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We will show that the 3-3-1 model with new heavy right-handed neutrinos as SU(3); sin-
glets can simultaneously explain the lepton flavor violating decays of the SM-like Higgs
boson, charged lepton flavor violating decays ¢, — ¢,y, and the electron (g — 2), anoma-
lies under recent experimental data. The discrepancy of (g — 2),, predicted by the model
under consideration and that of the standard model can reach 10~ The decay rates of the
standard model-like Higgs boson 1 — te,tuu can reach values of O(1074).

Subject Index B53, B54, B56, B59

1. Introduction

The experimental evidence of neutrino oscillation [1-5] confirms that the lepton flavor number
is violated in the neutral lepton sector. This is great motivation to search for many lepton flavor
violating (LFV) processes; the ones we focus on in this work are the LFV decays of the charged
leptons e, — ¢,y and the standard model-like (SM-like) Higgs boson (LFVH) h—>e;te;f. The
charged lepton flavor violating (cLFV) decays ¢, — ¢,y are constrained by experiments as
follows [6,7]:

Br(t = uy) <44 x107%, Br(t = ey) <33 x 1078, Br(u — ey) <4.2x 10713, (1)

Upcoming sensitivities will be of order 1072 and 10~'* for decays T — puy,ey [8,9] and u —
ey [10], respectively. LEVH decays have been investigated in many models beyond the standard
model (BSM). On the other hand, the latest experimental constraints are: Br(h — t5u¥) <
2.5 x 1073 [11], Br(h — t*eT) < 4.7 x 1073 [12], and Br(h — p*e¥) < 6.1 x 107> [13]. The
future experimental sensitivities may be 1.4 x 1074, 1.6 x 107* and 1.2 x 107>, respectively
[14]. The small upper bounds of the cLFV branching rates suggest the explanation that they
come from loop corrections relevant to LFV sources, including ones available in the neutral
lepton sector. For models consisting of these necessary tree-level couplings to accommodate
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neutrino oscillation data such as the Zee model [15], the constraints on the LFV sources such
as Yukawa couplings are very strict [16,17]. Therefore, new scalar masses must not be heavier
than 300 GeV in order to successfully explain the recent (g — 2) data [16,18], while the LFVH
decay rates are small [17,19].

To explain the neutrino oscillation data, the BSMs with the general seesaw (GSS) mecha-
nism also result in LFV decays. But the versions adding only heavy seesaw type I neutrinos
predict suppressed LFV rates that are much smaller than the upcoming experimental sensitiv-
ities [20,21]. In contrast, the models with only new inverse seesaw (ISS) neutrinos can predict
large LFV rates. In addition, LFVH rates may be large in the regions satisfying constraints of
Br(ep — e,y) [22-25]. On the other hand, LFVH rates may be smaller when other constraints
are considered [26,27]. In the supersymmetric (SUSY) versions of these models with new LFV
sources from superparticles, LFVH rates may reach large orders of O(107°)[20,28-36]. LFVH
decays were also addressed with other experimental data in many other non-SUSY extensions
of the SM [37-66]. Many BSMs predict that the strong constraints of cLFV decay rates Br(e,
— ¢,y) give small LFVH ones, or suppressed (g — 2),,.

Unless there is some specific condition on the appearance of very light new bosons, the above
cLFYV constraints will result in small new one-loop contributions to the anomalous magnetic
moments (AMMs) of charged leptons (g — 2),,/2 = a,,, in contrast with recent experimental
data. Namely, the 4.2 o deviation between standard model (SM) prediction [68], combined con-
tributions from previous works [69-94], and muon experiments [95,96] is

Aa)t = — g™ = (251 £0.59) x 1077 ()

n w

This result is slightly inconsistent with the latest one, which calculated the hadronic vacuum
polarization for the SM prediction based on the lattice QCD approach, giving a combined
value reported in Refs. [77,78,97] closer to the experimental data. This value was shown to fit
with other experimental data such as global electroweak fits [98—100].

Regarding the electron anomaly, a 1.6 0 discrepancy between SM and experiment was re-
ported [101]:

Aa? = — M = (4.8 £3.0) x 1075, 3)

The recent studies of cLFV decays in the regions satisfying the AMM data were done in some
specific models such as SUSY with the largest Br(h— 1) ~ O(10~4) [102]. Other BSMs con-
taining leptoquarks can explain the large Aa)" ~ O(10~") [103].

Recent work has discussed an extension of the 3-3-1 model with right-handed neutrinos [104—
106], named the 3-3-1 model with inverse seesaw neutrinos (331ISS) [107], with the aim of
giving an explanation of both the (g — 2),, data and the neutrino oscillation data through the
ISS mechanism. The model needs new SU(3); gauge singlets including three neutral leptons
X,z and a new singly charged Higgs boson 4% to accommodate all the experimental data of
neutrino oscillation, the cLFV bounds in Eq. (1), and the Aq,, in 1 o deviation given in Eq. (2).
Although cLFV and/or LFVH decays were investigated previously with promoting predictions
for the 3311SS [108-111], the AMM data was not included. Our aim in this work is filling this
gap. We note that other 3-3-1 models [112-115] constructed previously can accommodate the
(g — 2), data only when they are extended, such as adding new vector-like fermions or/and
scalars [116-120]. But none of them paid attention to the correlations between LEFVH decays
and (g — 2),, anomalies.
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Our paper is organized as follows. In Sect. 2 we discuss the necessary ingredients of a 3311SS
model for studying LFVH decays and how the ISS mechanism works to generate active neu-
trino masses and mixing consistent with current experimental data. In Sect. 3 we present all the
couplings needed to determine the one-loop contributions to the LFVH decay amplitudes of
the SM-like Higgs boson, cLFV decays, and (g — 2),,. In Sect. 4, we provide detailed numerical
illustrations and discussions. Section 5 contains our conclusions. Finally, the appendix lists all
of the analytic formulas expressing one-loop contributions to LFVH decay amplitudes calcu-
lated in the unitary gauge.

2. The 3311ISS model for tree-level neutrino masses

2.1 Particle content and lepton masses

We summarize the particle content of the 331ISS model in this section. We ignore the quark
sector irrelevant in our work, which was discussed previously [121,122]. We also ignore many
detailed calculations presented in Ref. [107]. The electric charge operator defined by the gauge
group SUQ3), x Ull)yis Q= Tz — %@Tg + X, where T3g are diagonal SU(3), generators.
Each lepton family consists of an SU(3), triplet L, = (va, €a, Na)} ~ (3, —%) and a right-
handed charged lepton eqsr ~ (1,—1) with @ = 1, 2, 3. The 331ISS model contains three
neutral leptons X,z ~ (1,0), a = 1, 2, 3 and a singly charged Higgs boson o* ~ (1,£1).
There are three nggs triplets p = (p;, p% )T ~ 3, 2., n = (), n~ . n)T ~ (3, —1),and x =
(Xl, X5 X5 NHT ~ (3, —%). The vacuum expectatlon Values (VEVs) for generating all tree-level
quark masses and leptons are (p) = (0, 2%, 0T, (n) = = (.0, 0)T, and (x) = (0, 0, ’Z)T. Two
neutral Higgs components have zero VEVs because of therr non-zero generahzed lepton num-
bers [107] corresponding to a new global symmetry U (1), [122].

