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Abstract In this paper, we study the Aggarwal, Ciambelli,
Detournay, and Somerhausen (ACDS) boundary conditions
(Aggarwal et al. in JHEP 22:013, 2020) for Warped AdS3

(WAdS3) in the framework of General Massive Gravity
(GMG) in the quadratic ensemble. We construct the phase
space, the asymptotic structure, and the asymptotic symme-
try algebra. We show that the global surface charges are finite,
but not integrable, and also we find the conditions to make
them integrable. In addition, to confirm that the phase space
has the same symmetries as that of a Warped Conformal Field
Theory (WCFT), we compare the bulk entropy of Warped
BTZ (WBTZ) black holes with the number of states belong-
ing to a WCFT.

1 Introduction

One of the interesting achievements of string theory in the
last two decades is the Anti de-Sitter/Conformal Field The-
ory (AdS/CFT) correspondence. This correspondence has
opened a new approach to studying two different areas of
physics, i.e. quantum field theory and gravity theory. After
the introduction of the AdS/CFT correspondence in [1–4], or
more generally gauge/gravity duality, many different ques-
tions on the field theory side have been investigated utilizing
the gravity side [5–9] (for more details see [10] and references
therein). This duality proposes a correspondence between a
quantum field theory in d-dimensional space-time and grav-
ity theory in (d+1)-dimensional space-time. Fields, param-
eters, and quantities on the gauge theory side are translated
to equivalent quantities on the gravity side. For instance, the
vacuum state and thermal state on the field theory side corre-
spond to the pure-AdS and black hole on the gravity theory,
respectively. In addition, an extension of AdS/CFT corre-
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spondence to non-AdS geometries is Flat/Bondi–Metzner–
Sachs invariant field theories (Flat/BMSFT) correspondence.
According to this duality, asymptotically flat spacetimes in
(d+1) dimensions are dual to d-dimensional BMSFTs [11–
22].
As we know, the study of asymptotic symmetries in gravity
theories is an old topic that has recently received attention.
In the context of the AdS/CFT correspondence, the asymp-
totic symmetries of the gravity theory in the bulk spacetime
correspond to the global symmetries of the dual quantum
field theory in the boundary through the holographic dic-
tionary. Therefore, with strong control of asymptotic sym-
metries, new holographic dualities can be investigated. The
asymptotic symmetries are bulk residual transformations that
preserve the boundary conditions but change the asymptotic
field space (that is, they have non-vanishing surface charges).
The asymptotic symmetry group is the group of residual
gauge diffeomorphisms preserving the boundary conditions
with associated non-vanishing charges. The boundary con-
ditions determine the structure of the asymptotic symme-
try group. Brown and Henneaux studied asymptotic symme-
tries of three-dimensional AdS space (AdS3) and found that
the symmetry algebra forms two copies of Virasoro algebra
with a non-vanishing central charge (c = 3l/2G) [23]. This
implies that bulk theories with these boundary conditions are
dual to CFTs with this central charge. Strominger and col-
laborators have extended these results to extremal Kerr black
holes in what is known as the Kerr/CFT correspondence.
Compere, Song, and Strominger (CSS) [24] have demon-
strated a family of specific alternative boundary conditions
in which the asymptotic symmetry algebra of a 3D theory
turns out to consist of a semi-direct product of a Virasoro
and u(1) Kac–Moody algebras which are symmetries of the
2-dimensional WCFT’s (that is invariant under chiral scaling
and translations but not rotations). In [25,26], Topologically
Massive Gravity (TMG) and General Minimal Massive Grav-
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ity (GMMG) with the CSS boundary conditions are studied.
We refer interested reader to [27–37] for more details.

In [38], a new set of boundary conditions in three-
dimensional TMG has been introduced so that the dual field
theory is a WCFT in the quadratic ensemble.1 The boundary
conditions of [38] generalize those of [24] by accommodat-
ing more solutions. In this work, along the line of work [38],
we introduce the ACDS boundary conditions and study its
consequences like solutions space, asymptotic symmetries,
and charge algebra in the framework of the GMG theory. In
fact, we extended the domain of validity of these new bound-
ary conditions to GMG theory.

The rest of this paper is organized as follows: In Sect. 2,
after the introduction of the GMG theory and boundary con-
ditions, we impose the field equations to determine the solu-
tion space. In Sect. 3, we compute the asymptotic Killing
vectors preserving the boundary conditions and the gauge
and their corresponding surface charges in GMG. We find
that the surface charges are not integrable, but by fixing a part
of the solution space one can obtain the integrable charges.
In Sect. 4, we compute the bulk thermodynamic entropy and
compare it with the WCFT Cardy formula, showing that they
match once the vacuum is correctly identified. Finally, we
provide some conclusions in Sect. 5.

