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1 Introduction

In recent years, various studies of low dimensional gravitational models have suggested
that a simple bulk gravitational theory may be described by an ensemble of boundary
theories [1–15]. More precisely, the gravitational path integral including topology changes
(Euclidean wormholes) is proposed to be the holographic dual of an ensemble average of
a family of quantum many-body systems, rather than a single one.1 From the quantum
information perspective, this suggests two possible different interpretations of the bulk
geometry as a quantum state. The traditional one, as in the standard holographic dic-
tionary [18], is that a given bulk geometry and a bulk matter state is dual to a definite
quantum state ρ on the boundary when a boundary Cauchy surface is given. The picture
of ensemble duality suggests another possibility: that a given bulk geometry and a bound-
ary Cauchy surface corresponds to an ensemble average of quantum states ρ(J), where the
ensemble parameter J can have a probability distribution pJ . The parameter J may be
continuous or discrete. For concreteness, we will assume it is continuous, and normalize the
probability distribution as

∫
dJpJ = 1. These two descriptions correspond to two different

sets of rules of gravitational quantizations, and various information paradox can arise if
we are not careful enough about distinguishing these rules. One example that illustrates
these two different descriptions is the appearance of bra-ket wormhole in a gravitational

1Historically, the connection between wormholes and ensemble average has been speculated by Cole-
man [16] and been sharpened in AdS/CFT by Maldacena-Maoz [17].
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prepared state [19, 20]: these are global CFT states described by summation of two Eu-
clidean semiclassical gravitational evolutions including the Hartle-Hawking geometry and
a bra-ket wormhole geometry. On the one hand, with the standard holographic dictionary,
the boundary state is a pure state with vanishing entropy, which can be correctly calculated
by the island rules [21]. On the other hand, canonical quantization of the bra-ket wormhole
geometry predicts a mixed state of the CFT. Such a state can be thought as an averaged
description of an ensemble of different pure states depending on some unknown parameters
J : ρa =

∫
dJpJρ(J). While these two interpretations are clear in this case, generically, the

meaning of ensemble averaged states in AdS/CFT is less explored.
Assuming that simple gravity is an ensemble theory, a natural question is the “size”

of the ensemble. There could be infinite possible values of parameter J . For example in
the Sachdev-Ye-Kitaev (SYK) model [22–25], the natural random parameter labeling the
states is the random coupling which is a set of independent Gaussian random variables.
(We will discuss this model in more detail later.) However, the size of J parameter space
is not a physically meaningful measure of the size of the ensemble. For example, one can
consider an ensemble in which ρ(J) only depends on certain linear superposition of different
J parameters. An intrinsic measure of the size of the ensemble is the information contained
in the ensemble, which can be measured by the Holevo information [26]. (We would like
to note that Holevo information in quantum gravity has been studied for a different kind
of ensemble [27, 28].)

Consider an observer who carries quantum measurements on ρ(J), and tries to learn
about the random parameter J . In general, we can consider a projected operator val-
ued measurement (POVM), which is defined by a set of positive Hermitian operators
Ma satisfying

∑
aMa = I. The measurement leads to an output a with probability

P (a|J) = tr (Maρ(J)), which corresponds to the joint probability P (a, J) = p(J)P (a|J).
The mutual information I(a : J) between the two random variables a, J measures how
much information one can learn about J from the measurement result a. For example, if
J is a function of a, the mutual information is maximal. We can define a quantum mutual
information that bounds I(a : J) from above. By introducing an ancilla state |J〉 which
are orthogonal for different J , we can define the auxiliary state

ρSW =
∫
dJpJρ(J)⊗ |J〉 〈J | (1.1)

where we denote S as the system and W as the ancilla. The mutual information between
S andW is the Holevo information, which provides an upper bound to the classical mutual
information between J and the measurement result a (since measurements are quantum
channels applied to S, which can only reduce the mutual information). The explicit formula
of the Holevo information is

H = I(S : W ) = S

(∫
dJpJρ(J)

)
−
∫
dJpJS (ρ(J)) (1.2)

In this paper, we will study the Holevo information for the ensemble of states in quan-
tum gravity. In section 2, we study the Holevo information for the ensemble of random
tensor network states (RTN), which are toy models of quantum gravity. For RTN with
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large bond dimension, we show that the Holevo information is determined by the differ-
ence between the generalized entropy with trivial entanglement wedge and that with the
actual entanglement wedge (i.e. the Ryu-Takayanagi (RT) formula [29]). In section 3, we
make a conjecture on the holographic formula of Holevo information for quantum grav-
ity (more precisely, for asymptotically anti de-Sitter (AdS) space and AdS coupled with
non-gravitational bath). In particular, in an evaporating black hole after Page time, the
Holevo information is given by the difference between the “Hawking entropy” computed
for the original geometry without replica wormhole, and the Page entropy which takes into
account of the replica wormhole and entanglement island [19, 30–32]. We also discussed a
possible generalization of the proposed Holevo information in systems with multiple quan-
tum extremal surfaces. In section 4 we study the SYK model to gain further understanding
on the Holevo information. The random parameters are the random coupling of the SYK
model. We study two different ensembles of states, including the thermal states and the
thermofield double (TFD) states. The Holevo information for the thermal states ensemble
is given by the difference between maximal entropy and the thermal entropy. For the TFD
states, the Holevo information is determined by the fermion equal-time correlation between
the two sides. We discuss the holographic interpretation of these results and show that they
are consistent with our conjectured bulk formula. Finally, we provide further discussion in
section 5. In particular, we emphasize that the difference between RTN and gravity theory
comes from the nonlocality of the random parameters in the latter case, and discuss how
to possibly modify the RTN model to make it closer to the gravity theory.

