PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: July 27, 2022
ACCEPTED: August 11, 2022
PUBLISHED: September 7, 2022

The three-loop equal-mass banana integral in
e-factorised form with meromorphic modular forms

Sebastian Pogel, Xing Wang and Stefan Weinzierl
PRISMA Cluster of Fxcellence, Institut fiir Physik, Johannes Gutenberg- Universitit Mainz,
D — 55099 Mainz, Germany
E-mail: poegel@uni-mainz.de, x.wang@uni-mainz.de,

weinzierlQ@uni-mainz.de

ABSTRACT: We show that the differential equation for the three-loop equal-mass banana
integral can be cast into an e-factorised form with entries constructed from (meromorphic)
modular forms and one special function, which can be given as an iterated integral of
meromorphic modular forms. The e-factorised form of the differential equation allows for
a systematic solution to any order in the dimensional regularisation parameter €. The
alphabet of the iterated integrals contains six letters.

KeEYywoORDS: Differential and Algebraic Geometry, Higher-Order Perturbative Calcula-
tions, Scattering Amplitudes, Higher Order Electroweak Calculations

ARX1v EPRINT: 2207.12893

OPEN AccCESS, © The Authors.

Article funded by SCOAP?, https://doi.org/10.1007/JHEP09(2022)062


mailto:poegel@uni-mainz.de
mailto:x.wang@uni-mainz.de
mailto:weinzierl@uni-mainz.de
https://arxiv.org/abs/2207.12893
https://doi.org/10.1007/JHEP09(2022)062

Contents

8

9

Introduction
Definitions

Master integrals
3.1 Step 1
3.2 Step 2

The periods

Modular forms

Iterated integrals of modular forms
The differential equation

Modular transformations

Analytical results

10 Numerical results

11 Conclusions

A Boundary values

B Supplementary material

14

15

16

19

20

22

24

24

26

1

Introduction

For precision calculations in high-energy particle physics we need to evaluate Feynman

integrals. It is a very interesting question which special functions appear in the final result

of such a calculation. In the simplest case we find multiple polylogarithms [1-4], which are

iterated integrals of differential one-forms dy/(y — ¢), where ¢ is a constant. An example is

the one-loop bubble integral with equal non-zero masses. The equal-mass one-loop bubble

integral can be expressed to all orders in the dimensional regularisation parameter ¢ in

terms of multiple polylogarithms. A second non-trivial example is given by the massless

two-loop double box integrals [5, 6].

More complicated Feynman integrals are related to elliptic curves and evaluate to

iterated integrals of modular forms and/or specific differential one-forms related to the



Kronecker function. The most prominent example is the two-loop sunrise integral with
equal non-zero masses. The equal-mass two-loop sunrise integral can be expressed to
all orders in the dimensional regularisation parameter ¢ in terms of iterated integrals of
modular forms.

In this paper we consider the three-loop banana integral with equal non-zero masses.
The three-loop banana integral is the next more complicated integral in the family of I-loop
banana integrals. The first two members of this family are the one-loop bubble integral and
the two-loop sunrise integral. The geometry of the three-loop banana integral is related to
a Calabi-Yau 2-fold (i.e. a surface) and thus more complicated than an elliptic Feynman
integral, which in this context can be viewed as related to a Calabi-Yau 1-fold (i.e. a curve).

A convenient tool to obtain the result for a Feynman integral to any desired order in
the dimensional regularisation parameter ¢ is the method of differential equations [7-10].
For example, this method has been used at the beginning of the millennium to obtain
the two-loop master integrals for v* — 3 jets [11, 12]. The solution of the differential
equation is significantly simplified, if the differential equation is in e-factorised form [13].
If the differential equation is in e-factorised form, we may read off the letters appearing
in the iterated integrals from the differential equation. Such a form for the differential
equation has been found for many Feynman integrals evaluating to multiple polylogarithms
and selected examples of elliptic Feynman integrals [14—-16]. In this paper we present the
differential equation for the equal-mass three-loop banana integral in e-factorised form.

The three-loop banana integral has been studied in the literature in the past [17-23]
and we should carefully explain what is new in this article.

Let I be a vector of master integrals. The differential equation

dI = Al (1.1)

is said to be in e-factorised form, if the connection matrix A is independent of €. An e-
factorised form can be achieved, if a full set of homogeneous solutions is known. The set of
homogeneous solutions can be obtained by integrating the integrands of the master integrals
over a set of independent contours [18]. This path has been followed in refs. [18, 24] and
an e-factorised form of the differential equation follows from the results of these papers.
However, this is not the form we are interested in. It can be shown in the two-loop sunrise
case that the solution for the Feynman integrals obtained in this way is not of uniform
weight.

The first term of the e-expansion of the three-loop banana integral (normalised to a
homogeneous solution of the Picard-Fuchs operator) is known from ref. [17]. It corresponds
to an Eichler integral

4
1(1717f4;7_>+§g3 63) (12)
where f4 is a modular form for I';(6) of modular weight 4. The notation for iterated

integrals is defined in section 6. In the main part of the paper f; will be denoted as f4 .
This mirrors closely the first term of the e-expansion of the two-loop sunrise integral (again



normalised to a homogeneous solution of the appropriate Picard-Fuchs operator) [14, 25]

41 (1, f3;7) 4 3Cly (2;)] 2, (1.3)

where f3 is a modular form for I'; (6) of modular weight 3 and I(1, f3;7) is again an Eichler
integral. Cly denotes the Clausen function. We are interested in the higher-order terms in
the dimensional regularisation parameter € which add to eq. (1.2). This has been considered
in ref. [20], where it was shown that the higher-order terms are given by iterated integrals of
meromorphic modular forms. The authors of this reference also gave a differential equation.
However this differential equation is not e-factorised, as it contains an additional 1/e-term.
In this paper we improve the situation by deriving a differential equation in e-factorised
form.

At first sight it seems surprising that the three-loop banana integral can be expressed
in terms of iterated integrals of (meromorphic) modular forms as the geometry is related
to a Calabi-Yau 2-fold and not an elliptic curve. However it has been known for a long
time that the corresponding Picard-Fuchs operator (a third-order differential operator) is
the symmetric square of a second-order differential operator [26, 27]. By a variable trans-
formation, this second-order differential operator is related to the Picard-Fuchs operator of
the two-loop sunrise integral [17, 19]. We start with the dimensionless kinematic variable
x = p?/m?. The variable transformation maps the pseudo-threshold x = 4 and the thresh-
old z = 16 of the three-loop banana integral to the points y = 3 and y = —3, respectively.
The variable y is the natural “physical” variable in the sunrise context. Mapped to the
complex upper half-plane, these points correspond to 7 = i(l + Z\/g) and 7 = %(3 +1iV3),
respectively. At these points the elliptic curve of the two-loop sunrise integral is not
degenerate. As the original differential equation for the three-loop banana integral has
singularities at these points, meromorphic modular forms (with poles at 7 = i(l +iv/3)
and 7 = £(3 4 iv/3)) emerge naturally [20, 28]. We show that the e-factorised differential
equation has at most simple poles at these points.