2 GMG under ACDS boundary conditions

The generalized massive gravity theory is realized by adding
both the Chern–Simons (CS) deformation term and the higher
derivative deformation term to pure Einstein gravity with a
negative cosmological constant. This theory has two mass
parameters and TMG and New Massive Gravity (NMG) are
just two different limits of this generalized theory [39–43].
The action for the generalized massive gravity theory can be
written as [44,45]

SGMG = 1

8πG

∫
d3x

√−g

×
[
sR − 2λ + 1

μ
LCS + 1

ζ 2 LNMG

]
, (1)

where

LCS = 1

2
ελμν

(
�

ρ
λσ ∂μ�σ

ρν + 2

3
�

ρ
λσ �σ

μτ�
τ
ρν

)
,

LNMG = RμνRμν − 3

8
R2, (2)

and μ and ζ are the mass parameters of TMG and NMG,
respectively. λ is a cosmological parameter with the dimen-
sion of mass squared, and s is a conventional sign. Varying

1 Quadratic ensemble is similar to the canonical ensemble with different
zero modes of their algebra.

the action with respect to the metric, one gets the following
equations of motion

Eμν = s̄Gμν + λ̄gμν + 1

μ
Cμν + 1

2ζ 2 Kμν, (3)

where Gμν is the Einstein tensor, Cμν the Cotton tensor, and
Kμν is given by

Kμν = −1

2
∇2Rgμν − 1

2
∇μ∇νR + 2∇2Rμν

+4RμaνbRab − 3

2
RRμν − RαβRαβgμν

+3

8
R2gμν. (4)

The parameters s̄ and λ̄ are parameters defined in terms of
other parameters like s, μ and ζ . The Fefferman–Graham
gauge in three spacetime dimensions in coordinates xμ =
(r, x+, x−) with three gauge-fixing conditions is

grr = L2

r2 , gra = 0, (5)

where x± = t/L ± φ. The line element takes the form

ds2 = L2

r2 dr
2 + γab(r, x)dx

adxb. (6)

We consider the following fall-offs of the metric [38]

γrr = L2

r2 + O(r−4), γ++ = O(r4),

γ+− = O(r2), γ−− = O(1). (7)

Therefore, the field equations (3) give us

γ++ = j++r4 + h(x+)r2 + f++(x+)

+ (1 − A2)((A2 − 1)h(x+)2 + 4 j++ f++(x+))h(x+)

8 j2++r2(1 + A2)

+ (A2 − 1)2(4 j++ f++(x+) + (A2 − 1)h2(x+))2

64(1 + A2)2 j3++r4
, (8)

γ+− = ς+−r2 + (1 − A2)h(x+)ς+−
2 j++

+ (1 − A2)((A2 − 1)h(x+)2 + 4 j++ f++(x+))ς+−
8 j2++(1 + A2)r2

,

(9)

γ−− = (1 − A2)ς2+−
j++

, (10)

with

λ̄ = 1

3087μ4L4ζ 2 [2Lζ 2(3L2ζ 4 − 14s̄ L2μ2ζ 2

− 56μ2)
√

84μ2 + ζ 2L2(9ζ 2 − 42s̄) − 18L4ζ 8
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+ 126s̄μ2ζ 6L4 + (252 − 147s̄2μ2L2)μ2L2ζ 4

− 4704s̄μ4ζ 2L2 − 2352μ4]. (11)

The Ricci scalar of (6) is given by

R = 2(1 − 4A2)

A2L2 = 6λ̄, (12)

where2

A = RootO f
[
(16μ + 4λL4μζ 2)_Z4 + 63μ − 16Lζ 2_Z

+(−80μ + 4μL2ζ 2s̄)_Z2 + 16ζ 2L_Z3, label = _L3
]
.

(13)

Therefore, it is negative as long as λ̄ is. As it can be shown, the
solution space is characterized by four quantities: two con-
stants j++ and ς+− and two functions h(x+) and f++(x+).
By writing the WBTZ black holes (93) in the Fefferman–
Graham gauge with the boundary conditions (7), one gets

h = 0 , (14)

j++ = −119μ2 − 6ζ 4L2 + 2ζ 2L
√

84μ2 + ζ 2L(9ζ 2 − 42s̄μ2) + 14s̄μ2ζ 2L2

1176GL(LM − J )μ2 , (15)

ς+− = 1

43218μ4 [4Lζ 2(−119μ2 + 6ζ 4L2

− 14s̄μ2ζ 2L2)
√

84μ2 + ζ 2L2(9ζ 2 − 42μ2s̄)

+ 29057μ4

− 4ζ 2L2(18L2ζ 6 − 84s̄ L2μ2ζ 4 − 273ζ 2μ2

+ 49s̄2L2ζ 2μ4 + 833s̄μ4)], (16)

γ−− = GL(LM − J )

21609μ4

[
4Lζ 2(−119μ2 + 6ζ 4L2

−14s̄μ2ζ 2L2)
√

84μ2 + ζ 2L2(9ζ 2 − 42μ2s̄)

+29057μ4 − 4ζ 2L2(18L2ζ 6 − 84s̄ L2μ2ζ 4

−273ζ 2μ2 + 49s̄2L2ζ 2μ4 + 833s̄μ4)
]
, (17)

f++ = GL(ML + J )

43218μ4

[
4Lζ 2(−119μ2 + 6ζ 4L2

−14s̄μ2ζ 2L2)
√

84μ2 + ζ 2L2(9ζ 2 − 42μ2s̄)

+72275μ4 − 4ζ 2L2(18L2ζ 6 − 84s̄ L2μ2ζ 4

−273ζ 2μ2 + 49s̄2L2ζ 2μ4 + 833s̄μ4)
]
. (18)

2 RootOf is a command used as a placeholder for roots of equations in
Maple [46].

In the case of A = 1 and arbitrary j++, the metric becomes

ds2 = L2

r2 dr
2 + ( j++r4 + h(x+)r2

+ f++(x+))dx+2 + ς+−r2dx+dx−, (19)

and

λ̄ = −12Lζ 2 − 35μ

4μL4ζ 2 , s̄ = 6ζ 2L − 17μ

2μL2ζ 2 . (20)

