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We analyze homogeneous and quasi-homogeneous thermodynamic systems within the formalism of
geometrothermodynamics (GTD). A generalized Euler identity is used to obtain the explicit form of the
three Legendre invariant metrics that are known in GTD for the equilibrium space. In so doing, we fix
all the arbitrary parameters that enter the GTD metrics in terms of the quasi-homogeneous coefficients.
We obtain quite general results that relate the curvature singularities of the equilibrium space with the

thermodynamic stability conditions and the phase transition structure of the system. This result allows
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us to avoid the appearance of non-physical singularities at the level of the equilibrium space.
© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Riemannian geometry has been used for a long time in ther-
modynamics. It was first introduced in thermodynamics and sta-
tistical physics by Rao [1], in 1945, by means of a metric whose
components in local coordinates coincide with Fisher’s informa-
tion matrix [2]. The Fisher-Rao metric determines the Riemannian
structure of the equilibrium space, for which local coordinates
are usually taken as corresponding to the extensive variables that
are needed to describe the corresponding thermodynamic system.
Rao’s original work has been and extended and applied by a large
number of authors (for a review see, e.g., [3]).

Another approach was used by Weinhold [4] in 1975 and Rup-
peiner [5,6] in 1979, who defined Riemannian metrics for the equi-
librium space as the Hessian of the internal energy and (minus)
the entropy, respectively. The study and applications of Hessian
metrics is known nowadays as thermodynamic geometry that is
currently a field of activ research [7,8]. Recently, in order to solve
some inconsistencies of thermodynamic geometry, in [9,10] a new
thermodynamic geometry was proposed, in which the potential of
the Hessian metric is changed in such a way that there is a one-to-
one correspondence between the divergences of curvature scalars
and heat capacities. A similar approach was applied in [11] and
[12] to postulate a metric in which the Hessian potential and a
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conformal factor is chosen such that the phase transition structure
of black holes is reproduced.

The formalism of geometrothermodynamics (GTD), proposed in
2007 in [13], is different because it is based upon the physi-
cal invariance of classical thermodynamics with respect to Leg-
endre transformations, i.e., with respect to the choice of thermo-
dynamic potential. In this case, the geometric background is dif-
ferent because the equilibrium space is a subspace of the phase
space, where Legendre transformations are represented as coordi-
nate transformations and Legendre invariant metrics can be deter-
mined. This implies that the Riemannian structure of the equilib-
rium space cannot be chosen arbitrarily but it is determined by
the geometric properties of the phase space. In fact, it was found
that in GTD there are three metrics that satisfy the condition of
Legendre invariance.

The application of the GTD metrics in some thermodynamic
systems has shown that certain curvature singularities appear that
cannot be interpreted from a thermodynamic point of view [14]. In
particular, it has been found that in certain cases the explicit form
of the GTD metrics depend on whether the system is homoge-
neous or quasi-homogeneous. In this work, we present a solution
to these problems. Indeed, we will use the arbitrariness of the co-
efficients that enter the GTD metrics to obtain general results that
are valid independently of the homogeneity properties of the sys-
tem. In addition, we find that the singularities of the three GTD
metrics are directly related to the physical properties of the sys-
tem under consideration, namely, its stability properties and phase
transition structure.
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This work is organized as follows. In Sec. 2, we review the
main aspects of quasi-homogeneous and homogeneous thermody-
namic systems and introduce notations that are used throughout
this work. In Sec. 3, we introduce the formalism of GTD and apply
Euler’s identity to reduce the explicit form of the GTD metrics. In
Sec. 4, we illustrate the application of the GTD metrics in the case
of a system with two degrees of freedom. We show that the singu-
larities of the GTD metrics contain information about the stability
properties and the phase transition structure of the system under
consideration. Finally, in Sec. 5, we summarize and comment our
results.

2. Homogeneous and quasi-homogeneous thermodynamics

Consider a thermodynamic system described by the fundamen-
tal equation ® = ®(E?), where ® is the thermodynamic poten-
tial, usually taken as the entropy or the internal energy, and EY,
a=1,2,...n are the n extensive variables that are necessary to de-
scribe the system. The fundamental equation is assumed to satisfy
the laws of thermodynamics; in particular, the first law of thermo-
dynamics can be written as (summation over repeated indices)

ad
~ OEC
where I, are the corresponding intensive variables dual to E%.

