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In the realm of the Bekenstein-Hawking entropy, the thermodynamics of apparent horizon bridges with 
the usual FLRW (Friedmann-Lemaître-Robertson-Walker) equation only for a special case where the 
matter field is given by a perfect fluid having equation of state (EoS) parameter = −1, i.e. p = −ρ
with ρ and p representing the energy density and the pressure of the fluid, respectively. To include 
the case p �= −ρ , we consider the modification of the Bekenstein-Hawking entropy in the present work. 
In particular, we develop an entropy function that leads to the usual FLRW equations, for a general
EoS of the matter fluid given by p = wρ , directly from the thermodynamics of the apparent horizon. 
The newly developed entropy acquires a correction over the Bekenstein-Hawking entropy and differs 
from the known entropies like the Tsallis, Rényi, Barrow, Sharma-Mittal, Kaniadakis, and Loop Quantum 
Gravity entropies proposed so far. Based on this finding, we examine how the Friedmann equations of 
the apparent horizon cosmology are accordingly modified if one starts with a general entropy depending 
on the Bekenstein-Hawking entropy. This results in some interesting cosmological consequences during 
the early and late stages of the universe.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

With the discovery of the Hawking radiation, it has been clarified that a black hole is a thermal object with entropy that is pro-
portional to the area of the horizon and called the Bekenstein-Hawking entropy [1,2], which strongly suggests the relation between 
gravity and thermodynamics [3–6]. Not only to the event horizon of the black hole, by applying the thermodynamics to the Hubble 
horizon in cosmology, but it has also been shown that the FLRW equations can be obtained from the first law of thermodynamics 
[7–21].

On the other hand, under several situations, other kinds of entropies that are different from the Bekenstein-Hawking entropy have 
been discussed. Such entropies are the Tsallis entropy [22] (see also [23,24]), the Rényi entropy ([25], see also [26–30]), the Sharma-
Mittal entropy [31], the Barrow entropy [32], the Kaniadakis entropy [33,34], the Loop Quantum Gravity entropy [27,35–37], and etc. 
By applying the above entropies to the cosmology instead of the Bekenstein-Hawking entropy, the modifications of the FLRW equations 
can be obtained. Recently it has been shown that the entropic cosmology corresponding to various entropic functions is equivalent to 
holographic cosmology with suitable holographic cut-offs [38,39]. In this direction, the holographic energy density sourced from various 
entropies successfully describes the dark energy era of the universe, and generally known as the holographic dark energy (HDE) model 
[40–49]. Besides the dark energy era, the holographic energy density is large during the early stage, which in turn triggers a viable 
inflationary scenario of the universe consistent with the Planck data [50–54], and more interestingly, the holographic cosmology can unify 
early inflation to the late dark energy era in a covariant formalism [55].
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In [56], as generalizations, the authors have considered the three-parameter entropy-like quantity

SG (α,β,γ ) = 1

γ

[(
1 + α

β
SBH

)β

− 1

]
, (1)

where SBH represents the Bekenstein-Hawking entropy and is given by SBH = π R2
h, here Rh is the radius of the horizon under con-

sideration. The entropic parameters (α,β,γ ) in the above expression are considered to be positive. Further, in [57], a four-parameters 
generalized entropy has been proposed, given by,

SG (α+,α−, β,γ ) = 1

γ

[(
1 + α+

β
SBH

)β

−
(

1 + α−
β

SBH

)−β
]

, (2)

where all the parameters (α+,α−, β,γ ) are positive. In some suitable limits of the parameter values, the above entropies (1) and (2) re-
produce the known entropies, that is, the Tsallis entropy, the Rényi entropy, the Sharma-Mittal entropy, the Barrow entropy, the Kaniadakis 
entropy, and the Loop Quantum Gravity entropy. For example, the entropy in Eq. (2) reduces to the known entropies for the following 
limits of the parameters [57]: (a) to the Tsallis entropy for α+ → ∞ and α− = 0, (b) to the Rényi entropy for α− = 0, β → 0, α+ = γ and 
α+
β

→ finite, (c) to the Sharma-Mittal entropy for α− = 0 and α+ = γ (d) to the Kaniadakis entropy for β → ∞ and α+ = α− = γ
2 , (e) to 

the Loop Quantum Gravity entropy for α− = 0, β → ∞ and α+ = γ , respectively.

All of the above entropies have the following properties:

1. Generalized third law: All these entropies vanish when the Bekenstein-Hawking entropy vanishes. In the third law of standard thermo-
dynamics for closed systems in thermodynamic equilibrium, the quantity eSBH expresses the number of states, or the volume of these 
states, and therefore the entropy SBH vanishes when the temperature does because the ground (vacuum) state should be unique. By 
contrast, the Bekenstein-Hawking entropy SBH diverges when the temperature T vanishes and it goes to zero at infinite tempera-
ture. However, requiring any generalized entropy to vanish when the Bekenstein-Hawking entropy SBH vanishes could be a natural 
requirement.

2. Monotonically increasing functions: All the above entropies are monotonically increasing functions of the Bekenstein-Hawking entropy 
SBH.

3. Positivity: All the above entropies are positive, as is the Bekenstein-Hawking entropy. This is natural because eSBH corresponds to the 
number of states (or to the volume of these states), which is greater than unity.

4. Bekenstein-Hawking limit: All the above entropies reduce to the Bekenstein-Hawking entropy in an appropriate limit.

In the context of entropic cosmology, it seems that for the Bekenstein-Hawking entropy, the relationship between the apparent horizon 
thermodynamics and the usual FLRW equations exists only for a special case, particularly when the matter content is considered to be 
a perfect fluid with EoS is given by p = −ρ (where p and ρ represent the pressure and the energy density of the fluid, respectively) 
[7,8,20]. This raises the following important questions:

• Does there exist the relation between the thermodynamics of the apparent horizon and the usual FLRW equations for a general EoS 
of the matter fluid given by p = wρ where w is constant EoS parameter of the fluid?