This paper is organised as follows: in section 2 we define the three-loop banana integral
and the associated Picard-Fuchs operator. In section 3 we construct from an ansatz a
set of master integrals which lead to an e-factorised differential equation. This ansatz
follows closely the steps taken in refs. [14-16]. In section 4 we define the periods for the
elliptic curve of the two-loop sunrise integral. From these periods we can construct a
solution for the Picard-Fuchs operator of the three-loop banana integral. In section 5 we
introduce (meromorphic) modular forms. We only need four (meromorphic) modular forms
of modular weight 1 as basic building blocks, which we label

bo, b1, b3, b_s. (1.4)

All other occurring (meromorphic) modular forms are polynomials in these. In section 6 we
introduce the notation for iterated integrals of (meromorphic) modular forms. In section 7
we present the differential equation for the master integrals in e-factorised form. The
differential equation contains six letters, which we denote as

1, J2,a5 fo.p, fa,a, faps fe- (1.5)



Figure 1. The three-loop banana graph.

The transformation laws of the entries of the differential equation under modular transfor-
mations of I';(6) are discussed in section 8. The differential equation is solved in section 9
and analytical results for all master integrals up to order e* are presented. In section 10
we give numerical results and show that they agree with results obtained from SecDec [29-
31]. Our conclusions are presented in section 11. In appendix A we derive the boundary
conditions necessary for solving the differential equation. Appendix B describes the sup-
plementary electronic file attached to this article, which gives the solution for the banana
integrals up to order €.

2 Definitions
We are interested in the integrals
v—3D (& dPk,\ . D 1 1 1
o = €55 (m?) 27 [ (H 3)”25]3 (P—Zkb v
b=1 ¢

a=1 T c=1
(2.1)
where D denotes the number of space-time dimensions, ¢ the dimensional regularisation

parameter, vg the Euler-Mascheroni constant and the quantity v is defined by

4
v = lej. (2.2)
j=1

The corresponding Feynman graph is shown in figure 1. We consider these integrals in
D = 2 —2¢ space-time dimensions. It is convenient to introduce the dimensionless variable

p

It is well-known that this family of Feynman integrals has four master integrals. A possible
choice for a basis of master integrals is

I, 111, Tz, Tias- (2.4)

The Feynman integral I1119 is a product of three one-loop tadpole integrals and rather
simple. We set

I = ¥ 110 = [T (14 ¢)]°. (2.5)



The integral I; has uniform weight. For I11;; we have the inhomogeneous third-order
differential equation

24¢3

Lsl = — 1 2.6
3 liin 2 (z —4) (z — 16) 110 (2.6)
with
Lo [3+3(L+%) 3(1+20)] 2
ST dd Tz 2(w—4)  2(z—16)] da?
N 7x? — 681 + 64 N 6e (3x — 20) 4_52(111»4-16) d
22 (x—4)(x—-16) z(zx—4)(z—16) 2% (z—16) | dx
e(x+2)
14+2)(1+3 . 2.7
(142 1+ 6)[332(3:—16) x2(a;—4)(x—16)} 27)
We denote by L:(),O) the e-independent part of Lg [32]:
ﬂm_d3+P+ 3.3 }d2+ To? G864 d 1
5 ded | 2(x—4)  2(x—16)] da? 22 (x —4)(x —16)dz 22 (z — 16)’
(2.8)
Let
2
o @ 1 1 1 ] d (z—8)
Ly’ = — — — . 2.9
2 dx2+[x+2(x—4)+2(m—16) dac+4ac($—4)(:):—16) (29)

The differential operator L%O)
independent solutions of Lgo

is the symmetric product of Lgo) [26]: if 11,19 are two
© . _ ~
LY ;= 0, i e {1,2}, (2.10)

then the solution space of Lgo) is spanned by

VT, Ve, 3. (2.11)
The Wronskian is defined by
d d
W = 1 —o — ho—1)1. 2.12
Y1 gthe — a i (2.12)
We have
d 1 1 1
— 4 = W =20 2.13
dx+a:+2(x—4)+2(ar—16) (2.13)
and
o
W= e (2.14)

1 10
r(4—x)2 (16 —x)2
where ¢ is a constant. The constant ¢ depends on the normalisation of the two independent
solutions 1 and 5. In section 4 we give explicit expressions for the two independent
solutions of eq. (2.10). This choice of solutions yields ¢ = 3.



3 Master integrals

In this section we determine a choice of master integrals, which put the differential equation
into an e-form. We do this in two steps: in the first step we start from a rather general
ansatz with five unknown functions. We derive differential equations these functions have
to satisfy from the condition that the differential equation for the master integrals is in
e-form. Four of these five functions are easily solved for, leading to a more specific ansatz,
which we consider in step 2. This specific ansatz involves only one unknown function. We
determine this remaining function in section 3.2.

3.1 Step 1

Let wy, J, F3g, Fyo and Fy3 be (a priori unknown) functions of x. Here, J denotes the
Jacobian for a (a priori unknown) change of variable from = to 7:

dx
J = —. 3.1
dr (3.1)
This implies
d d
= = J—. .2
dr de (3.2)

We start from the following ansatz for the master integrals

3
I = € I110,
2
37T
Iy = &°— 111,

w1
1 d
I3 = — 1 F3o1
3 27m'5d72+ 3242,
1 d
Iy = — 1 Fyol Fy3ls. 3.3
4 27m'z-:d73+ 4212 + Fy3l3 (3.3)

The differential equation for this set of master integrals is in e-form
dl = €Al (3.4)

provided the following set of six differential equations for the functions wq, J, F30, Fy2, Fy3
hold: for w; we require the two equations

L wi =0, (35)

1d2w1_1<1dw1>2 2 (2% — 152 +32) 1 dwy (z —8) _0. (36)
wy dz? 2 \wy do r(x—4)(r —16)wy dz = 2x(z—4)(z—16) '
For J we require

dlnJ _ dlnw; = 2 (2 — 15z + 32) (3.7)

dx dx x(x—4)(x—16)



