¥ — W+ 6%¥. In the functional integral for

Z‘P+5‘Pv

Zy.wv = [ DIDYdi exp{;(sw,qb*]

+ (5 = Plplom)A* — 5\P[¢]5(,,A/1A)}, (3.26)

we make the change of variables in the form of (3.25) but
with u = p[¢] being a functional of ¢. The Jacobian of the
transformations in lower order of u[¢] reads

J = exp{-u[pldyi* + uld)AS[p. 41} (3.27)

Then, we have

(3.28)

|

series; in some sense, there is a good qualitative under-
standing of the final output of such a summation for the
propagator of the quantum field. A regularized propagator
is supposed to have a singe pole and also provide some
smooth behavior in the infrared (ir) region. It is possible to
write a cutoff-dependent propagator which satisfies these
requirements. Then, the cutoff dependence of the vertices
can be established from the general scale dependence of the
theory, which can be established by means of the functional
methods. A compact and elegant formulation of the non-
perturbative renormalization group has been proposed in
Refs. [1,2] in terms of effective average action. The method
was called the FRG approach for the effective average
action; it is nowadays one of the most popular and
developed methods, which can be seen from the review
papers on the FRG approach [24-30].

The starting point of the FRG is the action

Swi(®] = Sep|d] + Si[]. (3.31)

where regulator action S;[¢] is constructed by the rule

2)

L g 471 gapl M) _ p) (_yee;

M) :§A Rk‘ijA/ +C Rk‘aﬂCﬂ, Rkw = Rklﬁ(—l) i€,
(3.32)
In turn, regulator functions R,(Jl.)j and Rﬁi 5 obey the properties
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hmR( ) —

© My _
wij = 05 hmRkW 0 e(Ry;;) =& + e,

e(Rip) = €q + &5. (3.33)

It means that at vanishing regulators the action Sy; coincides
with the FP action,

limSy[¢] = Sep[d]. (3.34)

The vacuum functional in the FRG approach is defined with
the help of action Sy [¢] in the form of functional integral

i
Zy = /D¢ eXP{ESWk[éb]}- (3.35)
By construction, the following relation exists,
ilmozk ¢ = Z, (3.36)

where Z is the well-defined vacuum functional in the FP
method for any Yang-Mills type of gauge theories. The action
Swil@] is not invariant under the BRST transformations,

5BSWk[(lﬂ = 5BSk[¢] #0, (3‘37)
where
55Si[¢) = (A'R}) RI(A)C" — BR{]) P
1 ,
- —caRg‘gﬁFfacvcr(—l)w)ﬂ. (3.38)

Violation of the BRST symmetry leads to the gauge-depend-
ence problem at least when k # 0. Indeed, let Z; = Z;y be
vacuum functional (3.35) corresponding to a choice of gauge
fixing ¥ = ¥[¢]. Consider the vacuum functional when the
gauge condition is described by functional ¥ + 6V,

Zivion = [ Doe{y (Swuid] + ¥R @) }. (39

Making use of the change of integration variables in the
form of BRST transformation with x[¢] being as in (3.13),
we obtain

Ziviow = [ D#exp 3 (Sl +aulo) }. G40

We cannot propose a change of integration variables
in (3.40) to reduce it to Z;y (see, for example, recent
efforts to find a solution of the problem in gravity theories
[59]). So,

Ziwisv # Zijw- (3.41)

Therefore, in any case, the gauge-dependence problem
exists within the FRG at the level when k # 0, and the
corresponding S matrix does depend on gauges. Violation
of the BRST symmetry entails an additional problem
associated with unitarity since the usual solution assumes
the existence of a nilpotent BRST charge [33]. Later on, we
will return to discussion of this problem when studying the
gauge dependence of the effective average action.

IV. WARD IDENTITIES

Quantization of gauge theories leads to very important
understanding concerning the existence of relations between
some Green’s functions. These relations in the case of Yang-
Mills theories are known as the Slavnov-Taylor identities
[60,61]; for general gauge theories, they are named as the
Ward identities in honor of John Ward who first discovered
an identity in quantum electrodynamics providing the
gradient invariance of the S-matrix elements [62]. In the
FRG approach, the relations are refereed as the modified
Slavnov-Taylor identities [8]. Notice that the ST identities
are direct consequences of the gauge invariance of the Yang-
Mills action, and they were introduced before the discovery
of the BRST symmetry. In turn, the BRST symmetry helps
to present the ST identities in a unique and compact form
(see, for example, Ref. [52], in which this issue is presented
and discussed in details). The latter circumstance is often the
cause of misconception regarding the role of BRST sym-
metry in the existence of ST identities. Our interest in this
issue is caused by the widespread opinion among the FRG
community that these identities solve the problem of gauge
dependence. Our point of view is completely different from
this opinion. These identities are direct consequences of the
gauge invariance of the initial classical action on the
quantum level providing a correct solution to the renorm-
alization procedure. Possible misunderstandings are caused
by the fact that these identities can be represented in a
universal form using the BRST transformations. But one
must keep in mind that only in the case when the BRST
transformations are transformations of global supersym-
metry of a given gauge system the gauge independence
of the S matrix can be confirmed. In particular, in the case of
FRG approach, the mST identities do not guarantee the
BRST symmetry.

A. ST identities in FP method

We begin our discussion of the ST identities appearing as
a direct consequence of gauge invariance of initial classical
action Sy[A]. For all practical goals of quantum calculations
in the case of Yang-Mills type of gauge theories, it is
sufficient to introduce the generating functional of Green’s
functions

2= [ Dpesoly (Swldl+ i} @)
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where j;, e(j;) =¢; are external sources to fields A'.
Thanks to the gauge invariance of the action Sy[A] (2.1),
the Green’s functions of the theory obey the relations
known as the ST identities [60,61]. These identities can be
derived from (4.1) by means of the change of integration
variables A’, in the form of infinitesimal gauge trans-
formations (2.1). The Jacobian of these transformations is
equal to unity. Then, the basic ST identities for Yang-Mills
fields can be written in the form

Ji(Ri(A)); + (B (r4(A. B) Dy )RL(A)),
+ (TP (1p(A. B)O, )R] L (A)RE(A)CT)(—1)%eler )
— (TP (5(A. B) Dy D4 )RE(A)CTRI(A)) (=1)“* = 0,
(4.2)

where the symbol (G(¢)); means the vacuum expectation
value of the quantity G(¢) in the presence of external
sources jy,

i

6w, = [ Dac@)exn g lswldl +ial}. 43

The generating functional Z[;] contains information about
all Green’s functions of the theory, which can be obtained
by taking variational derivatives with respect to the sources.
Similarly, the ST identities represent an infinite set of
relations obtained from (4.2) by taking derivatives with
respect to external sources jj;. In the case of the linear gauge
condition, the last summand in (4.2) disappears.