• If yes, then what about this relationship when the EoS parameter is not a constant, but rather varies with the expansion of the 
universe?

• How do the FLRW equations of the apparent horizon cosmology get modified for the known entropies proposed so far as well as for 
the generalized entropies mentioned above?

We will address these questions in this work. In the next section, we try to clarify the relations between the thermodynamics of the 
apparent horizon and the FLRW equations. Then in section 3, we consider several modifications of the entropy consistent with the FLRW 
equations. In section 4, we start with the general definitions of entropy and we investigate how the FLRW equations are accordingly 
modified and in section 5, we discuss several interesting cosmological consequences of the modified FLRW equations. The last section is 
devoted to the summary and the conclusion.

2. Thermodynamics of apparent horizon and FLRW equations

Here we briefly show, followed by [20], that for the Bekenstein-Hawking entropy, the apparent horizon thermodynamics leads to the 
usual FLRW equations only for the case when the normal matter content is described by the equation of state p = −ρ where p and ρ
represent the pressure and the energy density of the matter content respectively. By the “usual FLRW equations”, we mean H2 + k

a2 = 8π
3 ρ

and Ḣ − k
a2 = −4π (ρ + p) where ρ and p are contributed only from the normal matter content and the other quantities have standard 

meaning. Thus for a fluid p = wρ (with w being the EoS parameter of the fluid), the apparent horizon thermodynamics based on the 
Bekenstein-Hawking entropy leads to the usual FLRW equations only for w = −1, which is the subject of the present section. This actually 
motivates us to construct an entropy function, based on which, the apparent horizon thermodynamics gives the usual FLRW equations 
for all possible values of w including w = −1. We will consider this issue (with a general w) in Sec. 3 where w is considered to be a 
constant, and will also in Sec. 4 where w varies (i.e. w = w(t)) with the universe’s evolution.

We consider the FLRW universe, whose metric is given by,

ds2 =
∑

μ,ν=0,1,2,3

gμνdxμdxν = −dt2 + a(t)2
(

dr2

1 − kr2
+ r2d�2

2
)

, (3)
2
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where k can acquire k = −1, 0, or 1 describing the open (hyperboloid), flat (Euclidean) or closed (sphere) universe respectively. For k = 0, 
the effective energy density is equal to a critical value (= 3H2

0
8πG where H0 is the Hubble parameter at present era) and thus the universe 

is spatially flat; for k = +1, the effective energy density (ρeff) is high enough compared to the critical density (ρcr) and the universe is 
described as being a closed universe; while for k = −1, the ρeff < ρcr holds so that the gravitational attraction is not sufficient to stop the 
expansion and thus the universe expands forever. We also define

ds⊥2 =
∑

M,N=0,1

hμνdxMdxN = −dt2 + a(t)2dr2

1 − kr2
. (4)

The radius of the apparent horizon Rh = R ≡ a(t)r for the FLRW universe is given by the solution of the equation hMN∂M R∂N R = 0 (see 
[7,8,20]) which immediately leads to,

Rh = 1√
H2 + k

a2

, (5)

with H ≡ 1
a

da
dt represents the Hubble parameter of the universe. The surface gravity κ on the apparent horizon is defined as [7]

κ = 1

2
√−h

∂M

(√
−hhMN∂N R

)∣∣∣∣
R=Rh

. (6)

For the metric of Eq. (3), we have R = ar and obtain

κ = − 1

Rh

{
1 + Rh

2

2

(
Ḣ − k

a2

)}
, (7)

where the following expression is used,

Ṙh = −H Rh
3
(

Ḣ − k

a2

)
. (8)

The surface gravity of Eq. (7) is related with the temperature via Th = κ/(2π), i.e.

Th ≡ |κ |
2π

= 1

2π Rh

∣∣∣∣1 − Ṙh

2H Rh

∣∣∣∣= 1

2π Rh

∣∣∣∣∣1 + Rh
2

2

(
Ḣ − k

a2

)∣∣∣∣∣ . (9)

The variation of the energy inside the apparent horizon is given by

dE = d

dt

(
4π

3
Rh

3ρ

)
=
(

4π

3
Rh

3ρ̇ + 4πρRh
2 Ṙh

)
dt . (10)

Here ρ is the energy density, and p is the pressure. The thermodynamical relation, particularly the first law of thermodynamics gives

dE = dQ − pdV = dQ − 4π pRh
2 Ṙhdt . (11)

Let us assume that the entropy is given by the standard Bekenstein-Hawking relation,

SBH = A

4
= π Rh

2 . (12)

In this note, we choose G = κ2

8π = 1. By using the standard thermodynamical relation,

T dS = dQ , (13)

and by identifying T = Th and S = SBH, we find∣∣∣∣∣1 + Rh
2

2

(
Ḣ − k

a2

)∣∣∣∣∣ H Rh
3
(

Ḣ − k

a2

)
= 4π

3
Rh

3ρ̇ + 4π (p + ρ) H Rh
5
(

Ḣ − k

a2

)
. (14)

By using the conservation law of the matter content,

0 = ρ̇ + 3H (ρ + p) , (15)

we rewrite Eq. (14) as follows,∣∣∣∣∣1 + Rh
2

2

(
Ḣ − k

a2

)∣∣∣∣∣ H

(
Ḣ − k

a2

)
= 4π

3
ρ̇

(
1 − Rh

2
(

Ḣ − k

a2

))
. (16)

As shown in [20], Eq. (14) becomes consistent with the FLRW equations,
3



S. Nojiri, S.D. Odintsov and T. Paul Physics Letters B 835 (2022) 137553
H2 + k

a2
= 1

Rh
2

= 8π

3
ρ , (17)(

Ḣ − k

a2

)
= − 4π (ρ + p) = 8π

3
ρ̇ , (18)

only when p = −ρ , i.e. the matter content is given by a perfect fluid having EoS parameter = −1.
There seem to be some relations between the thermodynamics of the apparent horizon and the FLRW equations but we have found 

that the relationship exists only for a special case, p = −ρ . The reason could be because we naively considered the standard Bekenstein-
Hawking entropy in Eq. (12). Motivated by this argument and to include the case p �= −ρ , we consider the modification of the Bekenstein-
Hawking entropy. In particular, we intend to construct an entropy that leads to the usual FLRW equations for a general EoS of the fluid 
given by p = wρ (with w being the EoS parameter of the fluid). This is the subject of the next section.