For F3o, Fys, Fy3 we require

d®F3  [dlnw; L2 (2> =150 +32) | dFyp 3] |  (x—10) (dlnw1>2
dz? dx z(x—4)(x—16)| dex  2mi| (x—4)(x—16) \ dz

2(2® —302% +228¢ — 640) dlnw,  (2* — 282® 4 168z — 384)1 _

z(z—4)% (2 —16)? dx 22 (z — 4)? (x — 16)?
Py g dPs | 3 2(z—10) dFs
dx de  2mi(z—4)(x—16) dx
3J [ 2(z—10) dlnw 2 (23 — 3022 + 228z — 640)]
i | (@ —4) (z —16) da z(z—4)2 (z — 16)° %
N J? [ (llz +16) dlnw,  (llz - 14) ] _ 0
(2mi)* | 2% (z —16) dx 22 (x —4) (v — 16) ’
dFig Py 3] [_ 2(x—10) dlnw 2(a* —30:1:2—1—2283;—640)] _
dz de ' 2mi| (x—4)(z—16) dx z (z —4)% (z — 16)*
(3.8)

These differential equations follow from the requirement that terms of order &/ with j # 1
are absent in the differential equation for the master integrals: eq. (3.5) removes the ~2-
term of Ags. Eq. (3.7) removes the e%term of Ay 4. Eq. (3.6) (together with the previous
two equations) removes the £~ !-term of Ay 3. F3p removes the e~ term of Ay 2, Fyo removes
the e%-term of Ay and Fy3 removes the e0-term of Ay

With
s 1y (1) ",
dx? wy dz? wy dz
we may write eq. (3.6) alternatively as
d?Inw, +1(dlnw1)2 2 (2% — 152 + 32) dInw; (z —8) _0. (3.10)
dx? 2\ dx z(r—4)(x—16) dx 2z (x —4) (x — 16)

We have to check that eq. (3.5) and eq. (3.6) together have a solution. The following lemma
ensures this:

Lemma 1. Assume that wy satisfies eq. (3.6). Then
LY w; = 0. (3.11)

Proof. To prove this lemma, one verifies that the left-hand side of eq. (3.5) simplifies to
zero with the relation eq. (3.6). O

Thus it is sufficient to just consider the second-order non-linear inhomogeneous differ-
ential equation eq. (3.6) (or equivalently eq. (3.10)) and ignore eq. (3.5).

It is not too difficult to solve eq. (3.10): we know that any solution of eq. (3.10) is
automatically a solution of eq. (3.5). The solution space of eq. (3.5) is given by

a1 + catiihy + ey (3.12)

with unknown constants ¢y, co, c3.



Lemma 2. Let 1 be a solution of eq. (2.10). Then 1? is a solution of eq. (3.10).

Proof. To prove this lemma, one verifies that the left-hand side of eq. (3.10) simplifies to
zero with the relation eq. (2.10). O

In other words, w; needs to be a perfect square and of the form given in eq. (3.12).
Thus,

Wi, ¥3 (3.13)

are solutions of eq. (3.10), while 119 is not.
From now on we set

wy = Vi, (3.14)
Let us now turn to the Jacobian J. It is easier to work with
dr
J=—. 3.15
In (3.15)
We may rewrite eq. (3.7) as
dinJ=!  dlnw, = 2(z% - 15z + 32)
= 0. 1
dx + dx +x($—4)(az—16) 0 (3.16)
It is easily verified that
(o
T=— 3.17
(1 (8:17)
solves eq. (3.16). We then have
w
J=—. 3.18
T .
3.2 Step 2
With the information gathered so far
,¢2
w =91, J= Wl (3.19)

we may clean-up our ansatz. The differential equations for Fyo and Fy3 are of first order
and easily solved. Our ansatz reduces to

3
I = ¢” Lo,
2

T
I = 3T,

s

1 d mi (z — 10) ¢1>2
Iy = I+ |Fy— ) r
37 Ymizar 2|17 (1:—4)(3:—16)W(7T »

omicdr° (272 a2 (z —4)2(x — 162W2 \ 7

i (x — 2
—2F, — e 4)((35 _1?23) W (ﬁl) 1 I3 (3.20)

2 202 4
I 1 d, [3F2+7r(x+8) (x 8x+64)(¢1>112

+




with one unknown function F5, which satisfies

22F, [2(3:2_15954—32) Q(dlnwl)]dFQ_ i (z — 8) (x4 8)° (wl

dz? x(x—4)(x —16) dx %_x2(x—4)3(x—16)3W T

)2. (3.21)

This is a linear inhomogeneous first-order differential equation for F. Noting that

o nee () = 322
one finds
Fy=J" [02 + /d:n JxQZ(iL—)gSsz_ﬂ;;)jW (zf:ﬂ (3.23)
and
Fy = Cy + Cyr + (2mi)? / dr / dr 861((5— j))i(zz 8);3 (zf:)ﬁ (3.24)

We only need one specific solution. We may therefore set the integration constants to zero.
This yields

T T1 _ 3 6
Py = (27i)? / dry / dr, 2 E =8 @H8” (wl) : (3.25)
ol 864 (4 —x)2 (16 —x)2 \ T
where the integrand is viewed as a function of 79. We denote the integrand by
z(z —8) (z+8)3 6
oo Iy 20
864 (4 —x)2 (16 —x)2 \ T

We note that the definition of F5 depends on the integration path. Later on we will expand
the integrand in a ¢-series. As long as we stay inside the region of convergence of the ¢-
series we may suppress the dependence on the integration path. We are only interested in
this case and we therefore do not write the dependence on the integration path explicitly.
The dependence on the integration path is relevant as soon as we analytically continue Fb
beyond the region of convergence of the g-series. Later on we will see that the radius of
convergence of the g-series is set by the threshold singularity at x = 16, corresponding to
T =1/2+i/3/6. As long as

Im 7 > \gg or lg] < e 5V3 (3.27)

we do not have to worry about the path dependence.

4 The periods

In this section we consider the two solutions ; and 3 of eq. (2.10). It is well-known that
these solutions are related to the two periods 1{""s¢ and 1§"""s¢ of the sunrise integral.
In this section we review the construction.



