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ABSTRACT: Explorations of the violation of null energy condition (NEC) in cosmology
could enrich our understanding of the very early universe and the related gravity theories.
Although a fully stable NEC violation can be realized in the “beyond Horndeski” theory, it
remains an open question whether a violation of the NEC is allowed by some fundamental
properties of UV-complete theories or the consistency requirements of effective field theory
(EFT). We investigate the tree-level perturbative unitarity for stable NEC violations in the
contexts of both Galileon and “beyond Horndeski” genesis cosmology, in which the universe
is asymptotically Minkowskian in the past. We find that the constraints of perturbative
unitarity imply that we may need some unknown new physics below the cut-off scale of the
EFT other than that represented by the “beyond Horndeski” operators.
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1 Introduction

Inflation [1-4] has achieved great successes in simultaneously explaining several puzzles of
the Big Bang cosmology. More significantly, inflation predicted a nearly scale-invariant
power spectrum of the primordial scalar perturbations, which has been confirmed by
observations of the cosmic microwave background temperature anisotropy [5, 6]. However,
an inflationary universe is geodesically incomplete in the past [7, 8]. Furthermore, the
swampland conjecture [9] and the trans-Planckian censorship conjecture [10] may also
reinforce the inference that inflation is not the final story of the early universe [11, 12].
Alternatives to or completions of the inflationary scenario generally involve violating
the null energy condition (NEC),* which is quite robust and is crucial to the proof of the
Penrose’s singularity theorem, see [14] for a review. Is it possible to realize a completely
healthy NEC violation? What is the underlying physics required for a healthy NEC violation?
Whether violations of the NEC did took place in the very early universe? Considerable
progress have been made in looking for answers to these questions in gravity and cosmology,
especially in the study of nonsingular cosmology, including cosmological bounce [15-32] and
genesis [33-45] (see [46, 47] for studies on slow expansion), see also [48-53]. Additionally,

In modified theories of gravity, the NEC may need to be replaced by a more general condition, i.e., the
null convergence condition [13].



NEC violations could also occur during inflation and induce enhanced power spectrum of
primordial gravitational waves (GWs) [54, 55].

Nonetheless, challenges remain in constructing a consistent effective field theory (EFT)
to violate the NEC. The “no-go” theorem proved in [56, 57] indicates that pathological
instabilities of perturbations appear in either the NEC-violating period or sooner or later
in spatial flat nonsingular cosmology constructed by Horndeski theory [58-60], see also [61—
69]. It is then demonstrated explicitly with the EFT method [70-74] that fully stable
NEC-violating nonsingular cosmological models can be constructed in “beyond Horndeski”
theories [75, 76], see [77-90] for later developments. Notably, the physics represented by
higher derivative “beyond Horndeski” operators plays an essential role in realizing fully
stable NEC-violating nonsingular cosmology. So far, it remains an open question whether
some fundamental properties of UV-complete theories or the consistency requirements of
EFT allow a violation of the NEC.

Studies of perturbative unitarity in cosmology may throw some light upon the unknown
new physics related to the very early universe, see e.g., [50, 91-99]. It would be interesting
to see what the constraints of perturbative unitarity can tell about those higher derivative
operators which are essential in fully stable NEC-violating nonsingular cosmology, see
also [93] for the case of P(X) theory in the context of bouncing cosmology. However,
applying the results of quantum field theory to cosmological background requires great care.
Additionally, the calculation of amplitudes (even at tree-level) could be a formidable (though
not impossible) task for NEC violations constructed by “beyond Horndeski” theories, since
there are too many perturbative interacting terms.

In this paper, we investigate the tree-level perturbative unitarity of a stable NEC
violation in the context of Galilean and “beyond Horndeski” genesis. The calculation of
scattering amplitudes is carried out at sufficient past time so that the spacetime can be
treated as asymptotical Minkowski. Consequently, the calculation can be greatly simplified
due to the asymptotic behavior of the genesis solution. Throughout this paper we adopt
natural units ¢ = h = 1 and have a metric signature (—, 4+, +,+).

2 Perturbative unitarity and NEC violation in Galileon genesis

In this section and the next, we investigate perturbative unitarity for a stable NEC violation
in the context of genesis cosmology. For simplicity, we start by considering a genesis model
constructed by the cubic Galileon theory, which is only able to guarantee the stability of
perturbations during the genesis phase. A genesis model which is fully stable throughout the
entire history can be constructed with the “beyond Horndeski” higher derivative operators,
which will be carried out in section 3. In the following, we will focus our discussion on the
physics of the NEC-violating phase.

2.1 Setup
A stable cosmological genesis can be realized with the action (see e.g., [33, 37, 50])
M3 A A
R T el B 2¢/M A2 g2 A3
s_/dx\ﬁg< LR+ MY 4 22X +M3XD¢>, (2.1)



where ¢ is a scalar field with a dimension of mass, X =V ,¢V#¢, O¢ = V,VH¢; A1, Ay and
A3 are dimensionless constants, Mp is the reduced Planck mass, M < Mp is some energy
scale. We will work with the flat Friedmann-Robertson-Walker metric, i.e.,

ds® = —dt* + a*(t)d> . (2.2)

The background equations can be given as

3H2M3Z = — )\ e2/Mg? 4 32 ¢4 + 7 63 —SHGP, (2.3)
HMg = XM g2 — % <zb4 BA?’ H¢® + —3<i>2<5, (2.4)
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where only two of egs. (2.3) to (2.5) are independent.
In the unitary gauge, the action (2.1) can be mapped to the EFT action (A.1) (see
appendix. A), where those non-zero functions are

f=1, (2.6)

At) = %q’% - %q’ﬁ (6+3HS) , (2.7)

C(t) _ —A162¢/M¢2 29 ¢4 33 ¢2 (¢ - 3H¢) , (2.8)
2 .