3. Entropy corresponding to general FLRW equations

Here we intend to construct the modification of the Bekenstein-Hawking entropy to get the usual FLRW equations for a general EoS 
p = wρ where w is a constant (the case with varying w is considered in the next section). If the modified entropy is symbolized by S , 
then the thermodynamical relation Eq. (13) leads to,

− 1

2π Rh

∣∣∣∣∣1 + Rh
2

2

(
Ḣ − k

a2

)∣∣∣∣∣ Ṡ = 4π

3
Rh

3ρ̇

(
1 − Rh

2
(

Ḣ − k

a2

))
. (19)

By using Eq. (18), we can rewrite Eq. (19) as follows,

− 1

2π Rh

(
1 + Rh

2

2

(
Ḣ − k

a2

))
Ṡ = H Rh

3
(

Ḣ − k

a2

)(
1 − Rh

2
(

Ḣ − k

a2

))
, (20)

where we assume 1 + Rh
2

2

(
Ḣ − k

a2

)
> 0. Further by using Eq. (8), we equivalently express the above equation as follows:

(
1 − Ṙh

2H Rh

)
Ṡ = 2π Rh Ṙh

(
1 + Ṙh

H Rh

)
, (21)

on integrating which, we obtain

S = π Rh
2 + 6π

t∫
dt

Rh Ṙ2
h

2H Rh − Ṙh
. (22)

The second term in Eq. (22) expresses the correction for the Bekenstein-Hawking entropy for the apparent horizon of Eq. (12). The second 
term is given by a function of the cosmological time t . By solving the expression of Rh = Rh(t) with respect to t and eliminating t in the 
second term of Eq. (22), the second term can be expressed as a function of Rh.

It is often convenient to use the e-foldings N defined by a = eN instead of the cosmological time. Due to d
dt = H d

dN , Eq. (22) can be 
rewritten as

S = π Rh
2 + 6π

N∫
dN

Rh

(
dRh
dN

)2

2Rh − dRh
dN

. (23)

As an example, we consider the perfect fluid with a constant equation of state parameter w , p = wρ , as the matter. Then the conservation 
law of Eq. (15) tells ρ = ρ0e−3(1+w)N with a constant ρ0. Then the first FLRW equation (17) results to,

Rh =
√

3

8πρ0
e

3
2 (1+w)N . (24)

Clearly for w = −1, the radius of the apparent horizon becomes constant and thus the integral in Eq. (23) vanishes. With the above 
expression of Rh, Eq. (23) leads to the desired entropy function as,

S = π Rh
2 + 27 (1 + w)2

(1 − 3w)

(
3

8ρ0

) N∫
dNe3(1+w)N . (25)

Performing the integration in Eq. (25) and using SBH = π R2
h, we finally get

S =
[

1 + 9 (1 + w)

(1 − 3w)

]
SBH . (26)

It is evident that for w �= −1, the modified entropy (S: that produces the usual FLRW equations) gets a correction term over the 
Bekenstein-Hawking entropy; while for w = −1, the correction term vanishes and thus the entropy S becomes similar to the Bekenstein-
Hawking entropy. The latter statement is however expected from the demonstration of the previous section which clearly reveals that for 
the case w = −1, the Bekenstein-Hawking entropy indeed leads to the usual FLRW equations. Furthermore it deserves mentioning that 
4
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due to the presence of the factor (1 − 3w) in the denominator of S , the modified entropy diverges when w = 1
3 which corresponds to the 

radiation. This argues either of the following points: (1) there might not exist a suitable entropy which leads to the usual FLRW equations 
for the case w = 1

3 i.e. when the matter is only radiation, or, (2) there exists a more fundamental entropy which can produce the usual 
FLRW equations for all possible EoS of the matter content including w = 1

3 , while our constructed entropy in the present work is a sub-
class (represented by w �= 1

3 ) of such fundamental entropy. However irrespective of these arguments, we hope that we make important 
progress to address the well defined question: “Does there exist any entropy function that is able to give the usual FLRW equations for 
the whole spectrum of EoS of the matter content under consideration?”

Thus as a whole, we find the expression of the modified entropy in Eq. (26) that results in the usual FLRW equations for general 
EoS given by p = wρ with w �= 1

3 . Especially, when the matter is given by a single perfect fluid with a constant equation of the state 
parameter, the entropy is different from the Bekenstein-Hawking entropy by a factor as shown in Eq. (26). In the next section, we will 
extend such development of the modified entropy to the case where the EoS parameter of the matter content is not a constant, but rather 
varies with the cosmological evolution of the universe – this makes the treatment more general.