In the 331ISS model, nine gauge bosons get masses through the covariant kinetic Lagrangian
of the Higgs triplets, £ =3, _ (D H)T (D*H), where D, =9, —igY>_, WiTe —
igxT°XX,,a=1,2,..,8 and T° = f and 1 for (anti)triplets and singlets [123]. There
are two pairs of singly charged gauge bosons, denoted W* and Y*, defined as
Wile}:Flef YizW/f:I:zW,Z @

" N N
with the respective masses m?, = & (v2 +12) and m3 = £ (w? 4 12). The breaking pattern of
the model is SU(3); x U(l)y — SU2). x U(l)y — U(1)g, leading to the matching condition
that W= are the SM gauge bosons. As a consequence, we have

372
P2 =12 = (246 GeV)?, X = ﬂ, osw = e,
& J3-4s,

where e and sy are, respectively, the electric charge and sine of the Weinberg angle. Similarly
to the two-Higgs doublet models (2HDM), we use the parameter
Vz

tg=tanf = - (6)

©)

which leads to v; = veg and vy = vsg.
The Yukawa Lagrangian generating lepton masses are:

_ 1 .
L) = =y Lapesr + e’ (Ly)i (Lp)pr — Vi Xorx 'Ly — E(Mx)abXaR (XpR)"

— Y5 (Xur)eprot + Hec., (7)
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.
hevi

s Sap, With the

where a, b =1, 2, 3. The first term generates charged lepton masses as m,, =

assumption that the flavor states are also physical.

In the basis 7, = (vz, Nz, (Xz))", the Lagrangian in Eq. (7) generates a neutrino mass term
written in terms of the total 9 x 9 mass matrix consisting of nine 3 x 3 sub-matrices [109],
namely

1 O3 m}; O;
_‘Crvnass = E(n/L)cMUn/L + H.C., Where MU = | mp 03 M’]IQ‘ , (8)
O3 Mrp uy

where (7)) = ((vp)", (NL), X&)Y, (MR)ap = yi‘b%, and (mp)ap = —(Mp)ap = ﬁh;bvl, with
a,b = 1, 2, 3. The matrix uy in Eq. (7) is symmetric, and can be considered as a diagonal
matrix without loss of generality.

The mass matrix M" is diagonalized by a 9 x 9 unitary matrix U",

U'TMYUY = MY = diag(m,,, my,., ..., m,,) = diag(i,, My), )
where m,,, (i =1, 2, ..., 9) are masses corresponding to the physical states #;,. The two mass
matrices m, = diag(my,, m,,, m,,) and My = diag(m,,, my,, ..., my,) consist of the masses of
the active n,; (a = 1, 2, 3) and extra neutrinos n;; (I =1, 2, ..., 6), respectively. The following
approximation solution of U is valid for any specific seesaw mechanisms,

Upmns  Osxe L — IRR R
U'=9Q , Q~ 2 , 10
( Oex3 14 —Ri Is—iR'R (10)

where R, Vare 3 x 6 and 3 x 6 matrices, respectively. All entries of R must satisfy |R,;| <1, so
that all ISS relations can be derived perturbatively.
The relations between the flavor and mass eigenstates are

ny=Ung, (1) = U™ (n)" = Unp, (11)
where n; = (nz, nor, ..., nor)', and the Majorana states are n; = (n;z, nig)".
The ISS relations are

R; = m%M‘l, R =—-Riux (MITQ)_l ~ O3, (12)

* i * ~ prt T 31 -\ T
my = Ripy Ry = Upyinstiy Upyins = mp My iy (M) mp. (13)

. 1 . 1

V*MyV =My + S MyR'R+ SR'R My. (14)

From experimental data of m,, we can determine all the independent parameters in mp and
three entries of M~ = My uy (Mgl)T [109,121]. Namely, the Dirac mass matrix has the an-
tisymmetric form

mp = ze'* x ip, (15)
where a3 = arg[h},], rip is an antisymmetric matrix with (7i1p )23 = 1, and
2= 2 |h5| = V2 |hb5] = zocg (16)

is a positive and real parameter. Equation (13) gives (m,);; = [mIT)M “Im D]ij forallij=1,2,3,
leading to six independent equations. Solving three of them with i # j, the non-diagonal entries
of M~! are functions of M I and X12,13. Inserting these functions into the three remaining
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relations with i = j, we obtain

(my)3; — (my)11 (my)33 (ip)ar = (my)12 (my)13 — (my)11 (my)23 (17)
m)13 (Mu)as — (Mo (M) 20 (m)s (my)as — (my)1a ()3

(mp)ar =

and Det[m,] = 0. From M~! = My 'y (Mlgl)T we derive that three parameters of the matrix
wy are certain but lengthy functions of (ze®>), all entries of My and m,. While m, are fixed by
experiments, all entries of My are free parameters. We will fix ap3 = 0, because it is absorbed
nto iy.

In the limit |R;| < 1, the heavy neutrino masses can be determined approximately based on
Eq. (14), namely

V*MyV~ My. (18)

We define the reduced matrix Mg = z Mg, (M R)ij = k;j, provided that R} = —1p/ Mpg. The
matrix My is always diagonalized by two unitary transformations V7 g [124]:

VIMRVr = z x k = z x diag(ky, ka, k3), (19)

where all lAq,z, 3 are always positive and k, > 1 so that all ISS relations are valid. Therefore, Mz
is expressed in terms of k and Vr.r- Then the matrix V'in Eq. (14) can be found approximately

as
1 (Ve Vg T k Osag

= — V MyV = S 20

ﬁ(VL —iVL) - N = O3x3 k (20)

As a consequence, for any qualitative estimations we use the approximation that heavy neutri-
NOS MAsses are My, , = My, =~ zk, with a =1,2,3; Ry ~ O3; and

<I3 - %RzRD Upmns \%Rz |47 %RZVL
v= O3 5 7 . 1)
. : |
R (5= (65

We have checked and confirmed that the above approximations give numerical results consistent
with those discussed in Ref. [107]. Therefore, these approximate formulas will be used in this
work. m, is chosen as the input with 3 o neutrino oscillation data to fix 77p. The free parameters
20, lAq, 2.3, and Vg will be scanned in the valid ranges to construct the total neutrino mixing matrix
U" defined in Eq. (21). Because

RoVi = mh Vik™,  RyRL = il Vrk 2ip, (22)

which do not depend explicitly on V7, it has a weak effect on all relevant processes. We will fix
V; = I from now on.

