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1 Introduction

The massless 2-flavor Schwinger model is an unparticle theory!' in 141 dimensions with
a free massive scalar and a conformal sector that survives at low energy. In a previous
paper, [2], I discussed the massive 2-flavor Schwinger model, resolving some puzzles posed
many years ago by Coleman. [3] Part of the resolution was a conjecture that in the model
with equal and opposite fermion masses at # = 0 (or equal masses at § = 7), small fermion
masses do not break the conformal symmetry of the long-distance sector of the model even
though the massive scalar has nontrivial interactions.? Thus I argued that the massive
fermions are bound into conformally invariant unparticle stuff. In this paper, I describe
some quantitative evidence for this wild-sounding conjecture by finding the correlation
functions of the flavor-diagonal fermion-bilinear scalar conformal operators. I find that
the mass term does not break the conformal symmetry, but modifies it and I calculate the
non-trivial scaling dimensions of the unparticle stuff in perturbation theory in the fermion
mass parameter. I introduce tools that make these calculations easier and discuss some of
the calculations in detail.

While I focus on the long-distance conformal theory in this paper, my primary interest
is in the particle physics of the full model. I hope that it is an example of unparticle
physics, a conformal sector interacting with massive particles without breaking the con-
formal symmetry, with a well-defined procedure for the calculation of physical quantities.
Though the physics is still very simple, it is non-trivial and we can calculate. The resulting
theory may be an interesting laboratory for studying the particle physics of interacting
unparticle theories.

!See for example, [1].
2For simplicity of presentation in this paper, we will keep 8 = 0.



2 The Schwinger model

The Lagrangian of the n-flavor Schwinger model is
n 1 n o
L= (¥ (Z P - €4> Ui | = 2P Fw = D iyt (2.1)
j=1 j=1

I begin by discussing p; = 0 and consider the mass term in section 4.3 4 The massless
model has a classical U(n) x U(n) chiral symmetry acting on the right- and left-moving
fermion fields,
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1— 5
Vi = T%‘ — Rjp Y1 Yj2 = TV%‘ — Lji i (2.2)

It is broken by the anomaly down to SU(n) x SU(n) x U(1).
In Lorenz gauge, 0,A* = 0, we can write

AR = 9, A /m (2.3)

where
m?=ne?/n (2.4)

At this point, it is not obvious why we should choose m this way but we will see that the
answer is the chiral U(1) anomaly. Then the Lagrangian is

(.= — 1
L= (Z (i% D; — e%wwje“”é’y/l/m)) + WA 024 (2.5)
j=1
If we change the fermionic variables to
ie m i(m/n)Y/
W = ATy = Ay, (2.6)

the fermions become free and the Lagrangian becomes

J=1

g 1 1

The last term is the effect of the anomaly. It is worth recalling how this works in more
detail. The redefinition (2.6) is an axial U(1) transformation — O0*.A has axial-vector
couplings because

Ve Dy A = 7, M A (2.8)

3Some of ideas in this paper are related to the analysis of diagonal color models in 141 [4]. See also [5-8].
4My conventions are: g% = —g'' =1, "t = —¢!® = —¢p; = €10 = 1. From the defining properties
{v*, 4"} =2¢"" and v° = —Seu"y, it follows that v#~° = —€""7,, and y*4* = g"” 4 €"~°, and we will
use the representation v° = (ﬁ’ $>7 N = (? ;‘), NP = A0 = (; j’]> . Then in the massless theory, the Dirac
components 11 and 2 describe right-moving and left-moving fermions, respectively.



and an axial transformation induces a change in the Lagrangian because of the chiral U(1)
anomaly. The effect from an infinitesimal axial transformation is proportional to the 2D
anomaly of the axial U(1) current,

Dl = —n %e’“’@uA,, —n gmA/m (2.9)

d e g ) v ieq m
% (Zl 6ZeaA'y5/m¢j Y <28# —eet 8V(1 _ Oé).A/m) e Ay3)/ @Z)])
J

n€2

A(l — )0 A (2.10)