4. Modification of FLRW equations corresponding to general entropies

We may consider the case that the entropy S is a function of the Bekenstein-Hawking entropy for the apparent horizon in Eq. (12), 
S = S

(
SBH = π Rh

2
)
. Then Eq. (19) gives(

1 + Rh
2

2

(
Ḣ − k

a2

))
H

(
Ḣ − k

a2

)
S ′(SBH) = 4π

3
ρ̇

(
1 − Rh

2
(

Ḣ − k

a2

))
, (27)

where the overprime symbolizes the derivative with respect to SBH and we consider 1 + Rh
2

2

(
Ḣ − k

a2

)
> 0, again. By using the conservation 

law of the matter section, we can rewrite Eq. (27) as follows,⎛
⎝1 +

3Rh
2

2

(
Ḣ − k

a2

)
1 − Rh

2
(

Ḣ − k
a2

)
⎞
⎠ S ′

(
Ḣ − k

a2

)
= −4π (ρ + p) , (28)

which can be regarded as the correction to the second FLRW equation. Correspondingly, the correction to the first FLRW equation can be 
obtained by the integration of the above equation, and is given by,

∫
dN

⎛
⎝1 +

3Rh
2

2

(
H dH

dN − k
a2

)
1 − Rh

2
(

H dH
dN − k

a2

)
⎞
⎠ S ′ d

dN

(
H2 + k

a2

)
= 8π

3
ρ , (29)

where we use the e-folding number defined by dN
dt = H . The above equation can be further rewritten by using SBH = π R2

h = π/ 
(

H2 + k
a2

)
,

−
∫

dN

(
1 −

3
4SBH

dSBH
dN

1 + 1
2SBH

dSBH
dN

)(
1

SBH
2

)
dSBH

dN
S ′ (SBH) = 8

3
ρ . (30)

If ρ is given in terms of the e-folding N , ρ = ρ(N), Eq. (30) gives the differential equation for SBH,

−
(

1 −
3

4SBH

dSBH
dN

1 + 1
2SBH

dSBH
dN

)(
1

SBH
2

)
dSBH

dN
S ′ (SBH) = 8

3

dρ

dN
, (31)

which we will try to solve later.
Eq, (28) suggests that in order to reproduce the standard FLRW equations, i.e. H2 + k

a2 = 8π
3 ρ and Ḣ − k

a2 = −4π (ρ + p), we need to 
require⎛

⎝ 1 + Rh
2

2

(
Ḣ − k

a2

)
1 − Rh

2
(

Ḣ − k
a2

)
⎞
⎠ S ′(SBH) = 1 , (32)

where recall that the overprime denotes the derivative with respect to SBH. On integrating the above equation,

S (SBH) =
∫

dSBH

⎡
⎣1 − Rh

2
(

Ḣ − k
a2

)
1 + Rh

2

2

(
Ḣ − k

a2

)
⎤
⎦ . (33)

Since we are dealing to reproduce the FLRW equations, we can use H2 + k
a2 = 8π

3 ρ = 1
R2

h
and Ḣ − k

a2 = −4π (ρ + p) in the above expression 
to get,

S =
∫

dSBH

[
1 + 9 (1 + w(t))

]
, (34)
(1 − 3w(t))

5
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where w(t) represents the EoS of the matter content, i.e. p = w(t)ρ . We now individually discuss two cases, particularly when w is a 
constant or when w(t) varies with the cosmological expansion of the universe. First case: For constant w , Eq. (34) immediately leads to 
the entropy: S =

[
1 + 9(1+w)

(1−3w)

]
SBH, which is similar to Eq. (26), as expected. Second case: For a time varying w(t), Eq. (34) cannot be 

realized without specifying the scale factor a = a(t) as a function of the cosmological time t because we assume S is a function of the 
Bekenstein-Hawking entropy SBH and therefore S only depends on Rh but not on Ḣ . Thus if we consider a specific scale factor a(t) given 
by a function f (t) of the cosmological time t , a(t) = f (t), Rh is also given by a function of t via Eq. (5), Rh = Rh(t) = a(t)√

ȧ(t)2+k
, which can 

be solved with respect to t as a function of Rh, t = t (Rh). In this case, Ḣ is also given by a function of Rh, i.e. Ḣ = Ḣ(Rh) = Ḣ
(√

SBH/π
)
. 

Owing to which, Eq. (34) can be integrated to give S ,

S (SBH) =
∫

dSBH

⎡
⎣1 − SBH

π

(
Ḣ − k

a2

)
1 + SBH

2π

(
Ḣ − k

a2

)
⎤
⎦ , (35)

with Ḣ = Ḣ
(√

SBH/π
)

and a = a 
(√

SBH/π
)
. Because Eq. (28) reduces to the standard FLRW equation provided Eq. (34) is satisfied, ρ

might have an exotic behavior given by ρ = ρ(t) ≡ 3
8π

(
H(t)2 + k

a(t)2

)
in general, which can be realized by an exotic equation of state.

Having obtained the modified FLRW equations as in Eq. (28) and Eq. (30) by starting with a general entropy, we now find the explicit 
form of the modification for several kinds of definitions of entropy. As examples, we may consider the Tsallis entropy [22] (see also 
[23,24]), the Rényi entropy ([25], see also [26–30]) and the generalized entropies [56,57].

The Tsallis entropy appears in the non-extensive statistics as appears in the systems with long-range interactions,

ST = S0

(
SBH

S0

)δ

, (36)

where S0 and δ are constants. The parameter δ quantifies the non-extensivity. The standard Bekenstein-Hawking entropy SBH in Eq. (12)
is recovered in the limit of δ → 1.

The Rényi entropy is defined as

SR = 1

α
ln (1 + αSBH) , (37)

which contains a parameter α. Originally the Rényi entropy was proposed to be an index specifying the amount of information.
In [56], we have considered the three-parameter entropy-like quantity given in Eq. (1). By writing γ = (α/β)β , the limit α → ∞ yields

lim
α→∞ SG

(
α,β,γ =

(
α

β

)β
)

= SBH
β . (38)

The choice β = δ gives the Tsallis entropy shown in Eq. (36). On the other hand, if we consider the limit in which α → 0 and β → 0
simultaneously while keeping α/β finite, we obtain the Rényi entropy in Eq. (37) by replacing α/β with α and choosing γ = α,

SG

(
α → 0, β → 0, γ ; α

β
= finite

)
→ 1

γ
ln

(
1 + α

β
SBH

)
= 1

α
ln (1 + αSBH) . (39)

By considering other limits, the three-parameter entropy-like quantity of Eq. (1) also reproduces the Sharma-Mittal entropy [31] and the 
Barrow entropy [32].