M (1) = D2t 4 20 (¢ +3HQ) , (2.9)

md () = 2 e, (2.10)

up to quadratic order.

We will set h;; = a?e* (&) ij and v;; = 0 = J;7;; in the unitary gauge. The quadratic
action of tensor perturbation is

M2 (Oi)’
2 P 3 3122 k7Y
Sg ) = 3 /d xdta lfyij - 76121] ) (2.11)

which is same as that in general relativity. The quadratic action of curvature perturbation
in the unitary gauge can be written as

. 9¢)?
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where
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and v = H — M37]\;2, see e.g., [70] for details. In order to avoid the ghost and gradient
instabilities of the scalar perturbations, we should have Q > 0 and ¢2 > 0.

Since v # H for a nonzero Az in general, the region where pathological instabilities
appear does not necessarily overlap with the region of NEC-violation [61]. Therefore, it is
possible to obtain a stable NEC-violation with action (2.1) by removing the instabilities of
perturbations to the later NEC-preserving phase. These instabilities can be eliminated by
“beyond Horndeski” higher derivative operators. However, we will not go into the details of
curing these instabilities thoroughly in this section for simplicity, since we focus only on the
physics of the NEC-violating phase (i.e., the genesis phase).

In order to apply the bounds of perturbative unitarity, it is more convenient to work
with the spatial flat gauge, in which ¢ = 0, ¢(¢,x) = ¢o(t) + 0¢(t,x). For convenience, we
define o(t,x) = d¢(t,x). The quadratic, cubic and quartic actions of o can be given as
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2.2 A solution of Galileon genesis
For a genesis background (i.e., H ~ 0), eq. (2.3) suggests
3\g @2
20/M _ 272 P
e e (2.18)
Th ion i
e solution is . M
b=\, t<0. (2.19)

(=)
We have ¢(t) = —M In(—Mt) + % In ?’)‘2 so that eq. (2.18) is satisfied, which is valid in the
regime |t| > 1/M. With eq. (2. ) we ﬁnd H= )‘22”\2;3) Genesis requires the violation of
the NEC, which indicates H > 0. Therefore, the condition

Ao+ A3 >0 (2.20)

should be satisfied.



Obviously, the Hubble parameter

. A +A3 1
=" oy

+C, (2.21)

where the constant C' should be set as 0 for genesis. A non-zero C' can be used for realizing
NEC-violating inflation, see e.g., [54, 55]. From eq. (2.21), we have

O (N F O PO b B
a(t) =-e exp 6MZ (1) ~ 1+ 6MZ (=) (2.22)

for [t| > 1/M while we have set a(—oc0) = 1. As can be seen from eq. (2.2), the universe
asymptotically tends to the Minkowski space in infinite past.
With egs. (2.18) to (2.21), we find in the unitary gauge that

27\ M

s —— P ()%, 2.23

Q (2)\3—>\2)2( ) (2.23)
2X3 — A

A~ %22 (2.24)

where we have kept only the leading order terms in both Qs and c¢2. Therefore, we
should have

0< Ay <2)3 (2.25)

so that Qs > 0 and ¢ > 0 when || > 1/M. Tt should be pointed out that v = % <0
during the genesis phase under the condition (2.25). If we assume that the gengsis phase
eventually enters the standard hot Big Bang expansion, the y—crossing problem would be
inevitable. Therefore, instabilities of the scalar perturbations cannot be eliminated from
the entire history of the universe for the action (2.1). These instabilities are assumed to be
cured by physics (e.g., the higher order “beyond Horndeski” operators [70-72]) outside the
genesis phase. However, we will focus only on a stable NEC-violating genesis phase in the
following for our purpose. Additionally, in order to avoid superluminal propagation of the

scalar perturbations, we should have ¢? < 1, i.e.,
A3 < 2). (2.26)

In the spatial flat gauge, by using egs. (2.18) to (2.22), we find

SO — / d'z[A(t)6? — B(t)(@i0)?] . (2.27)
where
3\ 1 2 3 — A 1
A:M+O(W), B:M+O<W> (2.28)

for [t| > M~!. The mass term appears in the fist line of eq. (2.15) can be safely disregarded
since it implies m? ~ M~2|t|~*. Apparently, the sound speed squared in the spatial flat



gauge can be given as ¢ = B/A =~ (2A3 — A\2)/(3)\2), which is consistent with eq. (2.24).
Since ¢ ~ Hdp/p ~ o(—t)"2, eq. (2.27) is also consistent with eq. (2.12).
Similarly, in the regime [t| > M~!, we can obtain

)\3 v 0'3
553) — /d4m —Sapaapdgu 0,0,0 + O (.7‘ w)] ) (2.29)
s — [ die |2 @000 40 (T 2.30
= x|~ (0uo0"0)” + M2 ) | (2.30)

In the following, we will consider only the leading order terms in eq. (2.29) and (2.30) for
simplicity. Consequently, the asymptotic behavior of genesis solution is able to greatly
simplify the calculation of scattering amplitudes.

According to the “no-go” theorem [56, 57|, requiring the absence of instabilities in the
entire history of a nonsingular Universe constructed by Horndeski theory generally indicates
the strong coupling issue. It seems that the strong coupling issue appears in the limit
t — —o0, as can be seen in egs. (2.27) and (2.28). However, this issue is not physical since it
disappears in the unitary gauge as Qs ~ (—t)? in eq. (2.12). This is because we require the
absence of instabilities only in the genesis phase. Whether such an issue is problematic even
in the spatial flat gauge may require further investigation, see [67—69] for recent studies.
Additionally, the consistency of the perturbative expansion implies constraints on o or
its derivatives, such as |00 /M| < (—t)~! and |0%0 /M| < (—t)~2, since the coefficients A
and B of the quadratic action (2.27) are suppressed by |¢|?. As is well-known, the genesis
solution is an attractor, namely, o decays as time goes on, see e.g., [33]. Therefore, we will
assume that we are working in a regime which is free from the above strong coupling issue
and the inconsistency of perturbation theory.

