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Abstract: We study the universal behavior of quantum information-theoretic quanti-
ties in thermalized isolated quantum many-body systems and evaporating black holes. In
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negativity, other correlation measures including the Renyi negativities and the mutual in-
formation, and a signature of multipartite entanglement called the reflected entropy. We
also probe the feasibility of recovering quantum information from subsystems of a thermal-
ized quantum many-body system or from the radiation of an evaporating black hole, using
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called the equilibrium approximation allows us to probe these quantities at finite tempera-
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1 Introduction

A chaotic quantum many-body system initially in a far-from-equilibrium pure state should
eventually approach a macroscopic equilibrium. In equilibrium, despite the fact that the
system is in a pure state, we can use an equilibrium density operator ρ(eq) to characterize
its macroscopic properties using quantities such as temperature, thermal entropy, and free
energy. Furthermore, expectation values and correlation functions of generic few-body
observables can also be reliably calculated using ρ(eq).

Surprisingly, it has been recognized recently that fine-grained quantum-informational
quantities such as the Renyi and von Neumann entropies of various subsystems can also
be calculated using ρ(eq), in a way which is compatible with unitarity [1]. The method,
called the equilibrium approximation, provides a powerful tool for extracting universal
quantum-informational properties of a chaotic quantum many-body system. For example,
it enables one to make predictions for the entanglement structure of the system at a finite
temperature, and can be used to explain certain semi-classical gravity calculations of Renyi
and von Neumann entropies for evaporating black holes [2–5].
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Figure 1. Top row: the general behavior of logarithmic negativity (red) and mutual information
(blue) is shown for finite temperature equilibrated pure states, specifically evaporating black holes.
While the mutual information within the radiation does not become extensive until the Page time tp,
the negativity starts to become extensive at the earlier time tb, signaling the existence of quantum
correlations in the radiation prior to the Page time that cannot be distilled into EPR pairs. After the
Page time, we expect the entanglement to be distillable but do not have a rigorous proof. Bottom
row: we also plot the fidelity of the Petz map in the Hayden-Preskill experiment for small (green)
and large (orange) diaries. For small diaries, the fidelity increases rapidly from its initial value to
1 at tp. For sufficiently large diaries, the fidelity begins to increase at the time scale tb < tp, and
reaches a value close to 1 at tp2 > tp. tp2 is defined as the time when the entropy of the radiation is
equal to the entropy of the black hole plus the equilibrium entropy of the diary. The cartoon plots
in the bottom row are schematic, but should be thought to have a logarithmically scaled y-axis.

In this paper, we generalize the equilibrium approximation to a number of other
quantum-informational measures, including Renyi and logarithmic negativities, relative en-
tropy, the fidelity of the Petz map, and reflected entropy. These generalizations enable us to
probe and make predictions both for the mixed-state entanglement structure and for infor-
mation recovery in a system at a finite temperature. Besides their implications for general
quantum chaotic systems, these issues are also of much interest for probing the quantum
nature of black hole evaporation. The results of this paper can be used both to make pre-
dictions for the entanglement structure hidden in the Hawking radiation emitted by a black
hole, and for understanding how and when quantum information is transferred from a black
hole to its radiation. We find various surprising phenomena at finite temperature that have
no infinite temperature analog, underscoring the importance of energy conservation.
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Our main results can be summarized as follows:1

1. Consider a system AB in a macroscopically equilibrated pure state |Ψ〉, and a subsys-
tem A = A1 ∪ A2 whose reduced density operator is given by ρA = TrB |Ψ〉 〈Ψ|. We
study the Renyi negativities Rn(A1, A2) and the logarithmic negativity E(A1, A2),
which encode bi-partite entanglement between A1 and A2 in the mixed state ρA.
The logarithmic negativity E is non-zero only if ρA is not separable, and can be used
to lower-bound the PPT entanglement cost, E(A1, A2) ≤ E(ppt,exact)

c (A1, A2) [7]. De-
pending on the sizes of A and A1, the behaviors of the negativities give rise to an
intricate phase diagram, exhibiting a rich entanglement structure. In particular, finite
temperature has a significant effect on the qualitative structure of the entanglement
phase diagram.

The behavior of the negativities can further be contrasted with that of the Renyi mu-
tual informations In(A1, A2) and the mutual information I(A1, A2) between A1 and
A2. Unlike the logarithmic negativity, the mutual information I can contain informa-
tion about both classical and quantum correlations in the state, but is nevertheless
of importance for understanding the entanglement structure as it upper-bounds the
distillable entanglement, Ed(A1, A2) ≤ 1

2I(A1, A2) [8]. The phase structure indicated
by the mutual information I(A1, A2) appears to be insensitive to finite tempera-
ture, although the Renyi mutual informations can be sensitive to finite temperature.
Comparison between (Renyi) mutual information and negativities indicate that these
quantities likely capture complementary aspects of mixed state entanglement.

A particularly surprising result is that in the thermodynamic limit, there can be a
finite region in the entanglement phase diagram where the logarithmic negativity
is extensive, but the mutual information is sub-extensive, implying that there is
a large amount of bound entanglement. This phenomenon does not take place in
the infinite temperature case previously studied in [9]. This observation also has
important implications for black hole physics. It implies the existence of a new time
scale tb before the Page time tp, after which there is already a significant amount of
entanglement correlation within the Hawking radiation. For example, if we take the
equilibrium density matrix ρ(eq) to be the canonical ensemble at finite temperature,
then tp is defined as the time scale when SB(ρ(eq)) = SR(ρ(eq)), where SB and SR are
the von Neumann entropies in the black hole and radiation subsystems respectively,
whereas tb is the time scale at which S2,B(ρ(eq)) = S 1

2 ,R
(ρ(eq)), where Sn,A is the

n-th Renyi entropy in subsystem A. In the following point, we give an operational
interpretation of tb. See figure 1.

These results on the behavior of the negativity and mutual information, together
with the behavior of a quantity called reflected entropy, also suggest the existence of
nontrivial multi-partite entanglement among different parts of the radiation and the
black hole.

1Some of the results in the first point below have been summarized in an earlier paper [6].
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2. We consider the Hayden-Preskill thought experiment [10]2 for information transfer
from a black hole to its Hawking radiation at a finite temperature. We take two
perspectives on this process of information transfer, viewing it as (i) growth of the
mutual information between an auxiliary reference system and the radiation sub-
system, as in [10]; (ii) growth of the fidelity of a recovery map for extracting the
information from the radiation. The recovery map is in turn studied from two ap-
proaches: from a lower bound on its fidelity provided by relative entropy, and from a
direct calculation of the fidelity of an explicit map called the Petz map. We show that
in both approaches, the results at finite temperature can be expressed in terms of
natural quantum information-theoretic measures of the thermal state. In particular,
for a “small” diary whose size does not scale with the total volume of the system, the
fidelity rapidly grows from its initial small value to its maximum value of 1 at the
standard Page time tp. For a “large” diary whose size does scale with the volume,
the fidelity becomes exponentially close to 1 at a time tp2 > tp, which was previously
identified in [11]. But intriguingly, the fidelity of the large diary first starts to grow
from its small initial value at the same time scale tb < tp when the logarithmic nega-
tivity between parts of the radiation starts to grow.3 This result is in contrast to the
prior literature based mostly on infinite temperature calculations, which always took
tp and tp2 to be the only relevant time scales for information recovery. These state-
ments can be viewed as giving operational definitions of the time scales tb, tp, and
tp2 , which apply both at infinite temperature and finite temperature. See figure 1.

The plan of the paper is as follows. In section 2, we review some relevant concepts about
mixed-state entanglement, the Renyi and logarithmic negativities, and the Petz recovery
map, as well as the equilibrium approximation developed in [1]. In section 3, we explain how
to generalize the equilibrium approximation to the various information-theoretic quantities
studied in this paper. In section 4, we use these methods to find entanglement phase
diagrams for a variety of universality classes of thermalized states. Section 5 discusses the
operational implications of these entanglement phase diagrams, and the consequences for
black hole dynamics. We study the question of information recovery from the radiation
of an evaporating black hole at finite temperature in section 6, and conclude with some
discussion of future directions in section 7. Many details are relegated to appendices.

2 Review of background materials

In this section we review topics and technical tools that will be used in subsequent discus-
sions.

2Throw a diary into an evaporating black hole, and see when the information of the diary is recoverable
from the radiation.

3As we vary the size of the diary from O(1) to O(V ) where V is the volume of the system, the time scale
for the beginning of fidelity growth gradually changes from tp to tb.
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2.1 Entanglement in mixed states

Consider a state ρ in a bipartite system HA = HA1 ⊗HA2 . ρ is said to be a separable state
if it can be written as a convex combination of product states,

ρ =
q∑
i=1

pi (ρi)A1 ⊗ (ρ̃i)A2 , 0 ≤ pa ≤ 1,
q∑

a=1
pa = 1 . (2.1)

Such a state has no quantum entanglement, as the correlations in it can be given a classical
hidden-variable description [12], and it can be prepared using only local operations and
classical communications (LOCC) without any need for EPR pairs between A1 and A2.
Any state that is not separable is said to be entangled.

If we know that ρ is a pure state, then its entanglement entropy or von Neumann
entropy in A1, defined as

SA1(ρ) := −Tr[ρA1 log ρA1 ], ρA1 := TrA2 [ρ] (2.2)

is sufficient to determine whether it is separable or entangled. ρ is an entangled state if
SA1(ρ) is non-zero, and a separable state with q = 1 otherwise.

If ρ is not a pure state, then no easily calculable quantity is known which is zero
when the state is unentangled and non-zero when it is entangled. In fact, it is an NP-hard
problem to determine whether an arbitrary state is entangled [13].

One familiar quantity that captures correlations between regions A1 and A2 in the
state ρ is the mutual information,

I(A1, A2) := SA1(ρ) + SA2(ρ)− SA(ρ), (2.3)

where SAi(ρ) is the von Neumann entropy defined in (2.2). While the mutual information
is non-zero for any entangled state, it is also nonzero for a separable state as in (2.1) with
q > 1, and can hence reflect both classical correlations and quantum entanglement.

Another useful quantity for studying entanglement in mixed states is the logarithmic
negativity. Suppose the density matrix ρ has matrix elements ρa1a2,b1b2 in some basis |a1a2〉
for HA1 ⊗HA2 . We define the partial transpose ρT2 of ρ with respect to HA2 as

ρT2
a1a2,b1b2

:= ρa1b2,b1a2 . (2.4)

The eigenvalues of ρT2 can now in principle be negative. The presence of negative eigen-
values in ρT2 reflects that subsystems A1 and A2 are entangled; for a separable state (2.1),
ρT2 = ∑q

i=1 pi (ρi)A1⊗(ρ̃i)TA2
remains a legitimate density operator with non-negative eigen-

values, as the transpose of a positive operator is still positive. This motivates one to define
the logarithmic negativity as4 [14–20]

E(A1, A2) := log
∑
k

|λk|, (2.5)

where λk are the eigenvalues of ρT2 . By definition, ρT2 has unit trace, and thus∑k |λk| ≥ 1,
which implies that E ≥ 0. States with E = 0 are referred to as positive partial transpose

4ρT1 has the same eigenvalues as ρT2 , and thus the definition of E is symmetric between A1 and A2.
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(PPT) states, and could still be entangled. Separable states form a proper subset of PPT
states. Hence, unlike non-zero mutual information, a non-zero value of the logarithmic
negativity implies that ρ is entangled.

Another natural way to quantify entanglement is through hypothetical protocols for
interconversion between the state ρ and some number of EPR pairs shared between A1 and
A2, using only LOCC. This leads to two operationally motivated measures of entanglement,
known as the entanglement cost Ec and the distillable entanglement Ed [21].

To define both of the above quantities, suppose we take n copies of the original system,
A⊗n1 ⊗A

⊗n
2 . We allow only local operations and classical communication between A⊗n1 and

A⊗n2 , and consider conversions between ρ⊗n and (|EPR〉 〈EPR|)⊗m, where

|EPR〉 = 1√
2

(|0〉x1
|0〉x2

+ |1〉x1
|1〉x2

), x1, x2 are qubits in A⊗n1 , A⊗n2 . (2.6)

First consider the conversion from (|EPR〉 〈EPR|)⊗m to ρ⊗n under different choices L of
LOCC operations, with vanishing error in the limit n→∞. The entanglement cost Ec is
defined as the minimum ratio m

n over all choices of L [22]. Next, consider the conversion
from ρ⊗n to (|EPR〉 〈EPR|)⊗m under LOCC operations L, with vanishing error in the
limit n→∞. Now the maximum ratio m

n over all choices of L is defined as the distillable
entanglement Ed.

For a pure state ρ, Ec and Ed are both equal to the entanglement entropy S(ρA1) [23].
This is another justification for seeing the entanglement entropy as a natural measure of
entanglement for pure states. For mixed states, in general Ec ≥ Ed, and neither of these
quantities must be equal to S(A1)(ρ) [21]. In fact, there can be “bound-entangled” states,
for which Ec is non-zero while Ed = 0 [24].

We can also consider replacing the LOCC operations of the above definitions with a
larger set of operations called PPT-preserving transformations, which send any state σ
with σT2 ≥ 0 to another state σ′ with (σ′)T2 ≥ 0. The entanglement cost and distillable
entanglement under such operations, E(ppt)

c and E(ppt)
d , are then natural generalizations of

the definitions for LOCC given above.
Since LOCC operations are a proper subset of PPT-preserving operations, it is clear

that E(ppt)
c ≤ Ec, and E(ppt)

d ≥ Ed. It turns out that it is not possible to find states where
E

(ppt)
c is non-zero while E(ppt)

d = 0 [25]. However, there are known examples of states for
which the preparation by PPT operations is irreversible, i.e. E(ppt)

c > E
(ppt)
d [26].

In the discussion below, we will sometimes refer to “exact” versions of each of the
above entanglement costs and distillable entanglements. For these quantities, we modify
the above definitions by requiring that the error in the conversion vanishes before taking the
n→∞ limit. For example, E(exact)

c refers to the minimum ratio m
n in the exact conversion

from (|EPR〉 〈EPR|)⊗m to ρ⊗n by LOCC in the n → ∞ limit. E(exact)
d , E(ppt,exact)

c , and
E

(ppt,exact)
d are defined similarly. It is then clear, for instance, that E(exact)

c ≥ Ec, and
E

(ppt,exact)
d ≤ E(ppt)

d .
While the entanglement cost and the distillable entanglement for mixed states are

natural generalizations of the entanglement entropy for pure states from an operational
perspective, these measures are difficult to compute in practice even for few-qubit systems.

– 6 –
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However, they can be related to computable measures such as logarithmic negativity and
mutual information through upper and lower bounds. Two inequalities which will be use-
ful in our subsequent discussion are a relation between the mutual information and the
distillable entanglement [8],

Ed(A1, A2) ≤ 1
2I(A1, A2) , (2.7)

and a relation between the logarithmic negativity and the exact PPT entanglement cost [7],

E(A1, A2) ≤ E(ppt,exact)
c (A1, A2) ≤ E(exact)

c (A1, A2) . (2.8)

2.2 Renyi entropies and negativities

Recall that in order to calculate the von Neumann entropy, it is often useful to introduce
higher moments of the reduced density matrix, which we will refer to as Renyi partition
functions,

Zn,A = Tr[(ρA)n]. (2.9)

These partition functions can be used to define the n-th Renyi entropies

Sn,A(ρ) = − 1
n− 1 logZn,A, (2.10)

which can in turn be used to define the n-th Renyi mutual informations

In(A1, A2) = Sn,A1 + Sn,A2 − Sn,A . (2.11)

The Renyi entropies and mutual informations provide further information about the en-
tanglement structure in addition to the von Neumann entropy and mutual information;
however, note that in some cases the Renyi mutual information can be negative, unlike the
mutual information, which is one reason why the Renyi mutual information should only be
considered as proxies for correlation measures. The von Neumann entropy can be written
as a limit of the Renyi entropies in the index n,

SA = lim
n→1

Sn,A . (2.12)

In some cases, such as when the Sn,A cannot be written as an analytic function of n, we
may not be able to use analytic continuation to find the von Neumann entropy. Another
method for obtaining the von Neumann entropy using the Renyi partition functions that
turns out to be more generally applicable is through a quantity known as the resolvent,

R(λ) = Tr
( 1
λ1− ρA

)
= 1
λ

∞∑
n=0

1
λn
Zn,A, (2.13)

where we take λ to be a general complex parameter. Since the spectrum of ρA is bounded,
the power series in the second equality is convergent for sufficiently large |λ|. We can then
compute R(λ) for such λ’s and then analytically continue to obtain other values of λ. The

– 7 –
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density of eigenvalues of ρA, known as the entanglement spectrum, can be obtained from
the discontinuities of R(λ) across the real axis,

D(λ) = 1
π

ImR(λ− iε), λ ∈ R . (2.14)

We can then use D(λ) to calculate the von Neumann entropy,

SA = −
∫
dλD(λ)λ log λ . (2.15)

It is similarly useful to define the higher moments of the partially transposed density
matrix ρT2

A introduced in (2.4), which we refer to as partial transpose partition functions,

Z(PT)
n = Tr

(
ρT2
A

)n
. (2.16)

By definition Z(PT)
1 = 1, and it can be readily checked that Z(PT)

2 = Trρ2, so nontrivial
moments start with n = 3. There are qualitative differences between even and odd n’s, as

Z(PT)
2m =

∑
λi>0
|λi|2m +

∑
λi<0
|λi|2m , Z(PT)

2m+1 =
∑
λi>0
|λi|2m+1 −

∑
λi<0
|λi|2m+1 . (2.17)

The logarithmic negativity E can be obtained by analytically continuing Z(PT)
2m as

E = lim
m→ 1

2

logZ(PT)
2m . (2.18)

It can be shown that a PPT state satisfies [27]

Z(PT)
3 ≥

(
Z(PT)

2

)2
. (2.19)

Thus if Z(PT)
3 <

(
Z(PT)

2

)2
, then it must be that E > 0, which provides a quick diag-

nostic. The condition (2.19) is weaker than the PPT condition; there can be states that
satisfy (2.19) but still have E > 0.

We can also use the partial transpose partition functions to define quantities called
the n-th Renyi negativities,

Rn(A1, A2) = bn log
[
Z(PT)
n

Zn,A

]
, bn =


1

1−n n odd
1

2−n n even
. (2.20)

n = 1, 2 should be understood as being defined through limits. More explicitly,

R1 = −
∑
λi>0
|λi| log |λi|+

∑
λi<0
|λi| log |λi| − SA(ρ), (2.21)

R2 = 1
Z2

(
−
∑
i

|λi|2 log |λi|+
∑
i

|λ̃i|2 log λ̃i
)
, (2.22)

where λ̃i are eigenvalues of ρ. The logarithmic negativity can also be obtained from R2m
by analytic continuation

E = lim
m→ 1

2

R2m . (2.23)

– 8 –
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For a product state ρ = ρA1 ⊗ ρA2 , we have Z(PT)
n = Zn and thus Rn = 0. But for

a general separable state, Rn are in general nonzero. Thus from nonzero Rn, we cannot
conclude for certain that there is nonzero entanglement. Even so, there are indications that
the Renyi negativities often have the same general behavior as the logarithmic negativity,
and these quantities have proven useful in a variety of problems [28–35].

It is often useful to compare the Renyi negativities with the Renyi mutual informations
defined in (2.11). In fact, when ρ is a pure state, the Renyi negativities and Renyi mutual
informations are related in a simple way. More explicitly, in this case we have

R2m(A1, A2) = Sm,A1 = 1
2Im(A1, A2), (2.24)

R2m+1(A1, A2) = S2m+1,A1 = 1
2I2m+1(A1, A2) . (2.25)

We also have
E(A1, A2) = S 1

2 ,A1
= 1

2I 1
2
(A1, A2) . (2.26)

Equation (2.26) gives a rough intuition on the relative normalization between the logarith-
mic negativity and mutual information.

In some cases, we will find that the Z(PT)
n and Rn cannot be written simply as analytic

functions of n, so that we will not be able to use (2.18) or (2.23) to find E . Again, a more
generally applicable method is to use the resolvent for ρT2

A :

RN (λ) = Tr
(

1
λ1− ρT2

A

)
= 1
λ

∞∑
n=0

1
λn
Z(PT)
n . (2.27)

The density of eigenvalues of ρT2
A , known as the negativity spectrum, can be obtained from

the discontinuities of RN (λ) across the real axis,

DN (λ) = 1
π

ImRN (λ− iε), λ ∈ R , (2.28)

and we can use DN (λ) to calculate the logarithmic negativity,

E(A1, A2) = log
(∫

dλDN (λ) |λ|
)
. (2.29)

2.3 Brief review of the equilibrium approximation

In this subsection, we review the equilibrium approximation introduced in [1], which will
be the main tool we use in this paper. We first discuss the formulation for a pure state,
and then for a mixed state.

2.3.1 Pure states

We consider a system evolving from a far-from-equilibrium pure state ρ0 = |Ψ0〉 〈Ψ0| to a
state ρ = |Ψ〉 〈Ψ| with |Ψ〉 = U |Ψ0〉, which is in equilibrium at a macroscopic level. We as-
sume that macroscopic physical properties of equilibrated pure state ρ can be approximated
by an equilibrium density operator

ρ(eq) = Iα
Z(α) , Z(α) = Tr Iα, (2.30)

where α collectively denotes macroscopic parameters for the equilibrium state.
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Consider the n-th Renyi entropy of the equilibrated pure state with respect to a sub-
system A

Zn,A = e−(n−1)Sn,A = TrAρnA = TrA
(
TrĀUρ0U

†
)n

= 〈ηA ⊗ eĀ|(U ⊗ U †)n|ρ0, e〉 , (2.31)

where in the last equality we have written it as an amplitude in the replica space (H⊗H)n,
with various notations defined as follows. For any operator O acting on H, the state
|O, σ〉 ∈ (H ⊗ H)n, where σ is an element of the permutation group Sn of n objects, is
defined as〈

i1ī
′
1i2ī

′
2 · · · inī′n|O, σ

〉
= Oi1i′σ(1)

Oi2i′σ(2)
· · · Oini′σ(n)

, Oij = 〈i|O|j〉 . (2.32)

Here {|i1ī′1i2ī′2 · · · inī′n〉} is a basis for (H ⊗ H)n and σ(i) denotes the image of i under
σ. When O is given by the identity operator, we will denote the states obtained this
way simply as |σ〉. When the system is divided into subsystems, we can similarly define
states by associating different permutations to different subsystems. For example, suppose
H = HA ⊗HĀ, |O, τA ⊗ σĀ〉 with τ, σ ∈ Sn is defined as〈

i1ai1b ī
′
1a ī
′
1b · · · inainb ī

′
na ī
′
nb
|O, τA ⊗ σĀ

〉
= Oi1a i1b ,i′τ(1)a

i′
σ(1)b
· · · Oina inb ,i′τ(n)a

i′
σ(n)b

(2.33)

where |ika〉 , |̄i′ka〉, |ikb〉 , |̄i
′
kb
〉 denote respectively basis vectors for subsystem A and Ā in the

k-th replica of H⊗H. In (2.31), |ηA ⊗ eĀ〉 is a state associated with the identity operator,
with e representing the identity permutation and η the cyclic permutation (n, n− 1, · · · 1).

We can always decompose the identity on the replica Hilbert space in terms of Pα and
its orthogonal projector Q as follows:

1 = Pα +Q, PαQ = QPα = 0, Q2 = Q, (2.34)

where Pα is the projector

Pα = 1
Zn2

∑
σ,τ

gστ |Iα, σ〉 〈Iα, τ | , gτσ = 〈Iα, τ | Iα, σ〉√
〈Iα, τ | Iα, τ〉 〈Iα, σ| Iα, σ〉

, Zn := TrInα .

(2.35)
Inserting the identity twice in the last expression of (2.31) and using the fact that the

equilibrium density matrix ρ(eq) commutes with the time-evolution operator U , we get the
exact expression

Zn,A = 〈ηA ⊗ eĀ|Pα|ρ0, e〉+ 〈ηA ⊗ eĀ|Q(U ⊗ U †)nQ|ρ0, e〉 . (2.36)

The key step in the approximation involves neglecting the second term involving Q, assum-
ing that in a chaotic many-body system it gives a fluctuating contribution which becomes
small relative to the time-independent first term at late times. We will be interested in
systems with a large number of degrees of freedom, i.e. Z1 � 1. For such systems, we then
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FIG. 2. “Boundary conditions” for each of the Z(A)
n (⌧), coming from the factor in parentheses in

(2.38). Explain how to contract with |I↵, ⌧i. fig:ind_circ
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FIG. 3. Examples of planar diagrams corresponding to di↵erent choices of planar permutations ⌧

that saturate (2.39). fig:eq

precise versions of the above heuristic equation can be seen in a number of examples we

consider below [check that this is adequately explained below]. Note that

k(⌘�1⌧) + k(⌧)  n+ 1 . (2.40) yeg

Permutations ⌧ which saturate (2.40) have the largest possible total number of A loops
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FIG. 4. Examples of non-planar diagrams corresponding to two choices of ⌧ that do not saturate

(2.39). fig:rev

and Ā loops, and correspond to the planar diagrams of Fig. 3. Immediate examples

of such planar permutations are ⌧ = e and ⌧ = ⌘. More generally, there is a one-to-

one correspondence between such planar permutations and “non-crossing partitions” of

n elements.7 [given a non-crossing partition, ordering the elements in each group in de-

scending order leads to the cycle representation of a planar permutation ⌧ .] Given a

non-crossing partition {{a11, a12, ..., a1n1
}, {a21, a22, ..., a2n2

}, ... , {ak1, ak2, ..., aknk
}}, where the el-

ements of each subset in the partition are arranged in descending order (e.g. a11 > a12 >

... > a1n1
), the cycle representation of the corresponding planar permutation is given by

(a11, a
1
2, ..., a

1
n1
) (a21, a

2
2, ..., a

2
n2
) ... (ak1, a

k
2, ..., a

k
nk
). Fig. 4 contains some examples of non-

planar diagrams, corresponding to ⌧ that do not saturate (2.40).