The form of the ST identities can be greatly simplified by
introducing extra sources to the ghost, antighost, and
auxiliary fields. In this case, one has to deal with the
extended generating functional of the theory

2= [ Dpep3iswll+aalf. (@)

The generating functional of connected Green’s functions,
W([J], is defined by the relation

210 = exp{%W[l]}. (4.5)

Finally, the generating functional of the vertex Green’s
functions (effective action) is defined through the Legendre
transformation of W[J],

(4.6)
where the source fields J, are solutions of the equations

>4 =5, W[J. (4.7)

By means of (4.6) and (4.7), one can easily arrive at the
relations

(4.8)

The ST identities which are consequences of gauge
symmetry of initial action can be rewritten with the help
of the BRST symmetry of the Faddeev-Popov action. For
this end, we make use of the change of variables in the
functional integral (4.4) of the form (3.6). Because of the
property (3.16) and nilpotency of y, the Jacobian of this
transformation is equal to 1. Using the invariance of the
functional integral under change of integration variables,
the following identity holds:

[ snpexn] (st <30 =0, @9)

Here, the nilpotency of BRST transformation and the
consequent exact relation

exp{%]&;q’)} =1+ %J&ng (4.10)
have been used.
From (4.5) and (4.8), it follows that
JARM=ihd))Z[J] =0, J RA(=ihd,)W[J] =0, (4.11)

which are the ST identities in a closed form for the
functionals Z[J] and W|[J]. These identities, like those in
(4.2), contain explicit information about gauge theory
through generators of the BRST transformations. There
exists a possibility to present the ST identities in a unique
form with the introduction of a set of external sources
(known as antifields in the BV formalism) @}, e(®}) =
g4 + 1 to the BRST transformations and the extended
generating functional of Green’s functions

2091 = [ Doesp{y suld] + 10+ 0384001}

- exp{%W[l, '] } (4.12)

where we used the notation for BRST transformations,
R*(¢), which was previously introduced in (3.6). It is clear
that

Z|J, o]

o —o = Z[J]. (4.13)

Now, we can present the ST identities (4.11) in the

following form:
J400: Z]J, @7 =0,

J1Bo W@ =0.  (4.14)
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In terms of the extended effective action, I' = T'[®, ®*],

(@, = W[J,&" ] —Jd, &*=35, W[J,d"],
T[®, 0 ]Dgn = —J 4, (4.15)
the identities (4.14) is rewritten as

[dgr e, T =0 (4.16)

in the form of a nonlinear equation with respect to I' (in the
form of the Zinn-Justin equation [63]).

B. Ward identities in BV formalism

Now, we shall proceed with the derivation of the Ward
identity for general gauge theories within the BV formal-
ism. It is very useful from the beginning to work with the
extended generating functional of Green’s functions

2091 = [ D¢exp{ (Sexld ¢]+JA¢A>}

_GXP{ W[/, ¢*]}

where W[/, ¢*] is the generating functional for connected
Green’s functions,

(4.17)

Sex[b &) = Sl " + W[B]9,),

and functional S[¢, ¢*| satisfies the quantum master equa-
tion (3.19) and the boundary condition (3.20). The gauge-
fixing procedure (4.17) used in the BV formalism [37,38]
can be described in terms of anticanonical transformation,

(4.18)

$ =0, Flp.d").  ¢i=Flp.¢ 10, (419)

of a special form corresponding to the choice of generating
functional F[¢, ¢*] in the form

Flp.¢"] = ¢i " + P[4,

as it was proposed for the first time in Ref. [41].
Notice that the action S.,[¢, ¢*] satisfies the quantum
master equation (3.19) as well. Indeed, the equality holds,’

e(P)=1,  (4.20)

exp{ Sl ']} —expl(®.lpexp{ 151001} (421
because

[P, A] =¥y (4.22)

3For any two quantities F and H, the supercommutator is
defined as [F, H] = FH — HF(—1)#(Fe(H),

and the operator exp{[¥,A]} acts as the translation
operator with respect to ¢ . Note that

A, [¥, A]] = 0, (4.23)

and therefore

(Sext’ Sext) - lhASext (424)

Aexp{%Sext} =0-= >

Taking into account the equation (4.24), the explicit form
of the operator A (3.23) and independence of operator 8@
on the integration variables in functional integral we have
the evident relation

_ / D¢eXp{ JA¢A}Aexp{ Sexil. ¢*]}

~(-1y2dy, [ Dpeso{int b {as.ina}
(4.25)

Integrating by parts in the last integral, one finds that the
theory in question satisfies the equality

Jr04 ZIJ. 9" =0 (4.26)
This is the Ward identity written for the extended generat-
ing functional of Green’s functions. For the generating
functional of connected Green’s functions W[J, ¢*|, the
identity (4.26) is rewritten in the form

JA8¢Z W[J,¢*] - (427)
Introducing the generating functional of the vertex func-
tions ' = I'[®, ®*] (for uniformity of notations, we use
¢4y = @) in a standard manner, through the Legendre
transformation of W[J, ®*],

o, & = W[J, "]
(@, )0, = —J 4.

— U0, A =3, W[J,®],

(4.28)

the Ward identity (4.27) for I = T'[®, ®*] takes the form of
the classical master equation,

(I.T) = 0.

The form (4.29) coincides with (4.16). The Ward identity
(4.29) plays a crucial role in proving the gauge-invariant
renormalizability of general gauge theories [41].

(4.29)

C. Modified Slavnov-Taylor identities in FRG

Although the BRST symmetry is broken in the FRG
approach, nevertheless, certain relations between the
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Green’s functions known as the mST identities exist. It
confirms that the existence of these relations is not related
with the BRST symmetry but the main reason is gauge
invariance of an initial classical action.

To discuss the mST identities, it is useful as in previous
cases to introduce the average generating functional of
Green'’s functions Z;, = Z;[J, ®*] and the average generat-
ing functional of connected Green’s functions W, =
W [J, ®*] in the FRG approach,

20,01~ [ Dpexp] S 51+ 5,101+ vl R()
O RN) |

:exp{%Wk[J,CD*] } (4.30)

Making use of the change of integration variables in the
sector of fields A’ in the form of gauge transformations

6A" = RL(A)Cu = R'($)p. (4.31)

taking into account the invariance of Sy[A] under trans-
formations (4.31) and the Jacobian of these transformations

J =1+ (=1)%8 R\ (A)Cu,

(4.32)

we arrive at the identity

(0u; + i =5, )0a; + (~1)1e IR (=ihD)) Dy, + @3 R(=ihd)) D,

+ W A[=ih,|RA(=ihd,) Do + (—1)9% j=ihd,]00, 0o )Zi 1), @] =0,

which is nothing but the mST identity in the FRG approach
and a direct consequence of gauge invariance of initial
classical action Sy[A] at the quantum level. Note that the
mST identity in the case of pure Yang-Mills theory
formulated in linear nonsingular Lorenz invariant gauges
for the FRG approach was derived in Ref. [8].

