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Abstract In this paper, we study the Aggarwal, Ciambelli,
Detournay, and Somerhausen (ACDS) boundary conditions
(Aggarwal et al. in JHEP 22:013, 2020) for Warped AdS3
(WAdS3) in the framework of General Massive Gravity
(GMQG) in the quadratic ensemble. We construct the phase
space, the asymptotic structure, and the asymptotic symme-
try algebra. We show that the global surface charges are finite,
but not integrable, and also we find the conditions to make
them integrable. In addition, to confirm that the phase space
has the same symmetries as that of a Warped Conformal Field
Theory (WCFT), we compare the bulk entropy of Warped
BTZ (WBTZ) black holes with the number of states belong-
ing to a WCFT.

1 Introduction

One of the interesting achievements of string theory in the
last two decades is the Anti de-Sitter/Conformal Field The-
ory (AdS/CFT) correspondence. This correspondence has
opened a new approach to studying two different areas of
physics, i.e. quantum field theory and gravity theory. After
the introduction of the AdS/CFT correspondence in [1-4], or
more generally gauge/gravity duality, many different ques-
tions on the field theory side have been investigated utilizing
the gravity side [5—9] (for more details see [ 10] and references
therein). This duality proposes a correspondence between a
quantum field theory in d-dimensional space-time and grav-
ity theory in (d+1)-dimensional space-time. Fields, param-
eters, and quantities on the gauge theory side are translated
to equivalent quantities on the gravity side. For instance, the
vacuum state and thermal state on the field theory side corre-
spond to the pure-AdS and black hole on the gravity theory,
respectively. In addition, an extension of AdS/CFT corre-

 e-mail: naseh.sajadi @ gmail.com (corresponding author)

b e-mail: hajilou @ipm.ir

spondence to non-AdS geometries is Flat/Bondi—-Metzner—
Sachs invariant field theories (Flat/BMSFT) correspondence.
According to this duality, asymptotically flat spacetimes in
(d+1) dimensions are dual to d-dimensional BMSFTs [11-
22].

As we know, the study of asymptotic symmetries in gravity
theories is an old topic that has recently received attention.
In the context of the AdS/CFT correspondence, the asymp-
totic symmetries of the gravity theory in the bulk spacetime
correspond to the global symmetries of the dual quantum
field theory in the boundary through the holographic dic-
tionary. Therefore, with strong control of asymptotic sym-
metries, new holographic dualities can be investigated. The
asymptotic symmetries are bulk residual transformations that
preserve the boundary conditions but change the asymptotic
field space (that is, they have non-vanishing surface charges).
The asymptotic symmetry group is the group of residual
gauge diffeomorphisms preserving the boundary conditions
with associated non-vanishing charges. The boundary con-
ditions determine the structure of the asymptotic symme-
try group. Brown and Henneaux studied asymptotic symme-
tries of three-dimensional AdS space (AdS3) and found that
the symmetry algebra forms two copies of Virasoro algebra
with a non-vanishing central charge (¢ = 3//2G) [23]. This
implies that bulk theories with these boundary conditions are
dual to CFTs with this central charge. Strominger and col-
laborators have extended these results to extremal Kerr black
holes in what is known as the Kerr/CFT correspondence.
Compere, Song, and Strominger (CSS) [24] have demon-
strated a family of specific alternative boundary conditions
in which the asymptotic symmetry algebra of a 3D theory
turns out to consist of a semi-direct product of a Virasoro
and u (1) Kac—Moody algebras which are symmetries of the
2-dimensional WCFT’s (that is invariant under chiral scaling
and translations but not rotations). In [25,26], Topologically
Massive Gravity (TMG) and General Minimal Massive Grav-
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ity (GMMG) with the CSS boundary conditions are studied.
We refer interested reader to [27-37] for more details.

In [38], a new set of boundary conditions in three-
dimensional TMG has been introduced so that the dual field
theory is a WCFT in the quadratic ensemble.! The boundary
conditions of [38] generalize those of [24] by accommodat-
ing more solutions. In this work, along the line of work [38],
we introduce the ACDS boundary conditions and study its
consequences like solutions space, asymptotic symmetries,
and charge algebra in the framework of the GMG theory. In
fact, we extended the domain of validity of these new bound-
ary conditions to GMG theory.

