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boson, charged lepton flavor violating decays eb → eaγ , and the electron (g − 2)e anoma-
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1. Introduction
The experimental evidence of neutrino oscillation [1–5] confirms that the lepton flavor number
is violated in the neutral lepton sector. This is great motivation to search for many lepton flavor
violating (LFV) processes; the ones we focus on in this work are the LFV decays of the charged
leptons eb → eaγ and the standard model-like (SM-like) Higgs boson (LFVH) h→e±

a e∓
b . The

charged lepton flavor violating (cLFV) decays eb → eaγ are constrained by experiments as
follows [6,7]:

Br(τ → μγ ) < 4.4 × 10−8, Br(τ → eγ ) < 3.3 × 10−8, Br(μ → eγ ) < 4.2 × 10−13. (1)

Upcoming sensitivities will be of order 10−9 and 10−14 for decays τ → μγ ,eγ [8,9] and μ →
eγ [10], respectively. LFVH decays have been investigated in many models beyond the standard
model (BSM). On the other hand, the latest experimental constraints are: Br(h → τ±μ∓) <

2.5 × 10−3 [11], Br(h → τ±e∓) < 4.7 × 10−3 [12], and Br(h → μ±e∓) < 6.1 × 10−5 [13]. The
future experimental sensitivities may be 1.4 × 10−4, 1.6 × 10−4, and 1.2 × 10−5, respectively
[14]. The small upper bounds of the cLFV branching rates suggest the explanation that they
come from loop corrections relevant to LFV sources, including ones available in the neutral
lepton sector. For models consisting of these necessary tree-level couplings to accommodate
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neutrino oscillation data such as the Zee model [15], the constraints on the LFV sources such
as Yukawa couplings are very strict [16,17]. Therefore, new scalar masses must not be heavier
than 300 GeV in order to successfully explain the recent (g − 2) data [16,18], while the LFVH
decay rates are small [17,19].

To explain the neutrino oscillation data, the BSMs with the general seesaw (GSS) mecha-
nism also result in LFV decays. But the versions adding only heavy seesaw type I neutrinos
predict suppressed LFV rates that are much smaller than the upcoming experimental sensitiv-
ities [20,21]. In contrast, the models with only new inverse seesaw (ISS) neutrinos can predict
large LFV rates. In addition, LFVH rates may be large in the regions satisfying constraints of
Br(eb → eaγ ) [22–25]. On the other hand, LFVH rates may be smaller when other constraints
are considered [26,27]. In the supersymmetric (SUSY) versions of these models with new LFV
sources from superparticles, LFVH rates may reach large orders of O(10−5) [20,28–36]. LFVH
decays were also addressed with other experimental data in many other non-SUSY extensions
of the SM [37–66]. Many BSMs predict that the strong constraints of cLFV decay rates Br(eb

→ eaγ ) give small LFVH ones, or suppressed (g − 2)μ.
Unless there is some specific condition on the appearance of very light new bosons, the above

cLFV constraints will result in small new one-loop contributions to the anomalous magnetic
moments (AMMs) of charged leptons (g − 2)ea/2 ≡ aea , in contrast with recent experimental
data. Namely, the 4.2 σ deviation between standard model (SM) prediction [68], combined con-
tributions from previous works [69–94], and muon experiments [95,96] is

�aNP
μ ≡ aexp

μ − aSM
μ = (2.51 ± 0.59) × 10−9. (2)

This result is slightly inconsistent with the latest one, which calculated the hadronic vacuum
polarization for the SM prediction based on the lattice QCD approach, giving a combined
value reported in Refs. [77,78,97] closer to the experimental data. This value was shown to fit
with other experimental data such as global electroweak fits [98–100].

Regarding the electron anomaly, a 1.6 σ discrepancy between SM and experiment was re-
ported [101]:

�aNP
e ≡ aexp

e − aSM
e = (4.8 ± 3.0) × 10−13. (3)

The recent studies of cLFV decays in the regions satisfying the AMM data were done in some
specific models such as SUSY with the largest Br(h→τμ) ∼ O(10−4) [102]. Other BSMs con-
taining leptoquarks can explain the large �aNP

μ ∼ O(10−9) [103].
Recent work has discussed an extension of the 3-3-1 model with right-handed neutrinos [104–

106], named the 3-3-1 model with inverse seesaw neutrinos (331ISS) [107], with the aim of
giving an explanation of both the (g − 2)μ data and the neutrino oscillation data through the
ISS mechanism. The model needs new SU(3)L gauge singlets including three neutral leptons
XaR and a new singly charged Higgs boson h± to accommodate all the experimental data of
neutrino oscillation, the cLFV bounds in Eq. (1), and the �aμ in 1 σ deviation given in Eq. (2).
Although cLFV and/or LFVH decays were investigated previously with promoting predictions
for the 331ISS [108–111], the AMM data was not included. Our aim in this work is filling this
gap. We note that other 3-3-1 models [112–115] constructed previously can accommodate the
(g − 2)μ data only when they are extended, such as adding new vector-like fermions or/and
scalars [116–120]. But none of them paid attention to the correlations between LFVH decays
and (g − 2)ea anomalies.
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Our paper is organized as follows. In Sect. 2 we discuss the necessary ingredients of a 331ISS
model for studying LFVH decays and how the ISS mechanism works to generate active neu-
trino masses and mixing consistent with current experimental data. In Sect. 3 we present all the
couplings needed to determine the one-loop contributions to the LFVH decay amplitudes of
the SM-like Higgs boson, cLFV decays, and (g − 2)ea . In Sect. 4, we provide detailed numerical
illustrations and discussions. Section 5 contains our conclusions. Finally, the appendix lists all
of the analytic formulas expressing one-loop contributions to LFVH decay amplitudes calcu-
lated in the unitary gauge.

2. The 331ISS model for tree-level neutrino masses
2.1 Particle content and lepton masses
We summarize the particle content of the 331ISS model in this section. We ignore the quark
sector irrelevant in our work, which was discussed previously [121,122]. We also ignore many
detailed calculations presented in Ref. [107]. The electric charge operator defined by the gauge
group SU(3)L × U(1)X is Q = T3 − 1√

3
T8 + X , where T3,8 are diagonal SU(3)L generators.

Each lepton family consists of an SU(3)L triplet LaL = (νa, ea, Na)T
L ∼ (3, − 1

3 ) and a right-
handed charged lepton eaR ∼ (1,−1) with a = 1, 2, 3. The 331ISS model contains three
neutral leptons XaR ∼ (1,0), a = 1, 2, 3, and a singly charged Higgs boson σ± ∼ (1,±1).
There are three Higgs triplets ρ = (ρ+

1 , ρ0, ρ+
2 )T ∼ (3, 2

3 ), η = (η0
1, η

−, η0
2 )T ∼ (3, − 1

3 ), and χ =
(χ0

1 , χ−, χ0
2 )T ∼ (3, − 1

3 ). The vacuum expectation values (VEVs) for generating all tree-level
quark masses and leptons are 〈ρ〉 = (0, v1√

2
, 0)T, 〈η〉 = ( v2√

2
, 0, 0)T, and 〈χ〉 = (0, 0, w√

2
)T. Two

neutral Higgs components have zero VEVs because of their non-zero generalized lepton num-
bers [107] corresponding to a new global symmetry U (1)L [122].