This metric is not a solution for the Einstein equation, because
the Cotton tensor and NMG part have non-vanishing com-

ponents (C+− = 12 r2 j++
ς+−L3 ,K+− = − 136 r2 j++

ς+−L4 ). In the case of

A = 1, μ = 6 ζ 2L
17+2σζ 2L2 and j++ → 0 but keeping the ratio

� = A2−1
j++ constant, the line element becomes

ds2 = L2

r2 dr2

+
[
h(x+)r2 + f++(x+)

+h(x+)�[4 f++(x+) + �h2(x+)]
16r2

]
dx+2 + �ς2+−dx−2

+
[
ς+−r2 + h(x+)ς+−�

2

+ς+−�(4 f++(x+) + h2(x+)�)

16r2

]
dx+dx−. (21)

This metric is the CSS metric [24].

3 Symmetries and charges

The residual gauge diffeomorphisms are generated by the
vector ξ satisfying

Łξ grr = 0, Łξ gra = 0, (22)

where Ł denotes the Lie derivative. The solutions to these
equations are

ξ = ξμ∂μ = ξ r∂r + ξ+∂+ + ξ−∂−, (23)
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with

ξ r = rη(x+), (24)

ξ+ = ε + 2L2 j++η′(A4 − 1)

A2((A2 − 1)2h2 + 4 j++ f++(A2 − 1) + 8r4 j2++(A2 + 1))
,

ξ− = σ − j++L2η′(A2 + 1)[(A2 − 1)h − 4 j++r2]
A2ς+−[(A2 − 1)2h2 + 4 j++ f++(A2 − 1) + Aj2++r4(A2 + 1)] . (25)

In these expressions, σ(x+) and ε(x+) are field-independent
arbitrary functions. Varying the metric (6) along ξ , we find
the variation of solution space as follows

Łξ gμνdx
μdxν = L2

r2 dr
2 + δξ γab(r, x)dx

adxb, (26)

with δξ γ++ = Łξ γ++ , then we have

deltaξ j++ = 2 j++(ε′ + 2η) (27)

δξh = 2hη + 2ς+−σ ′ + εh′ + 2hε′ (28)

δξ f++ = ε f ′++ + 2 f++ε′

+ L2η′′(A2 + 1)

2A2 + hσ ′ς+−(1 − A2)

j++
, (29)

and

δξ γ+− = Łξ γ+− → δξς+− = ς+−(2η + ε′). (30)

By requiring j++ to be constant, from (27) we get

η = −1

2
ε′ + η0. (31)

Therefore, the transformation of j++ becomes

δξ j++ = 4 j++η0. (32)

If we assume η0 = 0, then we obtain

δξ j++ = δξς+− = 0. (33)

This means that j++ and ς+− are fixed along the residual
orbits. Finally, we find the full residual variation of solution
space as

δξ j++ = 0, (34)

δξh = (hε)′ + 2ς+−σ ′, (35)

δξ f++ = ε f ′++ + 2 f++ε′ − L2ε′′′(A2 + 1)

4A2

+ hσ ′ς+−(1 − A2)

j++
. (36)

The general symmetry generators, using (31), are as fol-
lows

ξ r = −1

2
rε′,

ξ+ = ε − L2 j++ε′′(A4 − 1)

A2((A2 − 1)2h2 + 4 j++ f++(A2 − 1) + 8r4 j2++(A2 + 1))
,

ξ− = σ + j++L2ε′′(A2 + 1)[(A2 − 1)h − 4 j++r2]
2A2ς+−[(A2 − 1)2h2 + 4 j++ f++(A2 − 1) + Aj2++r4(A2 + 1)] , (37)

where A is defined in (13). The residual symmetries (37)
depend on two arbitrary chiral functions ε(x+) (generating
the usual Witt algebra) and σ(x+) (generating an abelian
algebra). Therefore, the total asymptotic symmetry algebra
is a direct sum of a Witt and a u(1) algebra.

3.1 Charges and algebra

The surface charges are computed using [47–49] as
follows

δ/Qa(ξ̄ ) =
∫

�

dSi F
ai (g, h), (38)

with

Fai
E (ξ̄ ) = ξ̄b∇̄ahib − ξ̄b∇̄ i hab + ξ̄a∇̄ i h

− ξ̄ i ∇̄ah + hab∇̄ i ξ̄b − hib∇̄a ξ̄b

+ ξ̄ i ∇̄bh
ab − ξ̄a∇̄bh

ib + h∇̄a ξ̄ i , (39)

Fai
C (ξ̄ ) = Fai

E (η)
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+ 1√
ḡ
ξ̄λ

(
εaiρδGλ

ρ − 1

2
εaiλδG

)

+ 1

2
√
g
εaiρ

[
ξ̄ρh

λ
σG

σ
λ + 1

2
h

(
ξ̄σG

σ
ρ + 1

2
ξ̄ρR

)]
,

(40)

Fab
R2 (ξ̄ ) = 2RFab

E (ξ̄ ) + 4ξ̄ [a∇b]δR
+ 2δR∇[a ξ̄b] − 2ξ̄ [ahb]α∇αR, (41)