Cm2
Integrating (2.10) from o = 0 to 1 gives
o - i LCR— ne?
ij'yu<18 —ce &,A/m> Y| = Zzlllj AR +m¢45¢4
j=1 j=1
— 1
=VPU— 58/“40“.,4 (2.11)

where W is given by (2.6). This is why we chose m the way we did in (2.3) and (2.4).
Focusing on A in (2.7), we can replace it with somewhat more normal looking fields

as follows.
L amra-toama s TR oA Lo, a0 (2.12)
2m? 2 2 2 '
2 1 1
= —%Bz + 50,BI"B — S,00"C (2.13)
where
C=A+B8 (2.14)
so B is a massive free field and C is a massless ghost and the Lagrangian becomes
G m? 5 1 P "
L= jz:;zllij PV, | — 78 + 5(57#88 B — 5(3#(38 C (2.15)

Thus for gauge invariant correlators of local fields, the result of summing the pertur-
bation theory to all orders can be found simply by making the following replacements:®

AP = " 9,(B—C)/m (2.16)
FO' = §,0M(B - C)/m (2.17)
;= e/ =By (2.18)

with m = ey/n/m from (2.4) and using the free-field Lagrangian, (2.15).
We will be particularly concerned with flavor-diagonal fermion-bilinear scalar

operators.
* j 1/2 (c— *

®This argument appears in [9].



The free-fermion bilinears (2.19) have the remarkable property of “bosonization.” [10,
11] For us, what this means is that any non-zero correlator of the O;s and O7s can be cal-
culated in terms of the massive scalar field, B, the ghost C, and free canonically normalized
massless “scalar fields”, D; with the replacement

0; - M 2i(n/m)!/2 (C~B) 2ix1/2 D, (2.20)
27
where
¢ =¢e'% /2 where g is Euler’s constant. (2.21)

Note that in perturbation theory, the only non-zero correlators are those with equal num-
bers of Oj;s and Ojs for each j. But there are important non-perturbative effects, again
related to the anomaly.
The non-perturbative effects are particularly simple in the 1-flavor model,
where (2.18) gives
e G e (2.22)

and there is only one conjugate pair of scalar fermion bilinears

O1 = Py — e2m1/2 (C—B)\I,T% _) %621'7&/2 (C-B) ezml/?D (2.23)
7

Now the effects of the bosonization field D are exactly canceled by the effects of the ghost

C and (2.23) is

O1 = P12 — fm em2m/?B
27

Because the B field is massive, this means that the effects of the O operators on one

(2.24)

another are exponentially suppressed at distances larger that 1/m. But then if we have
any combination of O; and Of7 fields in some region of space, we can look at their correlator
with a conjugate set in a distant region. We can then calculate the correlator perturbatively
using (2.24) and as the distance between the regions goes to infinity, the result factors into
a product of correlators in the separate regions. Cluster decomposition then implies that
we can calculate the correlator of any combination of O;s and Ojfs using (2.24) up to a
phase factor

O — e¥ &m g~ 2im'/? B (2.25)
T
This implies, among other things, that
0 Em
(001]0) = " 527 (2.26)

so O1 has a VEV that breaks the chiral symmetry. One can think of the massless field D
as the Goldstone boson of the spontaneously broken chiral symmetry, but it is unphysical
because its effects are completely canceled by the ghost field C.% If we add a fermion mass,
the B field is no longer free and in addition to the physical fermion mass, the parameter 6
in (2.25) becomes the physical §-parameter.”

6See [12].
"See for example, [3].



3 Two flavors

The 2-flavor model has a non-Abelian chiral symmetry, but we will again be mostly con-
cerned with the physics of the flavor diagonal fermion-bilinear scalars that carry the chiral
T3 symmetry

P11 — €911 thar — e PPy Pra — e Pihra thay — € Pehng (3.1)
and the chiral U(1) symmetry
P11 = €DP1 hor — € o1 1o — e PPy oo — € Paoy (3.2)

Now with two flavors, we can again write the (flavor-diagonal) fermion bilinears in

bosonized form

0, = @0;11/1]'2 — iVor (C—B)\I,;kg\l,jl _ 5277: ei\/ﬂ (C-B) €2i7r1/2 D; (3.3)
and when we calculate any correlator that is non-zero in perturbation theory, and thus al-
lowed by the perturbatively conserved chiral symmetries (3.1) and (3.2), standard bosoniza-
tion arguments imply that (3.3) gives the result of summing the perturbation theory to
all orders.