In the 331ISS model, nine gauge bosons get masses through the covariant kinetic Lagrangian
of the Higgs triplets, LH = ∑

H=χ,η,ρ

(
DμH

)†
(DμH ), where Dμ = ∂μ − ig

∑8
a=1 W a

μ T a −
igX T 9X Xμ, a = 1, 2, …, 8, and T 9 ≡ I3√

6
and 1√

6
for (anti)triplets and singlets [123]. There

are two pairs of singly charged gauge bosons, denoted W± and Y±, defined as

W ±
μ = W 1

μ ∓ iW 2
μ√

2
, Y ±

μ = W 6
μ ± iW 7

μ√
2

, (4)

with the respective masses m2
W = g2

4

(
v2

1 + v2
2

)
and m2

Y = g2

4

(
w2 + v2

1

)
. The breaking pattern of

the model is SU(3)L × U(1)X → SU(2)L × U(1)Y → U(1)Q, leading to the matching condition
that W± are the SM gauge bosons. As a consequence, we have

v2
1 + v2

2 ≡ v2 = (246 GeV)2,
gX

g
= 3

√
2sW√

3 − 4s2
W

, gsW = e, (5)

where e and sW are, respectively, the electric charge and sine of the Weinberg angle. Similarly
to the two-Higgs doublet models (2HDM), we use the parameter

tβ ≡ tan β = v2

v1
, (6)

which leads to v1 = vcβ and v2 = vsβ .
The Yukawa Lagrangian generating lepton masses are:

LY
l = −he

abLaρebR + hν
abε

i jk(La)i(Lb)c
jρ

∗
k − yχ

baXbRχ †La − 1
2

(μX )abXaR (XbR)c

− Y σ
ab(XaR)cebRσ+ + H.c., (7)
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where a, b = 1, 2, 3. The first term generates charged lepton masses as mea ≡ he
abv1√

2
δab, with the

assumption that the flavor states are also physical.
In the basis n′

L = (νL, NL, (XR)c)T, the Lagrangian in Eq. (7) generates a neutrino mass term
written in terms of the total 9 × 9 mass matrix consisting of nine 3 × 3 sub-matrices [109],
namely

−Lν
mass = 1

2
(n′

L)cMνn′
L + H.c., where Mν =

⎛⎜⎝O3 mT
D O3

mD O3 MT
R

O3 MR μX

⎞⎟⎠, (8)

where (n′
L)c = ((νL)c, (NL)c, XR)T, (MR)ab ≡ yχ

ab
w√

2
, and (mT

D)ab = −(mD)ab ≡ √
2hν

abv1, with
a,b = 1, 2, 3. The matrix μX in Eq. (7) is symmetric, and can be considered as a diagonal
matrix without loss of generality.

The mass matrix Mν is diagonalized by a 9 × 9 unitary matrix Uν ,

U νTMνU ν = M̂ν = diag(mn1, mn2, . . . , mn9 ) = diag(m̂ν, M̂N ), (9)

where mni (i = 1, 2, …, 9) are masses corresponding to the physical states niL. The two mass
matrices m̂ν = diag(mn1, mn2, mn3 ) and M̂N = diag(mn4, mn5, . . . , mn9 ) consist of the masses of
the active naL (a = 1, 2, 3) and extra neutrinos nIL (I = 1, 2, …, 6), respectively. The following
approximation solution of Uν is valid for any specific seesaw mechanisms,

U ν = �

(
UPMNS O3×6

O6×3 V

)
, � �

(
I3 − 1

2 RR† R
−R† I6 − 1

2 R†R

)
, (10)

where R, V are 3 × 6 and 3 × 6 matrices, respectively. All entries of R must satisfy |RaI| 
1, so
that all ISS relations can be derived perturbatively.

The relations between the flavor and mass eigenstates are

n′
L = U νnL, (n′

L)c = U ν∗(nL)c ≡ U ν∗nR, (11)

where nL ≡ (n1L, n2L, …, n9L)T, and the Majorana states are ni = (niL, niR)T.
The ISS relations are

R∗
2 = mT

DM−1
R , R∗

1 = −R∗
2μX

(
MT

R

)−1 � O3, (12)

mν = R∗
2μX R†

2 = U ∗
PMNSm̂νU

†
PMNS = mT

DM−1
R μX

(
M−1

R

)T
mD, (13)

V ∗M̂NV † = MN + 1
2

MNR†R + 1
2

RTR∗MN . (14)

From experimental data of mν , we can determine all the independent parameters in mD and
three entries of M−1 ≡ M−1

R μX
(
M−1

R

)T
[109,121]. Namely, the Dirac mass matrix has the an-

tisymmetric form

mD = zeiα23 × m̃D, (15)

where α23 ≡ arg[hν
32], m̃D is an antisymmetric matrix with (m̃D)23 = 1, and

z =
√

2v1|hν
32| =

√
2v1 |hν

23| ≡ z0cβ (16)

is a positive and real parameter. Equation (13) gives (mν )i j = [
mT

DM−1mD
]

i j for all i,j = 1, 2, 3,
leading to six independent equations. Solving three of them with i �= j, the non-diagonal entries
of M−1 are functions of M−1

ii and x12,13. Inserting these functions into the three remaining
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relations with i = j, we obtain

(m̃D)32 = (mν )2
13 − (mν )11 (mν )33

(mν )13 (mν )23 − (mν )12 (mν )33
, (m̃D)21 = (mν )12 (mν )13 − (mν )11 (mν )23

(mν )13 (mν )23 − (mν )12 (mν )33
, (17)

and Det[mν ] = 0. From M−1 = M−1
R μX

(
M−1

R

)T
we derive that three parameters of the matrix

μX are certain but lengthy functions of (zeiα23 ), all entries of MR and mν . While mν are fixed by
experiments, all entries of MR are free parameters. We will fix α23 = 0, because it is absorbed
into μX.

In the limit |R2| 
 1, the heavy neutrino masses can be determined approximately based on
Eq. (14), namely

V ∗M̂NV † � MN . (18)

We define the reduced matrix MR ≡ zM̃R,
(
M̃R

)
i j ≡ ki j , provided that R∗

2 = −m̃D/M̃R. The
matrix MR is always diagonalized by two unitary transformations VL,R [124]:

V T
L MRVR = z × k̂ = z × diag(k̂1, k̂2, k̂3), (19)

where all k̂1,2,3 are always positive and k̂a � 1 so that all ISS relations are valid. Therefore, MR

is expressed in terms of k̂ and VL,R. Then the matrix V in Eq. (14) can be found approximately
as

V = 1√
2

(
VR iVR

VL −iVL

)
→ V TMNV = z ×

(
k̂ O3×3

O3×3 k̂

)
. (20)

As a consequence, for any qualitative estimations we use the approximation that heavy neutri-
nos masses are mna+3 = mna+6 � zk̂a with a = 1,2,3; R1 � O3; and

U ν �

⎛⎜⎜⎝
(

I3 − 1
2 R2R†

2

)
UPMNS

1√
2
R2VL

−i√
2
R2VL

O3
VR√

2
iVR√

2

−R†
2UPMNS

(
I3 − R†

2R2

2

)
VR√

2

(
I3 − R†

2R2

2

)
−iVR√

2

⎞⎟⎟⎠. (21)

We have checked and confirmed that the above approximations give numerical results consistent
with those discussed in Ref. [107]. Therefore, these approximate formulas will be used in this
work. mν is chosen as the input with 3 σ neutrino oscillation data to fix m̃D. The free parameters
z0, k̂1,2,3, andVR will be scanned in the valid ranges to construct the total neutrino mixing matrix
Uν defined in Eq. (21). Because

R2VL = m̃†
DV ∗

R k̂−1, R2R†
2 = m̃†

DVRk̂−2m̃D, (22)

which do not depend explicitly on VL, it has a weak effect on all relevant processes. We will fix
VL = I3 from now on.

The Lagrangian for quark masses has been discussed previously [121,122]. Here, we just recall
that the Yukawa couplings of the top quark must satisfy the perturbative limit hu

33 <
√

4π ,

leading to a lower bound for v2: v2 >
√

2mt√
4π

. Combined with the relations in Eqs. (5) and (6),
the lower bound for tβ is tβ ≥ 0.3. The upper bound for tβ can be derived from the tau mass,
mτ = h3

33 × vcβ

√
2→h3

33 = mτ

√
2/(vcβ ) <

√
4π , leading to the rather weak upper bound tβ =√

1/c2
β − 1 ≤ 346.
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2.2 Higgs bosons
The Higgs potential used here respects the new lepton number defined in Ref. [122], namely

Vh =
∑

S

[
μ2

SS†S + λS
(
S†S

)2
]

+ λ12(η†η)(ρ†ρ ) + λ13(η†η)(χ †χ ) + λ23(ρ†ρ )(χ †χ )

+ λ̃12(η†ρ )(ρ†η) + λ̃13(η†χ )(χ †η) + λ̃23(ρ†χ )(χ †ρ ) +
√

2ω f
(
εi jkη

iρ jχk + h.c.
)

