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1 Introduction

Bosonization is the equivalence between a 2d theory of a Dirac fermion and a theory of a
scalar field whose non-Abelian generalization is a WZW theory [9]. The partition function
factorizes, which can be better understood by coupling the chiral part to a background
gauge field, resulting in a chirally gauged WZW theory [8]. An analogous situation happens
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in 6d for the selfdual three-fom of the M5 brane. If we compute the partition function of a
nonchiral three-form then it factorizes. This factorization can be better understood if one
couples the chiral part to a background C-field that is a three-form gauge potential in 11d
supergravity [11]. A somewhat different kind of chirally gauged WZW theory appears as
the boundary theory of M2 branes [14].

If we put the M5 brane on R1,1×Taub-NUT and view the Taub-NUT space as a
circle fibration over R3, then the radius of that circle vanishes at the origin, where we
have the submanifold R1,1. This has a brane interpretation of a D4 brane intersecting
with a D6 brane. Near the intersection there are open strings stretching between the two
branes. More generally, on the intersection brane, which is R1,1, we have chiral fermions in
the bifundamental of U(N)× U(Q) where in the brane picture there are Q coincident D6
intersecting with N coincident D4 branes. These chiral fermions have a gauge anomaly that
cancels the corresponding gauge anomaly of the 5d SYM that lives on the D4 brane [10].
By bosonizing we get a chirally gauged WZW on R1,1 and again that theory has a gauge
anomaly that cancels the corresponding gauge anomaly of the D4 brane [5]. The gauge
anomaly of the D4 brane comes from a gravi-photon term in eq. (2.1). In this paper we will
extend this analyzis to the supersymmetric case. We find that the combined system of 5d
SYM on the D4 branes and supersymmetric chirally gauged supersymmetric WZW theories
plus additional mass terms for the five scalar fields on R1,1 results in a supersymmetric and
gauge invariant theory.

1.1 Outline

In section 2 we present the five-dimensional SYM theory obtained by reducing the Abelian
M5 brane on a circle bundle. The relation with the Abelian M5 brane can be found in [3]
and is not repeated here. In this reference one term that is proportional to the derivative
of the radius r of the circle fibration is missing in the fermionic terms in the action, a
mistake that has also propagated to [12]. This term is crucial in order to combine the
terms in the action into Weyl covariant derivatives that act on the matter fields. It is also
needed in order for the action to be supersymmetric. In order to show that the action is
supersymmetric, we need to use eqs. (3.2), (3.3) in this paper (which are new results) in
addition to the Killing spinor equation (2.2) that was also presented in [3].

In section 3 we obtain eqs. (3.2) and (3.3) that impose conditions on the geometry.
We then present two classes of solutions to these conditions. One class is conformally flat
spacetimes of a certain type and the other class is of the form R1,1× multi-Taub-NUT.
We do not expect these to exhaust all possible geometries so we are leaving a classification
problem of geometries as a future problem. In this paper we are interested in singular
fibrations where the graviphoton has a nonvanishing magnetic charge at the singular locus.
For conformally flat spaces the graviphoton vanishes. This leaves us with R1,1× multi-
Taub-NUT. Much of section 3 is a review of old results, but the conditions (3.2) and (3.3)
are new, and the message we want to convey here is that these old results can be derived
from just using (3.2) and (3.3), a strategy that we think may be applied to also find some
other five-manifolds on which these 5d SYM theories may live. If the reader is happy with
accepting multi-Taub-NUT as the starting point, then section 3 can be skipped.
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In section 4 we show that the 5d SYM theory on R1,1× multi-Taub-NUT has a gauge
anomaly and a supersymmetry anomaly at the singular locus of the fibration. The gauge
anomaly has been discussed previously in [5] where it was argued that this gauge anomaly
shall be canceled by adding a chiral gauged WZW theory at the singular locus. The
supersymmetry anomaly is a new result.

In section 5 we present a supersymmetric extension of the chiral gauged WZW theory
on the singular locus. The singular locus in this case is R1,1 or a number of copies thereof,
in the case of multi-Taub-NUT. This theory is supersymmetric if we do not make a super-
symmetry variation of the gauge potential that we may view as a background gauge field
from the perspective of WZW theory, coming from the 5d SYM theory. What we find is
that if we make a supersymmetry variation of the gauge field induced from the 5d SYM
theory, then the WZW theory receives a supersymmetry variation that exactly cancels
against a corresponding term in the supersymmetry variation of the 5d SYM action.

In section 6 we discuss the WZW current and perform a consistency check using equa-
tions of motion. We also note that a mass term for the five scalar fields at the singular
locus has to be added in order to fully cancel the supersymmetry anomaly of the 5d SYM.

In section 7 we have a discussion where put our results in the context of what has been
done previosly in the literature. We also discuss some issues in the previous literature that
we have found.

There are a couple of appendices with further details. One particularly important new
result in these appendices is the Weyl projection (A.1) that we need in order to preserve
supersymmetry on a generic circle fibration under the dimensional reduction from the M5
brane.

2 The 5d super Yang-Mills

We put the Abelian M5 brane on a circle bundle with the metric

ds2 = Gµνdx
µdxν + r2 (dψ + κµdx

µ)2

Here xµ are coordinates on the five-dimensional base manifold, ψ ∼ ψ + 2π is the fiber
coordinate parametrizing the circle fiber with circumference 2πr. The radius r can depend
on the base-manifold coordinates. The gravi-photon is denoted κµ and its curvature is
denoted Wµν = ∂µκν − ∂νκµ. We perform dimensional reduction along the circle fiber.
That results in an Abelian 5d SYM. This has a non-Abelian generalization whose action
is given by [3]

S =
∫
d5x
√
−G 1

4π2r
L

where the Lagrangian density is

L = −1
4F

2
µν + r

4ε
µνλκτω(A)µνλWκτ −

1
2(Dµφ

A)2 − m2

2 (φA)2

+ i

2 ψ̄ΓµDµψ −
i

4r ψ̄Γµψ∂µr + ir

16 ψ̄ΓµνΓψ̂ψWµν −
1
2 ψ̄ΓAΓψ̂[ψ, φA] + 1

4[φA, φB]2
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where a trace over the Lie algebra generators is understood and not written out explicitly
for notational simplicity. The field content is a gauge field Aµ, five scalar fields φA and
a fermionic field ψ. We use here an 11d notation, where the gamma matrices are 11d.
Likewise the fermionic field is an 11d Majorana spinor that is reduced to 6d where it is Weyl
projected, and subsequently dimensionally reduced to 5d. The details are summarized in
the appendix D. The mass squared is given by the following rather complicated expression

m2 = R

5 −
r2

20W
2
µν + 3

5
∇2r

r
−
(∇µr

r

)2

and

ω(A)µνλ = Aµ∂νAλ −
2i
3 AµAνAλ

is the Chern-Simons three-form, where it is understood that the indices µ, ν, λ shall be
antisymmetrized. We notice that the graviphoton term∫
d5x
√
−G 1

4π2r

r

4ε
µνλκτω(A)µνλWκτ = 1

16π2

∫
dxµ ∧ dxν ∧ dxλ ∧ dxκ ∧ dxτω(A)µνλWκτ

(2.1)

makes no reference to the 5d metric. The supersymmetry variations are

δφA = iε̄ΓAψ
δAµ = iε̄ΓµΓψ̂ψ

δψ = 1
2ΓµνΓψ̂εFµν + ΓµΓAε

(
Dµφ

A + ∂µr

r
φA
)