The rest of this paper is organized as follows: In Sect. 2,
after the introduction of the GMG theory and boundary con-
ditions, we impose the field equations to determine the solu-
tion space. In Sect. 3, we compute the asymptotic Killing
vectors preserving the boundary conditions and the gauge
and their corresponding surface charges in GMG. We find
that the surface charges are not integrable, but by fixing a part
of the solution space one can obtain the integrable charges.
In Sect. 4, we compute the bulk thermodynamic entropy and
compare it with the WCFT Cardy formula, showing that they
match once the vacuum is correctly identified. Finally, we
provide some conclusions in Sect. 5.

2 GMG under ACDS boundary conditions

The generalized massive gravity theory is realized by adding
both the Chern—Simons (CS) deformation term and the higher
derivative deformation term to pure Einstein gravity with a
negative cosmological constant. This theory has two mass
parameters and TMG and New Massive Gravity (NMG) are
just two different limits of this generalized theory [39-43].
The action for the generalized massive gravity theory can be
written as [44,45]

1
S, =— | &Pxy=
GMG 872G X 8
1 1
X |SR—=2A+ —Lcs + _ZENMG , (1)
M ¢
where

1 2
‘CCS = 56)»#\) (Ffaaﬂfgv + gFfGI‘ZtF;U> .
v 3 2
Lymc =R" Ry — §R , (2)
and p and ¢ are the mass parameters of TMG and NMG,

respectively. X is a cosmological parameter with the dimen-
sion of mass squared, and s is a conventional sign. Varying

' Quadratic ensemble is similar to the canonical ensemble with different
zero modes of their algebra.
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the action with respect to the metric, one gets the following
equations of motion

_ - 1 1

g;w = Sg;,w + )»g;w + ;C/w + E’Cuv, 3)
where G,,, is the Einstein tensor, C,,, the Cotton tensor, and
Ky is given by

1 1
Ky = —EVZRglw — VR + VAR,

ab 3 73
+4AR pavy R* — ERR’” — RapR*" g
3
+§R2guv' 4

The parameters 5 and A are parameters defined in terms of
other parameters like s, w and ¢. The Fefferman—Graham
gauge in three spacetime dimensions in coordinates x" =
(r, xT, x7) with three gauge-fixing conditions is

L2

8rr = r_zs &ra =0, (5)

where x* = t/L & ¢. The line element takes the form

LZ
ds® = r—zdr2 + Yap (r, x)dxdx". ©6)

We consider the following fall-offs of the metric [38]
L? —4 4
Yrr = r_2 +00™), vy =00,
Yoo =00?), y—— = O(). ©)

Therefore, the field equations (3) give us

Vit = jrart +hGar? + frpah)
LU= AD) (A% = DR +4jg frp D)RGT)

8j2 ,r2(1+ A2)
. (A2 = D24 jyy frr ) + (A2 = DA2(x))2

, (8
64(1 + A2)2j3  r4 ®
1= ADHh(x )y
R 2>' CapI
J++
L= A (A2 = DR +4j g frp ())s—
82 (1+ AD)r2 '
)
(1-A%g3_
yoo = (10)
J++
with
- 1
A=—— " [2LC*(BL*¢* — 1451 %2

—56u%)/84u2 + t2L2(9¢2 — 425) — 18L*¢8
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+1265%¢0L* + (252 — 14752 > LY’ L ¢
— 470452 L% — 2352u4). (11)

The Ricci scalar of (6) is given by

_2(1 —4A%)

Y 6, (12)

where?

A = RootOf [(16p + 4L ¢ _Z* + 63 — 16L¢*_Z
+(—80up + 4pL?¢%5)_Z* + 16¢*L_Z3, label = _L3].
(13)

Therefore, it is negative as long as A is. As it can be shown, the
solution space is characterized by four quantities: two con-
stants ji 4+ and ¢4 _ and two functions 4 (x4) and fi4 (xy).
By writing the WBTZ black holes (93) in the Fefferman—
Graham gauge with the boundary conditions (7), one gets

h=0, (14)

In the case of A = 1 and arbitrary j,, the metric becomes
2

ds? = —2er + Gygr* + h(xHr?
r
+ frrcdx 2 + oy _rfdxtdxT, (19)
and
_ 1202 — 35 622L — 17
R Sl & (20)
4ML4§2 2ML2§2

This metric is not a solution for the Einstein equation, because
the Cotton tensor and NMG part have non-vanishing com-

12720 ek 136720y
ponents (C* = o KT = EE ). In the case of
6 2L . . .
A=1,pu= m and j,, — O but keeping the ratio
2 .
A= % constant, the line element becomes

L?
2 _ 2
ds® = = dr

+ [AG2 4 i)