+ σ+σ−
[
μ2

σ +
∑

S

λσ
SS†S

]
+ [

fη(ρ†η)σ+ + fχ (ρ†χ )σ+ + h.c.
]
, (23)

where f is a dimensionless parameter, and fη ,χ are mass dimensional, S = η,ρ,χ . These three
trilinear couplings softly break the general lepton number L. For simplicity, we fix fχ = 0 by
applying a suitable discrete symmetry. The last line in Eq. (23) contains all additional terms
coupling with new charged Higgs singlets compared with the Higgs potential considered in
previous works [107]. They do not affect the squared mass matrices of both neutral CP-odd
and CP-even Higgs bosons. The minimum conditions of the Higgs potential, as well as the
identification of the SM-like Higgs boson, have previously been discussed in detailed [33,125],
and hence we just list the necessary results here. The model contains three pairs of singly
charged Higgs bosons h±

1,2,3 and two Goldstone bosons G±
W,Y of the singly charged gauge

bosons W± and Y±, respectively. In the limit of fη = 0, the singly charged Higgs masses are

m2
h±

1
=
(

λ̃12v2

2 + f w2

sβcβ

)
, m2

h±
2

= (v2c2
β + w2)

(
λ̃23
2 + f tβ

)
, and m2

G±
W

= m2
G±

Y
= 0 [125]. The mass of

the Higgs singlet σ ≡ h±
3 is a function of μ2

s and λσ
S . With fη �= 0 as considered in this work, the

relations between the original and mass eigenstates of the charged Higgs bosons are⎛⎜⎝η±

ρ±
1

σ±

⎞⎟⎠ =

⎛⎜⎝−sβ cαcβ sαcβ

cβ cαsβ sαsβ

0 −sα cα

⎞⎟⎠
⎛⎜⎝G±

W

h±
1

h±
2

⎞⎟⎠ ,

(
ρ±

2

χ±

)
=
(

−sθ cθ

cθ sθ

)(
G±

Y

h±
3

)
, (24)

where tθ = v1/w, and

f =
cβsβ

(
2c2

αm2
h±

1
+ 2s2

αm2
h±

2
− λ̃12v2

)
2ω2

, fη =
√

2cαsα(m2
h±

2
− m2

h±
1

)

v
,

μ2
σ = 1

2

(
2c2

αm2
h±

2
− v2 (c2

βλσ
2 + s2

βλσ
1

)+ 2s2
αm2

h±
1

− λσ
3 ω2

)
. (25)

These results are consistent with Refs. [123,125,126] in the limits of sα = 0,±1. The results given
in Eqs. (24) and (25) were obtained by solving the following 3 × 3 squared mass matrix in the
basis (η±, ρ±

1 , σ±):

M2
c =

⎛⎜⎜⎝
f ω2

tβ
+ 1

2 c2
βλ̃12v2 f ω2 + 1

2 cβλ̃12sβv2 cβ fηv√
2

f ω2 + 1
2 cβλ̃12sβv2 f tβω2 + 1

2 λ̃12s2
βv2 fηsβv√

2
cβ fηv√

2
fηsβv√

2
v2

2

(
c2
βλσ

2 + s2
βλσ

1

)
+ λσ

3 ω2

2 + μ2
σ

⎞⎟⎟⎠ . (26)

We will find out that the Higgs masses mh±
1,2

and the mixing angle α are functions of the Higgs
parameters in the Higgs potential.

The model contains five CP-odd neutral scalar components included in the five neu-
tral Higgs bosons η0

1 = (v2 + R1 + iI1)/
√

2, ρ0 = (v1 + R2 + iI2)/
√

2, χ0
2 = (ω + R3 + iI3)/

√
2,

η0
2 = (R4 + iI4)/

√
2, and χ0

1 = (R5 + iI5)/
√

2. Three of them are Goldstones bosons of the neu-
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tral gauge bosons Z, Z′, and X0. The two remaining are physical states with masses

m2
a1

= (
s2
βv2 + ω2) ( f t−1

β + 1
2
λ̃13

)
, m2

a2
= f

(
ω2

cβsβ

+ cβsβv2
)

. (27)

As a consequence, the parameter f must satisfy f > 0.
Considering the CP-even scalars, there are 2 × 2 and 3 × 3 sub-matrices for the masses of

these Higgs bosons in two bases (η0
2, χ

0
1 ) and (η0

1, ρ
0
1 , χ

0
1 ), namely

M2
0,3 =

⎛⎜⎜⎝
cβ f ω2

sβ
+ 2s2

βλ1v2 cβsβλ12v2 − ω2 f ω(sβλ13 − cβ f )v

cβsβλ12v2 − ω2 f sβ f ω2

cβ
+ 2c2

βλ2v2 ω(cβλ23 − sβ f )v

ω(sβλ13 − cβ f )v ω(cβλ23 − sβ f )v 2λ3ω
2 + cβsβ f v2

⎞⎟⎟⎠ ,

M2
0,2 =

(
1
2ω

2
(
λ̃13 + 2cβ f

sβ

)
1
2ω(λ̃13sβ + 2cβ f )v

1
2ω(λ̃13sβ + 2cβ f )v 1

2 sβ (λ̃13sβ + 2cβ f )v2

)
. (28)

The matrix M2
0,2 has one zero value and m2

h4
=
(

f
tβ

+ λ̃13
2

) (
s2
βv2 + ω2

)
corresponding to one

Goldstone boson of X0 and a heavy neutral Higgs boson h0
4 with mass at the SU(3)L breaking

scale. On the other hand, we see that Det[M2
0,3] �= 0 but Det[M2

0,3]
∣∣
v=0

= 0, which implies that
there is at least one Higgs boson mass at the electroweak scale that can be identified with the
SM-like Higgs boson. In particular, it can be proved that

Ch
1 M2

0,3C
hT
1

∣∣
v=0 = diag

(
0, 2λ3w2, f w2/(sβcβ )

)
, Ch

1 =

⎛⎜⎝ sβ cβ 0
−cβ sβ 0

0 0 1

⎞⎟⎠ , (29)

and Ch
1 M2

0,3C
hT
1 ≡ M ′2

0,3 satisfying:(
M ′2

0,3

)
11 = 2v2 (c4

βλ2 + c2
βλ12s2

β + λ1s4
β

)
,(

M ′2
0,3

)
22 = 2c2

βs2
βv2(λ1 − λ12 + λ2) + f ω2

cβsβ

,(
M ′2

0,3

)
33 = f cβsβv2 + 2λ3ω

2,(
M ′2

0,3

)
12 = (

M ′2
0,3

)
21 = cβsβv2 (s2

β (λ12 − 2λ1) − c2
β (λ12 − 2λ2)

)
,(

M ′2
0,3

)
13 = (

M ′2
0,3

)
31 = vω

(−2 f cβsβ + c2
βλ23 + λ13s2

β

)
,(

M ′2
0,3

)
32 = (

M ′2
0,3

)
23 = vω

(
f c2

β − f s2
β + cβsβ (λ23 − λ13)

)
. (30)

Therefore, there is a unitary transformation Ch
2 with

(
Ch

2

)
i j ∼ O(v/w) (i �= j) such that

Ch
2 M ′2

0,3C
hT
2 = diag

(
m2

h0
1
, m2

h0
2
, m2

h0
3

)
and m2

h0
1
∼ O(v2) [109,127,128]. Hence, h0

1 is identified with

the SM-like Higgs boson found at the LHC, namely h0
1 ≡ h. For simplicity we fix Ch

2 = I3 in this
work, and use the relations (η0

1, ρ
0
1 , χ

0
1 ) = ChT

1 (h0
1, h0

2, h0
3) in our numerical investigation, where

only η0
1 ∼ R1 and ρ0

1 ∼ R2 give contributions to h0
1, namely

R1 = sβh0
1 − cβh0

2, R2 = cβh0
1 + sβh0

2. (31)

This assumption leads to the consequence that mh0
1

is independent of the Higgs self-couplings
related to one-loop decays h0

1→eaeb, as can be seen as follows:

−Lh = Vh =
3∑

i, j=1

−ghi jh0
1h+

i h−
j + . . . , (32)
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where the non-zero gh0
1i j = gh ji are

gh11 = −vc2
α

⎡⎣(2c2
βs2

β (λ1 − λ12 + λ2) + λ12 + λ̃12
)+ t2

α

(
c2
βλσ

2 + s2
βλσ

1

)+
2s2

α

(
m2

h±
1

− m2
h±

2

)
v2

⎤⎦ ,

gh22 = −vc2
α

⎡⎣t2
α

(
2c2

βs2
β (λ1 − λ12 + λ2) + λ12 + λ̃12

)+ (
c2
βλσ

2 + s2
βλσ

1

)−
2s2

α

(
m2

h±
1

− m2
h±

2

)
v2

⎤⎦ ,

gh12 = −cαsαv

⎡⎣2s2
βc2

β (λ1 − λ12 + λ2) − s2
βλσ

1 − c2
βλσ

2 + λ12 + λ̃12 −
(
c2
α − s2

α

) (
m2

h±
1

− m2
h±

2

)
v2

⎤⎦ ,

gh33 = −v
[
c2
β

(
2c2

θλ2 + s2
θ (λ23 + λ̃23)

)+ s2
β

(
c2
θλ12 + λ13s2

θ

)+ cβc2
θ

(
2 f sβ + cβλ̃23

)]
. (33)

In the next section we derive all of the remaining couplings giving one-loop contributions of
the decays mentioned in this work.