Additionally, for simplicity, we set A = B so that ¢ = 1, which indicates A3 = 2)s.
We define

=AY M=MAY?~\/3)y/(—1), (2.31)
such that
s = [ dta 52~ @7 | (2.32)
e
s® = / d's | 20,50 59" a“aya} , (2.33)
S
S — / dz _ 1\224 ((9“0(9“0)2} : (2.34)

where we have neglected higher order terms. From eq. (2.32), we find that the dispersion
relation is simply F = w? — k% = 0. Apparently, the interactions of & depend on M, or
equivalently, on time ¢. In the regime [¢t| > 1/M, the time scale of the scattering processes
we consider will be At < [t|. Therefore, we can approximately treat M as a constant in
the calculation of the scattering amplitudes. It should be pointed that At < [¢| indicates
the energy scale of the scattering process satisfies M > E ~ 1/At > Ejg ~ [t|~!, where M
is the UV cut-off scale of the EFT (2.1) and Eig can be treated as an IR cut-off scale of
these scattering processes we consider. The earlier era we go into the genesis phase, the
smaller F1g we get.



2.3 Perturbative unitarity

Some bounds on scattering amplitudes can be established in terms of optical theorem, which
is a straightforward consequence of the unitarity of the S-matrix, i.e., SST = 1. Inserting
S =1+4T, we have

—i(T =T =TT". (2.35)

Let us take the matrix element of this equation between initial states |A) and final states |B).
Then express the 7-matrix elements as invariant matrix elements M times 4-momentum-

conserving delta functions, where
(B|T|A) = (27)*6"(pa — pp)M(A — B). (2.36)
Eq. (2.35) becomes
—iM(A— B)—M" (B — A)]

m dqu‘ 1 § 4 )
=S I/ oo ) M0 (4= (e MB = faid) x 20)"0% (Po = i)
(2.37)

where {¢;} is the inserted complete set of intermediate states. We are interested in the
magnitude of scattering amplitude M (A — {g;}) with a typical high energy scale F, thus
we take A = B,

[ Pa 1
2ImM (A — A) =) H/ i) @2m) 6D (P - g) IM(A = {a:})]* .
m -1 (27‘(’) 2El p
(2.38)
The mass dimensions of an n-particle scattering amplitude is

M]=4—-n, (2.39)

where n is the total number of particles involved in the process, i.e., the in+out particles.
According to eq. (2.39), a natural bound can be established on ImM (A — A),

ImM (A — A) < [M (A — A)| < B4, (2.40)
Substituting this bound back into eq. (2.38), we have
IM (A = {g:})| < B*=(ratna) (2.41)

If weakly coupled UV completion was respected, this bound condition have to be
satisfied by tree-level amplitudes. However, the requirement of UV completion may be too
stringent for the EFT of a stable NEC-violating nonsingular cosmology. In the regime of
EFT, the constraint of perturbative unitarity can be given as [93]

Myl <872, (2.42)
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Figure 1. Feynman rules for 35 and 45 vertexes.

For four point scattering, where ng = n,, = 2, the constraint can be translated into the
following partial wave representation

My (s / dcosOP(cos 0) My(s,0), (2.43)

where s is the Mandelstam variable, the subscript 4 denotes the number of external legs.
As for the 2N-point functions, we will have the constraint [Moy| < sV, Specifically, we
will consider the five-point scattering, for which the constraint is [Ms| < s~1/2.

2.3.1 Constraints from four-point scattering

We will calculate the amplitude of four-point scattering 66 — &6 to find out what the
constraints of perturbative unitarity, i.e., (2.41) and (2.42), can tell for a stable NEC-
violating Galileon genesis. From the actions (2.32), (2.33) and (2.34), we can deduce the
Feynman rules for 36 and 46 vertexes, which are collected in figure 2.

Having Feynman rules in hand, the amplitudes for every diagram which is shown in
figure 2 can be deduced,

8A

iM (56 —65) :iﬁi (p1+p2 P3-pa+p1-P3 P2-Pa+p1-pa P2 *P3)
iMO (36— 55) = 28 (=p% po-(pr+P2)—13 p1-(p1-+p2) + (P1+2)*p1-p );
M3 1 P2 1 2 2 M1 1 2 1 2 1°P2 _(p1+p2)2
1223
vy ((p1+p2)2 p3-pa—p3 (p1+p2)-pa—pi (p1+p2)‘P3> :
iM (56— 56) = ZZ)\?’( (p1—p3)—p3 p1-(p1—p3)— (P1—p3)*p1- )é
JVE P1 P3-\P1—P3)—P3 P1-\P1—P3)—\P1—P3) P1°P3 (1 —p3)?
12)\
(Pz (p3s—p1)-pa—(p3—p1)°p2-pa—pi p2'(p3—p1)) ;
iMD (56— 56) = 22 (32 py- (1 —pa) i p1- (91 —pa) — (1) P1-ps) ———
M3 1 P4°\P1 4 4 P1 1 4 1 4 1°P4 —(pl—p4)2
Z2>\3
X (pg (pa=p1)-P3—(Pa—p1)*p2-D3 P} pz-(p4—p1)) - (2.44)

As a result, we have

S 279 9 9\ A3 .3, 3
M(O‘U—>O‘U)—M4(S +1t +u)—ﬁ(s +t —|—u), (2.45)
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Figure 2. Feynman diagrams for the four-point scattering 66 — 65.