In [57] we introduced four-parameter dependent generalized entropy construct as shown in Eq. (2), which reduces to the known 
entropies proposed so far including the Tsallis and the Rényi ones in suitable limits of the parameters.

Having described various entropy functions including the generalized ones, we now determine the modified FLRW Eq. (28) for some 
explicit forms of entropy. For the Tsallis entropy, Eq. (28) turns out to be,

δ

⎛
⎝1 +

3Rh
2

2

(
Ḣ − k

a2

)
1 − Rh

2
(

Ḣ − k
a2

)
⎞
⎠(Ḣ − k

a2

)(
π Rh

2

S0

)δ−1

= −4π (ρ + p) . (40)

Eq. (40) indicates that the Tsallis entropy generates an effective energy density (ρT) and an effective pressure (pT) given by:

ρT + pT = 1

4π

(
Ḣ − k

a2

)⎧⎨
⎩δ

⎛
⎝1 +

3Rh
2

2

(
Ḣ − k

a2

)
1 − Rh

2
(

Ḣ − k
a2

)
⎞
⎠(π Rh

2

S0

)δ−1

− 1

⎫⎬
⎭ , (41)

where recall that R2
h =

(
H2 + k

a2

)−1
. In the case of the Rényi entropy, Eq. (28) takes the following form,

⎛
⎝1 +

3Rh
2

2

(
Ḣ − k

a2

)
1 − Rh

2
(

Ḣ − k
2

)
⎞
⎠(Ḣ − k

a2

)
1

1 + απ Rh
2

= −4π (ρ + p) , (42)
a
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which leads to the energy density (ρR) and pressure (pR) sourced by the Rényi entropy as,

ρR + pR = 1

4π

(
Ḣ − k

a2

)⎧⎨
⎩ 1

1 + απ Rh
2

⎛
⎝1 +

3Rh
2

2

(
Ḣ − k

a2

)
1 − Rh

2
(

Ḣ − k
a2

)
⎞
⎠− 1

⎫⎬
⎭ . (43)

Moreover, in the case of the 4-parameter generalized entropy in Eq. (2), the apparent horizon cosmology is governed by,

1

γ

⎛
⎝1 +

3Rh
2

2

(
Ḣ − k

a2

)
1 − Rh

2
(

Ḣ − k
a2

)
⎞
⎠(Ḣ − k

a2

)[
α+
(

1 + α+
β

π Rh
2
)β−1

+ α−
(

1 + α−
β

π Rh
2
)−β−1

]
= −4π (ρ + p) . (44)

This results to,

ρG + pG = 1

4π

(
Ḣ − k

a2

) {
1

γ

⎛
⎝1 +

3Rh
2

2

(
Ḣ − k

a2

)
1 − Rh

2
(

Ḣ − k
a2

)
⎞
⎠×

[
α+
(

1 + α+
β

π Rh
2
)β−1

+ α−
(

1 + α−
β

π Rh
2
)−β−1 ]

− 1

}
(45)

generated from the 4-parameter generalized entropy. The presence of such energy densities sourced from the respective entropies indeed 
modify the field equations and lead to some interesting cosmological phenomena in the context of entropic cosmology, which we will 
discuss in the next section.

In summary of this section, we have explicitly found how the FLRW equations are modified according to the definitions in entropies 
by choosing the Tsallis entropy (see Eq. (36)), the Rényi entropy (see Eq. (37)) and the three-parameter entropy-like quantity (see Eq. (1)), 
as examples.

5. Cosmological consequences of the modified FLRW equations

Recall that the modified FLRW equation corresponding to a general form of entropy of the apparent horizon cosmology is determined 
in Eq. (31). We intend to solve this equation and examine its various consequences in this section. First, we consider the case without 
matter ρ = 0, which gives

0 = dSBH

dN
or 0 = 4SBH − dSBH

dN
. (46)

The situation does not depend on the choice of S = S (SBH). The solution of the first equation is SBH = constant and therefore Rh =
constant, which give the effective cosmological constant,

1

Rh
2

= H2 + k

a2
= �. (47)

The second equation in Eq. (46) gives SBH ∝ e4N , which gives

1

Rh
2

= H2 + k

a2
= Ce−4N , (48)

with a constant C , which corresponds to an exotic matter with the equation of state parameter w = 3. Therefore even in the case that 
there is no cosmological constant or real matter, Eq. (31) generates a universe with cosmological constant or an exotic matter.

Because it is difficult to solve the non-linear differential equation (31) in general, we assume 
∣∣∣ 1

SBH

dSBH
dN

∣∣∣< 1 and expand Eq. (31) with 

respect to 1
SBH

dSBH
dN . The condition 1

SBH

dSBH
dN < 1 refers that the change of the Hubble parameter is rather slow, in particular 1

H
dH
dN < 1 which 

is well valid during the early stage as well as during the late stage of the universe. In this section, since we are mainly interested in 
explaining the inflation and the dark energy era by entropic cosmology, the aforementioned condition is suitable for our purpose. The 
expansion of Eq. (31) with respect to 1

SBH

dSBH
dN leads to,

−
(

S ′ (SBH)

SBH
2

)
dSBH

dN
∼ 8

3

dρ

dN
− 3

4SBH

dSBH

dN

(
S ′ (SBH)

SBH
2

)
dSBH

dN
(SBH) ∼ 8

3

dρ

dN

{
1 + 3

4SBH

dSBH

dN

}
. (49)

First, we consider the case that the entropy is the Bekenstein-Hawking entropy S = SBH,

d

dN

(
1

SBH

)
∼ 8

3

dρ

dN

{
1 + 3

4SBH

dSBH

dN

}
∼ 8

3

dρ

dN

{
1 − 3

4

d

dN
ln

(
8

3
(ρ + C1)

)}
. (50)