The Lagrangian for quark masses has been discussed previously [121,122]. Here, we just recall
that the Yukawa couplings of the top quark must satisfy the perturbative limit /%; < Var,
leading to a lower bound for vy: vy > ﬁT’"ﬂ’. Combined with the relations in Egs. (5) and (6),
the lower bound for #g is tg > 0.3. The upper bound for g can be derived from the tau mass,
M. = hdy x vep/2— iy = moN/2/(veg) < /4, leading to the rather weak upper bound 75 =

/l/cé — 1 < 346.
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2.2 Higgs bosons
The Higgs potential used here respects the new lepton number defined in Ref. [122], namely

Vim0 [13STS + s (575)" | + 2n(rn)oT0) + Asim ) + 2o o) 30
N
+ 220 p)(0"n) + Ais( ) (") + Ra3(p X)) (x 0) + V2w f (e’ x* +hoc.)
+otom [Mi + Z%STS} + [falo'mo™ + fy(pTx)o™ +he]. )
S

where f'is a dimensionless parameter, and f, , are mass dimensional, S = n,p,x. These three
trilinear couplings softly break the general lepton number £. For simplicity, we fix f;, = 0 by
applying a suitable discrete symmetry. The last line in Eq. (23) contains all additional terms
coupling with new charged Higgs singlets compared with the Higgs potential considered in
previous works [107]. They do not affect the squared mass matrices of both neutral CP-odd
and CP-even Higgs bosons. The minimum conditions of the Higgs potential, as well as the
identification of the SM-like Higgs boson, have previously been discussed in detailed [33,125],
and hence we just list the necessary results here. The model contains three pairs of singly
charged Higgs bosons hfm and two Goldstone bosons Gﬁ,’y of the singly charged gauge
bosons W= and Y%, respectively. In the limit of f, = 0, the singly charged Higgs masses are

- B R
mf,li = (M% + ;;‘—ZJ, m% = (V’c; +w?) (% + flﬁ), and szin = szi; = 0 [125]. The mass of
the Higgs singlet o = hgﬂ is a function of w? and A%. With £, # 0 as considered in this work, the

relations between the original and mass eigenstates of the charged Higgs bosons are

nt —sg CaCp SaCp\ [ Gy N "
+ + 0> —so ¢\ [ Gy
o | =1 ¢s CaSp  SaSp h |, 1= c p JER (24)
o* 0 —Sg Ca h;ﬁ X v o 3
where ty = v;/w, and
Cpsp <2€§‘m/211i + 2S§m1212i — ilzvz) \/Ecasa(mflzi — mﬁf)
/= 2w? = v ’
1
u2 = 3 <2cimi§: —? (cékg + S%)ff) + 253/;1,2111 - Ang) . (25)

These results are consistent with Refs. [123,125,126] in the limits of s, = 0,£1. The results given
in Egs. (24) and (25) were obtained by solving the following 3 x 3 squared mass matrix in the
basis (n*, pi=, o %):

bl ~ o .
f[—j + 3G fo? + 5ephiaspy Cfig”
M2 = | fo? + deghnsg?  fipe® + 1Rt Lo . (26)
. . 2 b4 2
= b (gean) s B e

We will find out that the Higgs masses My, and the mixing angle « are functions of the Higgs
parameters in the Higgs potential.

The model contains five CP-odd neutral scalar components included in the five neu-
tral Higgs bosons n = (v2 + Ry + i[)/~/2, 0° = (v + Ra + ih)/N2, x) = (0 + R + il3)//2,
17(2) = (Ry + il)/~/2,and X? = (Rs + il5)/+/2. Three of them are Goldstones bosons of the neu-
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tral gauge bosons Z, Z’, and X°. The two remaining are physical states with masses
2 2 2 2 o, b 2 »’ 2
m, = (sﬂv +w ) flﬂ + §k13 s oMy, = f % + cpspvT ). (27)
As a consequence, the parameter f must satisfy f > 0.

Considering the CP-even scalars, there are 2 x 2 and 3 x 3 sub-matrices for the masses of
these Higgs bosons in two bases (79, x!) and (n?, p}, x?), namely

—C’g;‘ﬂw_ + 2s§k1v2 cpsphivt — 0 f  w(sghiz — cpf)V
2 . spfa? :
M0,3 = CﬁSﬁ)»lzvz — a)zf % —+ 20%)\21’2 a)(clg)»zj; — s,gf)v )
w(sghiz —cg ) o(cghay —spf)v  2h30* + cgspfV?

M2, = (1%‘0? (5»13 + zi—f;f) 1%‘”(}133/3 + 2¢pf)v ) _ (28)
’ sw(A3sg +2¢pf)v  585p(Ai3sp + 2c5 f)V?

The matrix Mg, has one zero value and m;, = <£ + %

Goldstone boson of X and a heavy neutral Higgs boson hg with mass at the SU(3), breaking

scale. On the other hand, we see that Det[ng] # 0 but Det[M§,3]‘V:0 = 0, which implies that

there is at least one Higgs boson mass at the electroweak scale that can be identified with the

SM-like Higgs boson. In particular, it can be proved that

) (slz3 v+ a)z) corresponding to one

Sp g 0
Ct Mg;ClT| _, = diag (0, 2a3w”, fw*/(spcp)). Cl=|—-cs s5 0], (29)
0 0 1

and CY' M3 ,CT = M}, satistying:
) 2 (4 2, 2 4
(M0,3)11 =2v (Cﬂ?xz + Cﬂ)qzsﬂ + Xlsﬂ) ,

P
w

= 20?35/23"2()\1 — A2+ A2) + f—
CpSp

3= fCﬁS/gVZ + 2)»3602,

= (M(/)%)Zl = cﬁsﬁvz (S%()»]z - 2)\.1) - 6/23()\.12 - 2)\.2)) s

(M6?3)32 = (M6?3)23 =vo (fc; — fs5+ cpsp(has — Ai3)) - (30)

Therefore, there is a unitary transformation CJ with (Cé’)l./. ~ O®/w) (i # j) such that

CEMZCAT = diag (2. nr2y, nr2, ) and m2, ~ O(2) [109,127,128]. Hence, A{ is identified with
’ 1 Gl 3 G

the SM-like Higgs boson found at the LHC, namely h? = h. For simplicity we fix Cg = I3 in this

work, and use the relations (1), p{, x{) = CIT(h9, h3, hY) in our numerical investigation, where

only ’7(1) ~ Ry and p? ~ R, give contributions to A%, namely
Ry = sph) — cghS, Ry = cph’ + sghd. (31)
This assumption leads to the consequence that ny is independent of the Higgs self-couplings

related to one-loop decays h(l)—>eaeb, as can be seen as follows:

3
—Lh=Vy= > —gufhih; + ..., (32)

ij=1
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where the non-zero 8nvij = 8hji are

i 2s2 <m2 —m? )
gt = —ve | (2355(h — Az + M) + Aia 4 dia) + 1 (GAS + s5A7) +

g = —vey | fo (2c555(M1 — Az 4+ A2) + Az + An2) + (cjAT + s5A7) —

V2 ’
2 2 2 2
— S m —m
8h12 = —CaSaV | 255C5(A1 12 2) = SgAy — CgAg 12 12 ) )
gn3z = —V [6}23 (26’5)\2 + Sé()u23 + 5»23)) + S/23 (Cg)\.lz =+ )\13S§) + cﬂcg (2fs,g + CﬁiB)] . (33)

In the next section we derive all of the remaining couplings giving one-loop contributions of
the decays mentioned in this work.