where the Mandelstam variables

s=—(p1 +p2)2 = —(p3 +p4)2,
t=—(ps—p1)® = —(p2 — pa)?,
u=—(ps—p1)* =—(p2—p3)°. (2.46)

Recalling eq. (2.31) and A3 = 2\g, we find without surprise that the requirement of UV
completion, i.e., (2.41), cannot be satisfied by the stable NEC violation in the context of
cubic Galileon genesis (2.1). In the EFT regime, the unitarity bound (2.42) implies

A

S5 X% (MBH)

2/3
P < M?, (2.47)

where we have used eq. (2.21) and [t| > M~!, and neglected the constant coefficients.
Namely, the perturbative unitarity is violated at a scale /s ~ |t|~' ~ M < M. However,
the existences of the IR cut-off scale of the scattering processes we calculated and the UV
cut-off scale of the EFT have already required M > /s> Fig ~ [t|~!, which implies that
the bound of perturbative unitarity (2.47) cannot be satisfied.

Therefore, although a stable NEC violation can be realized with cubic Galileon theory
in the context of genesis cosmology, the bound of tree-level perturbative unitarity indicates
that new physics should enter the EFT even blow the cut-off scale M. Furthermore, (2.47)
implies that the earlier era we go into the genesis phase, the more urgent we may need new
physics at a lower scale, though the cosmological background is asymptotically Minkowskian.

Notably, ref. [50] has carried out a similar analysis of the strong coupling scale indicated
by unitarity for the low-energy forward 2 — 2 scattering of the background field in the

-9 —



Galileon theory. The second line of the lagrangian (3.2) in [50] seems equivalent to eq. (2.1)
provided cp = f2 ~ \{M? and c3 = 310? ~ X\o. However, two scales (i.e., f and Hy) rather
than one (i.e., M) were involved in [50(]). As a result, the cut-off scales of the EFT actions
are different, which are read as Hp in [50] and M in our case, unless f = Hy = M.? As for
the derivation of the strong coupling scales, our results in egs. (2.45) and (2.47) could be
consistent with that of ref. [50] provided we set f = Hy = M.? Therefore, the situations
and results in the two papers are not completely equivalent, but they can confirm each
other to some extent. Furthermore, we will consider explicitly also the five-point scattering

in section 2.3.2.

2.3.2 Constraints from five-point scattering

For the five-point scattering 66 — 667, eq. (2.41) becomes
M (66 — 665)| < E7L. (2.48)

Similarly, the scattering amplitude for this five-point process can be written down. Here we
define a set of Mandelstam variable basis

si2 = —(p1 +p2)?, s13=—(p1 — p3)*, s =—(p1 —pa)*,
so3 = —(p2 — p3)®, soa = —(p2 — pa)”. (2.49)
This amplitude can be written in terms of Mandelstam variables

A3
MQ

M (56 — 566) = = [ MG (si) + NGalsiy)] (2.50)

where

G (sij) = —s14 (523 (2513 +514+523) +512 (2523 +513))

— 594 (513 (2512+2514+513) +523 (2513 + 2514 +512)) —S13554 ,

G2 (sij) =s23 (25§3 +514 (5144—523)2—1—5%3 (3s14+4s93) +513 (35%4—#4514523—1—25%3))
4594 (5?3—1—35%3514—%35135%4+2sff4 +4s93 (513—|-514)2+3533 (513—|-514))
+534 (Zng +4s13514+457,+ 3503 (513+514))
+534 (s13+2514) 53 (513 +514+523+524)

2%, (ST +5%4+ 53513 (S14+352) +524 (523 +3514) +53,
+s13 (5?2 5344 (S23+524)° 575 (3514 + 7523+ 2504) +524 (2523 -+ Ts04)

+5S14 (2553 + 4593594 +7S%4) +5S13 (35%4 + 7533 + 4593594 —1—2534 44514593 +4514SQ4) ) .
(2.51)

*Note that the background field 7 is dimensionless in [50].

3See eqs. (3.3) to (3.5) of [50]. The comparison of interpretations of these results is a little tricky, since
the parameter cs in the second line of eq. (3.2) is not exactly equal to the c3 in the third line of eq. (3.2)
in [50], where the latter one should depend on #~* actually. However, ¢ ~ f2/Hg has been used in the
derivations of egs. (3.3) to (3.5) in [50]. Consequently, the third line of eq. (3.2) in [50] will be equivalent to

our egs. (2.32) to (2.34) if f = Ho = M, which indicates that the strong coupling scales ~ M in both cases.
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Figure 3. Feynman diagrams for the five-point scattering 66 — 66&. The topological inequivalent
diagrams are presented and the momentum labels are omitted.

One can resort to figure 3 for relevant Feynman diagrams. The unitarity bound eq. (2.48)
again implies that the cubic Galileon genesis (2.1) cannot be UV complete. In the EFT
regime, the bound of perturbative unitarity [Ms| < s~1/2 indicates that /s < [t|~! ~ M <
M, which is consistent with (2.47), where we have assumed that s;; ~ s in our estimation.
Therefore, the conclusion of section 2.3.1 remains valid.

3 Perturbative unitarity and NEC violation in “beyond Horndeski”
genesis

The results of sections 2.3.1 and 2.3.2 motivate us to explore whether the new physics
implied by the bounds of perturbative unitarity can be represented by “beyond Horndeski”
operators, which are required by the absence of instabilities in the entire history of an NEC-
violating nonsingular cosmology. In this section, we apply the constraints of perturbative

unitarity to a stable NEC violation in the context of “beyond Horndeski” genesis.