Fab
R2

(ξ̄ ) = ∇2Fab
E + 1

2
Fab
R2 − 2Fα[a

E Rb]
α

− 2∇αξ̄β∇α∇[ahb]β

− 4ξ̄ αRαβ∇[ahb]β − Rh[a
α ∇b]ξ̄ α

+ 2ξ̄ [a Rb]
α ∇βh

αβ

+ 2ξ̄αR
α[a∇βh

b]β

+ 2ξ̄ αhβ[a∇β R
b]
α + 2hαβ ξ̄ [a∇αR

b]
β

− (δR + 2 Rαβhαβ)∇[a ξ̄b] − 3 ξ̄ α

× R[a
α ∇b]h − ξ̄ [a Rb]α∇αh, (42)

where δR = −Rαβhαβ +∇α∇βhαβ −∇2h, ην = ενρσ ∇̄ρ ξ̄σ

and h = δgμν(δα, α) = ∂gμν/∂αδα. For the u(1) sector and
the Killing vector σ = σ(x+)∂−, the surface charge becomes

δ/Qσ = A2 − 1

8A5μL3ζ 2 j2++

∫ 2π

0
dφσ(x+)[2(−8μA4

+ 4ζ 2L A3

+ 2μA2(s̄ L2ζ 2 + 34) − 2ζ 2L A − 63μ)ς+−
j++δh − j++δς+−((4(−14 − s̄ L2ζ 2)μA4

+ 14L A3ζ 2 + 2μA2(4s̄ L2ζ 2 + 151) − 8ζ 2L A − 63μ)

h + (2μA4(10 + s̄ L2ζ 2) − 3ζ 2L A3

− (s̄ L2ζ 2 + 83)μA2 + 2ζ 2L A + 63μ)ς+−)

+ (A2 − 1)ς+−
× δ j++(ς+− − h)(μA2(10 + s̄ L2ζ 2) − L Aζ 2 − 63)].

(43)

The Virasoro charges are

δ/Qε = 1

16μL3ζ 2A5(A2 + 1) j2++ς+−

×
∫ 2π

0
dφ(L2 j++(A2 + 1)ε′′

× ((A2 − 1)(8L A3ζ 2 − 2μA2(−14 + s̄ L2ζ 2

− 9AL2ζ 2 + 21μ))ς+−δ j++ − Aj++δς+−
× (10A4Lζ 2 + A3(40μ + 4μs̄ L2ζ 2)

− 25A2Lζ 2 − 42μA

+ 11Lζ 2)) − A2ε(A(A2 − 1)ς+− j++δh(−12A4Lζ 2

− 32A3μ(4 + s̄ L2ζ 2) + 10A2Lζ 2 + Lζ 2 + 144μ

× A) + ς+− j2++δ f++(24L A5ζ 2

− 24μA4(4 + 2s̄ L2ζ 2) + 44A3Lζ 2)

+ 8μA2(35 + 2s̄ L2ζ 2) − 20ALζ 2

− 168μ) − (A2 − 1)ς+−δ j++(−Ah2(12A4Lζ 2

+ 16μA3(4 + s̄ L2ζ 2 − 10A2Lζ 2 − 72μA − 2Lζ 2)

+ (A2 + 1)ς+−h(16A3Lζ 2 − 4ALζ 2

− 84μ + 8μA2(10 + s̄ L2ζ 2)

− 20(2A2 + 1)AL f++ζ 2 j++)

− j++δς+−(12A3(A2 − 1)2Lζ 2h2

− (A4 − 1)ς+−h(16μA2(10 + s̄ L2ζ 2)

+ 16ALζ 2 − 168μ) + 8AL

× ζ 2 f++ j++(10A4 − 5A2 − 3))))) (44)

where we have used ε = ξ , with ξ r , ξ+ and ξ− provided
in (37) and σ = 0. To obtain the above surface charges we
evaluated equations (38)–(42) first at (r, x+) fixed, and sec-
ond at (r, x−) fixed, then added them together, and finally
sent r → ∞. These charges are finite but are not integrable.
Non-integrability of charges implies that the finite charge
expressions rely on the particular path that one chooses to
integrate on the solution space, which is a common feature
of a dissipative system. If δ j++ = δς+− = 0 the charges
become integrable. Also, one can find a combination of vec-
tors such that these charges become integrable even when
δ j++ �= 0, δς+− �= 0.
Utilizing the integrable charges, the charge algebra is
obtained. Therefore, in the case δ j++ = δς+− = 0, the
charges read as

δ/Qσ = (A2 − 1)
(−8μA4 + 4ζ 2L A3 + 2μA2(s̄ L2ζ 2 + 34) − 2ζ 2L A − 63μ

)
ς+−

4A5μL3ζ 2 j++

∫ 2π

0
dφσ(x+)δh, (45)

and

δ/Qε = − 1

8 j++μA3L3ζ 2(A2 + 1)

×
∫ 2π

0
dφ ε[A(A2 − 1)δh(h(−6A4Lζ 2 − 16A3μ(4 + s̄ L2ζ 2)

+ 5A2Lζ 2 + 72μA + Lζ 2) + (16A2 − 14)ς+−Lζ 2(A2 + 1))

123
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+ j++δ f++(12Lζ 2A5 − 24μA4(2 + s̄ L2ζ 2)

+ 22L A3ζ 2 + 4μA2(35 + 2s̄ζ 2L2) − 10ALζ 2 − 84μ)].
(46)