As a matter, we consider the perfect fluid with a constant equation of state parameter w , ρ = ρ0e−3(1+w)N and we obtain

d

dN

(
H2 + k

a2

)
∼ 8

3
π

{
dρ

dN
+ 27(1 + w)2

4

ρ0
2e−6(1+w)N

ρ0e−3(1+w)N + C1

}
, (51)
7
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that is,

H2 + k

a2
∼ 8

3
π

{
ρ0e−3(1+w)N + C1 + 27(1 + w)2

4

(
−ρ0e−3(1+w)N

3(1 + w)
+ C1

3(1 + w)
ln
(
ρ0e−3(1+w)N + C1

))}

= 8

3
π

{(
1 − 9(1 + w)

4

)
ρ0e−3(1+w)N + C1 + 9(1 + w)C1

4
ln
(
ρ0e−3(1+w)N + C1

)}
. (52)

Therefore the contribution from the matter decreases by a factor, 1 − 9(1+w)
4 and there effectively appears a contribution from an exotic 

matter expressed in the last term of Eq. (52).
In the cases of the Tsallis entropy, the Rényi entropy, the generalized entropy having 3 or 4 parameters, Eq. (31) gives the modification 

of the first FLRW equation even in the zeroth order of 1
SBH

dSBH
dN .

• For Tsallis entropy: In the case of the Tsallis entropy, the zeroth order equation of Eq. (31) has the following form,

−δS0
1−δ SBH

δ−3 dSBH

dN
∼ 8

3

dρ

dN
, (53)

which can be integrated to give

− δ

δ − 2
S0

1−δ SBH
δ−2 ∼ 8

3
(ρ + �) . (54)

Here � appears as a constant of the integration. We rewrite Eq. (54) in the form similar to the first FLRW equation,

H2 + k

a2
∼ π

{
8

3

2 − δ

δ
S0

δ−1 (ρ + �)

} 1
2−δ

. (55)

In this regard, we consider two cases, particularly ρ = 0 and ρ �= 0 respectively.

Case-1: ρ = 0, i.e the normal matter is absent
In this case, Eq. (55) takes the following form:

H2 + k

a2
∼ π

{
8

3

2 − δ

δ
S0

δ−1�

} 1
2−δ

. (56)

Therefore when the normal matter content is absent, the entropic cosmology corresponds to the Tsallis entropy results to a constant 
energy density leading to an accelerating expansion of the universe. For suitable δ and �, the early or the late era of the universe can 
be described by such an accelerating expansion.

Case-2: ρ �= 0, i.e in presence of normal matter
In the case with a perfect fluid having constant EoS parameter w , the energy density of the fluid goes as ρ = ρ0e−3(1+w)N , and thus 
Eq. (55) turns out to be,

H2 + k

a2
∼ π

{
8

3

2 − δ

δ
S0

δ−1
(
ρ0e−3(1+w)N + �

)} 1
2−δ

. (57)

Here it deserves mentioning that for δ = 1, the Tsallis entropy gets similar to the Bekenstein-Hawking entropy, in which case, Eq. (57)
resembles with the usual FLRW equation. This is expected because for S = SBH, the condition in Eq. (32) is automatically satisfied 
in the leading order of 

∣∣∣ 1
SBH

dSBH
dN

∣∣∣. However for δ �= 1, the scenario gets modified compared to the usual FLRW equation, and the 
modification is given by the above equation which may lead to some interesting cosmology. For instance if � = 0 (i.e. the bare 
cosmological constant coming from the integration constant in the governing equation), then the Hubble parameter of Eq. (57) is 
controlled by an effective EoS parameter given by,

weff = −1 + 1 + w

2 − δ
. (58)

Clearly weff �= −1 and weff �= w due to the presence of the entropic parameter δ. We now show that the above weff may be consistent 
with the dark energy EoS parameter of the present universe. Considering δ = 0.1 and w = −0.2, one gets weff = −0.957 which is well 
consistent with the Planck data regarding the dark energy EoS parameter [59]. However with δ = 1, for which Eq. (57) produces the 
usual FLRW equation, the effective EoS parameter becomes weff = w from Eq. (58) – this indicates that for w = −0.957 = weff, the 
model becomes compatible with the present dark energy era. Thereby it is clear that in order to have a consistent dark energy EoS 
parameter with the Planck data, the matter content needs to be closer to the phantom structure for δ = 1 compared to the case of 
δ �= 1. This reveals an advantage for considering the modified FLRW equation, sourced by the entropic cosmology corresponds to the 
Tsallis entropy, over the usual FLRW scenario.

• For Rényi entropy: in the case of the Rényi entropy, Eq. (31) gives,

− 1

SBH
2

1

1 + αSBH

dSBH

dN
∼ 8

3

dρ

dN
, (59)
8
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where we retain up-to the zeroth order of 
∣∣∣ 1

SBH

dsBH
dN

∣∣∣. Integrating the above equation, one obtains

1

SBH
+ α ln

∣∣∣∣ SBH

1 + αSBH

∣∣∣∣∼ 8

3
(ρ + �) . (60)

There appears a constant of the integration �, again. During the universe’s evolution, the condition G H2 � 1 (or equivalently H2 � 1
in the unit of G = 1 with G being the Newton’s gravitational constant) safely holds, thus SBH is large. Owing to which, Eq. (60) can 
be solved, and is given by,

H2 + k

a2
∼ 8

3
π

(
ρ + � + 3

8
α ln |α|

)
. (61)

Therefore the entropic cosmology corresponds to the Rényi entropy sources an effective energy density given by ρR = 3
8 α ln |α|.

Case-1: ρ = 0
In this case, Eq. (61) becomes,

H2 + k

a2
∼ 8

3
π

(
� + 3

8
α ln |α|

)
= 8

3
π (� + ρR) . (62)

Therefore even if the cosmological constant � vanishes, � = 0, the ρR = α ln |α| plays the role of the effective cosmological constant. 
This may tell that the Rényi entropic energy density may generate the late-time accelerating expansion of the universe provided 
α ln |α| > 0.