3.1 Setup

It is discovered in refs. [70-72] that the EFT operator dg°°R(®) plays a crucial role in
thoroughly eliminating the pathological instabilities of perturbations induced by a violation
of the NEC while m? # m3 (i.e., ag # 0), see appendix. A. The covariant action

2
S = / d'zy/~g mpR + P(6, X)] + 854005 (3.1)

can be used to construct nonsingular cosmology which is fully stable in the entire history,
where S(;gooR(s) = fd4$\/ —gLagOOR(S)y

fi (925) 59O R®)

Lygo0ps) =
—R——/f¢¢dlnX <f¢+/f¢d1nx> O¢ (3.2)
o oo — ©0F) — LY (90,0760, — (06) 661067

F@0,X)=h0+X/fa), 69" =X/ () +1=X/fa(t(e))+1, (3.3)
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bu = Vup, ¢4 =VHo, fx =df /dX, fs =df /d¢ and fus = d*f/dp>. Tt is demonstrated in
refs. [73, 74] that the action (3.1) belongs to the “beyond Horndeski” (GLPV) theory [75, 76],
which corresponds to m?2 # m3? in the EFT action (A.1).

The integral terms in eq. (3.2) and the constraints (3.3) guarantee that the background
evolution and the quadratic action of tensor perturbation are unaffected by 55g00 R)-
However, we can relax such requirements so that we can get rid of the integral terms and the
constraints (3.3). Inspired by (3.2), we can construct a fully stable NEC-violating genesis
model with the extended action

S = /d4x\/jg{; [ME+F (6, X)| R+ P (6, X) + G (¢,X) 06

* % (S = (O0)°] - % C e () ¢M¢W¢”]} , (3.4)

see [86-89] for recent studies. It can be checked that the action (3.4) still belongs to
the “beyond Horndeski” (GLPV) theory [75, 76],* which is free from the Ostrogradsky
instabilities. In the special case of F' = 2X Fx, the action (3.4) reduces to a subclass of
Horndeski theory.

Expanding around a cosmological background, the quadratic order of action (3.4) in
perturbations can be written as (A.2), in which

M? =Mp,  ap=F/Mg,
aK = (4(ZB4PXX — 2¢2PX + 12H¢3GX - 12H¢5GXX + 2¢2G¢ — 2$4G¢X> / (H2Ml—%) ,

—203Gx — 206Fx + OF, F —2XFx
aB = D) y ayg = D)
2H M2 M2
ar, =0, fr=pP2=pP3=0. (3.5)

Since ag, = B; = 0, the action (3.4) does not involve those characteristic degenerate higher-
order scalar-tensor (DHOST) operators in (3.4). The parameter ay vanishes (i.e., m3 = m3)
for Horndeski theory and becomes non-zero (i.e., m3 # m?) for “beyond Horndeski” (GLPV)
theory, as we have mentioned.

The background equations of (3.4) can be obtained as

3MEH? = —P + 6HJ*Gx + $*Gy — 2¢°Px — 3HOFy + 6HP* Fyx (3.6)
MEH = §*Px — $°Gy — 3HP*Gx + $*$Gx
3 . 1 . 1. - .
+§H¢F¢ — §F¢¢ — §¢2F¢¢ + ¢?¢Fyx — 3HP Fyx . (3.7)

Obviously, F'(¢, X) will not appear in the background equations when F' is independent
on ¢.

If we write the action (3.4) in terms of the operators in (A.1), we do not need to
include the operators (52K§g'00, (69°9)2 or (8;69°)2. The coefficients ¢(t) and A(t) can be

determined by c(t) = %(fH —2fH — f) and A(t) = MTE’(5fH+6fH2 +2fH + f), where

“See e.g. eq. (4) of [100] or eq. (2.17) of [101], see also the footnote on page 2 of [89)].
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f=1+F/M3, H is solved by eqs. (3.6) and (3.7). The explicit expressions of c(t), A(t)
and M are clumsy, while m3 = 203G x, m3 = —F/2 and m} = —X Fx.
The quadratic action of tensor perturbation is

(3.8)

5(2 /d?’:vdt aAQr l’ym - mk%ﬂ) ] ,

where
Qr=1, C%w =1l+4+ar. (39)

Apparently, for a non-vanishing F(¢, X), the propagating speed of primordial gravitational
waves will be modified during the genesis phase, which could be able to generate interesting
features in the power spectrum of primordial gravitational waves ([55, 102-104]). We require
—M}2)<F§Osothat0<c%§1.

The quadratic action of curvature perturbation in the unitary gauge can be written as

sP = / Brdt a3Q, lc - (8;‘) 1 , (3.10)

where

%gaK + 604123

Qs =~ d+ap)?’ (3.11)
_ ME(1d [a(l+on)
¢ = Qf {adt {H(HaB)} - (HQT)} ’ (312)

see e.g., [105]. In order to avoid the ghost and gradient instabilities of ¢, Qs > 0 and
¢ > 0 are required, respectively. We also require ¢2 < 1 so that there is no superluminal
propagation of the scalar perturbation modes. It is convenient to define v = H(1 + ap)
and Qp, = 1 + ay, which are usually used in the analysis of these instability problems.
The ways to overcome the “no-go” theorem have been discussed explicitly in [72] with these
quantities v and Qp, .

3.2 A solution of “beyond Horndeski” genesis

Based on the previous section, a model of fully stable genesis can be constructed. In this
section, we will set the free functions F(¢, X), P(¢, X ) and G(¢, X) in (3.4) as

F(¢,X) = M3 <M4X M8X2> (3.13)
P(¢,X) = M e??MXx 4 %XZ : (3.14)
6. X) = TEX (3.15)

where K1, K2, A1, A2, A3 are dimensionless constants. Apparently, the action (3.4) can be
viewed as the addition of higher order “beyond Horndeski” operators to the action (2.1) in
section 2. The background evolution of the universe will not be affected by F. As a result,
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the solution of background evolution of genesis will be exactly the same as that introduced
in section 2.2.