3. Couplings and analytic formulas
3.1 Decays e, — e,y and (g — 2),,
The couplings of charged gauge bosons giving one-loop contributions to LFV amplitudes are:

a_lll

All the calculation steps to derive these couplings were presented in Ref. [109]. From now on,
we always choose that m,, > m,,, equivalently b > a = 1,2,3, to define the decays e, — ¢,y.
One-loop form factors from charged gauge bosons are [129]:

Canyr(W) = o 2 Z U Fy (xw i)
mi, P
€g2 v vk I
canr(Y) = Ey Ry Z Ula3)iUpy3yifv (xvi) (35)
Y =

where x,,; = m2 /mZ; v =W.Y;

10 — 43x + 78x% — 49x3 + 4x* + 18x° ln(x)

F =— 36
v(x) 24(x — 1)* (36)
e = J/4maen 1s the electromagnetic coupling constant; and g = e/sy.
The Yukawa couplings of charged Higgs bosons with leptons are defined by
33 9
L = £ SN S (A" P+ 25 Pr) ea + hc., (37)

V2my k=1 a=1

i=1
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where

3
AR VYUSO‘ ALl io3 % Uy
ai meucatﬁ (c+6)z’ ai = CaSpz0€ (71D )ac (e+3)i°
c=1
3
R2 vY2cy L2 i ~
Mgi” = M, SatpUy™ + Z Ulies mi” = SaSpz0€™™ > (1p)ac Ul 43
c=1

me,coU Y™ 3 3 Y
a L TO W sz Y [ iU + BT G8)

g

The interactions given in Egs. (34) and (37) also give tree and loop contributions to the lep-
ton flavor conserved decay u~— e v,v,. Regarding the gauge couplings given in Eq. (34), the
couplings of Y* with active neutrinos are zeros because Uiian = Upuzp = 0, the difference
of the couplings of W with active neutrinos and charged leptons between the SM and the
331ISS model under consideration is |%(R2R;r U)w| < 1. Regarding the Higgs boson contribu-

tions, only AL:® may give large contributions to the decay amplitude M‘—w‘ﬁé V., because the

ai

remaining couplings are always proportional to gm, tg/my < 1 or U 32U = = 0. Assum-
5 L3

ing ty = 0 for very large SU(3); scale w > v, we have a crude approximation that |1 ;”| < z.
The large values of |13 appear because h3 ~ ,02 , which has couplings with active neutrinos
e, (vpr) py ~ )y ~ (mp)a derived from the second term in the Lagrangian in Eq. (7). Based
on the well-known formulas of the partial decay width I'(uw — 3e) at tree level given in the
Zee—Babu model [141], the coupling A" leads to a deviation of the decay width of the decay

w-—e v,v, between the 331ISS model and the SM as follows:

F33HSS(M—_)6—UEVM)

'SM(u=—e v,v,)

2 2
)\,L'3 2 2
{' | } :[ il } <107, (39)
4mh2 4mh3i

The constraint is derived from the mean lifetime of the muon [132]. The derivation of the for-
mula in Eq. (39) is summarized as follows. The total amplitude is iM = iMy + iM;+, where
My and M+ are the contributions from the W and charged Higgs bosons, respectively. In the
low-energy limit we have

18T3IS (= e T, = ‘ — 1|

g _
My ~ MM ~ WWWVMPLMM][%VMPLVW],
w

Mz ~ — x [y, (A Py + A% Pr) w, ][, (V" Pr + 27 PL) v,,].

25y
Now it can be proved that |[M|? = [My|> + | M;=|? because M v M= has an odd number of
gamma matrices in the trace and m,, m,,, m,, > 0, leading to M7, M+ = 0.

In the numerical investigation, we choose m: >z x 104/5 to accommodate the con-
straint in Eq. (39). Now we can assume the approximation that T'33'SS(yu~—ev,0,) ~
'M(~—e77,v,,). This approximation for calculating the cLFV decay rates is consistent with

many works published recently [139,140].
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The one-loop form factors are [129]

canr(h) = 2728 M- Z [ D g m, Fy (k)
w ‘b —1
+ (mebAL k*,\;:k + g ARRe R ) B (e ,)] (40)

where b > a, x;.; = m;, /m;.., and the one-loop functions Fj(x) and Fy(x) are
! k

1 —x*+2xIn(x) ~ —1 4+ 6x — 3x? — 2x% + 6x% In(x)
Fo(x) = — C Fy(x) = — . 41
H(X) A1) H(x) 2 1) (41)
The total one-loop contributions to the cLFV amplitude e, — e,y and Aa2*''S ar
3
Capr =Y Canr(X)+ Y canr(hiy),
X=W.Y k=1
Me,
Cayr = (Canr[a < b]) x —=. (42)

€p

The second line of Eq. (42) is derived from the equality c(pur(x) = (c(unr(x)[b <> a]) x
(me,/me,) forallx =W, Y, hfz’ ;- The formulas for the contributions to a,, are:

4m? 4m?

-1
_ €q _ mea J / _ eg2
e, = —TRC[C((M)R] = —mRe[(/(aa)R], c(ab)R = Cab)R X W . (43)

One-loop contributions from heavy neutral Higgs bosons are very suppressed, hence they are
ignored here. The deviation of «a,, between predictions by the two models 331ISS and SM is

Aa,, = Aaijllss =a,, — aZM(W), (44)

where a;M(W) = 5¢°nm;, /(967 m3, ) is the SM’s prediction [130]. In this work, Aa, is consid-
ered as new physics (NP) predicted by the 3311SS, used to compare with experimental data in
numerical investigations.

The branching ratios of the cLFV processes are [129]

6
Br(ey—e,y) =~ O;:m <

2 2
CEab)R‘ + ‘Czba)R‘ >Br(eb_>eav_avh), (45)

where Gp = 1/(+/2v?), consistent with previous results [109,126] for 3-3-1 models.
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The formulas for U” given in Eq. (21) result in approximate expressions for ¢z and cpqr
with b > a as follows:

3

/ 5 =2~ oy * [ — by I /

(W) = —ﬁ[ — (i}, Vrk 2mD)ab] + Y i Vik ™ ae R Vik ™ YoeFir (X)),
e=1

2
CEab)R(Y) - mgV Z(VR)aeVR)beFV(xY e)
V' oe=1

/ * ~ 7 V820528 o ~ ,
C(ab)R(h:f:) = 2 Z( VR)ue {cisé(m{)VRk l)be — —4mb [Y TVR]be} keFH(xe’l)

hli e=1
cészz(z) 3 N
2/3 Z(mz) VR) e (D VR)be Fr (X, 1)
ny .
hi  e=1
1 mﬁ Cf,fé Mg, VSaCalp [me t
SR e “ (RY?) +(YGTR>
24 mi]i «/Em%li €) ab 2 ab
gz/tz Vzt(%mea oT oT *
+ ZFH(xL e [(RoVD)ae(R VL] + 5= [(Y7 VR)ae( Y VR), ]
e=1 mhi mebmh?:

2

Mg, VSa Calp [ M,
’lnhli

(RV1)ae (YO VR, 4+ (YT VR)ae (R VL)i;e] } :