These charges can now be integrated. Integrating them, one
obtains

Qσ = (A2 − 1)
(−8μA4 + 4ζ 2L A3 + 2μA2(s̄ L2ζ 2 + 34) − 2ζ 2L A − 63μ

)
ς+−

4A5μL3ζ 2 j++

∫ 2π

0
dφσ(x+)(h + h0), (47)

and

Qε = − 1

16 j++μA3L3ζ 2(A2 + 1)

×
∫ 2π

0
dφ ε[A(A2 − 1)(h2(−6A4Lζ 2

− 16A3μ(4 + s̄ L2ζ 2)

+ 5A2Lζ 2 + 72μA + Lζ 2)

+ 2(16A2 − 14)ς+−hLζ 2(A2 + 1))

+ 2 j++ f++(12Lζ 2A5 − 24μA4(2 + s̄ L2ζ 2)

+ 22L A3ζ 2 + 4μA2(35 + 2s̄ζ 2L2) − 10ALζ 2 − 84μ)]. (48)

For the u(1) sector, the charge algebra is computed as

δσ2 Qσ1[g] = Q[σ1,σ2] + Kσ1,σ2 . (49)

Since Q[σ1,σ2] = 0, the central extension for the u(1) sector
is

Kσ1,σ2 = (A2 − 1)
(−8μA4 + 4ζ 2L A3 + 2μA2(s̄ L2ζ 2 + 34) − 2ζ 2L A − 63μ

)
ς2+−

2A5μL3ζ 2 j++

∫ 2π

0
dφσ1σ

′
2. (50)

Using the mode decomposition σ1 = eimx+
, σ2 = einx

+
, and

calling Qσ 1 = Pm , Qσ 2 = Pn , it is easy to obtain

i {Pm, Pn} = m
k

2
δm+n,0, (51)

where

k = 2π(A2 − 1)
(−8μA4 + 4ζ 2L A3 + 2μA2(s̄ L2ζ 2 + 34) − 2ζ 2L A − 63μ

)
ς2+−

A5μL3ζ 2 j++
. (52)

This is a centrally extended u(1) algebra with central exten-
sion k called the Kac–Moody level. For the Virasoro sector
we have:

{
Qε1 , Qε2

}
= δε2 Qε1 [g]

= 1

16 j++μA3L3ζ 2(A2 + 1)

×
∫ 2π

0
dφ

(
ε1ε′

2 − ε2ε′
1
) [A(A2 − 1)(h2(−6A4Lζ 2 − 16

× A3μ(4 + s̄ L2ζ 2) + 5A2Lζ 2 + 72μA + Lζ 2)

+ 2(16A2 − 14)ς+−hLζ 2(A2 + 1)]
− [12Lζ 2A5 − 24μA4(2 + s̄ L2ζ 2)

+ 22L A3ζ 2 + 4μA2(35 + 2s̄ζ 2L2) − 10AL

× ζ 2 − 84μ]
(

1

32μL A3ζ 2

) ∫ 2π

0
dφε1ε′′′

2 . (53)

Using the mode decomposition representation ε1 = eimx+
,

ε2 = einx
+

, and calling Qε1
= Lm , Qε2

= Ln , one obtains

i {Lm, Ln} = (m − n)Lm+n + c

12
m3δm+n,0, (54)

123
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where

c = 3π(12Lζ 2A5 − 24μA4(2 + s̄ L2ζ 2) + 22L A3ζ 2 + 4μA2(35 + 2s̄ζ 2L2) − 10ALζ 2 − 84μ)

4μL A3ζ 2 . (55)

In summary, the algebra is

i {Lm, Ln} = (m − n)Lm+n + c

12
m3δm+n,0, (56)

i {Lm, Pn} = −nPn+m (57)

i {Pm, Pn} = m
k

2
δm+n,0 (58)

with central extensions

c = 3π(12Lζ 2A5 − 24μA4(2 + s̄ L2ζ 2) + 22L A3ζ 2 + 4μA2(35 + 2s̄ζ 2L2) − 10ALζ 2 − 84μ)

4μL A3ζ 2 ,

k = 2π(A2 − 1)
(−8μA4 + 4ζ 2L A3 + 2μA2(s̄ L2ζ 2 + 34) − 2ζ 2L A − 63μ

)
ς2+−

A5μL3ζ 2 j++
. (59)

Therefore, from (56)–(58) with the associated central charges
(59), the bulk solution space has a symmetry algebra identi-
fied with that of a WCFT in the quadratic ensemble.

In the limit ζ → ∞, and μ > 0, L > 0 one obtains [38]

c = μ2L2s̄2 + 9

3μ
, k = −ς2+−(μ2L2s̄2 − 9)

μL2 j++
, (60)

while in the case of μ → ∞, we have [50]

c = 16π

7

√
2

21

(ζ 2L2 + 2)
3
2

ζ 2L
,

k = −8π
√

42(2ζ 2L2 − 17)ς2+−
21ζ 2L3

√
ζ 2L2 + 2 j++

. (61)

This algebra is one of the centrally extended group

V ir ⊗U (1). (62)

Now, we study the null warped limit in the case A = 1. In this
case, the u(1) level and charges vanish identically (k = 0),
we are left with a Virasoro symmetry algebra with central
extension

c = 18π(6μ − Lζ 2)

μLζ 2 , A → 1. (63)

As we know, the CSS limit can be achieved setting A = 1
and j++ = 0 while keeping � = A2−1

j++ constant. The charges
read

Qσ = �ς+−(2ζ 2L − 5μ)

μL3ζ 2

∫ 2π

0
dφσ(x+)(h + h0), (64)