The first step is the variable transformation

—1 -9 1

RS TR Y P = RN
Y

In expressing y as a function of z, we made a choice for the sign of the square root. With

this choice the value £ = 0 is mapped to y = 1. This transformation rationalises the square

root

m\/m:_(y+3)(y73)' (4.2)

Y
The sign is fixed by eq. (4.1). This is most easily seen as follows: in the Euclidean region
(i.e. z €] —00,0] and y € [0,1]) both sides of eq, (4.2) are positive.
In terms of the variable y, eq. (2.10) transforms into

d? ( 1 1 > d yP—2y+9
Lly2 y—1 y=-9)dy 4?@y-1)(y-9|" (13)
If we now make the ansatz

%‘ — \/37 w@sunrise (44)

we find for 15"¢ the differential equation

d? <1 1 1 > d y—3 :

i + - + + e + sunrlse — O‘ 4‘5
Lly2 y y-1 y=-9/dy yy-1y-9|" 45

This is the differential equation for the periods of the sunrise integral. The solutions are
well-known: we consider an elliptic curve defined by the quartic polynomial

E:v? — (u—uy) (u—ug) (u—us) (u—ug) =0, (4.6)

where the u; (with j € {1,2,3,4}) denote the roots of the quartic polynomial. The roots
uj are given by

U1:—4, ’U,2:—<1+\/§)2, U3:—<1—\/§)2, U4:0.(4.7)
We set
U1 = (’U,3—UQ) (u4—u1), UQZ (uQ—ul) (U4—U3), U3:(U3—’U,1) (U4—’U,2).
(4.8)
We define the modulus and the complementary modulus of the elliptic curve E by
U - U
== k=1-k=_—". 4.9
o o (49)

Our standard choice for the periods and quasi-periods (for z € R + i) is

()4 (KO, () () ), g
1 Uz K (k) i Ug K (k) - E (k)

~10 -



with

1
0 if z <0 or 16 + 8v/3 < =,
01
v = 10 (4.11)
51 if  0<az<16+8V3.

For x € [0,4] the modulus k is real and k£ > 1. Feynman’s id-prescription dictates that
K (k) and E(k) are evaluated as K(k 4 id) and E(k 4 id). The origin of the matrix = is
explained below. We have

w2 wgunrise

T = o g (4.12)
We further set
q=er. (4.13)
We may now determine the constant ¢ appearing in eq. (2.14). We have
: o d ~ o d ~ 671
WSuHrlse — wsunrlseiu}sunrlse _ wsunrlseiqﬁsunrlse [ (4‘14)
oyt 2oyt y(1—y)(9—y)
and
-
W= ik , (4.15)

z(4—2)2 (16— 2)?

hence ¢ = 3.
We may express « and y as a function of 7 with the help of the following relations [26,
33]:

N RIGUICHRY _ g n(@) n(6r)"
T =— , =9 1 3 (4.16)
n(27)n (67) n(37)" n(27)
We have for example
—% = §+6q_2+21(13+68§4+198q_5+0(66)- (4.17)

It is worth discussing the mapping in eq. (4.1) and the origin of the matrix v in eq. (4.11)
in more detail: we are interested in

z € R+ 16, §>0, (4.18)

where i denotes an infinitesimal imaginary part originating from Feynman’s ¢d-prescription.
The point x = —oco + ¢d is mapped to y = 0. As we continue in x-space along the real line
towards x = 0, we traverse the interval [0, 1] in y-space. Continuing in z-space to the point
x = 4, we reach the point y = 3 in y-space. The interval [4,16] in z-space corresponds
to a half-circle in the complex upper half-plane, starting at y = 3 and ending at y = —3.
Finally, the interval [16, 0o[ in z-space brings us back from y = —3 to y = 0 in y-space.

- 11 -



4 16 00
3 -3 0

0
1

T | 200 |0 %—1—% %—}-% 100
1] ie V3 | —e75V3 | 0

Table 1. Correspondence between special values in z-space, y-space, T-space and g-space.

Imy

— R
—3 1 3 cy

Figure 2. The path in y-space. The interval y € [—3,0] corresponds to = € [16,00[, the interval
y € [0, 1] corresponds to x €] — 0o, 0], the interval y € [1, 3] corresponds to x € [0, 4], the half-circle
corresponds to z € [4, 16].

This is summarised in table 1 and shown in figure 2. We note that the cusps of I';(6) at
y =9 and y = oo are never reached along this path. The point ¢ = 0 corresponds to y =0
and x = oo.

We may now follow this path in k2-space. The resulting contour is shown in figure 3.
For x = —oo we start with k> = 0. As we increase x, we continue towards k% = 1. At
x = 0 the path winds around k% = 1 in a small circle in the clockwise direction [34, 35].
In particular, for k¥ = 1+ ¢ (with § infinitesimal) the path crosses the branch cut of the
complete elliptic integrals. The contour continues as shown in figure 3 and crosses the
branch cut of the complete elliptic integrals a second time at k?> = 2, corresponding to
x = 16 + 8+/3. The periods ¥$"" ¢ and pseudo-periods ¢ are continuous functions of

x. The matrix « in eq. (4.11) compensates the discontinuity across the branch cut of the

wlsunrlse gbiunrlse

complete elliptic integrals and ensures that the periods and pseudo-periods

are continuous. With £ real and k£ > 1 the discontinuities are given by
K (k+1i6) — K (k — i) = 2K (+ivVk2 — 1),
(K (k+i6) = B (k +0)] — [K (k- 8) — B (k — i0)] = 2B (+ivk2 —1). (4.19)

We always have Re(k?) > 0. This implies that the path for k2 = 1 — k% never crosses the

branch cut of the complete elliptic integrals K (k) and E(k). Hence, branch cut crossings
do not occur for 1§ rise and @gunrise,
We may then look at the path in 7-space and g-space. This is shown in figure 4. In the

end we will expand in the variable ¢ around ¢ = 0. The radius of convergence is determined

- 12 —



0.5 1

—0.5 1

—1+

\

Figure 3. The path in k2-space. The path wraps in a small circle around the point k2 = 1.

Im 7

1

0.8

0.6

0.4

0.2

05 025 0.25

— Re 7
0.5

Figure 4. The path in 7-space and in g-space.

by the nearest pole, which in our case is located at
(j = _e—%\/?:’
corresponding to x = 16. Hence, the expansion converges for

x € ]—o00,—2[ and z € |16, 00].