One can present the mST identity (4.33) in a more
compact form using additional information about invari-
ance properties of quantities entering the exponent of the
integrand (4.30). Consider the change of variables C%, ce,

1 _
oC* = ) (—l)gﬂF‘ﬁ’yCVC/jy, 6C* = uB*  (4.34)
in the functional integral entering the identity (4.33). Then,
the result

(JAécp; + Sk [_ihél]abj\)zk[*]’ ®]=0 (4.35)
coincides with that obtained by making use the change of
variables gbA in the form of the BRST transformations,
5¢* = RA(¢p)u in the functional (4.30). In terms of
the average generating functional of connected Green’s
functions, W, = W[/, ®*], the mST identity (4.35) is
rewritten as

(JA(%; + Sk.A[(éjwk) - ihé/]étbjg)wk[]» @] =0. (4.36)

The effective average action, I'y = I';[®, @], is defined
through the Legendre transformation of W,

(4.33)

[
[ [@,8] = W, [J, 0] —Jd, D=3, W,[],d"],

L@, @01 = —J 4. (4.37)

Then, the mST identity (4.36) can be presented in terms of
Iy as

[0 O T = Si a[@]0: T = 0, (4.38)
or, using the antibracket,
1 I
3 (Th. Ty) = Sy a[ @0, Ty = 0, (4.39)
where the notations
& = A 4 i (T AB Gy,
(T ap =00 TiOgn, (T7)AC-(TY)cp =583 (4.40)

are used. In the limit k£ — 0, the mST identity (4.39)
reduces to (4.29).

V. GAUGE DEPENDENCE

The gauge dependence is a problem in quantum descrip-
tion of gauge theories. Any covariant quantization scheme
(FP method [36], BV formalism [37,38], FRG approach
[1,2], and Gribov-Zwanziger theory [64-66]) for gauge
theories meets with the gauge-dependence problem. Here,
we remember the main aspects and solutions of the gauge-
dependence problem in the FP method and the BV
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formalism. We obtain new results concerning the gauge-
dependence problem of the effective average action pre-
cisely on the level of the flow equation.

A. Gauge dependence in FP method

Itis well known that the Green’s functions in gauge theories
depend on the choice of gauge [17,34,35,39,40,53,67-71].
From the gauge independence of the S matrix [see Eq. (3.15)],
it follows that the gauge dependence of the Green’s functions
in gauge theories must be of a special character. To study the
character of this dependence, let us consider an infinitesimal
variation of gauge-fixing functional ¥[¢] — ¥[p]| + 6¥[¢]
in the functional integral (3.12). Then, we obtain

SZ[J, @] :% / DpS%® 4[¢]R" ()

<exp{ L (Sulf + 11/ + R . (51

SZ[J, @] =+

The Eq. (5.1) can be equivalently presented in the form
§Z[J, ] = %5\1{/4 [~i7d,|R (—ihd,)Z[J, .  (5.5)

The relations (5.4) and (5.5) are equivalent due to the
evident equality

[ it (vRe @ exo{ (5wl

L+ @R @)}) o (56)

where the equations

Serald]RY(¢) =0. R (¢)=0.  RL($)R°(4)=0

(5.7)

should be used. In terms of the functional W[J, ®*], the
relations (5.4) and (5.5) are rewritten as

SW[J, @] =J,RY (O, W —ihd,)s®[d,W —ihd,]-1  (5.8)
and
SWIJ. @] =6% 4[0,W — ihd,|RA(D,W—ihd,)-1.  (5.9)

Finally, the gauge dependence of the effective action,
[ = T'[®, ®*], is described by the relation

Making use of the change of integration variables in the
functional integral (5.1) in the form of the BRST trans-
formations,

6" = RY(p)ula). (5.2)

taking into account that due to (3.17) the corresponding
Jacobian, J, is equal to

J = exp{-uld] 4R (9)). (5.3)

choosing the functional u[¢] in the form u[¢] = (i/h)5¥[],
the relation (5.1) is rewritten as

i [ PRI @¥g exp 4 Sunlh] + 100+ R | = IaRi0D)oV-nT 2L, @ (54

ST[®, @] = —(TDpa ) RA(D)sP[D] - 1,  (5.10)

or

ST[®, ] = 6% 4 [D]RA (D) - 1. (5.11)
Calculating the effective action I'[®, ®*] on its extremals
OgpaI" = 0, from the equation (5.10) it follows that this
action does not depend on the gauges,

5F|0¢1—=0 - O, (5.12)

making possible the physical interpretation of results
obtained in the FP method.

B. Gauge dependence in BV formalism

Let us consider the gauge-dependence problem in the
BV formalism. To do this, we make an infinitesimal
variation of the gauge-fixing functional ¥[¢] — ¥[p]+
5Y[¢]. Then, due to (4.21), the variation of exp{(i/#)Sey }
reads

5 <exp{%Sext}> =[6¥.A] exp{%Sext} - Aé‘l’exp{%Sext}

(5.13)

because in the case, when ¥ and 6V depend on the
variables ¢ only, the operator [6¥,A] commutes
with [, A].
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Next, the corresponding variation of the functional Z[J, ®*| has the form

214 = [ d¢exp{;JAqu}Aawexp{;;sem4»*)}

= 1By, [ave{ g Bpoven{ s s}

— -0y [ duor exp{% [Sexa(.4) + Jm}.