Case-2: ρ �= 0
In presence of a normal matter content having EoS: p = wρ with w being a constant, we have ρ = ρ0e−3(1+w)N and consequently 
Eq. (61) comes as,

H2 + k

a2
∼ 8

3
π

(
ρ0e−3(1+w)N + � + 3

8
α ln |α|

)
, (63)

where the effective energy density is contributed from the normal matter, the Rényi entropic energy density and the cosmological 
constant, i.e. ρeff = ρ + ρR + �. This results to some non-trivial evolution of H(N) for different values of w .

• For the 3-parameter generalized entropy shown in Eq. (1): In this scenario, Eq. (31) up-to the zeroth order has the following form,

− α

γ SBH
2

(
1 + α

β
SBH

)β−1 dSBH

dN
∼ 8

3

dρ

dN
. (64)

Due to the reason that SBH is large, Eq. (64) is safely approximated as

− αβ

γ ββ−1 SBH
β−3 dSBH

dN
∼ 8

3

dρ

dN
, (65)

which in turn gives

H2 + k

a2
∼ π

{
8γ ββ−1 (2 − β)

3αβ
(ρ + �)

} 1
2−β

. (66)

Case-1: In absence of normal matter
In the case of ρ = 0, Eq. (66) becomes,

H2 + k

a2
∼ π

{
8γ ββ−1 (2 − β)

3αβ
�

} 1
2−β

. (67)

This leads to a constant Hubble parameter and may describe the late phase of the universe. In particular, by using Eq. (67), we 

find H ∼
√

G−1
(
G2�

) 1
2−β (here to clarify the dimension, we write G explicitly). We may choose, � ∼ (1015 GeV

)4
. Then because 

G ∼ (1019 GeV
)−2

, the Hubble parameter is given by H ∼ 1019− 8
2−β GeV = 1028− 8

2−β eV. Considering β ∼ 1.87, we obtain H ∼ 10−33 eV, 
which corresponds to the value of the Hubble rate H in the present universe. Therefore the entropic cosmology corresponds to the 
3-parameter generalized entropy may describe the accelerating expansion of the present late universe.

Case-2: In presence of normal matter
In this case, the energy density of the matter content behaves as ρ = ρ0e−3(1+w)N where w is the constant EoS of the matter. As a 
result, the evolution of H(N) is controlled by,

H2 + k

a2
∼ π

{
8γ ββ−1 (2 − β)

3αβ

(
ρ0e−3(1+w)N + �

)} 1
2−β

. (68)
9
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For instance, if the energy density coming from the normal matter is larger than that of �, then the Hubble parameter is dominated 
by an effective EoS parameter given by,

weff = −1 + 1 + w

2 − β
, (69)

which is clearly different from the cosmological constant. Moreover Eq. (69) depicts that weff �= w due to the presence of the entropic 
parameter β . Thus the 3-parameter generalized entropy under consideration modifies the Hubble parameter, and hence the universe’s 
evolution, compared to the usual scenario in presence of the normal matter.

• For the 4-parameter generalized entropy shown in Eq. (2): Due to the reason that SBH ∼ π
G H2 
 1, the 4-parameter generalized en-

tropy of Eq. (2) may be approximated as,

SG (α±, β,γ ) ∼ 1

γ

(
α+
β

)β

SBH
β . (70)

The above behavior of SG is similar to that of the Tsallis entropy by identifying S0
1−δ ≡ 1

γ

(
α+
β

)β

and δ ≡ β . Therefore, similarly to 
(55), the governing equation for the 4-parameter generalized entropy can be expressed as,

H2 + k

a2
∼ π

{
8

3

γ (2 − β)

β

(
β

α+

)β

(ρ + �)

} 1
2−β

, (71)

which, due to ρ0e−3(1+w)N , is equivalently expressed by,

H2 + k

a2
∼ π

{
8

3

γ (2 − β)

β

(
β

α+

)β (
ρ0e−3(1+w)N + �

)} 1
2−β

. (72)

Clearly for β = 1 and γ = α+ , the above equation resembles with the usual FLRW equation. This is expected because for β = 1 and 
γ = α+ , the generalized entropy in Eq. (70) gets similar to the Bekenstein-Hawking entropy and thus the condition in Eq. (32) is 
automatically satisfied in the leading order of 

∣∣∣ 1
SBH

dSBH
dN

∣∣∣. However for β �= 1, Eq. (72) provides a modified cosmological scenario which 
results to some interesting phenomena. For instance – (1) if � 
 ρ , then Eq. (72) results to a de-Sitter expansion of the universe 
which can describe the early phase of the universe, or (2) if ρ 
 �, then the Hubble parameter of Eq. (72) is controlled by an 
effective EoS parameter given by,

weff = −1 + 1 + w

2 − β
, (73)

which is equivalent to that of in the case of Tsallis entropy with the replacement δ ≡ β (see Eq. (58)). Therefore the advantage for 
using the Tsallis entropy demonstrated after Eq. (58) is similarly shared by the entropic cosmology corresponds to the 4-parameter 
generalized entropy.

Before concluding, we may note that there could be other kinds of thermal effects as discussed in [58]. Eq. (9) tells that the temperature 
Th becomes large when Rh is small. Because Eq. (5) tells that Rh is small when H is large and a is small, in the early universe, we have 
the high temperature Th. We may expect the generation of thermal radiation as in the case of the Hawking radiation. Because the thermal 
radiation is proportional to the fourth power of the temperature, the energy density ρ could be modified as

ρ → ρ + α0Th
4 =ρ + α0

(2π Rh)4

{
1 + Rh

2

2

(
Ḣ − k

a2

)}4

=ρ + α0

(2π)4

(
H2 + k

a2

)2
⎧⎨
⎩1 + 1

2
(

H2 + k
a2

) (Ḣ − k

a2

)⎫⎬
⎭

4

∼ρ + α0

(2π)4

(
H2 + k

a2

)2

, (74)

where α0 is a constant and in the last line, we have assumed H is large and a is small, again. Clearly Eq. (74) gives a certain modification 
of the FLRW equation. For example, Eq. (71) regarding the 4-parameter entropy can be expressed as,