Let us make some further observations on the structure of Z(A)
n (⌧) which will be useful

in the later discussion. (2.38) can be further simplified as

h⌘A ⌦ eĀ|I↵, ⌧i = hi⌘(1)ai1b |I↵|i⌧(1)ai⌧(1)bi · · · hi⌘(n)ainb
|I↵|i⌧(n)ai⌧(n)bi (2.41) one

Since ika , ikb are dummy indices, relabelling ikb ! i⌫(k)b , ika ! iµ(k)a for any µ, ⌫ 2 Sn

7 Consider a partition of {1, 2, · · ·n} and any four elements a < b < c < d. The partition is non-crossing if

whenever a, c are in the same group and b, d are in the same group, the two groups coincide.

20




















(c)

Figure 2. (a) shows the common exterior lines of all diagrams for different terms in (2.39), and
(b) and (c) show examples of diagrams for two choices of τ , for the case n = 6.

find that Z(A)
n can be approximated as

Zn,A ≈ [Zn,A]eq approx := 1
Zn2

∑
σ,τ

gτσ〈ηA ⊗ eĀ|Iα, τ〉〈Iα, σ|ρ0, e〉 (2.37)

= 1
Zn1

∑
σ,τ

gτσ〈ηA ⊗ eĀ|Iα, τ〉 (2.38)

≈ 1
Zn1

∑
τ∈Sn

〈ηA ⊗ eĀ|Iα, τ〉 . (2.39)

In going from (2.37) to (2.38), we use the fact that for (2.37) to be compatible with Trρ = 1,
Iα should satisfy a consistency requirement

Tr(Iαρ0) = Z2
Z1

. (2.40)

In going from (2.38) to (2.39), we use the fact that gτσ is approximately equal to the
identity when Z1 is large.

The size of the terms involving Q that we neglected in reaching (2.39) can be estimated
from ∆, defined by

∆2 := [(Zn,A)2]eq approx − ([Zn,A]eq approx)2 . (2.41)

It was shown in appendix B of [1] that

∆
[Zn,A]eq approx

∼ Z−1/2
1 � 1 . (2.42)

Zn,A, as given in (2.39), only depends on the equilibrium density operator Iα, but
satisfies the unitarity constraint

Zn,A = Zn,Ā . (2.43)
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Each term in the final expression in (2.39) can be given a diagrammatic representation,
as shown in figure 2. We can insert the identity to write

〈ηA ⊗ eĀ|Iα, τ〉 =
∑

i1,i′1,...in,i
′
n

〈ηA ⊗ eĀ|i1ī′1 . . . inī′n〉 〈i1ī′1 . . . inī′n|Iα, τ〉 ,

|im〉 = |ima〉A |imb〉Ā , |ī′m〉 = |ī′ma〉A |ī′mb〉Ā .

(2.44)

The exterior of the diagram, which is the same for all τ , represents 〈ηA ⊗ eĀ|i1ī′1 . . . inī′n〉
by connecting ima with i′η(m)a using dashed lines, and imb with i′mb using solid lines, as
shown in figure 2(a). The interior of the diagram represents 〈i1ī′1 . . . inī′n|Iα, τ〉, by con-
necting im with i′τ(m), as shown for two examples in figure 2(b) and (c). Roughly, each
solid loop in the resulting diagram gives a power of dĀ and each dashed loop gives a power
of dA, where dA and dĀ are respectively the effective Hilbert space dimensions of A and
Ā.5 The number of solid and dashed loops in a diagram is respectively equal to k(τ) (the
number of cycles in permutation τ) and k(η−1τ). We therefore find

〈ηA ⊗ eĀ|Iα, τ〉 ∼ d
k(η−1τ)
A d

k(τ)
Ā

. (2.45)

For any permutation τ , we have the inequality

k(τ) + k(η−1τ) ≤ n+ 1, (2.46)

and the permutations for which this inequality is saturated are the ones associated with
planar diagrams such as figure 2(b).

From (2.45), when A is much smaller than Ā, i.e. dA � dĀ, the permutation τ = e,
which maximizes k(τ), dominates, and we have

Zn,A = Z(eq)
n,A , (2.47)

where Z(eq)
n,A is the Renyi partition function for A in the state ρ(eq). When A is much larger

than Ā, i.e. dA � dĀ, τ = η, which maximizes k(η−1τ), dominates

Zn,A = Z(eq)
n,Ā

. (2.48)

Except for a crossover region around dA ∼ dĀ where the behavior may be more complicated,
we then have

Sn,A = min
(
S

(eq)
n,A , S

(eq)
n,Ā

)
, n ≥ 2 (2.49)

where S(eq)
n,A denotes the n-th Renyi entropy for subsystem A in the equilibrium density

operator ρ(eq). When SA can be obtained from Sn,A by analytic continuation to n =
1, (2.49) implies

SA = min(S(eq)
A , S

(eq)
Ā

), (2.50)

5When Iα can be factorized between A and Ā, i.e. Iα = IA⊗IĀ, we can define the effective dimensions
as dA = TrAIA and dĀ = TrĀIĀ. When Iα cannot be factorized, they can be estimated by counting the
numbers of degrees of freedom of the subsystems.
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where S(eq)
A is the entanglement entropy for subsystem A in ρ(eq). In cases where the system

AĀ is inhomogeneous, in general (2.50) cannot be deduced by analytic continuation. We
show in two such examples in appendix F that (2.50) still holds, and will assume in the
later discussion in this paper that it holds in general.

When Iα can be factorized
Iα ≈ IA ⊗ IĀ, (2.51)

equations (2.39) can be written more explicitly in terms of partition functions of A and Ā

Zm,A = TrAImA , Zm,Ā = TrĀImĀ , (2.52)

as
Zn,A ≈

1
Zn1

∑
τ

(Zm1,A · · ·Zml,A)
(
Zn1,Ā

· · ·Znk,Ā
)
, (2.53)

where k is the number of cycles of τ with n1, · · ·nk the lengths of the corresponding cycles,
and l is the number of cycles of τη−1 with m1, · · ·ml the lengths of the corresponding
cycles.

2.3.2 Mixed states

The equilibrium approximation can also be applied to a system A = A1∪A2 in a mixed state
ρA that is in macroscopic equilibrium, but is far from the thermal density operators [1].

Suppose the system starts with a far-from equilibrium mixed state ρ0,A, which evolves
under unitary evolution operator UA to ρA = UAρ0,AU

†
A. All the moments of ρ0,A are also

preserved by the time evolution

zn,A = Trρn0,A = TrρnA = Tr(UAρ0,AU
†
A)n =

〈
η|(UA ⊗ U †A)n|ρ0,A, e

〉
, n = 2, · · · . (2.54)

The statement that ρ0,A is far-from-equilibrium is imposed by requiring that the n−th
Renyi entropy of ρ0,A is smaller than the equilibrium entropy of A. For example, this
condition is satisfied if we have

zn,A ∼ Z−(n−1)f
A , 0 ≤ f < 1 . (2.55)

Assuming that ρA can be approximated by an equilibrium density operator ρ(eq)
A = 1

ZA
IA

and applying the equilibrium approximation by inserting the projector (2.35) in (2.54) and
ignoring terms with σ 6= τ , we have

zn,A ≈
1

Zn2,A

∑
τ

〈η|IA, τ〉〈IA, τ |ρ0,A, e〉, (2.56)

which can be further simplified to the following constraints on IA under the out-of-
equilibrium assumption (2.55)

Tr(IAρ0,A)n ≈ zn,A
Zn2,A
ZnA

, Zn,A = TrAInA, ZA = Z1,A . (2.57)
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The Renyi partition functions for A1 can then be approximated as

Zn,A1 ≈ [Zn,A1 ]eq approx = 1
ZnA

∑
τ

〈ηA1 ⊗ eA2 |IA, τ〉
k(τ)∏
i=1

TrAρni0,A, n = 2, 3, · · · (2.58)

where k(τ) is the number of cycles of τ with n1, · · ·nk(τ) the lengths of the cycles.
The above discussion can be further generalized by embedding A in a larger system

S = A∪B, with the total system S in an initial pure state |Ψ0〉 evolved to |Ψ〉 = U |Ψ0〉 in
macroscopic equilibrium.6 Suppose |Ψ〉 can be approximated macroscopically by ρ(eq) =
1
Z1
I. We then have

Zn,A1 ≈
1
Zn1

∑
τ

〈ηA1 ⊗ eA2B|I, τ〉 . (2.59)

This generalizes (2.58) as under the evolution of U for the full system S, the evolution
from the initial density operator ρ0,A to ρA is in general not unitary. To recover (2.58) we
take U = UA⊗UB to be factorized between A and B, in which case the equilibrium density
operator I = IA ⊗ IB should also factorize, and (2.59) can be written as

Zn,A1 = 1
ZnA

∑
τ

〈ηA1 ⊗ eA2 |IA, τ〉
k(τ)∏
i=1

Ẑni,B, Ẑn,B := 1
ZnB

TrBInB . (2.60)

Equations (2.58) and (2.60) are equal provided that we choose the initial state ρ0,B such
that

TrBρm0,B = 1
ZmB

TrBImB . (2.61)

Then since the initial state is pure, zn,A is also given by (2.61). The requirement that ρ0,A
is out-of-equilibrium is then equivalent to the requirement that ZB � ZA.

The relation between (2.59) and (2.58) also gives a way to estimate which permutation
dominates in (2.58). From (2.59), when A1 is smaller (larger) than A2B, the dominant
contribution is τ = e (τ = η). Translating these statements to the notation of (2.58), we
conclude that

Sn,A1 =

S
(eq)
n,A1

S
(eq)
n,A1

< S
(eq)
n,A2

+ Sn,A

S
(eq)
n,A2

+ Sn,A S
(eq)
n,A1

> S
(eq)
n,A2

+ Sn,A
. (2.62)

In applying (2.59) to explicit calculations, we will need to make assumptions regarding
B in the equilibrium density operator ρ(eq) for the full system, which may be considered
as specifying different universality classes for ρA.

2.4 The Petz recovery map

An important question concerning a quantum channel N is whether or not it is reversible
i.e. whether there exists a recovery channel N such that for any state ρ, R ◦ N (ρ) = ρ.
This question plays a central role, for example, in the theory of quantum error correction
as well as quantum thermalization. If the quantum channel is unitary, the initial state is
perfectly recovered by acting on the output with the adjoint of the unitary. In the other

6A and B in principle do not have to be in equilibrium with each other.
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extreme, a quantum channel could replace all states with the maximally mixed state, in
which case an initial state is unrecoverable as the information about it is completely lost.
A recovery map that is independent of the initial state ρ is called universal.

It follows from a theorem by Petz [36–38] that a quantum channel N is reversible if
and only if the data processing inequality is saturated

D(ρ||σ) = D(N (ρ)||N (σ)) (2.63)

for all ρ, σ. Here, D(ρ||σ) is the relative entropy. Furthermore, suppose we fix some
reference state σ. Then, for any state X in the support of N (σ), there exists a recovery
channel R. This channel is given explicitly by the Petz map,

Pσ,N (X) = σ
1
2N †

(
(N (σ))−

1
2X(N (σ))−

1
2
)
σ

1
2 , (2.64)

where N † is the adjoint map of N . As a basic check, relative entropy is invariant under
unitary channels ρ→ UρU †, and we find from (2.64), Pσ,N (X) = U †XU .

Interestingly, it has recently been understood that the change of relative entropy under
quantum channels places strict bounds on how well a state can be recovered. The basic idea
is intuitive; if two states that were initially easily distinguishable become nearly indistin-
guishable under a channel, then it should be impossible to identify what the initial states
were using only information about the indistinguishable output states. In particular, it can
be shown [39] that there exists a recovery map Rσ,N with Rσ,N ◦ N (σ) = σ satisfying,7

F (ρ, [Rσ,N ◦ N ](ρ)) ≥ exp(D(N (ρ)||N (σ))−D(ρ||σ)), (2.65)

where F is the fidelity, defined as

F (ρ, σ) :=
(
Tr
[√√

ρσ
√
ρ

])2
. (2.66)

For example, the bound (2.65) holds for an explicit but complicated recovery channel called
the twirled Petz map [39].

For the quantum channel that we are interested in this paper, consider a system D∪B =
R∪B′ in the initial state ρD⊗ρB, evolve it for a while, and then trace out a portion B′ of the
full system. If we take ρB to be some fixed state, this gives a quantum channel from D to R,

N (ρD) = TrB′
[
U (ρD ⊗ ρB)U †

]
. (2.67)

The corresponding N † from R to D is then given by

N †(φR) = TrB
(
ρBU

† (φR ⊗ 1B′)U
)
. (2.68)

Applying (2.64) to this case and imposing a replica trick, we have

PσD,N ◦ N (ρD) = lim
m→− 1

2

σ
1
2
DTrB

[
ρBU

† (N (σD)mN (ρD)N (σD)m ⊗ 1B′)U
]
σ

1
2
D . (2.69)

7This was proven for Type I von Neumann algebras but was recently generalized to the Type III
algebras relevant to quantum field theory that we will model [40]. This technicality will not play an
important role for us.
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In some of our discussion below, an alternative analytic continuation will also be useful:

PσD,N ◦ N (ρD) = lim
n1→− 1

2 ,

n2→− 1
2

σ
1
2
DTrB

[
ρBU

† (N (σD)n1N (ρD)N (σD)n2 ⊗ 1B′)U
]
σ

1
2
D . (2.70)

When we take B′ to be empty, then N is unitary, and N † is the inverse evolution, for
which the above equation gives ρD. In the opposite limit, with B′ being the full system,
we have PσD,N ◦ N (ρD) = σD for any ρD.

In the case where ρD is a pure state, the fidelity of the Petz map can be written as an
overlap

F (ρD,PσD,N ◦ N (ρD)) = TrD (ρDPσD,N ◦ N (ρD)) (2.71)

= lim
m→− 1

2

Tr
[
U

(
σ

1
2
DρDσ

1
2
D ⊗ ρB

)
U †N (σD)mN (ρD)N (σD)m

]
.

or a similar overlap using (2.70). Eqs. (2.69), (2.70), and (2.71) can all be evaluated by
using the equilibrium approximation. If the Petz map works perfectly, without error, the
fidelity will be one. At worst, the Petz map should output a random answer in which case
the fidelity would be exponentially small in the entropy.

3 Equilibrium approximation for quantum-informational quantities

In addition to the Renyi and entanglement entropies, the equilibrium approximation can in
principle be used to calculate any quantum informational quantities which can be defined
using replicas. In this section, we consider a few quantities that will be used in the later
discussion of the paper: Renyi and logarithmic negativities, relative entropy, reflected
entropy, and the Petz recovery map.

3.1 Renyi and logarithmic negativities

We now describe the calculation of Renyi negativities between A1 and A2 by adding an aux-
iliary system B to A, and applying the equilibrium approximation to an equilibrated pure
state |Ψ〉 describing the full system S = A∪B. There is also an alternative way to calculate
the negativities between A1 and A2 by directly applying the equilibrium approximation to
the mixed state ρA, analogous to the discussion for the Renyi entropies in section 2.3.2.

Suppose the system is partitioned to A ∪B with H = HA ⊗HB and the subsystem A

is in turn partitioned to A = A1 ∪A2 with HA = H1 ⊗H2. We are interested in

Z(PT)
n := Tr

(
ρT2
A

)n
= TrA

(
TrB

(
Uρ0U

†
)T2
)n

(3.1)

and the corresponding logarithmic negativity E(A1, A2) = limn→ 1
2

logZ(PT)
2n .

Using the replica space (H⊗H)n we can write (3.1) as

Z(PT)
n = 〈ηA1 ⊗ η−1

A2
⊗ eB|

(
U ⊗ U †

)n
|ρ0, e〉 , (3.2)
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where η = (n, n − 1, · · · 1) is the cyclic permutation and its inverse η−1 is the anti-cyclic
permutation.

We can insert the identity (2.34) twice in (3.2) to arrive at

Z(PT)
n = 〈ηA1 ⊗ η−1

A2
⊗ eB|Pα |ρ0, e〉+ 〈ηA1 ⊗ η−1

A2
⊗ eB|Q

(
U ⊗ U †

)n
Q |ρ0, e〉 . (3.3)

In the equilibrium approximation, we drop the second term in the above equation, which
leads to a time-independent expression,

Z(PT)
n ≈ [Z(PT)

n ]eq approx := 1
Zn2

∑
σ,τ

gτσ 〈ηA1 ⊗ η−1
A2
⊗ eB| Iα, τ〉 〈Iα, σ| ρ0, e〉

= 1
Zn1

∑
σ,τ

gτσ 〈ηA1 ⊗ η−1
A2
⊗ eB| Iα, τ〉

≈ 1
Zn1

∑
τ

〈ηA1 ⊗ η−1
A2
⊗ eB| Iα, τ〉 . (3.4)

In the second line above we used (2.40) and in the third line, we again used the fact that
in the large Z1 limit gστ can be approximated by the identity matrix. This final expression
is independent of the initial state and only depends on the equilibrium density operator.

Each term in the final expression in (3.4) can be given a diagrammatic representation,
as shown in figure 3. We can insert the identity to write〈

ηA1⊗η−1
A2
⊗eB|Iα, τ

〉
=

∑
i1,i′1,...in,i

′
n

〈ηA1⊗η−1
A2
⊗eB|i1ī′1 . . . inī′n〉〈i1ī′1 . . . inī′n|Iα, τ〉 ,

|im〉= |ima〉A1
|imā〉A2

|imb〉B , |ī′m〉= |ī′ma〉A1
|ī′mā〉A2

|ī′mb〉B . (3.5)

The lower half of each diagram represents 〈ηA1 ⊗ η−1
A2
⊗ eB|i1ī′1 . . . inī′n〉 by connecting

ima with i′η(m)a using dashed lines, imā with i′η−1(m)ā using dotted lines, and imb with
i′mb using solid lines, as shown in figure 3(a). The upper half of the diagram represents
〈i1ī′1 . . . inī′n|Iα, τ〉, by connecting im with i′τ(m), as shown for two examples in figure 3(b)
and (c). In the resulting diagram, roughly each solid loop gives a power of dB, each dashed
loop gives a power of dA1 , and each dotted loop gives a power of dA2 , where dP is the
effective Hilbert space dimension of subsystem P . The number of solid, dashed, and dotted
loops in a diagram is respectively equal to k(τ), k(η−1τ), and k(ητ). We therefore find

〈ηA1 ⊗ η−1
A2
⊗ eB|Iα, τ〉 ∼ dk(η−1τ)

A1
d
k(ητ)
A2

d
k(τ)
B . (3.6)

The sum of these powers satisfies the inequality

k(η−1τ) + k(ητ) + k(τ) ≤

3n/2 + 2 n even
(3n+ 3)/2 n odd

. (3.7)

The permutations for which this inequality is saturated are described in appendix A.
We note

〈ηA1 ⊗ η−1
A2
⊗ eB| Iα, τ〉 = 〈(µ1η)A1(µ2η

−1)A2(µ3)B| Iα, (µ1τ)A1(µ2τ)A2(µ3τ)B〉 (3.8)
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1 1′ 2 2′ 3 3′ 4 4′
(a)

hi1ī01...inī0n|I↵, ⌧i, by connecting im with i0
⌧(m), as shown for two examples in figure 2(b)

and (c). In the resulting diagram, roughly each solid loop gives a power of dB, each dashed

loop gives a power of dA1 , and each dotted loop gives a power of dA2 , where dP is the

e↵ective Hilbert space dimension of subsystem P . The number of solid, dashed and dotted

loops in a diagram is respectively equal to k(⌧), k(⌘�1⌧) and k(⌘⌧). We therefore find

h⌘A1 ⌦ ⌘�1
A2

⌦ eB|I↵, ⌧i ⇠ dk(⌘
�1

⌧)
A1

dk(⌘⌧)
A2

dk(⌧)
B

. (3.6) sat2

The sum of these powers satisfies the inequality

1 1′ 2 2′ 3 3′ 4 4′
(a)

(b) ! = #

(c) ! = (12)(34)

Figure 2. (a) shows the common lines of all diagrams for di↵erent terms in (3.4), and (b) and (c)
show examples for two choices of ⌧ , for the case n = 4. The dotted loops are shown in two di↵erent
colors in (c) to make the distinction between di↵erent loops clear. fig:negativity_figs

k(⌘�1⌧) + k(⌘⌧) + k(⌧) 
(
3n/2 + 2 n even

(3n+ 3)/2 n odd
. (3.7)

The permutations for which this inequality is saturated are described in Appendix A.

We note

h⌘A1 ⌦ ⌘�1
A2

⌦ eB| I↵, ⌧i = h(µ1⌘)A1(µ2⌘
�1)A2(µ3)B| I↵, (µ1⌧)A1(µ2⌧)A2(µ3⌧)Bi (3.8) hty

for arbitrary µ1,2,3 2 Sn, and

h⌘A1 ⌦ ⌘�1
A2

⌦ eB| I↵, ⌧i =
⌦
(⌘µ)A1(⌘

�1µ)A2µB|I↵, (⌧µ)A1(⌧µ)A2(⌧µ)B
↵
, µ 2 Sn . (3.9) hty1

The expression (3.4) passes various consistent checks. Firstly, we have

Z(PT)
n (A1, A2) = Z(PT)

n (A2, A1) (3.10) syu

12

hi1ī01...inī0n|I↵, ⌧i, by connecting im with i0
⌧(m), as shown for two examples in figure 2(b)

and (c). In the resulting diagram, roughly each solid loop gives a power of dB, each dashed

loop gives a power of dA1 , and each dotted loop gives a power of dA2 , where dP is the

e↵ective Hilbert space dimension of subsystem P . The number of solid, dashed and dotted

loops in a diagram is respectively equal to k(⌧), k(⌘�1⌧) and k(⌘⌧). We therefore find

h⌘A1 ⌦ ⌘�1
A2

⌦ eB|I↵, ⌧i ⇠ dk(⌘
�1

⌧)
A1

dk(⌘⌧)
A2

dk(⌧)
B

. (3.6) sat2

The sum of these powers satisfies the inequality

1 1′ 2 2′ 3 3′ 4 4′
(a)

(b) ! = #

(c) ! = (12)(34)

Figure 2. (a) shows the common lines of all diagrams for di↵erent terms in (3.4), and (b) and (c)
show examples for two choices of ⌧ , for the case n = 4. The dotted loops are shown in two di↵erent
colors in (c) to make the distinction between di↵erent loops clear. fig:negativity_figs

k(⌘�1⌧) + k(⌘⌧) + k(⌧) 
(
3n/2 + 2 n even

(3n+ 3)/2 n odd
. (3.7)

The permutations for which this inequality is saturated are described in Appendix A.

We note

h⌘A1 ⌦ ⌘�1
A2

⌦ eB| I↵, ⌧i = h(µ1⌘)A1(µ2⌘
�1)A2(µ3)B| I↵, (µ1⌧)A1(µ2⌧)A2(µ3⌧)Bi (3.8) hty

for arbitrary µ1,2,3 2 Sn, and

h⌘A1 ⌦ ⌘�1
A2

⌦ eB| I↵, ⌧i =
⌦
(⌘µ)A1(⌘

�1µ)A2µB|I↵, (⌧µ)A1(⌧µ)A2(⌧µ)B
↵
, µ 2 Sn . (3.9) hty1

The expression (3.4) passes various consistent checks. Firstly, we have

Z(PT)
n (A1, A2) = Z(PT)

n (A2, A1) (3.10) syu

12

 

Figure 3. (a) shows the common lines of all diagrams for different terms in (3.4), and (b) and (c)
show examples for two choices of τ , for the case n = 4. The dotted loops are shown in two different
colors in (c) to make the distinction between different loops clear.

for arbitrary µ1,2,3 ∈ Sn, and

〈ηA1 ⊗ η−1
A2
⊗ eB| Iα, τ〉 =

〈
(ηµ)A1(η−1µ)A2µB|Iα, (τµ)A1(τµ)A2(τµ)B

〉
, µ ∈ Sn . (3.9)

The expression (3.4) passes various consistency checks. Firstly, we have

Z(PT)
n (A1, A2) = Z(PT)

n (A2, A1), (3.10)

which can be shown as follows. Since η and η−1 have the same cycle structure, there
exists some element σ ∈ Sn such that η−1 = σησ−1 and η = ση−1σ−1. We then have
from (3.8)–(3.9)

〈ηA1 ⊗ η−1
A2
⊗ eB| Iα, τ〉 = 〈η−1

A1
⊗ ηA2 ⊗ eB| Iα, σ−1τσ〉 (3.11)

and thus (3.10) results upon summing over τ .
Next, consider n = 2, where Z(PT)

2 should give the same answer as Z(A)
2 , the second

moment of the density matrix that has not been partially transposed. For n = 2, η = η−1

because both are swap operators, so this check immediately passes.
Finally, consider the case where B is not present, i.e. ρA is a pure state

Z(PT)
n ' 1

Zn1

∑
τ∈Sn

〈ηA1 ⊗ η−1
A2
| Iα, τ〉 . (3.12)
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From (3.9) with µ = η we have

Z(PT)
n ' 1

Zn1

∑
τ∈Sn

〈η2
A1 ⊗ eA2 | Iα, τ〉. (3.13)

For even n = 2m, we have η2 = (2m − 1, 2m − 3, · · · , 3, 1)(2m, 2m − 2, · · · 4, 2). We can
separate the sum over τ ∈ S2m into that over the elements of the subgroup Sm×Sm which
permutes separately odd and even numbers, and the rest. We then find

Z(PT)
2m ' (Zm,A1)2 +

∑
τ∈S2m−(Sm×Sm)

〈η2
A1 ⊗ eA2 | Iα, τ〉 (3.14)

In the replica limit, the first term gives the n = 1/2 Renyi entropy as expected for the pure
state limit of negativity. The second term is suppressed by additional factors of Z1 as they
correspond to non-planar diagrams.