11912 — 624 L% 4+ 202 L/84u? + ¢2L(9¢2 — 4252) + 145222 L2

i = — , 15
Tt 176G L(LM — 1)1 (15)
[T ;4[4144'2(—119/1,2 + 6§4L2 h(x+)A[4f (x+)+ Ahz(x+)]
43218u + ++16r2 :|dx+2 + Agi,dx_z
— 145202 L2) /8402 + (212952 — 421%5) N [ , hhse
_r
+ 29057144 o 2
— 4¢2 L2 (181250 — 845L7p ¢ — 27307 +§+-A<4f++(lx62 + h2<x+)A>] dxtdx. @1
+ 4952 L2 u* + 8335uh)1, (16)
GL(LM — J) 5 2 642 This metric is the CSS metric [24].
= —————— 4L (—119 L
Y 21609,% [ 7 (=119u7 £ 6¢
—145u2c21? 2 272(9¢2 _ 25
1asu”e L )\/84'M +PL2O0 — 42u%5) 3 Symmetries and charges
+29057u* — 42 L*(18L2¢% — 845 L% % ¢?
The residual gauge diffeomorphisms are generated by the
_ 2.2 272,24 < 4 gaug p g y
2T F AL £ 83351 )]’ an vector & satisfying
GLML +J) [ 5 2 4.0
=———~ 4L (—119 6°L
For = Tgmprgs (MO begr =0, Eegrg =0, 22)

— 14522 LY)/84p2 + £2L2(9¢2 — 421425)
+72275u* — 42 L>(18L%¢% — 8451 2 ¢*
0730202 + 49521222t 833m4)] . (18)

2 RootOf is a command used as a placeholder for roots of equations in
Maple [46].

where L. denotes the Lie derivative. The solutions to these
equations are

=810, =609, +€T0, +£70-, (23)
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with This means that j; and ¢y are fixed along the residual
orbits. Finally, we find the full residual variation of solution

space as
£ =rn(x"), (24)

N 2L% (AT = 1)
A2((A2 = 1202 +4jyy fro(A2 = 1) +8r4 T, (A2 + 1))
Jea L2 (A2 + DI(A? = Dh —4j, %]
CT 0 2 27,2 : 2 2 42 :
A §+_[(A — 1) h +4]++f++(A - 1) + A]++r (A + 1)]

ft=e

§" = (25)

In these expressions, o (x ) and e (x ) are field-independent
arbltrar.y .functlons. Yarylng the metric (6) along &, we find Sejiy =0, (34)
the variation of solution space as follows

8ch = (he)' + 2640, (35)
LZG///(AZ +1)
Lr , 8¢ frr =€fiy +2f1r€ — —a
begodxtdx’ = —dr + 8¢ Yap (r, x)dxdx”, (26) )
r ho'si_(1— A%)
e S—— (36)
with 8¢ 44+ = Lgy4 4 , then we have J++
deltag j4i = 2j4+ (€ +21) 27) The general symmetry generators, using (31), are as fol-
lows
1
r_ _ _ /!
§ =—gre.
¥ L?jy e (A= 1)
§T =e— . ) ’
AZ((A2 = 1)2R2 + 4y frr (A2 = 1) 4+ 8r% )7 (A2 4+ 1))
it L2€" (A2 + D[(A2 — Dh — 4 jy4r?
=0 Jr+L e (A7 4+ DI( ) J4+r7] 37)

+ )
24261 [(A2 = 1)2h% + 44 fr (A2 — 1)+ Aj7 4 (A2 + 1))

where A is defined in (13). The residual symmetries (37)
depend on two arbitrary chiral functions €(xT) (generating

Sch =2hn +264_0' +€h’ + 2he’ (28)  the usual Witt algebra) and o (x™) (generating an abelian
8 fr+ = €fty +2f14€ algebra). Therefore, the total asymptotic symmetry algebra
L2 (A2 + 1) ho'cr (1 — A2) is a direct sum of a Witt and a u (1) algebra.
+ 7 + - , (29
2A J++
3.1 Charges and algebra
and
The surface charges are computed using [47-49] as
Seva— =keyio — o= (Qn+e. (30)  follows
By requiring j . to be constant, from (27) we get JOUE) = / dSiF% (g, h), (38)
1 z
77=—§€/+770- (31
with
Therefore, the transformation of j; becomes o S o
. . Fg' () =&V — &V h® +5°Vh
8¢ jr+ = 4jt+10- (32) . iz s
_ élvah +ha Vl%-h _ hl Va%.b
If we assume ng = 0, then we obtain + EIV,h — EO,RTP + hVOE (39)
S¢jry =08esr— =0. 33)  FEE =FFm
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1 - , 1
+ ﬁfx (e“'/’acg — 55”*30)

n %an [gphgcg + %h (égGg + %%R)] ,
(40)