The value z = —2 derives from the fact that

~13 -

(4.20)

(4.21)

(4.22)



5 Modular forms

We introduce a basis {e1, e2} for the modular forms of modular weight 1 for the Eisenstein
subspace &1 (I'1(6)):

e1 = By (T;x1,x-3), e2 = E1(27;x1,X-3), (5.1)
where
)= (5 ) and s = () 62

denote primitive Dirichlet characters with conductors 1 and 3, respectively. Here, (&) de-
notes the Kronecker symbol in number theory. The generalised Eisenstein series
Ex(T; Xa, xp) are defined as follows [36], see also [37]: let x, and x; be primitive Dirichlet
characters with conductors d, and dp, respectively. Then Ex(T; xa, X5) is defined by

By (75 Xa» Xp) = a0 + i (Z Xa(n/d) - xs(d) - dkl) q". (5.3)

dn

The normalisation is such that the coefficient of ¢ is one. The constant term ag is given by

D it d, =1
aoz{ %o PfeT o (5.4)

0, if dg > 1.

Note that the constant term ag depends on x, and ;. The generalised Bernoulli numbers
By, are defined by

nx o0 k

ZXb 1 = > Bra (5.5)

k=0

Instead of the basis {e1,e2} we may use an alternative basis {bg, b1} of £1(I'1(6)). The
latter basis is slightly more convenient for the conversion towards modular forms. The
basis {bg, b1} is defined by

wsunrise 77Z)sururise

:2\/§(€1+62), blzyli

s s

bo = = 6\/5(61 — 62) . (5.6)

An alternative representation of bg and by is given as an eta-quotient:

_2 M I GUIC N
= e T 7

Furthermore we may express by and by in terms of the coefficients g(*) (z,7) of the Kronecker

function:

1 1 1 1 1 1
- |, @ (= - @ (= _3,0(Z
bO o |:g <377-> +9 <6>T>:| ) bl o |:9.g <3>T> 39 <67T>:| . (58)
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In addition we introduce two meromorphic modular forms

by = (yi3) wlﬂ , b_gz(yi?))wlﬂ—. (5.9)
We may express all integrands as polynomials in
bo, b1, bs, b_s. (5.10)
For example, the meromorphic modular form gg of eq. (3.26) is expressed as
g6 = ﬁbobﬁ 144b0b4 15047b3b3 — %b‘*bf 623513%1 — 125108 + 108b3b3
+16204b3 + 81b5b3 + 6912630 5 — 10368bgb% 5 4 6480b5D_3. (5.11)
The g-expansions of the four basic modular forms bg, b1, b3 and b_3 start as
by = 2\f{ Y+ PP+ ] +0(g%),
b=6V3|3—a+a +d'|+0(d),
by = —f[ +q—|—2 —2q3—;q4+18q5} +0 (7)),
by = §\/§ [1 +15¢% — 72¢° + 459* — 2808@5} +0 ((36) . (5.12)
We then have for example
g6 = —24 + 104g% — 2286° + 30112¢" — 306300g° + O (qG) . (5.13)

The modular form gg is rather special: we have verified to very high order (O(g?°°)) that
all coefficients are integers and that the coefficient of ¢ is divisible by n?.

6 Iterated integrals of modular forms

Let fi(7), fa(7), ..., fu(T) be a set of (meromorphic) modular forms. We define the n-fold
iterated integral of these modular forms by

Tn—1

I(fl,fg,...,fn,T,T(] 27TZ /dTl/dTg / dTn f1 Tl)fQ (Tg) fn (Tn) (6.1)

With ¢ = exp(27iT) we may equally well write

‘jn 1
dq d dan, _
(fluf?a“'7fn77—7—0 / @ q2 .- / qifl (Tl)fQ(TQ) fn(Tn)v szﬁlnq]
qo qo
(6.2)

Our standard choice for the base point 79 will be 79 = @00, corresponding to go = 0. If f,,(7)
does not vanish at the cusp 7 = ioco we employ the standard “trailing zero” or “tangential
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base point” regularisation [25, 38, 39]: we first take ¢y to have a small non-zero value.
The integration will produce terms with In(gp). Let R be the operator, which removes all
In(gp)-terms. After these terms have been removed, we may take the limit gy — 0. With
this regularisation we set

n—1
I(fi, fo,.-. fn;7) = lim R /d(“ dqz . / ‘Z_q" V(1) fa (1) o fn ()| . (6.3)

qo—0 J n
q0

In this notation the expression F5 from eq. (3.25) becomes
Fy =1(1,96:7). (6.4)

Furthermore it will be convenient to introduce a short-hand notation for repeated letters.
We use the notation

(¥ =fifir- fs (6.5)
—
J
to denote a sequence of j letters f;. For iterated integrals we have the shuffle product, for

example

I(fr, fo;7) I (f3;7) = L(f1, fo, f357) + L (f1, f3, f2;7) + 1 (f3, fr, fo3 7)) - (6.6)

Using the antipode in the shuffle algebra [37] one easily shows that

e

i
o

L(fe (1Y 57) = 2 (D1 (1P 757) ({1 i)

I
.M“'

@
Il
=)

L({Y fism) = D (=)' T ({11 7757) I (feo {1 57) - (6.7)

These relations will be useful when we work out the modular transformation properties
of FQ.

7 The differential equation

For the basis I the differential equation is in e-form

dI = Al (7.1)
with
0 0 0 0
~foa— 1
A=omi| O Tf2a 20 dr. (7.2)
fap —fo,0+2f2p 1
faa fe fap —fou — fop
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This is a differential equation with an alphabet consisting of six letters

A = {1, faas fops fa,a> fap, fo} - (7.3)

Below we give expressions for all non-trivial letters in z-space, y-space and T-space.
The differential one-forms fo, and fa; are of modular weight 2. The meromorphic
modular form fo, is just the translation of a dlog-form to the variable 7:

fo,a - 2midT = dln(x —4) + dIn (z — 16) . (7.4)

We have

- 1 1 P2
fou = (x—4+a:—16> 2miW

1, 5 9 6 247 (gpuise)’
= |y =yt - -
6 3 2 y—-3 y+3 T
1, 5 9
= b — Shoby +
61T 30T

b3 — Gbobs — 24bgb_3. (7.5)
The differential one-form fs is given by
Jap = F, (7.6)
with
Fy = I(1,96;7) (7.7)

and

3
g — a:(:z:—8)§(x+8) 3(%)6
864 (4 —x)2 (16 —x)2 \ T

_Y (y—1)(y—9) (y2 — 2y + 9) (y2 — 18y + 9)3 wiunrise 6
864 (y —3)° (y +3)° 7

1 s 11 5, 107,55 421,, 6685 . 6 -

= — b} — — b3 — — ———bgby — 125105 + 1
<aalobl — T 00T + b0k — 5 bobT + 5 bobr — 12510 + 108bb3
+162b0b3 + 81b5bs + 6912630 5 — 10368b5b% 5 + 6480b7b_3. (7.8)

fa,o and fqp are of modular weight 4. The differential one-form fy, is a (holomorphic)
modular form and given by

1 4
fia = 75w (4= 2)? (16— )2 (?)
1 ¢§unrise
= — — 1 — — .-
= W=Dy -9)-3) (y+3)< - )
1 5 5 9
= ib‘f — %bobi’ + Zbgb1 — gbé. (7.9)
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The differential one-form fy 5 is given by

(z+8)% (22 -8z +64) [¢1\* 3 ,

f47b = - - 7F2

288 (x—4)(z—16) \x/) 2

(2 — 18y + 9)? (y* — 129 + 1022 — 108y + 81) [ysuwise\* 3
288 (y - 3)” (y +3)°

1 149
_ 4 = 3 -
= ol gt g

3
+-864b3b% 5 — 864b3b_3 — 5Fg.