Homogeneity is an important property of ordinary thermody-
namic systems and is related to the extensive character of the
variables E? [15], implying that the fundamental equation is rep-
resented by a homogeneous function, i.e.,

d® = I,dE?, I , (1)

DOAEY) = 1Prd(EY) 2)

where A is a positive constant and B¢ is the degree of homo-
geneity of the function ®. Usually, 8o = 1 for ordinary systems.
However, there exist also systems in which the homogeneity con-
dition is not satisfied [16] such as large-scale inhomogeneous sys-
tems [17], black holes [18], and others. To correctly handle this
type of systems [19-22], it is necessary to use quasi-homogeneous
functions that satisfy the condition

d(WPaET = (Pe D (ET) (3)

where 8, are the coefficients of quasi-homogeneity that character-
ize the system. If B, =1 Va, we return to the case of homogeneous
systems.

It is important to notice that, in general, it is possible to in-
troduce new extensive variables EY that absorb the coefficients
Bq and the function ®(E¥) becomes homogeneous of degree one.
This change of variables is allowed from a mathematical point of
view, but it is not convenient from a physical point of view be-
cause it could affect the thermodynamic properties of the system
[22,23]. Indeed, although the laws of thermodynamics do not de-
pend on the value of the quasi-homogeneous coefficients f,, the
Euler identity and the Gibbs-Duhem relationship contain the con-
stants B, explicitly, namely, [23]

and  (Bap — Podap) IdE® + BapEPdI* =0,
(4)

Bap°EP = Bo® ,

respectively, with I, = 84,1° and

ﬁabzdiag(ﬁlﬁﬂL---’ ﬂn) (5)

Therefore, the correct use of these relationships is important in
order not to affect the thermodynamic properties of the system
and the geometric properties of the equilibrium space [24].

Sap = diag(1,1,..., 1),
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3. Geometrothermodynamics

The main ingredient of the GTD formalism is Legendre invari-
ance, which is handled as diffeomorphism invariance. To this end,
it is necessary to introduce the 2n + 1 dimensional phase space
T with coordinates Z# = (®, E?, I%). Then, a Legendre transforma-
tion can be defined on 7 as a coordinate transformation of the
form ZA — ZA = (&, E9, %) such that [25]

=0 - 6yET", E'=-T, EI=E, I'=E', =1, (6)
where i U j is any disjoint decomposition of the set of indices
{1,...,n}, and k,I =1, ...,i. In particular, for i = ¢ we obtain the
identity transformation, and for i = {1, ...,n}, Eq. (6) defines a to-
tal Legendre transformation. Then, it is possible to show that the
Legendre invariant metrics G = GapdZ4dZ® on 7 can be written
as

G' = (dD — IqdEY? + (£ E°IP) (Scqd ESdIY) (7)
G = @D — IadE)? + (Eap E°I”) (nead EdI%) 8)
n
G"'=(d® — I,dEY)* + ) " & (Eala)™ T dEdI® 9)
a=1
where nq = diag(—1,1,---,1), & are real constants, &g, is a di-

agonal n x n real matrix, and k is an integer. It turns out that the
condition of Legendre invariance does not fix completely the form
of the metric components G4p but leaves the coefficients k, &;, and
&qp arbitrary. In previous works, it was assumed that §; =1 Va and
& = Sqp as the simplest possible case. Now, it is clear that this
choice is correct in the case of homogeneous systems, but it could
lead to inconsistencies in quasi-homogeneous systems. This is due
to the fact that the explicit form of the corresponding metrics of
the equilibrium space turn out to depend on the type of system
under consideration. To fix this problem, we proceed as follows.

