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ABSTRACT: Theories beyond the Standard Model often contain mass scales hierarchically
different from the electroweak scale and the Planck scale. It has been shown that such
hierarchical mass scales can be realized as typical energy scales of multiple 3-branes in a
5D warped spacetime. We present a mechanism for stabilizing the intervals between the
multiple 3-branes in the warped extra dimension, by introducing a single 5D scalar field
with brane-localized potentials. We discuss the radion stabilization by solving the Einstein
equation and the scalar field equation of motion so that a backreaction effect on the geom-
etry due to the presence of the scalar field is taken into account. Perturbations from the
background configuration are then considered with proper identification of multiple radion
degrees of freedom. By solving their equations of motion, we compute the mass spectrum
of the radion-scalar field system and the radion couplings to brane-localized matter fields,
which are found to be suppressed by typical energy scales and radion profiles at the branes.
We also compute the mass spectrum of Kaluza-Klein gravitons and their profiles in the ex-
tra dimension. Some applications of the setup are briefly described. Our analysis provides
a solid ground to build 5D warped extra dimension models with multiple 3-branes.
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1 Introduction

Laws of nature spread over a wide range of energy scales. There is a huge hierarchy between
the Planck scale and the electroweak scale whose stability under radiative corrections is
problematic in the Standard Model (SM). Moreover, the existence of new mass scales
hierarchically different from the Planck scale and the electroweak scale is often indicated
by theories of physics beyond the SM. For instance, the (invisible) axion solution to the
strong CP problem [1-7] introduces an energy scale where the Peccei-Quinn (PQ) symmetry
is spontaneously broken. If supersymmetry (SUSY) is realized in nature, it must be broken
at an intermediate scale [8]. In addition, dark matter may indicate the existence of a new
mass scale hierarchically smaller than the electroweak scale [9].

A large hierarchy between two energy scales is naturally generated in the Randall-
Sundrum (RS) model [10] whose geometry consists of AdSs bulk spacetime bounded by
two 3-branes with positive and negative tensions called the UV and IR branes, respectively.
Due to a warp factor, the energy scale of the IR brane is exponentially smaller than that
of the UV brane. In the original RS model, the distance between the two branes is a



free parameter, and the corresponding modulus field called radion is massless. The radion
stabilization has been explored in refs. [11-21], among which the Goldberger-Wise (GW)
mechanism [11] is the most popular. The GW mechanism introduces a bulk scalar field
with potentials localized on the UV and IR branes. The potentials make the scalar field
develop nonzero vacuum expectation values (VEVs) on the branes. The GW scalar field
then obtains a nontrivial bulk profile so that a radion potential is generated. Properties
of the radion field in the GW mechanism have been investigated in [22, 23] by using a
naive ansatz which ignores the radion wavefunction and the backreaction of the GW field
on the geometry, and a more rigorous treatment of these effects has been presented in [24].
The AdS/CFT correspondence [25-27] tells us that the RS model can be understood by a
nearly-conformal strongly-coupled 4D field theory [28, 29]. How the presence of couplings
of the bulk SM fields to the GW scalar modifies the identification of the parameters on the
two sides of the AdS/CFT correspondence has been presented in ref. [30]. The introduction
of the GW scalar field corresponds to a small relevant deformation of the 4D CFT which
triggers spontaneous breaking of the conformal symmetry at the IR scale.

The RS model is generalized by introducing more than two 3-branes with positive or
negative tensions in a 5D warped spacetime to realize multiple hierarchical mass scales. The
energy scale of each brane is exponentially different from those of the other branes. Depend-
ing on the size of a bulk cosmological constant in each subregion bounded by two branes,
the warp factor of each subregion can take a different value. Corresponding to each inter-
val between two branes, a radion degree of freedom exists. Such multi-brane setups have
been considered in [31-37], originally motivated by cosmology in warped extra dimension
models. Refs. [38, 39] have studied the wavefunction and mass spectrum of a bulk matter
field. One can also find applications to the flavor structure of the SM [40-43] and collider
phenomenology [44-46]. Further applications of the multi-brane setups are likely to be con-
sidered, and there is a huge potential for innovation in model-building of physics beyond the
SM. However, thorough studies of multi-brane models with stabilized radions have not been
conducted so far. Refs. [47, 48] initiated to analyze the dynamics of radions in a three 3-
brane system without considering their stabilization. Ref. [49] applied the GW mechanism
to the stabilization of radions in a three 3-brane system different from what we consider
here in terms of bulk cosmological constants and signs of brane tensions, and they used the
naive ansatz ignoring the radion wavefunctions and the backreaction of the GW field on
the geometry. Therefore, a more complete investigation of multi-brane models is necessary.

In this paper, we discuss the stabilization of radions in multi-brane models through
a simple extension of the GW mechanism with introducing a single 5D scalar field. Each
bulk subregion bounded by two branes has a different cosmological constant in general
which leads to a different warp factor. For the sake of simplicity, our main focus is on a
5D model with three 3-branes whose tensions are positive, positive and negative. They
are identified as the UV, intermediate and IR branes, respectively. Generalization to any
number of branes with positive or negative tensions is straightforward and briefly described.
The Einstein equation and the scalar field equation of motion are simultaneously solved so
that the radion wavefunctions and the backreaction effect on the geometry are taken into
account. We then consider perturbations from the background configuration and compute



the mass spectrum of the radion-scalar field system by solving the equations of motion.
The radion couplings to brane-localized matter fields are also presented. Moreover, we
compute the mass spectrum of Kaluza-Klein (KK) gravitons and their profiles in the extra
dimension. In the dual CFT picture of the three 3-brane model, the presence of the
intermediate brane can be understood as spontaneous breaking of a conformal symmetry,
but the resulting 4D dual theory flows into a new conformal fixed point [44]. The conformal
symmetry is spontaneously broken again at the IR scale.

The rest of the paper is organized as follows. In section 2, the setup is introduced and
the radion stabilization with a single 5D scalar field is presented. Our discussion focuses
on the three 3-brane model, but we also comment on generalization to an arbitrary number
of branes. In section 3, perturbations from the background configuration are considered
and their equations of motion are presented. Then, in section 4, we compute the KK
mass spectrum of the radion-scalar field system and also the spectrum of KK gravitons
by solving the equations of motion. Section 5 finds nonzero masses of two radions in the
three 3-brane model by taking account of the backreaction effect of the GW scalar field
background. In section 6, we present the radion effective action and the radion couplings
to brane-localized matter fields. Section 7 is devoted to conclusions and discussions. A
few applications of the three 3-brane model are briefly described. Appendix A presents the
radion stabilization for the three 3-brane model by using the naive ansatz. We consider a
general case that each bulk subregion bounded by two branes has a different cosmological
constant. Some other details are discussed in appendices B and C.

2 Background configuration

We consider a spacetime geometry described by R* x S;/Zy with the metric,
ds? = gynda™Mda™ = e_QA(y)anac“dx” —dy?. (2.1)

Here, M = (p,y) with g running from 0 to 3, 7, is the flat 4D metric, y € [0, yir| denotes
the coordinate for the S;/Zy orbifold and A(y) is some function of y. The left panel of
figure 1 shows a schematic picture of the orbifold extra dimension. Two 3-branes extending
over R*, which we call UV and IR branes, reside on the orbifold fixed points, y = yyy = 0
and y = yr, respectively. In addition, we introduce another intermediate 3-brane placed at
a point y = y; between the boundaries. We would like to stabilize the distance between the
UV and intermediate branes y; and the distance between the intermediate and IR branes
yir — Y1. As in the case of the GW mechanism for the two 3-brane model, a bulk real scalar
field plays that role. The action with the scalar field labeled by ¢ (the GW field) is given by

S = —2M3 / d*zdy\/g R + / d*zdy.\/g <1v¢v¢ - V(¢>)>

/d4 g | xuv —/d4 " Xt — /d4 giR | XIR 5

where Ms5 is the five-dimensional Planck mass, R = gM NRurwv is the Ricei scalar, V9 and
\/1g""| are the volume elements of the bulk metric and the induced metric on each brane,

(2.2)
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Figure 1. Schematic pictures of the three 3-brane system. The left panel denotes the Si/Zs
orbifold extra dimension where +y and —y are identified and y = {0,yr} are the fixed points.
The UV, intermediate and IR branes sit on y = {0, y1,yir }, respectively. In the right panel, we
refer to the bulk region between the UV and intermediate (intermediate and IR) branes as the
subregion 1 (subregion 2). The bulk cosmological constants A7 , and the warp factors, e k1Y and
e~*2(y=—y)=Fk1u1 ip the subregions 1,2 are different in general.

respectively, and x’s are brane-localized potentials. The subscripts UV, L, IR indicate the
UV, intermediate and IR branes, respectively. V' (¢) denotes the potential of the scalar field
which includes bulk cosmological constants. Following the superpotential method discussed
in ref. [50], we assume the potential takes a specific form,

2 /4.',2
vio =5 (55 ) - SWer. (2.3

where k? = (4M3)~! and W(¢) is given by different forms for the bulk region between
the UV and intermediate branes (subregion 1) and for the region between the intermediate
and IR branes (subregion 2),

W(6) = 6—/:‘% —u1¢?  (subregion 1) . (2.4)
%2 —ug¢?  (subregion 2)

Here, k12 and ug 2 are positive constants with mass dimension 1. Inserting these expres-
sions into eq. (2.3), the bulk cosmological constants for the subregions 1,2 are given by

6k?