+r

2ΓAΓµνΓψ̂εWµνφ
A − i

2ΓABΓψ̂ε[φA, φB]

where the supersymmetry parameter satisfies the following Killing spinor equation

∇µε = Mµε

Mµ = 1
2rΓµΓν∂νr −

r

8ΓµΓρσΓψ̂Wρσ −
r

4WµνΓνΓψ̂ (2.2)

We may introduce a Weyl covariant derivative

Dµφ = Dµφ
A + ∂µr

r
φA

Dµψ = Dµψ + 3
2ψ

∂µr

r
− 1

2Γµνψ
∂νr

r

In terms of this derivative the Lagrangian becomes

L = −1
4F

2
µν + r

4ε
µνλκτω(A)µνλWκτ −

1
2(DµφA)2 + i

2 ψ̄ΓµDµψ

+ ir

16 ψ̄ΓµνΓψ̂ψWµν −
1
2 ψ̄ΓAΓψ̂[ψ, φA] + 1

4[φA, φB]2

We now notice that the complicated mass term for the scalars has got completely absorbed
into the Weyl covariant derivative. The Weyl transformations act as

Gµν → e2ΩGµν

r → eΩr
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φA → e−ΩφA

ψ → e−
3
2 Ωψ

Aµ → Aµ

Under these transformations the Weyl covariant derivative transforms Weyl covariantly as

DµφA → e−ΩDµφA

Dµψ → e−
3
2 ΩDµψ

Using this, it can be easily seen that the action is Weyl invariant. In addition to this, one
may also show that if we transform the supersymmetry parameter as

ε → e
1
2 Ωε

then the supersymmetry variations are also Weyl invariant.

3 Conditions on the geometry

The Killing spinor equation (2.2) is derived from the 6d conformal Killing spinor equation
of the M5 brane by imposing the condition ∂ψε = 0. Solutions to the 6d conformal Killing
spinor equation have been summarized in [2], but the condition ∂ψε = 0 was not considered
there.

The most general condition on the geometry from the Killing spinor equation is ob-
tained by analyzing [∇µ,∇ν ]ε. But not only will this lead to fairly complicated compu-
tations, but also we will not need this strong condition for our purposes here. For the
purpose of checking supersymmetry of the action, we will only need the weaker conditions
that arises from

Γµν∇µ∇νε = −R4 ε (3.1)

This equation limis our search for possible geometries, but since (3.1) gives a weaker condi-
tion on the geometry than the Killing spinor equation itself, we will still need to show the
existence of solutions to the Killing spinor equation. From (3.1) we obtain the following
conditions

20
(∇µr

r

)2
− 8∇

2r

r
+ r2

4 W
2
µν = R (3.2)

∇ν
(1
r
Wνµ

)
+ 1

4Eµ
νλρσWνλWρσ = 0 (3.3)

Now this geometry is best understood not as a five-manifold, but as the six-manifold that is
a circle bundle over the base five-manifold. We may express the first integrability condition
in terms of the curvature scalar of the six-manifold if we note the relation

R6d = R− r2

4 W
2
µν − 2∇

2r

r

that relates the curvature scalars R6d of the six-manifold with the curvature scalar R of the
base five-dimensional base-manifold. By using this relation, the integrability condition (3.2)
can be expressed as

R6d = 20
(∇µr

r

)2
− 10∇

2r

r
(3.4)
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3.1 Conformally flat spacetimes

The constraint (3.4) is satisfied for a conformally flat metric, where in order to preserve
supersymmetry under dimensional reduction, we need to restrict such a metric to be on
the form

ds2 = r2ηµνdx
µdxν + r2dψ2

where r = r(xµ) does not depend on the fiber direction parametrized by ψ ∼ ψ + 2π. To
show this, we use the a standard formula for how the curvature scalar transforms under a
Weyl rescaling Gµν → r2Gµν , [6]

R → 1
r2R− 2(D − 1) 1

r3G
µν∇µ∇νr − (D − 1)(D − 4) 1

r4G
µν∇µr∇νr

for a D-dimensional manifold. Here we take D = 6 and Gµν = ηµν . This formula then
gives

R → −10 1
r3 η

µν∂µ∂νr − 10 1
r4 η

µν∂µr∂νr

In order to see that this corresponds to the constraint (3.4), we need to express the expres-
sions on the right-hand side that are to be computed with respect to the metric Gµν = r2ηµν
on the 5d base manifold, in terms of the flat matric ηµν . We have

(∇µr)2 = 1
r2 η

µν∂µr∂νr

∇2r = 1
r2 η

µν∂µr∂νr + 3
r3 η

µν∂µr∂νr

Using these results we find the result

R → 20
(∇µr

r

)2
− 10∇

2r

r

for the curvature scalar of the Weyl transformed metric, in agreement with the integrability
constraint (3.4).

This, however, is not sufficient to prove the existence of a Killing spinor, since we only
study a weaker version of the integrability condition. But it is not difficult to construct
Killing spinor solutions to (2.2) explicitly for conformally flat metrics. The Killing spinor
equation is

∂µε = 1
2rε∂µr

It has the general solution

ε =
√
rξ

for a constant spinor ξ. This solution can also be obtained by starting from the flat metric
ds2 = ηµνdx

µdxν+dψ2 and the Killing spinor ξ and then making a Weyl rescaling ξ →
√
rξ.

– 6 –
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3.2 R1,1× multi-Taub-NUT

Another class of six-manifolds that satisfy the constraints (3.3) and (3.4) are of the form
R1,1 ×X where we take X to be a hyper-Kahler manifold with the metric

ds2
X = Ud~x · d~x+ 1

U
(dψ + ~κ · d~x)2 (3.5)

Here ~x parametrizes R3 and U is a function on R3. Since X is Ricci flat we have that
R6d = 0 and (3.4) reduces to

2
r2G

µν∇µr∇νr = 1
r
Gµν∇µ∇νr (3.6)

where the radius is r = 1√
U
. The left-hand side of (3.6) is

1
2U3

~∇U · ~∇U

and the right-hand side is

1
2U3

~∇U · ~∇U − 1
2U2∇

2U

We see that (3.6) is satisfied if U is harmonic everywhere on R3

∇2U = 0

except for points where 1
U2 vanishes. Let us now look at the constraint (3.3). With the

metric (3.5) this constraint becomes

∂i(UWij) = 0 (3.7)

in Cartesian coordinates on R3. In addition, it is necessary for Wij to be closed everywhere
outside the singular points. This leads to the solution

Wij = εijk∂kU

which is automatically closed

εijl∂lWij = ∂k∂kU = 0

outside singular points, and moreover it satisfies (3.7),

∂i(UWij) = εijk∂iU∂kU + Uεijk∂i∂kU = 0

A general harmonic function on R3 has the form

U = 1
R2 + 1

2

N∑
i=1

1
|~x− ~xi|

which leads to the multi Taub-NUT metric [1]. There are singularities at ~x = ~xi for
i = 1, . . . , N . One may notice that such singularities are fine since close to a singularity