Therefore,

SZ[J. %] = —%JAémé‘I’[—ihé,}Z[J, ¢ (5.15)

In terms of the generating functional W = W|[J, ¢*] of
connected Green’s functions, we have
SWIJ.¢7) = —J 40, W[(B,W) — ihd)] - 1. (5.16)
In deriving the relation (5.16) describing the gauge
dependence of functional W, the Ward identity (4.14)
has been substantially used. This once again emphasizes
that the gauge-dependence problem cannot be reduced to

fulfilling Ward’s identities. The variation of the generating
functional of vertex functions I' =T[®,d*|, where

O} = ¢y, D = (79JA W[J, ®*], can be written as

0T = Tg (Do, (8F) + (T, @)D (3¥)).  (5.17)
where we have used the equality
Oa: s = Do lo + (00, P)|, 000 |0 (5.18)

and also introduced the notation (§¥) = (6¥)[®, ®*] for
the functional

() =P[D]-1, D' =04 +in(I" ) BJgs, (5.19)
where

T, = 0 Tdgn,  (ITAC.TW, =54 (5.20)
Calculating the effective action I'[®, ®*] on its extremals
Opa" = 0, from the Eq. (5.17) it follows that this action
does not depend on the gauges,
S [@, @*]|5.r—o = 0. (5.21)
There is another point of view related with this fact.
Indeed, taking into account the Ward identity for the
functional W = W[J, ®*] (4.14), we derive the relations

(5.14)

[
0 - 8]B<JA8¢;W) - aq;zW + (—I)EBJA&;DZ(?JBW,

JA5<I>/*4 (DB - JA(_éq)z 513 W (522)

Therefore, we can rewrite the equation (5.17) in the form
3T = T(Dgr Doy, — Doy, D) (8) = (I (3%)).  (5.23)

We see that the variation of the functional I" under an
infinitesimal change of gauge fixing may be expressed in
the form of anticanonical transformation (4.19) of the
fields and antifields with the generating function F =

F(®,®) = @,d" + (59),

O = DA+ g (8Y), @) =D — (6¥)0gr.  (5.24)
For the first time, such character of the gauge dependence
of the effective action in the BV formalism has been
described in Ref. [41], allowing one to prove gauge-

invariant renormalizability of general gauge theories.

C. Gauge dependence in FRG

We consider the gauge-dependence problem within the
FRG approach not restricting ourselves to special types of
the initial classical action, Sy[A], or gauge-fixing condition,
W[¢]. We demonstrate that derivation of the flow equation
and analysis of gauge dependence have the same level of
accuracy.

The generating functional of the Green’s functions has
the form

2001 = [ Dpexp] §[5uld] + 03 0) + 1,01}
- exp{%Wk[J, cp*]}, (5.25)

where
Swild] = SulA] + S0+ WAGRY9). (526)

Let us find the partial derivative of Z;[J, ®*] with respect to
ir cutoff parameter k. The result reads
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i

- [Swald

0zt @) = [ Dgosiexo
O )+ 110}

=~ O Si[=ihd,|Z, 1. ). (5.27)
In deriving this result, the existence of the functional
integral (5.25) is only used. In terms of generating func-
tional of the connected Green’s functions, we have
W[, @] = 0,5,(0,W, —ihd,)] - 1.  (5.28)
The basic equation (flow equation) of the FRG approach
follows from (5.28)
akl—‘k[@, q)*] - akSk[é] . 1, (529)
where ® = {®"} is defined in (4.40). It follows from
(4.40) that 8k<i)A # 0. It is assumed that solutions to the
flow equations (5.29) present the effective average action
I'[®, ®*] beyond the usual perturbation calculations. In
perturbation theory, the functional I'y = I';[®, @] is con-

sidered as a solution to the functional integrodifferential
equation

ew{ ri0.01} = [ Dpesp{isuio-a

+q>;;RA<<I>+¢>—rk[dxcbﬂéwﬂ},
(5.30)

using in the functional integral the Taylor expansion for the
exponent with respect to fields ¢ and then integrating over
¢. Such a procedure is mathematically correct because the
functional integral is well defined in the perturbation theory
[72]. It is a known fact [52] that the effective average action
found as a solution to the equation (5.30) depends on
gauges even on shell.

Now, we analyze the gauge-dependence problem of the
flow equation (5.29). Note that up to now this problem has
never been discussed in the literature. To do this, we
consider the variation of 0,Z;[/,®*] (5.27) under an
infinitesimal change of the gauge-fixing functional,
Y[p] — Y[p] + 6¥[¢]. Taking into account that 9, S; does
not depend on the gauge-fixing procedure, we obtain

s . )
50,2, ], @] = (;) 0,y [—ihd, |6 4[—ihd)]
X RA(=ihd,)Z,[ ], *]. (5.31)

In terms of the functional W,[J, ®*|, we have

58ka[J, (I)*} — 8kSk[5JWk - lhéj]5TA [éjwk

— ihd,|RA (D, W, — ihd,) - 1. (5.32)

Finally, the gauge dependence of the flow equation is
described by the equation

SO, T [®, D] = 0;.S; [D]0F A [®IR (D) - 1. (5.33)

Therefore, at any finite value of &, the effective average

action depends on gauges. But what about the case when
k — 0? One can think that due to the property

liml = T (5.34)

where I is the standard effective action constructed by the
Faddeev-Popov rules, the gauge dependence of the effec-
tive average action disappears at the fixed points (see, for
example, Ref. [44]). It is not true because by itself the
effective action I" depends on gauges. Moreover, there
exists an additional reason to doubt the gauge independ-
ence of the effective average action at the fixed points.
Indeed, in the FRG, the effective average action I'; should
be found as a solution to the flow equation (5.29), which
includes the differential operation with respect to the ir
parameter k. Let us present the effective average action in
the form

where functional H; obeys the property
Then, we have the relations
liml;, = li Iy, = H,. .
akkl_{% k=0, kg%ak k 0 (5.37)

These two operation do not commute, and the gauge
independence at the fixed points requires some additional
study. Taking into account the commutativity of gauge
variation and of the limit k - 0 from Egs. (5.33) and
(5.37), it follows that

If H, depends on gauges, then 6Hy # 0, and one meets the
gauge-dependence problem at the fixed points. We are
going to support the existence of this problem by explicit
calculations of the effective average action for a toy gauge
model based on electromagnetic field in the flat space-time.
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The classical action of the model is

1
So(A)=—7 / dxF %, Fpy=0,A,—0,A,.  (5.39)

We choose the gauge-fixing function in the form corre-
sponding to nonsingular gauges

1(A,B) = 0A, + B, (5.40)

1
VA
where B is an auxiliary field introducing the gauge and £ is

a gauge parameter. Integrating over field B in the functional
integral yields the gauge-fixing action

1
ST +§)/d4x(8 4,2

The action for ghosts reads

Syr(A) = (5.41)

Sen(C.C) \/_

Calculation of the effective average action of the model
within the standard FRG method gives

d*xC(0%0,)

(5.42)

[(®) = S0(A) +Sgr(A) + Sn (C,C) + S¢(@) + iRl (¢),

(5.43)

where the regulator action, Si(A, C, C), is
1 _
Sk((I)) :§/d4an(RkA)aﬂAﬂ+/d4XCRk,ghC, (544)

and the function F,(cl)(éf) has the form

1 ¢
F]il)(é) = ETI' In (D5Z - maaaﬂ + (Rk'A)Z)

O+ Rk,gh) (5.45)

1
—TrIn <ﬁ

It is important to note that the action (5.43) is the exact
solution to the flow equation without using any truncation
schemes.