The massless scalar fields D; and Dy and the ghost field C do not make physical sense
in isolation because of infrared divergences, [13] but their exponentials in (3.3) generate
conformally invariant correlators in the theory at long distances and the scale is fixed by
the mass m. This is unparticle stuff with no particle interpretation. [1] For example

(01T 01 () O3 (4)[0) = (fg) exp | Ko (my/~(@— o) v i) | (<=9 +ie) " (3)

where K is related to the scalar propagator®

Ky (m\/ -2+ ie) = 2m’/ *p c

(2m)2 p?2 —m? + i€

—1ipT

(3.5)

Eq. (3.4) implies that the fermion bilinears have scaling dimension 1/2 rather than their
naive engineering dimension 1. For n > 2, the fermion bilinears have scaling dimension
1 —1/n. This is zero for n = 1 which is why there is no conformal sector at all in the
Schwinger model.

We can rewrite (3.3) as

O1 = 911912 = ¢m ¢iV2m (C=B) givam (D4+D-) _ &m V2T (C+Dy~B+D_)

27 ot
02 = w* w22 —_ gﬂ ei 27 (C—B) eim (D+—D-) _ §7m ei 27 (C+D4+—B-D_)
21 o o
Of = Vi1 = gm e~ iV2m (C=B) ,—iv2m (D4+D-) _ &m o—iV2T (C+D{—B+D_)
2 o
O3 = Y3othor = 5277: e~iV2m (C—B) ,—iV2r (D1—D-) _ %’: o~ V2T (C+D4—B-D-) (3.6)

8Note that there is no arbitrariness here because these composite operators do not require multiplicative
renormalization for p; = 0 so the position-space correlators are well-defined for non-zero separation. A
subtractive renormalization is required for the 2-point function at zero separation and is needed to define
the Fourier transforms.



where
_ 1

V2

Now D, transforms like a Goldstone boson associated with spontaneous breaking of the

Dy (D1 £D») (3.7)

chiral U(1) and as in the n = 1 model its effects in gauge invariant matrix elements are
completely canceled by the ghost field C. Thus we are tempted to write

m - m .
01 = 971t — 52— e~#V2m (B-D-) O = Pty — S ¢=iVET (B+D-)
T 2
* * m. _i\/2r (- _ * __ %k m  _i\/2x (-B-D_
olzwmwué%e Vor (=B+D-) 02:¢22¢21—>527e 2m (-B-D-)  (38)

But (3.3), (3.6), and (3.8) cannot be right in general because they would imply VEVs for
01 and Os, and their conjugates, breaking the chiral T3 symmetry spontaneously. This
cannot happen in 141 dimensions [13] .

But (3.8) is nevertheless a very useful shorthand because we can show using cluster
decomposition that it gives the correct matrix elements for the correlators that are not
forbidden by the conserved chiral 75 symmetry, (3.1), up to the arbitrary angle 6. To
understand this, note that we know that (3.8) works for perturbatively allowed correlators
and consider two similar looking correlators

(OIT O1(z) O2(0) O1(y) O3 (y + 2)[0) (3.9)
and
(0] O1(x) 05(0) O3 (y) O2(y + 2)|0) (3.10)
for —(y)? — oo with 22 and 2?2 fixed

Cluster decomposition requires that in the limit (3), (3.9) factorizes into
(O[T O1(x) 02(0)]0) (0] O1(y) O3(y + 2)|0) (3.11)

When we calculate (3.9) using (3.8), the exponentials of Ky in the terms that involve y all
go to 1 and the power-law terms are

(A" (22"
(—(y =2~y + 22"
and we must conclude that the two factors in (3.11) are non-zero and the non-zero result

is given by their calculation from (3.8) up an arbitrary phase €.