Fb (&) = 2RFP(E) + 4E1“VPIsR

+ 28 RVIAEP] _ pglapbley R 41)
Fib) = VP FE + %Fg’; — 2FglRY)

—2VEPV, Vi hY)

— 4E“Ryg VI nPP — RplavPige

+ 28l bl 5 b

+ 28, R*1“V 5"V

+28*nPlevg R + 20 E1 Y, R

— (8R +2 R%hyp)VIaED — 3 £

x ROVl — glagbley . (42)

where §R = —R*hog+V¥VPhyg—V2h, 0" = €777V &,
and h = 8g,,, (8o, o) = 08y /dada. For the u (1) sector and
the Killing vector o = o (xT)d_, the surface charge becomes

A2 1 2
§0os = > / dgo (x)[2(-8uA*
J54+ Jo

8ASuL3c2)T,
+47°LA3
+2uA?(FL2? +34) —202LA — 63u)
Jar8h — jyp 86 ((4(—14 —5L* At
+ 14LA3C% + 20 A% (45 L% 0% + 151) — 872LA — 63 1)
h4 QuA*(10 +5L%¢2) — 3¢72LA3
— (L% 4+ 83)uA? +20%LA + 63u)c4—)
+ (A% = Dy

X 8jp (- — M(RA*(10 + 5L ¢%) — LAg* — 63)].
(43)

<7Qg =

(A% — 1) (—8uA* + 402 LA + 2uA2(SL?¢% 4+ 34) — 202 LA — 6311) 64—

—9AL** 4+ 210) 648y — Ajy4864—

x (10A*Le? + A3 (40 + 4usL*¢c?)

—25AL;? —42uA

+ 11L¢%)) — A%€(A(A? — 1) gy jop8h(—12A%LE?
—32A (A +5L%C%) + 10A%LE + LE% + 144
X A)+ Gy jty8frs (QALA

— 24 A% 4 +25L%C%) + 44A3LE?)

+ 8uA%(35 4+ 25L°¢?) — 20ALE?

— 168u) — (A* — D)y 8j4 4 (—AR*(124%LE?
+16pA (4 +5L%¢% — 10A%Le? — T2uA — 2LE2)
+ (A% + 1)y _h(16A3LE? — 4ALL?

— 84u + 8uAZ(10 +5L%¢?)

—20QA% + DALf14¢%jiy)

— ji85i—(12A4%(A% — 1)’L¢%h?

— (A* = Do _h(16pA%(10 + 5L%¢?%)

+ 16ALC% — 1681) + 8AL

x 0% frpjrr (10A% = 5A% — 3))))) (44)

where we have used € = &, with ", £ and £~ provided
in (37) and o = 0. To obtain the above surface charges we
evaluated equations (38)—(42) first at (r, x ™) fixed, and sec-
ond at (r, x~) fixed, then added them together, and finally
sent r — oo. These charges are finite but are not integrable.
Non-integrability of charges implies that the finite charge
expressions rely on the particular path that one chooses to
integrate on the solution space, which is a common feature
of a dissipative system. If §j1+ = d¢1— = O the charges
become integrable. Also, one can find a combination of vec-
tors such that these charges become integrable even when
8j++ #0, dg4— #0.

Utilizing the integrable charges, the charge algebra is
obtained. Therefore, in the case §j+ = dc1— = 0, the
charges read as

4AS L3 jyy

2
/ deo (xT)8h, (45)
0

The Virasoro charges are

1

Qe = 16uL32AS (A2 + 1)j2 ¢,

2
x / (L2 4+ (A2 + 1)e”
0

x ((A®> = 1)(8LA%¢? — 2uA*(—14 + 5L%¢?

and

1
N Y T RT I e

2
x / de €[A(A? — )Sh(h(—6A*Le? — 16A3 (4 +5L%%)
0

+5A2LEY + T2pA + LE%) + (16A% — 14) ¢ _LE* (A% + 1)
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+ jeadfar (12LE7AY — 24p A% (2 +5L7¢%)

+22LA3¢% + 4 A% (35 + 25¢2L%) — 10ALC? — 84u)].
(46)

These charges can now be integrated. Integrating them, one
obtains

This is a centrally extended u (1) algebra with central exten-
sion k called the Kac—Moody level. For the Virasoro sector
we have:

[0, 0.2} =56, 04 181

(A2 — 1) (—8uA* + 402LA% + 2 A (SL2C2 +34) — 202LA — 63u) ¢ (27
Qo = ( e )5t / dpo (x)(h + ho), @7)
AA UL 7 oy 0
and
_ 1
0. = ! T 1641 nASLI2 (AT + 1)

T 16/ pAL2(AT 1 1)
2

></ d¢ e[A(A% — 1)(h*(—6A*LL?