– 7 –
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we have 1
U2∇2U ∼ r2∇2 1

r = 0. Let us now take a closer look at a singularity, starting with
N = 1 for which we have the Taub-NUT metric

ds2
X = Udxidxi + 1

U

(
dψ + κidx

i
)2

where

U = 1
R2 + 1

2|~x|

We can view the Taub-NUT space as a circle bundle over a base-manifold that is a rescaled
version of R3 with the metric Gij = Uδij . If we use polar coordinates on R3 then the
Taub-NUT metric is

ds2
X = U

(
dr2 + r2

(
dθ2 + sin2 θdϕ2

))
+ 1
U

(
dψ + 1

2 cos θdϕ
)2

and the radius of the circle fiber is 1/
√
U where

U = 1
R2 + 1

2r

The radius of the circle fibration (not to be confused with the radius r of R3) vanishes at
r = 0 so the circle fibration is singular. But the manifold is nonetheless smooth at r = 0.
To see that, we may look at the metric close to r = 0. When r`R2 we may neglect the
constant term in U so the metric is

ds2
X = 1

2r
(
dr2 + r2

(
dθ2 + sin2 θdϕ2

))
+ 2r

(
dψ + 1

2 cos θdϕ
)2

The interpretation of this metric becomes clearer if we define

r = ρ2

2
Then the metric becomes

ds2
X = dρ2 + ρ2

4
(
dθ2 + sin2 θdϕ2

)
+ ρ2

4 (2dψ + cos θdϕ)2 (3.8)

This is now the metric of flat R4. For the details of the construction of this flat metric we
refer to appendix B. The important point is that ψ is 2π periodic.

If we look at the Taub-NUTmetric in the other limit when r � R2 we may approximate
U ≈ 1

R2 and the metric is

ds2
X = 1

R2dx
idxi +R2

(
dψ + κidx

i
)2

which describes a cylinder of radius R. The Taub-NUT space thus interpolates between
flat R4 at the origin and a cylinder at infinity.

The graviphoton one-form is

κ = 1
2 cos θdϕ

– 8 –
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Its curvature two-form w = dκ is

W = −1
2 sin θdθ ∧ dϕ (3.9)

that is integrated over S2 to ∮
S2
W = −2π

Another way of expressing this curvature two-form is as

Wij = εijk∂kU

in flat R3 with metric δij where ε123 = 1 and totally antisymmetric. It is also useful to
express this same relation in a covariant form by using the metric Gij = Uδij of the base.
Covariantly we then have

Wij = 1
G1/6 εijkG

k`∂`U (3.10)

where we define the covariant tensor εijk =
√
Gεijk. We may now confirm the equivalence

of the two expressions (3.9) and (3.10) by choosing polar coordinates on the base. We then
need to study the expression

Wθϕ = 1
G1/6 εθϕrG

rr∂rU

We start by rewriting everything in terms of U using

G = U3

Grr = 1
U

Then

Wθϕ = 1
U
√
U
εθϕr∂rU

Next we notice that

∂rU = − 1
2r2

We then need to address the quesion of finding an explicit expression for the antisymmetric
tensor component

εθϕr =
√
Gεθϕr = U3/2εθϕr

Here εθϕr = r2 sin θ is the determinant of the Jacobian when we go from Cartesian to Polar
coordinates. We now have all ingredients. Putting them together, we obtain

Wθϕ = −1
2 sin θ

which is in perfect agreement with (3.9).

– 9 –
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For multi-Taub-NUT we take

U = 1
R2 + 1

2

N∑
I=1

1
|~x− ~xI |

and the gravi-photon is implicitly defined through

Wij = εijk∂kU

This is a sum of terms,

Wij =
∑
I

W I
ij

W I
ij = εijk∂kU

I

U I = 1
2

1
|~x− ~xI |

which means that the gravi-photon itself is a sum of terms,

κi =
∑
I

κIi

When ~x ≈ ~xI the geometry is locally that of flat R4 if no other points ~xJ coincide with ~xI .
If QI points coincide at ~xI , then we have, locally near that point, the metric

ds2
X = Q

2r
(
dr2 + r2

(
dθ2 + sin2 θdϕ2

))
+ 2r
Q

(
dψ + Q

2 cos θdϕ
)2

If we put r = ρ2

2 we get

1
Q
ds2
X = dρ2 + ρ2

4
(
dθ2 + sin2 θdϕ2

)
+ ρ2

4Q2 (2dψ +Q cos θdϕ)2

If we put ψ = Qψ̃ we get

1
Q
ds2
X = dρ2 + ρ2

4
(
dθ2 + sin2 θdϕ2

)
+ ρ2

4
(
2dψ̃ + cos θdϕ

)2

where ψ̃ ∼ ψ̃ + 2ψ
Q . This is the metric of the orbifold C2/ZQ with the identification

(z1, z2) ∼ (e2πi/Qz1, e
2πi/Qz2).

We conclude that the multi-Taub-NUT space TNN is everywhere smooth for N non-
coinciding singular points. But when Q singular points coincide we get an orbifold singu-
larity of the type C2/ZQ.

Having found these geometries of multi-Taub-NUT, it remains to establish the exis-
tence of Killing spinor solutions. To this end, we will simply review an argument from [5]
that shows that such six-manifolds support 8 real covariantly constant spinors. The exis-
tence of a covariantly constant spinor on X implies that the Ricci tensor must vanish. For
hyper-Kahler manifolds the Ricci tensor vanishes and the generic SO(4) = SU(2)+×SU(2)−
holonomy group is reduced to SU(2)+. According to the holonomy principle, a covariantly

– 10 –



J
H
E
P
0
9
(
2
0
2
2
)
1
5
3

constant spinor is a singlet under the holonomy group SU(2)+. Let us represent gamma
matrices in the SO(4) tangent space group of X as

γi = σi ⊗ σ1

γ4 = 1⊗ σ2

Then the embedding of the SU(2)± generators into SO(4) is done as

σiP± = − i2γ
i4 ∓ i

4ε
ijkγjk

where P± = 1
2
(
1⊗ 1± 1⊗ σ3). From this, we conclude that spinors that are not rotated

by the holonomy group SU(2)+ satisfy P+ψ = 0 so they are anti-Weyl spinors. The
six-manifold has a tangent space group SO(1, 5). A Weyl spinor under this tangent space
group has 4 complex components and the constraint that it shall be invariant under SU(2)+
imposes another Weyl projection leading to 2 complex components. For the M5 brane there
is in addition an SO(5) R-symmetry group and the spinor has 4 internal SO(5) R-symmetry
spinor components that leads to in total 2× 4 = 8 complex spinor components, but there
is a Majorana condition that one can impose on a spinor in SO(1, 5)× SO(5) ⊂ SO(1, 10)
resulting in 8 real components. These correspond to 8 real supercharges [5].

4 Gauge and supersymmetry anomalies

Let us assume that the circle fiber vanishes on a two-dimensional submanifold Σ with
Lorentzian signature. Because the circle fibration degenerates on Σ, it is somewhat diffi-
cult to analyze what happens there directly. One way to circumvent this difficulty is by
considering a tubular neighborhood around Σ. We then consider a five-manifold with a
boundary four-manifold of the form Σ × S2

r0 where S2
r0 is a small sphere that is enclosing

Σ and then in the end we shall take the limit r0 → 0. Let us assume that the gauge
group is Abelian. Since S2

r0 has a nonvanishing second cohomology group, it can support
a nonzero magnetic flux. Since there are two gauge fields, Aµ and κµ there could apriori
be two types of magnetic fluxes going through S2

r0 as well. For the Yang-Mills gauge field
such a magnetic flux would have to come from D1 branes ending on the D4 brane. By
uplift to the M5 brane, we would need M2 branes ending on the M5 brane. But there is
no natural place for the M2 branes to end because the M5 brane geometry is completely
smooth.1 We may also understand this from the fact that there is no three-cycle in the
M5 brane geometry close to the singular locus. The geometry close to the singular locus is
R1,1 × R4 for the Taub-NUT space and similarly for the multi-Taub-NUT case as long as
this is regular manifold, in which case there is clearly no three-cycle and hence no possibil-
ity of having a magnetic flux. In this paper we will for simplicity not consider situations
where the multl-Taub-NUT space develops orbifold singularities as singular loci coincide.