€b

/ +\ +
Caryr(5) = Capyr(h7) [mhli—>mh§c, Cq—>Sq» Sg—> — ca} ,

2 3
/ L,
) = = {)_1 [ (oo Viek™) (Vi) ke (5,)| = 57 (i),

2
n Z |:(ﬁ1Dn~a*DVRl}1> (ﬁanﬁDV,;‘ifl) + 2 () bL(VR)ae} FH(X63)] (46)
e=1 “ be 0 'B

where the equalities in Eq. (22) were used. In addition, we ignore the minor contributions pro-
portional to R;Rz, and RzR; Because only two terms relating to R, Y° and RERZ depend on
V', but give small one-loop contributions to Aa,,, we fix V', = Iz without loss of generality.
The expressions for ¢ r and cpqr given in Eq. (46) give some interesting properties. First,
all terms are proportional to 1 /m/%, hence large | Aa,,| corresponding to large |c(.q)r| Will prefer
small mlzﬁf. In contrast, experimental constraints on cLFV decay rates require small |¢5) | and
[cpayr], hence mif should be large. It is easy to get small Br(e, — ¢,)) with enough large s,
but difficult to get large |Aa,,|. Previous numerical investigation has shown another situation
[107], where small mif are needed for large Aa,, and the destructive correlations between par-
ticular terms in c(p)r and ¢pq)gr Must appear to result in small Br(e, — ¢,)). The structure of
the mass Dirac matrix 771 strongly affects these destructive correlations. As we will see, the an-
tisymmetric property of 72p and the neutrino oscillation data fix a certain form of 72p, namely
the fixed values considered in this work are (#1p )32 = —(#iip )23 = 1, —(11p)12 = (1ip)a =~ 0.613,
—(mp)i13 = (Mp)s; ~ 0.357,and (771p )11 = (Mp)r = (Mp)s3 = 0. They do not support large ab-
solute values of the diagonal entries relating to ¢,)r. Therefore, for the simple case of Vg
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Table 1. Feynman rules for one-loop contributions to (g — 2) anomalies, ¢, — ¢,), and h?—> eqep in the
unitary gauge; po and p,. are the incoming momenta of /49 and hf, respectively.

Vertex Coupling
0— igme,
hleaea T 2my
07— ] 0 0
hll’lﬂ’lj — z’fw ()‘ijPL + )\.i}kPR>
+— —— —ig Lk Rk
hk n;ep, hk eqN; x/j_mw <)\bi PL + )‘bi PR>,
i (Aﬁ;k*PR + Af;k*PL>
W ey, W ean; FUG V" P, FUsy"PL
_ S ig g
Y:I’l,’E},, YM e Nn; A ﬁU(]::kS)iVMPL’ TEU(1;+3)[J//‘-PL
WY, hy Yy 58¢pco(py — po), —58cpco(p— — po)*
W W, igmyg"’
" Yy, igcgsomygh”
= I3, degenerate values of heavy neutrino masses ki = ky = 1233 and Y7 = O;,3 will give

Cab)r ~ Mpity,. As a result, the constraints on cLFV decays always exclude the regions of pa-
rameter space predicting large (g — 2).,,. This conclusion is completely consistent with the
numerical results reported in Ref. [107]. In addition, the presence of o* and non-zero Yukawa
coupling matrix Y is necessary to explain the 1 o range of (g — 2), obtained by experiment.
Additionally, the formulas given in Eq. (46) explain explicitly that large Aa,, also needs large
0. Also, large 4 and non-zero Y° support more strong destructive correlations to guarantee
that (e, — e,) satisfies the current constraints.

Finally, we emphasize that the (g — 2). data and LFVH decays have not previously been
discussed for the 331ISS model. Our numerical investigation showed that large (g — 2). re-
quires nonzero values of s,, which was not considered in Ref. [107]. In addition, large values
of Y3} 33 53,3, should be investigated carefully because they may result in too-large Br(i — 7 ),
which may be excluded by the experimental constraints.

3.2 Decays h)—e,ep
The Yukawa couplings h‘l) ff, namely

9

g 1 _ _
ﬁhY?ff = _mh? 3 Z n; ()L?].PL + kg*PR> n;+meeqe, |, 47)
i, j=1
where
3
W= (U:,. Uiy, + UL Uc"jmn/) : (48)
c=1

are symmetric coefficients X?j = A‘j).i corresponding to the Feynman rules given in Ref. [124].
All of the Feynman rules for couplings involved in LFV processes at one-loop level are listed
in Table 1, where we used sy = gvi/(2my). We focus on the limit of tiny 7y >~ sy = 0, and the
suppressed deviation of the SM-like Higgs mixing mentioned previously [109,127]. Namely,
they will be fixed to be zeros in the numerical calculations.
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(p1 +p2)

e+
b

Fig. 1. One-loop Feynman diagrams contributing to the decay h(l)—> eqep in the unitary gauge. Here, '+ =
W Y: kil=1,2,3.

The effective Lagrangian and partial decay width of the decay h?—>ejte§f are

LYV = 1) (AyreaPres + AwnreaPres) + Hee.,

0 I 0 4y M 2 2
T (hl—eqsep) =T (h{—e,ef) +T (hj—>ele,) = - (I1A@LI” + [A@yrl) (49)

where the scalar factors A1 z are loop contributions here. In the unitary gauge, the one-loop

Feynman diagrams contributing to Az, g are shown in Fig. 1. The valid condition Mo > Mg

was used in Eq. (49), where m,; are the lepton masses satisfying p% , = mi , and pflo =+
’ ’ 1

p2)* = my,. The branching ratio of LFVH decays is Br(h{—e.e;) = T(h{—eqe)/T}j0, where
0 1
T ~ 4.1 x 107> GeV [131,132]. The Az can be written as
1

10
_ ()4 Y
AwhLr = Z A(ab)L,R + Z A(ab)L,R’ (50)
i=1,5,7,8 i=1

where the analytic forms of AE%]L, r and AEQbY)L, r are shown in the appendix. There are a num-
ber of tiny one-loop contributions, which we will ignore in the numerical calculations. They
are calculated using the unitary gauge with the same techniques given in Refs. [25,109]. The
contributions from diagrams (2), (3), and (5) in Fig. 1with Y* exchanges have suppressed
factors cgmsy, /m3,. The one-loop contributions from diagram (6) are suppressed with heavy
singly charged Higgs bosons, which we checked consistently with the result mentioned in Refs.

[67,109].

4. Numerical discussion

In this work we use the neutrino oscillation data given in Refs. [132,133]. The standard form of
the lepton mixing matrix Upwmns 1s a function of three angles 6;;, one Dirac phase §, and two
Majorana phases o and «» [134], namely

Ulfl\]ggs = f(Slz, 513, 523, 3) X diag (1, eial, eiaz) s

1 0 0 13 0 S13€_i3 Cc12 s;2 0
S(s12,513,523,8) = |0 c3 523 0 1 0 —si2 e 0], (5D
0 —S823 23 —S13€i(S 0 C13 0 0 1
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where s; = sin 6y, ¢;; = cost;; = /1 — sfj, ij=1,2,3(</),0<6;<90°and 0 <§ <360°.
The Majorana phases are chosen in the range —180 < «; < 180°. For numerical investigation,
we choose a benchmark corresponding to the normal order of the neutrino oscillation data as
the input to fix mzp such that s%z =0.32, s§3 =0.547, 3%3 = 0.0216, Am%l = 7.55 x 10~[eV?],
Am§2 =2.424 x 1073[eV?], § = 180°, and «; = a» = 0. Consequently, the reduced Dirac mass
matrix mp 1s fixed as

0 0.613  0.357
ip=|-0613 0 1. (52)
0357 -1 0

The best-fit point for the normal (inverted) order is § = —1.89f8:;8(—1.38f8:‘5‘2) # 180° [133],
which rules out the value 180° at 95% confidence level. But it is still allowed in the 3o
range. The other quantities corresponding to the best-fit point are s3; = 0.53, Am3; = 7.53 x
1075 [eV?], Am3, = 2.45 x 1073 [eV?], leading to a new sip with (11p)1> = 0.546¢%!13 and
(1p)13 = 0.453¢7°2% The existence of the non-zero CP violation § # 180° will lead to the
complex values of the two entries of 71p instead of the real ones given in Eq. (52). These imag-
inary parts result in non-zero values of Im[c(4)r], which is enough to give large Br(u — ey) >
4.2 x 10713 in many regions of the parameter space, even when Re[c(u)r] = 0. Therefore, many
very complicated relations between parameters must be satisfied to guarantee that all Im and
Re parts contributing to these cLFV decays satisfy the experimental constraints. In this work,
the limit § = 180° is fixed for simplicity.