2 Tensor network models

To understand the Holevo information H in quantum gravity, we first consider the toy
model of random tensor networks (RTN). An RTN is defined in the following way [33].
Define two quantum systems B (bulk) and S (boundary, in the case of AdS/CFT, or
boundary and bath in the case of evaporating black hole [34]). Their Hilbert spaces are
denoted as HB and HS , with the total Hilbert space HBS ≡ HB ⊗ HS . In addition,
HB = ⊗xHx has a tensor factorization into different qudits, which correspond to vertices
of the tensor network. An RTN state ρs in HS is defined by a random product state
|V (J)〉 ≡ ⊗x |Vx(Jx)〉 ∈ HB, and a state ρP ∈ HBS :

ρS(J) = p−1
J trB (|V (J)〉 〈V (J)| ρP ) (2.1)

with pJ = trBS (|V (J)〉 〈V (J)| ρP ) (2.2)

Here |Vx(Jx)〉 is a random state in the site Hilbert space Hx. More precisely, |Vx(Jx)〉 =
Ux |0〉 is obtained by applying a Haar random unitary Ux on an arbitrary reference state
|0〉. Jx parameterizes this symmetric manifold with a uniform probability distribution. If
we choose the normalization ∫

dJ |V (J)〉 〈V (J)| = IB (2.3)

the ensemble of random states |V (J)〉 defines an ensemble of RTN ρS(J) with probability
pJ . Physically, we can consider the projection to |V (J)〉 as the consequence of a POVM, and
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the state ρS(J) is the state after the measurement for the qubits that are not measured [33].
In this construction, ρP can be a generic state, although conventionally a tensor network
state refers to the situation when ρP consists of a product of EPR pairs defined on links
of a graph.

Now we investigate the Holevo information for this ensemble, for a subsystem A ⊂ S.
According to eq. (2.3), the averaged state ρA is easily determined:

ρA =
∫
dJpJρA(J) = trBC (ρP ) (2.4)

where ρA(J) = trCρS(J) is the density matrix of A for fixed J parameter. Here C is
the complement of A in S. We will consider the situation that ρP consists of EPR pairs
ρP =

∏
〈xy〉 |xy〉 〈xy| ⊗ ρr, and the bond dimension of each EPR pair is large, with ρr

entropy remains finite. In such large bond dimension limit, the Renyi entropy S(n)(ρ(J))
is independent of the random parameter J [33], and is given by the RTN version of Ryu-
Takayanagi formula [29]:2

S(n) (ρA(J)) ' min
Σ⊂B

S
(n)
ΣA (ρP ) (2.5)

If we consider the large bond dimension limit such that the equation above holds for all
integer n, the same formula applies to the von Neumann entropy by analytic continuation:

S (ρA(J)) ' min
Σ⊂B

SΣA (ρP ) (2.6)

The region Σ that minimizes the righthand side is the entanglement wedge of A, which we
denote as ΣA. Therefore we get

HA = S (ρA)−
∫
dJpJS (ρA(J)) ' SA (ρP )− SAΣA (ρP ) (2.7)

If for all subregion Σ of the bulk, SΣ|A (ρP ) ≥ 0, the minimization in eq. (2.6) will be given
by an empty Σ, which corresponds to zero Holevo information.

We would like to note that the right-hand side of eq. (2.7) is minus the conditional
entropy of ΣA and A:

HA = −SΣA|A (ρP ) (2.8)

This conditional entropy must be negative in order for an entanglement wedge to exist.
Interestingly, this is also the necessary and sufficient condition for quantum teleportation
from A to ΣA [35, 36]. Our calculation shows that for random measurements, the Holevo
information of the resulting ensemble (which measures the knowledge of the remaining
quantum state about the classical measurement output) is equal to the coherent infor-
mation. In the quantum setting, coherent information is positive if ΣA is more strongly

2More precisely, for a given small deviation δ, there exists a critical bond dimension Dc = α
δ2 e

c2nV with
V the number of vertices in the bulk, and α, c2n order-one consants. For D � Dc, the deviation of the Renyi
entropy to the RT value is smaller than δ with a high probability:

∣∣∣S(n) (ρA(J)) − minΣ⊂B S
(n)
ΣA (ρP )

∣∣∣ < δ

with probability P (δ) = 1 − Dc
D
. For more discussions about this, see chapter 7 of ref. [33].
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Figure 1. (a) A general random tensor network, with each triangle representing a vertex state.
ρP is generally a mixed state. Each line here (and also in subfigures (b) and (c)) corresponds to a
pair of indices, labeling a complete basis in Hx ⊗ H. (b) and (c) Two examples of RTN with ρP

factorized into bulk QFT state ρb and EPR pairs (red curves). The difference between (b) and (c)
is whether the boundary is maximally entangled with its complement in ρP . (d) A more specific
example of RTN, where we have only drawn the EPR pairs. In this simple case, the entropy of
boundary region A (purple circles on the right-hand side) is determined by the number of links at
the minimal cut γA (black dashed line), and the Holevo information is determined by the difference
between the area of A (number of links crossing the red dashed line) and that of γA.

correlated with A than with the environment, which agrees with our intuition about en-
tanglement wedge.

Eq. (2.7) and (2.8) tells us that the information we can obtain from a subsystem A

about the random parameter J is equal to the entropy difference between the contribution
of trivial entanglement wedge and the actual entanglement wedge.

To illustrate this result, we can consider two different cases, shown in figure 1(b) and
(c). The first example is the RTN corresponding to the AdS/CFT case, when the boundary
is connected with the bulk through maximally entangled EPR pairs, and there is a bulk
quantum field theory state |Ψb〉. (The bulk state does not have to be pure, but we write
the formula for pure state case for simplicity.) The state ρP = |ΨP 〉 〈ΨP | has the structure

|ΨP 〉 = ⊗〈xy〉∈B |xy〉 ⊗ |Ψb〉 ⊗ ⊗x∈B,Y ∈S |xY 〉 (2.9)

Here |xY 〉 are maximally entangled EPR pairs between boundary and bulk sites. For
simplicity we assume all EPR pairs have the same dimension D. In this case, the averaged
state ρA is maximally mixed, and S(ρA(J)) is given by the RT formula with quantum
corrections, which leads to the Holevo information

HA = |A| logD − Sgen(A)
= |A| logD − (|γA| logD + SΣA (|Ψb〉 〈Ψb|)) (2.10)