(3.12)

But for (3.10) the power law terms are

(_y2>—1/2 (_(y Lo $)2)—1/2 (_(y B x)2)_1/2 (_(y n Z)2>_1/2 o (3.13)

consistent with the fact that expectation values in the separate factors vanish because of
chiral T3 conservation.

Similar considerations apply to all correlators and we can use (3.8) to calculate all
correlators with zero chiral T3 up to a single arbitrary phase that we will set to 1. When
we add a mass term in the next section, this means that will keep 6 = 0.



So for example

(0]T O1(z) O2(y)|0) = ((5:;)2 exp [—KO <m —(x—1y)2 + ze)] (—(:c — )%+ ie)‘l/z
(3.14)
The dictionary for computing the non-zero correlators of the exponentials is standard.
Between each pair of operators we include the terms

<0|€i51\/ﬂB(0€) eiszx/ﬁB(y)|0> — exp |:_3132K0 (m —(:L' _ y)2 + ZE>:| (3.15)
. . s182/2
<0|6151\/ED,(1) 6152\/5'17,(34)|0> - (fm)sls2 (7(m B y)g + 7;6) 152/ (316)

So for example, in (3.14), one factor of £&m/(27) comes from each of the two operators in
the correlator, a 1/(¢m) comes from (3.16).

Note that the results of this dictionary are identical to those of [2] but there they were
derived in a much more complicated way by first perturbatively evaluating correlators
involving operators with zero dimension and then using cluster decomposition to isolate
the nonperturbative contributions. The dictionary, (3.8), (3.15), and (3.16), does all this
automatically as long as we only apply it to the non-zero correlators with zero chiral T5.

Notice also that a parity transformation interchanges
01 — OT and 02 — O; (317)

so the B and D_ fields in (3.8) are pseudo-scalars.

4 Conformal coalescence, parity, and + mass

Notice that in (3.8), the pair of operators O and O3 (and similarly the conjugate pair OF
and O2) have the same dependence on D_. We are also interested in the parity, so we
define the operators

Oy =3 <2W) (01 - 05+ 07 - 0s)
1 /ém « "
0= (%) (01— 03 -0 +0,)
1
Oss =3 @:) (01+ 05+ 07+ 0s)
Oy =4 (%) (01405 - 01 - 0,) (4.1)

where the first subscript gives the parity and the second subscript controls the low-energy
behavior. Every term in the expansion of the O._ and O__ operators contains at least
one massive B. Thus we expect these operators to disappear from the low-energy theory
and we expect the O4 4 and O_; operators to simplify. At low energies we expect (always



with 6 = 0)

0r- =i (7 ) sn(omE) (770 o)

=0 (4.2)
0--= (57 ) sn(vam8) (504

=0 (4.3)
0vs = (57 ) oe(vEFE) (7 40

(G ) (VP o) (4.4
0-s==i(5) {378 (247 —vi0)

L (52:':> (eimD_ B e#@m) (4.5)

Note that it looks like we can combine the exponentials of +iv/27 D_ into sines and cosines,
but this would actually be a mistake because these exponentials carry opposite values of
the chiral T3 and must be treated separately in correlators.

The disappearance of the O _ fields in the low-energy limit was discussed (in a more
complicated way) in [4] and [2] and called “conformal coalescence”.

The low-energy limits of the non-zero 2-point functions of these fields for zero fermion
mass are exactly as expected from the low-energy forms in (4.5).

0T 01— (2) O+~ (y)[0)g = (O]T O () O--(y)|0)q

= 2((577:;2 sinh [Ko (m\/—(aj —y)?+ ze)} (—(x —y)?+ ie>_1/2

=0 (4.6)
OIT O1+(2) O+ ()|0)g = (OIT O—1(2) O—1(y)[0)g

= 2((52;2 cosh [Ko (m —(z—y)?2+ ze)} (—(:U —y)? + ie)il/Q

| lem)

(2m)?