62
K2 TR

AS = (subregion 1), A5 = e (subregion 2). (2.5)



Note that the two bulk cosmological constants Aj o are different in general. The brane-
localized potentials are taken as

xuv(¢) = W(guv) + aWéZUV)W — duv) + 75y (9 — duv)?,
@) = 3 W (ons) — Wier)] + 5 [Fol - O 6 — o) 4520 - 002,
XIr(¢) = —W(dR) — awa(zm)(éf) — ¢1r) + ViR (¢ — ¢1R)”, (2.6)

where all the 4?’s are constants with mass dimension 1 and ¢uv,1,1R are values of ¢ at the
UV, intermediate and IR branes, respectively. For the intermediate brane, the subscripts
I+ and I— indicate values in the limit of y = lim¢_,o4 [y1 — €] and y = lim._,o_[y; — €]. The
setup is summarized in the right panel of figure 1.

Let us now find a background configuration for A(y) and ¢(z,y). The scalar field
respects the 4D Lorentz invariance,

o(x,y) = ¢o(y). (2.7)
Then, the Einstein equation,
2 ].
Ryn =r"Tun — §9MNT ; (2.8)

with the trace of the energy-momentum tensor 7' = ¢ Tk and the field equation for ¢
lead to coupled equations,

) 2
147 — A" = 2RV (60) = T D xil0) Oy — 1)

2 412 2
A/Q — Kl(g(] _ %V(¢O)a (29)
ng _ 4A/¢6 + oV (o) + Z Ixi(o) 5y —ui),

o olo%)

where the prime ’ denotes the partial derivative with respect to y i.e. /9y and i = UV, 1, IR.
In the above equations, we match the singular terms on each brane by imposing the fol-
lowing boundary conditions:

2 v,
Al = () (6] = ).

Here, we have defined [X] |y—,, = lim10[X(y; +€) — X (y; — €)]. With the potential form
of eq. (2.3), a solution to the first-order differential equations,

(2.10)

;1 OW (¢o) r_ K2
b= = W), (211)

¢



gives a solution to the coupled equations (2.9) satisfying the boundary conditions (2.10).
By using the explicit forms of W (¢) in eq. (2.4) and the brane-localized potentials (2.6),
the solution is obtained as

do(y) = { puy e Y (subregion 1)

puy e U2y tuua—u) - (subregion 2), 212)
2.12
kiy + ¢U"e 2uty  (subregion 1)

{ kay + yr(k1 — ko) + = ¢UV e~ 2uayt2u(ua—u) - (gubregion 2).

A(y) =

We can see that the first term in the solution of A(y) for each subregion gives a warp factor
(see also the right panel of figure 1). The last term indicates a backreaction effect from the
GW field. It should be also noted that, if we take ko = k1 and ignore the terms including
the GW field, the intermediate brane disappears and the RS geometry of the two 3-brane
model is obtained. From the solution of ¢y(y) for the subregion 1, the distance between
the UV and intermediate branes is related to the values of ¢ on the branes,

Y1 = 1 log [¢uv/é1] - (2.13)
uy

Similarly, the solution of ¢¢(y) for the subregion 2 gives the distance between the interme-
diate and IR branes,

YIR — Y1 = 1 log [¢1/ 1R - (2.14)
U2

Therefore, all the distances between the 3-branes are determined in terms of the values of
¢ on the branes by solving the Einstein equation and the scalar field equation of motion
simultaneously. The 4D Planck scale is now given by

M3 1 1 e—2k2(yir—y1)—2k1y1
My =—"|1—e < - > - . 2.15
[ kl k2 ]{32 ( )

In appendix A, we present the determination of the brane separations by following the
similar way as the original discussion of the GW mechanism [11, 23] using the naive ansatz
for the metric in an effective theory approach.

The discussion can be generalized by placing N + 1 3-branes at points y = yo (=
0),y1,92, "+ ,yn—1,yn where yo,yn are the orbifold fixed points (see the left panel of
figure 2). The potential of the GW scalar field including bulk cosmological constants is
assumed to have the same form as eq. (2.3) with W (¢) for the subregion p defined in

Yp—1 <Y < Yp,
6kp
Wy(¢) = —2 — upp?®  (subregion p), (2.16)
K2
where £y, u,, are positive constants with mass dimension 1. The bulk cosmological constant
for the subregion p is then given by

5 6k2 '
Ay = = (subregion p) . (2.17)
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Figure 2. Schematic pictures of the N + 1 3-brane system. The left panel denotes the Si/Zs
orbifold extra dimension where +y and —y are identified and y = 0,yy are the fixed points. The
N + 1 3-branes are located at y = 0,y1,y2,- - ,yn—1,yn- In the right panel, Ag denotes the bulk
cosmological constant in the subregion p defined in 3,1 < y < y,. The brane tension Y, for the
brane at y = y,, is obtained by ignoring the effect of the GW field on the brane-localized potential.

The brane-localized potentials are also generalized as

(@) = Wilna(0) + 21O (6 g, 0)) 436 — 601 (002,
() = 5 Wy (G0p11(p)) — Wy, (35)] (218)
+ % 8Wp+1(§(;;p+l(yp)) _ BWP(Q;(;P(:UP)) (¢ _ ¢O,p(yp)) + ,Yz(qs _ ¢0,p(yp))27
OWn (¢o,n(yn))

XN (@) = =W (don(yn)) — (¢ — do,n(yn)) + VR (¢ — don(yn))?.

o¢
Here, e.g. ¢o,(yp) denotes the value of ¢ on the brane placed at y = y,. The setup is
illustrated schematically in the right panel of figure 2. Solving the Einstein equation and
the scalar field equation of motion, ¢g(y) and A(y) for the subregion p are given by

bo.p(y) = oo, 1(0)67“”@&2521(Uqfuq—l)yqﬂ’
K (2.19)
A( :—py"i‘z quq1+ ¢0’p()‘

As in the case of the three 3-brane model, the first two terms in the solution of A,(y) give
a warp factor while the last term indicates a backreaction effect from the GW field. The
distance between the branes at y,_1 and y, is determined as

o~ 1 = - Vo8 [90,(p1) /0 )] (220)
P

in terms of the scalar field values on the branes ¢ ,(yp—1), 0.p(Yp)-



3 Perturbations about the background

We now discuss perturbations about the background configuration obtained in the previous

section. Our focus here is on spin-0 fluctuations relevant for the stabilization of the inter-

brane separations. We derive the (linearized) equations of motion and boundary conditions

that the fluctuations obey. The similar discussion in the two 3-brane system with a GW

field was presented in ref. [24]. We extend the method to discuss the three 3-brane system.
The spin-0 fluctuations are introduced by taking a general ansatz,

6 = do(y) + b)),
ds? = e AW [(1 = 2F (2, )0 + E(x,y) u] detde” — [1 + 2G(z, y)] dy? .

Here, d;(ac,y), F(z,y), E(z,y), G(x,y) denote the fluctuations, and E ,, = 9,0, E. We
note that one of the fluctuations E(x,y) is trivial in the two 3-brane system and it can

(3.1)

be taken to zero over the whole spacetime (see e.g. refs. [24, 51]). In the three 3-brane
model, on the other hand, a non-trivial distribution of E(z,y) is required to obtain non-
trivial solutions to the equations that the perturbations obey, as we will see later. By
using eq. (3.1) and defining Tun = Tun — %TQMN, the linearized Einstein equation for
the fluctuations is given by

6RMN = RQ(STMN, (32)

where

SRy = N OF + ne 24| —F" + A”(2F +2G) + A/(8F' + &)

+ A*(—8G — 8F) — ;A/DE’}

+2F 0 — G+ e

1 2
3El = A'Epu + 1APE,, ~ 24°E,, |

SRys = 3F, —3A4'G,,

§Rss = 2A0G + AF" + A/(=8F' — 4G') — %DE” +ADE, (3.3)
- 1 oxi »
0Ty = —3€ 2AZ5(?/ - Yi) {UW <6>;¢ —2Fx; — GXi) +E,WX¢]
9 v -
- ge 24 <8¢¢—2FV) +E,Wv} ,

- .2 av .1 4 dxi
5T:2”[2 }5—i[iz}

5 = 2000/ + 3 GV+8¢ +3§i:(y y)GX+8¢¢’

6T y5 = 0ud
with ¢ = UV,LLIR and O = n*¥9,,0,. The linearized field equation for g?) gives

2
—§"+e*40¢ + 44 ¢ + oV Vq?
o (3.4)
_ E : GQXZ' 7 8Xi ov / A '

They are the coupled field equations we will solve.