3. Couplings and analytic formulas
3.1 Decays eb → eaγ and (g − 2)ea

The couplings of charged gauge bosons giving one-loop contributions to LFV amplitudes are:

LV ± f f = g√
2

3∑
a=1

9∑
i=1

niγ
μPLea

[
U ν∗

ai W +
μ + U ν∗

(a+3)iY
+
μ

]
+ h.c. (34)

All the calculation steps to derive these couplings were presented in Ref. [109]. From now on,
we always choose that meb > mea , equivalently b > a = 1,2,3, to define the decays eb → eaγ .
One-loop form factors from charged gauge bosons are [129]:

c(ab)R(W ) = eg2

32π2m2
W

9∑
i=1

U ν
aiU

ν∗
bi F̃V (xW,i) ,

c(ab)R(Y ) = eg2

32π2m2
Y

9∑
i=1

U ν
(a+3)iU

ν∗
(b+3)iF̃V (xY,i) , (35)

where xv,i = m2
ni
/m2

v ; v = W,Y;

F̃V (x) = −10 − 43x + 78x2 − 49x3 + 4x4 + 18x3 ln(x)
24(x − 1)4

; (36)

e = √
4παem is the electromagnetic coupling constant; and g = e/sW.

The Yukawa couplings of charged Higgs bosons with leptons are defined by

L�nh± = − g√
2mW

3∑
k=1

3∑
a=1

9∑
i=1

h+
k ni

(
λL,k

ai PL + λR,k
ai PR

)
ea + h.c., (37)

8/26



PTEP 2022, 093B05 PTEP 2022, 0000-000-00

where

λR,1
ai = meacαtβU ν∗

ai −
3∑

c=1

vY σ
casα√
2

U ν∗
(c+6)i, λL,1

ai = cαsβz0eiα23

3∑
c=1

(m̃D)acU ν
(c+3)i,

λR,2
ai = measαtβU ν∗

ai +
3∑

c=1

vY σ
cacα√
2

U ν∗
(c+6)i, λL,2

ai = sαsβz0eiα23

3∑
c=1

(m̃D)acU ν
(c+3)i,

λR,3
ai =

meacθU ν∗
(a+3)i

cβ

, λL,3
ai = cθz0

3∑
c=1

[
−eiα23 (m̃D)acU ν

ci + t2
θ (M̃T

R )acU ν
(c+6)i

]
. (38)

The interactions given in Eqs. (34) and (37) also give tree and loop contributions to the lep-
ton flavor conserved decay μ−→e−νeνμ. Regarding the gauge couplings given in Eq. (34), the
couplings of Y± with active neutrinos are zeros because U ν

(c+3)1 = U ν
(c+3)2 = 0, the difference

of the couplings of W with active neutrinos and charged leptons between the SM and the
331ISS model under consideration is | 1

2 (R2R+
2 U )ab| 
 1. Regarding the Higgs boson contribu-

tions, only λL,3
ai may give large contributions to the decay amplitude μ−→e−νeνμ, because the

remaining couplings are always proportional to gmμtβ /mW 
 1 or U ν
(c+3)2U

ν
(c+3)1 = 0. Assum-

ing tθ = 0 for very large SU(3)L scale w � v, we have a crude approximation that |λL,3
ai | ≤ z0.

The large values of |λL,3| appear because h±
3 � ρ±

2 , which has couplings with active neutrinos
ea (νbL)c ρ−

2 ∼ hν
ab ∼ (m̃D)ab derived from the second term in the Lagrangian in Eq. (7). Based

on the well-known formulas of the partial decay width �(μ → 3e) at tree level given in the
Zee–Babu model [141], the coupling λL leads to a deviation of the decay width of the decay
μ−→e−νeνμ between the 331ISS model and the SM as follows:

|δ�331ISS(μ−→e−νeνμ)| ≡
∣∣∣∣�331ISS(μ−→e−νeνμ)

�SM(μ−→e−νeνμ)
− 1

∣∣∣∣
�
[

|λL,3
ai |2

4m2
h±

3

]2

=
[

|z2
0|

4m2
h±

3

]2

≤ 10−6. (39)

The constraint is derived from the mean lifetime of the muon [132]. The derivation of the for-
mula in Eq. (39) is summarized as follows. The total amplitude is iM = iMW + iMh± , where
MW and Mh± are the contributions from theW and charged Higgs bosons, respectively. In the
low-energy limit we have

MW � MSM ∼ g2

2m2
W

[uνμ
γ μPLuμ][ueγμPLvνe ],

Mh± ∼ g2

2m2
W m2

h±
× [uνμ

(
λLPL + λRPR

)
uμ][ue

(
λL∗PR + λR∗PL

)
vνe ].

Now it can be proved that |M|2 = |MW |2 + |Mh±|2 because M∗
WMh± has an odd number of

gamma matrices in the trace and me, mνμ
, mνe � 0, leading to M∗

WMh± = 0.
In the numerical investigation, we choose mh±

3
≥ z0 × 10

√
5 to accommodate the con-

straint in Eq. (39). Now we can assume the approximation that �331ISS(μ−→e−νeνμ) �
�SM(μ−→e−νeνμ). This approximation for calculating the cLFV decay rates is consistent with
many works published recently [139,140].
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The one-loop form factors are [129]

c(ab)R(h±
k ) = eg2

32π2m2
W mebm

2
h±

k

9∑
i=1

[
λL,k∗

ai λR,k
bi mni FH (xk,i)

+
(

mebλ
L,k∗
ai λL,k

bi + meaλ
R,k∗
ai λR,k

bi

)
F̃H (xk,i)

]
, (40)

where b ≥ a, xk,i = m2
ni
/m2

h±
k
, and the one-loop functions FH(x) and F̃H (x) are

FH (x) = −1 − x2 + 2x ln(x)
4(x − 1)3

, F̃H (x) = −−1 + 6x − 3x2 − 2x3 + 6x2 ln(x)
24(x − 1)4

. (41)

The total one-loop contributions to the cLFV amplitude eb → eaγ and �a331ISS
ea

are

c(ab)R =
∑

x=W,Y

c(ab)R(x) +
3∑

k=1

c(ab)R(h±
k ),

c(ba)R = (
c(ab)R [a ↔ b]

)× mea

meb

. (42)

The second line of Eq. (42) is derived from the equality c(ba)R(x) = (
c(ab)R(x) [b ↔ a]

)×
(mea/meb ) for all x = W,Y, h±

1,2,3. The formulas for the contributions to aea are:

aea = −4m2
ea

e
Re[c(aa)R] = − 4m2

ea

2π2v2
Re[c′

(aa)R], c′
(ab)R = c(ab)R ×

(
eg2

32π2m2
W

)−1

. (43)

One-loop contributions from heavy neutral Higgs bosons are very suppressed, hence they are
ignored here. The deviation of aea between predictions by the two models 331ISS and SM is

�aea = �a331ISS
ea

≡ aea − aSM
ea

(W ), (44)

where aSM
μ (W ) = 5g2m2

μ/(96π2m2
W ) is the SM’s prediction [130]. In this work, �aea is consid-

ered as new physics (NP) predicted by the 331ISS, used to compare with experimental data in
numerical investigations.