H2 + k

a2
∼ π

{
8

3(2π)4

γ α0 (2 − β)

β

(
β

α+

)β (
H2 + k

a2

)2
} 1

2−β

, (75)

which gives

H2 + k

a2
∼ 0 , or H2 + k

a2
∼
(

1

π

) 2−β
β

{
3 (2π)4 β

8α0γ (2 − β)

(
α+
β

)β
} 1

β

. (76)
10
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The first equation in Eq. (76) may give a rather trivial solution but in the second equation, the effective cosmological constant �eff =( 1
π

) 2−β
β

{
3(2π)4β

8α0γ (2−β)

(
α+
β

)β
} 1

β

appears, which may generate inflation. These results do not change qualitatively even if we consider the 

Bekenstein-Hawking entropy instead of the three-parameter entropy-like quantity because the three-parameter entropy-like quantity is 
proportional to the Bekenstein-Hawking entropy when the Bekenstein-Hawking entropy is small, which is always true in the early universe. 
Many other definitions of the entropies also have the property that the entropies reduce to the Bekenstein-Hawking entropy when the 
Bekenstein-Hawking entropy is small and therefore we obtain similar results. If there is still a non-linearity when the Bekenstein-Hawking 
entropy is small, we may obtain some specific results.

6. Summary

In the thermodynamic context of the apparent horizon, the Bekenstein-Hawking entropy is related to the usual FLRW equations only 
for a special case, particularly when the normal matter content is considered to be a perfect fluid with the EoS given by p = −ρ (with p
and ρ are the pressure and the energy density of the fluid under consideration, respectively). By the “usual FLRW equations”, we mean 
H2 + k

a2 = 8π
3 ρ and Ḣ − k

a2 = −4π (ρ + p) where ρ and p are contributed only from the normal matter content and the other quantities 
have standard meaning. Thus for a fluid p = wρ (with w being the EoS parameter of the fluid), the apparent horizon thermodynamics 
based on the Bekenstein-Hawking entropy leads to the usual FLRW equations only for w = −1. Motivated by this argument and to include 
the case p �= −ρ , we search for a suitable modification of the Bekenstein-Hawking entropy. Accordingly, we develop a modified entropy, 
based on which, the apparent horizon thermodynamics gives the usual FLRW equations for all possible values of w including w = −1. 
Such development of the modified entropy is also extended to the case when the EoS parameter is not a constant but rather varies 
with the cosmological evolution of the universe. The newly developed entropy acquires a correction over the Bekenstein-Hawking entropy 
and shares the following properties – (1) monotonically increases with the Bekenstein-Hawking entropy (SBH), (2) vanishes in the limit 
SBH → 0 and (3) converges to SBH for w = −1 that recovers the aforementioned case of the Bekenstein-Hawking entropy. Here it deserves 
mentioning that the modified entropy that we have constructed diverges for w = 1

3 which corresponds to the radiation. This argues either 
of the following points: (1) there might not exist a suitable entropy which leads to the usual FLRW equations for the case w = 1

3 i.e. 
when the matter is only radiation, or, (2) there exists a more fundamental entropy which can produce the usual FLRW equations for all 
possible EoS of the matter content including w = 1

3 , while our constructed entropy in the present work is a sub-class (represented by 
w �= 1

3 ) of such fundamental entropy. However irrespective of these arguments, we hope that we make important progress to address the 
well defined question: “Does there exist any entropy function that is able to give the usual FLRW equations for the whole spectrum of EoS 
of the matter content under consideration?” One more point we would like to mention is that the modified entropy consistent with the 
usual FLRW equations differs from all the known entropies like the Tsallis, Rényi, Barrow, Sharma-Mittal, Kaniadakis, and Loop Quantum 
Gravity entropies proposed so far. Owing to this argument, we investigate how the FLRW equations of the apparent horizon cosmology get 
corrected for a general form of entropy and discuss its possible consequences. It turns out that the entropy sources some effective energy 
density that leads to some interesting cosmology during the early and late stages of the universe. For example – (1) the entropic cosmology 
corresponds to the Rényi entropy sources an effective cosmological constant which may generate the late time acceleration of the universe 
even in the absence of bare cosmological constant coming from the integration constant in the governing equation, (2) in a more general 
set-up, if one considers the four-parameter generalized entropy proposed in [57], the model can successfully describe the dark energy 
EoS in consistent with the Planck data. In particular, the effective EoS parameter corresponds to the 4-parameter generalized entropy 
comes as weff = −1 + 1+w

2−β
where w is the constant EoS of the normal matter and β symbolizes the entopic parameter. Clearly weff �= −1

and weff �= w due to the presence of the entropic parameter β . Therefore with β = 0.1 and w = −0.2, one gets an observationally 
viable dark energy EoS parameter in respect to the Planck data. However with β = 1, for which the generalized entropy reduces to the 
Bekenstein-Hawking entropy and produces usual FLRW equation, the effective EoS parameter becomes weff = w – this indicates that for 
w = −0.957 = weff, the model becomes compatible with the present dark energy era. Thereby it is clear that in order to have a consistent 
dark energy EoS parameter with the Planck data, the matter content needs to be closer to the phantom structure for β = 1 compared to 
the case of β �= 1. This reveals an advantage for considering the modified FLRW equation, sourced by the entropic cosmology corresponds 
to the 4-parameter generalized entropy (SG), over the usual FLRW scenario. The acceleration during the early stage as well as during 
the late stage of the universe may be explained in a unified manner. Such advantage or success for using the 4-parameter generalized 
entropy is also shared by the Tsallis entropy or even by the 3-parameter generalized entropy, as demonstrated in Sec. 5. Furthermore, 
generalized entropy construct applied to the apparent horizon may lead to an even more deep and more interesting relationship between 
the fundamental entropy and gravity.
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