The boundary conditions that the perturbations obey on the branes are obtained by
matching the delta functions in the Einstein equation (3.2) with eq. (3.3) and the field
equation (3.4),

, 1 1 Ay
Pl = 108 e = 3 (Gt ) (35)
=y, = 0. (3.6
Pl = i+ 220, 3.7

a In aXz

[QZA)/] |y=yz 8¢2 (ZS Qb

(3.8)

The last condition (3.8) is simplified by considering steep brane-localized potentials x; as
in the case of the two 3-brane system [24]. In the limit of 92x;/0¢? > 1, eq. (3.8) is
reduced to Qg‘y:yi = 0. We will use this condition in the following discussion. From the
linearized Einstein equation 0R,5 = /<L2(Sfu5, we require 3F" — 3A'G = ¢¢’ which leads to
the conditions on the branes, (F' — A’'G)|y=y, = 0. Then, by using eq. (2.10), the boundary
condition (3.7) is automatically satisfied. The boundary condition (3.5) is reduced to (3.7)
by using eq. (3.6). Finally, the condition (3.6) leads to E'|y—y,y.yr = 0. Then, the
boundary conditions for the perturbations are summarized as

¢§|y=yuv,y17ym =0, (3.9)

- GA/‘y:yuny,ym =0, (3.10)

E,‘y:yU\hyIR =0, (3.11)

[EI”y:yI =0, (3.12)

[Flly=yov o = [Glly=yovyrum =0- (3.13)

Eq. (3.9) and eq. (3.10) are also obtained in the two 3-brane system [24]. The conditions in
eq. (3.11) and eq. (3.12) were mentioned in [47, 48] where the three 3-brane system without
the GW field is discussed. Eq. (3.13) comes from the continuity of the metric.

In the bulk spacetime, we obtain the following equations from the Einstein equa-
tion (3.2) with eq. (3.3) and the field equation (3.4):

1
OF 424 (—F”+A”(2F+ 2G)+A'(8F'+G")+ A*(—8G —8F) — 2DE’A’)

:_gﬁzem( ¢¢ QFV(%)) (3.14)

2F 4y — Gy +e 24 (;Ej;w—A”E,M,,+4A’2E,W—2A’Ejuy> = —gn%—“EWv, (3.15)

3F,—3A'G ,=K*0,0¢,, (3.16)

AAOG+4AF"+ A'(—8F' — 4G) QDEH—FA/DE’—R (2¢{)<23’+§<2GV+8¢¢)> (3.17)

—&”+62AD$+4A’$'+ <b—— Ga—v—(G’JréLF ). (3.18)
D2 D¢



The first equation (3.14) is found by matching the terms that are proportional to 7, in
OR,, = /1251~’W. The second equation (3.15) is given by matching the remaining terms.
The third, fourth and fifth equations (3.16), (3.17), (3.18) are obtained, respectively, via
OR,5 = /4;25TH5, SRs5 = k20T55 and the field equation for ¢. Eq. (3.15) and eq. (3.16) are
satisfied for any ,, and ,. Then, we find

G

1 2
2F +e724 <2E” — A"E +4A”E — 2A’E’> + glcﬂe*“Ev : (3.19)

¢ (3F' —3A4'G), (3.20)

K2 ¢

which determine G and qg in terms of the fluctuations F' and E. By inserting these expres-
sions for G and ¢ into €24 x Eq. (3.14) + Eq. (3.17), we obtain

/! //
f=f <2A’ + 2¢?) —f <4A” — 4A’¢?> =20y, (3.21)
o o
where we redefine F' as N
F(z,y) = f(2,9) + 552 E. (3.22)

Note that eq. (3.21) does not include the fluctuation E explicitly and it has the same
form obtained for the two 3-brane system in [24]. By solving the equation for f with the
boundary conditions, we can compute the KK mass spectrum, radion masses and radion
couplings to matter fields as we will perform in the subsequent sections. We still do not
use the equation for the qg field in eq. (3.18), but it is automatically satisfied by the other
equations. In terms of f and E, the boundary condition in eq. (3.10) is rewritten as

4 (1/2)e 2 A"E — 2A" fly—yov mrwm = 0. On the UV and IR branes, E|y—yiy.ym = 0
are the boundary conditions, thus we obtain
J1 =24 fily=yoy =0, (3.23)
fé - 2A/2f2’y:yIR =0. (3.24)

Here, the labels 1,2 denote functions defined in the bulk region between the UV and
intermediate branes (subregion 1) and the region between the intermediate and IR branes
(subregion 2), respectively. These conditions are the same as those of the two 3-brane
model. On the other hand, for the intermediate brane, E’(y;) is determined from eq. (3.12)
and eq. (3.13). By substituting the obtained E’(y) into eq. (3.10), the boundary conditions
on the intermediate brane are

fi—fe
fi—2A0 0+ — Al =0, (3.25)
Ay — A y=y1
fo—2A5f> + HA’Q’ =0. (3.26)
2 1 Y=y

Note that the function f can be discontinuous around the intermediate brane, y = yr, while
the fluctuation F' is required to be continuous from the continuity of the metric. A nonzero
E’ in eq. (3.22) on the intermediate brane makes it possible.

~10 -



In summary, we have obtained a bulk equation for f in each subregion,

// /!

A <2A’1 +2 0’1> - f1 <4A’1’ —4A] 0’1> = —m2e?41f;  (subregion 1), (3.27)

0,1 0,1
¢// 9 /! 9

y— 1 <2A’2 +2 ?’ ) — fa <4A’2' — 44} ,0’ ) = —m2e*2f,  (subregion 2), (3.28)
P02 $0,2

where [f12 = —m? f1,2 have been used. These equations are solved under the boundary

conditions at the orbifold fixed points (3.23), (3.24) and the conditions at the intermediate
brane in eq. (3.25) and eq. (3.26). The above discussion can be generalized to the N +1 3-
brane system mentioned in the previous section, and the bulk equations and the boundary
conditions for that case are summarized in appendix B.

Before closing this section, we comment on one interesting feature of the present
problem. As discussed in ref. [24], the bulk equation for f can be transformed into the
Schrodinger-like equation. By changing the coordinate dz e~4(*) = dy with A(z) = A(y(z))
and rescaling the field as fs = 63/2AS(Z)6’S.}ES (s =1,2), the bulk equations (3.27), (3.28) are
rewritten as

4

Cd2? dz B

d? P 9 (dAg)Q 5d*As  dAs o s/d7?
s 2 dz? dz deos/dz

(3.29)

Poos/d2 ) dPoos/dP ;  a:
+2(d¢o,s/dz> T dgonjdz [T

This expression has the same form as the Schrodinger equation, O fs = m2f, where O
includes derivatives of f; with respect to z. In appendix C, we derive the following condition
that the hermiticity of the differential operator is satisfied,

z=z1 Z=ZIR

s d Fx Fx d ;
+ {fQ:nz %fznl - f2:n1 deZ:nz} = 07 (3'30)

z=z1

~ d ~* ~* d -
fl:ng %fl:nl - fl:n1 dzflzng}

Z=ZUVv

where fon,, fsn, denote eigenfunctions for eq. (3.29), [X(2)]iZ24 = X(24) — X(2B), and
the integration range is divided into two parts, i.e. the subregions 1,2. Let us see if this
hermiticity condition is actually satisfied or not. The boundary conditions in eq. (3.10)

lead to

7 dA; N 2@ 2f1d%¢o.1/dz> N e 3M24E, Jdz((dAy Jdz)? + d? Ay /d2?) _
Ydz T Tdz do /dz do, /dz v
7 dAy o dfy | 2fad*¢oa/dz? N e 342/24F, /dz((dAg/dz)? + d? Ay /dz?) .
> dz dz do2/dz do2/dz o
(3.31)

The hermiticity condition (3.30) is satisfied if dE1 2/dz = 0 hold on all the branes because
d fLQ /dz are, respectively, proportional to f 1,2 and the factors of proportionality are the
same among different eigenfunctions as seen via the above boundary conditions. However,
dE; 2/dz can be nonzero on the intermediate brane, and hence the hermiticity condition
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is not satisfied in general. It means that the orthogonality between eigenfunctions with
different eigenvalues is not guaranteed. The non-hermiticity of the differential operator has
been already discussed in the two 3-brane model [24], but in this case the non-hermiticity
appears for gfg # 0 on the boundaries, which is also true for the three 3-brane model. In sec-
tion 5, we will encounter the non-hermiticity due to dE 2/dz|y—y, # 0 when we obtain two
radion solutions and their masses (the non-hermitian physics is reviewed in e.g. ref. [52]).

4 KK mass spectra

In this section, we compute the mass spectrum of KK modes of the radion-GW scalar
system by solving the bulk equations for f in egs. (3.27) and (3.28) with the boundary
conditions on the UV and IR branes (3.23), (3.24) and the conditions on the intermediate
brane (3.25), (3.26). Here, k¢yy < 1 is assumed and the backreaction effect from the
GW scalar field background is neglected. As we will see in the next section, to calculate
radion masses, it is required to solve the equations at the next-to-leading order of kK¢yy.
We also compute the mass spectrum of KK gravitons by extending the computation in the
two 3-brane model [24] to the present system with three 3-branes.