The branching ratios of the cLFV processes are [129]

Br(eb→eaγ ) � 6αem

π

(∣∣∣c′
(ab)R

∣∣∣2 +
∣∣∣c′

(ba)R

∣∣∣2)Br(eb→eaνaνb), (45)

where GF = 1/(
√

2v2), consistent with previous results [109,126] for 3-3-1 models.
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The formulas for Uν given in Eq. (21) result in approximate expressions for c(ab)R and c(ba)R

with b ≥ a as follows:

c′
(ab)R(W ) = − 5

12

[
δab − (m̃†

DVRk̂−2m̃D)ab

]
+

3∑
e=1

(m̃†
DV ∗

R k̂−1)ae(m̃T
DVRk̂−1)beFV (x′

W,e),

c′
(ab)R(Y ) = m2

W

m2
Y

3∑
e=1

(VR)∗aeVR)beFV (x′
Y,e),

c′
(ab)R(h±

1 ) = z2
0

m2
h±

1

3∑
e=1

(m̃∗
DV ∗

R )ae

{
c2
αs2

β (m̃T
DVRk̂−1)be − vs2αs2β

4mb

[
Y σTVR

]
be

}
k̂eFH (x′

e,1)

+ c2
αs2

βz2
0

m2
h±

1

3∑
e=1

(m̃DVR)∗ae(m̃DVR)beF̃H (x′
e,1)

+ 1
24

⎧⎨⎩m2
ea

c2
αt2

β

m2
h±

1

δab + meavsαcαtβ√
2m2

h±
1

[
mea

meb

(R2Y σ )ab +
(
Y σ†R†

2

)
ab

]⎫⎬⎭
+

3∑
e=1

F̃H (x′
e,1)c2

α

{
m2

ea
t2
β

m2
h±

1

[
(R2VL)ae(R2VL)∗be

] + v2t2
αmea

mebm
2
h±

1

[
(Y σTVR)ae(Y σTVR)∗be

]
− meavsαcαtβ

m2
h±

1

[
mea

meb

(R2VL)ae(Y σTVR)∗be + (Y σTVR)ae(R2VL)∗be

]}
,

c′
(ab)R(h±

2 ) = c′
(ab)R(h±

1 )
[
mh±

1
→mh±

2
, cα→sα, sα→ − cα

]
,

c′
(ab)R(h±

3 ) = z2
0

m2
h±

3

{
3∑

e=1

[(
m̃∗

Dm̃DVRk̂−1
)

ae

(
V ∗

R

)
be keFH (x′

e,3)
]

− 1
24

(
m̃∗

Dm̃D
)

ab

+
3∑

e=1

[(
m̃Dm̃∗

DVRk̂−1
)

ae

(
m̃∗

Dm̃DV ∗
R k̂−1

)
be

+ m2
ea

z2
0c2

β

(
V ∗

R

)
be (VR)ae

]
F̃H (x′

e,3)

}
,(46)

where the equalities in Eq. (22) were used. In addition, we ignore the minor contributions pro-
portional to R†

2R2, and R2R†
2. Because only two terms relating to R2Yσ and R†

2R2 depend on
VL, but give small one-loop contributions to �aea , we fix VL = I3 without loss of generality.

The expressions for c(ab)R and c(ba)R given in Eq. (46) give some interesting properties. First,
all terms are proportional to 1/m2

h±
k
, hence large |�aea | corresponding to large |c(aa)R| will prefer

small m2
h±

k
. In contrast, experimental constraints on cLFV decay rates require small |c(ab)R| and

|c(ba)R|, hence m2
h±

k
should be large. It is easy to get small Br(eb → eaγ ) with enough large mh±

k
,

but difficult to get large |�aea |. Previous numerical investigation has shown another situation
[107], where small m2

h±
k

are needed for large �aμ, and the destructive correlations between par-

ticular terms in c(ab)R and c(ba)R must appear to result in small Br(eb → eaγ ). The structure of
the mass Dirac matrix m̃D strongly affects these destructive correlations. As we will see, the an-
tisymmetric property of m̃D and the neutrino oscillation data fix a certain form of m̃D, namely
the fixed values considered in this work are (m̃D)32 = −(m̃D)23 = 1, −(m̃D)12 = (m̃D)21 � 0.613,
−(m̃D)13 = (m̃D)31 � 0.357, and (m̃D)11 = (m̃D)22 = (m̃D)33 = 0. They do not support large ab-
solute values of the diagonal entries relating to c(aa)R. Therefore, for the simple case of VR

11/26



PTEP 2022, 093B05 PTEP 2022, 0000-000-00

Table 1. Feynman rules for one-loop contributions to (g − 2) anomalies, eb → eaγ , and h0
1→eaeb in the

unitary gauge; p0 and p± are the incoming momenta of h0
1 and h±

3 , respectively.

Vertex Coupling

h0
1eaea − igmea

2mW

h0
1nin j − ig

2mW

(
λ0

i jPL + λ0∗
i j PR

)
h+

k nieb, h−
k eani

−ig√
2mW

(
λL,k

bi PL + λR,k
bi PR

)
,

−ig√
2mW

(
λL,k∗

ai PR + λR,k∗
ai PL

)
W +

μ nieb, W −
μ eani

ig√
2
U ν∗

ai γ μPL, ig√
2
U ν

aiγ
μPL

Y +
μ nieb, Y −

μ eani
ig√

2
U ν∗

(a+3)iγ
μPL, ig√

2
U ν

(a+3)iγ
μPL

h+
3 h0

1Y
−
μ , h−

3 Y +
μ h0

1
i
2 gcβcθ (p+ − p0)μ, − i

2 gcβcθ (p− − p0)μ

h0
1W

+
μ W −

ν igmWgμν

h0
1Y

+
μ Y −

ν igcβsθmYgμν

= I3, degenerate values of heavy neutrino masses k̂11 = k̂22 = k̂33 and Y σ = O3×3 will give
c(ab)R ∼ m̃Dm̃∗

D. As a result, the constraints on cLFV decays always exclude the regions of pa-
rameter space predicting large (g − 2)e,μ. This conclusion is completely consistent with the
numerical results reported in Ref. [107]. In addition, the presence of σ± and non-zero Yukawa
coupling matrix Yσ is necessary to explain the 1 σ range of (g − 2)μ obtained by experiment.
Additionally, the formulas given in Eq. (46) explain explicitly that large �aμ also needs large
z0. Also, large tβ and non-zero Yσ support more strong destructive correlations to guarantee
that (eb → ea) satisfies the current constraints.

Finally, we emphasize that the (g − 2)e data and LFVH decays have not previously been
discussed for the 331ISS model. Our numerical investigation showed that large (g − 2)e re-
quires nonzero values of sα, which was not considered in Ref. [107]. In addition, large values
of Y σ

22,33,23,32 should be investigated carefully because they may result in too-large Br(h → τμ),
which may be excluded by the experimental constraints.

3.2 Decays h0
1→eaeb

The Yukawa couplings h0
1 f f , namely

LY
h0

1 f f = − g
2mW

h0
1

⎡⎣1
2

9∑
i, j=1

ni

(
λ0

i jPL + λ0∗
i j PR

)
n j + meaeaea

⎤⎦ , (47)

where

λ0
i j =

3∑
c=1

(
U ν

ciU
ν∗
c j mni + U ν∗

ci U ν
c jmnj

)
, (48)

are symmetric coefficients λ0
i j = λ0

ji corresponding to the Feynman rules given in Ref. [124].
All of the Feynman rules for couplings involved in LFV processes at one-loop level are listed
in Table 1, where we used sθ = gv1/(2mY). We focus on the limit of tiny tθ � sθ = 0, and the
suppressed deviation of the SM-like Higgs mixing mentioned previously [109,127]. Namely,
they will be fixed to be zeros in the numerical calculations.
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Fig. 1. One-loop Feynman diagrams contributing to the decay h0
1→eaeb in the unitary gauge. Here, V ± =

W ±, Y ±; k,l = 1, 2, 3.