The gravi-photon gauge field does have a nonzero flux through S2
r0 . It is entirely fixed

by the geometry and can be obtained directly from the metric. By allowing r0 to take
1I would like to thank the referee for providing this argument.
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any value greater than zero, we find that this magnetic flux has to be produced by a delta
function localized on Σ. We thus have the following modifications of the Bianchi identity,

∂µWνλ + ∂λWµν + ∂νWλµ = −2π
n∑
I=I

QIδIµνλ (4.1)

The charge QI denotes the charge of submanifold ΣI . For the multi-Taub-NUT, these
charges sum up to N

n∑
I=I

QI = N

where N = 1, 2, 3, . . . is the integer charactarizing the multi-Taub-NUT. Further, δIµνλ
denotes the Poincare dual of ΣI , defined as∫

d5x
√
−Gεµνλρσ 1

6δ
I
µνλ

1
2ωρσ =

∫
ΣI

d2σ
√
−ηεαβ 1

2ωαβ (4.2)

for an arbitrary test-two-form ωµν . Here ηαβ denotes the induced metric on ΣI that we
parametrize by coordinates σα.

There are two options for writing the gravi-photon term. Either

Lgrav = r

4ε
µνλρσω(A)µνλWρσ (4.3)

or

L′grav = −r8ε
µνλρσFµνFλρκσ (4.4)

The two ways differ by a total derivative,

Lgrav = L′grav + r∇ρ
(1

2ε
µνλρσω(A)µνλκσ

)
inconsequential for the equation of motion, but L′grav is gauge invariant while Lgrav is not,
so one might prefer to use L′grav. But L′grav is not invariant under a reparametrization of
the fiber coordinate. Under a reparametrization ψ → ψ′ = ψ + f the graviphoton field
transforms as κµ → κ′µ−∂µf . So this way of writing the gravi-photon term is not invariant
under such a ‘geometric’ gauge transformations.

The gauge field equation of motion is

∇ν
(1
r
F νµ

)
+ 1

4ε
µνλρσFνλWρσ = 0 (4.5)

This equation of motion holds irrespectively of whether we use the gravi-photon term (4.3)
or (4.4) in the action. If we act by ∇µ on the left-hand side, then we get

2
r
RµνF

µν + 1
4ε

µνλρσFνλ∇µWρσ = 0 (4.6)

The first term is zero because the Ricci scalar is symmetric while Fµν is antisymmetric. But
if Q is nonzero, then the second term is not zero. In this case, the equation of motion (4.6)
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becomes inconsistent, and must be modified somehow. Following [4], we make the following
ansatz for such a modified equation of motion,

∇ν
(1
r
F νµ

)
+ 1

4ε
µνλρσFνλWρσ = Jµ (4.7)

Now if we act on both sides by ∇µ we get

2πεµνλρσ 1
2Fνλ

1
6

n∑
I=1

QIδIµρσ = ∇µJµ (4.8)

and if the left-hand side is nonzero, then this shows that 5d SYM can not be the full story.
Something more is needed that can produce Jµ.

Let us then use the gravi-photon term (4.3), which is not gauge invariant but diffeo-
morphism invariant. If we assume that the gauge group is non-Abelian, then under a finite
gauge transformation

Ag = g−1Aµg + ig−1∂µg (4.9)

the Chern-Simons three-form transforms as

ω(Ag)µνλ = ω(A)µνλ + ∂ν
(
i∂µgg

−1Aλ
)

+ 1
3g
−1∂µgg

−1∂νgg
−1∂λg (4.10)

The last term gives rise to the following term in the action,

1
16π2

∮
S2
dxi ∧ dxjWij

∫
R+×R1,1

dxµ ∧ dxν ∧ dxλ 1
3tr

(
g−1∂µgg

−1∂νgg
−1∂λg

)
Using that the magnetic charge is −2πQ gives

− Q

12π

∫
R+×R1,1

dxµ ∧ dxν ∧ dxλtr
(
g−1∂µgg

−1∂νgg
−1∂λg

)
The manifold over which this is to be integrated is R+ × R1,1 where R+ is the radial
direction outwards from the S2 over which we integrated Wij . So this three-manifold has a
boundary S2. The metric on this manifold does not enter since the term is topological. Let
us Wick rotate R1,1 into R2 that we subsequently compactify into S2. Then the manifold
over which we integrate has turned into R3 where we have removed a small ball at the
center. Expecting nothing particular happens to the field g at the origin, we can let this
ball shrink to zero size and integrate over the full R3 space. Assuming that g falls off
sufficiently fast at infinity, this amounts to integrating over S3 as we may then identify all
points at infinity and make a one-point compactification of R3 to S3 by adding the point at
infinity. When integrating over S3 this term is quantized in integer multiples of 2πi where
the integer is the winding number as we map S3 into an SU(2) subgroup of the gauge group
by the field g.

For the second term in (4.10) we applying (4.2) after making an integration by parts.
The final result is that the gravi-photon term transforms as

Sgrav(Ag) = Sgrav(A)−
n∑
I=1

iQI

4π

∫
ΣI

dxµ ∧ dxνtr
(
∂µgg

−1Aν
)
− 2πnw
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where nw is an integer winding number. This integer plays no role in the quantum theory
where one considers the exponentiated action eiS in Lorentzian signature.

The action is also not supersymmetric. But to study this problem it is advantagous to
first consider a more general setup of a five-manifold with a generic four-manifold boundary.
Then under a supersymmetry variation of the action, we will pick up the following boundary
terms,

δS = 1
4π2

∫
d5x∂µ

(√
−Gbµ

)
bµ = −1

r
FµνδAν −

1
4ε

µνλρσAνδAλWρσ −
1
r
DµφAδφA − i

2r ψ̄Γµδψ

Explicitly we get

bµ = − i

4r ψ̄ΓρσΓµεΓψ̂εFρσ + i

2r ψ̄ΓρΓµΓAεDρφ
A − 1

4ε
µνλρσAνiε̄ΓλΓψ̂ψWρσ

− i

2r ψ̄ΓµΓρΓAε∂ρr
r
φA − i

4 ψ̄ΓµΓρσΓAΓψ̂εWρσφ
A − 1

4r ψ̄ΓµΓABΓψ̂ε[φA, φB]

We would now have liked to proceed along the lines of reference [7] and find boundary
degrees that we add so that the total action becomes supersymmetric without imposing
boundary conditions. This strategy works nicely for low-dimensional super Yang-Mills.
But for 5d SYM this strategy fails. So instead we will use a different approach. In the end
we are not interested in the 4d boundary theory, but in a 2d submanifold theory. So we
want to take the limit where the radius r0 goes to zero. As we are still integrating over
S2
r0 , taking the limit r0 to zero, amounts to averaging over the radial directions. For most

terms, such an averaging will produce zero net result because the fields are not expected
to vary very much close to the singular point. From a 6d viewpoint, this singular point is
perfectly regular and we expect the fields to be smooth close to the singularity. We then
expect that the only terms that will survive the integration over S2

r0 will be those that arise
as magnetic charges when we integrate the two-form Wµν . So we may isolate the terms
that involve this two-form and only consider those terms.