4.1 The radion-scalar system

Our strategy is to solve the bulk equation for each of the subregions 1,2 with the UV
or IR boundary condition and then match the two solutions for the subregions 1,2 on
the intermediate brane by taking account of the boundary conditions. In the subregion 1
between the UV and intermediate branes, neglecting the GW scalar field background and
using the explicit solution of A(y) in eq. (2.12), the bulk equation (3.27) for f; is reduced to

= 2(k1 + ) fi + Akrur fr = —mPe*MY fy (4.1)
and the boundary condition on the UV brane (3.23) is
f1(0) = 2k1 f1(0) = 0. (4.2)

Then, the solution is found as

fily) = cx et [J (20 ®) {mTy (24,0) = mTy 5 (24,(0) (1.3

1

20k )T (2 0)) — 2mTy (e (0) Ty (B, (0))]

where c¢; is a constant, J,, () represents the Bessel function of the first kind of order n, and

we have defined
ek1ym, ek2(y—yD)+kiyryy,

Zk’l (y) = kl y Zkz (y) = k:g

(4.4)
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On the other hand, in the subregion 2 between the intermediate and IR branes, the bulk
equation for fy in eq. (3.28) and the boundary condition on the IR brane (3.24) are, re-
spectively, given by

Y — 2k + ug) f3 + dkoug fo = —m>e”™Y fr | (4.5)
fo(yr) — 2k2f2(yr) = 0.

The solution is obtained as

faly) = a0 I (23,(0)) T (Zimn)
2 2
I (@) {20k~ )™M s (Zayrm)) = m b (2, (gm0)) |

—2mek1y1+kzyIRJ%2_1 (Zky(y)) Jy_ w2 (2, (YIR)) (4.7)

_up

2 k2
where ¢y is a constant.

Having obtained the solutions (4.3), (4.7) for the two subregions, let us connect them

by using the boundary conditions at the intermediate brane (3.25), (3.26) which are rewrit-

ten as

Here, we have ignored the backreaction effect from the GW scalar field background. For
massive modes with m > 0, eq. (4.9) can be satisfied with fa(y) =0 (c2 = 0 in eq. (4.7))
which indicates that fa is zero for the whole subregion 2. The condition (4.8) then de-
termines m. The left panel of figure 3 shows by (y1) as a function of m. We can see from
the figure that the lowest KK excitation has m ~ kie %1% and the masses for higher KK
excitations are also found. The other massive modes are obtained by taking fi(y) = 0
(c1 = 0 in eq. (4.3)) for the whole subregion 1 to satisfy eq. (4.8). In this case, the con-
dition (4.9) leads to masses around m ~ koe k2umtu(k2a—k1) " a9 seen in the right panel
of figure 3. Therefore, we have obtained a set of eigenfunctions f, which are nonzero in
only one bulk subregion p (= lor2), with mass eigenvalues m ~ kpe_A(yP). Note that
these eigenfunctions for the KK modes with different mass eigenvalues are orthogonal to
each other because the hermiticity condition in eq. (3.30) is satisfied with the boundary
conditions in egs. (4.2), (4.6), (4.8), (4.9).

Zero mode solutions to the bulk equations with m = 0 are given by f, 2k

»Y in a
subregion p (= lor2) and fy = 0 in the other subregion p’ (= 2or1). The two solutions
automatically satisfy the boundary conditions at the intermediate brane (4.8), (4.9) as
well as the conditions at the UV and IR branes. These zero modes are understood as two
radion degrees of freedom which correspond to the fluctuations of two branes (e.g. the IR
and intermediate branes) relative to the third brane (e.g. the UV brane). As we will see
in the next section, they become massive once the backreaction effect from the GW scalar
field background is included, and the mass eigenstates are given by linear combinations of
the two solutions where the backreaction effect is ignored.
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Figure 3. The normalized b;(yr) in eq. (4.8) and ba(yr) in eq. (4.9) as functions of the nor-
malized mass parameters, meF¥1/k; and m eF>Wm—vD+tkun /) - respectively.  Here, we take
kiyr = 10, koyr = 20, koyir = 40, uq/k1 = 0.15, ug/ka = 0.075 as reference values.

4.2 KK gravitons

We can introduce spin-2 fluctuations, i.e. gravitons, by changing the metric of eq. (2.1),
N — Nuw + eQA(y)hW, where hj,, = hy, is a symmetric tensor satisfying the transverse
(n**0,hy, = 0) and traceless (n**h,, = 0) conditions. In the linearized Einstein equation
for the fluctuations, the tensor modes do not mix with the spin-0 modes of F,G, E and ¢.
By ignoring the backreaction effect from the GW scalar field background, the bulk equations
for the tensor modes are obtained via 6 R, = n%f,w in the subregions 1 and 2, respectively,

hi — 4k3 R +m2e Ry, =0, (4.10)
hguy o 4k%h2uy + m262k2y+291(k1—k2)h2,uy =0. (411)
Here, the subscripts 1, 2 indicate the functions in the subregions 1,2 and UOhy,, = —m? hpuy

(p = 1,2) have been used. The prime ' denotes a derivative with respect to y. The other
equations, 0,5 = k20T, 5 and 6 Rss = k25T 55, are automatically satisfied for the transverse
and traceless tensor modes [51]. The boundary conditions on the UV, intermediate and IR
branes are obtained through dR,, = lizéﬁw, matching the singularities on the branes,

h’;l‘ul/ + 2k1hle|y:yUV = 0 ) (412)
hl;u/ - h2/J,I/ + Q(kl - k2>h1ul/’y:y1 = 0, (413)
hl?;w + 2k2h2w/’y=ym =0, (4.14)

which are equivalent to the Israel junction conditions. The first and third conditions are
the same as those of the two 3-brane model [51]. We also require the continuity of the
tensor around the intermediate brane,

hl,uzl - h2/u/| 0. (415)

y=yr

In the following, we take an ansatz h1 2, (%, y) = h12(y)Xuw(x), where x ., (x) satisfies the
transverse and traceless conditions, and solve the equations to determine hq 2(y).
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We first solve the equations for m = 0. The bulk equation (4.10) for the subregion 1
and the boundary condition at the UV brane (4.12) lead to

hi(y) = co,hlef%ly , (4.16)

where cg 5, is a constant. On the other hand, the bulk equation (4.11) for the subregion 2
and the boundary condition at the IR brane (4.14) give

ha(y) = Co7h26—2k2y—2y1(k1—k2) ’ (4.17)

where ¢g p, is a constant. The continuity condition around the intermediate brane (4.15),
ie. [h]ly=y = 0, requires cop, = coh,- In this case, the boundary condition at the in-
termediate brane (4.13) is automatically satisfied. The field value of the zero mode is
exponentially suppressed further away from the UV brane.

Next, let us discuss massive tensor modes. By solving the bulk equation (4.10) and
the boundary condition at the UV brane (4.12), we obtain

J1 (Zkl (0)) Y (Zk1 (y)) :| , (4‘18)

M) = 2o | 1 (B 0) — T

for the subregion 1. Here, Y;,(-) denotes the Bessel function of the second kind of order
n and ¢, 4, is a constant. On the other hand, we solve the bulk equation (4.11) for the
subregion 2 with the IR boundary condition (4.14) and the connection [h]|,—,, = 0 and get

_ 9 1 (Br (yir)) Y2 (2, (v))
halt) = 2euns | o (20, (1) - THEL T Sl | (4.19)
where ¢, j, and ¢, , are related as
e = i |{ Y1 (Z0,(0)) 2 (Z1y (1)) — T2 (Z1,(0)) Y (2, (90) } Y1 (2 (91R)) | w20)

/1 (Z O] 2 (2, (90) Vi (Bro (i) = Va (Zi (90)) 1 (2 (i) }] -

The last equation to be satisfied is the junction condition on the intermediate brane in
eq. (4.13),

0= Ji (24, (ym)) |Y1 (Z1,(0)) Ja (2, (1)) Vi (2 (1) (4.21)
+ Y2 (2, (91)) {1 (25, (0)) Y1 (2, (1)) — Vi (20, (0)) 1 (2, (1) }
— T (21, (1) Ya (20, (00)) Y1 (Zhy (0)]
+ Y1 (2 (y1r) [ Vi (Z8,(0)) J1 (2, (1) o (2 (91)
= J1(2k,(0)) Y1 (Zk, (1)) J2 (2, (y1))
(

1 (20 0) {1 (2000 Vs (B () — Y3 (20,0) 2 (Zas ()] = 5

- 2ekly1m2 ’
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Figure 4. The function by, defined in eq. (4.21) as a function of the normalized mass parameter
mek2(ym_y1)+k1yl/k2. The KK graviton masses are determined via b, = 0. Here, we take kiyr =

10, koyr = 20, koyir = 40 as reference values. The first excitation mode is obtained around
m ~ 4k26_k2(yIR_yI)_k1yI.

The masses of KK excitation states are determined by the values of m where the function
bn(m) crosses zero. This function has the following form,

br(m) = J1 (Zk, (Y1r)) a1 (2, (0), 2, (Y1), 2k, (y1))

(4.22)
+Y (Zk;g (yIR)) a2 (Zk:1 (0)7 an (yl)v ZkQ (yl)) ’

where aj (-, -, -) are oscillating functions of m. In this expression, J; (Zk,(yir)) and
Y1 (2k,(yir)) are the most rapidly oscillating, which indicates that the mass of the first
KK excitation state is determined around Zj,(yir) ~ 1, i.e. m ~ koe~k2(yr—y)—kyr 1y
fact, figure 4 shows by, as a function of the normalized mass parameter m e*2(UrR—y)+hkiur k2
and that it is actually the case. Thus, the first few excited states have masses comparable
to the typical mass scale of the IR brane. The similar result was discussed in [37].