Thus we can calculate the low-energy correlators directly using the low-energy forms.
We will use this to investigate the effect of a VERY SPECIAL fermion mass term. We
add to the Lagrangian (2.1) (for n = 2) the fermion mass term

0L = —/«L<@1¢1 - @02%) ==2p04_ =2ip <§277r:) sin(\/ﬂB) (eimD* — e‘imD*)

(4.8)
with equal and opposite masses for the fermions at § = 0. In [2], I briefly discussed the

~1/2

(~(@ = )2 +ie) (4.7)

consequences of a mass term like (4.8) proportional to O;_. Here I will expand on this
and calculate the matching of such a mass term onto the low-energy conformal theory



in a perturbation expansion in the fermion mass. Normally, one might expect a mass
to produce a mass gap, eliminating the low-energy conformal sector and breaking the
conformal stuff into ordinary particles. If this happens, perturbation theory in the mass
the parameter would be plagued by infrared divergences. But in this case, because of
the special properties of the O, _ operator, the matching occurs at the scale m and the
matching contribution involves only short distance physics.? I will argue that this modifies
the conformal symmetry without breaking it while producing non-trivial interactions for
the massive scalar and the unparticle stuff.

The leading contribution at low energies is the second order term obtained by inte-
grating out the B, using

i
(0|B(z1) B(#2)|0) — 3 0(z1 — 29) (4.9)
which gives an effective interaction
2,2
(5 z ) (AVFD- | D ) (4.10)
T

The fermion mass term (4.8) breaks the chiral symmetry but not parity so operators
with different parity do not mix. Thus we are interested in the diagonal correlators in the
low-energy effective theory below the m scale,

(01T Os4 () 014 (1)[0),, (4.11)

2
_ 4 (gﬁl) o7 (ei\/ﬂp,(x) i e—z\/ﬁp,(x)) (ei\/ﬂp,(y) " e—i\/ﬂp,(y)> 10)
T n

The first-order term in p?

<5m) (52 2>/d2
x (0| T (ez’\/ﬁD_(z) j:e—i\/ﬂD_(a:)) (ei\/ﬂD_(y) i€_imD_(y))

y (ezimp_u) 4 e 2V2mD(2) _ 2) 10, (4.12)

We can now evaluate this by looking for the terms with chiral T5 = 0.

The third term in the third set of parentheses is not interesting. Because it doesn’t
depend on z, it is just a vacuum energy contribution (which is the same for both the O,
and O_ correlators as it must be) and so we can ignore it. But the first and second terms
give non-trivial contributions - both the same so they add with the result
2 & 2 —(z —y)* +ie

2mm3 @z (—(z —2)2 +1i€) (—(y — 2)% + ie) (4.13)

+iu

Thus we need the integral

/ d?z , ! , (4.14)

(x — 2)%2 +i€) (—(y — 2)% + ie)

9See section 3 of [14].



Similar integrals in momentum space are very familiar but here the roles of UV and
IR divergences are reversed! There are short-distance singularities at z = z and z = y as
expected, because the non-zero mass term requires regularization and is multiplicatively
renormalized.'® But there is no large z infrared divergence so the expansion in powers of
u makes sense. We can combine denominators as usual to get

' (&% 22 L
/0 ! /d (=22 + a(l — a)(—(z — y)? +ie)) “19)

Wick rotation is now 2% — —iz? and the integral becomes the Euclidean integral

1
_2/ da/ 1ol —a)(—(x—y)Q))2 (4.16)

One way to deal with the short distance singularities is to use dimensional regular-

ization. Because we are computing a matching contribution onto the long-distance theory
for distances larger than 1/m, it is appropriate to choose the dimensional scale to be the
matching scale of order m. Then our integral becomes (in dimension 2 + 7)

) 2
—im" [ da | &*Tz mcal)
/0 / (22+a(1 —Oé)(_(x_?/)z))Z
i orlt+n/2 N L1 —(z —y)?
B T2 I'(1+n/2) d / I 32+a(1—a)(—($—y)2))2

1+n/2 / — N2
= —im" 27 /da ——y)
ol —

['(1+n/2) 4sin( 7177/2 ) (—(z — ))1777/2

2l ¥/ m  T(n/2) —(z -y +in
['(1+n/2) 4sin(mn/2) T'(n) ((—(m —y)2 +“7) —n/2

Expanding the result in powers of 7 and putting back the original ie for Minkowski space