The mixing matrix Vg is parameterized using the formulas given in Eq. (51), Viz =
S (875, 815, 855, 0) with |sfj| < 1. The remaining free parameters are scanned in the following
ranges:

k235, 600[GeV] < my: < 1500[GeV],  su| < 1, max[|Y[] < 1.5,
ts € [30,70], 400[GeV] < z < 1200[GeV], (53)

and myz = 40TeV, so that the decay width of u~—e Vv, is consistent with that predicted
by the SM. In addition, the collected points satisfy maxl(RzRi)abl < 1073 with all a,p = 1,
2, 3. This constraint also satisfies many other recent experimental results such as electroweak
precision tests and cLFV decays [142-145]. The experimental parameters are Gr = 1.663787
x 107°[GeV~2], g = 0.652, apy = */(47) = 1/137, 53, = 0.231, m, = 5 x 107* [GeV], m,
= 0.105 [GeV], m,; = 1.776 [GeV], my = 80.385 [GeV], Br(u—evev,) =~ 1, Br(t—ev,v;) =
0.1782, and Br(t— v, v;) 2 0.1739. We note that the upper bounds of my, and 74 are based
on the previous work to accommodate large values of Aa,. Chosen the scanning range of #4
also satisfies the perturbative limit mentioned above.

We comment here on the results obtained previously in Ref. [107], where large 75 > 50 and
small values of singly charged Higgs bosons h,‘f (k =1, 2) are required for large (g — 2),, satisfy-
ing the 1 o experimental data of (g — 2),, and all constraints from cLFV decays e, — ¢,y . But
only the case of 5, = 0 and non-zero Y3} 35 53 3, Was mentioned. Our numerical investigation
shows that this case results in small Aa,, which cannot satisfy the 1o range of the experimental
data given in Eq. (3). Without o *, we obtain two maximal values of Aa, that Aa, <2.5 x 10714
and 1.5 x 10~!* for the NO and IO schemes, respectively. Hence, determining the regions of
parameter space giving large Aa, will be very interesting.
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For the above reasons, we focus on the regions of parameter space giving a large Aa, that
satisfies the 1 o experimental data of (g — 2),. as well as all current constraints of cLFV decay
rates Br(e, — e,)). The investigation shows that the 1o range of Aa, € [1.8 x 10713, 7.8 x
10~13] can be obtained easily in a wide range of the parameter space, for example with the
following fixed values of zy = 500 GeV, tg = 50, and s, = 0.5, and scanning the remaining
parameters, we have a benchmark point that My = 814.8 GeV, myz = 771.5GeV, my, = my, =
2.152'TeV, my,; = m,, = 4.365TeV, m,, = m,, = 3.156 TeV, s}, = —0.075, sty = —0.565, 55, =
—0.063, and 0 < | Y| < 0.293, which results in the following allowed values of the relevant
physical processes: Aa, =4.243 x 10713, Aa,, = 1.019 x 1077, Br(i — ey) =2.95 x 10713, Br(z
— ey) = 6.18 x 107, Br(r — pny) = 3.52 x 1078, Br(h?—pe) = 1.59 x 107, Br(hd—te) =
6.56 x 107, and Br(h)—tu) = 2.7 x 1074

We list here other interesting benchmark points of the parameter space corresponding to
large 75 = 60 that satisfy the 1o range of (g — 2)., Aa, > 0.6 x 107, and all current LFV
upper bounds. For other large ¢4 values, the results are the same.

(1) A benchmark point giving large Br(h(l)—> te) ~ O(1073):

{z0[GeV], 15, s} = (867.7, 60, 0.460}, {5} 523} = {0.377, 0.556, —0.907},
{my= [TeV]} = {0.974, 0.918}, {my s = mrso[TeV]} = {3.32, 5265, 3.341},

0.015 0.006 —0.013
Y =1-0.044 0.047 —0.108
0.003 —0.183  0.063

The corresponding values of Aa,, and LFV decay rates are

Aa, =589 x 1075, Aa, =1.077 x 1072,
Br{(n—ey), (t—ey), (t—uy)} = {8.31 x 10714, 1.28 x 1078, 4.04 x 1078}
Br(hd—{ue, te, Ti}) = {5.9 x 1077, 591 x 107>, 5.18 x 1074}

(2) There exists a benchmark point that allows large Br(h(l)—> te) ~ O(107°), but small
Br(h)—tu) < O(1077):

{20[GeV], 15, 54} = {478.5, 60, 0.993}, {5}, 15 ;) = {0.629, —0.867, —0.818},
(s [TeV]} = {0.997, 0.864), {mys,6 = mrs0[TeV]} = (2,994, 4.092, 2.378},

0.069 0.164  —0.085
Y =1-0.076 0.058 —0.199 |,
0.074  —0.180 —0.086

Aa, =4.67x 1071, Aa, =0.998 x 1077,
Br{(n—ey), (t—ey), (t—uy)} = {2.196 x 10713, 3.523 x 107°, 3.547 x 1078},
Br(hd—{ue, e, Ti)) = {5.93 x 1076, 1.88 x 107>, 6.56 x 1078},
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(3) There exists a benchmark point predicting large Br(h—eun) ~ O(107°), which is close to
the experimental constraint:

(z0[GeV], 15, su) = {1019.5, 60, 0.848}, {5}, 3,3} = {0.11, —0.89, —0.822},
{my [TeV]} = {0.671, 0.622}, {mys6 = mys0[TeV]} = {6.533, 9.657, 4.414},

0.079 0.189  —0.113
Y =1-0.094 —0.061 —0.210],
0.079  —0.241 —0.059

Aa, =319 x 1075, Aa, =0.917 x 1077,
Br{(n—ey), (t—ey), (t—uy)} = {2.37 x 10713, 2.80 x 107, 3.07 x 1078},
Br(h)—{ue, te, Tu}) = {1.85x 107>, 1.05 x 107%, 1.48 x 1073).

It is noted that large Br(/ — ey ) requires both large zo and Br(h— ) ~ O(1073), which
may be excluded by planned experiments. In this case, the numerical results show that
Br(h—tr) < O(10~%) will lead to Br(h—epn) < O(107%), which is still smaller than the
planned experimental sensitivity.