5 Masses of radions

In section 4.1, it was found that two independent zero mode solutions for spin-0 fluctuations,
which correspond to two radions in our three 3-brane setup. We here take account of the
backreaction effect from the GW scalar field background and find nonzero radion masses.
In the same way as what we did to get the masses of KK modes, we first solve the bulk
equations in the two subregions with the boundary conditions on the UV and IR branes.
Then, the two solutions in different regions are connected by the boundary conditions on
the intermediate brane, which determines the radion masses. We will see that one radion
mass is close to the typical mass scale of the IR brane and another is at the order of the
typical mass scale of the intermediate brane. Radion couplings to brane-localized matter
fields will be discussed in the next section.

Let us expand the fluctuation f; defined in eq. (3.22) for the subregion 1 between the
UV and intermediate branes in terms of (2 = xk2¢%,/2 and rewrite it as

Ay) = cpe®™ + Pevdy (y) (5.1)
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where the first term in the right hand side represents the solution at the 0-th order of I with
an undetermined constant cg; and the second term gives a perturbation. By substituting
this expression into the bulk equation in eq. (3.27), the 0-th order equation is automatically
satisfied, and we obtain the following equation at the first order of (2,

362“1yd’1’(y) + Gezuly(kl +up)dy (y) + depr (b —ur)ur + 3Cf162(k1+“1)ym2 =0. (5.2)

2 2

Here, we have redefined m? — [?m?. Note that this equation does not include terms
proportional to d; and only includes terms with derivatives with respect to y, i.e. d} and

d. The boundary condition on the UV brane in eq. (3.23) is given by

The solution to the equations (5.2), (5.3) is obtained as

—2y(k1+u1)
d (y) = — 1€ 8k2us 21 1 3y m?2 (e2¥(2kitur) _ g
1(y) 6k1 (2k1 + 1) [ jure + 3k1m (e )

— duf (Y — 1) — dkyud (e - 2)].

(5.4)

On the other hand, for the subregion 2 between the intermediate and IR branes, we rewrite

J2 as
foly) = Cf2€2(k2y+y1(k1—k2)) + 1262(k2y+y1(k1—k2))d2(y)‘ (5.5)

The first term represents the solution at the 0-th order of 12 with a constant cr2 and the
second term gives a perturbation. By substituting this expression into eq. (3.28), the 0-th
order equation is automatically satisfied, and we find

2 o2(k2(y—yr)+y1(k1+ui)+uzy) 2uayr

3cpom — depaug(ug — ko)e

5.6
+3d5 (y) e VTR 6(ky + ug)dy (y) e TR = 0, (59)

at the first order of /2. This is also the first-order differential equation for dj as in the case
of d}. The boundary condition on the IR brane in eq. (3.24) is

QCfQUQ + 3d/2(yIR)€2yIul+2u2(yIR_yI) =0. (57)

We solve the equations (5.6), (5.7) as
—2(ka (y+y1)+uz(y+ym)+
dlg(y) _ _cpee (k2 (y+y1)+u2 (y+yr ) +u1yr) {3k2m264k2y+2y1(k1+u1)+2uQ(y+yIR)
6]{32(2]&‘2 + ’LLQ)

— 4 (—Qk% + koug + u%) e2k2(y+yr)+2u2(y1+yir) (5.8)

_ 3k2m264ym(k2+u2)+2y1(k1+u1) + 4u§(2k2 + u2)62(k2+“2)(y1+ym)} )

Next, let us use the boundary conditions on the intermediate brane in eq. (3.25) and
eq. (3.26) that are rewritten in terms of d}(yr) and df(yr),

_QU%(Cfl —cf2)

b, 2oy 3 (1) = 0, (5.9)
2u3(cp1 —
_W + 2¢pup + 3¢ Wdy (yr) = 0. (5.10)
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By substituting d) (y1) in eq. (5.4) into the condition (5.9), we get

cp = 4Cf2k1u%(2/€1 + ul)e%”’l

. [k:z{—3k1m2 (e2y1(2k1+u1) - 1) + 4 (e2k1yl — 1) + 8kyu? (e2k1yl — 1)} (5.11)
+ k1{3k1m2 <62y1(2k1+“1) - 1) + 8kyu? + 4uB H_l

Note that cy1 = cypo is satisfied for k; = ko. By using eq. (5.8) and eq. (5.11), the
condition (5.10) leads to
am*+pm?+~=0, (5.12)

where
a =9k k‘z(kig _ kl) (e2y1(2k1+u1) _ 1) (€2y1(3k1+2k2+u1+u2) o 62y1(3k1+u1)+2ym(2k2+u2)) ’

B=12 [k:gu%(le +uy) (kg (62k1y1 _ 1) —|—k:1) (e2yl(3k1+u1)+2y1R(2k2+U2) _ 62y1(3k1+2k2+u1+u2))
+Eyus(ky — ko) (2kg +us) (62y1(2k1+"1) — 1) <62k2y1 - 62k2ym) 2 (hithatus) (5 13)
+ klkz’u%(sz +u2) <62y1(2k1+u1) _ 1) 62y1(2(k1+k2)+u2)} ,

v = 16udu3 (2k1 +u1 ) (2kg + ug) 21 2Rtk tu2) [kle%?yl — e2k2uir (kg (e%lyl - 1) + k:l)} .

This is a quadratic equation for m? to have two solutions corresponding to the two radion
masses.

Before solving the equation (5.12) with the coefficients (5.13) numerically, we first
derive approximate analytical expressions for the two radion masses in a small backreaction
limit. They are obtained by solving eq. (5.10) with the use of eq. (5.8) and eq. (5.11). We
here assume eF2¥IR > eF1¥1 > 1 and m? < k?e~2M1¥1 and obtain the following approximated
expressions for d5(yr) in eq. (5.8) and cyo from eq. (5.11),

—2(2ka+ua+u1)yr
J ~ _Cfge 3 2(k1+u1)y1+2(2k2+u2)ymk 2
2(y1) 6k (2ka + us) [ © 2
o 462u2y1+2k:2(yl+ym)u%(2k2 + uQ)} , (5.14)
Cf2 = Cf1 362(k1+u1)y1m2k1(k1 — ko) + 4k2u%(2k‘1 +u) . (5.15)

4k‘1u%(2k‘1 + ul)

We assume that the first and second radion masses are around the typical energy scales of
the intermediate and IR branes, respectively. This assumption will be justified later when
the analytical results are compared to the numerical computations. Let us first find the
analytic expression for the radion mass around the IR brane energy scale. We consider
the parameter space k1 ~ ky 2>

~

up ~ uy for simplicity. For cgy in eq. (5.15), by using
m? < k?e~2M¥1 and neglecting the term with m? in the numerator, the even simpler form
is obtained,

ko
c}% ~ c?}k—l , (5.16)
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2 vanishes compared to eq. (5.15) and the label IR is used to

where the dependence on m
denote the lighter radion. By substituting c&% and eq. (5.14) into eq. (5.10), we find a

linear equation for m? leading to

4
mfm ~ 3 1?3 (2 + ;Z) ¢~ HlkaFuz)ymt(k —ketur—uz)yr) (5.17)

Here, we have recovered [? in m?

. This formula is quite similar to the one obtained in
the two 3-brane model [24] while the exponential factor is different. The radion mass is
suppressed compared to the typical mass scale of the IR brane ~ kg e F2(UR—vD=Fur by 5
factor of about le~"2¥R—v1(u1=u2) (4, /). In appendix A, we also compute the radion mass
by using the naive ansatz for the radion field, where the radion mass-squared is proportional
to (ug/ko)®/? while the above mg,../k3 is proportional to (ug/k2)? (2 + uz/k2). In more
detail, the factor in the mass-squared is different by about e~2u2¥R=2u1(u1=u2) (4, /))1/2,
Next, we shall discuss the radion mass around the intermediate brane. In this mass

range, the first term in eq. (5.14) is dominant, and d5(yr) is reduced to

il
Cf2 m2€2((2k2+u2)yIR_(2k2_kl+u2)y1) (518)

)

v ~
2 (1) > S )

where the label I has been added to denote the heavier radion. By substituting this
expression for d} (y1) and eq. (5.15) into eq. (5.10), we obtain a quadratic equation for m?.
Then, for e(2k2tu2)u /e(2hatu2)yin < 1 the heavier radion mass-squared is approximately
given by

2 42,0 ko (2k1 + 1) o~ 2(k1tun)yr
T3 ky(ky — k)

m

(5.19)

Note that the mass-squared goes to infinity in the limit of k3 — k;. This feature is not
an artifact of the approximation but is actually seen in the numerical computation as we
will show later. For ky < k1, the mass-squared m%l becomes tachyonic, and, therefore, we
require kg2 > k1. The same condition was obtained in [48] where the radion kinetic terms
without including the GW field are computed and it is shown that one radion becomes
a ghost for ko < ky. This condition is also in accordance with the parameter space that
the brane tension on the intermediate brane becomes negative. The calculation of the
same radion mass-squared using the naive ansatz in appendix A also shows the (ko — k1)
dependence in the denominator. Eq. (5.19) is different from that obtained through the
naive ansatz by a factor of about e=2U1%1 (y /ky)1/2.