In GTD, the equilibrium space £ is a subspace of 7 defined
by the embedding smooth map ¢ : £ — 7 such that the pullback
©*(®) = p*(dd — I,dE?) =0, i.e, on &, the first law of thermo-
dynamics (1) is satisfied as a consequence of the definition of
the smooth map ¢, which also implies that ¢ : {(ZA} —> (E%}, ie.
@ = ®(EY) and 19 = I9(EP). Moreover, the smooth map induces a
metric g on £ by means of g = ¢*(G). Then, from Egs. (7), (8), and
(9), we obtain

3P
1
gab :ﬁq)q)aacaEbaEcv (10)
BRL
11
gab :ﬁq)q)nacaEbaECa (11)
n 2k+1 2
(o} 0P

11 d ab aqjpc

= E SadE" — 1) dE“dE" , 12
g az]ﬁﬂ(ad 8E“> BEbaEC ( )

respectively, where §,° = diag(1,---,1), n, = diag(—-1,1,---,1).
To obtain the components of the metrics g/ and g'!, we have cho-
sen & = Bap and used the quasi-homogeneous Euler identity (4),
which generates the conformal factor B¢ ®. This choice is impor-
tant in order to obtain the same metric for both homogeneous
and quasi-homogeneous functions. Otherwise, the conformal term
would be &5 E?IP that could generate singularities at the level of
the curvature in the case of quasi-homogeneous systems. In the
case of the metric g/!!, we have chosen the arbitrary constants &,
as & = By. This choice will allow us to apply Euler’s identity to

analyze the singularities of g'!’.
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4. Systems with two degrees of freedom

To illustrate the results of the previous section, we will con-
sider now the case of a system with two thermodynamic de-
grees of freedom (n = 2). Then, the fundamental equation reads
& = ®(E', E2). From Egs. (10)-(12), we obtain in this case

gl = Bod [(b,n(dEl)z 420 1,dEVdE? + da,zz(dEZ)Z] (13)

g = po® [~ 11(WEN? + @ 5 (dEY?] (14)
g = Br(E'® )P @ 11 (dE")? + +B2(E2 @ 2)* T @ 55 (dE?)?
+[B1(E @02 4 Bo(B20 )% | @ 1pdENAE? (15
where ¢ 4 = 3% etc. To investigate the singularity structure of the
above metrics, we compute the corresponding curvature scalars. In
doing this, we demand that the singularities of g/!! are related to
those of g/ and g/’ so that all the metrics can be used to describe
the same system. It then follows that this condition fixes the value

of the integer k entering the metric g/ as k = 0. Then, a straight-
forward computation leads to

N! 2
R = T D' =284 0> [¢,11¢,22 - (©,12)2] , (16)
n_ NY I 3 2
R = oIl - D" =2B5®° (119 ,22)" , (17)
NI
11
R DIl

3
D' = [ﬁéq)z(q),lz)z - 4ﬂlﬂzElfz¢,1®,2¢,11¢,2z] . (18)
respectively, where we have used the Euler identity

BIE'® 1+ BrE2® 3 = fo® , (19)

to reduce the form of the function D'!!. The functions N, N! and
N''" depend on ® and its derivatives.

The singularities of the equilibrium space metrics are deter-
mined by the zeros of the functions D!, D!' and D'!'. Notice that
the term Bo® appears as a result of applying Euler’s identity at
the level of the metric with the identification &;;, = 4. Otherwise,
with the choice &, = 845, we would obtain the term E1® { +E2®
in the functions D! and D!, which could lead to additional singu-
larities. This has been correctly pointed out in [14]. The identi-
fication of the arbitrary constants &;, as the quasi-homogeneous
coefficients B, avoids this type of singularities.

We now analyze the zeros of the above functions. The condition
D' =0 implies that ® 11® 37 = (P 12)? so that and D' 0 and

3
DM = (0,12)° [ B30 481 B2 B0, 1 02 (20)

It is then easy to see that the expression inside the parenthesis
is zero only if ® depends on one variable only, which is equiva-
lent to setting ® 1, = 0. The condition D! =0, ie., ® 11 =0 or
® 57 =0, implies that D' and D! are zero only for ® 1, =0. We
conclude that all the singularities are determined by the zeros of
the second-order derivatives of ®, namely,

[0 ®11® 2 — (122 =0, (21)
II: 119 22=0, (22)
II: ®1,=0. (23)

We can now establish the relationship between the above sin-
gularities and the thermodynamic properties of the system under
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consideration. The singularity I implies that the stability condition
of a system with two degrees of freedom is not satisfied [15],
which is usually associated with a first order phase transition.
Furthermore, the singularities I and III can be associated with
second order phase transitions. Indeed, the response functions of
a thermodynamic system define second order phase transitions
and are essentially determined by the behavior of the independent
variables E® in terms of their duals I, i.e.,
Cab — a_Ea — l
alp Py
which is obtained by using the definition I, = ® ;. Consequently,
the zeros of the second order derivatives of ® can be associated
with second order phase transitions.