γA = ∂ (ΣA) is the minimal cut separating A and the complement. This is illustrated in
figure 1(b) (for the general setup) and (d) (for a simple example).
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More generally, we can consider a state |ΨP 〉 with A not maximally entangled with
the complement. For example, we can slightly modify the state (2.9):

|ΨP 〉 = ⊗〈xy〉∈B |xy〉 ⊗ |ΨbS〉 ⊗ ⊗x∈B,Y ∈S |xY 〉 (2.11)

as is illustrated in figure 1(c). In this case, A contains degrees of freedom from |ΨbS〉 in
addition to EPR pairs, leading to the entropy

HA = |A| logD + SA((|ΨbS〉 〈ΨbS |))− (|γA| logD + SAΣA (|ΨbS〉 〈ΨbS |)) (2.12)

One example of this case is the RTN model for an evaporating black hole coupled with a
non-gravitational bath [34]. When A is a subsystem of the bath with no direct connection
to the gravitational part, there is no area law term |A| logD, and the only contribution to
the averaged state entropy is that of the QFT SA (|ΨbS〉 〈ΨbS |). More discussions about the
evaporating black hole will be carried in next section. Our discussion of the SYK model in
section 4 will also be related to this case.

The RT formula (2.5) for RTN comes from a replica caculation of tr (ρnA) (see ap-
pendix A). The two terms in Holevo information correspond to taking n copies of ρP and
inserting cyclic permutation operators only in A (for the first term) or in ΣAA. This sug-
gests that these two terms correspond to saddle points in gravitational calculation where
replica wormhole is absent or present, correspondingly. We will discuss the gravity case in
the next section.

3 Conjecture about the gravity case

Based on the tensor network results, we can make some conjecture on the Holevo infor-
mation in AdS/CFT, or AdS/CFT coupled with bath. We start from the case of an AdS
black hole coupled with a non-gravitational flat-space bath. As we learned from recent
works [19, 30–32], for a large region of the radiation A, after Page time the entropy of A is
given by a nontrivial quantum extremal surface which is a boundary of an Island region I:

SA = |∂I|
4GN

+ Sqft(AI) (3.1)

If we use a replica trick and consider the calculation of Renyi entropy S
(n)
A , the bulk

geometry contains a replica wormhole [19, 32] that connects different replicas in a region
that becomes I in the n→ 1 limit. In this case, the gravitational path integral for integer
n > 1 have multiple saddle points. Besides the leading saddle point of replica wormhole,
there is always a trivial saddle point which is n disconnected copies of the original geometry.
Considering the tensor network results, it is natural to conjecture that after the Page time,
the Holevo information is given by the difference between the trivial and nontrivial saddle
points, which leads to:

HA = Strivial(A)− Sactual(A) = Sqft(A)− Sqft(AI)− |∂I|4GN
(3.2)

– 6 –



J
H
E
P
0
2
(
2
0
2
2
)
0
5
6

Figure 2. (a) Entanglement island in an AdS black hole coupled with flat space bath. (b) A
boundary region A of the AdS space, when there is no bath. (c) A top view of the spatial slice in
(b), with the regularized region Σ̃A and its boundary γ̃A (see text).

Before the Page time, we get HA = 0. It should be noted that ref. [4] has already proposed
that the trivial saddle point corresponds to the entropy of the ensemble-averaged state.

The situation is a bit more complicated in the AdS/CFT case without a bath. If
we consider A to be part of the boundary, there is no trivial saddle point in the replica
calculation of S(n)(A) since the boundary condition already connects the different replicas.
The Holevo information seems to be divergent in this case. This situation is similar to the
tensor network model result in eq. (2.10). Naively one expects

HA = Smax(A)− Sgen(A) = |A| − |γA|4GN
+ Sqft (A)− Sqft(AΣA) (3.3)

Here Sqft(A) is the entropy of A with trivial entanglement wedge. However, since A is
co-dimension-2 in the bulk space-time, Sqft(A) is a UV dependent quantity (just like the
entropy of an infinitesimal interval in an 1 + 1-dimensional CFT), which requires regular-
ization. To regularize this quantity we introduce a region Σ̃A (see figure 2(c)), which is a
small neighborhood of A. For example, we can cover A with balls (in the boundary space)
with radius ε, and define Σ̃A as the union of the entanglement wedges of all the ε-balls.
(see e.g. ref. [37] for a related construction.) Then we can define

HA = Sgen(AΣ̃A)− Sgen(AΣA) = |γ̃A| − |γA|4GN
+ Sqft

(
AΣ̃A

)
− Sqft(AΣA) (3.4)

Here γ̃A = ∂
(
AΣ̃A

)
is a regularized version of the area of A, and Sqft

(
AΣ̃A

)
is a regularized

version of Sqft(A).
It is interesting to discuss generalizations of our conjecture to systems where there is a

subleading saddle point corresponding to a smaller entanglement wedge. For example, one
can consider a two-sided black hole corresponding to a thermofield double state |TFD〉, and
then apply a unitary UR on the right boundary system. This will preserve the entanglement
entropy between left and right, but if the unitary increases energy density of the R system,
it can lead to a bigger coarse-grained entropy, corresponding to a subleading quantum
extremal surface γ̃R that is closer to the R boundary. This is illustrated in figure 3(a). A
simpler situation is two regions in the AdS vacuum (figure 3(b)), which has a connected
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Figure 3. Two example cases with a subleading quantum extremal surface corresponding to a
smaller entanglement wedge. (a) A two-sided black hole where the right boundary R has an coarse-
grained entropy that is larger than entanglement entropy. (b) Two regions AB for which the actual
entanglement wedge is connected, and there is a subleading quantum extremal surface γ̃AB = γAγB

which is the disjoint HRT surface of A and B separately.

entanglement wedge (when the mutual information I(A : B) is nonzero to the leading order
of 1

GN
). In this case, there is a subleading saddle point corresponding to the disconnected

quantum extremal surface γ̃AB = γA ∪ γB. This corresponds to a smaller entanglement
wedge Σ̃AB = ΣA ∪ ΣB ⊂ ΣAB which is a subset of the actual entanglement wedge.