Substituting the genesis solution (i.e., egs. (2.19), (2.21) and (2.22)) into egs. (3.9), (3.11)
and (3.12), we have

R1 K2

=1, A =1- ) 3.16
QT ’ cr M2(—t)2 + M4(—t)4 ( )
27T\ M3
Qs ~ 2 21/ —2 2(_t)27 (3.17)
(A2 — 2X3 — 31 MBM —2)
— 23 — 3k  MEM 2
2 227 20 — 31 Mp (3.18)

3o

for [t| > M~!. We have kept only the leading order terms in Qs and ¢, where ry does
not appear. Apparently, we should require x; > 0 so that ¢ < 1. In order to guarantee
that Qs > 0 and 0 < cg < 1, we should have Ay > 0, Ao — 2X3 — 3/@1MF2,M*2 < 0 and
4Xg—2X3—3k1 MEM 2 > 0. Additionally, we may also consider adding a term ~ (—X/M%)"
in F(X), where n is a constant. However, we will find ¢; > 1 in the limit |t| > M~! for
n < 1. Therefore, given the genesis solution and the requirement of 0 < ¢ < 1, the

formulation of F'(X) in eq. (3.13) is quite general.
The quantities

Ao — 2\g — 3k MEM~2 2k,
_ 3.19
7 3MZ(—t)3 MY (3.19)
3
Oy = 1 al 2 (3.20)

NRZEEEN e

Hence, v < 0 and Qy7,, > 0 in the limit [¢| > M~1. If we assume that the universe eventually
enters the standard hot Big Bang expansion, during which v = H > 0, we will find - cross 0
at some time ¢, after the end of the genesis phase.® In order to avoid the gradient instability
induced by the y—crossing around t,, we should carefully design the behavior of @y, see
e.g., the condition (13) of [72], see also [89] for an example of the numerical simulation. In
this paper, instead of handling the explicit constructions of v and @Qs,, we will focus our
discussion on the behavior of genesis in the limit || 3> M~! for our purpose.
In the spatial flat gauge, we have

SO — / d'z[A(t)6? ~ B(t)(0,0)%] (3.21)
where
LV BN G S = P dat B MM (1>
A= M2t © <M3(—t)3> . B= M?2(—t)? o M3 (—t)?

(3.22)
for |t| > M~!. The sound speed squared in the spatial flat gauge can be given as
2 = B/A ~ (2\3 — Mg + 3s1 MEM~2)/(3)\2), which is consistent with eq. (3.18). The
arguments given in section 2.2 remain applicable.

5Note that the genesis solution is no longer applicable at ty.
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In the limit |¢| > M ™!, the leading order terms in the cubic and quartic actions of o
can be found as

5(3) —/d4 2]\4]\/}715() [g‘“’go‘ﬁa,,cr@a[fﬁuaga—Giaﬁidg’“’aﬂa,jo+g””3uc'r8,,dd+(’)(—t)71} ,

4) _ d4xw[nawa 9..00..0 PY) o —a"aPP g0 00,500, 5.0
- M6 g9 no v00a0B0g pOy 0 g g g a00y,00,0,00,080

— P 0000509" 0,60,6 —49°P g" 8,00,50,0506¢
+460;00;69" 0,,0,0 — 45 g 9,60,
+gaﬁ6aaagog“yauayaﬁ+O(—t)_l} . (3.23)

Apparently, the interactions are distinctive from that of the cubic Galileon genesis.
Similar to section 2.2, we set A = B so that ¢2 = 1 for simplicity, which indicates
A3 = 2Xg — 3K1/2, where &1 = nlM}%M_Q. We define

5=AY20,  M=MAY?~\/3x/(—t), (3.24)
such that

_ / d*z [&2 - (01»5)2} : (3.25)

S — / d'x 2’“‘]1\;) (9" 9% 0,60u60,035 — :50i59" 00,6 + " 9,650,656 ) ,

(3.26)
/d4 /{1 g“agl’ﬁa 70,60,0369"70,0,6 — " g"P 4" 9,50, 70,0,,60,085
— §°%0,5036 9" 9,50,6 — 4g™ " 9,6 00,60,055G
+460;60,59" 0,,0,6 — 45° 9" 0,60,
+ 970 0a5055 9" 00,55 ), (3.27)

where we have neglected higher order terms. From eq. (3.25), we can see that the dispersion
relation is simply F = w? — k2 = 0. As explained in section 2.2, the time scale of the
scattering processes we consider will be At < [t] in the regime || > 1/M. Therefore, we can
approximately treat the coefficients 2'%]1\;53_0 and le(\z_f) in (3.26) and (3.27) as constants in
the calculation of scattering amplitudes. Again, the energy scale of the scattering processes
we consider should satisfy M > E ~ 1/At > Fig ~ |t|~L.

3.3 Perturbative unitarity

In this subsection, by using the constraints of perturbative unitarity introduced in section 2.3,
we revisit the specific “beyond Horndeski” action (3.4) in the context of genesis cosmology.
Due to the complexity of the interactions given by egs. (3.26) and (3.27), we will calculate
only the amplitude for the four-point scattering processes in the following.
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Feynman diagrams for 66 - 66

~ D1 D3 .
o \ /v o
p2/‘><\f74 >< >< ><

B type C type D type F type

Figure 4. First kind of Feynman diagrams for §6 — 66 which only utilize one four-point vertex.
The presented four types (B, C, D, F) whose contributions are nonzero correspond to the second,
third, fourth and sixth terms in Sgl) in eq. (3.23) respectively.