From (5.43)—(5.45), it follows that

il (®) = $5(4) + 8,(4) + 5,u(C.C)
+ ithr ln(D5“ - i@“@ )
2 T
— iATr ln< ! D), (5.46)
VI+¢
and

1
NI (@) =0iSi(®) + ihETr[Gﬁ(f)ak(Rk,A)ly}]

1 -1
—+ ihTr |: (\/1—T§D + Rk.gh) akRk’ghi| s (547)

where G§(£) is an operator inverse to

¢

MO =05~

D+ (Rea)s  M3(EGH(E) =6

(5.48)

Therefore, the relations (5.46) and (5.47) confirm main
statements about gauge dependence in the FRG: the
effective average action depends on gauges in the limit
k — 0, and the flow equation depends on gauges at any
value of ir parameter k. Moreover, if the partial derivatives
of regulator functions with respect to parameter k do not
disappear in the limit k£ — 0,

iiné@kRk #0, (5.49)
then in this case the second limit in Eq. (5.37) depends on
gauges explicitly. Let us emphasize again that the toy
model is useful in studying basic properties of effective
average action in the FRG due to the its explicit form of
this action. It allows to analyze the gauge dependence not
only the effective average action but the flow equation at
any value of ir parameter. In particular, this study indicates
the existence of a real problem with gauge dependence even
at the fixed points.

Quite recently by explicit calculations in the FRG
approach, the gauge dependence of some mass parameters
in gravity theories at the fixed points has been found [73]. It
means that all general conclusions made in this subsection
about gauge dependence in the FRG are true.

VI. BACKGROUND FIELD METHOD

The background field method (BFM) [53-55] presents a
reformulation of quantization procedure for Yang-Mills
theories allowing to work with the effective action invariant
under the gauge transformations of background fields
and to reproduce all usual physical results by choosing a
special background field condition [50,55]. Application of
the BFM simplifies essentially calculations of Feynman
diagrams in gauge theories [74—78] (among recent appli-
cations of this approach see, for example, [79-83]). The
gauge-dependence problem in this method remains very
important matter although it does not discuss because
standard considerations are restricted by the background
field gauge condition only.

We study the gauge dependence of generating func-
tionals of the Green’s functions in the BFM for Yang-Mills
theories in class of gauges depending on gauge and
background vector fields. The background field gauge
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condition belongs them as a special choice. We prove that
the gauge invariance can be achieved if the gauge-fixing
functions satisfy a tensor transformation law. We consider
the gauge dependence and gauge invariance problems
within the background field formalism as two independent
ones. To support this point of view we analyze the FRG
approach [1,2] in the BFM. We find restrictions on tensor
structure of the regulator functions which allow to construct
a gauge invariant average effective action. Nevertheless,
being gauge invariant this action remains a gauge-depen-
dent quantity on-shell making impossible a physical
interpretation of results obtained for gauge theories.

A. BFM in FP method

We consider any Yang-Mills type of gauge theory of
fields A’, with Grassmann parity &; = e(A’). Application
of the BFM requires specifying gauge fields of initial
action Sy[A] being invariant under gauge transformations,
5:A" = RL(A)E, e(RL) = € + €,,€(E%) = €,. A complete
set of fields A’ = (A%, A™) includes fields A% of the gauge
sector and also fields A” of the matter sector of a given
theory. We do not assume linearity in the fields of the gauge
generators R’ (A) because quite recently generalization of
the BFM for nonlinear gauge-fixing conditions and non-
linear realizations of the gauge generators has been
found [84].

The BFM story begins with splitting the original fields
A’ into two types of fields, through the substitution
A'V—A" + B’ in the initial action Sy[A]. It is assumed that
the fields B’ are not equal to zero only in the gauge sector.
These fields form a classical background, while Al are
quantum fields, which means being subject of quantization;
e.g., these fields are integration variables in functional
integrals. It is clear that the total action satisfies

5,S0A+B]=0 (6.1)
under the transformation A'——A"" = A’ + Ri (A + B)w®.
On the other hand, the new field B’ introduces extra new
degrees of freedom and, thence, there is an ambiguity in the
transformation rule for each of the fields A’ and B'. This
ambiguity can be fixed in different ways, and in the BFM, it
is done by choosing the transformation laws

SDAI = [Ri(A + B) — R.(B)w®, 6B = R.(B)w",
(6.2)
defining the background field transformations for the fields
A" and B, respectively. In linear realization of gauge
generators, the transformations (6.2) in the sector of fields
Al are just in the form 54 A’ = Ri,(A)w”. The superscript
(¢) indicates the transformation of the quantum fields,
while that of the classical fields is labeled by (c¢). Thus, in

Eq. (6.1), one has 6, = 55,?) + 5,(,f>. Indeed, the background
field transformation rule for the field A’ was chosen so that
S9OB + 8D Al = Ri(A + B)ar. (6.3)
Quantization of gauge theory with action Sy[A + B] and
gauge generators R, (A + B) is performed in the FP method
[36]. It means that one has to introduce a gauge-fixing
condition for the quantum fields A’ and the set of all
quantum fields ¢ = {¢"} as described in Sec. IIl. The
corresponding Faddeev-Popov action in the BFM reads

Seel¢. B] = So[A + B] + W[, BIR(4. B),  (6.4)

where the notations
R(¢.B) =0y R . B). W[¢p.B|=C%,(A.B.B). (6.5)

RA(¢.B) = (Ry(A+B)C*, 0,

- (1/2)Fp,CrCP(=1),  (=1)B") (6.6)
are used. In (6.5), y,(A, B, B) are gauge-fixing functions
which may depend on fields B* allowing us to introduce
nonsingular gauges,
Xa(A, B, B) = yo(A. B) + (£/2)9apB”.  (6.7)
In this expression, & is a gauge parameter that has to be
introduced in the case of a nonsingular gauge condition,
and g, is an arbitrary invertible constant matrix such that
9pa = Gop(—1). The standard choice of y,(A, B) in the
BFM is of the type y,(A, B) = F,;(B)A!, which is a gauge-
fixing condition linear in the quantum fields A’. In what
follows, consequent results do not require any kind of
a priori specific dependence of the gauge-fixing functions
Zo(A,B,B) on Al, B%, and B'.
The action (6.4) is invariant under the BRST
transformations
pd" =R (¢.B)u,  Swldp. BIR(¢.B) =0, (6.8)
which do not depend on choice of the gauge-fixing
condition. In (6.8), u is a constant anticommuting para-
meter. The BRST transformations are applied only on
quantum fields; thus, SBBi = 0. Notice that the BRST
operator is nilpotent,
R*(¢,B) = 0. (6.9)
Apart from the global supersymmetry (BRST sym-
metry), a consistent formulation of the BFM requires that
the Faddeev-Popov action be invariant under background
field transformations. The former symmetry is ensured in
the representation (6.4) of the Faddeev-Popov action, for
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any choice of gauge-fixing functional W. Therefore, it is
possible to extend considerations to a more general case in
which W¥(¢, B) = C%,(¢, B), where the gauge-fixing
functions y,(¢, B) depend on all the fields under consid-
eration and satisfy the condition &(y,) = &,. On the other
hand, the presence of the background field symmetry is not
immediate—especially in the case of nonlinear gauges—as
the gauge-fixing functionals depend on the background
fields. Below, we derive necessary conditions that the
fermion gauge-fixing functional should satisfy to achieve
the consistent application of the BFM.