Qε = − 1

4μL3ζ 2

∫ 2π

0
dφε(x+)

[
6 f++(6μ − ζ 2L)

+�(6h2(3μ − ζ 2L) + ς+−Lζ 2h)
]
, (65)

while the central extensions become

c = 18π(6μ − ζ 2L)

μLζ 2 , k = 8π�ς2+−(2ζ 2L − 5μ)

μL3ζ 2 . (66)

This limit coincides with our results in [26]. We now turn
our attention to the solution space of WBTZ black holes in
(14)–(18). Therefore, their charges in the quadratic ensemble
take the form

Pm = 2πh0(A2 − 1)(LM − J )(2H2 − 1)

A5μL2ζ 2H2

× [−8μA4 + 4ζ 2L A3 + 2μA2(s̄ L2ζ 2 + 34)

− 2ζ 2L A − 63μ]δm,0, (67)

Lm = πG(J + ML)(H2 − 1)

2μA3L2ζ 2(A2 + 1)

× [12Lζ 2A5 − 24μA4(2 + s̄ L2ζ 2)

+ 22L A3ζ 2 + 4μA2(35 + 2s̄ζ 2

× L2) − 10ALζ 2 − 84μ]δm,0, (68)

where M and J are Einstein charges. The GMG mass and
angular momentum of these solutions are defined as

M = Q∂t = 1

L
(Q∂+ + Q∂−), J = Q∂φ = Q∂+ − Q∂− ,

(69)

123
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and we also have

Q∂− = P0, Q∂+ = L0. (70)

Then, the relation between the GMG mass, angular momen-
tum, and the zero modes of the charges can be obtained as
follows

M = 1

L
(P0 + L0)

= π

2μL3ζ 2A5H2(A2 + 1)

× [4h0(A
4 − 1)(2H2 − 1)(LM − J )

× (−8μA4 + 4ζ 2L A3 + 2μA2

× (s̄ L2ζ 2 + 34) − 2 ζ 2L A − 63μ)

+ (H2 − 1)A2H2(J + ML)(12Lζ 2A5 − 24μA4

× (2 + s̄ L2ζ 2) + 22L A3ζ 2

+ 4μA2(35 + 2s̄ζ 2L2) − 10ALζ 2 − 84μ))], (71)

J = L0 − P0

= π

2μL2ζ 2A5H2(A2 + 1)
[(H2 − 1)A2H2(J + ML)

× (12Lζ 2A5 − 24μA4(2 + s̄ L2ζ 2)

+ 22L A3ζ 2 + 4μA2(35 + 2s̄ζ 2L2)

− 10ALζ 2 − 84μ)) − 4h0(A
4 − 1)(2H2 − 1)

× (LM − J )(−8μA4 + 4ζ 2L A3

+ 2μA2(s̄ L2ζ 2 + 34) − 2ζ 2L A − 63μ)], (72)

where M and J are the mass and angular momentum of
WBTZ black holes.

4 Entropy matching

The WBTZ black hole solution in ADM form is given as
[38,51]

ds2 = −N (r)2dt2 + dr2

f (r)2 + R(r)2(Nφ(r)dt + dφ)2,

(73)

with

N 2(r) = − 4(2H2 − 1)(J − ML)(16J 2L2 − 8ML2r2 + r4)

L(16H2L2 J 2 + H2r4 − 4Lr2(ML + J (2H2 − 1)))
,

(74)

f 2(r) = 16J 2

r2 − 8M + r2

L2 , (75)

R2(r) = −16H2 J 2L2 + H2r4 − 4Lr2(2H2 J − J + ML)

4L(ML − J )
,

(76)

Nφ(r)

= H2r4 − 8MH2L2r2 − 16J L2(J (H2 − 1) + LM(1 − 2H2))

L(H2r4 + 16H2 J 2L2 − 4Lr2(ML + J (2H2 − 1)))
.

(77)

Taking ξ = ∂t + r−
Lr+ ∂φ and given (73), the entropy of black

hole in GMG is obtained as [52,53]

SGMG = π2

4μL2ζ 2A5H2(A2 + 1)
√
M2L2 − J 2

× [4h0(A
4 − 1)(2H2 − 1)(LM − J )(−8μA4

+ 4ζ 2L A3 + 2μA2(s̄ L2ζ 2 + 34) − 2ζ 2L A − 63μ)

× (H2 − 1)A2H2(J + ML)(12Lζ 2A5 − 24μA4

× (2 + s̄ L2ζ 2) + 22L A3ζ 2 + 4μA2

× (35 + 2s̄ζ 2L2) − 10ALζ 2 − 84μ)

×
√
ML2 + L

√
M2L2 − J 2 + ((H2 − 1)A2H2

× (J + ML)(12 Lζ 2A5 − 24μA4(2+
s̄ L2ζ 2) + 22L A3ζ 2 + 4μA2

× (35 + 2s̄ζ 2L2) − 10ALζ 2 − 84μ))

− 4h0(A
4 − 1)(2H2 − 1)(LM − J )(−8μA4 + 4ζ 2L A3

+ 2μA2(s̄ L2ζ 2 + 34)

− 2ζ 2L A − 63μ))

√
ML2 − L

√
M2L2 − J 2], (78)

where r± are the horizons of black holes (solutions of the
equation f (r) = 0) and are given by

r± = 2
√
GL

√
LM ±

√
L2M2 − J 2. (79)