0
—16A3 @4 +5L%2%)
+5A2L% +72uA + LE?)
+2(16A4% — 14) ¢, _hL* (A% + 1))
4+ 2j4 fra (12LE% A% — 24 A* 2 +5L%¢%)
+22LA%% + 4uA%(35 + 25¢2L%) — 10AL:? — 84u)]. (48)

For the u(1) sector, the charge algebra is computed as
50'2 QO‘] [g] = Q[Gl,az] + Kal,oz' (49)

Since Q[q,,0,] = 0, the central extension for the u(1) sector
is

2
x / d¢ (€16} — exe}) [A(A® — (2 (—6A*LL% — 16
0

x A +5L%c%) +5A%LE% + 12uA + L)
+2(16A% — 14) ¢y _hLe%(A% + 1))
—[12L¢2 A5 — 24 A% 2 +5L%¢%)
+22LA%¢2 + 4uA2(35 + 2572 L2%) — 10AL

2 1 2
X 67 S (32MLA3§2>/0
.

d¢eleé”. (53)

Using the mode decomposition representation €] = e/"* ",
inyt . .

€ = ", and calling le =L,, ng = L,, one obtains

C
i {Lm, Ly} = (m — n)Lypin + Em38m+n,o, (54)

K =
AL 1y

(A% — 1) (—8uA* +4¢2LAY + 2uA2(SL?¢% 4+ 34) — 202 LA — 63u) 62 (27 ,

(50)

. .. i iyt
Using the mode decomposition o1 = e”"ﬁ, or =™ | and
calling Q1 = Py, Q,2 = P,, itis easy to obtain

k
i{Pn, Pn}:m§5m+n,09 (51)

where

L 2m(A? — 1) (—8uA* + 4¢P L A3 + 2 A2 (SL2¢% +34) — 2¢%LA — 63u) 62

ASUL3E? jyy

(52)
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where

3m(12LE2 A5 — 24 A* (2 + 5L2¢%) + 22LA3¢% + 4 A% (35 4+ 25¢2L%) — 10ALc? — 84u)
Cc = .

55
4pLA32 (55)
In summary, the algebra is
. ¢ 3 2 2
— (m — = Acy_(2C°L -5
i ALy Lo} = (m =)Ly + 75m*80 100, (56) o, = e L e W[ dgotctyh+ho). (%)
i{Lm: Py} = _nPn+m (57) 1 2
. k 0 :——/ d e(x+)[6 (6 — L)
i (P Pa) = m=bnin0 (58) <= )y Y Jra(Or=e
_ , +A6h G — E2L) + 54 L) | (65)
with central extensions
3m(12LE2 A5 — 24 A% (2 + 5L2C%) + 22LA3¢% + 4 A%(35 4+ 25¢2L%) — 10ALc? — 84u)
c= ,
4puLA3c2
L 27 (A% — 1) (—8uA* + 42 LA + 2uA?(SL?¢? +34) — 2¢°LA — 63u) 67 _ 59)
B ASPL3E2 oy ‘
Therefore, from (56)—(58) with the associated central charges
(59), the bulk solution space has a symmetry algebra identi-
fied with that of a WCFT in the quadratic ensemble. while the central extensions become
In the limit { — oo, and u > 0, L > 0 one obtains [38]
187 (61 — ¢2L) 8w Ac2_(2¢2L —5p) 66)
— — C= ———FF, =
LWL+ G P —9) ©0) nLe? nL3c?
3u ’ wL?jyy ’ L . .
This limit coincides with our results in [26]. We now turn
while in the case of 1 — 0o, we have [50] our attention to the solution space of WBTZ black holes in
R (14)—(18). Therefore, their charges in the quadratic ensemble
c = 16_” 3(;21‘2—+2)§ take the form
7 V21 L 2ho(A2 — 1)( )QH? — 1)
- DM —-J)2H* —
87 VA2(2¢2 L — 17)¢2 _ o
T (3 : 572 2)§+_' e " APuLEEH
L L ]
CLVELT A 2kt x [—8uA* + 4220 A% 1 2uA2GL2C? + 34)
This algebra is one of the centrally extended group —202LA — 634 S0, 67)
Vir@U(l). (62) _ 7G(J +ML)(H* - 1)
T 2uA3L22(A2 4+ 1)
Now, we study the null warped limit in the case A = 1. In this x [12L¢% A% — 24pA* (2 + 5L%¢%)
case, the u(1) level and charges vanish identically (k = 0), DLA3E? 4 AuA2(35 - 2562
we are left with a Virasoro symmetry algebra with central + 7+ AnAT(35 +25¢
extension x L%) = 10AL¢* — 84180, (68)

. 187 (6 — L¢?)