The effective Lagrangian and partial decay width of the decay h0
1→e±

a e∓
b are

LLFVH = h0
1

(
�(ab)LeaPLeb + �(ab)ReaPReb

)+ H.c.,

�
(
h0

1→eaeb
) = �

(
h0

1→e−
a e+

b

)+ �
(
h0

1→e+
a e−

b

) =
mh0

1

8π

(|�(ab)L|2 + |�(ab)R|2) , (49)

where the scalar factors �(ab)L,R are loop contributions here. In the unitary gauge, the one-loop
Feynman diagrams contributing to �(ab)L,R are shown in Fig. 1. The valid condition mh0

1
� ma,b

was used in Eq. (49), where ma,b are the lepton masses satisfying p2
1,2 = m2

a,b and p2
h0

1
≡ (p1 +

p2)2 = m2
h0

1
. The branching ratio of LFVH decays is Br(h0

1→eaeb) = �(h0
1→eaeb)/�total

h0
1

, where

�total
h0

1
� 4.1 × 10−3 GeV [131,132]. The �(ab)L,R can be written as

�(ab)L,R =
∑

i=1,5,7,8

�
(i)W
(ab)L,R +

10∑
i=1

�
(i)Y
(ab)L,R, (50)

where the analytic forms of �
(i)W
(ab)L,R and �

(i)Y
(ab)L,R are shown in the appendix. There are a num-

ber of tiny one-loop contributions, which we will ignore in the numerical calculations. They
are calculated using the unitary gauge with the same techniques given in Refs. [25,109]. The
contributions from diagrams (2), (3), and (5) in Fig. 1with Y± exchanges have suppressed
factors cβm3

W /m3
Y . The one-loop contributions from diagram (6) are suppressed with heavy

singly charged Higgs bosons, which we checked consistently with the result mentioned in Refs.
[67,109].

4. Numerical discussion
In this work we use the neutrino oscillation data given in Refs. [132,133]. The standard form of
the lepton mixing matrix UPMNS is a function of three angles θ ij, one Dirac phase δ, and two
Majorana phases α1 and α2 [134], namely

U PDG
PMNS = f (s12, s13, s23, δ) × diag

(
1, eiα1, eiα2

)
,

f (s12, s13, s23, δ) ≡

⎛⎜⎝1 0 0
0 c23 s23

0 −s23 c23

⎞⎟⎠
⎛⎜⎝ c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13

⎞⎟⎠
⎛⎜⎝ c12 s12 0

−s12 c12 0
0 0 1

⎞⎟⎠, (51)
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where sij ≡ sin θ ij, ci j ≡ cos θi j =
√

1 − s2
i j , i,j = 1, 2, 3 (i < j), 0 ≤ θ ij < 90 ◦ and 0 < δ ≤ 360 ◦.

The Majorana phases are chosen in the range −180 ≤ αi ≤ 180◦. For numerical investigation,
we choose a benchmark corresponding to the normal order of the neutrino oscillation data as
the input to fix m̃D such that s2

12 = 0.32, s2
23 = 0.547, s2

13 = 0.0216, �m2
21 = 7.55 × 10−5[eV2],

�m2
32 = 2.424 × 10−3[eV2], δ = 180◦, and α1 = α2 = 0. Consequently, the reduced Dirac mass

matrix m̃D is fixed as

m̃D =

⎛⎜⎝ 0 0.613 0.357
−0.613 0 1
−0.357 −1 0

⎞⎟⎠. (52)

The best-fit point for the normal (inverted) order is δ = −1.89+0.7
−0.58(−1.38+0.48

−0.54) �= 180◦ [133],
which rules out the value 180◦ at 95% confidence level. But it is still allowed in the 3 σ

range. The other quantities corresponding to the best-fit point are s2
23 = 0.53, �m2

21 = 7.53 ×
10−5 [eV2], �m2

32 = 2.45 × 10−3 [eV2], leading to a new m̃D with (m̃D)12 = 0.546e0.18i and
(m̃D)13 = 0.453e−0.23i. The existence of the non-zero CP violation δ �= 180◦ will lead to the
complex values of the two entries of m̃D instead of the real ones given in Eq. (52). These imag-
inary parts result in non-zero values of Im[c(ab)R], which is enough to give large Br(μ → eγ ) >

4.2 × 10−13 in many regions of the parameter space, even when Re[c(ab)R] = 0. Therefore, many
very complicated relations between parameters must be satisfied to guarantee that all Im and
Re parts contributing to these cLFV decays satisfy the experimental constraints. In this work,
the limit δ = 180◦ is fixed for simplicity.

The mixing matrix VR is parameterized using the formulas given in Eq. (51), VR =
f (sr

12, sr
13, sr

23, 0) with |sr
i j | ≤ 1. The remaining free parameters are scanned in the following

ranges:

k̂1,2,3 ≥ 5, 600 [GeV] ≤ mh±
1,2

≤ 1500 [GeV], sα| ≤ 1, max[|Y σ
i j |] ≤ 1.5,

tβ ∈ [30, 70], 400 [GeV] ≤ z ≤ 1200 [GeV], (53)

and mh±
3

= 40 TeV, so that the decay width of μ−→e−νeνμ is consistent with that predicted

by the SM. In addition, the collected points satisfy max|(R2R†
2)ab| < 10−3 with all a,b = 1,

2, 3. This constraint also satisfies many other recent experimental results such as electroweak
precision tests and cLFV decays [142–145]. The experimental parameters are GF = 1.663787
× 10−5 [GeV−2], g = 0.652, αem = e2/(4π ) = 1/137, s2

W = 0.231, me = 5 × 10−4 [GeV], mμ

= 0.105 [GeV], mτ = 1.776 [GeV], mW = 80.385 [GeV], Br(μ→eνeνμ) � 1, Br(τ→eνeντ ) �
0.1782, and Br(τ→μνμντ ) � 0.1739. We note that the upper bounds of mh±

1,2
and tβ are based

on the previous work to accommodate large values of �aμ. Chosen the scanning range of tβ
also satisfies the perturbative limit mentioned above.

We comment here on the results obtained previously in Ref. [107], where large tβ ≥ 50 and
small values of singly charged Higgs bosons h±

k (k = 1, 2) are required for large (g − 2)μ satisfy-
ing the 1 σ experimental data of (g − 2)μ and all constraints from cLFV decays eb → eaγ . But
only the case of sα = 0 and non-zero Y σ

22,33,23,32 was mentioned. Our numerical investigation
shows that this case results in small �ae, which cannot satisfy the 1σ range of the experimental
data given in Eq. (3). Without σ±, we obtain two maximal values of �ae that �ae ≤ 2.5 × 10−14

and 1.5 × 10−14 for the NO and IO schemes, respectively. Hence, determining the regions of
parameter space giving large �ae will be very interesting.
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For the above reasons, we focus on the regions of parameter space giving a large �ae that
satisfies the 1 σ experimental data of (g − 2)e as well as all current constraints of cLFV decay
rates Br(eb → eaγ ). The investigation shows that the 1 σ range of �ae ∈ [1.8 × 10−13, 7.8 ×
10−13] can be obtained easily in a wide range of the parameter space, for example with the
following fixed values of z0 = 500 GeV, tβ = 50, and sα = 0.5, and scanning the remaining
parameters, we have a benchmark point that mh±

1
= 814.8 GeV, mh±

2
= 771.5 GeV, mn4 = mn7 =

2.152 TeV, mn5 = mn8 = 4.365 TeV, mn6 = mn9 = 3.156 TeV, sr
12 = −0.075, sr

13 = −0.565, sr
23 =

−0.063, and 0 ≤ |Y σ
ab| ≤ 0.293, which results in the following allowed values of the relevant

physical processes: �ae = 4.243 × 10−13, �aμ = 1.019 × 10−9, Br(μ → eγ ) = 2.95 × 10−13, Br(τ
→ eγ ) = 6.18 × 10−9, Br(τ → μγ ) = 3.52 × 10−8, Br(h0

1→μe) = 1.59 × 10−7, Br(h0
1→τe) =

6.56 × 10−6, and Br(h0
1→τμ) = 2.7 × 10−4.

We list here other interesting benchmark points of the parameter space corresponding to
large tβ = 60 that satisfy the 1 σ range of (g − 2)e, �aμ ≥ 0.6 × 10−9, and all current LFV
upper bounds. For other large tβ values, the results are the same.

(1) A benchmark point giving large Br(h0
1→τe) ∼ O(10−5):

{z0[GeV], tβ, sα} = {867.7, 60, 0.460}, {sr
12,13,23} = {0.377, 0.556, −0.907},

{mh±
1,2

[TeV]} = {0.974, 0.918}, {m4,5,6 = m7,8,9[TeV]} = {3.32, 5.265, 3.341},

Y σ =

⎛⎜⎝ 0.015 0.006 −0.013
−0.044 0.047 −0.108
0.003 −0.183 0.063

⎞⎟⎠.