The size of the second term in (3.3), which we ignored in (3.4), can be estimated as
∆N , where

∆2
N := [(Z(PT)

n )2]eq approx −
(
[Z(PT)
n ]eq approx

)2
(3.15)

In appendix B, we show that

∆N

[Z(PT)
n ]eq approx

∼ Z−1/2
1 . (3.16)

Hence, the fluctuations around the equilibrium value of Z(PT)
n are suppressed.

We can obtain the equilibrium approximation for the logarithmic negativity using
analytic continuation in cases where Z(PT)

n can be written as an analytic function of n, or,
more reliably, by using the resolvent (2.27).

3.2 Relative entropy

Consider a system evolved from two possible initial states specified respectively by density
operators ρ0, σ0. We will assume that the support of ρ0 lies inside that of σ0 so that the
relative entropy

D(ρ0||σ0) = Trρ0 log ρ0 − Trρ0 log σ0 (3.17)

is finite. Suppose ρ = Uρ0U
† and σ = Uσ0U

† can be approximated at the macroscopic
level by the same equilibrium density operator ρ(eq). We are interested in calculating the
relative entropy

D(ρA||σA) = TrAρA log ρA − TrAρA log σA (3.18)

= lim
n→1

1
n− 1

(
logTrA [ρnA]− logTrA

[
ρAσ

n−1
A

])
(3.19)

between the reduced density operators ρA, σA of some subsystem A. The calculation of the
first term was already reviewed in section 2.3, see e.g. (2.58). Here we discuss how to use
the equilibrium approximation to compute the second term, which depends on two distinct
density matrices.
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As before, we rewrite the second term in (3.19) as a transition amplitude in the replica
Hilbert space

Dn,A = TrA
[
ρAσ

n−1
A

]
= 〈ηA ⊗ eĀ| (U ⊗ U †)⊗n |ρ0 ⊗ σ⊗(n−1)

0 , e〉 , (3.20)

where the state |ρ⊗ σ⊗(n−1), τ〉 for a permutation τ is defined as〈
i1ī
′
1i2ī

′
2 · · · inī′n|ρ⊗ σ⊗(n−1), τ

〉
= ρi1i′τ(1)

σi2i′τ(2)
· · ·σini′τ(n)

(3.21)

which is inhomogeneous in the replicas. Applying the equilibrium approximation, we find

Dn,A ≈
1
Zn2

∑
τ∈Sn

〈ηA ⊗ eĀ| Iα, τ〉〈Iα, τ |ρ0 ⊗ σ⊗(n−1)
0 , e〉 (3.22)

= 1
Zn2

∑
τ∈Sn

〈ηA ⊗ eĀ| Iα, τ〉

×Tr
[
Iρ0 (Iασ0)m1−1

]
Tr [(Iασ0)m2 ] · · ·Tr [(Iσ0)mk(τ) ] (3.23)

= 1
Zn1

∑
τ∈Sn

〈ηA ⊗ eĀ| Iα, τ〉
Tr(ρ0σ

m1−1
0 )

Tr(σm1
0 )

k(τ)∏
i=1

Tr(σmi0 ) (3.24)

where mi is the number of elements in i-th cycle of τ , the i = 1 cycle is taken to be the one
containing the first copy of the Hilbert space, and we have used self-consistency conditions
(derived similarly as (2.57))

Tr
[
Iρ0 (Iσ0)n−1

]
≈ Zn2
Zn1

Tr(ρ0σ
n−1
0 ), Tr [(Iσ0)n] ≈ Zn2

Zn1
Tr(σn0 ) . (3.25)

We now make some general comments on the structure of (3.24). In (3.24), we can di-
vide τ ’s into those with m1 = 1, and those with m1 > 1. Denoting the two sets respectively
as Sn,1 and Sn,2, we have

Dn,A =
∑

τ∈Sn,1
Zn,A(τ) +

∑
τ∈Sn,2

Tr(ρ0σ
m1−1
0 )

Tr(σm1
0 ) Zn,A(τ) (3.26)

where

Zn,A(τ) = 1
Zn1
〈ηA ⊗ eĀ| Iα, τ〉

k(τ)∏
i=1

Tr(σmi0 ) (3.27)

is the contribution of τ to the Renyi partition function for A with initial state σ0.
From the discussion around (2.62), we then conclude that when A is small τ = e

dominates,8 giving

Dn,A = Z(eq)
n,A , for S

(eq)
n,A � S

(eq)
n,Ā

+ Sn(σ0) . (3.28)

For A to be sufficiently large we expect the first term is dominated by ηn−1 which cyclicly
permutes 2, · · ·n and gives a contribution Zn,A(ηn−1), while the dominant permutation for

8Note Tr(ρ0σ
m−1
0 ) < Tr(σm0 ).
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the second term is η, giving a contribution Tr(ρ0σ
n−1
0 )Z(eq)

n,Ā
. From our general discussion

Zn,A(ηn−1) is smaller than Z(eq)
n,Ā

by at least a factor Z−1
1 . Thus for the case Tr(ρ0σ

n−1
0 ) is

not too small (i.e. much larger than Z−1
1 ) we then have

Dn,A ≈ Tr(ρ0σ
n−1
0 )Z(eq)

n,Ā
, for S

(eq)
n,A � S

(eq)
n,Ā

+ Sn(σ0) . (3.29)

Now combining the above discussion with (2.62), and assuming that we can analytically
continue to n = 1, we find (3.19) can be written as

D(ρA||σA) '


0, S

(eq)
A � S

(eq)
Ā

+ S(ρ0)
S

(eq)
A − S(eq)

Ā
− S(ρ0), S

(eq)
Ā

+ S(ρ0)� S
(eq)
A � S

(eq)
Ā

+ S(σ0)
D(ρ0||σ0), S

(eq)
A � S

(eq)
Ā

+ S(σ0)
. (3.30)

where we have assumed S(σ0)� S(ρ0). The above expressions are intuitively reasonable.
When subregion A is sufficiently small, the two density matrices are entirely indistinguish-
able, a manifestation of thermalization in an isolated quantum system. Once we move
beyond the first regime of (3.30), the state σ0 becomes important. In particular, the rela-
tive entropy rises from 0 to D(ρ0||σ0) where it plateaus; as we gain information, the density
matrices become more and more distinguishable. The relative entropy never increases be-
yond D(ρ0||σ0) due to the monotonicity of relative entropy under quantum channels.

Less conservatively, if we trust the analytic continuations of dominant permutations,
we find the following sharper version of (3.30):

D(ρA||σA) '


0, S

(eq)
A < S

(eq)
Ā

+ S(ρ0)
S

(eq)
A − S(eq)

Ā
− S(ρ0), S

(eq)
Ā

+ S(ρ0) < S
(eq)
A < S

(eq)
Ā

+ S(ρ0) +D(ρ0||σ0)
D(ρ0||σ0), S

(eq)
A > S

(eq)
Ā

+ S(ρ0) +D(ρ0||σ0)
.

(3.31)
We also found numerical evidence for this equation in small spin chains and it is consistent
with an infinite temperature result we derive exactly in section 6. It would be interesting
to test this equation more generally.

3.3 The fidelity of the Petz map

We now turn to the calculation of the fidelity (2.71) of the Petz map using the equilibrium
approximation. Recall that in (2.71), we assume ρD is pure.

We can write (2.71) as a transition amplitude in the replica space as

F (ρD,PσD,N ◦ N (ρD)) = lim
m→− 1

2

〈ηR ⊗ eB′ | (U ⊗ U †)⊗(2m+2) |χ, e〉 := lim
m→− 1

2

Fm, (3.32)

where χ has the form

χ = χ1⊗χ⊗m2 ⊗χ3⊗χ⊗m2 , χ1 = σ
1
2
DρDσ

1
2
D⊗ρB, χ2 = σD⊗ρB, χ3 = ρD⊗ρB . (3.33)
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Applying the equilibrium approximation (assuming the equilibrated states of χ1,2,3 can all
be described by the same macroscopic state Iα)

Fm = 1
Z2m+2

2

∑
τ∈S2m+2

〈ηR ⊗ eB′ | Iα, τ〉〈Iα, τ |χ, e〉 :=
∑

τ∈S2m+2

Fm(τ) (3.34)

where

〈Iα, τ |χ, e〉 =
k(τ)∏
i=1

Tr
[
(Iαχ1)ai(Iαχ2)bi(Iαχ3)ci(Iαχ2)di

]
(3.35)

= Z2m+2
2

Z2m+2
1

k(τ)∏
i=1

Tr
[
χai1 χ

bi
2 χ

ci
3 χ

di
2

]
(3.36)

where ai, bi, ci, di denote the number of appearances of χ1,2,3 in (3.33) in the i-th cycle of
τ .9 Clearly a1 = 1 and ai>1 = 0. In the second line we again have used the consistency
conditions as in (2.57).

The contribution from the identity permutation can be written as

Fm(e) = Z(eq)
2m+2,RTr(σDρD) = Z(eq)

2m+2,RF (ρD, σD), (3.37)

which we expect to dominate for R much smaller than B′. Analytically continuing the
above expression to m = −1

2 we then find

F (ρD,PσD,N ◦ N (ρD)) = F (ρD, σD), (3.38)

which is consistent with statement below (2.69) that in the limit where R is small, the Petz
map simply gives σD for any ρD.

For R to be much larger than B′, we expect the contribution from τ = η dominates
giving

Fm(η) = Z(eq)
2m+2,B′Tr(ρDσ

m+ 1
2

D ρDσ
m+ 1

2
D )Trρ2m+2

B . (3.39)

Analytically continuing to m = −1
2 we have

F (ρD,PσD,N ◦ N (ρD)) = 1 . (3.40)

which is consistent with that in the limit B′ is empty, the Petz map becomes the identity
map.

There is a crossover between the above two extremes where other permutations could
become important. This crossover behaviour will be dependent on the choice of Iα, and
we explain how to calculate it for particular choices of Iα in section 6.

Note that starting from (2.70), we could alternatively use the equilibrium approxima-
tion to get expressions involving permutations in Sn1+n2+2 instead of S2m+2 by a similar
series of steps, which give the same results for F (ρD,PσD,N ◦ N (ρD)) on analytic continu-
ation to n1 → −1

2 , n2 → −1
2 .

9Note that in general, the factors of χai
1 , χbi

2 , χci
3 , and χdi

2 can also appear in other orders.
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3.4 Reflected entropy

Another interesting quantity that may be computed using the replica trick is the reflected
entropy [41]. Consider A = A1 ∪ A2 in a mixed state ρA and its canonical purification
ρA → |

√
ρA〉AA∗ ∈ HA ⊗HA∗ with A

∗ = A∗1 ∪A∗2. The reflected entropy is then defined to
be the von Neumann entropy of A1A

∗
1 in this pure state.

To calculate the reflected entropy using replicas, we consider

Rn,m = − 1
n− 1 logTrA1A∗1

(
TrA2A∗2

|ρmA 〉 〈ρmA |
)n

:= − 1
n− 1 logYn,m (3.41)

where |ρmA 〉 ∈ HA ⊗HA∗ is defined as〈
īi′|ρmA

〉
= (ρmA )ii′ (3.42)

where |i〉 is a basis for HA. The reflected entropy is then given by

SR := lim
n→1

S
(n)
R = lim

n→1
lim
m→ 1

2

Rn,m (3.43)

where S(n)
R are the Renyi reflected entropies.

We take A to be embedded in a larger system S = A ∪B with

ρA = TrB(Uρ0U
†) (3.44)

where ρ0 is a pure state. We can then write Yn,m as a transition amplitude in H⊗2mn
S

Yn,m =
〈

(σ1)A1 ⊗ (σ2)A2 ⊗ eB|(U ⊗ U †)2mn|ρ0, e
〉

(3.45)

where σ1 and σ2 denote the following permutations in S2mn

σ1 =
n∏
k=1

(k, k + n, . . . , k + n(m− 1), k + 1 + nm, . . . , k + 1 + n(2m− 1)), (3.46)

σ2 =
n∏
k=1

(k, k + n, . . . , k + n(2m− 1)) . (3.47)

In the equilibrium approximation we then have

Yn,m ≈
1

Z2nm
1

∑
τ∈S2nm

〈(σ1)A1 ⊗ (σ2)A2 ⊗ eB| Iα, τ〉 . (3.48)

When B is sufficiently larger than A, the identity element will dominate the sum,
leading to

Yn,m = (Z2m,A)n
(Z1,A)2nm . (3.49)

Plugging this into (3.43), we immediately find all Renyi reflected entropies to be zero.
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When A is sufficiently large, there will be correlations between A1 and A2. When A1 is
much larger than A2, we can be confident that τ = σ−1

1 will dominate the sum. Note that

σ2 σ
−1
1 = (1, 2, . . . n)(n(m+ 1), n(m+ 1)− 1, . . . , nm+ 1), (3.50)

which has two cycles of length n and n(2m− 2) trivial cycles. This leads to

Yn,m = (Zn,A2)2(Z2m,B)n
(Z1,A2)2n(Z1,B)2nm . (3.51)

Taking m→ 1
2 , we find that the Renyi reflected entropy is given by twice the equilibrium

Renyi entropy of A2.

S
(n)
R = 2

1− n log Zn,A2

(Z1,A2)n = 2S(eq)
n,A2

. (3.52)

In the same way, when τ = σ−1
g̃ dominates,

S
(n)
R = 2S(eq)

n,A1
. (3.53)

It is natural to ask whether there are additional important permutations interpolating
between these limits. Indeed, such permutations are identified in refs. [42, 43] where the
random tensor network (infinite temperature) result is studied in detail using the reflected
entropy spectrum. However, in the n → 1 limit, the naive analytic continuations of the
previously discussed permutations always give the correct answer to leading order. Here,
we simply assume that this remains to be the case at finite temperature when n→ 1 and
leave a rigorous justification of this assumption to future work. To find the transition
points between the phases, we maximize the partition functions at n ∼ 1, giving

SR =


0, S

(eq)
A < S

(eq)
B

2S(eq)
A1

, S
(eq)
A1

< S
(eq)
A2

, S
(eq)
A > S

(eq)
B

2S(eq)
A2

, S
(eq)
A2

< S
(eq)
A1

, S
(eq)
A > S

(eq)
B

. (3.54)

The interplay between the two replica numbers is delicate for the analytic continuation,
and the order of limits in (3.43) is an additional assumption in the computation. For a
more reliable analysis, one must evaluate the reflected entropy spectrum.

4 Entanglement phase diagram of an equilibrated mixed state

4.1 General setup

We would like to explore the entanglement structure of a system A in a mixed state ρA,
which is in a macroscopic equilibrium but can be far in trace distance from the usual
equilibrium density operators describing thermal ensembles. For this purpose, we consider
various bi-partite quantum entanglement measures between a subsystem A1 and its com-
plement A2 in A, including the Renyi and logarithmic negativities, as well as the mutual
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information and Renyi mutual informations. As reviewed earlier, the logarithmic negativ-
ity and the mutual information are of particular interest: the former because it is sensitive
only to quantum entanglement correlations and gives a lower bound on the PPT entangle-
ment cost, E(ppt,exact)

c ≥ E , and the latter because it gives an upper bound on the PPT
distillable entanglement, 1

2I ≥ Ed. ρA can be characterized by an infinite number of param-
eters: zn = TrρnA, n = 2, 3, · · · , In principle, the entanglement structure between A1, A2
can depend on the relations among these infinite number of parameters in a complicated
way. In other words, if we use an “entanglement phase diagram” to characterize differ-
ent entanglement structures, the diagram is in principle drawn on an infinite dimensional
space. For ρA in macroscopic equilibrium, we expect that the story should be much simpler
in the thermodynamic limit, not depending on microscopic details of ρA. Our goal is to
extract the universal behavior of the entanglement structure in this regime.

A general setup for exploring entanglement correlations in a mixed state in A is to
imagine that A is embedded in a larger system S = A∪B, with the total system S in a pure
state |Ψ〉 in macroscopic equilibrium, and ρA = TrB |Ψ〉 〈Ψ|. In many questions of interest,
such a B naturally exists. For example, consider the evaporation of a black hole formed
from gravitational collapse of a star in a pure state, a system of central interest for the
black hole information paradox. If we take A to be the collection of the Hawking radiation
and ask about the entanglement correlations between different parts of the radiation, the
corresponding B is the black hole emitting the Hawking radiation. If quantum gravity is
compatible with the usual rules of quantum mechanics, the full system of the black hole plus
the Hawking radiation would be in a pure state in macroscopic equilibrium. Alternatively,
we may simply view B as an auxiliary system used to purify ρA.

In this setup, with A1∪A2∪B in an equilibrated pure state |Ψ〉, the equilibrium approx-
imation reviewed in section 2.3 can be generalized to calculate the Renyi and logarithmic
negativities between A1 and A2, as we discussed in section 3.1.

We will show that the entanglement structure, i.e. the qualitative behaviors of the
negativities and mutual informations between A1 and A2, can be characterized by the
equilibrium density operator ρ(eq) (2.30), and two parameters describing the relative sizes
of A1, A2 and of A,B. Suppose the system A has a volume10 VA. We denote the von
Neumann entropy of ρA as SA, with the entropy density given by

sA = SA
VA

. (4.1)

We are interested in the thermodynamic limit VA → ∞ with sA finite. We will consider
E(A1, A2) and I(A1, A2) at leading order in the thermodynamic limit. In this limit, (2.39)
and (3.4) can both be approximated by terms from a subset of permutations τ , which
give the dominant contribution. These sets of permutations can change as we vary two
parameters

λ :=
S

(eq)
A1

S
(eq)
A

, c := S
(eq)
A

S
(eq)
A + S

(eq)
B

, (4.2)

10For a lattice system VA correspond to the number of sites. For a system with no spatial extent, such
as the SYK model, VA corresponds to the number of fermions in A.
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where S(eq)
A1,A,B

are respectively the von Neumann entropies for A1, A,B in the state ρ(eq).
These parameters can be seen as a way of measuring the relative sizes of the subsystems
in the general case where the system S = A∪B is inhomogeneous; when the full system is
homogeneous, λ and c are simply the volume fractions of various subsystems, λ = VA1/VA
and c = VA/(VA + VB). The change in the dominant contribution on varying c and λ

leads to qualitative changes in the behaviors of Z(PT)
n and Zn,R, and correspondingly of

E(A1, A2) and I(A1, A2). We refer to such changes as entanglement phase transitions.

4.2 Entanglement structure at infinite temperature

We now proceed to apply the techniques developed in section 3.1 to calculate the negativ-
ities between A1 and A2 in various situations. We first consider the case where the system
has a finite-dimensional Hilbert space and is sufficiently excited that it can be treated
as being at infinite temperature. Here, we find a universal entanglement phase structure
which is independent of any details of A or B. The structure also coincides with that
obtained from the Haar average of a random state [9].

The dimensions of the Hilbert spaces for A,A1, A2 and B will be denoted respectively
as dA, d1, d2, dB. Assuming the system is homogeneous, we then have log dA = VA log q
where q is the dimension of the Hilbert space at a single site. The parameters λ and c (4.2)
can also be written in terms of dimensions of various Hilbert spaces as

S
(eq)
A = log dA, λ := log d1

log dA
, c := log dA

log dA + log dB
, dA = d1d2 . (4.3)

We will also denote S0 := log dA + log dB. Taking Iα = 1 in (3.4) and (2.39), we get the
following approximations for the quantities Z(PT)

n (A1, A2) and Z(A)
n :

Z(PT)
n (A1, A2) ≈ 1

enS0

∑
τ

eS0A(τ), Z(A)
n ≈ 1

enS0

∑
τ

eS0B(τ), (4.4)

where

A(τ) = cλ k(η−1τ) + c(1− λ) k(ητ) + (1− c) k(τ), (4.5)
B(τ) = c k(η−1τ) + (1− c) k(τ). (4.6)

For any choice of c, λ, there is some set of permutations for which A(τ) is maximized,
and some set for which B(τ) is maximized. Let τm, τ ′m respectively refer to any elements
of these sets. Then, in the thermodynamic limit, we have

logZ(PT)
n ≈ S0A(τm)− nS0, (4.7)

and
Rn(A1, A2) ≈ bnS0

(
A(τm)− B(τ ′m)

)
. (4.8)

The set of permutations that maximize B(τ) was reviewed earlier in section 2.3, with
τ ′m = e for c < 1/2, and τ ′m = η for c > 1/2.
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To maximize A(τ), it is convenient to write (4.5) in a few different ways,

A(τ) = cλ
(
k(η−1τ)+k(τ)

)
+c(1−λ)(k(ητ)+k(τ))+(1−2c)k(τ) (4.9)

= (2cλ−1)k(η−1τ)+c(1−λ)
(
k(ητ)+k(η−1τ)

)
+(1−c)

(
k(τ)+k(η−1τ)

)
(4.10)

= cλ
(
k(η−1τ)+k(ητ)

)
+(2c(1−λ)−1)k(ητ)+(1−c)(k(τ)+k(ητ)) (4.11)

=
(1

2−cλ
)

(k(ητ)+k(τ))+
(1

2−c(1−λ)
)(

k(η−1τ)+k(τ)
)

+
(
c− 1

2

)(
k(ητ)+k(η−1τ)

)
.

(4.12)

Different expressions above are convenient for different ranges of parameters c and λ, from
which we find three entanglement phases, which are shown in figure 4:

1. Phase of no entanglement.11

For c < 1
2 , i.e. S

(eq)
A < S

(eq)
B , all coefficients in (4.9) are positive and A(τ) is maximized

by having k(η−1τ) + k(τ), k(ητ) + k(τ) and k(τ) all reach their maximum values
simultaneously. This happens for τ = e, which gives

Rn(A1, A2) = 0, n ≥ 3, lim
n→2

Rn(A1, A2) = 0,

logZ(PT)
n = S

(eq)
A (1− n), n ≥ 2 .

(4.13)

By analytically continuing either R2m or logZ(PT)
2m , we find that the logarithmic

negativity is given by

E(A1, A2) = lim
m→ 1

2

R2m = lim
m→ 1

2

logZ(PT)
2m = 0 . (4.14)

Furthermore, we find that all Renyi mutual informations vanish

In(A1, A2) = 0, n ≥ 2, I = lim
n→1

In(A1, A2) = 0 . (4.15)

Since the equilibrium approximation calculates only the leading order contribution
of order O(log dA), in this phase there is no extensive entanglement. Both the nega-
tivities and mutual information may have nontrivial higher order sub-extensive con-
tributions.

It is quite intuitive that in this case there is no entanglement between any subsystems.
In the language of purification, all degrees of freedom of A are maximally entangled
with those in B, and from the monogamy of entanglement, there is no entanglement
within A.

11“No entanglement” here should be understood as no “volume” entanglement, i.e. there is no contribution
at the order of O(log dA).
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2. Maximally entangled phase.
For c > 1

2 , λ >
1
2c , i.e. S

(eq)
B < S

(eq)
A , S

(eq)
A2

< 1
2(S(eq)

A −S(eq)
B ), all coefficients in (4.10)

are positive, and A(τ) is maximized by having k(η−1τ), k(ητ) + k(η−1τ) and k(τ) +
k(η−1τ) reach maximum values simultaneously. This happens for τ = η, which gives

Rn(A1, A2) = log d2 = S
(eq)
A2

n ≥ 3, lim
n→2

Rn(A1, A2) = log d2 = S
(eq)
A2

,

logZ(PT)
n =

−(n− 2)S(eq)
A2
− (n− 1)S(eq)

B n ≥ 2, n even
−(n− 1)(S(eq)

A2
+ S

(eq)
B ) n ≥ 3, n odd

(4.16)

By analytic continuation, we get

E(A1, A2) = lim
m→ 1

2

R2m = lim
m→ 1

2

logZ(PT)
2m = log d2 = S

(eq)
A2

. (4.17)

For this parameter range, VA > VB, VA2 <
1
2(VA − VB) < VA1 , (4.17) is the maximal

value of E(A1, A2) can have, and implies that A2 is maximally entangled with A1. We
also have VA2 +VB < 1

2(VA+VB) < VA1 , i.e. the effective number of degrees of freedom
in A2 and B together is smaller than that in A1. Thus both A2 and B should be
maximally entangled with A1 and there should be no entanglement between A2 andB.
Similarly for c > 1

2 , λ < 1− 1
2c , i.e. S

(eq)
B < S

(eq)
A , S

(eq)
A1

< 1
2(S(eq)

A −S(eq)
B ), from (4.11),

the dominant permutation for A(τ) is η−1 and A1 is maximally entangled with A2,
with Rn and logZ(PT)

n obtained by exchanging A1 and A2 in (4.16) and (4.17).
From the equilibrium approximation for the mutual information, we find that for
both range parameters

In(A1, A2) = 2min(S(eq)
A1

, S
(eq)
A2

) n ≥ 2,

I = lim
n→1

In(A1, A2) = 2min(S(eq)
A1

, S
(eq)
A2

) .
(4.18)

which is also consistent with the maximally entangled interpretation given.