, A—1.
nLe?

(63)

As we know, the CSS limit can be achieved setting A = 1

and j; = Owhilekeeping A = A’~1 ¢onstant. The charges

J++
read

where M and J are Einstein charges. The GMG mass and
angular momentum of these solutions are defined as

1
M= Qs = Z(Qa+ +0s), J =0y =0y — 0,
(69)
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and we also have

Qs =Py, 0y, = Lo. (70

Then, the relation between the GMG mass, angular momen-
tum, and the zero modes of the charges can be obtained as
follows

M= %(Po + Lo)
b
T 2UL3CZASHE(AZ 1 1)

x [4ho(A* — DQQH? — )(LM — J)

x (—8uA* +42LA% 4+ 2uA?

x (SL*¢% +34) — 2 L°LA — 63u)

+ (H?> = DA*H*(J + ML)(12L¢* A5 — 24pA*

x (24 5L%¢?) +22LA%¢?

+4uA%(35 + 25C2L%) — 10ALC? — 84p))],  (71)

J=Lo— P
T

T 2UL2CZASHE(AZ 4 1)
x (12LE% A — 24pA*(2 +5L2¢?)
+22LA3% + 4uA%(35 + 25¢°L%)

— 10ALZ? — 84p)) — 4ho(A* — H(2H? — 1)
x (LM — J)(—8uA* + 4.2 L A3
+2uA (L7 +34) — 202 LA — 63)],

[(H> — )A’H*(J + ML)

(72)
where M and J are the mass and angular momentum of
WBTZ black holes.

4 Entropy matching

The WBTZ black hole solution in ADM form is given as
[38,51]

d 2
ds? = —N(r)2df? + f(r)2 + ROP(N®()dt + d)?,
r
(73)
with
) 402H? — 1)(J — ML)Y(16J%L? — 8ML?*r% + r%)
N-(r)=— ,
L(16H2L2J2 + H2r* —4Lr2(ML + J(2H? — 1)))
(74)
2 1672 r?
A =— —8M+ 5, (75)
R = — 16H?>J?L* + H*r* —4Lr*(2H?J — J + ML)
"= 4L(ML —J) :
(76)

@ Springer

N?(r)
H*r* —8MH?L%*? —16JL2(J(H®> — 1) + LM(1 — 2H?))
L(H2r* + 16H2J2L? —ALr2(ML + JQH? — 1)))

Taking & = 9; + L%B(p and given (73), the entropy of black
hole in GMG is obtained as [52,53]

GGMG _ ?
4uL2E2ASH2(A2 + 1)WM2L? — J2
x [4ho(A* — DQH? — )(LM — J)(—8uA*
+472LA3 +2uA’GL% % +34) — 20°LA — 631)
x (H> = DA*H*(J + ML)(12Lg* A — 24pA4*
X (24 5L%C%) +22LA % + 4puA?
x (354 25¢%L%) — 10ALC? — 84p)

x \/ML2 + LVM2L2 — 2 + (H? — 1) A2 H?
x (J + ML)Y(12 L{*A® — 24pA* 2+
SLP?) 4+ 22LA % + 4pA?
x (354 25¢%L%) — 10ALg? — 84u))
— 4ho(A* — )QH? — 1)(LM — J)(—8pA* +472LA°
+2uA LY +34)

—20%LA - 63M))\/ML2 — LVM2L2 — J2], (78)

where r+ are the horizons of black holes (solutions of the
equation f(r) = 0) and are given by

ry = 2\/GL\/LM +VL2M2 — J2, (79)

The Hawking temperature and angular velocity of the black
hole are given as

rt —r? 2VL2M? - J2
T = 5 = —— , (80)
2nry L 7L3vVML +M2L? — J2?
and
_ ML — L?M? — J?
- _ Y 81)

Q= — = .
Lry VML +VMPLZ = J?

As expected, the above thermodynamic quantities (71)—(81)
satisfy the first law

AdM =TdS+ QdJ. (82)
Here, we want to obtain the entropy from the field theory
side by counting the degeneracy of states in the boundary.