=—im/

(4.17)

gives

2 1 o din log(m *($*y)2+ie)
/d —(x —2)2 +ie) (—(y — 2)2 +ie) 4 (-9 +i0 (4.18)

0 (4.13) becomes
L2 225 log(m+/—(z —y)? +ze)
w2m —(x —y)? +ie

Dimensional regularization works simply enough in this case, but it will be useful to

(4.19)

understand the integral in different ways. The long-distance behavior should be indepen-
dent of the details of our short distance regularization. In particular, we can cut off the
short distance behavior in (4.15) at 1/m by adding a 1/m? term to get

_z'/olda/dZZ Z2+a(1_\/—(x—y)2

@) (—(z — )?) + 1/m?)*

. 1d 1
-7 /o e =a) (=@ —y?) + 1/m?)

(4.20)

In the long-distance limit, —(z — y)? > 1/m?, this again gives (4.18).

10This is simply related to the subtractive regularization of the 2-point function of the fermion-bilinears.

~10 -



The key things in (4.19) are the appearance of the logarithm of m and the absence of
any logarithm of p. This again shows that the matching is happening at the scale m and
there are no IR divergences. The log of m does not indicate that conformal invariance is
broken. Rather, it is exactly what we would expect if the conformal symmetry of the 2-
point functions at long distances is not broken to this order in 2 but the parity eigenstate
operators, O4 have scaling dimensions di that change in opposite directions when the
mass term is turned on. Adding (4.19) to the zeroth-order contribution gives

1 2¢ 1 —(z—y)2+i

272 \/—(x — y)? + i€ wm /= (r —y)? +ie

which is the expansion to leading nontrivial order in p of
m272di 1

0|T O O 0) = 4.22

(O]T Ox+(z) O+4(y)[0),, =€ 212 (—(z — y)2 + ie)™ (4.22)
where

1 4 2 2
dy = -1 g /m (4.23)

5 4-point functions

The non-zero 4-point functions in the massless theory at long distances can be calculated
simply from (3.16) and (4.5). They are'!

(0T Ox4(21) O+ (22) O+ (23) Ox4(74)]0)g

=(5) @r 2 oy

3 # perms
{jklm}={1234}

» (—(1']' — .’L‘k)Q + ie) (—(a;l - .’L‘m)2 + ie)
(—(zj — 21)? +i€) (—(zj — xm)? + i€) (—(zp — 21)% + i€) (— (@) — Tm)? + 7€)

(O 04 (1) O— (22) O (5) O (a2)[0),
m 4 .
-—2(%) @ X DM (5:2)

271— (gm)Q 3 # perms
{jklm}={1234}
y (—(zj — 2k)? +ie) (—(x1 — Tm)? + i€)
(—(zj — 21)? +i€) (—(zj — xm)? + i€) (—(zp — 21)% + i€) (— (@) — Tm)? + 7€)

HNote the particular pattern of O4 s and O_,s in (5.2). This is just a convenience to make the result
easy to write down compactly.

- 11 -



We begin by discussing (5.1). The order p? correction to (5.1) is

4 [¢2,2
; (5m> (ﬁﬂ> [
27 T
x (0| T (ez‘\/ﬂb,(xl) ie—z\/ﬁll(ag)) (ei\/ﬁD,(zz) ie—i\/ﬁp,(@)) (5.3)
% (ez\/ﬁp,(zg) + e—i\/ﬂv,(m)) (g@p,(m) 4 e—i\/ﬂp,(m))
% (621‘\/%17,(2) + o~ 2iV2rD_(2) _ 2) 10,
As for the 2-point function, the third term in the last line gives an irrelevant vacuum
energy contribution while the first and second terms give effects of the following form:

6,,,4
Ll 5877’; / 22 (O|T ¢21V27 Dlay) +iv/2n Dlay) eﬂ:i\/ﬂD(ml)eq:i\/ﬂD(zm)eq:%\/ﬂD(z)m%
Y

(5.4)
(the j, k and [ indices have the same sign in the exponent) which gives
2 —(z—zm)? +ie) I] jer y/—(xj — zp)? + ic
+ ip? 8% Z/ d?z ( ) el \/ (5.5)

o= (—(z = 20)? +i€) /(0 — Zm)? ¥ i€

gkl

So we need the integral'?