3. Entanglement saturation phase.
For c > 1

2 , 1 − 1
2c < λ < 1

2c , i.e. S(eq)
B < S

(eq)
A , 1

2(S(eq)
A − S

(eq)
B ) < S

(eq)
A1

<
1
2(S(eq)

A + S
(eq)
B ), from (4.12), A(τ) is maximized by permutations which maximize

simultaneously k(τ) + k(η−1τ), k(τ) + k(ητ), and k(η−1τ) + k(ητ). For even n, A(τ)
is maximized by the set {τ}∗ of non-crossing permutations which consist only of
2-cycles.12 For odd n, the dominant permutations for A(τ) are the set {τ}∗odd of non-
crossing permutations which consist of n−1

2 2-cycles and one 1-cycle. See appendix A
for more details. We then find that13

Rn(A1, A2) = 1
2(S(eq)

A − S(eq)
B ), n ≥ 2, (4.19)

logZ(PT)
n =

−
(
n
2 − 1

)
S

(eq)
A − n

2S
(eq)
B , n ≥ 2, n even

−n−1
2 (S(eq)

A + S
(eq)
B ), n ≥ 3, n odd

. (4.20)

12A k-cycle refers to a cycle with k elements.
13Note that in the discussion here, we consider only the leading order O(V ) contribution to Rn, ignoring

the O(1) term coming from the degeneracy of different permutations.
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From analytic continuation, the logarithmic negativity is given by

E(A1, A2) = lim
m→ 1

2

R2m = lim
m→ 1

2

logZ(PT)
2m = 1

2(S(eq)
A − S(eq)

B ) . (4.21)

The mutual information is given by

In(A1, A2) = S
(eq)
A − S(eq)

B , n ≥ 2, I = lim
n→1

In(A1, A2) = S
(eq)
A − S(eq)

B . (4.22)

Both the negativity and mutual information depend only on the difference S(eq)
A −

S
(eq)
B , and do not change as we vary the size of A1 (as long as we stay in the afore-

mentioned parameter range). For this reason, this is referred to as the entanglement
saturation (ES) phase. Also notice that Rn and E are half of the corresponding values
for the mutual information as in a pure state, even though here ρ is mixed.
In terms of purification, in this range parameters, we have VA > VB,

1
2(VA − VB) <

VA1 , VA2 <
1
2(VA +VB), and the sum of any two VA1 , VA2 , VB is larger than the third.

Thus, any two of the systems are entangled with each other. There is a simple intu-
itive interpretation of (4.21) and (4.22) in terms of mutual bi-partite entanglement:
since VB < VA, log dB = S

(eq)
B degrees of freedom in A are entanglement with B,

and the remaining log dA − log dB = S
(eq)
A − S(eq)

B are entangled between A1 and A2,
resulting in (4.21) and (4.22).
We should emphasize, however, that this “mechanical” way of assigning entanglement
likely does not reflect the genuine entanglement structure of the system in this phase.
A state of mostly bi-partite entanglement has been proposed in [44] which satisfies
the relation SR(A1, A2) − I(A1, A2) = 0 at leading order [45], which in our current
context means the absence of a volume law contribution. From the discussion of
section 3.4, we find at leading order in the infinite temperature case

SR(A1, A2)− I(A1, A2) =


0 NE phase
0 ME phase
S

(eq)
B − |S(eq)

A1
− S(eq)

A2
| ES phase

. (4.23)

This gives some hint that the ES phase likely has significant multi-partite entangle-
ment.

In the above discussion, we obtained the behavior of E by analytic continuation in n, but
it can checked that the same results follow from calculating the full negativity spectrum
using the resolvent. See appendix C.2.

4.3 Entanglement phase structure at a finite temperature: general discussion

The infinite temperature case only applies to a system with a finite dimensional Hilbert
space at sufficiently high energies or without energy conservation. When the energy of a
system is not large enough, or if a system has an infinite dimensional Hilbert space such
as in a field theory, energy constraints have to be imposed.
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Figure 4. Entanglement phase diagram for the infinite temperature equilibrated pure state.

Now there are many more possibilities for ρ(eq), which depend on the ensembles we
choose and properties of B. We may view the different possibilities as giving different
universality classes. In this subsection, we summarize the general structure and the main
results, leaving explicit discussions of specific choices of ρ(eq) to subsequent subsections.

At infinite temperature, the Renyi negativities Rn, logarithmic negativity E , Renyi
mutual information In, and mutual information I all have the same n-independent phase
structure. At finite temperature, in general each of these infinite number of quantities
can give rise to a different phase diagram as a function of the parameters c and λ defined
in (4.2). This reveals intricate patterns of entanglement structure,14 but also makes it all
but impossible to draw a phase diagram which reflects the behavior of all these quantities.
Of particular interest is the behavior of logarithmic negativity E , as it directly reflects
quantum entanglement correlations, and as reviewed in section 2, can be used to bound
the PPT entanglement cost. Furthermore, its relation with mutual information I can
shed light on the irreversibility of the preparation of a mixed state by different types of
operations. A significant technical complication at finite temperature is that the extraction
of the logarithmic negativity using analytic continuation becomes a priori unreliable for
various parameter ranges due to non-uniform dependence on n of Rn. The resolvent is
needed to calculate E , which fortunately can be done for some choices of ρ(eq) and can be
used to illustrate the general structure. Here is a summary of the main features we observe
for finite temperature ensembles:

1. As we will discuss immediately below, the mutual information I(A1, A2) has exactly
the same phase structure as that at infinite temperature. Thus, the mutual informa-
tion appears to be insensitive to finite temperature effects.

The behavior of Renyi mutual informations in general become n-dependent, with
n-dependent phase boundaries. See figure 8 for an example.

2. For negativities, each n can have its own version of finite-temperature generalizations
of the NE, ME, and ES phases, with phase boundaries between them, which in general
are n-dependent. See figure 6 for an example.

14Recall that other than the logarithmic negativities, all other quantities are sensitive to classical corre-
lations.
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3. In the phase diagram of the logarithmic negativity, there are finite-temperature gen-
eralizations of the NE, ME and ES phases. Between these phases, there can be new
phases that have different E behavior, and are separated from other phases by non-
analytic dependences on the c, λ parameters. Such phases cannot be deduced by
analytic continuation of Z(PT)

n or Rn. See figure 11 for an example.

4. There are regimes where E has a nonzero volume-law contribution, but the mutual
information I is sub-extensive. This is a surprising result, as it is generally believed
that mutual information contains both quantum and classical correlations. That it
is sub-extensive intuitively implies there cannot be any volume-like quantum entan-
glement correlations. Our results indicate this intuition cannot be correct. We will
elaborate further on this relation between logarithmic negativity and mutual infor-
mation in section 5.

5. For various choices of ρ(eq), the Renyi and logarithmic negativities can often be
expressed in terms of equilibrium Renyi entropies, but this appears to not always be
the case.

6. Due to the n-dependence of phase boundaries of Rn and In, for a given λ, c, there
can be intricate patterns of entanglement. For example, it is possible that for all
n, the negativities show the behavior of the ME phase, while for all n the mutual
information show the behavior of the ES phase. It can also happen that for different
n, Rn show different phases, i.e. some n can be in the ME phase while other n are in
the ES or NE phases. See figure 5 for some examples.

To conclude this general discussion, let us now consider the mutual information. From
our general discussion in section 2.3, we have

Sn,A = min
(
S

(eq)
n,A , S

(eq)
n,Ā

)
(4.24)

for n ≥ 2, as well as
SA = min

(
S

(eq)
A , S

(eq)
Ā

)
. (4.25)

Given that the von Neumann entropy of a thermal density operator is extensive, i.e.

S
(eq)
A1

+ S
(eq)
A2

= S
(eq)
A , S

(eq)
A1B

= S
(eq)
A1

+ S
(eq)
B , (4.26)

we then have

I(A1, A2) =



0 c < 1
2 i.e. S(eq)

A = S
(eq)
B

S
(eq)
A − S(eq)

B c > 1
2 , 1− 1

2c < λ < 1
2c

2S(eq)
A2

λ > 1
2c i.e. S(eq)

A1
> S

(eq)
A2

+ S
(eq)
B

2S(eq)
A1

λ < 1− 1
2c i.e. S(eq)

A2
> S

(eq)
A1

+ S
(eq)
B

(4.27)

where c and λ were defined in (4.2). Thus, we find exactly the same phase structure as
that at infinite temperature and the same phase diagram figure 4. For the Renyi mutual
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information, we have a similar phase structure, but the transitions are in general at n-
dependent values of c, λ. More explicitly, suppose Iα = IA⊗IB can be factorized between
A and B, then from (4.24),

In(A1, A2) =



S
(eq)
n,A1

+ S
(eq)
n,A2
− S(eq)

n,A S
(eq)
n,A < S

(eq)
n,B

S
(eq)
n,A1

+ S
(eq)
n,A2
− S(eq)

n,B S
(eq)
n,A > S

(eq)
n,B , S

(eq)
n,B > |S(eq)

n,A1
− S(eq)

n,A2
|

2S(eq)
n,A2

S
(eq)
n,A1

> S
(eq)
n,A2

+ S
(eq)
n,B

2S(eq)
n,A1

S
(eq)
n,A2

> S
(eq)
n,A1

+ S
(eq)
n,B

, (4.28)

Note that the Renyi entropies from subsystems may not be additive, i.e. S(eq)
n,A1

+S
(eq)
n,A2

does
not have to be equal to S(eq)

n,A .
The behavior of the Renyi and logarithmic negativities is technically much more com-

plicated at finite temperature, and we turn to this next.

4.4 Canonical ensemble

In this subsection, we consider more explicitly the entanglement structure in the canonical
ensemble.

4.4.1 General setup

In the canonical ensemble, we consider an effective identity operator of the form

I = e−βAHA ⊗ e−βBHB , (4.29)

which can be interpreted in several ways. One possible scenario is that after some brief
interactions, subsystems A and B are separated and thus can achieve separate equilibria
at different temperatures. When βA = βB = β it also applies to a system AB with a local
Hamiltonian H = HA + HB + HAB for which e−βH ≈ e−βHA ⊗ e−βHB . We can drop the
HAB term as it should give contributions proportional to the areas of the subsystems in
the exponent, and thus can be neglected in the thermodynamic limit.

We assume that the system is homogeneous within A, so that Zm,R = Tr[e−mβRHR ]
for different subsystems R can be written as

Zm,A1 = eVA1fA(mβA), Zm,A2 = eVA2fA(mβA), Zm,B = eVBfB(mβB) . (4.30)

The corresponding equilibrium Renyi entropy density can be written as

s
(eq)
n,R (β) := nfR(β)− fR(nβ)

n− 1 , S
(eq)
n,R (β) = VRs

(eq)
n,R (β) . (4.31)

We allow n to take any non-negative real value. The n→ 1 limit of (4.31) gives the density
of the equilibrium von Neumann entropy (i.e. the thermodynamic entropy density),

s
(eq)
R (β) := fR(β)− βf ′R(β), S

(eq)
R (β) = VRs

(eq)
R (β) . (4.32)
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The free energy densities fA(β) and fB(β) both satisfy the following properties:

1. Since 〈(H − 〈H〉β)2〉
β

= Nf ′′(β) is non-negative,

f ′′(β) ≥ 0. (4.33)

2. From the non-negativity of the thermodynamic entropy,

f(β)− βf ′(β) ≥ 0. (4.34)

3. From the non-negativity of (4.31),

nf(β)− f(nβ) ≥ 0, n ≥ 2. (4.35)

4. From the fact that s(eq)
n decreases with the Renyi index n, we have

d

dn

(
nf(β)− f(nβ)

n− 1

)
≤ 0⇒ f(β)− βf ′(nβ) ≥ f(nβ)− nβf ′(nβ) (4.36)

Note that (4.36), together with (4.34) at inverse temperature nβ, implies that

f(β)− βf ′(nβ) ≥ 0. (4.37)

From (3.4), we find

Z(PT)
n (A1, A2) = 1

enF

∑
τ

eA(τ), Z(A)
n = 1

enF

∑
τ

eB(τ) (4.38)

where

A(τ) = VA1

k(η−1τ)∑
i=1

fA(aiβA) + VA2

k(ητ)∑
j=1

fA(bjβA) + VB

k(τ)∑
k=1

fB(ckβB), (4.39)

B(τ) = VA

k(η−1τ)∑
i=1

fA(aiβA) + VB

k(τ)∑
k=1

fB(ckβB), (4.40)

F = VAfA(βA) + VBfB(βB) (4.41)

and {ai}, {bj}, {ck} respectively are the numbers of elements of the cycles in η−1τ , ητ and
τ . Now if τm denotes one of the permutations that maximizes A(τ) and τ ′m denotes one of
the permutations that maximize B(τ) for a particular choice of VA1 , VA2 , VB, then

logZ(PT)
n (A1, A2) ≈ A(τm)− nF (4.42)

and
Rn(A1, A2) = bn

(
A(τm)− B(τ ′m)

)
= bn

(
logZ(PT)

n − logZ(A)
n

)
. (4.43)
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Using the equilibrium Renyi entropies (4.31) we can write the contribution from a permu-
tation τ to (4.38) as

logZ(PT)
n (τ) =

k(ητ−1)∑
i=1

−(ai − 1)S(eq)
ai,A1

+
k(ητ)∑
i=1
−(bi − 1)S(eq)

bi,A2
+
k(τ)∑
i=1
−(ci − 1)S(eq)

ci,B
(4.44)

logZn,A(τ) =
k(ητ−1)∑
i=1

−(ai − 1)S(eq)
ai,A

+
k(τ)∑
i=1
−(ci − 1)S(eq)

ci,B
(4.45)

For the Renyi partition function (4.45), the dominant permutations were already re-
viewed in section 2.3 and the end of last section, given by either τ = e or τ = η, with

logZn,A(e) = −(n− 1)S(eq)
n,A (βA), logZn,A(η) = −(n− 1)S(eq)

n,B (βB) . (4.46)

To find the negativities we need to maximize (4.44) among different permutations τ ,
which is a difficult task without knowing the explicit forms of functions fA, fB and relative
magnitude of βA, βB. We will give detailed discussion for some specific examples and here
summarize some general features. In all our investigations we find that for a given n, only
one of the following set of permutations could dominate: τ = e, τ = η, η−1, τ = τES ,
which may be considered as giving finite temperature generalizations of the NE, ME and
ES phases. The set of τES denotes,

τES =

(12)(34) · · · (n− 1, n) and (23)(45) · · · (n1), even n
{(23)(45) . . . (n− 1 n), (34)(56) . . . (n 1), · · · , (12) . . . (n− 2 n− 1)}, odd n

,

(4.47)
which is a subset of the permutations τ∗, τ∗odd for the ES phase at the infinite temperature.15

The corresponding expressions of (4.44) for these permutations are given by

logZ(PT)
n (e) = −(n− 1)S(eq)

n,A (βA) (4.48)

logZ(PT)
n (η) =

−(n− 1)S(eq)
n,B (βB)− (n− 2)S(eq)

n
2 ,A2

(βA) n ≥ 2, n even
−(n− 1)(S(eq)

n,A2
(βA) + S

(eq)
n,B (βB)) n ≥ 3, n odd

(4.49)

logZ(PT)
n (η−1) =

−(n− 1)S(eq)
n,B (βB)− (n− 2)S(eq)

n
2 ,A1

(βA) n ≥ 2, n even
−(n− 1)(S(eq)

n,A1
(βA) + S

(eq)
n,B (βB)) n ≥ 3, n odd

(4.50)

logZ(PT)
n (τES) =


−n−2

2 S
(eq)
n
2 ,A

(βA)− n
2S

(eq)
2,B (βB) n ≥ 2, n even

−n−1
2

(
S

(eq)
n+1

2 ,A
(βA) + S

(eq)
2,B (βB)

)
n ≥ 3, n odd

. (4.51)

The regions where the different permutations dominate can be found by comparing their
magnitudes. For example, for even n, τES dominates over e when

(n− 1)S(eq)
n,A −

n− 2
2 S

(eq)
n
2 ,A
≥ n

2S
(eq)
2,B (4.52)

15In some special finite temperature cases, all permutations in the τ∗ or τ∗odd give degenerate contributions,
but more generally the degeneracy is broken. We note that these permutations are also relevant to the
moments of the partial transpose for tensor network states with non-maximally entangled bonds [46].
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and the equal sign defines the transition line for the change of dominance. These transitions
lines are generally n-dependent.

If we can analytically continue the expressions (4.48)–(4.51) for even n to n = 1 we
would obtain the logarithmic negativity for the corresponding finite temperature general-
izations of NE, ME, and ES phases with

ENE = 0, (4.53)

EME = S
(eq)
1
2 ,A2

(βA) or EME = S
(eq)
1
2 ,A1

(βA), (4.54)

EES = 1
2

(
S

(eq)
1
2 ,A

(βA)− S(eq)
2,B (βB)

)
. (4.55)

Comparing with the behavior of mutual information (4.27), notice that in (4.54), S(eq)
1
2 ,A2

(β)
appears and is no longer related to the third line of (4.27) by a simple factor of 1

2 as it was
in the infinite temperature case. Similarly, in (4.55), S(eq)

1
2 ,A

and S(eq)
2,B appear, in contrast to

the second line of (4.27). Analytically continuing (4.52) to n = 1 gives

S
(eq)
1
2 ,A

= S
(eq)
2,B (4.56)

which may be interpreted as the transition from NE to ES phase for E . As we emphasized
before, the correctness of such analytic continuations is not warranted in particular in
regions of parameters where the dependence on n is not uniform. In section 4.4.3 we
discuss a case where the resolvent can be calculated numerically, and we checked in the
NE and ES regimes that the expressions (4.53), (4.55) and (4.56) do apply.

It is instructive to compare (4.56) with the transition from NE to ES for the mutual
information I which from (4.27) is given by c = 1

2 , i.e.

S
(eq)
A = S

(eq)
B . (4.57)

Given that Sn monotonically decreases with n, we have S(eq)
1
2 ,A

> S
(eq)
A and S

(eq)
2,B < S

(eq)
B ,

so the transition (4.56) must happen for S(eq)
A < S

(eq)
B , i.e. somewhere with c < 1

2 . There-
fore, (4.56) implies a region in the phase diagram where the logarithmic negativity is
extensive, but the mutual information is sub-extensive.

Below, we will consider the following representatives of two classes of examples:

1. In discrete systems, f(β) has a well-defined β → 0 limit. An example is

f(β) = log 2 + log cosh(βJ) (4.58)

which is observed in a variety of spin chain models.

2. In continuum systems, f(β) does not have a well-defined β → 0 limit. For instance,
one form that appears in quantum field theories is

f(β) = aβ−α, α ≥ 0. (4.59)
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4.4.2 A and B are uniform

As an explicit illustration, we consider the case where the Hamiltonian is translationally
invariant and βA = βB for which we have fA(β) = fB(β) = f(β). It will be useful to
consider the explicit examples in both (4.58) and (4.59). In this case, it is not clear how
to perform a resolvent calculation, so we are not able to find the phase diagram for E and
will only present the structure for Rn.

Since the system is homogeneous, for logZ(A)
n , τ = e dominates for c < 1

2 and τ = η

dominates for c > 1
2 . In this case, cn and λn coincide with c and λ for all n, so the Renyi

mutual information (4.28) has the same phase structure as the mutual information (4.27).
To understand the structure of logZ(PT)

n , it is convenient to introduce V = VA + VB
and rewrite A(τ) in four ways,

1
V
A(τ) = cλ

(
G(β,τ)+G(β,η−1τ)

)
+c(1−λ)(G(β,τ)+G(β,ητ))

+(1−2c)G(β,τ)
(4.60)

= (2cλ−1)G(β,η−1τ)+c(1−λ)
(
G(β,ητ)+G(β,η−1τ)

)
+(1−c)

(
G(β,τ)+G(β,η−1τ)

) (4.61)

= cλ
(
G(β,η−1τ)+G(β,ητ)

)
+(2c(1−λ)−1)G(β,ητ)

+(1−c)(G(β,τ)+G(β,ητ))
(4.62)

=
(1

2−cλ
)

(G(β,τ)+G(β,ητ))+
(1

2−c(1−λ)
)(

G(β,τ)+G(β,η−1τ)
)

+
(
c− 1

2

)(
G(β,ητ)+G(β,η−1τ)

) (4.63)

where we have introduced

G(β, τ) :=
k(τ)∑
i=1

f(ciβ) (4.64)

with {ci} the lengths of the cycles in τ . We show in appendix D that G(β, τ) and G(β, η−1τ)
are respectively maximized by τ = e and τ = η, and G(β, τ) +G(β, η−1τ) is maximized by
both τ = e and τ = η. Similarly, G(β, ητ) is maximized by τ = η−1, and G(β, τ)+G(β, ητ)
is maximized by both τ = e and τ = η−1. Furthermore, we observe numerically that
G(β, ητ)+G(β, η−1τ) is maximized for even n by four permutations: τ = η, η−1 and τES =
{(12)(34) . . . (n− 1 n), (23)(45) . . . (n1)}, and for odd n by two permutations: τ = η, η−1.

From the above, we then find:

1. For c < 1
2 , from (4.60) τ = e is the dominant permutation for A(τ) for all n ≥ 3, with

logZ(PT)
n given by (4.48). Since τ = e is also the dominant permutation for B(τ), we

have
Rn(A1, A2) = 0, n ≥ 3, lim

n→2
Rn(A1, A2) = 0, (4.65)

This is the natural generalization of the NE phase for the Rn.
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Figure 5. Phase diagrams for the canonical ensemble in a homogeneous system. (a) shows the case
with f(β) as in (4.58), and (b) shows the case with f(β) in (4.59). Note that in (a), in addition
to the ab, bc and ac regions, there is also a small abc region near the intersections of these regions
which is not shown explicitly in the figure. The dashed lines show the prediction for the phase
transition in the logarithmic negativity from the naive analytic continuation prescription, where we
set EES = ENE or EES = EME in (4.53)–(4.55).

2. For c > 1
2 , λ >

1
2c , from (4.61) the dominant permutation for A(τ) is η, with logZ(PT)

n

given by (4.49) and

Rn(A1, A2) =

VA2
nf(β)−f(nβ)

n−1 = S
(eq)
n,A2

n ≥ 3, n odd
VA2

nf(β)−2f(n2 β)
n−2 = S

(eq)
n
2 ,A2

n ≥ 4, n even
(4.66)

lim
n→2

Rn(A1, A2) = S
(eq)
A2

(β), (4.67)

From analytic continuation, E is given by (4.54). This may naturally be interpreted as
the finite temperature generalization of the maximally entangled (ME) phase. Notice
in (4.66) for even n, S(eq)

n
2 ,A2

(β) appears instead of S(eq)
n,A2

(β) as in the third line of (4.28)
for Renyi mutual information.

For c > 1
2 , λ < 1− 1

2c , the dominant permutation is η−1, and we get similar expressions
with A2 replaced by A1.

3. For c > 1/2, 1 − 1
2c < λ < 1

2c , the dominant permutations now appear to depend
on values of c and λ, and are model-dependent. We present the phase diagrams for
examples (4.58) and (4.59) based on the behavior of even n in figure 5 (a) and (b)
respectively. In addition to the NE and ME phases discussed in items 1 and 2 above,
there are also the following regions in the phase diagrams:

(a) ME1 region in figure 5 where τm = η or τm = η−1 dominates for all n. The
behavior of Renyi and logarithmic negativities are the same as (4.66) and (4.54).
But note that the mutual information in this region are given by the second line
of (4.27) rather than the third line or fourth line. So the mutual information and
Renyi mutual information in this region differ from those of ME in item 2, and
they should be considered as describing distinct phases. We refer to this region
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as the ME1 phase. It is curious that in this region, the negativities behave
like those in the maximally entangled phase, while the mutual informations
behave like those for the entanglement saturation phase. In contrast to the
relation (2.25) for pure states, we have for even n

Rn(A1, A2) > 1
2In/2(A1, A2) . (4.68)

(b) ES1 region in figure 5 where τm = e dominates for all n ≥ 3. But since for c > 1
2

the dominant permutation for B(τ) is τ = η, the values of Rn are different from
those in (4.65),

Rn(A1, A2) =


n−1
n−2(S(eq)

n,A − S
(eq)
n,B ) n even

S
(eq)
n,A − S

(eq)
n,B n odd

, n ≥ 3 (4.69)

logZ(PT)
n =

−(n− 1)S(eq)
n,A n ≥ 3

−S(eq)
2,B n = 2

. (4.70)

We cannot obtain E(A1, A2) by analytic continuation from the above expres-
sions, as the analytical continuation of (4.70) for even n ≥ 4 to n = 2 already
gives the wrong expression, not to mention to n = 1. The mutual information
of this region is given by the second line of (4.27), which is also nonzero. So this
should describe a distinct phase from the NE phase of item 1. Since (4.69)–(4.70)
and the Renyi mutual informations in this phase only depend on A, and not on
A1, A2, we will refer to it as the ES1 phase. For n = 2, there is no ES1 region.