The first step is to define the vacuum of the theory. The usual
method to obtain the vacuum solution is to enhance the local
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symmetries to global symmetries which imposes 27 period-
icity in ¢ (for more details see [38]). Therefore, a particular
vacuum solution is obtained by setting J/ =0, M = —1/8G
as [38]

dr?  L%dr?
dslye = (L2 +r)QHY + LPQH = ) Ty + s

dtd 2H24
—|—4H2r2(L2 + r2)7L3¢ + <r2 + 2 >d¢2.
(83)
We see that in the case of H = 0, the metric becomes global

AdS3. We have two values of GMG charges that the mass
charge is

b
M= s s hasem
+12n A2 S LPHY — 12 0 A®25 L?
x H> — 8 A5 L>H?ho + 4 1 ASC25 L?hyg
— 272w A°H?ho + 11 L2 AP H? — 4 LE% A%k
— 70 A*H* + 70w A*H? — 110 0 A*ho + 5 L2 AP HY
—5LE2ASH? —8LL2A%ho + 42
x A2 H* — 42 A’ )y H? — 136 A2 hq — 252 who H?

160 ho A® — 16 L2 A7 H?hy

who(—1 4+ 2H?) (A2 — 1)(8uA* —472LA3 —2A%usL?¢? — 68A% 1 + 202 LA + 631)

+ 70 A*HY — 70w A*H? — 110 w A*hy — 5 L2 AP H?
+5L72ASH? —8L{2A3hy — 42A%

x H* + 42A% W H? — 136 A% 1 ho — 252puho H?
+8LIZAYH?hy + 41 A* 25 LPHY — 4uA%%s

x L*H? 4220 w A*H?ho + 16 L2 A3 H?hy

+8 A% S LPH?hg — 4 A2 25 L2 ho + 272 A?

x wH?ho — 8 Lt%hg AH* + 126 who + 6 LA H*
—6L:2ATH? + 8LL2AThyg — 24 u ASH?

+4Ls%hg A+ 32 why ABH?

+24u A°H? + 136 1w A%hg + 11 LE2ASHY). (83)

As can be seen from (85), the GMG angular momentum of
vacuum solution does not equal to zero. This interesting result
has been observed from other three dimensional gravitational
theories containing parity-odd terms [54,55]. In the quadratic
ensemble, the warped Cardy formula takes the form

Swcrr = 4m,/ —P(;MCP() + 4,/ —LgaCLo, (86)

where the zero modes for vacuum metric become

prac _ 87
0 4LH2A5MC2 ( )
LY — _ n(H? ~ 1) (6ASLE? — 24 A% — 12A%USL?¢? + 11¢°LA3 4+ 4A%2us L%
0 S8LA3 (A2 + 1)¢2
+70A% 0 — SC2LA — 42p). (88)

+8LI2AYH hog — 4 A* %5 LPH +

x 4 A*C?5s L H? + 220 0 A*H?ho + 16 L2 A3 H? hy
+8 A% S LPH?ho — 4 A’ c%5 L?ho

+272 A’ H?ho

—8L%hg AH? + 126 who — 6 Le?ATH* + 6 Le? AT H?
+8L;2AThg + 24w ASH* + 4 Le%ho A + 32 who A H?
— 24 A®H? +136 1w Ahg — 11 LE2ASHY), (84)

and the angular charge is

T 8u(A2 1 17;H2A5L§2 (~16uhoA”
— 12 A% S LPHY + 12 ASC %5 L?
x H? — 8 ASC25 L>H?ho + 4 0 A%2%5 LPhyg
— 272w A°H?hg — 11 LE2ASH? — 4 LE% Ahy

T = —16LL2A7H?hy

Inserting this in (86), one finds
V2r?
H2ASuc2(A2 + 1)
x VY (BuA* — 472 A% — 4pA(34 +5¢2)
+4¢%A 4+ 63u) + HX(H? — 1)A?
x v X(652A% — 12uA* 2 +527)

+ 1122A%) + 2uA% (2502 + 35) — SAL? — 42u),
(89)

(ho(A* — D(Q2H? - 1)

Swcrr =

where X = ML + J,Y = ML — J. After some manip-
ulations, this expression matches the bulk thermodynamic
WBTZ entropy (78) provided that

e H2A2(H? = 1)(ry +r_)2X +V2X(r— —ry))C
0= 2Q2H? — )(A* — )(ry —r)D

’

(90)

where

@ Springer



859 Page 10 of 12

Eur. Phys. J. C (2022) 82:859

C =6A% — 12u5A%? — 24pA* 4+ 112243

+ TOuA® + 4usA% 2 — 502 A — 424, 1)
D =2Y +v2Y(r_ 4+ ry)(8uA* — 472 A3
—2uA%5E? — 68 A + 207 A + 63 (92)

In this section, we obtained the entropy of WBTZ via ther-
modynamical approach and the entropy of WCFT via Cardy
formula. Finally, we showed that Swcrr = Swprz if ho
satisfied (90).