From our numerical investigation, we found that the regions allowing 1 o range of Aa, data
and cLFV constraints are very wide. But the regions allowed large (g — 2),, are difficult to
control. This is because of the large number of free parameters in the 331ISS: our numerical
code is still not smart enough to collect these points. Because of the special form of 71p, we
require a non-degenerate matrix k and strong destructive correlations between the mixing an-
gles s, and the entries of Y” in order to get small Br(e, — e,)) in the regions that allow large
Aa,,. There may exist some relations between these parameters for collecting more interesting
points allowing large (g — 2),, at 1 o experimental range. We will determine them in a future
work.

Finally, we comment on some properties of the current Z boson decay data which may put
useful constraints on the parameter space of the 331ISS model. In the limit of v/w — 0, equiv-
alently 7y = 0, for the couplings of the Z boson with all other SM particles we can see that all
masses of the new heavy neutrinos appearing in the collected points we showed above as the
numerical results are much larger than the Z boson masses. Therefore, Z bosons do have not
any new tree-level decays Z—n;n; with at least a new heavy neutrino n; (1 > 3). In addition,
all the masses of the new heavy particles predicted by the 3311SS models are heavier than the
Z boson masses, and therefore the invisible decays of the Z boson in this case are the same
as in the SM and the 2ZHDM discussed in Ref. [67]. We therefore conclude that the current Z
boson decay data weakly affects the allowed region of the parameters space we focus on this
work.

There is another cLFV decay mode Z— e e, discussed in detailed in 2HDM [67], which
is still invisible in the regions predicting large Br(# — e,ep) and satisfying all the constraints
of cLFV decays Br(e, — ¢,y). Therefore, this decay channel will not change significantly the
allowed regions of parameters discussed in this work. On the other hand, the interesting topic
we will focus on is that when the experimental sensitivities are improved, both cLFV decays of
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uw-—e v.v, and Z — e,e, may give more significant constraints on those mentioned in this
work.

5. Conclusion

In this work we have constructed analytic formulas for one-loop contributions to the LFV de-
cays of the SM-like Higgs boson h?—> eqep In the 3311SS model. We also give analytic formulas
to explain qualitatively the results of the large (g — 2),, previously reported. Numerical tests
were used to confirm the consistency between the two calculations. We introduced a new param-
eterization of the heavy neutrino mass matrix to reduce the number of free parameters used to
investigate (g — 2),,, anomalies, LFV decays e, — ¢,y, and h?—>eae;,. Our numerical investiga-
tion shows that the model can predict easily the 1 o range of experimental data for (g — 2), and
simultaneously satisfy the cLFV constraints on Br(e, — ¢,y ). But we only obtained the regions
of parameter space that give the largest values of Aa, >~ 10~°, which is rather smaller than the
lower bound of the 1o range reported recently. The reason is that the recent numerical code
used in our investigation only works in the limit of small max[|y?|] < 0.25. In these regions of
the parameter space, the largest values of Br(h(l)—> te)and Br(h(l)—> t) are order of O(10~4) and
1073, respectively. In addition, large Br(h?—t ) predicts large Br(h)— je) ~ O(1077), which
is close to the recent experimental bounds. The regions with large | Y?|,, may be more interest-
ing, which is our future work, where many other LFV processes such as Z — eje,, ey — eceqey,
and the u—e conversion in nuclei will be discussed together.
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Appendix A. Form factors of LFVH in the unitary gauge

The one-loop contributions here are calculated using the notations of Passarino—Veltman
(PV) functions [135,136] given in Ref. [27], consistent with LoopTools [137]; see detailed dis-
cussions in Refs. [33,138]. The PV functions used in this work are defined as follows: BS) =
BY) x (=1) piy with i = 1,2, and C, = 37 (=1)'p;, x Ci. As mentioned in Ref. [27], the two
Bgl) and C; have opposite signs to those introduced in Ref. [33]. They come from the signs
of p1» in the internal momenta (k — p;) and (k + p») shown in Fig. 1, where p; has an op-
posite sign, which is different from the standard notation of k£ 4 p; defined in LoopTools.
The PV functions used in our formulas are: B((){)l = By 1(p} M3, M?), Co12 = Co12(p?, (p1 +
p2)2, ph M2, M2, M3), and B\'? = By((p1 + p2)* M?, M3). In the following, when the ex-
2 and (p1 + p2)? =mi?, we use simpler

ey’

notation as follows: Cy1.2(p3, mflo, P M3, M3, M3) = Co2(M3, M3, M3), Bg)l (M2, M?) =
1 ,
Bo1(p?; M3, M?), and Bo(mi?; M2, M2) = B\ (M2, M2).

ternal momenta are fixed as pi =m’, p3 =m
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The analytic expressions Ag)z/ = AE’);)VL r for one-loop contributions from diagram (1) in
Fig. 1 are
1 1 2 1 2
ALY 64n2m Z UL {m2 (B + B + B") +miB? — (2m}, + ity ) w2 Gy
W i=1

- [mi (Zm%V + mi(l,) + 2my, (2m3y, + m, — mi)] C
— [2m%,V (mﬁ ) + mbm ] G }

9
Hw 83’”17 vrrev |2 1 2 2 2 p(l 2 2 2
AR = e Do Uit o, (B B+ BY) 4 i B0 = (20 + i) i o
W i=1

- [mﬁl <2m%V + m,zl(l,) + 2my, (2m3y, — m? + m,z,)} G
_ [MV (3 —m2y) + mﬁmi?] C } ,

A(7+8)W g mami
64n2mW(mb m2)

Z Uy [2m2 (B9 = B) + (2o +m2) (B2 = B) + m3 52— mzsY).

m
A(7+8)W a A(7+8)W
my

’

where B(()k; = B(k)(m m%V) and C0,1,2 = CO,I,Z(m;Zzi, m%,,, m%,,),

9
4 gm 12 1
NG = 2 Uy {D,-, [—mij_B(() '+ B+ il mi, Co
Wi j=1

<2mW(m +m? )+2m m —mimi — mim? )Cl]

+ D, [_B(()lz) + B(ll) +m?, Cy + (4m2W + m,zll_ + m,zlj —m2 — mg) Cl]} ,

oW _ . > (12) 2 oD )
A 64n2mW ZU Ub]{ [ m”fBO +mn_,Bl +Wln’_WIWC0

<2mW(m + m? )+ 2m? m - mﬁmi — mjm, )Cz]
n D}kjmnimn,- [_B(()lz) + B(12) + m%VCO + (4””%V + m,%l_ + mi/_ - mz — mi) Cz]} )

where D;; = Y0, UsUY, BY? = By?(m2, m2 ), B\ = BV (m},, m.), BY = B (3, m2),

cj?

2

and Cy 12 = Co,l,z(mw, m,., mnj). The analytic expressions Ag)}; = AE”;;L R withi=4,6,9, 10
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are

Y
Ay

my _
AR

(7+8)Y __
Ay =

(7+8)Y __
Ay =

gg—macﬁs" 2 (p) L p® . p) 2 p2)
64n2m ZU(a+3)lU(b+3)z{ m, (Bo +BO +B1 )+mbBl

- <2mzy + mi?) m,zll_Co [2my (2m3, +m; — my) + m;, (2my + mho)] C
+ [2m§, (mf, — mi?) + mﬁm,%?] G } ,

f & MpCpSg
64712m

2 ¢ 2) (2 2 p(l)
Z @r3)iUp+3i |1 { n; (BO '+ B(() + B )> + maBg
i_
2 2\, 2 2
= (2my +myy ) 5, Co — | 2my (2my — m} + my) +m;, (2my + th G,
+ (20 (=) - iy | 1 .