In such situation, the difference of generalized entropy contribution between these two
saddles do not directly corresponds to the Holevo information we have discussed so far,
since the subleading saddle point still corresponds to nontrivial connection between different
replicas. However, in random tensor networks there is a Holevo information interpretation
of this situation. In RTN the random parameters are locally defined at each vertex. Thus
we can define a restricted ensemble by denoting J as the random parameters in the tensors
in a given bulk region, rather than everywhere. For example in figure 3(a), if we define
Ω = ΣR\Σ̃R to be the region between γR and γ̃R, then averaging over the random tensor
parameters in this region, denoted by JΩ, corresponds to forbidding the entanglement
wedge to overlap with this region when optimizing the location of the quantum extremal
surface. Thus the optimization will lead to the subleading saddle point γ̃R:

S

(∫
dJΩρ (JΩ)

)
= |γ̃R|

4GN
+ Sqft

(
Σ̃RR

)
(3.5)

which implies that the restricted ensemble ρ(JΩ) has the Holevo information

HR = |γ̃R| − |γR|4GN
+ Sqft

(
Σ̃RR

)
− Sqft (ΣRR) (3.6)

A natural question is what the interpretation of HR is in quantum gravity. The natural
candidate is an ensemble of states that share the same semi-classical geometry and are
only different in the bulk region Ω. For example, we can consider different bulk matter
states in Ω with the same stress tensor. However, it is important to note that the ensemble
we discuss is much bigger than just different bulk QFT states in Ω. For example in the
two-interval case in figure 3(b), even if the system is in the AdS vacuum, such that there
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are no other states sharing the same stress tensor, the Holevo information is still nonzero:

H
(Ω)
AB = |γA|+ |γB| − |γAB|4GN

+ Sqft (ΣA ∪ ΣB)− Sqft (ΣAB)

= I(A : B)− Iqft (ΣA : ΣB) (3.7)

Our interpretation is that the random parameters are not associated with different states
in the bulk, but with different mappings from bulk to boundary. Roughly speaking, for
a given semi-classical geometry, small fluctuations around this geometry defines a “code
subspace” of states which are mapped to the boundary with an isometry [38]. The random
parameters in the tensors physically correspond to random parameters in the bulk-to-
boundary isometry. In the case of subleading saddle point, the random tensor network
model suggests that we can define a two-step isometry

Ω −→ γ̃R −→ boundary (3.8)

and JΩ are random parameters in the first isometry. Different JΩ’s correspond to different
mappings from the same bulk physics in region Ω to different boundary states. One should
remember that the boundary Hamiltonian can correspondingly depend on JΩ, which means
the boundary dynamics can appear to be JΩ independent (at least for simple correlation
functions) even if the state and the Hamiltonian depends on JΩ. We will see this more
explicitly in the discussion of the SYK model in next section.

4 Sachdev-Ye-Kitaev model

The Majorana fermion version of SYK model describes N Majorana fermions with the
q-body coupling

HJ = iq/2
∑

j1<j2<...<jq

Jj1j2...jqχj1χj2 . . . χjq (4.1)

where Jj1j2...jq ’s are antisymmetric in the indices, and are independent Gaussian variables
with the probability distribution

pJ = Ω−1
q exp

− 1
2cqJ 2

∑
j1<j2<...<jq

J2
j1j2...jq

 (4.2)

cq = 2q−1(q − 1)!
N q−1q

, Ωq =
(
2πcqJ 2

) 1
2(Nq )

(4.3)

The SYK model has approximate conformal invariant low energy dynamics [23–25, 39]
and is proposed to approximately dual to Jackiw-Teitelboim (JT) gravity [40–45]. The
random coupling Jj1j2...jq naturally defines an ensemble of states. We will study the Holevo
information in this ensemble in two different scenarios.
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4.1 Thermal state

The first case we consider is the thermal state

ρβ(J) = Z−1
J e−βHJ (4.4)

In the large N limit, the SYK partition function is self-averaged. More precisely, for an
order-1 integer n,

ZnJ ≡
∫
dJpJZ

n
J (4.5)

can be written in the path integral of collective variables Gab(τ) and Σab(τ), with a, b =
1, 2, . . . , n. The path integral is dominated by a saddle point which is replica diagonal
Gab(τ) = G(τ)δab. The coupling between different replicas are suppressed by a factor
O
(
N2−q) [46]. This leads to

logZJ = logZJ +O
(
N2−q

)
(4.6)

Thus the second term in the Holevo information
∫
dJpJS (ρβ(J)) self-averages, and is equal

to the thermal entropy Sth (β) of SYK model.
To determine the first term of the Holevo information, we need to compute

ρ =
∫
dJpJρβ(J) (4.7)

ρ can be determined by symmetry. For each Majorana fermion operator χi, we have

χiρβ(J)χi = Z−1
J e−βχiHJχi (4.8)

χi commutes with terms in HJ that does not contain i, and anti-commutes with terms that
contains an i. Denote J̃j1j2...jq by

J̃j1j2...jq =
{
−Jj1j2...jq , i ∈ {j1, j2, . . . , jq}
Jj1j2...jq , i /∈ {j1, j2, . . . , jq}

(4.9)

Apparently ZJ̃ = ZJ and pJ̃ = pJ . Thus we have

χiρβ(J)χi = ρβ(J̃) (4.10)
χiρχi = ρ (4.11)

In other words, ρ has to commute with all χi, which means it has to be proportional to
the identity. Thus ρ = 2−N/2I is the maximally mixed state. Therefore we conclude that
the Holevo information is given by

Hβ = N

2 log 2− Sth (β) (4.12)

This formula is consistent with the random tensor network result in eq. (2.10). The first
term is the maximal entropy and the second term is the actual entropy of the state.
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In the gravity dual theory, Sβ corresponds to the RT entropy given by the dilaton
value at the black hole horizon, plus the contribution of the bulk fermion field (cf. [47]).
As is illustrated in figure 4(a), the bulk interpretation of S (ρ) is the generalized entropy
of a small interval Σ̃R, given by

Sgen
(
Σ̃RR

)
= φε

4G + Sqft
(
Σ̃R

)
(4.13)

Both terms on the right-hand side of this equation depends on the UV cutoff in the bulk,
but the sum should be independent from the choice of cutoff. Sqft

(
Σ̃R

)
is the entropy

of a single interval for the N bulk Majorana fermions. Interestingly, if we discretize the
bulk AdS2 fermion into a 1 + 1-dimensional lattice fermion, and take the limit when Σ̃R

is a single lattice site, the entropy Sqft
(
Σ̃R

)
will reach the maximal value N

2 log 2, which
suggests that φε = 0 at the lattice level. In other words, the dilaton term can be viewed
as purely from integrating out bulk UV fermion modes.