Let us now see numerical solutions to the quadratic equation (5.12) for m? with the
coefficients (5.13). The left and right panels of figure 5 show the heavier and lighter radion
masses, respectively. For the heavier radion, the mass becomes tachyonic in the region
of k2 < ki, as obtained via the analytical expression in eq. (5.19). Besides, |m,,| goes to
infinity in the limit of ko — k1. Figure 5 also indicates that the heavier (lighter) radion mass
is generally more than one order of magnitude smaller than the typical mass scale on the
intermediate (IR) brane, which is consistent with the approximate analytical expressions.
Such feature has been also seen in ref. [44] in the context of the dual 4D CFT.
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Figure 5. The heavier (left) and lighter (right) radion masses in the three 3-brane model. Here,
we take I = 0.3, wiyr = 1.5, uoyr = 1.5 and yir/yr = 2 as reference values. In the left panel,
the white solid contours denote the heavier radion mass of m, /k; = 1074, 107° 1076, 1077.
The black dashed lines correspond to the typical mass scale at the intermediate brane of e *1¥1 =
10722, 10732, 10~*?, 107> from the left to the right, respectively. The solid black line denotes
k1 = ka. The radion mass is tachyonic in the region of ko < k;i. Besides, |m,,| goes to infinity in
the limit of ko — k1. In the right panel, the white contours represent the lighter radion mass of
Myyg /b2 = 1078, 10710, 10712, 10~ from the bottom left to the top right. The black dashed lines
correspond to the typical mass scale at the IR brane of e F2(wm—v)—kiyt — 10-6 108 10-10, 1012
from the bottom left to the top right.

For later convenience, we here comment on the ratio of the coefficients c}l / cgcg for the
heavier radion mass solution. In the approximated expression (5.15),

4 c&leu% (2]{31 + ul)
_362(k1+u1)y1k1(k2 - kl)m2 + 4k2u%(2k1 + u1) ’

= (5.20)
we can check that the denominator of the right-hand side is zero by using the approximated
mass-squared formula (5.19). The finite result is obtained by taking account of the terms
neglected to get the simple formula. In the next section, we evaluate c}l / c§e2 by including
the subdominant terms and discuss radion couplings to brane-localized matter fields.

6 The radion effective action

We here discuss radion couplings to matter fields localized on branes. Firstly, the kinetic
terms for two radions in the three 3-brane model are found. Then, the radion-matter cou-
plings are computed in the basis that the radion kinetic terms are canonically normalized.
It will be shown that the lighter (heavier) radion has a dominant coupling to matter fields
on the IR (intermediate) brane compared to that of the heavier (lighter) radion.
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As in the case of the two 3-brane model [24], the kinetic terms of the two radions
in the three 3-brane model are calculated through the Ricci scalar and bulk cosmological
constant terms in the action (2.2),

> —2M53/d4$dy\/g(Fi,Gi,Ei)R(Fz‘,Gz‘,Ez‘) —/d4$dy\/9(Fi,Gi,Ez‘)A5

i=LIR
/d4 g (B Gi, B xa (6.1)

Sy

p=UV,[IR
b5 [ flgp (B G g (8, G ) Tl yp>],
p=LIR

where the dependence on the fluctuations is written explicitly. The label ¢ = I, IR denotes
the solutions for the heavier and lighter radions in the mass eigenstate basis, respectively,
and the summation is taken over for the two radion solutions. Note that they are not
orthogonal to each other. The hermiticity condition (3.30) is not satisfied for the radion
mass eigenstates because both of them live in the whole bulk and E’ is nonzero on the
intermediate brane. Still, the action (6.1) leads to two independent equations of motion
for the fluctuations labeled by ¢ = I, IR, each of which is consistent with the equation of
motion (3.21). The radion kinetic terms also arise from the kinetic term of the GW scalar
field, but their contributions are subdominant due to the suppression of I2.

Considering eq. (3.22) with egs. (5.1), (5.5), we can express the two solutions for the
fluctuation F' as

Fi(z,y) = (cﬁ”le?’ﬁy + 262/11 Eh) ri(x) (subregion 1) 62
’ (0;262k2y+2y1(k1 k2) + 2@2A2 EéI) 1(33) (Subregion 2) )

Fr(z,y) = (C?{e%ly + 5 2A1 EiIR) rir(x) (subregion 1) 63)
) (c;%e2k2y+2y1(k1 k2) 4 %EQIR) rir(z) (subregion 2)

Here, rijr(z) denote the heavier and lighter radion fields, respectively, and cﬁR /cis cI R are
given via eq. (5.11). We only consider the terms at the zero-th order of I? because the terms
of O(I?) give subdominant contributions to the radion kinetic terms. By substituting these
solutions into the action (6.1) and integrating over y, we find

3()2(—1 4 e2kur) N 3e2k1ur(—1 4 e2k2(ym—v1))

—S D 4M? /d4x ri0ry (0}2)2{

k1 ko
6(ct — 1)2 2y
+ |
k1 — ko
3(R)2(—1 + e2k1u1 3e2kyr(_1 4+ e2k2 (yrr—y1)
+ rrOrw (ci«%)Z[ e ) 4 ( )
kl k2
6(CIR _ 1)2 62k1y1
+ |
k1 — ko

= Y [dteME 0P RE = Y [ ate S0, (6.4)
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Input Output

Sample A Sample B Sample A Sample B
Yr 10 10 My 0.24 0.24
YIR 15 20 Cyy(myy) —0.47 —0.47
k1 0.3 0.3 Cym(myy) 1.7 x107° 127 x 107°
ko 0.6 0.6 - 0.066 0.051
uy 0.05 0.05 Cy(myy) 57 x107° 1.8 x 1076
Us 0.05 0.05 Coyrr (M) 0.58 0.58

Table 1. The radion couplings to matter fields living on the intermediate and IR branes. Two
example cases are considered as sample A and sample B. The left table summarizes input parameters
in unit of Ms. In the right table, 7, and m,, are, respectively, the normalized heavier and lighter
radion masses defined as 7, = My (k1e™ 1Y)~ and My, = My (kge k2 @Ry =Ry =1 The
normalized radion couplings to matter fields on the intermediate and IR brane Cy, (m., ), Cyyp (M),
m@w (m,,) where the factor My e=Ai)
in the denominator denotes the typical mass scale of the brane at y = y;. The results in the table
indicate that the heavier (lighter) radion dominantly couples to matter fields on the intermediate

(IR) brane.

Cyi(Myy), Cyp (Myyy, ) are defined as C, (m,,) =

where ¢! = cjcl / 092, Mgl ~ M3 /k; denotes the 4D Planck scale and K; are dimensionless
coefficients. Eq. (3.19) has been used to express G; in terms of F; and E;. In the last equal-
ity, we have defined canonically normalized radion fields 7;(z) = Mplc’J}gKm(x). Note that
the bulk profiles of the fluctuations E; are not necessary to obtain eq. (6.4). For the kinetic

term of the radion ry, the first and third terms are dominant, and it is approximated as

3(ch)2 (k1) (ky + ko)
ki(k1 — k2)

4M§/d4m ri0rr (0;2)2 (6.5)
This expression indicates that the r; kinetic term becomes negative for ko < k1 where the
radion is a ghost. This condition is the same as that leading to the tachyonic radion mass
in eq. (5.19).

The radion-matter interaction terms are written for matter fields living on the inter-
mediate and IR branes, respectively, as

V9" G" Y T ly=yy = 2F1i(, y0) T (w, 1) = Cyy () 7i(2) T (, 1) (6.6)

- ginginul/leb:yIR = 2F2i($, yIR)T(ﬂf, yIR) = Cym (mn) ’Fz(x)j:‘(xa yIR) ) (67)
where ¢ = I,IR and T(az, Yp) is the normalized trace of the energy momentum tensor of
matter fields on a brane, i.e. T' = e~ 24T, -t The constant C,, ; (my;) denotes the radion-
matter coupling at y = y; for the radion with mass m,,. In the basis that the radion kinetic

"We use the normalized trace of T, to consider canonically normalized fields in T. For example,
a real scalar field x on a brane at y = y; is included as Ty, D 38,x0yx. Then, the action is S D
[ d*xz\/g(yi)g"" (yi) Ty D [d'z e 2AWd (1 2F(yi)) 39ux0vx. Thus, the canonically normalized field
¥ is obtained by x = e ¥.
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terms are canonically normalized, these couplings are given by

2 ciA/Q - All e241(yn)

Cyl(mTi) = KiMpl A/2 _ All ) (68)
2
Cym(mn) = A 1 e2A2(yR) (6.9)
iMp

Table 1 shows the radion couplings to matter fields living on the intermediate and IR
branes for some example parameters. We can see that a radion couples to matter fields
on a brane as ~ mﬁ(m)f(:n, y;) where the factor Mp e W) in the denominator
denotes the typical mass scale of the brane at y = y;. Furthermore, the lighter radion
coupling to matter fields on the intermediate brane is suppressed compared to that on the
IR brane as the lighter radion is localized toward the IR brane. The suppression of the
lighter radion coupling to matter fields on the intermediate brane has been also discussed
in ref. [44] through the dual CFT picture. In our analysis, a further suppression could be
seen when e.g. (yir — vy1)/y1 < 1 is not satisfied.