Let us extend the transformation rule (6.2) to the whole
set of quantum fields, as

3B = ~FBlo?, 8 C* = —F2,CPa (—1),

5T = —F2,CPar (~1)%. (6.10)
Following the procedure used for the BRST sym-
metry, one can define the operator of background field
transformations,

Ro(¢.B) =065 B+ 0,080 7, e(R,)=0. (6.11)

The gauge invagiance of the initial classical action implies
that Sy(A + B)R,, (¢, B) = 0. Furthermore, it is not diffi-
cult to verify that the background gauge operator,
R, = R, (¢.B), commutes with the generator of BRST
transformations, R = R(q’), B), i.e.,

[R.R,] = 0. (6.12)

Combining this result with the representation (6.4) of the
Faddeev-Popov action, we get

5wSFP(¢7 B) = SFP(¢v B)Rw(¢, B) =0

o ¥(p, B)R,(¢.B) = 0. (6.13)
In other words, the Faddeev-Popov action is invariant under
background field transformations if and only if the fermion
gauge-fixing functional is a scalar with respect to this
transformation. The condition (6.13) constrains the pos-
sible forms of the (extended) gauge-fixing function
Yo, B), as the relation

¥(h.B)R,,(¢.8) = C*6,14(¢.B)

—F;’ﬁC’/’a)V(—l)gr)(a(gb,B) =0 (6.14)
fixes the transformation law for y, (¢, B),
Suta(#.B) = ~2y(. B)Feye’.  (6.15)

Therefore, to have the invariance of the Faddeev-Popov
action under background field transformations, it is

necessary that the gauge function y, transforms as a tensor
with respect to the gauge group. This requirement can be
fulfilled, provided that y,(¢,B) is constructed only by
using tensor quantities. Thus, Eq. (6.15) may impose a
restriction on the form of gauge-fixing functions which are
nonlinear on the fields A’. In particular, if the gauge-fixing
function y,(¢, B) is chosen in a form leading to invariance
of the gauge-fixing action under the background gauge
transformations, then the ghost action by itself will be
invariant under these transformations as well.

At this point, we can conclude that (6.8) and (6.13)
represent necessary conditions for the consistent applica-
tion of the BFM. The first relation is associated to the gauge
independence of the vacuum functional, which is needed
for the gauge-independent S matrix and hence is a very
important element for the consistent quantum formulation
of a gauge theory [38,58], while the second relation is
called to provide the invariance of the effective action in the
BFM with respect to deformed (in the general case)
background field transformations. In what follows, we
shall consider these statements explicitly. To this end, it
is convenient to introduce the extended action

Sexlth. B.®7] = Seelp. B + ®3R ($.B).  (6.16)
where @ = {®’} denote as usual the set of sources
(antifields) to the BRST transformations, with the parities
e(®}) = €4 + 1. The corresponding (extended) generating
functional of the Green’s functions reads

20501~ [ Dpexp{ (5105l + 1,07
iR (0.5 |

—exp {%W[J,B,CD*]}, (6.17)

where J, = (J;, 757 J ) [with the parities e(J4) = 4]
are the external sources for the fields ¢*. The BRST
symmetry, together with the requirement that the generators
R! of gauge transformation satisfy

(=1)%0 4 Ri(A+ B) + (1) Y, =0 R4 (¢.B) =0,
(6.18)

implies in the ST identity

JA&D;Z[J, B, ®*] = 0. (6.19)
The relation (6.18) plays an important role in the derivation
of the Ward identity insomuch as it ensures the triviality of
the Berezenian related to the change of integration variables
in the form of BRST transformations.
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In terms of the generating functional W[J, B, ®*] of the
connected Green’s functions, the ST identity reads

J 100 W[J. B.®") = 0. (6.20)
The (extended) effective action is defined as
I =T[®, B, = W[J,¢*, B — J,®,
A = 3§, WIJ, B, "], (6.21)
and it satisfies the ST identity
g9 T = 0, (6.22)

written in the form of the Zinn-Justin equation [63].

Let Zy[B] = Z|0, B, 0] be the vacuum functional which
corresponds to the choice of gauge-fixing functional
W[, B] in the presence of external fields B,

Zy|B) = / ngexp{%SFp[q’),B]}. (6.23)

In turn, let Zy, 5y be the vacuum functional corresponding
to a gauge-fixing functional ¥[¢, B] + §¥[¢, B],

i

ZoywlB = [ apexp] 3(Swlg. B +0¥10. R .5 ).
(6.24)

Here, 6%[¢, B] is an arbitrary infinitesimal odd functional
which may in general have a form differing from (6.5).
Making use of the change of variables ¢' in the form of
BRST transformations but with replacement of the constant
parameter y by the functional

i
= ulg.B| = - 5¥[¢. B| (6.25)
and taking into account that the Jacobian of transformations
is equal to

J = exp{~ul¢, BIR(¢. B)}. (6.26)

we find the gauge independence of the vacuum functional

Z4[B) = Zy. 50lB). (6.27)
The property (6.27) was a reason to omit the label ¥ in the
definition of generating functionals (6.17), and it means
that, due to the equivalence theorem [58], the physical S
matrix does not depend on the gauge fixing.