(c) ES region in figure 5 where τm = τES for all n with logZ(PT)
n given by (4.51).

We find

Rn(A1, A2) =


1
2S

(eq)
n−1

2 ,A
(β)− S(eq)

n,B (β) + 1
2S

(eq)
2,B (β) n ≥ 3, n odd

1
2(S(eq)

n
2 ,A

(β)− S(eq)
n
2 ,B

(2β)) n ≥ 4, n even
(4.71)

lim
n→2

Rn(A1, A2) = 1
2S

(eq)
A (β)− 1

2S
(eq)
B (2β) (4.72)

and the logarithmic negativity is given by (4.55). Notice all quantities depend
only on properties of A, not on A1 or A2. We can thus identity this as the finite
temperature generalization of the ES phase. For even n we also have (4.68).

(d) In the remaining regions of figure 5, the set of dominant permutations now de-
pends on n. For example, in the region denoted by ac there exists a critical
value nc for n ≤ nc, the dominant permutations are that of item (a), while for
n > nc, the dominant permutations are those of item (c). Similarly with bc

and ab regions. There is in general also an abc region where all three options
appear at a given c, λ for different n. These regions also give potentially new
phases. Clearly in these “mixed” regions, there is no way to perform analytic
continuation in n to obtain E(A1, A2).
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Figure 6. Transition lines for Rn at two different values of β for f(β) in (4.58).

In the above, we have assumed that for a region if a given set of permutations
dominate for all n and there is no apparent contradiction, we can analytically
continue n to obtain the logarithmic negativity. But we should caution that it
is not warranted such a procedure always gives the correct answer.

4. As the temperature decreases, the ES phase region shrinks.

The n-dependent transition lines for Rn are shown for a few examples of even and
odd n in figures 6 and 7. Figure 6 shows the case of f(β) as in (4.58), at two different
values of β. Figure 7 shows the case of f(β) in (4.59), where the transition lines turn
out to be independent of β, at two different values of the parameter α. Note that there
are qualitative differences between the diagrams for even and odd n. In particular, for
sufficiently large β or α, the odd n cases have no region where τES dominates.

4.4.3 A at infinite temperature

As another illustration, here we consider the case where A is at infinite temperature, while
B is at a finite temperature β. We find numerically for n = 4, 6 that the transition the
dominant permutation contributing to Z(PT)

n is always one out of e, τ∗, and η, η−1, and
assume that this is true for all n. The corresponding expressions for Z(PT)

n and analyti-
cally continued expressions for E are given by (4.48)–(4.51) and (4.53)–(4.55). The phase
transitions for both the mutual information and the Renyi negativities are n−dependent
in this case, and are shown in figure 8.

These phase diagrams have a similar structure for both discrete and continuum exam-
ples (4.58) and (4.59). The phase diagrams for both Rn and In are n-dependent in this
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Figure 7. Transition lines for Rn at two different values of α for f(β) in (4.59).

case. However, the transition from dominance of τ = e to τ = τES for all Rn happens
along the same line, indicated as the purple dashed line in the figure. This coincides with
the transition in I2 from NE to ES, and takes place at a smaller value of c than the corre-
sponding transition in I. As explained in appendix C.3, the transition in E obtained from
the semicircle approximation in the resolvent also lies along the same line. More explicitly,
in the semi-circle approximation, the logarithmic negativity is given by

E(A1, A2) = log


2
π

sin−1

1
2

√√√√eS
(eq)
2,B

dA

+


√

e
S

(eq)
2,B
dA

+ 8
√

dA

e
S

(eq)
2,B


√

1− 1
4
e
S

(eq)
2,B
dA

3π


, (4.73)

'

0, log dA < S
(eq)
2,B

1
2

(
log dA − S(eq)

2,B

)
+ log 8

3π , log dA > S
(eq)
2,B

(4.74)

Comparison between the mutual information and negativity is shown in figure 9. Here, we
explicit see a regime before the Page time when the negativity is extensive and hence much
larger than the mutual information.

4.5 Microcanonical ensemble

4.5.1 General description

In cases where the initial state is supported on a narrow interval IE,∆ = [E −∆, E + ∆] of
energies, we can take the effective identity operator for the equilibrium approximation to be
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Figure 8. Phase transition lines for Rn and In for a few different n for fB as in (4.58) and (4.59)
are shown on the left and right respectively.
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Figure 9. The mutual information (blue), negativity (orange), von Neumann entropy of R (green),
and second Rényi entropy of R (red) are shown when B is in the canonical ensemble and A at
infinite temperature. While the mutual information within A becomes volume-law when the von
Neumann entropy of A saturates, the negativity becomes volume-law when the second Rényi entropy
saturates, a significantly earlier time. We also note that the finite temperature corrections around
the transition point are significantly larger for the mutual information than they are for negativity,
which has a sharper transition. We take VB = 100 and β = 1/2 for a Cardy-like density of states
for B, ρ(E) = e

VB

√
E

VB .

the projector onto the eigenstates in this microcanonical interval. Again assuming that the
interaction terms between different subsystems A1, A2 and B give small contributions to
the energy compared to the terms involving only degrees of freedom within the subsystems,
we can approximate this effective identity operator as

IE =
∑

En∈IE,∆

|n〉 〈n| ≈
∑

E
A1
p +EA2

q +EBr ∈IE,∆

(|p〉 〈p|)A1 ⊗ (|q〉 〈q|)A2 ⊗ (|r〉 〈r|)B. (4.75)

where |p〉 , |q〉 and |r〉 are respectively eigenstates of HA1 , HA2 and HB with energies EA1
p ,

EA2
q and EBr . Below we will denote NE := Tr[IE ]. The contributions to the equilibrium
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approximation for Z(PT)
n from general permutations τ with this choice of Iα in a general

homogenous system are complicated to evaluate, and in particular do not have simple
expressions in terms of the cycle numbers and lengths of various permutations like the
canonical ensemble expressions (4.38). Some examples are shown in appendix E. We con-
sider two simplifying cases below, with B or A2 at infinite temperature. These examples
are useful as they allow a calculation of the logarithmic negativity through the resolvent, as
explained in appendices C.4 and C.5, revealing new features in their phase diagrams which
do not have an analog at infinite temperature and cannot be deduced from the phase dia-
grams for the Renyi negativities. In both examples, we find that the logarithmic negativity
becomes extensive in a regime where the mutual information is sub-extensive.

For concreteness, in both cases below, it will sometimes be useful to consider a specific
example of the entropy density as a function of energy density in the part of the system
with energy conservation,

s(ε) = g
√
ε. (4.76)

where g is a constant.

4.5.2 B at infinite temperature

Let us first assume that the total energy in A is conserved and it equilibrates to the mi-
crocanonical ensemble, while B equilibrates to infinite temperature. The effective identity
operator is

Iα =
∑

E
A1
a1 +EA2

a2 ∈IE,∆

|a1〉 〈a1| ⊗ |a2〉 〈a2| ⊗ 1B (4.77)

As we vary the volumes of the different subsystems, we fix the average energy density in
A to a value E

VA
= ε, and the infinite temperature entropy density in B to a value s0.

Note first that since Iα factorizes as IA ⊗ IB in this example, the Renyi mutual
information is again given by the general expression (4.28). Note that S(eq)

n,A and S(eq)
n,B for

all n in this example are equal to S(eq)
A and S(eq)

B = log dB respectively, so the transition
from the first to the second line of (4.28) occurs at S(eq)

A = log dB for all n. But note that
in this example, the first line of (4.28) is not zero for n 6= 1: it is positive for n < 1, and
negative for n > 1.

The contributions to Z(PT)
n for even n ≥ 2 from different permutations are

logZ(PT)
n (e) = −(n− 1)S(eq)

A (4.78)
logZ(PT)

n (η) = −(n− 1) log dB − (n− 2)S(eq)
n
2 ,A2

(4.79)

logZ(PT)
n (η−1) = −(n− 1) log dB − (n− 2)S(eq)

n
2 ,A1

(4.80)

logZ(PT)
n (τES) = −n− 2

2 S
(eq)
n
2 ,A1
− n− 2

2 S
(eq)
n
2 ,A2
− n

2 log dB (4.81)

The derivation of these expressions is explained in appendix C.4. On noticing that S(eq)
n,A =

S
(eq)
A and S(eq)

n,B = log dB for all n in this example, and that the equilibrium Renyi entropies
of different subsystems are additive in the canonical ensemble, we can see that these ex-
pressions in terms of the equilibrium entropies turn out to be the same as the contributions
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Figure 10. Phase transition lines for Rn and In for n = 4, 10. The transition from NE to ES for E
obtained from the semi-circle approximation is shown with the dashed purple line. The transition
from the first to the second line of (4.28) for all Renyi mutual informations coincides with the black
n = 1 transition line in this case.

from the leading permutations in the canonical ensemble case, (4.48)–(4.51). From analytic
continuation, the above expressions correspond to the following values of the logarithmic
negativity:

ENE = 0, (4.82)

EME = S
(eq)
1
2 ,A2

or EME = S
(eq)
1
2 ,A1

, (4.83)

EES = 1
2

(
S

(eq)
1
2 ,A1

+ S
(eq)
1
2 ,A2
− log dB

)
. (4.84)

Depending on the permutations τm and τ ′m that dominate in Z(PT)
n and Z(A)

n respectively,
the Renyi negativities for even n can take three possible forms,

Rn =


0 τm = e, τ ′m = e

min(Seq
n
2 ,A2

, Seq
n
2 ,A1

) τm = η−1, η, τ ′m = η

1
2(Seq

n/2,A1
+ Seq

n/2,A1
− log dB) τm = τES , τ

′
m = η

(4.85)

Note that this example does not have an ES1 phase like (4.69) where τm = e, τ ′m = η for
n > 2. The n-dependent phase transition lines for Rn and In are shown in figure 10, taking
the entropy density in A to be of the form (4.76). Analytic continuation of the condition
Z(PT)
n (τES) = Z(PT)

n (e) suggests that the transition from the NE to the ES phase for the
logarithmic negativity takes place when

S
(eq)
1/2,A1

+ S
(eq)
1/2,A2

= log dB . (4.86)

This analytically continued phase transition line is indicated with the dashed purple line
in figure 10. When this transition takes place, the mutual information is still sub-extensive
from (4.27). As discussed in appendix C.4, a computation of the resolvent in the “semicircle
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approximation” for this case indicates that the naive analytic continuation of the phase
transition (4.86), and the analytically continued value (4.84) of the logarithmic negativity in
the ES phase, are correct. However, our computation of the full resolvent in a different setup
in the following subsection suggests that the semicircle approximation may in principle be
insensitive to new phases that cannot be deduced by analytic continuation. Irrespective of
whether such new phases also exist in this example, the conclusion that the negativity is
extensive in a regime where the mutual information is sub-extensive holds.

4.5.3 A2 at infinite temperature

Consider an inhomogeneous example, where the system A2 is taken to be at infinite temper-
ature while A1B is a homogenous system that satisfies energy conservation and equilibrates
to the microcanonical ensemble. More explicitly, we take the effective identity operator
to be

Iα = 1A2 ⊗
∑

E
A1
p +EBr ∈IE,∆

(|p〉 〈p|)A1 ⊗ (|r〉 〈r|)B. (4.87)

As we vary the volumes of the different subsystems to find the phase diagram, we keep the
average energy density in A1B fixed to some value E

VA1+VB = ε. We denote the infinite
temperature equilibrium entropy density in A2 by s0.

Using (2.49), we find that the Renyi mutual informations in this setup are given by

In(A1, A2) =



0 S
(eq)
n,A1

+ log dA2 < S
(eq)
n,B

S
(eq)
n,A1

+ log dA2 − S
(eq)
n,B , S

(eq)
n,A1

+ log dA2 > S
(eq)
n,B , S

(eq)
n,A1

< log dA2 + S
(eq)
n,B ,

log dA2 < S
(eq)
n,A1B

2 log dA2 log dA2 > S
(eq)
n,A1B

S
(eq)
n,A1

+ S
(eq)
n,A1B

− S(eq)
n,B S

(eq)
n,A1

> log dA2 + S
(eq)
n,B

(4.88)
Note that this differs slightly from (4.28), as the Renyi entropies for n 6= 1 in A1B are
not additive in this example. For I(A1, A2), we recover the general expression (4.27). The
phase transitions for different In are n-dependent in this example.

We find that the dominant permutation in Z(PT)
n for even n is given by one of the

choices τ = e, τ = η, η−1 or τ = τES ,16 and the corresponding values are

logZ(PT)
n (e) = (1− n) (log dA2 + S

(eq)
n,A1

), (4.89)

logZ(PT)
n (η−1) = S

(eq)
1
2 ,A1
− (n− 1)(S(eq)

B + S
(eq)
A1

), (4.90)

logZ(PT)
n (η) = (2− n) log dA2 + (1− n)S(eq)

B,n , (4.91)

logZ(PT)
n (τES) =

(
1− n

2

)
log dA2 + S

(eq)
n
n+2 ,A1

− n

2 (S(eq)
A1

+ S
(eq)
B ). (4.92)

16We checked this numerically for n = 4 and n = 6 for the entropy density function in (4.76).
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Figure 11. (a) shows the phases of E with Iα as in (4.87), s(ε) =
√
ε in A1B, and E

V = 0.5. The
phase transitions of the mutual information are shown with dashed black lines. In (b), we show the
same phase transition lines of E alongside the phase transition lines of Z(PT)

n for n = 4, 6, 8. Note
that the precise shape of all phase transition lines will depend on the choices of s(ε) and E

V .

From analytic continuation of the above expressions, we get the following forms of the
logarithmic negativity:

ENE = 0, (4.93)

EME = log dA2 or EME = S
(eq)
1
2 ,A1

, (4.94)

EES = 1
2 log dA2 + S

(eq)
1
3 ,A1
− 1

2S
(eq)
A1
− 1

2S
(eq)
B . (4.95)

We also find the following different forms of the Renyi negativities for even n depending
on the permutations τm and τ ′m that dominate in Z(PT)

n and Z(A)
n respectively:

Rn(A1, A2) =



0 τm = e, τ ′m = e

n−1
n−2(S(eq)

n,A − Sn,A) τm = e, τ ′m = η

1
2 log dA2 + n

2(n−2)(S(eq)
A1

+ S
(eq)
B )

− 1
n−2S

(eq)
n
n+2 , A1

− n−1
n−2S

(eq)
n,B τm = η−1, τ ′m = η

S
(eq)
A2

τm = η, τ ′m = η

(n−1)S(eq)
1/n,A1

−S(eq)
1/2,A1

n−2 τm = τES , τ
′
m = η

(4.96)

The phase transition lines for Rn and In for n = 4, 6 and 8 are shown in figure 11(a), where
we have assumed that the entropy density in A1B is given by (4.76). Qualitatively, this
has a similar structure to the phase diagrams seen in previous cases, with analogs of each
of the regions NE, ES1, ES, ME1, ME, ab, bc, ac and abc that we saw previously. For
this example, we are further able to use the resolvent to find the full phase diagram of the
logarithmic negativity. We present the details of this calculation in appendix C.5. The
resulting phase digram is shown in figure 11(b). Each of the five different shaded regions,
labelled NE, ES, ME, ES-ME1 and ES-ME2, represents a distinct phase of the logarithmic
negativity. The phase transition lines for the mutual information are also shown in the
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same figure with dashed lines, but the corresponding regions are not shaded. In the top
row of figure 12, both E and I are shown as functions of the parameter c = S

(eq)
A

S
(eq)
A +S(eq)

B

along
different vertical lines marked in the phase diagram of figure 11(b), which have different

fixed values of the ratio λ =
S

(eq)
A1
S

(eq)
A

. The various phases shown in the diagram should be
interpreted as follows:

1. In the phases labelled by NE, ES, and ME, E is given by the analytically continued
expressions (4.93)–(4.95).

2. In the phases labelled by ES-ME1 and ES-ME2, E cannot be obtained by analytic
continuation of Z(PT)

n or E . The expressions for the negativity in these phases are
given respectively by

EES−ME1 = S
(eq)
A2

+ VA1(s(θ3)− s(ε))− VBs(ε) . (4.97)

and
EES−ME2 = VA1 (2s(θ2)− s(ε))− VB s(ε) . (4.98)

where θ2 and θ3 are solutions to the equations

VA2 s0 + VB s

(
ε (VA1 + VB)− VA1 θ2

VB

)
= VA1s(θ2),

VA1 s(θ3) + VB s

(
ε (VA1 + VB)− VA1 θ3

VB

)
= VA2s0 .

(4.99)

3. Only one of the phase transition lines shown in the figure — the pink line dividing
the NE and ES phases — can be correctly deduced by naive analytic continuation.
Putting n = 1 in the condition Z

(PT)
n (τES) ≥ Z

(PT)
n (e), we would deduce that the

transition line between the NE and ES phases for E is given by

1
2S

eq
A2

+ Seq
1/3,A1

− 1
2S

eq
A1
− 1

2S
eq
B = 0 (4.100)

Eq. (4.100) agrees with the pink line in figure 11(b), but it cannot be used to deter-
mine the point where the pink line ends and the cyan line begins, as the naive analytic
continuation does not “know about” the existence of the ES-ME2 phase. The semi-
circle approximation for the resolvent in this example also correctly predicts the pink
line for the transition from NE to ES, but is again insensitive to the ES-ME2 phase.

4. In the transition from NE to ES or ES-ME2, there is a discontinuity in the first
derivative of E with respect to c. The remaining phase transitions correspond to a
discontinuity in the second derivative. We show ∂E

∂c along different vertical lines in the
phase diagram in the bottom row of figure 12. This is unlike the infinite temperature
case, where all phase transitions involve discontinuities in the first derivative of E .

5. In the region between the dashed black line and the pink and cyan lines, the mutual
information is sub-extensive while the negativity is extensive. Comparing (4.100)

– 46 –



J
H
E
P
0
1
(
2
0
2
3
)
0
6
4

0.5 1
c0.

0.1

0.2

0.3

0.4

λ = 0.3

ℰ/V

I/V

0.5 1
c0.

0.1

0.2

0.3

0.4

0.5

0.6

λ = 0.57

0.5 1
c0.

0.1

λ = 0.9

0.5 1
c0.

0.1

0.2

0.3

0.4

0.5

0.6

0.7

∂ℰ/∂VA
λ = 0.3

0.5 1
c0.

0.1

0.2

0.3

0.4

0.5

0.6

0.7

∂(ℰ/V)/∂c
λ = 0.57

0.5 1
c0.

0.1

0.2

0.3

0.4

∂(ℰ/V)/∂c
λ = 0.9

Figure 12. Top row: the blue and orange curves respectively show E and I as a function of c
along three vertical lines in the phase diagram of figure 11(b). Bottom row: ∂E

∂c is shown along the
same lines. The relevant phase transitions lines from figure 11(b) are also indicated with dashed
vertical lines.

with the NE to ES transition line for the mutual information in (4.57), we see quite
generally that since S(eq)

1/3,A1
> S

(eq)
A1

, such a regime should exist for any choice of s(ε),
as long as the naive transition line for the logarithmic negativity in (4.100) is correct.

Note also that the NE-ES transition line for I1/2 lies slightly below, but quite close
to, that of the mutual information. In particular, it also lies above the lines where
the logarithmic negativity starts to become extensive.

4.6 Numerical examples: negativity spectrum in chaotic spin chains

Throughout this work, we have used an analytic approximation that holds in the thermo-
dynamic limit to calculate various information-theoretic quantities. In this subsection, we
present results for the spectrum of the partially transposed density matrix in the canonical
ensemble. Here we avoid all approximations and carry out numerical simulations in chaotic
spin chains, but are necessarily limited to small sizes.

We consider a chaotic 1D spin chain with Hamiltonian

H = −
N∑
i=1

(ZiZi+1 + hxXi + hzZi) . (4.101)

This Hamiltonian has been studied frequently as it undergoes a well-understood integrable
to chaotic transition [47]. We find, numerically, that this model has the following partition
function

g(β) = logZ(β)
N

= log (2 cosh (f(hx, hz)β)) (4.102)

to extremely precise accuracy. Here, there is only a single fitting parameter, f , that depends
on the coupling constants chosen. This can be fixed by the low-temperature behavior of

– 47 –



J
H
E
P
0
1
(
2
0
2
3
)
0
6
4

the partition function

logZ(β →∞)
N

= −βE0
N

= βf(hx, hz). (4.103)

Thus, we have

g(β) = log (2 cosh (ε0β)) , (4.104)

where ε0 is the ground state energy density. We set hx = −1.05 and hz = 0.5 in our
calculations below.

If we want to model the canonical ensemble, it is convenient to study the “canonical
thermal pure quantum states” of ref. [48]

|β〉 ∝ e−βH/2 |R〉 , (4.105)

where |R〉 is a random state vector. Being random, it is approximately an equal weighting
of all energy eigenstates

|β〉 ' 1√
Z(β)

∑
En

e−βEn/2 |En〉 . (4.106)

The exponential of the Hamiltonian is a dense matrix, so a priori, we will be very limited
in the system sizes. This can be improved by approximating the exponential as

e−βH/2 ' e−β(HA⊗1B)/2e−β(1A⊗HB)/2, (4.107)

where, as in the equilibrium approximation, we have considered the coupling HAB to be
small. A Haar random vector can be written as [49]

|R〉 =
∑
iα

Xiα |i〉A ⊗ |α〉B , (4.108)

where the Xiα’s are independent complex Gaussian random variables and |i〉 , |α〉 are or-
thonormal bases on the sub-Hilbert spaces. The (unnormalized) reduced density matrix
on subsystem A may then by expressed as

ρA(β) = e−βHA/2XX∗e−βHA/2, (4.109)

where X is now the dA× dB rectangular matrix with matrix elements Xiα. This is a great
numerical simplification because we avoid ever forming dense, (dAdB)× (dAdB) matrices.

In figure 13, we show the exact negativity spectra at both infinite and finite tempera-
ture. Certain aspects of the infinite temperature spectra are robust such as the topological
transition from the single connected component to two connected components. However,
other details are not robust. For example, when all systems are at finite temperature, the
spectrum never resembles a semi-circle.
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Figure 13. The probability density functions for the negativity spectra at |βε0| = 0 (blue), 1
4

(orange), and 1
2 (yellow). From left to right, we have NB = 2, 4, and 6. The topological transition

is robust to finite temperature. We always take NA1 = 2 and NA2 = 6.

5 Implications for mixed-state entanglement and black hole radiation

We now discuss the operational implications of the above results for E and I. As reviewed
in section 2.2, the mutual information gives an upper bound the distillable entanglement

Ed(A1, A2) ≤ 1
2I(A1, A2), (5.1)

while the logarithmic negativity gives a lower bound on the exact PPT entanglement cost

E(ppt,exact)
c (A1, A2) ≥ E(A1, A2) . (5.2)

We observed that at a finite temperature, for various choices of ρ(eq), there is a region
in the entanglement phase diagram where E is volume-like while I is sub-volume, and
hence E � 1

2I. Our results suggest that such behavior is likely to be generic for all finite
temperature chaotic systems. In this part of the phase diagram, we then have

E(exact)
c � E

(exact)
d . (5.3)

If we further assume that E(ppt)
c is extensive when E(ppt,exact)

c is extensive, then a stronger
statement can be made,

Ec � Ed . (5.4)

This implies that the preparation of the state of A from EPR pairs by LOCC operations
is highly irreversible, and it has significant bound entanglement.

It is interesting to contrast the results here with those from random states in [50],
which can be seen as thermalized states at infinite temperature. In such states, a regime
was found where Ec is extensive while I (and hence Ed) is sub-extensive. However, this
effect took place for a range of subsystem dimensions which all correspond to c = 1

2 in
the thermodynamic limit, as opposed to an O(1) range of c between some c0 and 1

2 , as we
find in the finite temperature examples here. The conclusion about Ec in [50] was drawn
using entanglement of formation as opposed to logarithmic negativity. On calculating E in
the infinite temperature case in the same regime at c = 1

2 , we do not find that it becomes
extensive while I is still sub-extensive.
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We can ask whether the preparation of the state ρA by PPT operations, as opposed to
LOCC, is also irreversible in this regime. This question cannot be conclusively answered
from our results. With the assumption that E(ppt)

c is extensive when E(ppt,exact)
c is extensive,

there are two logical possibilities, both with interesting physical consequences:

1. If E(ppt)
d is comparable to E , i.e. volume-like, as in some known systems [7], then

although LOCC distillable entanglement is small, PPT distillable entanglement is
large, implying that finite temperature greatly enhances distillable entanglement if
we use PPT operations.

2. If E(ppt)
d is comparable to I, i.e. sub-volume-like, then both the PPT and LOCC

distillable entanglements are small, and the state is also highly PPT-irreversible.

The results of the previous section apply to generic chaotic many-body systems, and
hence also have implications for an evaporating black hole, which is believed to be highly
chaotic.

Consider a black hole formed from the collapse of a star initially in a pure state.
The black hole subsequently evaporates by emitting Hawking radiation. The evaporation
process is very slow in microscopic scales, and we can treat the remaining black hole as
well as the radiation as being in macroscopic equilibrium.17 The full system is still in a
pure state, and the reduced density operator of each subsystem can be far from the density
operators of thermal ensembles. The results of the previous section can be used to predict
the entanglement structure within the radiation subsystem, or entanglement between a
part of radiation and the remaining black hole, at both infinite and finite temperatures.
For definiteness, we will take A to be the radiation and B to be the black hole.