2
g3mamb Z UVt Uy
647‘[2me§,(}’}’1}) m2) (a+3)i ¥ (b+3)i

x [2m2 (B — BY) + (2} +m2) (BY — BY) = n2 B + m2BY ]

m 7+8)Y
_aA(L+)
mp

’

where Békf = Bf)k} (m; . m3) and Co,12 = Co,1.2(m;, , m3,, m3,). One-loop contributions from di-
agram (5) are

A(5)Y

A(s)y

£my,
2

2
64 meY

2 p(12) 2 p(l) 2.2
X Z U(a+3)l (b+3)] { [_mnjBO + mn’Bl + WlnijCo
i,j=1
+ <2m2W(mi’_ + mij) + Zmi’_mij - mgm2 — mim? ) Cl]
12 1
+ Dl m,, [ B 4 B+ mi, Gy + (4, + mil 4 ik — m2 = i) cl]},
g3mb
64712me§,
2 p(12) 2 p2) 2. 2
X Z U(a+3)1 (b+3)/ {D [ mn,-BO + mn/-Bl +mn,-mWC0
i,j=1

(2mW(m +m? )+2m m —mgmﬁ — mim? >C2]

+ DE [ B 4 BY 4 w2, Gy + (4m%,, +my =g — mi) Cz]} :
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where B(lz) B(lz)(m ,%/_), B(l) B(l)(my,m) B(Z) B(z)(my,m) and Cypi2=

Co,12(m3, mi mnj)a
AQY _ g3mac9c,3 Z
L 647r2me2 (as3)
x {3, [Bg” + BV (i mie — i) Gy — (m — i+ mly) €

QY _ 836’965
AR = Sttt Z U3y

{)uL mpmy, [2WIYC0 + ( Wlh + m,0> C2:|
R1|,.2 p() 2p(h) 2 2 2 2\ ¢
+ Ay |y, By T+ my By n,, \my — . + my ) Co

+ [ng/ (mlzl? — m,zj) —m? (m%, — m% + mi?)] C - 2m%m§/C2]} .

where B\ = B{"(m},, m2) (k = 0, 1) and Cy 1 > = Co.1 2(n2., m%,migi),

3)Y 836’90/3
A(L) Z b+3)l

647 2my m>,
X {Afi’l*mamni [ng,Co + (m2 mhi +m > Cl]
+ )Lfl.’l* [mfl,_BEf) + m;, B(z) 3: (m%/ — mii + mi(l)> Co
— 2 Cy + [zm2Y (m;? - mg,) — (m%, — i+ m,g?)] cz]} ,
ABY _ gjmbcecﬂ
64712me§,
Z o {1 [ B+ BY 4 (0 4 ik = ity ) Co = (il — e 4y G

— R, [(m%, + mii - mé) G+ 2m§,Cz]} ,

where B(z) B(z)(my, m? Jand Gy = Co z(m mli, mY)

9
4yt hkl
AW _ 88 3 [ AREA Lk, Co 4 AR AL, C) + /\fi”‘*x;”‘mbcz] ,

E 327r2m%V P

9
@nf hkl
AW g8 Z[ LR R K, Co 4+ ARF AR, 0 4 Aﬁ;k*xg’kmbcz} ,

32n2mW =
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where {k, I} = {1,2}, {2, 1}, {1, 1}, {2,2}, {3, 3}, gua1 = g2, and Co.1 2 = Co.1.2(m;,, m/%, m,zzli),

()
A

(6)hE

Ag

9
— L Z {)L?;‘ [AR.’k*Aé}k (B(()lz) + Wli}\iC() + miCl + m%C2>

- 2,3
64 nyy,

Ruksy R
+ kai’k*)\b]t “myy, Cy + A

ai
=1

L.kx4 Lk
g Abj mamniCl]

+ )”?j [A[ﬁ‘k*kéjkmnimnjco + )Lf,"k*)&;]fjkmnimb(co +G)

+ k‘%k*lg}kmamnj (Co+C)+ AZ’k*)\fj’.kmamb(Co +C + Cz)i| } ,

9
g 12
— E {)»?j [kﬁ;k*kfjk (B(() )+ mifCo +miCy + mng)

= 2.3
641 >my, Iy

j=1

L.kxy L,k R kx4 Rk
+ A )Lbj mpn, Co + A kbj mamniCl]

A0 (AR i, Co 2 3 i (Cy + €2)

i

+ AR R mam, (Co + C) + AR Emamy (G + €1 + Cz)] } ,

12 12
where k = 1, 2, 3, Bg ) _ B(() )(mﬁi, mﬁj), and Cy 12 = Co,12(m2, mﬁj, m,%),

A(L9+10)/1f _ g
3
64 2m;, (m2 — m?)
9
x Z [mambmni)\gl;k*)\fi,k (B(()l) B Bgz)) g ARE LR (M%Bél) B mﬁB(()z))
i=1
1 2
Tmany (Agik*)“zf{kmb + Aﬁ’k*kﬁ.’kmu) <—B§ )+ B(1 ))] ,
(9+10)= g
AT =

N 64712m?,V (mg — m%)

ai

9
X Z [mambmnikR’k*Aﬁi’k <B(()1) — Bg”) + mnikggk*kfi’k (mZ%Bf)l) - mﬁBgz))

i=1

by (5438 3, (< B+ B2 .

where k =1, 2, 3, B(()kl) = B(()kl) mi_, mlzli). The details for deriving the above formulas of Ag) R
’ ) 1 k ’
were shown in Refs. [25,121], and hence we do not present them in this work. We note that the

scalar functions

(Hw
AL,R

and A(Lly’ij)y include parts that do not depend on m,,,, and therefore they

vanish because of the Glashow-Iliopoulos—Maiani mechanism.
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The divergent cancellation in the total Ay g is shown as follows:

9
1 3
. (Hw * 2
div [AL) = myA¢ X 7 % E_ U, Unm

9
. 1 1
div [A(LS)W = muA¢ X E U, Uy, ( ”mz EDiﬂ’VIﬁi> ;
N i,j=1
an a7

- 7 3s
. my 0
div _AL = my,Ac X (26 ) E U(a+3),U(b+3)l

= div[ A" ] = div a7 ] =0,

9
. T.or] CoS
div A(L) = myAc X <__6) Z U(a+3)t)‘L lmni’
- =1

- [0)Y] 6959 Rl

- [ AGY] 2 1 2
div| A} =myA, X =% Z (a+3)tU(];7+3)j (—D;*jmn, — EDi,mn) ,
B N ﬂ i,j=1

-
diVI:A(L@th = myAe X Z (a+3)lA0*ALk,

i,j=1

. 9+10)Y kT
dlv[A(L M = —maA XZ A (A1)

where diVB(()l) = diva)z) = dinglz) = —2diVB(11) = —2diVB§2) = A¢ and U/my = spl(cgmp).
+
It is easy to see that div [A(LI)W] + div [A(LS)W] = div [A(L@Yh"] + div [ (9+10)th] =0 and
the sum of the remaining divergent parts is zero in the case we are focusing on investigating: ¢y

=1.
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