The vacuum functional Z[B] = Zy[B] obeys the very
important property of gauge invariance with respect to
gauge transformations of external fields,

SB = Ri(B)a®,  89Z[B]=0. (6.28)

It means the gauge invariance of functional W[B] =
wl0, B, 0], 5((5)W[B} =0, as well. The proof is based on
using the change of variables ¢ — ¢4 + 5" in the
functional integral (6.23) where 52?)45/* are defined in
Egs. (6.2) and (6.10) and taking into account that the
Jacobian of these transformations is equal to a unit, and
assuming the transformation law of gauge-fixing functions
X« according to 8,,x,(¢. B) = —y5(¢, B)ngaﬂ. In particu-
lar, we can argue the invariance of Sgp[¢h, B] under

combined gauge transformations of external and quantum
fields

5(1)SFP[¢’ B] =0. (629)

In its turn from the second in (6.28) and the relation

WI[B] = —ihIn Z[B], it follows the invariance of functional
w(B],

SW(B] =0 (6.30)

under the background gauge transformations. Finally, the
main object of the BFM, namely, the effective action of
background fields, I'[3], is invariant,
s8] = 0, (6.31)
under the background gauge transformations as well.
The relations between the standard generating func-
tionals and the analogous quantities in the background
field formalism are established with modification of gauge
functions [55]. Here, for the sake of completeness, we
compare the generating functionals in the BFM and in the
traditional one—and, ultimately, their relations with I'[B].
To do this, we consider the generating functional of the
Green’s functions, which corresponds to the standard
quantum field theory approach, but in a very special gauge
fixing,

210)= [ Dgexp {1 (SulA+ ¥~ BER@)+110) ).

(6.32)

where R(¢) is the generator of standard BRST trans-
formations (3.10). In the last expression, all the dependence
of the quantity Z,[J] on the external field is only through
the gauge-fixing functional. Thus, this functional depends
the external field 3, but since this dependence is not of the
BFM type, Z,[J] is nothing else but the conventional
generating functional of the Green’s functions of the theory,
defined by S, in a specific B-dependent gauge. One of the
consequences is that any kind of physical results does not
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depend on B'. The arguments of ¥ are written explicitly,
showing that we assume that A’ only occurs in a specific
combination with B. We stress that, being formulated in
the traditional way (i.e., not in the BFM), Z,[J] does not
impose any constraint on the linearity of the gauge-fixing
fermion ¥ with respect to the quantum field A’.

Making some change of variables in the functional
integral, it is easy to verify that there exists the relation

Z|J,B] = Z,|J] exp{—%]ib”}, (6.33)
where Z[J, B] is the functional Z[J, B, ®*] (6.17) restricted

on hypersurface ®} = 0. Accordingly, for the generating
functional of the connected Green’s functions, one has

WJ, Bl = W,|J] - J, 5, (6.34)
where W,[J] = —ifilnZ,[J]. Recall that
Al = 8, W[J, B). (6.35)
Similarly,
A =8, WolJ] = Al + B, (6.36)

Following the same line, let us define the effective action
associated to Z,[J] as

D[] = WolJ] = J,@5. (6.37)
A moment’s reflection shows that
[[®, B] =T, [®,]. (6.38)

In other words, the effective action I'[®, B] in the back-
ground field formalism is equal to the initial effective action
in a particular gauge with mean field A} = A’ 4+ B'—or,
switching off the mean fields,

[[B] = I [ Ay | 4,—5- (6.39)
We point out that the gauge is not associated to its linearity
with respect to the quantum fields but to its dependence on
the background field [see Eq. (6.32)].

Quantization of the Yang-Mills type of gauge theories in
the BFM within the FP method provides very attractive
features, namely, the BRST symmetry of the FP action, the
background gauge invariance of effective action, and gauge
independence of S-matrix elements.

B. BFM in FRG

Here, we discuss the background gauge invariance and
gauge dependence of average effective action as well as
violation of the BRST symmetry in the FRG [1,2] using the

BFM. Of course, as to the background field symmetry, this
issue is not new, see, for example, Refs. [7,16,43]), but we
are going to remind the reader of the main results related to
specific features of the FRG approach in the BFM. We pay
special attention to the problem of gauge dependence of the
flow equation as a new issue in our studies of the FRG.
Inclusion of the FRG in the BFM may be achieved in two
ways with the help of special dependence of regulator
functions on background fields [7,85] when the regulator
action Sy[¢, B] depends on background fields B or due to
special tensor structure of regulator functions [86] when
the regulator action S[¢)] does not depend on 5. In both
realizations, the regulator action S, is invariant under

background gauge transformations 6§?)¢A = R4(¢, B),

sB = R (B) [see the relations (6.2) and (6.10)],
5,8, = 0. (6.40)
In what follows, we use the notation Sy [¢, B] for definite-

ness. The full action of the FRG approach in the BFM has
the form

SWk[¢7B] :SFP[¢’B] +Sk[¢’B] (641)
and is invariant under background gauge transformations,
80 Swil#. B] = 0. (6.42)

Consider the generating functional of the Green’s
functions,

Z[J, B8] = /Dﬁbexl){;l[SWkW,B] +JA¢A]}
. exp{% W/, B } (6.43)

and variation of this functional with respect to background
gauge transformations of external fields . We have

o4 2410.8)=, [ Dgol? suilg.
xexp{%[SWk[¢,B]+JA¢A]}. (6.44)

Making use the change of integration variables ¢* in the
form of background gauge transformation in the functional
integral (6.44) and taking into account the invariance of
Swlo, B] (6.42), we obtain

897,10.8] = %JARQ‘,(—ihéj, B)ZJ.B.  (6.45)

In terms of generating functional of the connected Green’s
functions W[/, B], the relation (6.45) is rewritten as
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S W, I, B] = J,RA(D,W, — ihd,, B) - 1. (6.46)

Because of the linearity of generators R4 (¢, B) with
respect to ¢, we have

RA(D,W, — ihd;,B) -1 = RAD,W,. B),  (6.47)
and, therefore,
84 W1, B] = J4RA(D,Wy. B). (6.48)

Introducing the effective average action I'y[®, B] through
the Legendre transformation of W,[J, B],

TL®, B] = W[/, B] = J,0, @4 =3, W,[J,B],

T[®, Blogs = —J,4. (6.49)
from (6.48), it follows that
ST, [®, B] = —T'[®, Bl0gi RA(®. B),  (6.50)
or
8,Tx[®.B] = 0. (6.51)

The effective average action I'[®, B] is gauge invariant
under the background gauge transformations of all fields
@4, Bi. In particular, the functional I';[B] = ['}[®, B]|¢p_o.
ST (B = 0, (6.52)
is invariant under the gauge transformations of external
fields B'.
The BRST symmetry is broken on the level of action
SpSwil, B] (6.41),

SpSwilp. B = 6pSi[¢p. B] # 0, (6.53)

On the quantum level, violation of the BRST symmetry
leads to gauge dependence of the vacuum functional

i
Indeed, consider the vacuum functional corresponding to
another choice of gauge-fixing functional, ¥[¢] + 6¥[¢],

Zk|‘P+5‘P[B] = /D(ﬁeXP{%(SWk[vaB]
+ 8 4 [, BIR (¢, B))}. (6.55)

Making use the change of integration variables ¢* in the
form of BRST transformations with replacement constant

parameter y by functional u[¢, B] and choosing this func-
tional in the form

plg. B] = (i/h)6¥ (g, B], (6.56)

we obtain

Ziwisw[B] = /D¢ CXP{E(SWk[éb’B] +5BSk[¢78D}'
(6.57)

We cannot propose any change of variables in the func-
tional integral (6.57) to reduce it to Zyy[B]. Therefore,

Ziwsov Bl # Zyw[B], (6.58)

and the vacuum functional of the FRG approach and the S
matrix remain gauge dependent within the BFM as well.