7 Discussions

We have presented the stabilization of two radions in warped extra dimension models
with multiple 3-branes through a simple extension of the GW mechanism by introducing
a single 5D scalar field. The metric for each bulk subregion bounded by two 3-branes has
a different warp factor in general. We have mainly focused on the three 3-brane set-up
for simplicity, but it was straightforward to generalize the discussion to models with any
number of 3-branes as shown in appendix B. The stabilization of radions was shown by
solving the Einstein equation and the scalar field equation of motion simultaneously so
that the backreaction effect from the GW scalar field background is taken into account.
We then considered perturbations from the background configuration and computed the
mass spectrum of the radion-scalar field system and also the spectrum of KK gravitons by
solving the equations of motion. Nonzero masses of radions were found by taking account
of the backreaction effect of the GW scalar field background. The lighter radion has a
mass close to the typical mass scale of the IR brane while the heavier radion has a mass at
the order of the scale of the intermediate brane. The radion couplings to brane-localized
matter fields have been also calculated. It was shown that the lighter (heavier) radion has
a dominant coupling to matter fields on the IR (intermediate) brane.

Warped extra dimension models with multiple 3-branes have a huge potential for in-
novation in model-building of physics beyond the SM which often indicates the existence
of new mass scales hierarchically different from both the Planck scale and the electroweak
scale. Since the typical energy scale of each brane is exponentially different from those of
the other branes, multiple 3-brane models enable us to explain multiple hierarchical mass
scales naturally. For instance, the PQ solution to the strong CP problem introduces an
intermediate energy scale where the U(1)pq symmetry is spontaneously broken. Without
any mechanism, this new energy scale leads to another naturalness problem as in the case
of the SM Higgs field: the U(1)pq breaking scale is unstable under radiative corrections and
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y=0 Y1 YIR

Figure 6. The three 3-brane model to realize a natural and high-quality axion solution to the
strong CP problem. The typical mass scales of the UV, intermediate and IR branes are identified
as the Planck, PQ breaking and TeV scales. The U(1)pq gauge field and a PQ breaking scalar
field live in the bulk subregion between the Planck and PQ branes while the SM fields live in the
other subregion between the PQ and TeV branes. A pair of KSVZ (anti-)quarks charged under the
U(1)pq live on the intermediate brane. Gravity propagates in the whole bulk spacetime.

its smallness compared to the Planck scale requires a fine-tuning. Furthermore, the usual
PQ solution suffers from the so-called axion quality problem. The U(1)pq global symmetry
must be realized to an extraordinarily high degree while it has been discussed that quan-
tum gravity effects do not respect such a global symmetry. Our three 3-brane model can
address these problems as well as the electroweak naturalness problem simultaneously. As
described in figure 6, we can identify the typical mass scales of the UV, intermediate and
IR branes as the Planck, PQ breaking and TeV scales. A scalar field, which spontaneously
breaks the U(1)pq (gauge) symmetry, lives in the bulk subregion between the Planck and
PQ branes while the SM fields live in the other subregion between the PQ and TeV branes.
Following the two 3-brane model discussed in ref. [53] (see also ref. [54] for a dual 4D
realization with SUSY), a PQ brane-localized potential drives a nonzero VEV for the PQ
breaking scalar field localized toward the PQ brane. In the same way as the original RS
model for the electroweak breaking, the naturalness problem for the PQ breaking scale
can be addressed. Since the bulk U(1)pq gauge symmetry is broken at the UV brane, we
generally expect U(1)pq-violating Planck suppressed operators. However, the scalar field
profile is exponentially small at the UV brane, and hence these dangerous operators are
suppressed enough to achieve the high-quality axion. The correct axion-gluon coupling to
solve the strong CP problem is introduced by for example a pair of (anti-)quarks charged
under the U(1)pq which live on the PQ brane in the same way as the so-called KSVZ axion
model [4, 5]. The SM Higgs field lives on (or is localized toward) the TeV brane so that
the electroweak naturalness problem is addressed as usual.

Another interesting possibility in the three 3-brane model framework is to identify the
typical mass scales of the UV, intermediate and IR branes as the Planck, TeV and some
smaller scales. We call the IR brane in this case as the dark brane. As described in figure 7,
the SM fields live in the bulk subregion between the Planck and TeV branes. The SM Higgs
field is localized at the TeV brane so that the electroweak naturalness problem is addressed.
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Figure 7. The three 3-brane model to introduce a dark sector. The typical mass scales of the
UV, intermediate and IR branes are identified as the Planck, TeV and some smaller dark sector
mass scales. Here, we call the IR brane as the dark brane. The SM fields live in the bulk subregion
between the Planck and TeV branes, while the SM Higgs field is localized at the TeV brane. Gravity
propagates in the whole bulk spacetime.

Only gravity (and possibly some new light particles feebly interacting with the SM fields)
can live in the subregion between the TeV and dark branes [44, 55] (see also ref. [56] for
a dual 4D description where the lighter radion is roughly identified as the lightest scalar
glueball). The mass scale of the dark brane can be exponentially smaller than the TeV
scale. In this case, since the lighter radion coupling to the SM fields is suppressed, its
lifetime is long enough to become a dark matter candidate.

The RS model has been known to predict a characteristic cosmological history. The
system at a high temperature is described by the de-compactified AdS-Schwarzschild (AdS-
S) spacetime where the IR brane is replaced by an event horizon [57]. Then, as the Universe
cools down, a phase transition from the AdS-S spacetime to the compactified RS spacetime
takes place. In the dual 4D picture, it can be understood as a confinement-deconfinement
phase transition. The phase transition is typically of the strong first order and experiences
a supercooling phase before nucleation of true vacuum bubbles develops. During such a
transition, detectable gravitational waves (GWs) are generated. The cosmological history
of multiple 3-brane models is even more fascinating. As the Universe cools down, multiple
confinement-deconfinement phase transitions take place. Correspondingly, sizable GWs
with multiple peak frequencies are produced. The three 3-brane setup in figure 6 predicts
a first-order phase transition at the temperature of the PQ breaking scale, which generates
GWs detectable at LIGO [58] (see ref. [59] for the case of the two 3-brane model), as
well as a first-order transition at the temperature of the electroweak scale which produces
GWs to be observed at future space-based GW observers such as TianQin [60], Taiji [61],
eLISA [62], DECIGO [63] and BBO [64]. On the other hand, the three 3-brane model in
figure 7 predicts a first-order phase transition at the temperature of the electroweak scale
and also a first-order transition at some low temperature which leads to low frequency GWs.
Interestingly, pulsar timing data recently reported by the NANOGrav collaboration may
indicate the existence of a stochastic GW background around f ~ 10~ Hz [65]. It has been
pointed out in ref. [66] that the reported signal can be interpreted as GWs from a strong
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first-order phase transition at which the temperature of the SM sector is O(1 — 100) MeV.
Such a phase transition can be a natural consequence of the three 3-brane model.
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A Radion dynamics via the naive ansatz

In this appendix, we discuss the stabilization of two radions for the three 3-brane system
in a similar way as the original discussion of the GW mechanism [11, 23]. In the main
text, the brane separation distances in eqgs. (2.13) and (2.14) were obtained by solving the
Einstein equation and the GW field equation of motion simultaneously. Here, we will solve
a bulk equation for the GW scalar field in a background metric without the backreaction
effect. By inserting the solution to the action and integrating over the extra dimension,
the effective potential for the brane separation distances is obtained. The distances are
then fixed at the minimum of the potential. We will also compute the masses of radions.
In the main text, they were found by solving the equations of spin-0 fluctuations including
the backreaction effect from the GW scalar field background. Instead, we take a naive
ansatz for the metric and compute the radion masses through the effective potential. The
condition to avoid tachyonic masses of radions is obtained from the kinetic terms.

A.1 Stabilization of distances

Let us consider a bulk real scalar field ® as the GW field whose action is given by?
S = %/d4x/dy\/§ (gMN8M<D8N<I> — mgb<l>2)
— /d4x/dy\/§ {)\UV(CPQ — v%v)Zé(y)
+ M@ = 0f)?6(y —u) + AR (P = vf)?0ly —uw) |, (A1)

where mg denotes a mass parameter for the GW field, A, (p = UV, I,IR) are dimensionless
couplings and v, are parameters with mass dimension 3/2. The mass parameter mg may be
different for the subregion 1,2 as in the case of the main text, and we label them as mg, ,,
respectively. The terms in the second and third lines represent brane-localized potentials.
We use the metric in eq. (2.1) without including the backreaction effect from the GW field.
The bulk equation of motion for ® is

" — 44D —mid =0. (A.2)

2We here use a notation for the GW field different from that of the main text.
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Then, we obtain the following general solution in the bulk,
D(y) = 24V {Ae”A/y + Be‘”A/y} . (A.3)

Here, the constants (A, B,v) = (A1, By,11) and (Ag, Bo, 1) for 0 < y < yp and yp <
y < YR, respectively, and we have defined v = 4 + mczl,l/A’2 =4+ mj3 /ki and v =
4+ m?{)Q/A’2 = 44 mj, /k3. Inserting the solution into the action (A.1) and integrating
over ¥y, we find the effective potential,