In [51], from averaging over random pure states, Page found that the entanglement en-
tropy of the radiation undergoes a transition from increasing to decreasing behavior at some
time scale t = tp where log dA = log dB. Page’s calculation was in the infinite temperature
case, where from our discussion in section 4.2, we know that tp is also the time scale at which
entanglement within the radiation, as quantified by either I or E , starts to become exten-
sive. In other words, before the Page time tp there is no entanglement within the radiation.

The natural finite-temperature generalization of the Page time is when S(eq)
A = S

(eq)
B ,

corresponding to c = 1
2 , which was already used in [52]. Our results from the equilibrium

approximation and resolvent calculations confirm that this is indeed the time at which
the entanglement entropy transitions from increasing to decreasing behavior. Interestingly,
our results for logarithmic negativity give a new prediction for the quantum-informational
properties of the radiation at finite temperature: there are significant entanglement cor-
relations within the radiation long before the Page time. This suggests the existence of
another time scale tb when quantum entanglement within the radiation starts becoming
extensive. For time scales t ∈ (tb, tp), the entanglement correlations within the radiation
cannot be distilled using LOCC, i.e. they are an example of “bound entanglement.” It

17The two systems can be in separate macroscopic equilibria, because in general the radiation is separated
from the black hole after it is emitted.
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is an interesting open question whether this entanglement could be distillable using more
general operations such as PPT operations.

Our results from the previous section can also be used to derive replica wormhole
contributions to the calculation of the negativity between parts of the radiation in Euclidean
gravity. We show these replica wormholes explicitly for the model of [4] in appendix C.3.1.
(See figure 26.) Due to specific features of the density of states in JT gravity, the difference
between tb and tp is suppressed in the large quantity S0 in this model. However, this
difference should be macroscopically large for higher-dimensional black holes.

To make predictions for the mixed-state entanglement between the black hole and some
part of the radiation, we can take A1 and B to be parts of the radiation and A2 to be the
black hole.

To explore further the nature of entanglement among various parts of the full black
hole system, it is instructive to consider the Hayden-Preskill thought experiment at a finite
temperature: we throw a diary into the black hole, and see when the information of the di-
ary is recoverable from the radiation. We turn to this problem next. We will find that both
time scales tp and tb can be given operational interpretations in the context of this question.

6 Implications for information transfer from black hole to radiation

In this section, we investigate how information is transferred from the black hole to the ra-
diation during the evaporation process using the Hayden-Preskill thought experiment [10].
Suppose we throw a secret diary D into a black hole B at an early stage in the evaporation
process. As the black hole evaporates, we collect all of the radiation and refer to it as R, and
refer to the remaining black hole as B′. Suppose we know the initial state of B, and have
access to a universal quantum computer with which we can act on the radiation R. We then
ask how much of the radiation we need in order to learn the initial state of the diary, ρD.

We can make this question more explicit in the following way. The relevant decompo-
sitions of the Hilbert space at the initial and final times respectively are H = HD ⊗ HB
and H = HB′ ⊗HR. We can consider the following quantum channel from HD to HR,

N (ρD) = TrB′
[
U (ρD ⊗ ρB)U †

]
, (6.1)

where U is the time-evolution operator for the black hole and radiation, together with the
diary, and ρB = |ψ0〉 〈ψ0|B is some fixed initial pure state of the black hole. Asking whether
we can learn the state of the diary from the radiation is equivalent to asking whether there
exists a universal recovery channel R such that R ◦N (ρD) = ρD for all ρD.

Note that while we will mostly discuss the above question in terms of evaporating black
holes in this section, it can also be seen as a more general question about thermalized states
in quantum many-body systems. Suppose we put some information in a small subsystem D,
and then let D evolve together with the rest of the system, B. Then given some subsystem
R in the thermalized state, can we learn the initial state of D?

We will take three different approaches to this question, each of which reveals different
aspects of the transfer of information from the black hole to the radiation. We will use the
equilibrium approximation in each of these approaches, which allows us to understand the
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transfer of information both at infinite and finite temperature. Note that all statements at
finite temperature below are based on the canonical ensemble universality class, where we
take Iα = eβ1HB′ ⊗ eβ2HR . We will assume that the Hilbert space of the diary has a finite
dimension dD. We will in general consider the case where the diary can be large, so that
dD can be O(e1/GN ).

1. We first introduce a reference system Q with the same Hilbert space dimension as
D, and consider an initial state in which D is maximally entangled with Q. The
time-evolution on HQ is trivial, while HB ⊗HD is evolved with U . We then look at
the mutual information I(Q,R) under time-evolution, which can be seen as a way of
quantifying the extent to which the radiation contains information about the diary.
The behavior of this quantity motivates us to define two natural time-scales:

• tp1 , the time at which S(eq)
R = S

(eq)
B′ − log dD. I(Q,R) starts increasing from its

initial value of zero at this time.
• tp2 , at which S

(eq)
R = S

(eq)
B′ +log dD. I(Q,R) reaches its maximal value of 2 log dD

at this time.

The standard Page time tp, at which we have S(eq)
R = S

(eq)
B′ , lies between these two

time scales.

When I(Q,R) reaches its maximal value at tp2 , this can be interpreted by saying that
all the information that was initially in the diary is now present in the radiation.
This statement can be understood operationally in terms of the quantum channel
N in (6.1). From the results of [53], I(Q,R) = 2 log dD implies the existence of a
universal recovery channel R for N , i.e. R◦N (ρD) = ρD for all ρD. This is consistent
with the fact that from a gravitational perspective, tp2 is the latest time at which an
island can form [2] (see figure 14).

2. For some choice of reference state σD, and any state ρD, we compute the difference
in the relative entropies before and after applying the channel N ,

D(N (ρD)||N (σD))−D(ρD||σD), (6.2)

in order to find a lower bound for the fidelity of some recovery channel R using (2.65).
The relevant time scales for this quantity turn out in general to depend on the choice
of σD and ρD, and are given by

• tp(ρD), the time at which S(eq)
R = S

(eq)
B′ +S(ρD). The lower bound on the fidelity

of some recovery channel R first starts to increase from an exponentially small
value at this time.

• tp2(σD, ρD), at which S(eq)
R = S

(eq)
B′ +D(ρD||σD)+S(ρD) = S

(eq)
B′ −Tr[ρD log σD].

The lower bound on the fidelity reaches its maximal value of 1 at this time-scale.

Note that if we take ρD to be pure, then tp(ρD) = tp, the standard Page time. If we
take σD = 1/dD, then tp2(σD, ρD) becomes equal to tp2 defined in the previous point

– 52 –



J
H
E
P
0
1
(
2
0
2
3
)
0
6
4

independently of ρD, implying that universal recovery is possible after tp2 . Recall that
in the previous point, universal recovery at tp2 was deduced from the complementary
perspective that the mutual information I(Q,R) becomes maximal at this time.
The lower bound on the fidelity provides an operational way of seeing the gradual
transfer of information from the black hole to the radiation between times tp and tp2 ,
as the fidelity increases from its minimal value to one in this range of times. However,
this quantity does not seem to have a regime which reflects the growth of I(Q,R)
from time tp1 to tp which we observed in the previous point.

3. We explicitly calculate the fidelity of the Petz recovery map P for N , taking the
initial state ρD to be pure to simplify calculations. This reveals the following new
time scale, which the lower bound in terms of the relative entropy from the previous
point is not sensitive to:

• tb, the time at which S
(eq)
1
2 ,R

= S
(eq)
2,B′ . For a large diary, the fidelity of the Petz

map starts growing from its initial value of F (ρD||σD) at this time. Recall
from our discussion in section 4.4.1, that this is also the time scale at which
the logarithmic negativity between two parts of the radiation starts to become
extensive in the canonical ensemble.18

The time at which the fidelity saturates to unity is tp2 , consistent with the conclusions
of the two other approaches in the previous points.

Note that at infinite temperature and for small diaries such that log dD � S
(eq)
B′ , S

(eq)
R , all

the different time scales above coincide, i.e. tp1 = tb = tp = tp2 . More generally, allowing
for finite temperature and large diaries, we have tp1 ≤ tp ≤ tp2 and tb ≤ tp ≤ tp2 .

6.1 From the perspective of mutual information

We first discuss the transfer of information from the perspective of the mutual information
of the radiation with a reference system Q. This approach was considered at infinite
temperature in the original discussion of [10] by using random states, and has been recently
generalized to generic chaotic systems at infinite temperature using properties of operator
growth [54]. We now provide a generalization to finite temperature using the equilibrium
approximation.

We take the initial state of the full system to be

|Ψ0〉 = 1√
dD

dD−1∑
n=0
|n〉Q ⊗ |n〉D ⊗ |ψ0〉B . (6.3)

We will take the time evolution in Q to be trivial, so that the n-th Renyi entropy of the
time-evolved state in subsystem A is given by

Zn,A = 〈ηA ⊗ eĀ | (1⊗ 1)nQ ⊗ (U ⊗ U †)nDB | ρ0 , e〉 , ρ0 = |Ψ0〉 〈Ψ0| . (6.4)
18At the end of this section, we briefly consider an example with the microcanonical ensemble, taking Iα

as in (4.87). For this setup, we find that the fidelity of a large diary starts increasing at a time tr < tp,
which can be either earlier or later than tb.
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From the fact that the time-evolution in Q is trivial, we immediately have at all times

Sn,Q = log dD . (6.5)

With the initial state (6.3), (6.4) for A = R becomes

Zn,R = 1
dnD
〈eB′ ⊗ ηR|(U ⊗ U †)n|(ρ̃0)B ⊗

1D
dD

, e〉 (6.6)

where ρ̃0 = |ψ0〉 〈ψ0|. Note that (6.6) can also be seen as the time-evolution of the entan-
glement entropy of a mixed state with initial entropy log dD. We can then use (2.26) to find

Sn,R =

S
(eq)
n,R S

(eq)
n,R < S

(eq)
n,B′ + log dD

S
(eq)
n,B′ + log dD S

(eq)
n,R > S

(eq)
n,B′ + log dD

(6.7)

Since the state on the full system is pure,

Zn,QR = Zn,B′ = 〈ηB′ ⊗ eR|(U ⊗ U †)n|(ρ̃0)B ⊗
1D
dD

, e〉 . (6.8)

Again using (2.26), we have

Sn,QR = Sn,B′ =

S
(eq)
n,R + log dD S

(eq)
n,R + log dD < S

(eq)
n,B′

S
(eq)
n,B′ S

(eq)
n,R + log dD > S

(eq)
n,B′

. (6.9)

The n-th Renyi mutual information between Q and R is then given by

In(Q,R) =


0 S

(eq)
n,R < S

(eq)
n,B′ − log dD

log dD + S
(eq)
n,R − S

(eq)
n,B′ S

(eq)
n,B′ − log dD < S

(eq)
n,R < S

(eq)
n,B′ + log dD

2 log dD S
(eq)
n,R > S

(eq)
n,B′ + log dD

(6.10)

and by analytic continuation,

I(Q,R) =


0 S

(eq)
R < S

(eq)
B′ − log dD

log dD + S
(eq)
R − S(eq)

B′ S
(eq)
B′ − log dD < S

(eq)
R < S

(eq)
B′ + log dD

2 log dD S
(eq)
R > S

(eq)
B′ + log dD

. (6.11)

Note that at all times, I(Q,B′) = 2 log dD − I(Q,R). From [53], when I(Q,R) = 2 log dD
and I(Q,B′) = 0, there exists a recovery channel R satisfying R ⊗ N (ρD) = ρD for all
ρD under the channel N defined in (6.1). Hence, the universal recovery channel exists
after a time scale tp2 , at which S

(eq)
R = S

(eq)
B′ + log dD. This result from the equilibrium

approximation is consistent with the expectations from [11] and [2].
Note from (6.11) that while the mutual information between the radiation and the

auxiliary system becomes maximal at tp2 , it begins to grow from zero at an earlier time
tp1 , at which S

(eq)
R = S

(eq)
B − log dD.
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Figure 14. A Penrose diagram is shown for an evaporating black hole with a large diary thrown
into it. We ask when the diary can be reconstructed from the radiation (the fields to the right
of the dotted red line). At early times, the entanglement wedge of the radiation is trivial, so the
diary cannot be recovered. If the diary was initialized in a pure state, an island (green) forms at
tp where the nontrivial extremal surface, χ1, becomes smaller than the entropy of the radiation. If
the diary was initialized in the maximally mixed state, the island will not form until tp2 because
the generalized entropy includes the entropy of the diary. While the diary cannot be reconstructed
with O(1) fidelity until the island forms, the fidelity exponentially increases from its minimal value
starting at the earlier time tb.

6.2 Recovery channel: bound from relative entropy

We now consider the evolution of the fidelity of recovery channels during the evaporation
process. In this subsection, we use (2.65) to put a lower bound on the fidelity of some
recovery channel R, by calculating the change of the relative entropy under N using the
equilibrium approximation. In next subsection, we calculate the fidelity of the Petz map
explicitly. Note that in both this subsection and the next, we do not include a reference
system Q, and the input state for N is simply ρD.

6.2.1 Infinite temperature

For simplicity, let us first consider the infinite temperature case, and take σD to be
1D/dD and ρD to be a pure state. Then for the first term in the expression (3.19) for
D(N (ρD)||N (σD)), in the infinite temperature case we can sum over all permutations to
find (see for instance [1])

Tr [N (ρD)n] = 1
(dRdB′)n

∑
τ∈Sn

d
k(η−1τ)
R d

k(τ)
B′ = d1−n

R 2F1

(
1− n,−n, 2, dR

dB′

)
(6.12)
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where we consider the regime where dR and dB′ are both large, but with no restrictions on
the relative sizes. The resulting von Neumann entropy coincides with Page’s formula [51]

S(N (ρD)) = lim
n→1

1
1− n logTr [N (ρD)n] =

log dR − dR
2dB′

, dR < dB′

log dB′ − dB′
2dR , dR > dB′

. (6.13)

Using (3.24), the second term in (3.19) is given by a similar sum

Tr
[
N (ρD)N (σD)n−1

]
= 1

(dDdRdB′)n
∑
τ∈Sn

d
k(η−1τ)
R (dDdB′)k(τ) . (6.14)

This can be interpreted as the entropy of the radiation if it were coupled to an additional
bath with a Hilbert space dimension identical to that of the diary. The n → 1 limit is
given by

lim
n→1

1
1− n logTr

[
N (ρD)N (σD)n−1

]
=

log dR − dR
2dB′dD

, dR < dB′dD

log dB′dD − dB′dD
2dR , dR > dB′dD

. (6.15)

The relative entropy is therefore

D(N (ρD)||N (σD)) =


dR(dD−1)

2dB′dD
, dR < dB′

log dR
dB′

+ dB′
2dR −

dR
2dB′dD

, dB′ < dR < dB′dD

log dD + dB′ (1−dD)
2dR , dR > dB′dD

. (6.16)

Plugging back into (2.65), we obtain a lower bound on the fidelity:

F (ρ, [Rσ,N ◦ N ](ρ)) ≥


1
dD

exp
(
dR(dD−1)

2dB′dD

)
, dR < dB′

dR
dB′dD

exp
(
dB′
2dR −

dR
2dB′dD

)
, dB′ < dR < dB′dD

exp
(
dB′ (1−dD)

2dR

)
, dR > dB′dD

. (6.17)

The transitions between the different lines of (6.17) occur at the infinite-temperature ver-
sions of the times tp and tp2 respectively. The fidelity is exponentially small prior to tp.
After tp, the fidelity is still small but exponentially increases until it reaches a value close
to one at tp2 . While the formula for exp(D(N (ρD)||N (σD)) − D(ρD||σD)) on the r.h.s.
of (6.17) is only exact in the limit of large Hilbert space dimensions, we find that it is
remarkably accurate even for small system sizes in figure 15.

6.2.2 Finite temperature

Let us now consider finite temperature, and allow for general choices of the initial state of
the diary ρD and the reference state σD. Now, in general, we can no longer perform the
sum over all permutations appearing in the equilibrium approximation. We can instead
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Figure 15. The lower bound on the fidelity of the Petz map to recover the diary thrown into the
black hole from the radiation as a function of the number of qubits NR in the radiation, taking the
total number of qubits in the system to be N = 10. The diary is composed of one (red), two (blue),
three (green), or four (black) qubits. The dashed lines are the analytic predictions calculated at
large N , (6.17), although the agreement is already very precise. In the numerical data, we take a
fiducial pure state tensored with the diary state and apply a random unitary matrix, computing
the relative entropy before and after the random channel. We take 103 disorder realizations. Error
bars are plotted, though barely visible due to small fluctuations.

use the formula (3.31) based on the dominant permutations in different regimes, to find19

D(N (ρD)||N (σD)) '



0, S
(eq)
R < S

(eq)
B′ + S(ρD)

S
(eq)
R − S(eq)

B′ − S(ρD), S
(eq)
B′ + S(ρD) < S

(eq)
R

< S
(eq)
B′ +D(ρD||σD) + S(ρD)

D(ρD||σD), S
(eq)
R > S

(eq)
B′ +D(ρD||σD)

. (6.18)

As an aside, note that we can interpret this result in terms of quantum hypothesis testing,
from the standard operational interpretation of the relative entropy. Say Alice were to ask
Bob a yes or no question and Bob responded to Alice by writing his answer in his diary
(i.e. encoding one of two states ρD and σD in the diary), then throwing it into the black
hole, knowing that Alice would collect the radiation from the black hole in order to decode
his message using a quantum measurement. If this is repeated over and over, the error rate
of Alice misidentifying Bob’s answer is given by e−D(N (ρD)||N (σD)).

19Note that this formula breaks down and becomes infinite in the large R regime if the initial diary states
ρD and σD are close to orthogonal. This is guaranteed not to be the case if we choose σD to be full rank.
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Eq. (6.18) implies the following bound on the fidelity of recovery on using (2.65):

F (ρ, [Rσ,N ◦ N ](ρ) ≥



e−D(ρD||σD), S
(eq)
R < S

(eq)
B′ + S(ρD)

eS
(eq)
R −S(eq)

B′ −S(ρD)−D(ρD||σD), S
(eq)
B′ + S(ρD) < S

(eq)
R

< S
(eq)
B′ +D(ρD||σD) + S(ρD)

1, S
(eq)
R > S

(eq)
B′ +D(ρD||σD) + S(ρD)

.

(6.19)
We now see that the lower bound on fidelity first starts increasing at a time tp(ρD), at
which S

(eq)
R = S

(eq)
B′ + S(ρD), and reaches its maximal value at tp2(σD, ρD), at which

S
(eq)
R = S

(eq)
B′ +D(ρD||σD) + S(ρD) = S

(eq)
B′ − Tr[ρD log σD].

6.3 Recovery channel: the Petz map and its fidelity

We progress to explicitly evaluating the fidelity of the Petz recovery map. The quantum
channel that we seek to reverse is

N : L(HD)→ L(HR)

ρD 7→ TrB′
[
U † (ρD ⊗ ρB)U

]
, (6.20)

As a reminder, the Petz map is given by

Pσ,N : L(HR)→ L(HD)

X 7→ σ
1
2N †

(
N (σ)−

1
2XN (σ)−

1
2
)
σ

1
2 . (6.21)

6.3.1 Infinite temperature

We first study Petz recovery at infinite temperature, again taking ρD to be pure and σD
to be maximally mixed. Using the equilibrium approximation for this quantity in (3.34)
with Iα = 1, we have F (ρ, [Pσ,N ◦ N ](ρ)) = limm→ 1

2
Fm, where

Fm = 1
d2m+3
D (dRdB′)2m+2

∑
τ∈S2m+2

d
k(η−1τ)
R d

k(τ)
B′ d

k(τ)+ζ(τ)
D (6.22)

where ζ(τ) is zero if the first and (m+2)th elements are in different cycles in the permutation
τ , and 1 if they are in the same cycle.

At early times, dB′ � dR and the identity element will dominate. The identity has
ζ(e) = 0, so that

Fm = 1
dDd

2m+1
R

+O
(
d−1
B′

)
, F (ρ, [Pσ,N ◦ N ](ρ)) = 1

dD
= F (ρD, σD) . (6.23)

At late times,when dR � dB′dD the cyclic permutation will dominate, which has ζ(η) = 1,
so that

Fm = 1
(dB′dD)2m+1 +O

(
d−1
R

)
, F (ρ, [Pσ,N ◦ N ](ρ)) = 1 . (6.24)
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To understand how the recovery process improves from (6.23) to (6.24) as the size
of the radiation grows, we can perform the full sum in (6.22), as we explain later in this
subsection. Before turning to this detailed calculation, we can try to understand relevant
time scales by looking at the leading corrections at both early and late times:

1. To find the leading corrections to (6.23), note that the permutations with the next
largest value of k(τ) after the identity are those with a single transposition, e.g. (12).
If it were not for the dζ(τ)

D term, we would need to sum over all such permutations.
However, only the permutation that transposes the first and (m+ 2)th elements has
ζ(τ) = 1. Therefore, this permutation gives the leading correction, and on including
it we find

Fm = 1
dDd

2m+1
R

+ 1
dDdB′d

2m
R

+O
(
d−2
D d−1

B′

)
. (6.25)

so that we find the leading and next-to-leading order contributions to the fidelity at
early times to be

F (ρ, [Pσ,N ◦ N ](ρ)) = 1
dD

+ dR
dDdB′

, (6.26)

which grows as more radiation is collected, reflecting the improved recovery. This
correction starts to give a contribution comparable to the leading term at time tp,
which indicates that the fidelity starts to grow from its initial value at tp. Note also
that this correction has the same scaling as the correction in the lower bound (6.17),
but is twice as large.

When the diary is small, the terms with ζ(τ) = 0 can also be important. There are(2m+2
2
)
− 1 leading terms, so that

Fm = 1
dDd

2m+1
R

+ 1
dDdB′d

2m
R

+ m(3 + 2m)
d2
DdB′d

2m
R

+O(d−2
B′ d

−2
D ). (6.27)

The replica limit m→ −1
2 gives

F (ρ, [Pσ,N ◦ N ](ρ)) = 1
dD

(
1 + dR

dB′
− dR
dDdB′

)
, (6.28)

2. To understand the time scale at which the late-time value (6.24) is reached, let us
now evaluate the leading correction to (6.24). There are now m(m+ 1) permutations
satisfying both k(η−1τ) = 2m+ 1 and ζ(τ) = 1, leading to

Fm = 1
(dB′dD)2m+1 + m(m+ 1)

dR(dB′dD)2m +O
(
d−1
R d−2m−1

D

)
. (6.29)

The leading and next-to-leading contributions to the fidelity at late times are therefore

F (ρ, [Pσ,N ◦ N ](ρ)) = 1− dB′dD
4dR

+O
(
d−1
R d0

D

)
. (6.30)
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Note that the correction had to be negative because the fidelity is bounded above by
unity. The correction becomes comparable to the leading term at times earlier than
tp2 . Note also that this correction has the same scaling as, but is half the size of, the
lower bound correction in (6.17).
For small diaries, there are (m + 1)2 other terms which are also important in the
correction to the late-time value, and we find

F (ρ, [Pσ,N ◦ N ](ρ)) = 1− dB′dD
4dR

+ dB′

4dR
+O

(
d−2
R d−1

D

)
. (6.31)

Hence, for the infinite temperature case, (6.26) and (6.30) together give the same
predictions for the time scales at which the fidelity of P first increases and the time scale
at which it saturates, as the predictions based on the lower bound for some recovery channel
in (6.17).

Finally, we can also examine the crossover regime of (6.22), where the fidelity becomes
O(1). At the time tp2 , dR = dB′dD := d, so the sum simplifies to

Fm '
1

d4m+4

∑
τ∈S2m+2

dk(η−1τ)+k(τ)d
ζ(τ)−1
D . (6.32)

The exponent is maximized at 2m+4 when τ is a non-crossing permutation that has the first
and (m+ 2)th factors in the same cycle. Out of the C2m+2 total non-crossing permutations
(where Cn is the n−th Catalan number), only C2

m+1 have ζ(τ) = 1, a statement we will
soon prove. Therefore,

Fm '
C2
m+1

d2m+1 . (6.33)

Taking the m→ −1
2 limit, we find the fidelity at tp2 to have an O(1) value independent of

the dimensions,

F (ρ, [Pσ,N ◦ N ](ρ)) = 64
9π2 ' 0.72. (6.34)

This fidelity is markedly larger than the lower bound from (6.17), which is e− 1
2 ' 0.61.

Again, for small diaries, we include the subleading non-crossing permutation with ζ(τ) = 0
to find

F (ρ, [Pσ,N ◦ N ](ρ)) = 64
9π2 +

1− 64
9π2

dD
. (6.35)

We now turn to the full calculation of the fidelity in the planar limit, i.e., we carry
out the full sum in (6.22) analytically. Recall that the planar limit corresponds to non-
crossing permutations τ where k(η−1τ)+k(τ) = 2m+3. We claim that the subset of these
permutations with ζ(τ) = 1 and k(η−1τ) = p is given by a product of Narayana numbers

NC2m+2,ζ=1,p =
∑

p1+p2=p
Nm+1,p1Nm+1,p2 =

p∑
p1=1

Nm+1,p1Nm+1,p−p1 (6.36)

=
(m+1
p−2

)(m+1
p−1

)
4F3(−m− 1,−m, 1− p, 2− p; 2,m− p+ 3,m− p+ 4; 1)

m+ 1 .
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Figure 16. A circular lattice of 2m+ 2 elements is shown as black dots. The dual lattice is the red
dots. We show an example of a non-crossing permutation on the red lattice that factorizes across
the first and m+ 2nd elements of the original lattice. Clearly, the Kreweras complement (shown in
black lines) connects the first and m+ 2nd elements such that ζ(τ) = 1.