4.2 Thermofield double state

Now we can consider a different scenario where for each J we are given the thermofield
double state rather than the thermal state. The thermofield double state is a purification
of the thermal state, defined as follows. First we choose a maximally entangled state |I〉
between two copies of the SYK model, and then define

|TFDβ(J)〉 = 2N/4ρ1/2
βL |I〉 (4.14)

Here ρ1/2
βL is the square root of the thermal density operator acting on the left system. In

the limit β → 0, we get |TFD0(J)〉 = |I〉. It is convenient to choose |I〉 to be the state
satisfying

(χiL + iχiR) |I〉 = 0 (4.15)

For this choice, the two-point functions satisfy

〈TFDβ(J)| iχiLχiR |TFDβ(J)〉 = tr
[
χi

(
β

2

)
χi(0)ρβ

]
≡ G

(
β

2

)
(4.16)

The average state is defined as

ρ =
∫
dJpJ |TFDβ(J)〉 〈TFDβ(J)| (4.17)

The Holevo information is equal to the entropy of ρ, since |TFDβ(J)〉 is a pure state and
the second term vanishes.

To determine ρ we notice that in the large-N limit, correlation functions of ρ satisfies
the Wick theorem (which is the consequence of the saddle point approximation of SYK
model). Therefore ρ is approximately a Gaussian state, which is thus determined by the
two-point function

tr (ρiχiLχiR) = G

(
β

2

)
(4.18)
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Figure 4. The holographic dual interpretation of the Holevo information, for two different ensem-
bles of states. (a) For the ensemble of SYK thermal states, the Holevo information is the generalized
entropy of a small interval Σ̃R, minus the thermal entropy. (b) For the ensemble of thermofield
double states, the Holevo information is given by the generalized entropy of two small intervals
ΣLΣR. (c) An illustration of ΣL,ΣR in higher dimensions.

This condition determines ρ to be

ρ = Z−1
a e−λ

∑
i
iχiLχiR , with tanh λ = G

(
β

2

)
(4.19)

Thus the Holevo information is

H = S (ρ) = −N
(1 +G (β/2)

2 log 1 +G (β/2)
2 + 1−G (β/2)

2 log 1−G (β/2)
2

)
(4.20)

There is also a more precise way to obtain this result, which we discuss in appendix B.
Now we discuss more about the behavior of Holevo information (4.20) and its gravity

interpretation. In the limit β → 0, H vanishes because |TFD0(J)〉 = |I〉 is independent
from J . In the low temperature limit β →∞, H approaches the maximal value N log 2:

H ' N log 2−NG
(
β

2

)2
(4.21)

The correction term is proportional to N

(βJ )4/q [39].
In the holographic dual interpretation, naively one would thought the expectation is

S (ρ) = N log 2 reaching the maximum, just like in the thermal state case. However, one
should remember that in SYK model the bulk theory contains N Majorana fermions (which
is required to reproduce the N boundary Majorana fermions). Therefore the correction to
area law (i.e. the dilaton value) is order N . We can view the entropy S(ρ) as the generalized
entropy of the two small intervals ΣL,ΣR in figure 4(b). (For clarity, a higher dimensional
picture of Σ̃L, Σ̃R is illustrated in figure 4(c).) The generalized entropy is given by

Sgen
(
Σ̃LΣ̃R

)
= Sbulk

(
Σ̃LΣ̃R

)
+ 2φε (4.22)

Here φε is the dilaton value at the boundary of Σ̃L. We can write Sgen
(
Σ̃LΣ̃R

)
in term of

mutual information:

Sgen
(
Σ̃LΣ̃R

)
= Sgen

(
Σ̃L

)
+ Sgen

(
Σ̃R

)
− Ibulk

(
Σ̃L : Σ̃R

)
(4.23)
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with Sgen
(
Σ̃L

)
= φc + Sbulk

(
Σ̃L

)
and similar for Sgen

(
Σ̃R

)
. The mutual information

term is only contributed by the bulk fermion. In the limit when the size of Σ̃L approaches
zero, Sgen(Σ̃L) is the entropy of the averaged thermal state (figure 4(a)), which should
reproduce the maximal entropy N

2 log 2. The mutual information Ibulk
(
Σ̃L : Σ̃R

)
given by

bulk fermion is expected to approach N log 2−H.
It is interesting to note that at large β, the TFD state is also the ground state of the

global AdS2 system, which is dual to two SYK models coupled by a bilinear term [48].
Therefore the Holevo information of the ensemble of TFD states can be viewed as an
example of the fact that even the AdS vacuum corresponds to a nontrivial ensemble, as we
discussed in section 3.

4.3 G − Σ action approach to the thermal state

In this subsection, we will revisit the SYK thermal state discussion in section 4.1 with a
different approach. We consider the large-N effective action, with collective fields G,Σ.
This approach will provide us further understanding on the gravitational saddle point that
contributes to the Renyi entropy calculation of the averaged state.

The n-th Renyi entropy of the nonaveraged state ρβ(J) is given by the replica calcu-
lation:3∫

dJpJTre−nβHJ =
∫
DΣDG PfN (∂t − Σ)e−

N
2

∫ nβ
0 dt1

∫ nβ
0 dt2Σ(t1,t2)G(t1,t2)−J

2
q
Gq(t1,t2)

.