Let us analyze this problem on R1,1 × TN . We use the relation (A.1) which leads to

bµ = i

8 ψ̄ΓAΓµΓρσΓψ̂εWρσφ
A − 1

4ε
µνλρσiε̄ΓλΓψ̂ψAνWρσ + . . .

where we extracted terms proportional to Wµν . Now we use the fact that Wµν has compo-
nents only in the R3 base of TN where it is a magnetic monopole of strength −2πQ. The
boundary is taken to be R1,1 × S2 and the normal direction is the radial direction. Thus
we are interested in the radial component

br = i

4 ψ̄ΓAΓrθϕΓψ̂εWθϕφ
A + 1

2E
µνErθϕiψ̄Γψ̂ΓµεAνWθϕ + . . .

Now we need to examine the Weyl projections. On TN we have the Weyl projection (A.2)

Γ123Γψ̂ε = ε
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By combining that we the 6d Weyl projection

Γ0Γ123Γ4Γψ̂ε = −ε

we get

Γ04ε = −ε

We define ε01234ψ̂ = ε01234 = 1, and we put εµνijk = εµνεijk where we put ε04 = −1 and
ε123 = 1. Then we have

ενλΓνε = Γλε

Using this relation, we get

br = i

4E
rθϕψ̄ΓAεWθϕφ

A + 1
2E

rθϕiψ̄Γψ̂ΓνεAνWθϕ + . . .

This leads to a variation of the action given by

δS5d = −
∑
I

QI
8π

∫
ΣI

d2xiψ̄ΓAεφA −
∑
I

QI
4π

∫
ΣI

d2xiψ̄Γψ̂ΓµεAµ

In a 5d reduced notation

δS5d =
∑
I

QI
8π

∫
ΣI

d2xiχτAEφA −
∑
I

QI
4π

∫
ΣI

d2xχγµEAµ (4.11)

where Eαα̇ = εα−α̇ and χαα̇ = ψα+α̇. The 5d conjugate spinor is defined as χ̄ββ̇ =
χαα̇CαβCα̇β̇ . We further reduce to 2d notation by decomposing α = (u,m) and put
γµ = (γµ)uvδmn . Then χγµE = χumα̇(γµ)uvEvmα̇. In the 2d reduced notation, the sum
over m is trivial and gives three identical copies. For more details on our spinor notations,
we refer to appendix D.

5 WZW theories on ΣI

A supersymmetric WZW theory has been constructed in [13] using a superfield formulation.
Here we will use a component formulation instead. Let us start by analyzing the following
supersymmetric WZW Lagrangian (where ε01 = 1),

LWZW (g,Aµ) = 1
8π tr

(
g−1 (∂µ − iAµ) g

)2
− i

4πε
µνtr∂µgg−1Aν −

i

8π tr
(
λ̄γµ∂µλ

)
+ 1

12πε
µνλtr

(
g−1∂µgg

−1∂νgg
−1∂λg

)
To get the action, we should integrated this over ΣI , except for the last term that should be
integrated over some three-manifold whose boundary is ΣI . This Lagrangian is invariant
under the supersymmetry variations

g−1δg = −ε̄λ
δλ = −iγµεg−1∂µg
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provided we impose the following chiral projection on the supersymmetry parameter,

γ01ε = ε

Under a variation of Aµ, keeping g and λ fixed, we have

δLWZW (g,Aµ) = − i

4π∂µgg
−1 (δAµ + εµνδAν)− 1

4πAµδA
µ

If we make the specific variation

δAµ = −χγµE

as induced from 5d, then we get

δLWZW (g,Aµ) = i

4π∂µgg
−1χ (γµ + εµνγν) E + 1

4πAµχγ
µE

The first term vanishes by the projection γ01E = E . So if we add the following 2d action,

SWZW =
∑
I

QI

∫
ΣI

d2xLWZW (gI , Aµ) (5.1)

then we cancel the second term in (4.11).
The resulting Lagrangian is also not fully gauge invariant, where the gauge variation

acts on the fields as

Aµ → hAµh
−1 − i∂µhh−1

g → hg (5.2)

for a gauge parameter h. One obviously gauge noninvariant term is
Lnon = − i

4πε
µνtr∂µgg−1Aν , which transforms into

Lnon → Lnon −
i

4πε
µνtr

(
h−1∂µhAν

)
− 1

4πε
µν
(
∂µhh

−1∂νhh
−1 + ∂µgg

−1h−1∂νh
)

The other gauge noninvariant term is theWZ term LWZ = 1
12πε

µνλtr
(
g−1∂µgg

−1∂νgg
−1∂λg

)
that transforms into

LWZ → LWZ + 1
12πh

−1∂µhh
−1∂νhh

−1∂λh

+ 1
4πε

λµν∂λ
(
∂µhh

−1∂νhh
−1 + ∂µgg

−1h−1∂νh
)

We now see that many terms cancel between δLnon and δWZ and we are left with the gauge
variation

δS2d = −
∑
I

iQI
4π

∫
dxµ ∧ dxνtr

(
h−1∂µhAν

)
In order to match the gauge variation (5.2) with the gauge transformation (4.9) we shall
substitute h here by g−1, in which case we get

δS2d =
∑
I

QI
4π

∫
dxµ ∧ dxνtr

(
i∂µgg

−1Aν
)

that is cancelling the gauge variation of S5d.
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6 The WZW current

If we would vary the gauge potential in the WZW theory, then we would get the equation
of motion

∂µgg
−1 − εµν∂νgg−1 − iAµ = 0 (6.1)

This equation is not gauge invariant. But that is not so surprising. The gauge potential
in the WZW theory is a background field and we are not supposed vary a background
field. However, it is a dynamical field in the 5d SYM theory and so if we vary the gauge
potential in the combined system of 5d SYM plus the WZW theory, then we should recover
a gauge invariant equation of motion. The gauge invariant completion of the left-hand side
in (6.1) is

Dµgg
−1 − εµνDνgg−1 (6.2)

Thus we are looking for a missing term iεµνA
ν that should come from the 5d SYM upon

variation of the gauge potential, so that (6.1) is completed into (6.2). Let us examine the
gravi-photon term, and the following term

1
16π2Aµ∂νδAλWρσ

when we vary the gauge potential. To derive the Euler-Lagrange equation of motion, we
would make an integration by parts. But here, when we make an integration by parts we
must be careful because of (4.1). It is not too hard to see that this will exactly produce
our missing 2d term that will complete (6.1) into (6.2).