The Hawking temperature and angular velocity of the black
hole are given as

T = r2+ − r2−
2πr+L2 = 2

√
L2M2 − J 2

πL
3
2

√
ML + √

M2L2 − J 2
, (80)

and

� = r−
Lr+

=
√
ML − √

L2M2 − J 2

L
√
ML + √

M2L2 − J 2
. (81)

As expected, the above thermodynamic quantities (71)–(81)
satisfy the first law

dM = TdS + �dJ . (82)

Here, we want to obtain the entropy from the field theory
side by counting the degeneracy of states in the boundary.
The first step is to define the vacuum of the theory. The usual
method to obtain the vacuum solution is to enhance the local
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symmetries to global symmetries which imposes 2π period-
icity in φ (for more details see [38]). Therefore, a particular
vacuum solution is obtained by setting J = 0, M = −1/8G
as [38]

ds2
vac = (L2 + r2)(2H2r2 + L2(2H2 − 1))

dt2

L4 + L2dr2

L2 + r2

+4H2r2(L2 + r2)
dtdφ

L3 +
(
r2 + 2H2r4

L2

)
dφ2.

(83)

We see that in the case of H = 0, the metric becomes global
AdS3. We have two values of GMG charges that the mass
charge is

M = π

8L2μ(A2 + 1)A5ζ 2H2
(−16μ h0 A8 − 16 Lζ 2A7H2h0

+ 12 μ A6ζ 2s̄ L2H4 − 12 μ A6ζ 2s̄ L2

× H2 − 8 μ A6ζ 2s̄ L2H2h0 + 4 μ A6ζ 2s̄ L2h0

− 272 μ A6H2h0 + 11 Lζ 2A5H2 − 4 Lζ 2A5h0

− 70 μ A4H4 + 70 μ A4H2 − 110 μ A4h0 + 5 Lζ 2A3H4

− 5 Lζ 2A3H2 − 8 Lζ 2A3h0 + 42

× A2μ H4 − 42 A2μ H2 − 136 A2μ h0 − 252 μ h0 H2

+ 8 Lζ 2A5H2h0 − 4 μ A4ζ 2s̄ L2H4+
× 4μ A4ζ 2s̄ L2H2 + 220 μ A4H2h0 + 16 Lζ 2A3H2h0

+ 8 A2μ ζ 2s̄ L2H2h0 − 4 A2μ ζ 2s̄ L2h0

+ 272 A2μ H2h0

− 8 Lζ 2h0 AH2 + 126 μ h0 − 6 Lζ 2A7H4 + 6 Lζ 2A7H2

+ 8 Lζ 2A7h0 + 24 μ A6H4 + 4 Lζ 2h0 A + 32 μ h0 A8H2

− 24 μ A6H2 + 136 μ A6h0 − 11 Lζ 2A5H4), (84)

and the angular charge is

J = − π

8μ(A2 + 1)H2A5Lζ 2
(−16μh0A

8 − 16Lζ 2A7H2h0

− 12 μ A6ζ 2 s̄ L2H4 + 12 μ A6ζ 2 s̄ L2

× H2 − 8 μ A6ζ 2 s̄ L2H2h0 + 4 μ A6ζ 2 s̄ L2h0

− 272 μ A6H2h0 − 11 Lζ 2A5H2 − 4 Lζ 2A5h0

+ 70 μ A4H4 − 70 μ A4H2 − 110 μ A4h0 − 5 Lζ 2A3H4

+ 5 Lζ 2A3H2 − 8Lζ 2A3h0 − 42A2μ

× H4 + 42A2μH2 − 136A2μ h0 − 252μh0H
2

+ 8Lζ 2A5H2h0 + 4 μ A4ζ 2 s̄ L2H4 − 4μA4ζ 2 s̄

× L2H2 + 220 μ A4H2h0 + 16 Lζ 2A3H2h0

+ 8 A2μζ 2 s̄ L2H2h0 − 4 A2μζ 2 s̄ L2h0 + 272 A2

× μ H2h0 − 8 Lζ 2h0 AH2 + 126 μ h0 + 6 Lζ 2A7H4

− 6 Lζ 2A7H2 + 8 Lζ 2A7h0 − 24 μ A6H4

+ 4 Lζ 2h0 A + 32 μ h0 A8H2

+ 24 μ A6H2 + 136 μ A6h0 + 11 Lζ 2A5H4). (85)

As can be seen from (85), the GMG angular momentum of
vacuum solution does not equal to zero. This interesting result
has been observed from other three dimensional gravitational
theories containing parity-odd terms [54,55]. In the quadratic
ensemble, the warped Cardy formula takes the form

SWCFT = 4π

√
−Pvac

0 P0 + 4π

√
−Lvac

0 L0, (86)

where the zero modes for vacuum metric become

Pvac
0 = πh0(−1 + 2H2)(A2 − 1)(8μA4 − 4ζ 2L A3 − 2A2μs̄ L2ζ 2 − 68A2μ + 2ζ 2L A + 63μ)

4LH2A5μζ 2
, (87)

Lvac
0 = − π(H2 − 1)

8L A3μ(A2 + 1)ζ 2 (6A5Lζ 2 − 24μA4 − 12A4μs̄ L2ζ 2 + 11ζ 2L A3 + 4A2μs̄ L2ζ 2

+70A2μ − 5ζ 2L A − 42μ). (88)

Inserting this in (86), one finds

SWCFT =
√

2π2

H2A5μζ 2(A2 + 1)
(2h0(A

4 − 1)(2H2 − 1)