(4.24)
Notice that since t1,2 runs from 0 to nβ, Σ(t1, t2) and G(t1, t2) represent correlations
between all the n copies of the replicas. The saddle point of this path integral is just a
Euclidean disk with period nβ which has nonvanishing correlation between different replica
copies. Now let’s look consider the case of the averaged state. We have:∫

dJ1 . . . dJnpJ1 . . . pJnTre−βH(J1) . . . e−βH(Jn)

=
∫ n∏

i=1
DΣiDGi PfN (∂t − Σ)e−

N
2
∑

i

∫ β
0 dt1

∫ β
0 dt2Σi(t1,t2)Gi(t1,t2)−J

2
q
Gqi (t1,t2)

.
(4.25)

where Σ = diag(Σ1,Σ2, . . . ,Σn) is a block diagonal matrix of all the Σis. However, ∂t term
is not diagonal between replicas.:

Pf(∂t − Σ) =
∫
Dψe−

1
2

∫ nβ
0 dtψ(t)∂tψ(t)+ 1

2
∑

i

∫ β
0 dti1

∫ β
0 dti2Σi(t1,t2)ψ(ti1)ψ(ti2); ti = t+ (i− 1)β

(4.26)
The action (4.25) can be viewed as a modification of the non-averaged one (4.24), with J2

in J2Gq(t1, t2) replaced by J2θ (t1, t2). Here θ(t1, t2) = 1 or 0 if t1, t2 belongs to the same
or different replica, respectively. As a consequence, at the saddle point Σ is always replica
diagonal even if G is not diagonal. The Schwinger-Dyson equation is:

G(t1, t2) = (∂t − Σ)−1 ;
Σi(t1, t2) = J2G(ti1, ti2)q−1.

(4.27)

3Here we do not include ZJ in the denominator since at large N it factorizes out.
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Figure 5. Illustration of the Euclidean bulk geometry for n replica of the averaged thermal state.
The red circles represent the boundary of each replica with perimeter β. n replica of hyperbolic
disks (with n = 3 in the figure) are glued at a branching point (red cross) at the boundary. The
points connected by the red dashed lines are identified. The green and blue curves are geodesics
that contribute to the same-replica two-point function G

(
ti1, t

i
2
)
and the across-replica two-point

function G
(
ti3, t

j
4

)
, respectively.

Notice that (∂t − Σ)−1 is a matrix with time range in (0, nβ) × (0, nβ) and the second
equation only uses the diagonal blocks of G with ti1, ti2 belonging to the same replica. It is
easy to check that the solution of the SD equation is given by:

G(ti1, ti2) = Gβ(ti1, ti2), G(ti1, t
j
2) = −2Gβ(ti1, 0)Gβ(tj2, 0), i < j, (4.28)

where Gβ(t1, t2) is the thermal correlator. One way to understand this result is that after
average of J the operator

∫
dJp(J)e−(β−t)H(J)χie

−tH needs to be proportional to χi due
to O(N) symmetry. The proportional constant is uniquely fixed by the thermal two point
function: ∫

dJp(J) 1
ZJ

e−(β−t)H(J)χie
−tH(J) = 2Gβ(t, 0)χi. (4.29)

Combing this with the fact that
∫
dJp(J) 1

ZJ
e−βH(J) = 2−N/2I, one directly gets:

〈χ(ti1)χ(ti2)〉 = Gβ(ti1, ti2); 〈χ(ti1)χ(tj2)〉 = −2Gβ(ti1, 0)Gβ(tj2, 0), i < j. (4.30)

Taking the strong coupling limit, the above solution suggests a replica geometry in JT
gravity shown in figure 5. On such a geometry, correlators with the same replica index
(the green geodesic) is the same as the thermal correlator. Meanwhile, correlators between
different replicas (the blue geodesic) will necessary factorize into product of two two-point
functions since the bulk geodesic has to pass through the origin to enter a different replica
system.4 Clearly, this is like freezing the disk geometry in JT gravity and only allowing

4In pure JT such correlators will be exponential small due to the infinite distance of the origin. In SYK
there is a natural IR cutoff of the boundary, which leads to a finite correlations between the off diagonal
replicas.

– 14 –



J
H
E
P
0
2
(
2
0
2
2
)
0
5
6

the region near the boundary to glue together, which is consistent with the tensor network
picture. In the n→ 1 limit, the quantum extremal surface is close to the boundary which
leads to the maximum entropy in the system (see figure 4(a)).

To evaluate the Renyi entropy directly from G − Σ action, we can use the following
trick:

∂J2Trρn = ∂J2

( 1
Zn

∫
dJ1 . . . dJnpJ1 . . . pJnTre−βH(J1) . . . e−βH(Jn)

)
= 0 (4.31)

The variation of
∫
dJ1 . . . dJnpJ1 . . . pJnTre−βH(J1) . . . e−βH(Jn)) with respect to J is equal

to N
2q
∑
i

∫ ∫
Gqi (t1, t2) by equation of motion. Using the on-shell solution that Gi(t1, t2) =

Gβ(t1, t2), this is equal to nN
2q
∫ ∫

Gqβ(t1, t2). This cancels exactly the variation of Zn

with respect of J which is also equal to nN
2q
∫ ∫

Gqβ(t1, t2). Therefore the Renyi entropy
is independent of J and we can simply evaluate the Renyi entropy in the limit of J = 0,
which gives

Trρn = 2−(n−1)N/2. (4.32)

This confirms our earlier conclusion that ρ is a maximally mixed state.
The G − Σ action is a direct analog of the Einstein Hilbert action in gravity path

integral. In the language of Euclidean gravitational path integral, allowing nontrivial cor-
relation between different replica copies corresponds to allowing short Euclidean paths
between replica systems. We see that in the Renyi entropy calculation of the nonaveraged
state, correlations between different replica systems are allowed and gives a nontrivial ac-
tion. In the Renyi entropy calculation of the ensemble averaged state, correlations between
different replica systems do not contribute to the action.

The G− Σ action approach to the averaged TFD state will be left for future work.