3.3.1 Constraints from four-point scattering

The Feynman diagrams for §6 — & can be categorized into four kinds which are presented
in figure 4 and figure 5 separately. The amplitudes corresponding to figure 4 are

. e R(—1)?

iMp(66—66)= —21%{ —Di2 (P14P23 —I—p13p24) +Di3 (p14 (p23+p24) +p24(P23 —P34))
+p1ap23 (P24 —p3a) +P12p34 (P13 +P1a+D23+p2s) } )

) e Rp(—t)?

iMc(66—66)= —4ZW {p14p23 (p1tat+p2est) +P13p2a(Prese +P2ear) —Pr2psa(Preae +P3tar) } )

. e Rp(—t)?

iMp(66—65)= _417{ —Di2 (p13p2t4t +P14pat3t +P24P1¢3¢ +p23p1t4t)

+p13 <p14 (P23t +Datar) +D1e2eD3a + P23 (Prear +Dorar) —p2t4tp34)
+P34 (p14(])1t2t —p2t3t) +Dpitot (p23 +P24) —P1t3tP24 —P1t4tP23)

+p2y <p14(plt3t +parst) + D23 (P1ese +P1t4t)) +Pp12p3tat (pls +Pp14+p23 +p24) } )
. e Ry (—t)?
iMp(66—66)= _16ZW (pltth3t4t) (—p12+p13+p1a—D3a+p23+p24) , (3.28)

where p;; = p; - p;. This expression can be written in compact form

My=Mp+Mc+Mp+ Mp
_Rl(_t)Ql 3 3 3 2 2 2
—Wi(s 113 40— 2s%s, — 2t%, — 2u ut), (3.29)

where the Mandelstam variables

s=—(p +p2)2 = —(p3 +p4)2,
t=—(p3 —p1)> = —(p2 — ps)°,
u=—(ps— p1)2 = —(p2 —P3)2> (3.30)
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Feynman diagrams for 66 — 66 (s-channel)

1 1

/

B
+

N
V72N
] Q

m 1 I m I

—

Feynman diagrams for 66 — 66 (t-channel)

~ D3 _
AT
1 | I I
P1—P3
1 IL m
677 ON§F
b2 P4
I I n
I ] I
1 11 1
1 I I
Feynman diagrams for 66 — 66 (u-channel)
5 P1
g P3
N\ / G
i1 I I
P1—Pa
I \ I I
5 I
o g; Pa
1 1I
I 11

O K

Figure 5. Three kinds of Feynman diagrams for 66 — &6 which utilize two three-point vertices.
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and

St = 2P = 2P3eat Ss = —2p1 - P2 = —2P3 - P4,
te = —2p13t = —2p2t4t ts = 2p1 - p3 = 2p2 - P4,
Ut = —2p1ar = —2p23t Us = 2p1 - Pa = 2p2 - D3, (3.31)

where pijit = pupiji-
The amplitudes for s-channel in figure 5 are
- 2
R (—t)
Msr 1 = g P (P1¢ + p2t) (P34 (P14 + p24) (p1t + P2t — P3t)

+ p34 (P13 + p23) (P1t + P2t — par) + (P13 + p23) (P14 + P2a) (P3e + p4t)) ,

_ 2
K1 —t — —
M1 = J(\ZF“) (—229%2 (Pt + p2t) (p3e + par) P3 'p4) ,
f1 (—t)? 2
Msrrr = Tt (2P12p3t4t (p1t + p2t)” (P13 + p1a + P23 + P24 — p34)> )
R (=),
M1 = g Pup (—p1t — p2t) (P34 (p14 + p24) (P1t + P2t — P3¢)
+ p34 (P13 + p23) (P1t + P2t — par) + (P13 + p23) (P14 + P2a) (P3t + p4t)) ,
fy (—t)? L
Msrroir = i (2p12 (D1 - P2) (D3 - Da) (P1e + p2t) (P3¢ + Dar)) »
f1 (—t)? 2 L
Msrr—rr = i (—2 (P1t + p2t)” P3tacP1 - P2 (P13 + P14 + P23 + Pas — P34)) )
Ry (—t)
Msrrrsr = g P (p1t + p2t) (P34 (p14 + p24) (1t + P2t — P3t)
+ p34 (P13 + p23) (P1t + P2t — par) + (P13 + p23) (P14 + P2a) (P3t + p4t)) ,
Ry (—t)? L.
Msrrrsir = i (—2p12p1s2tPs - Pa (p1e + pat) (P3¢ + par))
f1 (—t)? 2
Msrrr—simn = i (2p1t2tp3t4t (p1t + p2t)” (P13 + P14 + P23 + pos — P34)> . (3.32)

This expression can be written in compact form in terms of eq. (3.30) and eq. (3.31),

Mg = Msrp + M1 + Msirrr + Msir—r + Msrr—ir + Msrr—arr
+ Msrrr—r + Msrrr—ir + Msrrr—oir

Ri(—t)%1
— 1](\2[4)45(5 —s) {s (p%t -I-p%t) — St (p%t +p§t —s+ st) +ss(te + ut)} . (3.33)
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Similarly, the amplitudes for u-channel and t-channel in figure 5 are

M = Mipor + Megsrr + Measorr + Mot + Mear—ir + Merrsorr
+ Mirrr—r + Merrr—ir + Merrr—inr

(1)1
= Wzt (t—1) {t (p%t +p§t) —t (P%t +p3 — t) — st +ts (st + Ut)} )
(3.34)

and

My = Myt + Mursir + Myt + Marr—r + Muarr—ir + Murr—irr
+ Murrr—t + Murrr—ir + Murrr—rr

71 (—t)%1
=~ 1 (u—u) {u(p%t + p3y) — ue(ply + piy — u) — sp + us(se + tt)} . (3.35)

The total amplitude is
Mtotal = M4 + Ms + Mt + Mu . (336)

Therefore, the stable NEC violation in the context of “beyond Horndeski” genesis,
which is constructed by the specific action (3.4) with F' given by eq. (3.13), cannot satisfy
the requirement (2.41) of UV completion. In the EFT regime, by using the constraint (2.42)
of perturbative unitarity, we obtain approximately

V5 S (M/Mp) 3]t~ ~ (M/Mp) /30T < M, (3.37)

where we have disregarded the coefficient. Namely, the perturbative unitarity is violated at
a scale \/s ~ (M/Mp)Y/3|t|=! ~ (M/Mp)*/3M <« M. Given the IR cut-off scale Eig of the
scattering processes we considered, the tree-level perturbative unitarity is already violated.
This result is actually consistent with the results of sections 2.3.1 and 2.3.2, despite the
differences in coefficients.