/ d2 G~ am?) (5.6)

—(z —xp)? —I-ie)

kl

—2 [ da]d?26 |1 (-G oonr)
"ﬂ“ NTE" )

:2/[da] d?z6 |1 - Zan (-(Z—me)2)

) (2 (et WQ) i

i)
2
:2/[da]d226 1= an ( (2= (g5, o) )2 3
ik <_22 B (Zﬁjl anx%) (ka_,l anxn> + ie)
— 9 / do]d?25 | 1- 3 ay (_Z2 “lenr g anmn)f) 3
) (o (S (o) + (5 om) )

Now we can Wick rotate and do the z integration

3

2 +a a
:—2i/[da]d2z6 1—Zzan w——m/daé 1—Zan bi (5.7)

gkl s kl

12The 4e is not necessary in the numerator.
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where
2 2

3
a=— |z, — Z QnTn b= (Z (—ozjx?)) + Z QnTn (5.8)
okl 7=l okl
and because -, _;;;an = 1 in the integral, we can write
—Zajak(xj —xy,)? b+a= Zan Ty — Tn)? (5.9)
Jj<k ; kl

If we cut off the integral at short distance as in (4.20), (5.7) becomes

(_ ka:,l O (. x")z)
(= Xjen ajanla; — 2x)? + 1/m?)

(5.10)

:—iﬂ/[da]é 1—;()4”

gkl

In the long-distance limit, —(z; —xx)? > 1/m?, this gives (suppressing the ies in the result)
/ d2 Z - J"m)2)
n— Z — l'n) + 16)
)2

— 21712 (aj]—:z log(m\/ (xr — xj) \/ (1 — ;) /\/ xR — ) )

Hﬁm Tk x]
(5.11)

Putting all this together gives

x> _(x;” — )’ BE log (m\/—(xk - xj)Q\/—(acz - a?j)Q/\/—(xk - xz)2>

—(zj = zp)*V = (21 — Tm)?
— 42 & ’
o pairsz{j:,k}: \/—(:Ej - Jil)2\/—(l'j — )2/ = (2 — )2/ — (2, — T2

{1,2},{1,3},{1,4}
. (mW—(xj —2)?\ /= (25— 2n)? =k — 22/~ (g — xm>2)
og

(@5 = )2/~ (2 — 2)?

Adding the zeroth order term gives

Gm>( >2 —(x; — xp)*V/ (21 — 2)?
&Em

(5.12)

2 pairsz{j:,k}: \/—(acj - m1)2\/—(xj —xm)2V—(x) — 1))/ — (2, — T2
)

{1,2},{1,3},{1,4}

(1 LW, (mW—(arj —20)?\ /= () — wn)? =k — 22y~ — xm>2))
m (25 — )2V — (21 — T)?

(5.13)
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This is the expansion to order u? of
g2t (—ay = 2)) "™ (g = 2m)*)™

d d d d
87T4 pairs {j,k}= (_(x] - wl)Q) = (_(x] - xm)2) * (_(xk‘ - xl>2) = (_(wk - xm)g) *
{1,2},{1,3},{1,4}
(5.14)

This is consistent with the result (4.22) for the 2-point function and is the simplest possible
result consistent with conformal invariance for the Oy, fields with scaling dimensions d..
In the mixed correlator, (5.2), the pieces of the calculation are very similar but they

get put together very differently. The first order correction to (5.2) is

4
_ wzf ! / @2 ((0|T VD) (VI D(a2) VIR Dlas) iv/37 Dlan) 227 D) g)
8

_ <0’T ei\/ﬁ'D(:ﬁ) e—i\/ﬂ'D(Iz) el\/ﬂD(l@) ei\/ﬂD(m)e—%\/ﬂD(z) ‘0>0
+ <0|T61\/§'D(r1) 61’\/%’1)(:52) e—i\/ﬂD(ﬁ:g) 6i\/ﬂD(m4)e—2i\/ﬂD(z)|0>0

_ <0’Telmp(x1) ei\/ﬂD(Ig) ei\/ﬂfD(Ig) e—i\/ﬂ'D(I4)e—2i\/ﬂD(z)‘O>O>
(z — ) ) H]]kjékm \/—(:cj — )2 + i€

2
25 /d2
87T5 ]kl —(z — xp)? —i—z’e) V= (&n — 2m)2 + i€

)™ in the sum, this is proportional to (5.5). So following the

(5.15)

Except for a factor of (—1
same steps and putting everything together now gives

e 2
12 72 Z(_l)mHJJkikm (x] ) Z —(zm — ;)
474 — [1n= /— — T )2 ]#m z — x5)%(x; — x5)?