5 Discussion

In this work, we explore the meaning of ensemble average in holographic system from a
quantum information perspective. Our basic assumption is that a simple bulk geometry can
be represented as an ensemble of microstates ρ(J) parameterized by ensemble parameter
J . This assumption is true both in the random tensor network model, where the parameter
J is related by the local random projections in the bulk, and in the SYK model and JT
gravity where J is a random coupling in the Hamiltonian. Based on random tensor network
model, we conjectured that the Holevo information of a boundary region is given by the
difference between the generalized entropy of bulk regions with and without entanglement
wedge (equation (3.3)):

HA = S (ρA)− S (ρA) = |A| − |γA|4GN
+ Sqft (A)− Sqft(ΣAA). (5.1)

Here A is the boundary region, and ΣA is the usual entanglement wedge with quantum ex-
tremal sruface γA. From the perspective of entanglement wedge recontruction, this formula
suggests that all the operators in the entanglement wedge are ensemble dependent boundary
operators. Notice that even for the operators in the causal wedge, the HKLL reconstruction
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depends on the ensemble parameter J through the dependence of the boundary Hamilto-
nian. We give an explicit check of our conjecture with two SYK examples including the
thermal state and the thermofield double state.

In the RTN model, the random parameters are local, associated with each bulk ver-
tex. However, in SYK and JT gravity the J parameter cannot be defined locally in the
bulk. Here we would like to discuss a bit the meaning of locality of the J parameters
in the bulk. In a random tensor network, the random projections |V (J)〉, after ensemble
average, introduces permutations among the different bulk legs which share the same J
parameter. Therefore if the J parameters are local, namely they are independently random
at different bulk locations, then the averaging only introduces permutations among differ-
ent replica systems, without introducing any nontrivial connections within a single copy.
Such permutations among replica systems can be thought of as a direct analog of replica
wormholes in quantum gravity. The replica wormholes do not change simple correlation
functions in a single copy of the system, but do have nontrivial effects on the bulk Hilbert
space by decreasing the number of independent states.

If we modify the RTN ansatz by taking the same random state |V (J)〉 on different
vertices, then after ensemble average there will be nontrivial permutations within a single
copy of the system. Such permutations change the geometry of the averaged state and
correspond to more general types of spacetime wormholes. One type of such wormhole
is the one that brings a particle inside the horizon to outside at late time [3]. Such
wormholes are direct consequences of the random matrix behavior of the Hamiltonian, and
they describe the system’s memory of the initial condition. Even after ensemble averaging,
such wormholes have observable consequences in a single copy system, such as the late time
behavior of the two point functions.

A natural question is whether the nonlocality of J parameters lead to nontrivial mod-
ification of our conjecture. In the RTN model, we expect that the additional permutations
due to the nonlocality of J parameters are non-perturbatively small corrections to the aver-
aged density matrix because of the large bond dimension of the local EPR pairs in the state
|Ψp〉. Therefore we can safely ignore their contributions in the calculation of the Holevo
information, and the conjectured formula does not change. This is consistent with the bulk
picture that even in the presence of non-local J parameters, there is an approximate notion
of locality due to the non-perturbative nature of the wormholes. What we learn from the
tensor network story is that the suppression of such non-perturbative contributions stems
from the entanglement structure of the parent state ρP .

We would like to conclude the discussion with a few words about the situation when
such non-local effects become significant. This occurs when the wormholes proliferate.
Consider a late time thermofield double state, whose interior can be approximated by a
very long cylinder. When the length of the cylinder is longer than exponential of the
transverse area, the wormhole will have large fluctuations by splitting and joining different
locations of the cylinder. This completely breaks the notion of locality in the interior.
To say it differently, the interior geometry at such late time is no longer well defined and
one cannot trust the classical geometric description. As a toy model, consider in the RTN
model a geometry with L identical projections |V (J)〉 with bond dimension D. This can be
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understood as a cylinder with length L and transverse area logD. The average of tensor
product |V (J)〉 〈V (J)|⊗L results in a projection to the permutation-symmetric subspace
of the L bulk vertices. When each site has Hilbert space dimension d, the permutation
symmetric subspace has the dimension

DL =
(
L+ d− 1

L

)
≈

dL; L� d;
Ld; d� L.

(5.2)

In the simple model without bulk field, the vertex dimension is d = D2. In the limit of
L � D2, the permutation symmetric subspace dimension DL is polynomial in L, which
is much smaller than the dimension before projection. This implies that the ensemble
averaging has a strong effect to single copy physical properties, although the argument is
not rigorous. Notice that this is a truncation of the naive bulk Hilbert space in the averaged
state, which is different from the truncation of the black hole Hilbert space from replica
wormhole. For instance, the effects discussed here will lead to an order-one change of simple
correlation functions and the experience of an infalling observer. It will be interesting to
study if there exists a new geometric description of the averaged state at late time, which is
related to the typical state firewall paradox [49]. The breakdown of the interior geometry
at an exponentially late time is also expected as a consequence of the complexity-equals-
to-volume conjecture [50–52]. For a recent discussion about the behavior of the volume in
JT gravity, see [53, 54].
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A Some more details about random tensor networks

In this appendix, we will discuss some more details about the replica calculation of the
averaged entropy

∫
dJpJS (ρA(J)) for the ensemble of RTN given in eq. (2.1) and (2.2).