× √
Y (8μA4 − 4ζ 2A3 − 4μA2(34 + s̄ζ 2)

+ 4ζ 2A + 63μ) + H2(H2 − 1)A2

× √
X(6ζ 2A5 − 12μA4(2 + s̄ζ 2)

+ 11ζ 2A3) + 2μA2(2s̄ζ 2 + 35) − 5Aζ 2 − 42μ),

(89)

where X = ML + J,Y = ML − J . After some manip-
ulations, this expression matches the bulk thermodynamic
WBTZ entropy (78) provided that

h0 = H2A2(H2 − 1)(r+ + r−)(2X + √
2X(r− − r+))C

2(2H2 − 1)(A4 − 1)(r+ − r−))D
,

(90)

where
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C = 6A5ζ 2 − 12μs̄ A4ζ 2 − 24μA4 + 11ζ 2A3

+ 70μA2 + 4μs̄ A2ζ 2 − 5ζ 2A − 42μ, (91)

D = 2Y + √
2Y (r− + r+)(8μA4 − 4ζ 2A3

− 2μA2s̄ζ 2 − 68μA2 + 2ζ 2A + 63μ. (92)

In this section, we obtained the entropy of WBTZ via ther-
modynamical approach and the entropy of WCFT via Cardy
formula. Finally, we showed that SWCFT = SW BT Z if h0

satisfied (90).

5 Conclusion

In this work, in the framework of general massive gravity, we
studied the asymptotic symmetry algebra, the solution space,
and the global charges using the ACDS boundary conditions
in the quadratic ensemble. Under the mentioned boundary
conditions, we construct the solution space with two arbitrary
functions ( f++(x+), h(x+)) and two constants (ς+−, j++).

The solution space is different from the counterpart for
Einstein’s gravity because the Cotton tensor and NMG part
are not equal to zero and in the limit μ → ∞ and ζ → ∞,
it gives the Einstein’s solution space. Then, we obtained
the asymptotic symmetry and their algebra (σ generates an
abelian algebra and ε generates the usual Witt algebra) by
imposing FG gauge fixing on the metric and new bound-
ary conditions. We obtained the integrable surface charges
using the Iyer–Wald method by fixing a part of the solution
space (δ j++ = δς+− = 0). We have obtained the centrally
extended charge algebra which is V ir⊗u(1) algebra with the
central charges which are provided in (59). When the TMG
and NMG couplings tend to zero, the central charges tend
to its Einstein counterpart. We also show that the boundary
counting of the degeneracy of states correctly reproduces the
bulk thermodynamic entropy for WBTZ black holes. This
confirms that the phase space has the same symmetries as
that of a WCFT in the quadratic ensemble.

It would be interesting to extend the domain of validity of
this new boundary conditions for the other 3D massive grav-
ity theories (such as GMMG, EGMG) and different gauges
(such as Bondi and Bondi-Weyl gauge). Also, it is interest-
ing to compute the linearized energy excitations (energy of
gravitons) in WAdS3 at the chiral points of the theory. In
addition, one can apply the mechanism of [56] to make the
charges integrable. We leave these works for the future.
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Appendix A: WAdS3 metric

WAdS3 black holes are different from the AdS3 black holes
and their properties are similar to the Kerr black holes. The
asymptotic symmetry group of WAdS3 black holes is the
semi-direct product of a chiral Virasoro algebra with a u(1)

current. The metric of WBTZ can be obtained by a deforma-
tion of the BTZ black hole spacetime as follows [43,57,58]

ds2
WBT Z = ds2

BT Z − 2H2ξ ⊗ ξ, (93)

where

ds2
BT Z = L2r2dr2

16J 2L2 − 8ML2r2 + r4

+(4ML2 − r2)dx+dx−

+2L(LM + J )dx+2 + 2L(LM − J )dx−2,

(94)

with

ξ = − 1√
2GL(LM − J )

∂−. (95)

The metric of WBTZ is a solution of the GMG field equation
if

H2 = 119μ2 − 6ζ 4L2 + 2ζ 2L
√

84μ2 + ζ 2L(9ζ 2 − 42s̄μ2) + 14s̄μ2ζ 2L2

294μ2 , (96)
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λ̄ = 1

3087μ4L4ζ 2 [2Lζ 2(3L2ζ 4 − 14s̄ L2μ2ζ 2 − 56μ2)

×
√

84μ2 + ζ 2L2(9ζ 2 − 42s̄) − 18L4ζ 8

+ 126s̄μ2ζ 6L4 + (252 − 147s̄2μ2L2)μ2L2ζ 4

− 4704s̄μ4ζ 2L2 − 2352μ4]. (97)

For s̄ = (6ζ 2L−17μ)/(2μL2ζ 2), H becomes zero and λ̄ =
−(12ζ 2L − 35μ)/4μζ 2L4 and the WBTZ metric becomes
the BTZ metric. For ζ → ∞, and assuming L > 0, μ > 0
we have

λ̄ = −36s̄ + s̄2μ2L2

27L2 , H2 = 1

2
− s̄2μ2L2

18
, (98)

which are the same as [38] for TMG. In the case of μ → ∞

λ̄ = − s̄2ζ 4L4 + 32s̄ζ 2L2 + 16

21ζ 2L4 , H2 = 17

42
+ s̄ζ 2L2

21
,

(99)

which are the same as [50] for NMG.
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