™

1 6537

3—2b3 + 54b3b3 + 54b3bs

63
b3b? — 3b3b1 +

Finally, at modular weight 6 we have

z(z —8) (z +8)° i (1/)1)6_ (z +8)? (2% — 8z + 64) <¢1

4
= =) B+ F3
216 (4 — 2)2 (16 —2)2 \ 7 144 (z —4) (z —16) \ > 2

oyl -9 -2y +9) (¥ — 18y +9)° (¢§unrise>6

B 216 (y - 3)° (y +3)° ™
(y? — 18y +9)° (y* — 12y + 102y — 108y + 81) (@unrise

144 (y — 3)* (y + 3)?

1 11 214 421 6685
bob} — —=b2b} + 771;3&{ —~ Tbéb% +

4
) Fy+ Fy

s

byb1 — 500405 + 4326363

2
2 2

2

(7.10)

1
bt — Zbob3
1 301

~ 216 U1 36 8
1
+648b3b3 + 324b3b3 + 27648b3b% 5 — 41472b3b? 5 + 2592060b_3 — {m
149 6537
+ﬂb3b% — 63b3D1 + Wbé + 108b3b3 + 108b3b3 + 1728030 5 — 1728b8b3} Fy

+F.

(7.11)

With the help of eq. (4.16) and eq. (5.6) the g-expansions of fo4, fop, fa,a, fap and fe are

readily obtained. The first few terms read
foa = —2 + 87 — 44 + 4404% — 2956¢* + 173285° + O (56) ,
fop = —24+ 264% — 25437 + 18827 — 12252¢° + O (q6) ,
Fra = —2— 4G+ 28¢% — 76¢° + 284G — 5045° + O (qﬁ) :
Jap = % — 187 + 282¢% — 31503° + 28314¢* — 2002683 + O (qﬁ) ,

fi = 67+ 318¢> — 6810¢° + 81534g" — 7106767 + O (¢°) .

(7.12)

We have checked to very high order (O(¢*"")) that with the exception of the constant term

of fi all coefficients are integers.

Let us now look at the poles at © = 4 and z = 16 in 7-space. The Jacobian for the

transformation from 7-space to y-space is smooth in a neighbourhood of these points, so

we may discuss the poles in y-space. From eq. (7.8) we see that gg has a triple pole at

y = 3 (corresponding to z = 4) and at y = —3 (corresponding to = = 16). However, fa,
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has only a simple pole at y = £3. For f43 and fg, the triple and double poles appearing in
the individual terms of their definition cancel in the sum, leaving f,; and fg with a simple
pole at y = +3. In summary it follows that all entries of the differential equation have at
most a simple pole at y = £3.

8 Modular transformations

In this section we discuss the behaviour of f24, fop, faa, fap and fg under modular
transformations. We start with a few definitions. Let

v = (ZZ) eT. (8.1)

, at +b , dr
L R (5.2

We consider the transformation

The point 7/ = ¢ corresponds to 7 = ioo0.
Let f: H — C be a function from the complex upper half-plane to C = CU {o0}. We
define

(flen)() = (em +d)7F - f(v(7)). (8.3)
We say that f transforms as a modular form of modular weight & (or is weakly modular) if
(flen)(7) = f(7). (8.4)

We say that f transforms as a quasi-modular form of modular weight & and depth p if
there are fi,..., f, such that

T) = f(7 ¢ jjT. 8.5
(£} () ﬂ)+?€&7+ﬁlﬂ) (85)

We need one more generalisation: we say that f transforms as “quasi-Eichler” of modular
weight k& and depth p if

T) = f(7 3 _c ’ (T B () 8.6
) = 100+ 3 () 0+ (8.6)

e+ d

J

where P, (7) is a polynomial in 7 of degree at most (p — k). Note that the f;’s are indepen-
dent of v, while the polynomial P, may depend on . A special case is an Eichler integral,
which corresponds to the case p = 0: f transforms as an Eichler integral of modular weight
k (with k& < 0) if there is a polynomial P, (7) of degree at most (—k) such that

(Fle)(7) = f(7) + Py(7). (8.7)
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We now specialise to I' = I'1(6). Generators of I'1(6) are

()

f1,q is a (holomorphic) modular form for I';(6), f2, is a meromorphic modular form for
I'1(6). Both transform for v € I'1(6) according to eq. (8.4).
We work out the behaviour of f5; under modular transformations. We start from

fop () = I (1, g6;i00,7") . (8.9)

The path composition formula for iterated integrals gives us
fop (T’) =1 <1,g6; a,T’) + 1 (gﬁ;ioo, a) I <1; a,T’) + 1 <l,g6;ioo, a) . (8.10)
c c c c

Let us emphasise that we require the combined path in 7/-space, consisting of the path
from ioo to a/c followed by the path from a/c to 7’ followed by the reverse path from 7’ to
100 to be homotopy equivalent to the zero path (i.e. no poles are encircled and no branch
cuts are crossed). We define two constants

Cﬁ =1 <g6; iOO, a) y 01,6 =1 (1,96;1'00, a) . (8.11)
c c
Furthermore we have
9
() o (D) = By
c c c

A leading one will introduce a negative power of the automorphic factor (¢ + d) in the
integrand. This can be avoided by first using eq. (6.7) to convert any leading 1’s to trailing
1’s, using then the modular transformation law for the integrands and in the end converting
back to leading 1’s, again with the help of eq. (6.7). We find

2
(fopl2Y)(T) = fop(r) — 6 ‘ 1.1(1,1396;7)%-18( < >(121(1,1,1,Q6;7)

ct +d2mi ct+d 27i)

3 i
—24( ¢ ) T(1,1,1,1,g6:7) + Cie - miCs .
ct+d) (2mi) (et +d)*  c(er+4d)

We see that fo ) transforms as quasi-Eichler of modular weight 2 and depth 3.