For convenience we write these equations again here in a slightly different way:

πS(J) = trB (|V (J)〉 〈V (J)| ρP ) (A.1)
pJ = tr (πS(J)) (A.2)

ρS(J) = p−1
J πS(J) (A.3)

Here we have defined the unnormalized state πS(J).
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Using the standard replica trick

S(ρ) = − ∂

∂n
log tr (ρn)

∣∣∣∣
n→1

(A.4)

we have∫
dJpJS (ρA(J)) = −

∫
dJpJ

∂

∂n
log tr (ρA(J)n)

∣∣∣∣
n→1

= −
∫
dJpJ

∂

∂n
log tr

(
p−1
J πA(J)n

)∣∣∣∣
n→1

= −
∫
dJpJ

∂

∂n
[log tr (πA(J)n)− n log pJ ]

∣∣∣∣
n→1

= −
∫
dJpJ

[
1

tr (πA(J)n)
∂tr (πA(J)n)

∂n
− 1
pnJ

∂pnJ
∂n

]∣∣∣∣∣
n→1

(A.5)

Taking n→ 1 the denominator in both terms of the last line is pJ , so that∫
dJpJS (ρA(J)) = − ∂

∂n

[∫
dJtr (πA(J)n)−

∫
dJ (tr (πA(J)))n

]∣∣∣∣
n→1

(A.6)

Define

Z
(n)
A =

∫
dJtr (πA(J)n) (A.7)

Z
(n)
∅ =

∫
dJ (tr (πA(J)))n =

∫
dJpnJ (A.8)

we notice that Z(1)
A = Z

(1)
∅ = 1. Thus we can further transform eq. (A.6) into∫

dJpJS (ρA(J)) = − ∂

∂n

[
logZ(n)

A − logZ(n)
∅

]∣∣∣∣
n→1

= − ∂

∂n
log Z

(n)
A

Z
(n)
∅

∣∣∣∣∣∣
n→1

= − ∂

∂n

Z
(n)
A

Z
(n)
∅

∣∣∣∣∣∣
n→1

(A.9)

We prefer the last expression because Z(n)
A and Z(n)

∅ have the interpretation of a classical
statistical model partition function, and

− log Z
(n)
A

Z
(n)
∅

(A.10)

is the free energy cost of the spin model caused by changing the boundary condition in A
region. The spin model comes from the fact that πS(J) is linear in |V (J)〉 〈V (J)|, and∫

dJ |V (J)〉 〈V (J)|⊗n = c−1
n

∑
g∈Sn

Xg (A.11)

with g an element of the permutation group Sn, and Xg is the permutation g acting
naturally by permuting different replica. cn is a normalization constant. The explicit
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expression of Z(n)
A and Z(n)

∅ is [33]

Z
(n)
A = c−Vn

∑
{gx}, gx∈Sn

tr
(
ρ⊗nAB ⊗x∈B Xgxx ⊗XAn

)
(A.12)

Z
(n)
∅ = c−Vn

∑
{gx}, gx∈Sn

tr
(
ρ⊗nAB ⊗x∈B Xgxx

)
(A.13)

It is interesting to note that the derivation so far has not used any specific property of
ρP . The averaged entropy

∫
dJpJS(ρA(J)) is directly related to the analytic continuation

of the free energy of the spin model. On comparison, the quantity discussed in ref. [33]
is the average

∫
dJS(n) (ρA(J)) which only corresponds to − 1

n−1 log Z
(n)
A

Z
(n)
∅

in the large bond
dimension limit when the numerator and denominator are self-averaging. In other words,
going beyond the self-averaging limit, the averaged entropy

∫
dJpJS(ρA(J)) provides a

physical interpretation of the free energy cost − log Z
(n)
A

Z
(n)
∅

.

B Averaged state of the thermofield double state of SYK model

In this appendix, we carry a more detailed discussion on the averaged state of the SYK
model TFD state. It can be seen that ρ is invariant under SO(N) rotation that rotate χi
as a vector χi → Oijχj , since such rotation is equivalent to SO(N) transformation of the
coefficients

Ji1i2...in → Jj1j2...jnOj1i1Oj2i2 . . . Ojnin (B.1)

which preserves the probability pJ . The only SO(N) scalar operators are

L̂ =
∑
i

iχiLχiR + 1
2 , FL = iN/2χ1Lχ2L . . . χNL, FR = iN/2χ1Rχ2R . . . χNR (B.2)

In addition, eq. (4.10) translates to a property of the TFD state:

χiLχiR |TFD(J)〉 〈TFD(J)|χiRχiL =
∣∣∣TFD(J̃)

〉〈
TFD(J̃)

∣∣∣ (B.3)

⇒ [iχiLχiR, ρ] = 0 (B.4)

This symmetry condition further excludes FL and FR, so that ρ is a function of L̂. ρ can
be written in the eigenstate subspaces of L̂ as

ρ =
N∑
n=0

pn
Π̂n

Dn
(B.5)

with Π̂n the projector to the subspace of L̂ = n, with the dimension Dn =
(
N

n

)
. Thus

the entropy is given by

S (ρ) =
N∑
n=0

(−pn log pn + pn logDn) (B.6)
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pn can be computed using a generating function:

F (θ) ≡
∑
n

pne
inθ = tr

(
ρΠ̂n

)
einθ = tr

(
ρeiL̂θ

)
(B.7)

If we analytically continuate θ to iµ, F (iµ) can be computed as a partition function of the
coupled SYK model:

F (iµ) = 〈TFD(J)| e−µL̂ |TFD(J)〉 = Zµ
Z0

(B.8)

which is self-averaging. F (iµ) can be computed explicitly in the large-q limit of SYK
model [58]5 Without going into detail of F (iµ), we know that in the large-N limit it has
the form

F (iµ) = e−NA(µ) (B.9)

with A(µ) a finite function of µ. Thus according to eq. (B.7) we have

pn =
∫ 2π

0

dθ

2πF (θ)e−inθ =
∫ 2π

0

dθ

2πe
−NA(−iθ)−inθ (B.10)

In the large-N limit, we can expand A(µ) into second order of µ:

A(µ) ' pµ− 1
2αµ

2 (B.11)

with

p =

〈
L̂
〉

N
= 1

2

(
G

(
β

2

)
+ 1

)
(B.12)

α = 1
N

(〈
L̂2
〉
−
〈
L̂
〉2
)

(B.13)

This leads to

pn ' C exp
[
−N2α

(
p− n

N

)2
]

(B.14)

In the large-N limit, pn is strongly peaked, which has the entropy (B.6)

S (ρ) ' logDpN +O(1) ' N [−p log p− (1− p) log(1− p)] +O(1) (B.15)

This agrees with the Gaussian state result (4.20).
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5See eq. (5.1) of ref. [58].
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