7.k,

x log (m\/—(xk — xj)2\/—($l - xj)2/\/_(xk - $1)2>
¢ 1 — (29 — 14)?
i (1 ) (oo (5

2p — (2 — 24)°
— log (—(a:l—a:g,)?> (0T O44-(21) O—1(22) O+ (23) O—4(24)[0)g (5.16)

Adding the zeroth order term gives
27 —(w2 — x4)?
<1 + e log (_(m_m)g (O] Oy (1) O—4(22) O44(w3) O—1(24)0) (5.17)
which is the expansion of
2 2
(— (w2 — 2a))™ /™
(—(z1 — w3
So again conformal invariance is satisfied.

(O]T O+ (1) O—4(22) O4(23) O (24)[0), (5.18)

)2)2#2/7%2
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6 Higher 2n-point functions

The calculation of higher 2n-point correlators is straightforward but quickly gets compli-
cated. The leading correction to the 2n-point function involves integrals of the form

z—x;)?
foreoan,

It would be a difficult task to calculate this using the direct methods of section 5, but
we can use (4.18) and (5.11) and linear algebra to write down the result without further
integration.

Here is how this works for the the 6-point function with the integral

/ 2 (—(z = 25)) (= (2 — 2)°)
H"'H (z —x1)2 +i€) (—(z — 22)? + i€) (—(z — @3)? + i€) (—(2 — 24)? + i€)
(6.2)

The point is that the product

(—(z = 25)) (—(z — 26)?) (6.3)

can be written as a linear combination of (—(z—x;)?) (—(z—zx)?), (—(2—5)?) (—(z—zk)?),
and (—(z — x;)?) (—(2 — 26)?) where j and k are less than 5. In fact, this can be done
in many different ways because the z dependence can be written in terms of the nine

combinations
{23, 24, 1} x {22, 2, 1} (6.4)
where
_ .0 1
2y =2 *2z (6.5)
So we can write
9 terms
(—(z=25)%) (—(z—z6)*) = Y.  BGK(—(z—;)%) (~(z—ax)*)  (6.6)
{4:k}#{5,6}

Then setting (6.3) equal to (6.6) gives 9 linear equations for the 9 s depending on the
xj+. Then in each of the terms in the sum in (6.6), one or two of the factors cancel with
factors in the denominator and the integral reduces to (4.18) or (5.11).

A similar procedure can be used to calculate the leading corrections to the 2n-point
function in terms of n? fs.

While this is simple to describe, I have not found a choice of Ss that leads to any
simple or intuitive result.

7 More questions

The analysis above gives some nontrivial checks of the conjecture that the 2-flavor
Schwinger model has an unbroken conformal sector even when small equal and opposite
fermion masses are turned on and describes the calculation of the leading corrections to
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all flavor-diagonal correlators in a systematic expansion in the fermion mass parameters.
But the simple calculational scheme used here leaves some questions unanswered. Can
the matrix analysis of 6-point and higher correlators in sections 6 be simplified. What
happens in higher orders in x2? Do the scaling dimensions of the fermion-bilinears, (4.23),
give a clue to the nature of the phase transition that must occur between p? < m? and
©? > m?2? [3] Are there observable effects at high energies of the non-trivial dimensions in
the conformal sector? Can the analysis be extended to include other fermion bilinears and
the non-abelian chiral symmetry. [15] And most importantly, does this solvable model give
any clue to how an unbroken conformal sector might show up in the particle physics of our
341 dimensional world?'3 I believe that it is worth studying this model further.
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