We note that the previous statement regarding the square of Catalan numbers above (6.33)
is the special case where we sum the above equation from p = 2 to p = 2m+ 2.

Eq. (6.36) can be proven by considering the elements of the permutation group as a
circular lattice of 2m+ 2 points then moving to the dual lattice (see figure 16). In the dual
lattice, we count the number of non-crossing permutations that factorize into non-crossing
permutations of m + 1 and m + 1 elements. There is a unique non-crossing permutation
of the original lattice corresponding to each one of these permutations, commonly known
as the “Kreweras complement.” This is the maximally extended permutation in the dual
graph that does not cross the permutation. It is clear that for each factorized permutation
in the dual lattice, the Kreweras complement in the original lattice has ζ(τ) = 1. Indeed,
the number of non-crossing permutations in the dual graph with k(τ) = p is the same as
the number of non-crossing permutations in the original graph with k(η−1τ) = p. Using
this insight and the prior knowledge of counting the number of non-crossing permutations
with a given k(τ), we arrive at (6.36).

We can now find the sum over all permutations with ζ(τ) = 1 in (6.22), which we call
F̃m:

F̃m = 1
(dRdB′dD)2m+2

2m+2∑
p=2

NC2m+2,ζ=1,pd
p
R(dDdB′)2m+3−p

= 1
dB′dD


(
d−mR 2F1

(
−m,−m− 1, 2, dR

dDdB′

))2
, dR < dDdB′(

(dDdB′)−m2F1
(
−m,−m− 1, 2, dDdB′dR

))2
, dR > dDdB′

. (6.37)

To enumerate the terms with ζ(τ) = 0 and k(η−1τ) = p, we note that this must simply be
the remaining non-crossing permutations of which there are N2m+2,p −NC2m+2,ζ=1,p. We
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Figure 17. The fidelity of the Petz map for the Hayden-Preskill protocol at infinite temperature,
as a function of the number of qubits NR in the radiation. The total number of qubits in the black
hole and the radiation is 10 in all cases, and the different curves correspond to different sizes of the
diary, ranging from 1 to 4 qubits from top to bottom. The gray dashed curve is the analytic result
given by (6.40). The light gray curves are the lower bounds set by the change in relative entropy. In
the numerical data, we take a fiducial pure state tensored with the diary state and apply a random
unitary matrix and partial trace, followed by the Petz recovery map. We numerically evaluate the
between this recovered state and the initial state. Again, we show the average over 103 disorder
realizations and the corresponding error bars.

refer to this second contribution to Fm as F̄m, and immediately find

F̄m =


1

dDd
2m+1
R

2F1
(
−2m− 1,−2m− 2, 2, dR

dDdB′

)
− F̃m

dD
, dR < dDdB′

1
dD(dDdB′ )2m+1 2F1

(
−2m− 1,−2m− 2, 2, dDdB′dR

)
− F̃m

dD
, dR > dDdB′

(6.38)

This expression simplifies in the m→ −1
2 limit to

F̄− 1
2

= 1
dD
−
F̃− 1

2

dD
(6.39)

Therefore, the fidelity is

F (ρ, [Pσ,N ◦ N ](ρ)) =

(1− 1
dD

) dR
dB′dD

2F1
(

1
2 ,−

1
2 , 2,

dR
dDdB′

)2
+ 1

dD
dR < dDdB′

(1− 1
dD

) 2F1
(

1
2 ,−

1
2 , 2,

dDdB′
dR

)2
+ 1

dD
dR > dDdB′

(6.40)

This expression is plotted in figure 17, where it matches perfectly with numerical tests for
finite system sizes.

6.3.2 Finite temperature

At finite temperature, we have far less control over the contributions from subleading
permutations, and hence we are able to find the value of the fidelity corresponding to the
sum over all permutations in the equilibrium approximation only in some special cases.
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First, note that from the general discussion in section 3.3 based on leading permutations,
we expect again that at early times when the identity permutation dominates, the fidelity
is given by

F (ρ, [Pσ,N ◦ N ](ρ)) = F (ρD, σD). (6.41)

where in the last expression we take σD to be an equilibrium density matrix on D, and ρD
to be some pure state. Similarly, at sufficiently late times, the cyclic permutation should
dominate, so that we have

F (ρ, [Pσ,N ◦ N ](ρ)) = 1 . (6.42)

At intermediate times, the fidelity will interpolate between these values. To probe this
regime and find the relevant time scales, let us first look at the leading corrections to the
dominant permutations. The first correction to early-time contribution from the identity
permutation comes from the permutation that swaps the first and (m+ 2)th copies,

Fm = Z2m+2,R

Z2m+2
1,R

F (ρD, σD) +
Z2,B′Z

2
m+1,R

Z2
1,B′Z

2m+2
1,R

Tr
[
σ

1
2
DρDσ

1
2
DρD

]
. (6.43)

In the replica limit, this can be rewritten in terms of Renyi entropies as

F (ρ, [Pσ,N ◦ N ](ρ)) = F (ρD, σD) + e
S

(eq)
1
2 ,R
−S(eq)

2,B′Tr
[
σ

1
2
DρDσ

1
2
DρD

]
. (6.44)

We can assume Tr
[
σ

1
2
DρDσ

1
2
DρD

]
is of roughly the same magnitude as F (ρD, σD) (note that

if we take σD to be that maximally mixed state and ρD to be pure, then both are equal
to 1

dD
). This suggests that the fidelity begins to grow significantly from its initial value at

the time scale tb, at which S(eq)
1
2 ,R

= S
(eq)
2,B′ .

However, in order to reliably calculate the fidelity past tb, we must sum over the
contributions from all permutations corresponding to planar diagrams, a calculation we
explain in appendix G.1 using a generating functional method. For this calculation, we
assume that σD is maximally mixed, ρD is pure, the radiation is at infinite temperature,
and the black hole is at inverse temperature β, with the density of states as in AdS3,
ρ(E) = ecV

√
E/V . Now if we define

x ≡ log dR
V

, y ≡ log dD
V

, (6.45)

where V is the volume of B′ and dR is the dimension of the radiation, then the various
relevant time scales are given by:

tb : x = 3c2

8β , tp : x = c2

2β , tp2 : x = c2

2β + y . (6.46)

We find that for small diaries (i.e. y is O(V −1)), the fidelity grows rapidly at tp and the
time scale tb does not turn out to be relevant,

F (ρ, [Pσ,N ◦ N ](ρ)) ≈


1
dD

x < c2

2β

1 x > c2

2β
(6.47)
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with the transition occurring in a region of size O((V β)− 1
2 ) in x. On the other hand, for

a sufficiently large diary such that there is a regime where 3c2
8β < x < 5c2

16β + y, we have

F (ρ, [Pσ,N ◦ N ](ρ)) =



1
dD

x < 3c2
8β

e
V (− 3c2

8β +x−y) = elog dR−S2,B′−log dD 3c2
8β < x < 5c2

16β + y

e
V (c
√
− c2

4β2 +x−y
β
−x+y) 5c2

16β + y < x < c2

2β + y

1 x > c2

2β + y

(6.48)

So for a sufficiently large diary, the fidelity starts increasing exponentially from its initial
value of 1

dD
at time tb, and the initial increase is precisely as predicted by (6.44). Note

that the lower bound on the fidelity from the change in relative entropy from (6.19) is not
sensitive to the time scale tb, and only starts growing at the Page time tp.

When y is O(1) but the diary is not sufficiently large such that such that there is a
regime where 3c2

8β < x < 5c2
16β +y, the fidelity starts increasing from 1

dD
at a time tr between

tb and tp defined by

tr : x = c2

2β + 2y − c
√
y

β
(6.49)

so that we have

F (ρ, [Pσ,N ◦ N ](ρ)) =


1
dD

x < c2

2β + 2y − c
√

y
β

e
V (c
√
− c2

4β2 +x−y
β
−x+y) c2

2β + 2y − c
√

y
β < x < c2

2β + y

1 x > c2

2β + y

(6.50)

tr is increasingly earlier for larger log dD, and eventually becomes equal to tb.
Eqs. (6.47), (6.48) and (6.50) are derived with several approximations for the ther-

modynamic limit. We plot a more exact expression resulting from the calculations of
appendix G.1 for finite but large volumes in figure 18. Note in particular that for the case

where dD is large, we see the initial exponential growth of fidelity e
S

(eq)
1
2 ,R
−S(eq)

2,B′−log dD
pre-

dicted by (6.44). For a small diary, the curves obtained from increasing system sizes with
fixed log dD gradually approach an increasingly sharp transition, as expected from (6.47).

The discussion in this section so far has entirely been for the canonical ensemble case.
In appendix G.2, we also consider the example of Iα as in the microcanonical example
of (4.87), corresponding to a case where the radiation is divided into two parts R1 and R2
such that there is energy conservation between R1 and B′ while R2 is at infinite temper-
ature. For a small diary, we again find that the fidelity grows from 1

dD
to 1 rapidly at tp.

For a large diary, we find that the fidelity reaches 1 at tp2 , and that there is a time scale
tr < tp when the fidelity starts to grow above 1

dD
. But for this example, tr does not seem

to be related to the time tb at which E(R1, R2) starts to grow in any regime.

7 Conclusions and discussions

In this paper, we generalized the equilibrium approximation introduced in [1] to various
quantum-informational measures beyond the entanglement entropy, such as Renyi and
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Figure 18. Left: the fidelity of the Petz recovery map is shown for a diary consisting of a single
qubit. The different plots are for different V = 100, 200, 300, and 400 (from blue to red). The
transition approaches the second vertical line, which corresponds to tp in the thermodynamic limit.
The first vertical line is tb. Right: the fidelity of the Petz recovery map for large diaries of sizes
10, 20, 40, and 80 qubits (top to bottom). The first two vertical lines denote tb and tp which are
separated even in the thermodynamic limit. We also display the tp2 ’s for the respective diary sizes,
always with V = 100. We take R to be at infinite temperature and B′ to be at finite temperature
with Cardy-like density of states ρ(E) = eV

√
E
V in both plots, taking β = 1/2. Notably, the fidelity

increases significantly between tb and tp and does not saturate to one until after tp2 .

logarithmic negativities, relative entropy, Petz map fidelity, and reflected entropy. We
then studied in detail the entanglement correlations within equilibrated pure states at a
finite temperature. We found rich entanglement structures exhibited by the phase diagrams
of the logarithmic negativity, mutual information, Renyi negativities, and Renyi mutual
informations. In addition to their implications for general quantum chaotic systems, our
results also give predictions for the entanglement structure of an evaporating black hole.
The verification of these predictions from gravity calculations would help in further probing
the quantum nature of black holes as well as informational aspects of quantum gravity. In
particular, we predicted the existence of a new time scale tb before the Page time, when
entanglement correlations within the Hawking radiation start to emerge.

We also studied in detail the process of information recovery from a subsystem, using
the Petz map. This issue is central to understanding how and when quantum information
is transferred from a black hole to its radiation. We showed that even at finite temperature,
the fidelity of the recovery map as well as an upper bound on it provided by relative entropy
can be expressed in terms of natural quantum-informational measures in thermal density
matrices. Intriguingly, we found evidence that tb is the relevant time scale at which the
fidelity of recovery starts to increase for a large diary, which suggests that correlations that
are detected by negativity but not detected by mutual information play an important role
in information recovery.

There are many future directions to explore. Our formulations of the equilibrium
approximation for relative entropy and reflected entropy should find other applications.
For example, it would be interesting to explore in detail the universal behavior of reflected
entropy for finite temperature systems, which we only briefly touched upon. Such studies
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should also provide further understanding of multipartite entanglement in a quantummany-
body system, especially among different parts of the radiation and the black hole.

It would be highly desirable to understand better the nature of the entanglement in the
region of the phase diagram where E � I. The question is of particular interest for black
hole physics. In this regard, it would be interesting to understand whether it is possible
to obtain a Lorentzian derivation of the non-zero negativity before the Page time, and
see whether there is any semi-classical or geometric description of bound entanglement.
Another interesting question is about how new phases which might not correspond to
analytic continuation, similar to the ones we found in figure 11, would be manifested in a
gravity calculation.

From a purely quantum information-theoretic perspective, it would be interesting to
investigate if there are deeper direct connections between logarithmic negativity and re-
coverability of quantum information. In our calculations for the Hayden-Preskill protocol,
the known lower bound on the fidelity of recovery from the relative entropy turned out not
to be sensitive to the tb time scale at which both the Petz map fidelity and the logarithmic
negativity start to grow. Our results thus hint that there could be strictly stronger lower
bounds on fidelity of recovery if one considered notions related to the partial transpose.
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A Properties of the permutation group

We can define a notion of distance between elements σ, τ of the permutation group Sn with
the Cayley distance,

d(σ, τ) = n− k(στ−1). (A.1)

This definition of the distance is consistent with the triangle inequality,

d(σ, τ) + d(τ, ρ) ≥ d(σ, ρ). (A.2)

Eqs. (A.1) and (A.2) can be used to show that

k(ητ−1) + k(τ) ≤ n+ 1 (A.3)
k(η−1τ−1) + k(τ) ≤ n+ 1 (A.4)

k(η−1τ) + k(ητ) ≤

n+ 2 n even
n+ 1 n odd

(A.5)

– 66 –



J
H
E
P
0
1
(
2
0
2
3
)
0
6
4

where we use the fact k(η) = 1 for all n, k(η2) = 2 for even n, and k(η2) = 1 for odd n.
We then also have

k(η−1τ) + k(ητ) + k(τ)

= k(ητ−1) + k(τ)
2 + k(η−1τ−1) + k(τ)

2 + k(ητ−1) + k(ητ)
2 ≤


3n
2 + 2 n even

3n+3
2 n odd

(A.6)

where the upper bound follows from the inequalities for the individual terms in the second
line, and we have used (for instance) that k(ητ) = k(τ−1η−1) = k(τ−1(η−1τ−1)τ) =
k(η−1τ−1). We will now find the set of permutations that saturates (A.6), which is the
same as the set that saturates the inequalities for each of the three terms on the l.h.s. of
the second line.

First note that the permutations that saturate the inequality for both the first and
the second term are in one-to-one correspondence with the non-crossing partitions of n
elements. Given a non-crossing partition {a1

1, . . . , a
1
m1}, {a

2
1, . . . , a

2
m2}, . . . , {a

k, . . . , akmk},
where the elements of each set are listed in ascending order, the corresponding permutations
are given by

τ1 = (a1
1 a

1
2 . . . a

1
m1)(a2

1 . . . a2
m2) . . . (ak1 . . . akmk) : k(η−1τ−1

1 ) + k(τ1) = n+ 1 (A.7)
τ2 = (a1

m1 . . . a1
2 a

1
1) (a2

m2 . . . a2
1) . . . (akmk . . . ak1) : k(ητ−1

2 ) + k(τ2) = n+ 1 (A.8)

The permutations that maximize the sum of the first two terms in the second line of (A.6)
are those that lie in the intersection of the above values of τ1 and τ2. The difference in the
ordering of the elements within the cycles in τ1 and τ2 does not change the permutation
if and only if the permutation consists entirely of one-cycles and two-cycles. Hence, the
permutations that simultaneously saturate the inequalities for the first and second terms
are in one-to-one correspondence with the non-crossing partitions of n elements that have
blocks only of size 1 and 2.

Next, note that for any permutation τ that saturates the inequalities for both the first
and the second terms, we have

k(η−1τ−1) + k(ητ−1) = 2n+ 2− 2k(τ) (A.9)

To maximize the r.h.s., we need to minimize k(τ) among permutations that only have
one-cycles and two-cycles.

For even n, k(τ) is minimized for permutations that only have two cycles, where
it is given by n/2. Hence, the permutations saturating (A.6) for even n are the ones
corresponding to non-crossing partitions of n elements that have blocks only of size 2. We
refer to this set of permutations as {τ}∗. For any such permutation, k(ητ−1) = k(ητ) =
n
2 +1. The number of such permutations is equal to Cn/2, where Cn/2 is the Catalan number.

Similarly, for odd n, the permutations saturating (A.6) are the ones corresponding to
non-crossing partitions of n elements that have n−1

2 blocks of size 2 and 1 block of size
1. We refer to this set of permutations as {τ}∗odd. For any such permutation, k(τ) =
k(ητ−1) = k(ητ) = n+1

2 . The number of such permutations is equal to n Cn−1
2
.
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Figure 19. Boundary conditions for the diagrams corresponding to the three terms in the second
line of (A.6).

An alternative way to understand the inequality (A.6) and the permutations that
saturate it is in terms of ’tHooft-like double-line diagrams. The first line of (A.6) is equal
to the total number of loops in diagrams of the kind shown in figure 3, which involve sets of
three lines, so we cannot directly modify ’tHooft’s method to that expression. It is useful
to separately consider the three terms in the second line of (A.6), each of which can be
equated with the total number of loops in a diagram with a different boundary condition.
The boundary conditions for the first two terms are as shown in figure 19(a) and (b), and
the ones for the third term are explained in 19(c), where it will be convenient to use the
third form to apply ’tHooft’s method.

By adding an extra loop around each of the diagrams, they can be seen as double-line
diagrams, which can then be mapped to polygons by replacing the double lines with single
lines. An example of the mapping to polygons for a particular τ that saturates (A.6), with
the boundary conditions of figures 19(a) and (c), is shown in figure 20. The total number of
loops in the double-line diagram is equal to the total number of faces of the corresponding
polygon. If the polygon can be flattened on a surface of minimum genus h, then

F = E − V + 2− 2h. (A.10)

Now for any given τ , in the polygons corresponding to the boundary conditions in figure 19
(a) and (b), we always have E = 3n and V = 2n, so if for instance F(a) is the number
of faces in the diagram for τ with the boundary conditions of figure 19(a) and h(a) is the
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Figure 20. For n = 6 and τ = (12)(34)(56), we show the planar double-line diagrams and the
corresponding polygons that we get for the first and third terms in the second line of (A.6), using
the boundary conditions from (19) (a) and (c).

corresponding genus, we have

k(τ) + k(τ−1η) = F(a) − 1 = n+ 1− 2h(a) ≤ n+ 1,
k(τ) + k(τ−1η−1) = F(b) − 1 = n+ 1− 2h(b) ≤ n+ 1

(A.11)

where we subtract 1 from the total number of faces to remove the contribution from the
extra line we added around the diagrams. In the polygons corresponding to the boundary
conditions in the last figure in 19 (c), we have E = 3n− 1 and V = 2n− 2, so

k(ητ−1) + k(τη) = F(c) − 1 = n+ 2− 2h(c) ≤ n+ 2 (A.12)

Hence, the set of permutations that saturate (A.6) are those that give planar diagrams for
each of the figures 19 (a), (b) and (c).

B Estimate of fluctuations in the equilibrium approximation for the neg-
ativity

In this appendix, we show that the fluctuations in Z(PT)
n around the equilibrium value, as

measured self-consistently by the quantity ∆N defined in (3.16), are suppressed relative
to the equilibrium value. For this, we need to find the equilibrium approximation for the
quantity (Z(PT)

n )2, and compare it to ([Z(PT)
n ]eq approx)2. Let dX be the effective Hilbert

space dimension of subsystem X, and α2 := η ⊗ η. Then(
(Z(PT)

n )2
)

eq approx
=

∑
τ2∈S2n

〈eB ⊗ ηA1 ⊗ η−1
A2
| 〈eB ⊗ ηA1 ⊗ η−1

A2
| |Iα, τ2〉

∼
∑

τ2∈S2n

d
k(τ2)
B d

k(τ2α−1
2 )

A1
d
k(τ2α2)
A2

(B.1)

Note that

([Z(PT)
n ]eq approx)2 =

∑
τ,σ∈Sn

〈eB ⊗ ηA1 ⊗ η−1
A2
| 〈eB ⊗ ηA1 ⊗ η−1

A2
| |Iα, τ ⊗ σ〉 (B.2)

So
∆2
N =

∑
τ2∈S2n,τ2 6=τ⊗σ

〈eB ⊗ ηA1 ⊗ η−1
A2
| 〈eB ⊗ ηA1 ⊗ η−1

A2
| |Iα, τ2〉

∼
∑

τ2∈S2n,τ2 6=τ⊗σ
d
k(τ2)
B d

k(τ2α−1
2 )

A1
d
k(τ2α2)
A2

(B.3)
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Let us first consider the entanglement saturation phase, where dA1 ∼ dA2 ∼ dB ∼ d.
Then

[(Z(PT)
n )2]eq approx ∼

∑
τ2∈S2n

dk(τ2)+k(τ2α−1
2 )+k(τ2α2) (B.4)

Using the Cayley distance and the triangle inequality for three permutations σ2, τ2, ρ2 ∈
S2n, we have

k(σ2τ
−1
2 ) + k(τ2ρ

−1
2 ) ≤ 2n+ k(σ2ρ

−1
2 ) (B.5)

which gives the following upper bound for the exponent in (B.4):

k(τ2) + k(τ2α
−1
2 ) + k(τ2α2) (B.6)

= k(τ−1
2 ) + k(τ2α

−1
2 )

2 + k(α2τ
−1
2 ) + k(τ2α2)

2 + k(τ−1
2 ) + k(τ2α2)

2 ≤

3n+ 4 n even
3n+ 3 n odd

We can then check that if τ, σ ∈ Sn both saturate (A.6), then τ ⊗ σ ∈ S2n saturates (B.6).
We will now show using ’tHooft-like line diagrams that for any τ2 6= τ ⊗ σ, (B.6) is not
saturated. The three terms on the second line of (B.6) can be equated with the total
number of loops respectively in the diagrams with boundary conditions shown in figure 21
(a), (b) and (c). The leading contribution comes from the permutations that give planar
diagrams for each of the three boundary conditions. In particular, any non-factorized
permutation gives a non-planar diagram for each of (a), (b) and (c), corresponding to
genuses that can be labelled h1, h2, h3 ≥ 1. With manipulations of the diagrams to the
ones used in appendix A, we have

k(τ−1
2 ) + k(τ2α

−1
2 ) = 2n+ 2− 2h1,

k(τ−1
2 ) + k(τ2α2) = 2n+ 2− 2h2,

k(α2τ
−1
2 ) + k(τ2α2) = 2n+ 4− 2h3.

(B.7)

Hence, all terms contributing to ∆2
N are of the form

d(2n+2−2h1)/2+(2n+2−2h2)/2+(2n+4−2h3)/2 ≤ d3n/2+2−3 (B.8)

We therefore find that in the entanglement saturation phase, the fluctuations are suppressed
as

∆N

[Z(PT)
n ]eq approx

∼ d−3/2 ∼ Z−1/2
1 (B.9)

where Z1 is the effect dimension of the full Hilbert space.
Next, consider the maximally entangled phase. In this case WLOG, dA1 � dA2 , dB,

so the dominant contribution to [Z(PT)
n ]eq approx comes from τ = η, and the dominant

contribution to [(ZPT
n )2]eq approx comes from τ2 = α = η ⊗ η. From any τ2 6= η ⊗ η, and

in particular any non-factorized τ2, the contribution is suppressed relative to the leading
contribution by a factor of at least d−1

A1
∼ D−1, so

∆N

[Z(PT)
n ]eq approx

∼ D−1/2 (B.10)
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Figure 21. Boundary conditions for the diagrams corresponding to the three terms in the second
line of (B.6) are shown in order in (a), (b) and (c).

Finally, consider the PPT phase. In this case dB � dA1 , dB, so the dominant
contribution to [Z(PT)

n ]eq approx comes from τ = e, and the dominant contribution to
[(Z(PT)

n )2]eq approx comes from τ2 = α = e⊗ e. Again we have

∆N

[Z(PT)
n ]eq approx

∼ D−1/2. (B.11)

C Resolvent calculations of logarithmic negativity in various cases

C.1 General diagrammatic approach

In order to find the logarithmic negativity, it is useful to first find the equilibrium approx-
imation for the resolvent

RN (λ) = 1
λ

∞∑
n=0

1
λn

Tr[(ρT2
A )n] . (C.1)

It is useful to see RN as the trace of a matrix

Rpq = 1
λ

∞∑
n=0

1
λn

(ρT2
A )npq, |p〉 = |p1〉A1

|p2〉A2
, |q〉 = |q1〉A1

|q2〉A2
(C.2)

We can apply the equilibrium approximation to each (ρT2
A )npq. The common lower half of

the diagrams for all permutations in this case can be deduced from figure 3 (a) for Tr[(ρT2
A )n]

by erasing the dashed line connecting i′an and ia1 , and the dotted line connecting i′ā1 and
iān , and instead taking the inner product of |ia1〉, |i′ā1〉, |ian〉, |i

′
ān〉 with |p1〉, |p2〉, |q1〉,

|q2〉 respectively. The resulting lines are shown in figure 22, which also explains how the
factors of 1

λn+1 and 1
Zn1

that are common to all terms with index n in (C.1) (the second
factor comes from the equilibrium approximation) are incorporated into these lines. In the
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Figure 22. “Boundary” lines for the equilibrium approximation for Rpq with n = 4.
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terms of a self-energy ⌃pq as shown in Fig. 21(a), where ⌃pq is a sum of diagrams without

any disconnected parts connected by 1
�
�pq, shown in figure 21(b). We take |p1i , |q1i and

|p2i , |q2i to be elements of the energy eigenbasis in A1 and A2 respectively, so that we

approximately have that

hp1| hp2| I↵ |q1i |q2i / �p1 q1 �p2 q2 (C.3)

for both the canonical and microcanonical ensembles, and hence from the diagrams con-

tributing to ⌃pq we can see that both ⌃pq and Rpq are proportional to �pq.