Let us follow [3] and put

Jµ = Dµgg
−1 − εµνDνgg−1

Then the 5d SYM equation of motion is modified to

Dν
(1
r
Fνµ

)
+ 1

4ε
µνλρσFνλWρσ =

∑
I

iπQIδI123Jµ (6.3)

Let us now assume the gauge group is Abelian for simplicity. Nothing essential changes
in the argument we will make below when the gauge group is non-Abelian. When the gauge
group is Abelian, we put

g = eiφ

and then φ will be a 2π periodic scalar field, and the WZW action is given by

SWZW = − Q8π

∫
d2x

(
(∂µφ−Aµ)2 + εµνφFµν + iλ̄γµ∂µλ

)
that is invariant under the supersymmetry variations

δφ = iε̄λ

δλ = γµε(∂µφ−Aµ)
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for γε = ε. Under the gauge variation

δφ = Λ
δAµ = ∂µΛ

we have the variation

δSWZW = Q

8π

∫
d2xΛεµνFµν

that is canceling against the gauge variation of the 5d SYM action,

δS5d = − Q8π

∫
d2xΛεµνFµν

The equation of motion for φ is given by

∇2φ−∇µAµ = 1
2ε

µνFµν (6.4)

For the gauge field, we should consider the combined system of 5d SYM coupled to 2d
WZW, and then we find the equation of motion

∇ν
(1
r
F νµ

)
+ 1

4ε
µνλρσFνλWρσ = −πQδ123 (∇µφ− εµν∇νφ−Aµ + εµνAν)

Acting on both sides by ∇µ we get

1
4ε

µνλρσFνλ∂µWρσ = −πQδ123

(
∇2φ−∇µAµ + 1

2ε
µνFµν

)

Consistency with (6.4) implies that

∂iWjk + ∂kWij + ∂jWki = −2πQδ123

which is a consistency check that everything fits together nicely.
In addition to this WZW theory, if we also add a mass term for the five scalar fields

that is localized to ΣI ,

Smass = − QI
16π

∫
d2xφAφA

then that has the supersymmetry variation

δSmass = −QI8π

∫
d2xiχτAEφA

that cancels the first term in (4.11).
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7 Discussion

Assuming an R1,1×multi-Taub-NUT geometry that is smooth everywhere, we do not expect
anything particular to happen at the singular locus of the circle fibration in the tensor
multiplet theory describing a single M5 brane. In particular, we do not expect new degrees
of freedom shall be added there to the tensor multiplet. However, on R1,1×multi-Taub-
NUT there are also solitonic solutions of the form

H =
∑
I

hIµdx
µ ∧ ΩI (7.1)

where ΩI are the selfdual harmonic two-forms on multi-Taub-NUT [4, 12]. These solitonic
solutions preserve all 8 real supercharges that are already present when we put the M5
brane on this geometry. Upon dimensional reduction along the circle fiber of multi-Taub-
NUT, these solitons describe a particular gauge field configuration in the 5d SYM that
have as ‘moduli parameters’ the selfdual one-forms hIµdxµ. By evaluating the 5d SYM
action on the solitonic solution (7.1) an effective WZW action for hIµdxµ is obtained [12].
This effective WZW action is derived from 5d SYM, it is not a gauged WZW theory since
the gauge field is gone in the process of deriving the effective action, so this is clearly a
different WZW theory from the gauged WZW theory that we have added to 5d SYM in this
paper. However, we may still expect that there is some, but perhaps not so direct, relation
between the two WZW theories. An analogous example would be to take two dyons in four
dimensions coupled to a Maxwell action. We may describe this system by adding to the
Maxwell action some interaction terms and mass terms for the dyons integrated over their
worldlines. But we may also describe the dynamics of these dyons, at least in the low-
energy limit, by a low-energy particle action where the particles are moving on a moduli
space. This latter description is insufficient to describe the dynamics of the gauge field
itself, but it suffices to describe the low-energy dynamics of the dyons. The analogous way
to think of the result in [12] would be that we have the effective WZW action describing
the D4-D6 strings and the original 5d SYM action is entirely gone in the process of deriving
that effective WZW action. What we do in this paper corresponds to the other description,
where we consider both 5d SYM and an added WZW theory for the D4-D6 strings. In our
analogy, this added WZW theory would correspond to the particle actions for the dyons
that we added to the Maxwell theory, whereas the effective WZW action in [12] would
correspond to the effective particle action on their moduli space.

In this paper we added a WZW theory to the 5d SYM. One reason for adding the
WZW theory is to restore gauge symmetry and supersymmetry. Another reason could be
that, if the graviphoton has a magnetic flux, we need to modify the Yang-Mills equation of
motion by adding a source term Jµ as in eq. (4.7). The source term will then be identified
as the WZW current. If we can use the equations of motion to argue for the necessity
of adding a WZW theory, then that would have the advantage that we would avoid the
problem of whether we should use the graviphoton term (4.3) or (4.4). In [4, 12] the M5
brane equations of motion were solved on R1,1×Taub-NUT and the solutions they found
are of the form (7.1). Upon dimensional reduction, one then finds that the original Yang-
Mills equations are satisfied without the source term Jµ. Around eq. (7.3) below, we show
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that, contrary to the claim in [4], no delta function source Jµ is produced on the right-hand
side of the Yang-Mills equations. We may also look at eq. (4.8). If the three-form dW has
nonvanishing components only in the three transverse directions, then for the left-hand
side to be non-zero, F must have a non-vanishing component along the intersection brane.
But for the on-shell solution (7.2) that arises from dimensional reduction of the on-shell
solution (7.1), that component is zero, which shows that ∇µJµ = 0. This is the current
conservation law that we would expect if there is no gauge anomaly. So this argument
alone is insufficient to conclude that the WZW current itself would have to vanish on-shell.
But we show that Jµ actually does vanish on-shell around eq. (7.3) below. This means
that the argument that was used in [4] based on the equation of motion, falls apart upon
closer inspection.

We have an older argument [5] that is based on restoring gauge invariance of the
graviphoton term in the Yang-Mills action by adding a WZW action. This argument does
not require the fields to be on-shell as it is based on the action rather than the equations
of motion. One could still argue that this argument too could fall apart if we could use
the gauge invariant graviphoton action in eq. (4.4) in place of the gauge non-invariant
action (4.3) that we have used in our paper. But the action (4.4) is not reparametrization
invariant as it depends expliclty on κµ. Such an action may be used for a restricted set of
computations where κµ does not show up explicitly in the final resuls. But as a general
action principle, it is an unsatisfactory resolution of the problem, as it is just moving
the gauge anomaly into a reparametrization anomaly and does not cancel anyone of these
anomalies. To cancel the anomaly we need to add the WZW theory. Even if we were to start
out with the gauge-invariant graviphoton term, then by cancerling the reparametrization
anomaly we would discover that we need to add the boundary term that is the difference
between the two graviphoton terms, effectively bringing it over to the gauge non-invariant
graviphoton term and then we would be back again to the WZW terms that we need to
add to cancel the gauge anomaly. In that sense there is no ambiguity in the construction
of the action.

Finally it seems very difficult to invalidate our argument that is based on supersym-
metry of the action. What we have seen in this paper is that the Yang-Mills action is not
supersymmetric in the presence of an intersection brane and that we can restore supersym-
metry by adding the WZW theory.

If one just wants to derive an effective theory on the moduli space of the BPS solu-
tions (7.1), then since these BPS solutions satisfy the unmodified Yang-Mills equations,
there is no need to modify those equations of motion by adding a source term. That source
term would be zero and on-shell the WZW theory on the intersection brane is decoupled
from the Yang-Mills in the bulk. There is also no need to add the decoupled WZW action
because all the WZW fields can be taken to vanish on the BPS solution as one may see
from eq. (6.4) where the right-hand side is zero on-shell as F has no component along the
intersection brane. So the WZW scalar field φ can be put to zero on-shell. Presumably
this argument can be straightforwardly generalized to the non-Abelian case as well. This
line of argument could justify the approach that was taken in [12] to derive the effective
WZW theory.
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The reference [12] shows that the solution found in [4] is supersymmetric. It preserves
all supersymmetries. There are no fermionic zero modes and no broken supersymmetries.
The intersection brane was shown to carry an electric charge and has a tension, both of
which are expressed in terms of the function hµ (that was denoted ν+ in [12]). This has a
non-Abelian generaltzaion and also a generalization to multi-Taub-NUT [12]. It would be
interesting to show that the mass saturates a BPS bound determined by a central charge.
Presumably that central charge would be proportional to the electric charge.