V(g um) = (—e 200 1) by { A2 (2 4 04) + B3 (vy - 2) )

. <€4y1(k27k1)72k2ymy2 . e4y1(k27k1)72k2y1y2)
x ky { A2tz (1 4 9) + BR(vy — 2)
+ Auv (9%(0) - U%V)Q + A1 (®2(yn) — 1)12)2 + A (9% (yim) - U%R)Q . (AA4)
By taking the limit Ayv 1R — 00, we obtain the Dirichlet boundary conditions,
®(0) = vyv, O(yr) = v, ®(YyR) = VIR - (A.5)

The general solution (A.3) must satisfy these boundary conditions. Note that the condition
at the intermediate brane is imposed on the solutions for both subregions. Then, Al,g, Bl,g
are determined as

_ X2+V1 o X —2 5 o X2+V1
i - (—vr +vuv ) ’ By = vuv + U ’ (A.6)
-1+ X2 -1+ X2
_ Y2+l/2 VIR — UIXk‘Q/k’l (2—V2)YV2—2 B —UIXQkZ/k1+k2V2/k1 4 ,UIRY2+V2
9= ( ) By = , (A7)

1— Y2V2 /X2k21/2/k1 ’ _X2k21/2/k1 + Y2l/2

where we have defined X = e %1% and Y = e ¥R, Inserting these constants into the
effective potential (A.4) for the brane separation distances, we find

V=Vi+V,

Vi = 4k‘1X4(UI — UUvX€1)2 (1 + 641> + 61]€1'U[2JV — 61]€1UU\/X4+61 (21)1 — ’UUvXﬁl) ,

7\ €72 (A.8)
- (3 )

Z\ 2 Z\
+ 62]4321)%)(4 — 62]62’[)124 <X> {QUIR — VI <X> } ,

with €10 =112 —2and Z = Y Xke/k1=1 — o—ka(ymm—y1)—k1yr Here, X > Z has been used
to reduce the expression, and the terms of O(¢?) have been ignored. Ignoring the terms of
O(e) in the potential V; and assuming 0 < vr/vyy < 1, the first term of V; leads to the
minimum at
xa =" (A.9)
VUV
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which can stabilize the distance y;. Similarly, ignoring the terms of O(e) in the potential
Vo and assuming 0 < vig /vr < 1, the first term of V5 gives the minimum at

Z\ VIR
4\ _ 'R Al
(X) =3 (A.10)

which can stabilize the distance (yir — y1). The brane separation distances obtained in
egs. (A.9), (A.10) are similar to those found in the main text. The potential similar to
eq. (A.8) has been discussed in the multi-brane setup of refs. [45, 49].

A.2 Masses of radions

We now calculate the radion masses in the three 3-brane model by extending the discussion
of the two 3-brane setup. In the subregion 0 < y < y;, we take an ansatz for the metric,

ds? = e 29T @)y datdz? — Ty (z)2d¢? (A.11)

with 0 < ¢ < ¢r. This metric ansatz is the same as that of the two 3-brane setup [23]. On
the other hand, for the subregion y; < y < yir, we use an ansatz,

ds? — 6—2(k2(¢’—¢§)T2(x)+k1¢1T1(I))nlwdxﬂde _ T2($)2d¢/2, (A,12)
with ¢} < ¢’ < ¢1r. Then, the action is given by
o1
S = —4M3 / dz / dp/Ge M@ Ty (1) R

74M5/d4 / 4! /G e Ak2(0 N HhnTa @) Ty () R

- - A.13
= 2405 <k:1 k2> [ #avas S (D) (0,¢2H100Th) (A.13)
24M5 4 (VT (2 T
+ s /d :C\/§ 57}’“’(8“@ 2(¢y — o) T (x) k11 1(96))
X (8Vefk2(¢lUv*¢i)T2(m)*k1¢1T1(x)) )
For one radion degree of freedom to have the correct kinetic term, we require
k> k- (A.14)

This condition is consistent with that obtained in ref. [48] or the condition to avoid a
tachyoic radion mass presented in the main text (see section 5). We redefine T} 2(x) as

1 1
o1 = fre ot f= \/24M3 (lﬁ - k2> , (A.15)
/ / 24 M3
802 = f2e_k2(¢UV_¢I)T2(x)_kl¢IT1(x) , f2 e 7]{72 5 s (A16)

eq. (A.13) is then rewritten as

1
S = /d4$\f [ " 0,010,901 + 17“ ﬁugog@,,gog] . (A.17)
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As the canonically normalized radion fields 412 have been found, their masses my, , are
calculated through the potential (A.8). That is, we identify X as ¢/ f1 in V; and compute
8%1% around the potential minimum to find the mass my, in the same manner as the
case of the two 3-brane model [22]. The other radion mass m,, is also obtained via the
potential V5 by identifying Z as ¢o/fo and taking X = e *1¥1. Then, we find

2 12 3/2
2 3/2 o kike ok ~ 16l2 (“1> ki ko —2A(y1) Al
Mo = 31 Mdk/’z—]{ile 3 k1 kQ_kle ’ ( 8)
3/2
2 _ 4 3/2 k2UIR e~ 2(k2(yir—y)+k1ur) 16 (u2> 2 —QA(yIR)
mey, = 3 €5 M3 3 —I ey kye (A.19)

at the leading order of €;2. The last expressions in both equations are written in
terms of the parameters defined in the main text, identifying them as m%m ~ 4uq 2k1 2,
VUV, IIR ~~ <Z>(yUV’1,IR) and €12 = (1/4)m(21,1’2/k%2 ~ ULQ/k'LQ. We have also used
ViR /M3 ~ viy /M3 ~ 8*. The obtained mim have the similar orders of magnitude
as the results in eq. (5.19) and eq. (5.17). However, their scalings of €; 2 are different from
eq. (5.19) and eq. (5.17). The similar differences have been also seen in the case of the two
3-brane model [24].

B Perturbations in the N + 1 3-brane system

In section 3, we have obtained the bulk equation for the fluctuation f in each subregion
for the three 3-brane model as in eqgs. (3.27), (3.28). The bulk equations are solved with
the boundary conditions (3.23), (3.24), (3.25), (3.26). The discussion can be generalized to
the N + 1 3-brane system presented in section 2. As described in figure 2, N + 1 3-branes
are placed at points y = yo (= 0), 91,92, -+ ,yn—1,yn where yo, yn are the orbifold fixed
points. The bulk equation for the fluctuation f, defined in the subregion p (y,—1 <y < yp)
is given by

o} b0 .
f;’ — f]’) (2A; + 2¢O’z —fp 4A" 414;7 ¢0’; = —mzeQApfp (subregion p).  (B.1)

Here, Lf, = —m? fp is used. A set of bulk equations are solved under the boundary
conditions at the orbifold fixed points,

f1 =24 fily=0 =0, (B.2)
fJ/V - 2ANfN|y=yN =0, (B-3)

and the conditions at the intermediate branes,

I / fq fq+1 " _
fo—2ALf, + o Al T 0, (B.4)
f/ 2A/ f fq fq+1 " o 0 B 5
g+1 ~ 2Agi1fgr1 T A’+1 A’ q+1 - (B.5)
q Y=Yq

withg=1,--- ,N — 1.
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C The hermiticity condition

We here derive the hermiticity condition presented in eq. (3.30). Eq. (3.29) has the form
of the Schrodinger equation,

pe ) )
[CM + Hs(z)‘| fs:n = _m%fs:n> (Cl)

where Hg(z) is a function of z and does not include a derivative with respect to z, the
subscript s denotes a function for the subregion s and : n represents the eigenfunction
with eigenvalue m2. Let us now consider two modes n = nj,ns, and it is easy to find the
following relation,

P o om [ 8 )
321:2 /subregion s dz {fs:n2 (dzz + HS(Z)) fsml - fszm (dz2 + HS(Z)> fs:nz}

=z, -m) Y [ 0z F Foma

s=1,2 subregion s

(C.2)

If the operator, % + Hy(z), is hermitian, the left-hand side of this relation must be zero.
By integration by parts, the left-hand side is reduced to

d d -
dz{ (sn o s sn)}
5:21,2 /subregions f 2d f ! f tdz f :

- d = = d ~ zZ=2z1
- |:f12”2 %fl:nl - fl:n1 del:Tu]

Z=ZIR

[fzngd Finy = f2n1d f2n2} ;

Z=ZyUv zZ=Z1

where z = zyv 11r denote the positions of the UV, intermediate and IR branes, respectively.

In the second line of the above equation, the square brackets represent e.g. [X(2)]:Z3 |, =
X (z1) — X(zyv) for X(z) of a function of z. Thus, the hermiticity condition is
5 d - B d - z=2z1 Z=zIR
o g Fion = Fiom Fins| B o Fion — Fim o] =0 (€
Then, for n; = ng, the right-hand side of the relation (C.2) leads to
Mp, =My, (C.5)

which indicates the real eigenvalues. For mj, # my,, the hermiticity condition requires
Z/ des nlfs:nQ - 0 . (CG)
s Jsubregion s
Thus, two eigenfunctions with different eigenvalues are orthogonal if the hermiticity con-

dition (C.4) is satisfied. See also the main text for the hermiticity and orthogonality.
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