5 Conclusion

In this work, in the framework of general massive gravity, we
studied the asymptotic symmetry algebra, the solution space,
and the global charges using the ACDS boundary conditions
in the quadratic ensemble. Under the mentioned boundary
conditions, we construct the solution space with two arbitrary
functions (fy4(x™), h(x™)) and two constants (¢4 _, jii).

The solution space is different from the counterpart for
Einstein’s gravity because the Cotton tensor and NMG part
are not equal to zero and in the limit u — oo and { — oo,
it gives the Einstein’s solution space. Then, we obtained
the asymptotic symmetry and their algebra (o generates an
abelian algebra and e generates the usual Witt algebra) by
imposing FG gauge fixing on the metric and new bound-
ary conditions. We obtained the integrable surface charges
using the Iyer—Wald method by fixing a part of the solution
space (§j++ = 864— = 0). We have obtained the centrally
extended charge algebra whichis Vir @u(1) algebra with the
central charges which are provided in (59). When the TMG
and NMG couplings tend to zero, the central charges tend
to its Einstein counterpart. We also show that the boundary
counting of the degeneracy of states correctly reproduces the
bulk thermodynamic entropy for WBTZ black holes. This
confirms that the phase space has the same symmetries as
that of a WCFT in the quadratic ensemble.

It would be interesting to extend the domain of validity of
this new boundary conditions for the other 3D massive grav-
ity theories (such as GMMG, EGMG) and different gauges
(such as Bondi and Bondi-Weyl gauge). Also, it is interest-
ing to compute the linearized energy excitations (energy of
gravitons) in WAdS3 at the chiral points of the theory. In
addition, one can apply the mechanism of [56] to make the
charges integrable. We leave these works for the future.

Acknowledgements We would like to thank the referee for his/her
fruitful comments which help us to improve the presentation of the
manuscript. SNS also would like to thank the School of Physics of the
Institute for Research in Fundamental Sciences (IPM) for the research
facilities.

Data Availability Statement This manuscript has no associated data
or the data will not be deposited. [Authors’ comment: This study is a
theoretical work, and there is no observational data.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Funded by SCOAP3. SCOAP? supports the goals of the International
Year of Basic Sciences for Sustainable Development.

Appendix A: WAdS3; metric

WAdS3 black holes are different from the AdS3 black holes
and their properties are similar to the Kerr black holes. The
asymptotic symmetry group of WAdS3 black holes is the
semi-direct product of a chiral Virasoro algebra with a u(1)
current. The metric of WBTZ can be obtained by a deforma-
tion of the BTZ black hole spacetime as follows [43,57,58]

dsiypry = dspr, —2HE ®E, (93)
where

L2r2dr?
dS%TZ = -

16J2L2 — 8M L2r2 + r4
+(4ML2 — rz)dx+dx_
+2L(LM + J)dxT? + 2L(LM — J)dx 2,
(94)
with
1
e — .
V2GL(LM — J)

The metric of WBTZ is a solution of the GMG field equation
if

E=— 95)

0 11902 — 62%L? 4+ 207 L/84u? + ¢2L(9¢2 — 4252) + 1454222 L7
- 29442

. (96)

@ Springer
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1
30874 L4c2
x /84p2 + ¢2L2(9¢2 — 425) — 18L4¢8
+1265u%¢0LY + (252 — 1475212 LA > L2 ¢4
— 470454 L% — 2352 .

A= [2LE2(BL** — 145L% %% — 56u%)

o7)

Fors = (6¢2L —17)/(2uL?¢?), H becomes zero and A =
—(12¢%L — 35u) /4uc?L* and the WBTZ metric becomes
the BTZ metric. For { — o0, and assuming L > 0, u > 0
we have

F2u2L2

—365 + 52 u’L?
18

_ 1
A= , H>=-— 98
2712 2 ©8)

which are the same as [38] for TMG. In the case of u© — o0
17 5¢%L°

T T
(99)

5204 L% 4+ 325¢2L% + 16

2
212214 » H

X:

which are the same as [50] for NMG.
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