In [12] it was objected that the effective WZW for multi-Taub-NUT could not be the
usual WZW with one three-manifold with N different boundaries whenever Q > 1. But
there is no need for the three-manifold to connect all the N different intersection branes.
Some three-manifold could extend from one intersection brane out to infinity. Then if Q
intersection branes would coincide, then we just take the WZW level to be equal to Q and
extend the three-manifold to infinity, and it would not affect the WZW theories on the
other intersection branes if we extend the three-manifold to infinity in such a way that it
does not cross some of the other submanifolds. So by allowing the three-manifold to extend
to infinity rather than joining different intersection branes, we are able to avoid the problem
that was raised in [12]. We notice that there is plenty of room to draw three-manifolds that
extend to infinity. These three-manifolds are lines in R3 and extended along R1,1. Singular
points where the circle fiber vanishes in multi-Taub-NUT corresponds to points in R3. So
we can always find a line from any singular point in R3 that extends to infinity. There is
no need to connect the different singular points with lines. These lines may instead extend
to infinity and then we have genuinely different WZW theories for each singular point. But
there appears to be some ambiguity in how we may choose to draw these lines. We expect
that different choices will lead to equivalent physical descriptions.

In [4] it was proposed that we may extract the degrees of freedom of the gauged
WZW theory directly from the tensor gauge field and more specifically as the selfdual
hµdx

µ component in the tensor gauge field. Then upon dimensional reduction, this degree
of freedom will remain in the Yang-Mills gauge field strength as we will show below in
eq. (7.2). But by the argument above, the selfdual hµdxµ that we extract from the selfdual
tensor gauge field will enter in the effective WZW action. So it will not appear in the
gauged WZW action that we shall add to the 5d theory. The added gauged WZW theory
contains new degrees of freedom that we can not extract from the degrees of freedom of
5d SYM. So the argument in [4] must be wrong. But since it is wrong in a subtle and
interesting way, let us here carefully review the argument in [4] to see exactly where it goes
wrong.

An on-shell solution for the gauge field was constructed in [4] by making use of the
harmonic two-form on Taub-NUT. The strategy was to first solving the 6d equations of
motion

dH = 0
H = ∗H

for the selfdual tensor field of the Abelian M5 brane on R1,1× Taub-NUT. The solution is
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given by

H = hµdx
µ ∧ Ω

Here Ω is the unique antiselfdual harmonic two-form on Taub-NUT,

Ω = ∂kU

U2

(
−ek ∧ e4 + 1

2ε
ijkei ∧ ej

)
where

ei =
√
Udxi

e4 = 1√
U

(
dψ + κidxi

)
Now let us perform the dimensional reduction and ket us assume that the gauge group is
Abelian (just for simplicity), and let us make the following ansatz for an on-shell solution

Fiµ = ∂iU

U2 hµ (7.2)

with all the other components vanishing. To see whether this satisfies the equation of
motion, we shall start by computing

∇i
(1
r
Fiµ

)
+ 1

2εµ
iνjkFiνWjk = − 1

U3/2
1
U2∂iU∂iU (hµ + εµνh

ν) + 1
U

1
U3/2∂i∂iUhµ

(7.3)

The first term vanishes if we demand that

hµ + εµνh
ν = 0

The second term is identically zero. First we note that 1
U3/2∂i∂iU is a delta function with

respect to the integartion measure d3xU3/2. Second, 1/U evaluated at |x| = 0 is zero,
which is killing the whole thing. Thus we find that this solves the equation of motion (6.3)
with Jµ = 0. From the equation of motion ∂µFµi = 0 we find ∂µhµ = 0. By combining
this with hµ = −εµνhν we get ∂µhν − ∂νhµ = 0 that is locally solved by hµ = ∂µϕ for some
scalar field ϕ. Our computation shows a different result from [4] where it was found that
Jµ ∼ hµ, from which one would conclude that the scalar field φ in the WZW theory would
be the same as the component ϕ that sits in the super Yang-Mills field Fµi rather than a
new degree of freedom.
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A Differential geometry

A.1 A formula for the spin connection

Given a vielbein eaµ, the spin connection (ωµ)ab is implicitly defined by two equations. It
is covariantly constant, and the torsion is vanishing,

∂µe
a
ν + (ωµ)abebν − eaρΓρµν = 0

Γρ[µν] = 0

Then we get

(dea)µν + (ωµ)abebν − (ων)abebµ = 0

We contract this equation by ecν ,

(de[d)µνec]ν + (ωµ)[dc] + (ων)a[dec]νeaµ = 0
1
2(dea)µνecµedνeaρ + (ωµ)a[dec]µeaρ = 0

Subtracting these equations leaves us with

(ωµ)dc = eν[d(∂µec]ν − ∂νec]µ )− 1
2e

dκecτ (∂κeaτ − ∂τeaκ)eaµ

This is a formula to compute the spin connection directly from the vielbein.

A.2 Covariant derivatives on a circle bundle

We denote 6d objects with hats, 5d base manifold objects without the hat. So the 6d
metric is

ds2 = ĜMNdx
MdxN

We assume this metric has the circle-bundle form

ds2 = Gµνdx
µdxν + r2 (dθ + κµdx

µ)2

The manifest Killing vector is v̂ = ∂θ. For its lower components we have v̂θ = r2 and
v̂µ = r2κµ. The vielbein is

êθ̂ = r (dθ + κµdx
µ)

êµ̂ = eµ̂νdx
ν

The inverse vielbein is

ê
θ̂

= 1
r
∂θ

êµ̂ = eν µ̂ (∂ν − κν∂θ)

The inverse metric is

ĜMN∂Mφ∂Nφ = 1
r2∂θφ∂θφ+Gµν(∂µφ− κµ∂θφ)(∂νφ− κν∂θφ)
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If we perform dimensional reduction along the fiber, then we put ∂θ = 0 and we get

ĜMN∂Mφ∂Nφ = Gµν∂µφ∂νφ

This corresponds to the metric

ds2 = Gµνdx
µdxν

on the base-manifold. The simple form of this dimensionally reduced metric is why this form
of the fiber-bundle metric is a preferred choice when we perform dimensional reduction.

The covariant derivatives of a vector field ∇̂M v̂N = ∂M v̂N − Γ̂PMN v̂P are

∇̂θvθ = ∂θvθ − r∇ρrvρ − rκρ∇ρrvθ
∇̂θvµ = ∂θvµ −

1
2r

2Wµ
ρvρ + rκµ∇ρrvρ + 1

2r
2Wµ

ρκρvθ − rκµκρ∇ρrvθ −
1
r
∇µrvθ

∇̂µvν = ∇µvν + r2wρ(µκν)vρ + r∇ρrκµκνvρ
−∇(µκν)vθ − r2κρw

ρ
(µκν)vθ − rκρ∇ρrκµκνvθ −

2
r
∇(µrκν)vθ

The covariant derivatives of a spinor field ∇̂Mψ = ∂Mψ + 1
4ω

M̂N̂
M Γ

M̂N̂
ψ are

∇̂θψ = ∂θψ −
r2

8 ΓµνψWµν −
1
2ΓµΓθ̂ψ∂µr

∇̂µψ = ∇µψ + κµ
(
∇̂θψ − ∂θψ

)
+ r

4ΓνΓθ̂ψWµν

Here we define Γµ = Γν̂eν̂µ and Γ̂M = Γ
N̂
êN̂M .