To discuss the mST identity, it is useful, as we know from
previous investigations, to introduce the extended generat-
ing functionals of the Green’s functions Z; [/, B, ®*] and
connected Green’s functions W[/, B, ®*],

Zk[J’Bﬂ)*] =/D¢eXP{%[SWk[¢,B]
R P) + 1

- exp{%Wk[J, B, @] } (6.59)
Using the change of variables ¢* in the form of BRST
transformations (6.8) and taking into account the BRST
invariance of Sgp[¢, B], we obtain

(Ja0a: + Sial=ihd;. Blo. ) Z[J. B, @] =0, (6.60)

which is the mST identity in the FRG within the BFM
written for functional Z.[J, B, ®*]. It is clear that this
identity coincides with the ST identity (6.19) in the limit
k — 0. In terms of the extended generating functional of the
connected Green’s functions, W, = W,[J, B, ®*], the iden-
tity (6.60) is rewritten as

(JAéop; +8.al(8,Wy) — ihd, B]gcp;)wk[]’ B, %] =0.
(6.61)

The extended effective average action, I'y, = ['}[®, B, ®*],
is defined through the Legendre transformation of
Wk - Wk[J, B, (I)*],

[([®,B,0%] =W, [J,B,®|-J®, &A=3, W,[J,&],
[ [®@, B, On =—J 5. (6.62)
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Then, the identity (6.61) can be presented in terms of I'; as

Fk5¢A 5@2 Fk - Sk.A [(i), B] 5¢;Fk = 0, (663)
or, using the antibracket,
1 R
3 (Th. Ty) = Spa[®, BlOg: I't = 0, (6.64)

where the notations

DA = @A 4 AT AB D,
(CEHAC- (T g = 3

(FZ)AB = 5¢Ark5¢ﬂa
(6.65)

are used.

The existence of the background mST identity for
functional I';[®, B, ®*] does not lead to a solution of the
gauge-dependence problem in the FRG approach at least
for any finite value of ir parameter k. The case when k — 0
requires special studies of the gauge-dependence problem
of the background flow equation. The background flow
equation can be formulated for the extended background
effective average action I'y[®, B, @] or for the background
effective average action I';[®, 5. In what follows, we study
the background flow equation for functional I';[®, 5] for
two reasons. First, this functional is under scrutiny of the
FRG community, and second, being invariant under the
background gauge transformations the functional remains
gauge dependent even on shell. In turn, it shows once again

|

P\ 2 N N -
60,2,]J, B = (;) 0,8y [—ihd,. BIOW 4 [~ihd,, BIRA (=ihd,, B)Zy[J, @),

8O W [T, B] = 0S4 [0, Wy — ihd,, BIS® 4[0,W, — ihd,;, BIRA (3, W, — ihd,, B) - 1,

S0, [®, B] = 0, S[®, B]6Y 4 [, B|RA (D, B) - 1.

At any finite value of ir parameter k, the background flow
equations (6.67), (6.68), and (6.69) are gauge dependent
(6.70), (6.71), and (6.72). At the fixed point, the gauge
dependence does not disappear for same reasons which
were given in the end of Sec. V.C.

We see that application of the background field method
does not help to solve the gauge-dependence problem in the
FRG because the BRST symmetry remains broken [86].

VII. DISCUSSION

In the paper, the basic properties of gauge theories in the
framework of the FP method, BV formalism, and FRG
approach have been analyzed. Itis known that the FPand BV
quantizations are characterized by the BRST symmetry

that gauge-invariance and gauge-dependence properties in
gauge theories should be considered as independent ones.

The background flow equation for the functional
ZJ, B,

0, Zy|J. B] = %aksk[—mé,, BIZJ.B.  (6.66)

and the corresponding equation for the functional W [J, B,
W, [J. B] = 8,5,0,W, — ihd,. B] - 1., (6.67)

follow from (6.43). The background effective average
action,

[ [®, B] = Wi [J, B] — J, @4,

D4 = 3, WilJ, B, Ti[®, Bldgr = —J4,  (6.68)
satisfies the background flow equation
O [®@, B] = 0,8, [®] - 1, (6.69)

where the functional differential operators ®* are defined
in the form of (4.40) with the functional I';[®, 5.
Derivation of the equation describing the gauge depend-
ence of background flow equations (6.67), (6.68), and
(6.69) is similar to that used in Sec. V.C. The results read

(6.70)

(6.71)

(6.72)

|
which governs gauge independence of S-matrix elements. In
turn, the BRST symmetry is broken in the FRG approach
with all negative consequences for physical interpretation of
results. One of the goals of this work was to study the gauge
dependence of the effective average action as a solution of
the flow equation. For the first time, the equation describing
the gauge dependence of the flow equation has been
explicitly derived. The gauge dependence of flow equation
at any finite value of the ir parameter k was found. As for the
limit k — 0, there is a strong motivation given in the paper
(see Sec. V C) about the gauge dependence of the effective
average action at the fixed point. Quite recently, this point of
view has been supported by explicit calculations of some
mass parameters in gravity theories at the fixed points [73].
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Despite of above feature, it was shown that the FP method,
the BV formalism, and the FRG approach can be provided
with the ST identity, the Ward identity, and the mST identity,
respectively. It was stressed that the existence of these
identities is a direct consequence of gauge invariance of the
initial classical action of the gauge theory under consid-
eration. Presentation of these identities is essentially sim-
plified by using both the extended generating functionals of
the Green’s functions and the BRST transformations.

It was proven that using the background field method the
background gauge invariance of the effective action within
the FP and FRG quantization procedures can be achieved in
nonlinear gauges. The gauge-dependence problem within
the FP and FRG quantizations in the framework of BFM
was studied. Application of the BFM in the case of the FRG

approach did not help in solving the problem of gauge
dependence of the § matrix. Arguments allowing us to state
the impossibility of gauge independence of physical results
obtained within the FRG approach were given.
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