(8.13)

Once the transformation law for F, = f 5 under modular transformations v € I'y(6) is
known, the transformation laws for f4;, and fg follow from the definition of these quantities.
They are given as polynomials of building blocks, whose transformation is known.

9 Analytical results

We write for the e-expansion of the master integrals

=Y 1Mk (9.1)
k=0



Up to order £* the results are still relatively compact and we list them below. Results up
to order €% can be found in an ancillary file attached to this article. The master integral
I is very simple and given by

_ 3. o 3,97, 4 5
I = 1+§C25 — (3¢ +E<48 +O(s ) (9.2)

The interesting master integrals are Is, Is and Iy. The master integral Is starts at order
3. Its terms of order €% and £* are given by

4
_,53) _ 543 +1(1,1, faa;7),

4 11
LY =20+ 36 |5 In (@) = I (foa;7) = I (fops7)| + CIn* (@) — I (1,1, fou, faa;T)
-1 (]-; f2,a7 ]-7f4,a;7_) - I(f2,a7 17 1; f4,a;7—) - I(]-a ]-7f2,b7 f4,a;7_)
+2I(17 f2,b7 17 f4,a;T) - I<f2,b7 17 17f4,a;7-) . (93)

The term 1. 53) agrees with the result of Bloch, Kerr and Vanhove [17]. In our notation their
result reads

B =26 twig-ay X0 T (9.9

where x is a character of modulus six (i.e. x(n 4 6) = x(n)), taking the values

n| 01 2 3 45

. (9.5)
x|120 1 —15 -8 —15 1
The master integral I3 starts at order £2. The non-zero terms up to order £* read
IZ§2) = I(lvf4,a;7_)a
22 _
I§3) = §C3 +2GIn(q) — I (1, fou, fa,0;7) — I (f2,05 1, faas7) — T (1, forp, faa; )
+2I (f2,b717f4,a;7—)7
17 4 _ 11
I§4) . ?C4 + §C3 [8 In(q) - ?I(fQ,a;T) + 11 (fop; 7) + 1 (fap;7)
3
—2C {I(szaﬁ) + 1 (fo,0, 7)1 (L, fop; 7) — 20 (fop, 1;7) — 11(17f4,a;7)
+I(1 f2 aafZ a7f4a; )+I(f2 a717f2a7f4a7 )+I(f2,a7f2,a717f4,a;7-)
(1 f2aaf2 baf4a, )+I(1 f2baf2a>f4aa ) 21(f2,ba1af2,aaf4,a§7_)
+1 (f2a7]-7f2 b7f4a77-) - 2I(f2a7f2b71 f4a7 ) 21(f2,b7f2,a717f4,a;7—)
I(1, fops fops faa:T) — 20 (fop, 1, fop, faas7) + 41 (fops fo0, 1, faai T)
(]-)f4,b)1>f4,a7 )+ (f4ba]-7]-7f4a, ) (96)
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The master integral I starts at order e. The non-zero terms up to order * read

IV = I (frai7) .
1 = 26 — T (faas f1.a37) — T (o frai ™),
1P = 56 =26 T (o) + 1 (i 7) = 31 (i 0)| + 1 (s Fra frai7)
+1 (fo,a5 fo00 fa,a:T) + 1 (fops f2,05 faas T) + 1 (fops forp faas T) + 1 (faps 1, faasT),
1 = 56— 560 [0 (i 1) + 81 (o) + 51 (i) = 5T agi7) — 1 (i)

+2C2 (I (f2,0) fo,a57) + I (f2,0 foo3 7) + 1 (fos f2,037) + 1 (f2,05 f2,657)

—Zf(fz,a, faa;T) — ZI(fZ,b7f4,a§T) + 1 (fap, 1;7)] — 1 (f2,0, f2,05 f2,05 fa,a5T)
)

—I (f2.0, fo.a5 2,05 fa,057) — I (f2,0 fo00 2,05 fa,05T) — 1 (f2,05 f2,05 f2,05 fa,05T)
—1I (fo,as fo,00 fops f2.057) = I (fos f2,05 forp f1.03T) — 1 (f2p, 2,00 f2,05 fa,057)
=1 (fops f2,05 fobs fa,05T) — I (f2,05 faps 1, faa3 7) — I (f2s faps 1, faas T)
—I (fap 1 foas faa57) = I (faps 1, fops fa,a57) — I (faps f2,05 1, faas T)

+21 (fapy f20, 1y faa; 7) + 1 (fo6, 1,1, faa37) (9.7)

As foy is itself an iterated integral

fap(T) = I(1, 9657), (9-8)

we may in principle eliminate fa in favour of gs. For example

I(laf27b7f4,a;7-) = I(lv 17 17967f4,a§7—) +I(17 ]-7 17f4,a7g6;7-) +I(17 ]-7f47(17 1796;7-)' (99)

In this way we obtain only iterated integrals of meromorphic modular forms, confirming
the result of [20]. However there is a price to pay: doing so, we introduce integrands with
higher poles and we spoil the uniform depth property.

10 Numerical results

The g-expansions can be used to obtain numerical results within the region of convergence
of the series expansion. We may verify the results by comparing to programs based on
sector decomposition like sector_decomposition [40], FIESTA [41, 42] or SecDec [29-31].

We start with Iég). The analytic expressions for this term involves only the (holomor-
phic) modular forms 1 and fy,. It does not involve any meromorphic modular form. The
g-expansion converges therefore in the full complex upper half-plane. Translated to z-space
this means that our result converges for all values

z € R\{0} +id. (10.1)

The numerical values are shown in figure 5. We also plotted the results from SecDec. We
observe good agreement. It is worth noting that 12(3) as a function of 7 is holomorphic in

a neighbourhood of 7 = 1/2 +iy/3/6 and 7 = 1/4 + i/3/12. The behaviour of Iég) at the
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Figure 5. Comparison of our result for IéB)
converges for all points except x = 0.

with numerical results from SecDec. The g-expansion

Y
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Figure 6. Comparison of our result for I§4) with numerical results from SecDec. The g-expansion

converges for < —2 and x > 16. In the interval [—2, 16] only the points from SecDec are shown.

threshold = 16 and the pseudo-threshold = = 4 comes entirely from the kinks of the path
in 7-space (see figure 4).