A.3 Reducing the conformal Killing spinor equation

Let us now analyze the conformal Killing spinor equations

∇̂µε = Γ̂µη
∇̂θε = Γ̂θη

We expand the covariant derivatives and the gamma matrices in 5d quantities,

∇µε+ κµ
(
∇̂θε− ∂θε

)
+ r

4ΓνΓθ̂εWµν = Γµη + rκµΓ
θ̂
η

∂θε−
r2

8 ΓµνεWµν −
1
2ΓµΓθ̂ε∂µr = rΓ

θ̂
η

We put ∂θε = 0 and get

∇µε+ r

4ΓνΓθ̂εWµν = Γµη

−r
2

8 ΓµνεWµν −
1
2ΓµΓθ̂ε∂µr = rΓ

θ̂
η

We get

∇µε+ r

4ΓνΓθ̂εWµν = −r8ΓµΓρσΓθ̂εWρσ + 1
2rΓµΓρε∂ρr

that we may also write as

∇µε = Mµε

where we define

Mµ = 1
2rΓµΓρ∂ρr −

r

8ΓµΓρσΓθ̂Wρσ −
r

4ΓνΓθ̂Wµν
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A.4 Covariantly constant spinors on Taub-NUT

The conditions that both the derivatives ∇̂θε = 0 and ∂θε = 0 are vanishing imply that

r2

4 ΓµνεWµν + ΓµΓθ̂ε∂µr = 0 (A.1)

Let us study this condition in the context of Taub-NUT. There we have

1
2ΓijεWij = 1

U1/2 ΓiΓθ̂ε∂iU

We may express Wij = εijk∂kU in a covariant way as

Wij = 1√
U
Gk`εijk∂`U

where εijk =
√
Gεijk is the covariant form of the antisymmetric tensor where ε123 = 1 and

totally antisymmetric. Then

1
2ΓijεGk`εijk∂`U = Γ`Γθ̂ε∂`U

Let us cancel out ∂`U on both sides and use ΓkΓk = 3 to get

1
6Γijkεεijk = Γθ̂ε (A.2)

This is a Weyl projection condition that reduces the amount of supersymmetry by half and
assures that ε is invariant under the SU(2)+ holonomy group.

Let us notice that for

U = 1
R2 + 1

2|~x|

we have

w = − xk
4|~x|3 εijkdx

i ∧ dxj

which is a monopole with charge
∮
S2 w = −2π.

B Flat metric on R4

The flat metric on R4 = C2 is ds2 = |dz1|2 + |dz2|2. We may parametrize the space by
Euler anges as

z1 = ρ cos θ2e
− i

2 (2ψ+ϕ)

z2 = ρ sin θ2e
− i

2 (2ψ−ϕ)

where ψ ∼ ψ+ 2π. These coordinates can be obtained by acting on the spin-up state with
the Euler rotation

g = e−
i
2φσ3e−

i
2 θσ2e−

i
2 2ψσ3 (B.1)
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In this form it is clear that g−1 = g† so the rotation operator is unitary. The Maurer-Cartan
forms are

g−1dg = − i2σaω
a

where

ω1 = sin 2ψdθ − sin θ cos 2ψdφ
ω2 = cos 2ψdθ + sin θ sin 2ψdφ
ω3 = 2dψ + cos θdφ

C Gauge group normalization

We assume the gauge group Lie algebra is

[Ta, Tb] = ifab
cTc

with the metric

tr(TaTb) = hab = 1
2δab

We write the gauge potential as Aµ = AaµTa. The field strength is defined as

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ]

or in component form

F aµν = ∂µA
a
ν − ∂µAaν + fbc

aAbµA
c
ν

We fix the normalization by taking SU(2) gauge group with group element g as in (B.1)
parametrized by the Euler angles. Then we get

tr(g−1dg) = 3
2ω

1ω2ω3

= −3 sin θdθdϕdψ

which gives ∫
tr
(
g−1dg

)3
= −24π2

and consequently we shall normalize the Wess-Zumino term as

1
12π

∫
tr
(
g−1dg

)3
= 1

12π

∫
d3x
√
−Gεµνλtr

(
g−1∂µgg

−1∂νg
−1∂λg

)
and it will be quantized in units of 2π where the integer measures the winding number as
we map S3 into SU(2).
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D Gamma matrices

D.1 Two dimensions

In 2d we have the Majorana representation

γ0 = iσ2

γ1 = σ1

The chirality matrix is then γ = γ01 = σ3. The charge conjugation matrix is C = γ0 =
iσ2 = ε. The Dirac conjugate spinor is ψ̄ = ψ†γ0. Writing out the spinor components, we
have the spinor ψu acted on by the gamma matrices (γα)uv, however, the charge conjugata-
tion matrix is εuv with component ε+− = 1. The Dirac conjugate is ψ̄v = (ψu)∗i(σ2)uv.
We note that (ψu)∗ transforms under Lorentz rotations like ψu = ψvεvu. For the compo-
nents, we have ψ̄+ = −(ψ−)∗ and ψ̄− = (ψ+)∗. We may impose the Majorana condition
ψ̄u = ψvεvu. In the Majorana representation it amounts to a spinor with real components,
(ψ+)∗ = ψ+ and (ψ−)∗ = ψ−. We note that Cγµ are symmetric.

D.2 Five dimensions

We define 5d gamma matrices as

γ0 = (γ0)uvδmn
γ4 = (γ1)uvδmn
γi = γuv(σi)mn

The charge conjugation matrix is

C = (γ1)uvεmn

We have

γ04 = γuvδ
m
n

γ01234 = −iδuv δmn

We note that both C and Cγµ are antisymmetric, consistent with the decomposition of a
product of two spinors into a scalar, a vector and an antisymmetric tensor,

4⊗ 4 = 1anti ⊕ 5anti ⊕ 10symm

D.3 Eleven dimensions

We define the gamma matrices as

Γµ = γµ ⊗ σ1 ⊗ 1
Γψ = 1⊗ σ2 ⊗ 1
ΓA = 1⊗ σ3 ⊗ τA

where A = 6, 7, 8, 9, 10 and τ12345 = 1. The 6d chirality matrix is

Γ = Γ0Γ123Γ4Γψ = 1⊗ σ3 ⊗ 1
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The charge conjugatation matrix is

C = C5 ⊗ ε⊗ C ′5

where ε = iσ2. Thus C is antisymmetric while CΓM for M = (µ, ψ) and CΓA are sym-
metric. The Majorana condition is

ψ̄ = ψTC

where ψ̄ = ψ†Γ0.

E 5d SYM in reduced notation

Expressed in terms of 5d gamma matrices and 5d spinors, we have

δφA = −iEτAχ
= iχτAE

δAµ = Eγµχ
= −χγµE

δχ = − i2γ
µνEFµν − γµτAEDµφA −

ir

2 γ
µντAEWµνφ

A − 1
2τ

ABE [φA, φB]
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