The corresponding values of �ae,μ and LFV decay rates are

�ae = 5.89 × 10−13, �aμ = 1.077 × 10−9,

Br{(μ→eγ ), (τ→eγ ), (τ→μγ )} = {8.31 × 10−14, 1.28 × 10−8, 4.04 × 10−8}
Br(h0

1→{μe, τe, τμ}) = {5.9 × 10−7, 5.91 × 10−5, 5.18 × 10−4}.

(2) There exists a benchmark point that allows large Br(h0
1→τe) ∼ O(10−5), but small

Br(h0
1→τμ) < O(10−7):

{z0[GeV], tβ, sα} = {478.5, 60, 0.993}, {sr
12,13,23} = {0.629, −0.867, −0.818},

{mh±
1,2

[TeV]} = {0.997, 0.864}, {m4,5,6 = m7,8,9[TeV]} = {2.994, 4.092, 2.378},

Y σ =

⎛⎜⎝ 0.069 0.164 −0.085
−0.076 0.058 −0.199
0.074 −0.180 −0.086

⎞⎟⎠,

�ae = 4.67 × 10−13, �aμ = 0.998 × 10−9,

Br{(μ→eγ ), (τ→eγ ), (τ→μγ )} = {2.196 × 10−13, 3.523 × 10−9, 3.547 × 10−8},
Br(h0

1→{μe, τe, τμ}) = {5.93 × 10−6, 1.88 × 10−5, 6.56 × 10−8}.
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(3) There exists a benchmark point predicting large Br(h→eμ) ∼ O(10−5), which is close to
the experimental constraint:

{z0[GeV], tβ, sα} = {1019.5, 60, 0.848}, {sr
12,13,23} = {0.11, −0.89, −0.822},

{mh±
1,2

[TeV]} = {0.671, 0.622}, {m4,5,6 = m7,8,9[TeV]} = {6.533, 9.657, 4.414},

Y σ =

⎛⎜⎝ 0.079 0.189 −0.113
−0.094 −0.061 −0.210
0.079 −0.241 −0.059

⎞⎟⎠,

�ae = 3.19 × 10−13, �aμ = 0.917 × 10−9,

Br{(μ→eγ ), (τ→eγ ), (τ→μγ )} = {2.37 × 10−13, 2.80 × 10−9, 3.07 × 10−8},
Br(h0

1→{μe, τe, τμ}) = {1.85 × 10−5, 1.05 × 10−4, 1.48 × 10−3}.
It is noted that large Br(h → eμ) requires both large z0 and Br(h→τμ) ∼ O(10−3), which
may be excluded by planned experiments. In this case, the numerical results show that
Br(h→τμ) < O(10−4) will lead to Br(h→eμ) < O(10−6), which is still smaller than the
planned experimental sensitivity.

From our numerical investigation, we found that the regions allowing 1 σ range of �ae data
and cLFV constraints are very wide. But the regions allowed large (g − 2)μ are difficult to
control. This is because of the large number of free parameters in the 331ISS: our numerical
code is still not smart enough to collect these points. Because of the special form of m̃D, we
require a non-degenerate matrix k̂ and strong destructive correlations between the mixing an-
gles sr

ab and the entries of Yσ in order to get small Br(eb → eaγ ) in the regions that allow large
�aμ. There may exist some relations between these parameters for collecting more interesting
points allowing large (g − 2)μ at 1 σ experimental range. We will determine them in a future
work.

Finally, we comment on some properties of the current Z boson decay data which may put
useful constraints on the parameter space of the 331ISS model. In the limit of v/w → 0, equiv-
alently tθ = 0, for the couplings of the Z boson with all other SM particles we can see that all
masses of the new heavy neutrinos appearing in the collected points we showed above as the
numerical results are much larger than the Z boson masses. Therefore, Z bosons do have not
any new tree-level decays Z→nIn j with at least a new heavy neutrino nI (I > 3). In addition,
all the masses of the new heavy particles predicted by the 331ISS models are heavier than the
Z boson masses, and therefore the invisible decays of the Z boson in this case are the same
as in the SM and the 2HDM discussed in Ref. [67]. We therefore conclude that the current Z
boson decay data weakly affects the allowed region of the parameters space we focus on this
work.

There is another cLFV decay mode Z→e+
a e−

b discussed in detailed in 2HDM [67], which
is still invisible in the regions predicting large Br(h → eaeb) and satisfying all the constraints
of cLFV decays Br(eb → eaγ ). Therefore, this decay channel will not change significantly the
allowed regions of parameters discussed in this work. On the other hand, the interesting topic
we will focus on is that when the experimental sensitivities are improved, both cLFV decays of
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μ−→e−νeνμ and Z → eaeb may give more significant constraints on those mentioned in this
work.

5. Conclusion
In this work we have constructed analytic formulas for one-loop contributions to the LFV de-
cays of the SM-like Higgs boson h0

1→eaeb in the 331ISS model. We also give analytic formulas
to explain qualitatively the results of the large (g − 2)μ previously reported. Numerical tests
were used to confirm the consistency between the two calculations. We introduced a new param-
eterization of the heavy neutrino mass matrix to reduce the number of free parameters used to
investigate (g − 2)e,μ anomalies, LFV decays eb → eaγ , and h0

1→eaeb. Our numerical investiga-
tion shows that the model can predict easily the 1 σ range of experimental data for (g − 2)e and
simultaneously satisfy the cLFV constraints on Br(eb → eaγ ). But we only obtained the regions
of parameter space that give the largest values of �aμ � 10−9, which is rather smaller than the
lower bound of the 1 σ range reported recently. The reason is that the recent numerical code
used in our investigation only works in the limit of small max[|yσ |] < 0.25. In these regions of
the parameter space, the largest values of Br(h0

1→τe) and Br(h0
1→τμ) are order of O(10−4) and

10−3, respectively. In addition, large Br(h0
1→τμ) predicts large Br(h0

1→μe) ∼ O(10−5), which
is close to the recent experimental bounds. The regions with large |Yσ |ab may be more interest-
ing, which is our future work, where many other LFV processes such as Z → ebea, eb → ecedef ,
and the μ–e conversion in nuclei will be discussed together.
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Appendix A. Form factors of LFVH in the unitary gauge
The one-loop contributions here are calculated using the notations of Passarino–Veltman
(PV) functions [135,136] given in Ref. [27], consistent with LoopTools [137]; see detailed dis-
cussions in Refs. [33,138]. The PV functions used in this work are defined as follows: B(i)

μ ≡
B(i)

1 × (−1)i piμ with i = 1, 2, and Cμ ≡ ∑2
i=1(−1)i piμ × Ci. As mentioned in Ref. [27], the two

B(1)
1 and C1 have opposite signs to those introduced in Ref. [33]. They come from the signs

of p1,2 in the internal momenta (k − p1) and (k + p2) shown in Fig. 1, where p1 has an op-
posite sign, which is different from the standard notation of k + p1 defined in LoopTools.
The PV functions used in our formulas are: B(i)

0,1 = B0,1(p2
i ; M2

0 , M2
i ), C0,1,2 = C0,1,2(p2

1, (p1 +
p2)2, p2

2; M2
0 , M2

1 , M2
2 ), and B(12)

0 = B0((p1 + p2)2; M2
1 , M2

2 ). In the following, when the ex-
ternal momenta are fixed as p2

1 = m2
ea

, p2
2 = m2

eb
, and (p1 + p2)2 = m2

h0
1
, we use simpler

notation as follows: C0,1,2(p2
1, m2

h0
1
, p2

2; M2
0 , M2

1 , M2
2 ) ≡ C0,1,2(M2

0 , M2
1 , M2

2 ), B(i)
0,1(M2

0 , M2
i ) =

B0,1(p2
i ; M2

0 , M2
i ), and B0(m2

h0
1
; M2

1 , M2
2 ) = B(12)

0 (M2
1 , M2

2 ).