Let us then look at the next order in the e-expansion. The analytic result for 154)
involves the meromorphic modular forms, hence the g-series converges for
x € ]—00,—2[+id and z € |16, 00| + id. (10.2)

The numerical results in these regions are shown in figure 6, again with the corresponding
values from SecDec. We observe again good agreement. In the interval [—2,16] only the
points from SecDec are shown.
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11 Conclusions

In this paper we studied the three-loop banana integral with equal masses. We derived a
differential equation in e-factorised form, containing six letters. The letters are built from
meromorphic modular forms and one special function, which can be given as an iterated
integral of meromorphic modular forms. We investigated this special function in detail:
it has a g-expansion with integer coefficients and only simple poles at x = 4 and x = 16.
Under modular transformations of I'1 (6) it transforms as “quasi-Eichler” (see eq. (8.6)).

The result of this paper adds further evidence that an e-factorised form of the differ-
ential equation might exist for any Feynman integral.
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A Boundary values

We determine the boundary at 1/x = 0. We start from the Feynman parametrisation

4 4e
U
a;>0 =1
with
U = ajasa3 + ar1asa4 + arasayg + asasay,
F = —zajagasaq + (a1 + az + ag + ag) U. (A.2)

We follow the lines of [19] and exchange the Feynman parameter integration with a three-
fold Mellin-Barnes integration. We arrive at

I =

1._/1 1 4\

“T(=)27% 3%“57/61 /d /d (—) 47987 (—g) T (—09) T (—

5 <2> e (27m')3 01 op) g3 - ( Ul) ( 02) ( 03)
I'(o123+14+¢)T (0123 +142¢)T (0123 + 1 + 3¢)

F<01+1—€)F(0123+%+2€)

[ (—0y—&)T (—03 —¢) ; (A.3)

with 0;; = 0; + 0 and oy = 0; + 0 + 0. We are interested in the region where x is
large. The half-circles at infinity vanish if we close the contour for the o;-integration to
the left and the contours for the o9- and os-integration to the right. Thus we pick up to
residues of

F(0'123+1+6), F(0'123+1+26), F(O'123+1+36) (A4)
for the o-integration, the residues of

I'(—o02), I'(—og9—¢) (A.5)
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for the o9-integration and the residues of
I'(—o3), I'(—03—¢) (A.6)
for the o3-integration. This would give 12 terms. However the triple residue of

[(o123+14+e)T (=02 —¢)T (—03 —¢)
F(O’l—l—l—&")

(A.7)
vanishes due to I' (o1 + 1 — ¢) in the denominator, resulting in 11 terms. We obtain

[ 2F 1 g—4e 3 Dy 1 4N\ 1\ ts
15 g
1 == (2> e > n1notnal (a;) (x>

116!
11=0 19—0 n3—=0 ni1ngng:

{(_4)5 F'(—ni+e)T(—n1+26)T (—ng — )T (—ng — &) I' (n123 + 1 +¢)
z ' (—nqo3 — 2¢)T (—m + % + e)
N (_4)2‘€ F'(—n1—e)T(—n1+¢e)T (—ng — )T (—ng — ) I' (n123 + 1 + 2¢)
z T (=193 — 36) T (—n1 + §)
N (_4)36 L(—ny —2e)T(=ny —e) T (—ng — )T (=n3 — &) T (n123 + 1 + 3¢)
z I'(—njo3 —4e) T (—m +3— 5)
F'(—ni+e)T(—n1+26)T (—ng2 —e)T'(—ng + &) ' (n123 + 1)
I'(—njes —¢)T (—m + % + 5)
N (_16)‘E F'(—ny—e)T'(—n1+e) T (—ng— )T (—n3+e) T (n12s +1+¢)
z T (—ny3 — 26)T (—nl + %)
N (_8)25 I'(—ny —2e)T (—ny — &) (—ng — &) T (=n3 +€) T (n123 + 1 + 2¢)
x ' (—njo3 — 3¢)T (—m + % — 5)
JT(=ni+e)l'(—n1+2e) T (—na+¢) ' (—ng — ) I (n123 + 1)
I'(—ni3 —¢)T (—m + % + 8)
N (_16)5 F(—n1—e)T(—n1+¢e)T (—na+¢e)T (—ng —e) ' (n123 + 1 +¢)
z ['(—njo3 — 2¢)T (—m + %)
n ( 8)25 I'(—n1 —2e)T (—n1 —e)T (—na+ )T (—n3 — ) T' (n123 + 1 + 2¢)
I'(—ni2s —3¢)T (—m + % — 5)
F'(—n1—e)T(—n1+e)T (—n2+¢)T (—n3 +¢)T (n123 + 1)
I'(—njo3 —¢)T (—m + %)

I (_64)E T (—n1 — 26) r (—n1 - 6) r (—TLQ + 6) r (—n3 + 8) r (’I’L123 + 1+ E)
T (*77,123 — 26) r (*nl + % — 8) .

+4°

+4

(A.8)

For the boundary value we are only interested in the leading term (with all logarithms) in
an 1/xz-expansion. This leading term is given by setting n; = ng = nz = 0 in the expression
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above. We obtain

€ —e 2 e 2 c
ILin = —%eg’wa {2F () +3 (—i) I'(=¢) II“(<—)251)1 (1+¢) (A.9)
1 25F(—€)3F(5)F(1+25) 1 1 3e F(_E)4P(1+3E) -

This agrees with the first part of eq. (A.8) in [19]. In the limit 1/z — 0 we further have
w12 » 1 _2
—2_—;4—(9(1‘ )andq-—;—i-(’)(x ) (A.10)
We find
4 1 _ _ 1 _
b= |36 - 3@ <+ |20+ 106 (@) + 1o (@) - 5 ' )] <

+ {36@}, — 8(a(3 + 22—544 In (g) + 23¢31n? () + ggz In? () — 132 In® (q)} e?

+ {5:766 — 4G} + (15065 — 3162Gs) I (@) + -3 0 @) + 5 Gy 1o (@)

%@ mt () — ilnG (q_)] S+ 0@ +0(7). (A.11)

This corrects the second part of eq. (A.8) in [19]. (The expansion is of uniform weight,
weight drops do not occur.)

B Supplementary material

Attached to this article is an electronic file in ASCII format with Maple syntax, defining
the quantities

I_symb, I_gbar.

The vector I_symb contains the results for the master integrals up to order €% in terms of
iterated integrals. The vector I_gbar contains the results for the master integrals up to

6

order €5 as an expansion in g up to order ¢3°.
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