Some examples of the application of the above procedure to
determine the phase transition structure of homogeneous systems
have been presented in [26,27]. To illustrate the case of a quasi-
homogeneous system, consider the phantom Reissner-Nordstrém-
AdS black hole [29] with mass M, charge g, and cosmological con-
stant A, whose fundamental equation can be written as [30]

1 1 A q?
M=-83(-—-Z4+n%), 25

2 S 3 + ’752 (25)
where 77 = 41 and the entropy has been normalized as S/m — S.

The application of the GTD formalism leads to singularity condi-
tions (21)-(23), which in this case read

(24)

I M,SSM,qq—(M,gq)z=$(nq2—1\52—5)=0, (26)

I1: MssMgq = %(3;7(;2 —AS2—S§)=0, 27)
nq

I1: M,Sq=—25—3/2 =0. (28)

Condition III cannot be satisfied in general. The singularity II coin-
cides with the divergence of the heat capacity

M 25(—ng* — AS2+S
Cq:T< ) _25(=mq +95)
q

aT 3ng? —AS2—-S (29)
which is interpreted as a second order phase transition [18,28].
Finally, the singularity I corresponds to a bread down of the stabil-
ity condition, which is usually associated with a first order phase
transition in classical thermodynamics [15].

To explain how the application of the quasi-homogeneity con-
dition avoids the appearance of new singularities, we demand that
the fundamental equation (25) be a quasi-homogeneous function.
To this end, we perform the transformation M — A#MM, § — AfsS,
q— APaq, and A — AP A in (25) and obtain the conditions By =
Bs/2, Ban = —Bs, and Bg = Bs/2. Then, the Euler identity (4) allows
us to replace the sum

—12’251/2 (3ng? — AS? +35)
(30)

by the conformal factor SyM that appears in the denominators
(16) and (17). Notice that in this context the quasi-homogeneity
condition implies that A should be considered as thermodynamic
variable [30].

Thus, this simplification obtained from using the Euler iden-
tity is a consequence of the choice & = B, and &y, = By for
quasi-homogeneous systems. If, instead, we use the homogeneous
choice & =1 and &, = &g in the case of the phantom Reissner-
Nordstrom-AdS quasi-homogeneous black hole, instead of the con-
formal factor By M, we would obtain the term

BsSM s + BAAM A + BqqM q =
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1
SMs+AM A +qMg= 125—]/2(977112 —5AS? +35) (31)

in the denominators (16) and (17), leading to new singularities
that do not correspond to first or second order phase transitions.

5. Conclusions

In this work, we analyze homogeneous and quasi-homogeneous
systems in the context of GTD. The Euler identity is used to obtain
the explicit form of the three Legendre invariant metrics that are
known in GTD for the equilibrium space. To this end, it is impor-
tant to choose the arbitrary constants, which are not fixed by the
Legendre invariant condition, in terms of the quasi-homogeneity
coefficients of the corresponding fundamental equation. As a result,
we obtain metrics that have the same functional dependence and
can be used for homogeneous and quasi-homogeneous systems as
well. This unified representation of the GTD metrics is tested in the
case of a system with two degrees of freedom. The condition that
all the three metrics can be applied simultaneously to any thermo-
dynamic system fixes the only remaining integer constant k of the
metric g!!!.

The unified representation of the GTD metrics allows us to an-
alyze the singularities of the equilibrium space, in general, for any
fundamental equation. As a result, we obtain that all the singu-
larities are given in terms of the second derivatives of the funda-
mental equation. In particular, the singularities of the metric g’
coincide with the locations where the stability condition breaks
down. Furthermore, the singularities of the metrics g!! and g!!!
are determined by the zeros of the second order derivatives of the
fundamental equation. We show that, in general, these zeros coin-
cide with the locations where the response functions diverge and
second order phase transitions occur.

The results presented in this work allow us to explain and avoid
the appearance of non-physical singularities of the GTD metrics as
pointed out, for instance, in [14]. We conclude that the correct
application of Euler’s identity at the level of the equilibrium space
metrics is important in order to consider all the consequences and
obtain all the information from the Legendre invariant condition.
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