17/26



PTEP 2022, 093B05 PTEP 2022, 0000-000-00

The analytic expressions �
(i)W
L,R ≡ �

(i)W
(ab)L,R for one-loop contributions from diagram (1) in

Fig. 1 are

�
(1)W
L = g3ma

64π2m3
W

9∑
i=1

U ν
aiU

∗ν
bi

{
m2

ni

(
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0 + B(2)
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1

)
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1 −
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1
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ni
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−
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,

�
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64π2m3
W
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∗ν
bi

{
m2

ni
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1
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+ m2
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,

�
(7+8)W
L = g3mam2

b

64π2m3
W (m2

b − m2
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×
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U ν
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ν∗
bi

[
2m2
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)
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R = ma
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where B(k)
0,1 = B(k)

0,1(m2
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, m2

W ) and C0,1,2 = C0,1,2(m2
ni
, m2

W , m2
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�
(5)W
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W
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where Di j = ∑3
c=1 U ν

ciU
ν∗
c j , B(12)

0 = B(12)
0 (m2

ni
, m2

n j
), B(1)

1 = B(1)
1 (m2

W , m2
ni

), B(2)
1 = B(2)

1 (m2
W , m2

n j
),

and C0,1,2 = C0,1,2(m2
W , m2

ni
, m2

n j
). The analytic expressions �

(i)Y
L,R ≡ �

(i)Y h±
3

(ab)L,R with i = 4, 6, 9, 10
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are
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where B(12)
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ni

(
m2

Y − m2
h±

3
+ m2

h0
1

)
C0

− 2m2
am2

YC1 +
[
2m2

Y

(
m2

h0
1
− m2

a

)
− m2

b

(
m2

Y − m2
h±

3
+ m2

h0
1

)]
C2

]}
,

�
(3)Y
R = − g3mbcθcβ

64π2mW m2
Y

×
9∑

i=1

U ν∗
(b+3)i

{
λL,1∗

ai mni

[
B(2)

0 + B(2)
1 +

(
m2

Y + m2
h±

3
− m2

h0
1

)
C0 −

(
m2

Y − m2
h±

3
+ m2

h0
1

)
C2

]
− λR,1∗

ai ma

[(
m2

Y + m2
h±

3
− m2

h0
1

)
C1 + 2m2

YC2

]}
,

where B(2)
k = B(2)

k (m2
Y , m2

ni
) and C0,1,2 = C0,1,2(m2

ni
, m2

h±
3
, m2

Y ),

�
(4)h±

k,l

L = g2ghkl

32π2m2
W

9∑
i=1

[
−λR,k∗

ai λL,k
bi mniC0 + λL,k∗

ai λL,k
bi maC1 + λR,k∗

ai λR,k
bi mbC2

]
,

�
(4)h±

k,l

R = g2ghkl

32π2m2
W

9∑
i=1

[
−λL,k∗

ai λR,k
bi mniC0 + λR,k∗

ai λR,k
bi maC1 + λL,k∗

ai λL,k
bi mbC2

]
,
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where {k, l} = {1, 2}, {2, 1}, {1, 1}, {2, 2}, {3, 3}, gh21 = gh12, and C0,1,2 = C0,1,2(m2
ni
, m2

h±
k
, m2

h±
l

),

�
(6)h±

k
L = g3

64π2m3
W

9∑
i, j=1

{
λ0∗

i j

[
λR,k∗

ai λL,k
b j

(
B(12)

0 + m2
h±

k
C0 + m2

aC1 + m2
bC2

)
+ λR,k∗

ai λR,k
b j mbmnjC2 + λL,k∗

ai λL,k
b j mamniC1

]
+ λ0

i j

[
λR,k∗

ai λL,k
b j mni mnjC0 + λR,k∗

ai λR,k
b j mni mb(C0 + C2)

+ λL,k∗
ai λL,k

b j mamnj (C0 + C1) + λL,k∗
ai λR,k

b j mamb(C0 + C1 + C2)
] }

,

�
(6)h±

k
R = g3

64π2m3
W

9∑
i, j=1

{
λ0

i j

[
λL,k∗

ai λR,k
b j

(
B(12)

0 + m2
h±

k
C0 + m2

aC1 + m2
bC2

)
+ λL,k∗

ai λL,k
b j mbmnjC2 + λR,k∗

ai λR,k
b j mamniC1

]
+ λ0∗

i j

[
λL,k∗

ai λR,k
b j mni mnjC0 + λL,k∗

ai λL,k
b j mni mb(C0 + C2)

+ λR,k∗
ai λR,k

b j mamnj (C0 + C1) + λR,k∗
ai λL,k

b j mamb(C0 + C1 + C2)
] }

,

where k = 1, 2, 3, B(12)
0 = B(12)

0 (m2
ni
, m2

n j
), and C0,1,2 = C0,1,2(m2

ni
, m2

n j
, m2

h±
k

),

�
(9+10)h±

k
L = g3

64π2m3
W

(
m2

a − m2
b

)
×

9∑
i=1

[
mambmniλ

L,k∗
ai λR,k

bi

(
B(1)

0 − B(2)
0

)
+ mniλ

R,k∗
ai λL,k

bi

(
m2

bB(1)
0 − m2

aB(2)
0

)
+mamb

(
λL,k∗

ai λL,k
bi mb + λR,k∗

ai λR,k
bi ma

) (
−B(1)

1 + B(2)
1

)]
,

�
(9+10)h±

k
R = g3

64π2m3
W

(
m2

a − m2
b

)
×

9∑
i=1

[
mambmniλ

R,k∗
ai λL,k

bi

(
B(1)

0 − B(2)
0

)
+ mniλ

L,k∗
ai λR,k

bi

(
m2

bB(1)
0 − m2

aB(2)
0

)
+mamb

(
λR,k∗

ai λR,k
bi mb + λL,k∗

ai λL,k
bi ma

) (
−B(1)

1 + B(2)
1

)]
,

where k = 1, 2, 3, B(k)
0,1 = B(k)

0,1(m2
ni
, m2

h±
k

). The details for deriving the above formulas of �
(i)
L,R

were shown in Refs. [25,121], and hence we do not present them in this work. We note that the
scalar functions �

(1)W
L,R and �

(1,2,3)Y
L,R include parts that do not depend on mni , and therefore they

vanish because of the Glashow–Iliopoulos–Maiani mechanism.
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The divergent cancellation in the total �L,R is shown as follows:

div
[
�

(1)W
L

]
= ma�ε × 3

2
×

9∑
i=1

U ν∗
ai U ν

bim
2
ni
,

div
[
�

(5)W
L

]
= ma�ε ×

9∑
i, j=1

U ν∗
ai U ν

b j

(
−D∗

i jm
2
n j

− 1
2

Di jm2
ni

)
,

div
[
�

(7+8)W
L

]
= div

[
�

(4)Y
L

]
= div

[
�

(7+8)Y
L

]
= 0,

div
[
�

(1)Y
L

]
= ma�ε ×

(
3s4

θ

2c2
β

)
9∑

i=1

U ν
(a+3)iU

ν
(b+3)im

2
ni
,

div
[
�

(2)Y
L

]
= ma�ε ×

(
−cθ s2

θ

2cβ

) 9∑
i=1

U ν
(a+3)iλ

L,1
bi mni ,

div
[
�

(3)Y
L

]
= �ε ×

(
cθ s2

θ

cβ

) 9∑
i=1

U ν∗
(a+3)iL

R,1
ai m2

ni
,

div
[
�

(5)Y
L

]
= ma�ε × s2

θ

c2
β

9∑
i, j=1

U ν∗
(a+3)iU

ν
(b+3) j

(
−D∗

i jm
2
n j

− 1
2

Di jm2
ni

)
,

div
[
�

(6)Y h±
k

L

]
= ma�ε ×

9∑
i, j=1

U ν∗
(a+3)iλ

0∗
i j λ

L,k
b j ,

div
[
�

(9+10)Y h±
k

L

]
= −ma�ε ×

9∑
i=1

U ν∗
(a+3)iλ

L,k
bi mni , (A1)

where divB(1)
0 = divB(2)

0 = divB(12)
0 = −2divB(1)

1 = −2divB(2)
1 = �ε and 1/mY = sθ /(cβmW).

It is easy to see that div
[
�

(1)W
L

]
+ div

[
�

(5)W
L

]
= div

[
�

(6)Y h±
k

L

]
+ div

[
�

(9+10)Y h±
k

L

]
= 0 and

the sum of the remaining divergent parts is zero in the case we are focusing on investigating: cθ

= 1.
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