Consequently, although we are able to realize fully stable NEC violation with the
“beyond Horndeski” theory, the constraints of tree-level perturbative unitarity imply that
we may need some unknown new physics below the cut-off scale M in the EFT other than
that represented by the “beyond Horndeski” operators in eq. (3.2) or (3.4).

4 Summary and outlook

The NEC is a crucial and quite robust condition in gravity and cosmology. The explorations
of a fully stable NEC violation have made some significant progress. However, it is
still an open question whether some fundamental properties of UV-complete theories or
the consistency requirements of EFT forbid a violation of the NEC. The constraints of
perturbative unitarity could provide us with some novel insights into the EFT of a fully
stable NEC violation.

In this paper, we investigated the tree-level perturbative unitarity for stable NEC
violations in the contexts of both Galileon genesis and “beyond Horndeski” genesis cosmology,
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in which the universe is asymptotically Minkowskian in the infinite past. The calculations of
scattering amplitudes could be simplified by the genesis solution provided we consider only
the leading order interacting terms. It is found that the tree-level perturbative unitarity
gets broken at an energy scale /s ~ [t|”! < M in both Galileon genesis and “beyond
Horndeski” genesis, where M is the cut-off scale of the EFT action, t is the cosmological
time. Therefore, the constraints of perturbative unitarity imply that the earlier era (i.e., the
larger of |t|) we go into the genesis phase, the more urgent we may need the unknown new
physics at a lower scale other than that represented by the “beyond Horndeski” operators.

In the calculations of the scattering amplitudes, we have assumed that the sound
speed squared ¢? = 1 during the NEC-violating phase for simplicity. Additionally, the
models of genesis cosmology we considered are constructed by some specific Galileon
and “beyond Horndeski” theories, which are representative to some extent. Whether
our conclusion remains unchanged for a general ¢ and other more complicated “beyond
Horndeski” theories (or a different construction of the stable genesis model as discussed
in [72]) requires further investigations. It would also be interesting to see whether the
required unknown new physics indicated by perturbative unitarity can be represented by
those higher order DHOST operators or some modified dispersion relations. Our study
might be extended to the context of bouncing cosmology as well. Furthermore, taking into
account the constraints from cosmological observations will place tighter constraints on the
EFT of a fully stable NEC violation.
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A The EFT of nonsingular cosmology

The approach of the effective field theory (EFT) is powerful in investigating inflation [106],
dark energy [107-109] as well as nonsingular cosmology [70-73]. We work with the 3 4 1
decomposed metric ds? = —N2dt? + h;; (dz® + N'dt) (dz? + N7dt), where hyuy = guw +nuny
is the induced metric, n* is the unit normal vector of the constant time hypersurfaces, N
and N’ are the lapse function and the shift vector, respectively. In the unitary gauge, the
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EFT action that is able to realize a fully stable NEC violation can be written as

2
5= [atey=g| O R-A®) - c(t)”

4 2 3

~ 2
. m42(t) R®)s goo] (A1)

up to quadratic order [70-73] (see also [106-109]), where R®) is the induced 3-dimensional
Ricci scalar, K, is the extrinsic curvature, §g%0 = g% + 1, 0K, = K,y — hywH, H is the
Hubble parameter. We have disregarded those higher-order spatial derivatives and the
action of matter sector in (A.1).

In the cosmological context where there is an evolving scalar field ¢, the constant
time hypersurfaces can be set as the uniform scalar field hypersurfaces. As a result, we
have n, = —¢,/v/—X, where we have defined X = ¢,¢*, ¢, = V,¢ and ¢# = VH¢ for
convenience. Using K, = hzvgny and the Gauss-Codazzi relation, we can obtain the
corresponding covariant action of (A.1) in principle, see e.g. [108, 110]. In fact, the EFT
action (A.1) is able to specify a variety of theories of gravity by different choices of the
time-dependent coefficiens f, A, ¢, My, m3, m2 and m3. For example, the Horndeski
theory [58-60] and the “beyond Horndeski” (GLPV) theory [75, 76] correspond to m% = 3
and m? # m3, respectively.

However, in order to cover more general degenerate higher-order scalar-tensor (DHOST)
theories [111] (see [101] for a review), the EFT action (A.1) has to incorporate additional
operators 0K 8g%0, (5g%0)2 and (9;6¢°°)2 [105, 110, 112], where there is still no Ostrogradski
instability. Following the convention of [101, 105, 112], the action of all quadratic and cubic
DHOST theories can be written as

Gauad / dzdta’ A;l {51{1351(” <1 + §QL> SK? +(1+ar) (51}2 >5f + 6,RG >
+ H?ax6N? + 4HagdKSN + (1 + ay) 01RPISN
+4B16 KON + B26N? + 53 > (90N } (A.2)

up to quadratic order in the unitary gauge, where 6N = 1 — N = §¢°0/2. Note that the
contribution from the first line of (A.1) at quadratic order is also included in (A.2). The
relations between M2, a; and the coefficients in (A.2) can be find in [110]. The covariant
scalar-tensor theories can be mapped to (A.2) by using the relations provided in [105].
Particularly, for the Horndeski theory and the “beyond Horndeski” (GLPV) theory, which
belong to the subclass Ia of the DHOST theory, we will find ; = 0 in (A.2).
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