= + + + …

(a)

$#$
1
$

1
$

1
$

1
$

1
$

1
$

Σ#$ Σ#$ Σ#$%!
%"

&!
&"

%!
%"

&!
&"

%!
%"

&!
&"

%!
%"

&!
&"

= Σ! × $!" =

(b)

Σ!"#!
#"

$!
$"

+ +

+ …

#!
#"

#!
#"

+#!
#"

#!
#"

$!
$"

$!
$"

$!
$"

$!
$"

Figure 20. Diagrammatic representation of Rpq in the limit where A1 is bigger than A2. fig:rpq

We can immediately see by summing the geometric series on the RHS of Fig. 21(a)

that

Rpq =
1

�� ⌃p

�pq (C.4)

We can systematically include all planar contributions to ⌃pq using the Schwinger-Dyson

equation shown in diagrams in Fig. ??.

C.2 Infinite temperature
app:mic_inf

↵R2
1 +

✓
1

dA
� �

◆
R1 + 1 = 0, ↵ =

1

dAdB
. (C.5)

��R3
1 + (↵� �)R2

1 +

✓
1

dA
� �

◆
R1 + 1 = 0, � =

1

(dA2dB)
2
. (C.6)

59

Figure 23. Diagrammatic representation of Rpq and the first few diagrams contributing to Σpq in
the case where A1 is larger than A2.

limit where the effective dimension of A1 is much larger than that of A2, it is sufficient
to consider contributions from planar diagrams for all n to Rpq. We can write Rpq in
terms of a self-energy Σpq as shown in figure 23(a). Σpq is a sum of diagrams without any
disconnected parts connected by 1

λδpq, to which the first few contributions are shown in
figure 23(b). We take |p1〉 , |q1〉 and |p2〉 , |q2〉 to be elements of the energy eigenbasis in A1
and A2 respectively, so that we approximately have that

〈p1| 〈p2| Iα |q1〉 |q2〉 ∝ δp1 q1 δp2 q2 (C.3)

for both the canonical and microcanonical ensembles, and hence from the diagrams con-
tributing to Σpq we can see that both Σpq and Rpq are proportional to δpq.

We can immediately see by summing the geometric series on the r.h.s. of figure 23(a)
that

RN =
∑
p

Rp, Rp = 1
λ− Σp

. (C.4)

We can systematically include all planar contributions to Σp using the Schwinger-Dyson
equation shown diagrammatically in figure 24. For general choices of Iα, this Schwinger-
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Figure 24. Rewriting of the r.h.s. of figure 23(b) as a Schwinger-Dyson equation. All ai, bi
are independently summed over (unless they have delta functions among each other or with p, q

according to the diagram).

Dyson equation in general leads to a complicated set of equations relating Rp for all different
p to each other. Below we consider a few choices of Iα for which the Schwinger-Dyson
equation simplifies.

C.2 Infinite temperature

We first consider the case where the effective identity operator is simply the identity,

Iα = 1A1 ⊗ 1A2 ⊗ 1B . (C.5)

Here the Schwinger-Dyson equation for Rp becomes independent of the index p in A, and
we have

R∞N = dAR1, R1 = 1
λ− Σ1

. (C.6)

Each line on the r.h.s. of figure 24 now simplifies to a geometric series, and hence

Σ1 =
( 1
dA

+ αR1

) (
1 +R2

1β + (R2
1β)2 + . . .

)
=
( 1
dA

+ αR1

) 1
1−R2

1β
,

α = 1
dAdB

, β = 1
(dA2dB)2

(C.7)

Substituting this into (C.6), we get a cubic equation for R1,

βλR3
1 + (α− β)R2

1 +
( 1
dA
− λ

)
R1 + 1 = 0 . (C.8)

It is difficult to obtain a general analytic expression for Z(PT) := ∑
i |λi| = eE by finding

the analytic form of DN (λ) from the solutions to (C.8). However, the density and the
logarithmic negativity can be found numerically from (C.8), and turn out to agree with
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the analytic continuation in (4.17), (4.14), (4.21), as discussed in [9]. That is, we have

Z(PT)
∞ (dA1 , dA2 , dB) =



1 log dA < log dB
dA1 log (dA1dB) < log dA2

dA2 log(dA2dB) < log dA1(
dA
dB

)1/2
log dA > log dB, | log dA1 − log dA2 | < log dB

. (C.9)

Now consider the regime where dA1
dA2dB

� 1. This corresponds to being outside the ME
phase. Then since α� β in this regime, R1 is O(1), and λ is O(1/dA), (C.8) simplifies to
a quadratic equation for R1,

αR2
1 +

( 1
dA
− λ

)
R1 + 1 = 0. (C.10)

The same quadratic equation can be obtained diagrammatically by ignoring all contribu-
tions to the Schwinger-Dyson equation in figure 24 except the first term in each line on the
r.h.s. This corresponds to including contributions from permutations with only one-cycles
and two-cycles to Z(PT)

n for all n. We can now solve (C.10) to get a simple semicircle form
of DN (λ) from RN (λ),

Dsc
∞(λ, dA, dB) = d2

AdB
2π

√
4

dAdB
−
(
λ− 1

dA

)2
, (C.11)

which can be integrated analytically to get Z(PT),

Z(PT), sc
∞ (dA, dB) =

1 log dA < log dB(
dA
dB

)1/2
log dA > log dB

. (C.12)

As expected, this approximation misses the ME phase of (C.9).

C.3 Canonical ensemble with A at infinite temperature

Next, let us consider the case where A is at infinite temperature and B is at finite temper-
ature in the canonical ensemble, that is,

Iα = 1A1 ⊗ 1A2 ⊗ e−βHB . (C.13)

Then the r.h.s. of figure 24 implies that Rp, Σp again become independent of the index p,
but in this case the r.h.s. does not simplify to a geometric series, so that we have

RN = dAR1, R1 = 1
λ− Σ1

, (C.14)

where

Σ1 = 1
dA

+
∞∑
n=1

Z2n+1,B
(dAZ1,B)2n+1 (dA1 R1)2n +

∞∑
n=1

Z2n,B
(dAZ1,B)2n dA2 (dA1 R1)2n−1 (C.15)
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Figure 25. Left: for Iα given by (C.13), the logarithmic negativity is computed numerically using
the resolvent (C.17) and compared to the naive analytic continuation in (4.53), (4.55) and (4.56),
with excellent agreement.

where Zn,B = Tr[e−nβHB ]. The resulting equation for RN can be written as

λRN = dA + dA2

∫
dEρ(E)

∞∑
k=1

( RNe
−βE

dAdA2Z1,B

)2k−1

+ dA2

(
RNe

−βE

dAdA2Z1,B

)2k
 . (C.16)

Completing the geometric sums, we find

λRN = dA +
∫
dEρ(E)

d2
A2
RN

(
dAZ1,Be

βE +RN
)

d2
Ad

2
A2
Z2

1,Be
2βE −R2

N

. (C.17)

where ρ(E) = eV s(E/V ) is the density of states for B. On specifying the density of states,
this equation can be can be solved numerically for RN (λ) and used to obtain E . The
solution with a gaussian entropy density is shown in figure 25 as a function of c at λ = 1

2 .
The result agrees with the expressions for E in the NE and ES phases in (4.53) and (4.55)
and the naive phase transition line between them in (4.56).

Similar to the infinite temperature case, we can consider the regime where the effective
dimensions dA1 , dA2 , dB of the different subsystems are such that dA1

dA2dB
� 1. Assuming

that the same set of permutations contributes in this regime at finite temperature as the
one that contributed at infinite temperature, we can then include only the first diagram
from each line on the r.h.s. of figure 24. We then have

Σ1 = 1
dA

+ Z2,B
dA (Z1,B)2 R1 (C.18)

which gives a quadratic equation

α′R2
1 +

( 1
dA
− λ

)
R1 + 1 = 0, α′ = Z2,B

(Z1,B)2dA
(C.19)

Similar to (C.10), this gives a semicircle form of the density of eigenvalues, which for this
case gives

Z(PT)
∞,sc =

1 log dA < S
(eq)
2,B

e
1
2 (log dA−S

(eq)
2,B ) log dA > S

(eq)
2,B

. (C.20)
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This gives the value of the logarithmic negativity we would expect in the ES phase from
naive analytic continuation, and also the transition between the NE and ES phases we
would expect from naive analytic continuation.

C.3.1 Toy model for black hole evaporation in JT gravity

As discussed in [1], the rules for calculating the entanglement entropy of the radiation in
the holographic model of black hole evaporation in [4] can be derived from the equilibrium
approximation, taking A to be the radiation R, B to be the black hole, and

Iα = 1R ⊗ f(HB)e−βHB (C.21)

which is a special case of (C.13), with an additional factor f(HB) which captures the effect
of end-of-the-world (EOW) branes, and with the density of states as in JT gravity, so that

Zm,B = eS0zm(β) (C.22)

where S0 is the large ground state entropy and zm(β) is O(1). The rules for calculating
Z(PT)
n in this model can similarly be derived from the equilibrium approximation. The

negativity within the radiation in this model was discussed in refs. [55, 56].
Like in other cases, the dominant permutation in Z(PT)

n for this choice of Iα is al-
ways one out of e, η or η−1, and τES . We can read off the “boundary” expressions for
Z(PT)
n (τ) in this holographic model, in terms of dR1 , dR2 , Zn,B, from the diagrams in fig-

ure 3 (where Zn,B = Tr[(e−βHBf(HB))n]). Using the relation between bulk and boundary
partition functions in holography, we then find geometries like the ones shown in figure 26
for evaluating Z(PT)

n in the ES and ME phases. Both involve “replica wormholes,” which
are connected Euclidean gravity path integrals between multiple asymptotic boundaries.
Note that more generally, (3.4) can be used to systematically derive replica wormhole
prescriptions for calculating Z(PT)

n in other gravity setups, including the model of [5].
Note that (C.22) implies in particular that

S
(eq)
2,B = S0 + s2(β), S

(eq)
B = S0 + s1(β),

s1(β) > s2(β) ∼ O(1) (C.23)

From analytic continuation of the expressions for Z(PT)
n for even n to n→ 1 in this model,

the expressions for the logarithmic negativity in (4.53)–(4.55) become

ENE(R1, R2) = 0 (C.24)
EME(R1, R2) = log dR1 or EME = log dR2 (C.25)

EES(R1, R2) = 1
2

(
log dR − S0 − s2(β) + log 8

3π

)
(C.26)

Note that we have explicitly included a term log 8
3π coming from the degeneracy of the

permutations in the ES phase in this case (which we have ignored for other choices of Iα in
the paper), as it contributes at the same order as log z2(β)

z1(β)2 . Recall that the Page time tp
corresponds to c = 1

2 . The transition from the NE phase, where the logarithmic negativity
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(a) ! = 12 34

 

(b) ! = #

 

Figure 26. Euclidean gravity path integrals with replica wormholes for calculating Z(PT)
n in the

model of [4], for n = 4. The dominant contribution in the ES phase, shown in (a), involves connected
partition functions Z2,B between two asymptotic boundaries, while the ME phase contribution in
(b) involves Zn,B . The black lines with arrows are asymptotic boundaries in JT gravity (each with
length β, although the lengths appear to differ in the figure), and the green lines are EOW branes.
The dashed and dotted loops simply give factors of dA1 and dA2 respectively.

within the radiation is sub-extensive, to the ES phase, where it becomes extensive, takes
place at

c = c0 ≡
1
2

(
1− s1(β)− s2(β) + log 8π/3

S0

)
(C.27)

For this model, the difference between c = 1
2 and c = c0 is suppressed due to the special

structure of the density of states in JT gravity compared to other black hole models.
It is also interesting to consider the negativity between the black hole and a subsystem

of the radiation, R1. In this case, the permutation that dominates in Z(PT)
n at early times

when eS0 � dR1dR2 is τ = η−1, leading on analytic continuation to

E(R1, B) = log dR1 . (C.28)

irrespective of the relative sizes of R1 and R2. This means that each Hawking quantum is
maximally entangled with the black hole at early times, as expected. After the Page time,
if dR1 � dR2e

S0 , τ = η dominates, and by analytic continuation the negativity is then

E(R1, B) = S0 + log
z 1

2
(β)2

z1(β) = S
(eq)
1
2 ,B

. (C.29)

Most interestingly, we can also consider the regime after the Page time where dR2 � dR1e
S0

i.e. how small amounts of the radiation are entangled with the black hole. The usual story
of black hole evaporation says that these quanta are maximally entangled with the black
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hole, more specifically, their pair behind the horizon. This entanglement played a starring
role in the firewall paradox [57]. But the dominant term in Z(PT)

n is the identity, so that
on analytic continuation,

E(R1, B) = 0. (C.30)

This is the statement that Hawking quanta after the Page time are not actually entangled
with the black hole, but only entangled with the early radiation, avoiding paradoxes with
entanglement monogamy.

Note that we can numerically compute the resolvent and spectrum in this model using
the general equation (C.17), now with

ρ(E) = eS0

√
2E

2π2 sinh(2π
√

2E) (C.31)

This problem is studied systematically in ref. [56]. For the special case of the “microcanon-
ical ensemble” in [4], the equation for the resolvent reduces to the infinite temperature case
in (C.8), with the dimension of the black hole given by eS, where S is the microcanonical
entropy of the black hole.

C.4 Microcanonical ensemble with B at infinite temperature

We now consider Iα given by (4.77), which we repeat here:20

Iα =
∑

E
A1
a1 +EA2

a2 ∈IE,∆

|a1〉 〈a1| ⊗ |a2〉 〈a2| ⊗ 1B . (C.32)

(i) Contributions to Z(PT)
n from different permutations. Let us first understand

the contributions to Z(PT)
n from different permutations in this case. Recall that the con-

tribution from τ can be expanded as〈
ηA1 ⊗ η−1

A2
⊗ eB|Iα, τ

〉
=

∑
i1,i′1,...in,i

′
n

〈ηA1 ⊗ η−1
A2
⊗ eB|i1ī′1 . . . inī′n〉

× 〈i1|Iα|i′τ(1)〉 〈i2|Iα|i
′
τ(2)〉 . . . 〈in|Iα|i

′
τ(n)〉

(C.33)

where

|im〉 = |ima〉A1
|imā〉A2

|imb〉B , |ī′m〉 = |ī′ma〉A1
|ī′mā〉A2

|ī′mb〉B . (C.34)

It is useful to take the states |ima〉A1
, |imā〉A2

, |imb〉B to be energy eigenstates in A1, A2, B.
Then note that for (4.77), each factor in the second line of (C.33) simultaneously gives
delta functions between the indices on A1, A2 and B in the bra and the ket, and enforces
the condition that the energies in A1 and A2 add up to E. For instance,

〈ia1 iā1 ib1 |Iα|i′a1 i
′
ā1 i
′
b1 〉 = δia1 i

′
a1
δiā1 i

′
ā1
δib1 i

′
b1
δ
E
A1
a1 +EA2

ā1
, E

(C.35)

In figure 27, we explain the resulting contributions from different τ with the help of dia-
grams, showing how the energies of different index loops are related.

20Similar resolvent calculations are done in ref. [58].
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Figure 27. Diagrams for different possible dominant contributions to Z(PT)
n in the microcanonical

ensemble with B at infinite temperature. Recall that dashed, dotted and solid lines respectively
represent A1, A2, B. Es, E′

s are energies in As for s = 1, 2, and each of these energies is indepen-
dently summed over in the expression for Z(PT)

n (τ).

Then if the density of states in subsystem P at energy EP is dPEP , we find

Z(PT)
n (e) = 1

Nn
E

dnB
∑
E1

dA1
E1
dA2
E−E1

, (C.36)

Z(PT)
n (τES) = 1

Nn
E

d
n/2
B

∑
E1

(dA1
E1

)n/2dA2
E−E1

∑
E′1

dA1
E′1

(dA2
E−E′1

)n/2
 , (C.37)

Z(PT)
n (η) = 1

Nn
E

dB

∑
E2

dA2
E2

(dA1
E−E2

)n/2
 ∑

E′2

dA2
E′2

(dA1
E−E′2

)n/2
 (C.38)

where
NE = Tr[Iα] = dB

∑
E1

dA1
E1
dA2
E−E1

. (C.39)

On using the saddle point approximation for each of these terms, we find that the saddle
point values of the energies in the resulting expressions can be identified as the saddle
points that appear in expressions for Renyi entropies of equilibrium density matrices for
various subsystems and indices. As a result, we can further simplify (C.36)–(C.38) to get
the expressions in terms of equilibrium Renyi entropies in (4.78)–(4.81).
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Figure 28. Schwinger-Dyson equation for different contributions to Σ1(E1).

(ii) Resolvent and logarithmic negativity. Let us now understand what the
Schwinger-Dyson equations in figure 23(a) and 24 give for this choice of Iα. Recall that
we take |ps〉, |qs〉 to be energy eigenstates in As. Then we can see that Rp depends only
on the energies E1 and E2 of |p1〉A1

and |p2〉A2
. So we can express the resolvent as a sum

RN (λ) =
∑
E1,E2

dA1
E1
dA2
E2
R̃(E1, E2), R̃(E1, E2) =

R1(E1) E1 + E2 = E

R2(E1, E2) E1 + E2 6= E
(C.40)

The set of diagrams contributing to R̃(E1, E2) differs depending on whether or not the
external energies E1 and E2 add up to E, giving the two cases R1 and R2 in (C.40). For
example, out of the diagrams explicitly shown on the r.h.s. of figure 23(b), in the case
where E1 + E2 = E, all diagrams on the r.h.s. of give a non-zero contribution, whereas in
the case where E1 + E2 6= E, only the second diagram gives a non-zero contribution, as
the remaining diagrams enforce E1 + E2 = E. Then we have

R1(E1) = 1
λ− Σ1(E1) , R2(E1, E2) = 1

λ− Σ2(E1, E2) (C.41)

where Σ1,Σ2 are expressed in terms of R1, R2 through the Schwinger-Dyson equations in
figure 28 and 29.
Contribution from permutations with only one-cycles and two-cycles

To evaluate Σ1 and Σ2, we can first consider the contributions from all diagrams
which have only one-cycles and two-cycles, based again on the expectation that this should
capture the regime where the effective dimensions are such that dA1

dBdA2
� 1. We can restrict

to such contributions by keeping only the first term in each line on the r.h.s. of figure 28,
and only the first term on the r.h.s. of figure 29.
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Figure 29. Schwinger-Dyson equation for different contributions to Σ2(E1, E2).

We then find

Σ1(E1) = dB
NE

+
dA2
E−E1

dA1
E1
dB

N2
E

R1(E1) (C.42)

which together with (C.41) gives a quadratic equation for R1,

αE R
2
1 +

(
dB
NE
− λ

)
R1 + 1 = 0, αE =

dA1
E1
dA2
E−E1

dB

N2
E

(C.43)

which has the solution

R1(E1, E − E1) =
λ− dB

NE

2αE
− 1

2αE

√(
λ− dB

NE

)2
− 4αE . (C.44)

From the first diagram on the r.h.s. of (29), we find

Σ2(E1, E2) =
dBd

A1
E−E2

dA2
E−E1

N2
E

R2(E − E2, E − E1) (C.45)

Using the analogous equation for Σ2(E − E2, E − E1) together with (C.41), we get a
quadratic equation for R2(E1, E2),

λα1R
2
2 − (λ2 + α1 − α2)R2 + λ = 0, α1 =

dA1
E1
dA2
E2
dB

N2
E

, α2 =
dA1
E−E2

dA2
E−E1

dB

N2
E

(C.46)

which has the solution

R2(E1, E2) = λ2 + α1 − α2 −
√

(λ− a1)(λ− a2)(λ+ a2)(λ+ a1)
2λα1

(C.47)

where
a1 = √α1 +√α2, a2 = |√α1 −

√
α2| . (C.48)

By substituting R1 and R2 back into (C.40) and finding the imaginary part, we can find
the density of eigenvalues of ρT2

A :

DN (λ) =
∑
E1

1
pE1

Dsc
∞(λ̃, dA1

E1
dA2
E−E1

, dB) +
∑

E1 6=E2

DE1,E2(λ) (C.49)
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where the first term is expressed in terms of the infinite temperature value of DN (λ) in the
semi-circle regime from (C.11), and we have introduced

pE1 =
dA1
E1
dA2
E−E1

dB

NE
, λ̃ = λ

pE1
. (C.50)

The second term of (C.49) is found by noting that the second term in (C.47) is imaginary
between −a1 and −a2, and between a2 and a1,

DE1,E2(λ) = 1
2(dA1

E1
dA2
E2
− dA1

E−E2
dA2
E−E1

)δ(λ)

+ N2
E

2π|λ|dB

√
a2

1 − λ2
√
λ2 − a2

2 θ(a2
1 − λ2)θ(λ2 − a2

2)
(C.51)

So the exponential of the logarithmic negativity, ∑i |λi|, is given by

Z(PT) =
∑
E1

pE1Z(PT)
∞, sc(dA1

E1
dA2
E−E1

, dB) +
∑
E1,E2

N2
E

πdB

∫ a1

a2
dλ
√
a2

1 − λ2
√
λ2 − a2

2 (C.52)

where Z(PT)
∞,sc is given by (C.20).

The integral in (C.52) evaluates to
∫ a1

a2
dλ
√
a2

1 − λ2
√
λ2 − a2

2 = 2
3a

3
1E

(
1− a2

2
a2

1

)
+ 2

3a1a
2
2E

(
1− a2

2
a2

1

)
− 4

3a1a
2
2K

(
1− a2

2
a2

1

)
(C.53)

where K and E respectively refer to complete elliptic integrals of the first and second
kind. Now since a2/a1 ≈ 1 + e−cV + . . . for some positive coefficient c, to find the leading
contribution in volume we can approximate both of the elliptic functions appearing above
with the leading orders in their Taylor expansions as their argument goes to 0, which are
both given by π/2. We can then approximate∫ a1

a2
dλ
√
a2

1 − λ2
√
λ2 − a2

2 ≈
π

3 a1
(
a2

1 − a2
2

)
= 4π

3 (√α1 +√α2)√α1 α2 (C.54)

So we find

Z(PT) = dB
NE

∑
E1, d

A1
E1
d
A2
E−E1

<dB

dA1
E1
dA2
E−E1

+
√
dB
NE

∑
E1, d

A1
E1
d
A2
E−E1

>dB

(dA1
E1

)3/2(dA2
E−E1

)3/2

+ 8
3

√
dB
NE

∑
E1

dA1
E1

(
dA2
E−E1

) 1
2 ×

∑
E2

dA2
E2

(
dA1
E−E2

) 1
2

(C.55)

The saddle point energy density for the first two terms in the last line is the same, and
is equal to ε = E/VA. When c = S

(eq)
A

S
(eq)
A +S(eq)

B

< 1
2 , this saddle point lies in the regime of

the first term, which then contributes 1. The contribution from the second term is given
by its boundary value in this regime, which is always less than the saddle-point value of
the same expression, given by e

1
2 (S(eq)

A1
+S(eq)

A2
−S(eq)

B ). For c > 1
2 , the second term contributes
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e
1
2 (S(eq)

A1
+S(eq)

A2
−S(eq)

B ) and dominates over the first. The last term can always be approximated

with its saddle point value, which is given by e
1
2 (S(eq)

1
2 ,A1

+S(eq)
1
2 ,A2

−S(eq)
B )

(where we have ignored
an overall factor that gives an O(1) contribution to negativity). For S(eq)

1
2 ,A1

+S
(eq)
1
2 ,A2

> S
(eq)
B ,

this contribution dominates over the other two terms, giving

E = 1
2

(
S

(eq)
1
2 ,A1

+ S
(eq)
1
2 ,A2
− S(eq)

B

)
(C.56)

Both the ES phase value of the negativity (C.56) and the transition line S(eq)
1
2 ,A1

+ S
(eq)
1
2 ,A2

=

S
(eq)
B in this approximation thus agree with the naive analytic continuation in (4.84)

and (4.86).
Contribution from all planar permutations

Let us now sum over all contributions on the r.h.s. of figure 28 and 29. While in this case
we are not able to find the logarithmic negativity in all regimes from this calculation either
analytically or numerically, we can use the expression for the full sum to systematically
understand the regime in which the above result from all permutations with only one- and
two- cycles should be valid.

On the r.h.s. of figure 28(b), each of the two lines can be obtained by summing over a
geometric series, so that we get

Σ1 =
(
dB
NE

+ αE R1

) 1
1− βE R2

1
, βE =

(dA1
E1

)2

N2
E

(C.57)

Here we have suppressed the arguments of both Σ1 and R1, which are the same in all
expressions. This gives a cubic equation for R1(E1):

βEλR
3
1 + (αE − βE)R2

1 +
(
dB
NE
− λ

)
R1 + 1 = 0 . (C.58)

We see that this reduces to the contribution from only one-cycles and two-cycles in (C.43)
when αE � βE for all E1, i.e. when

dA2
E−E1

dB � dA1
E1
, for all E1 . (C.59)

Comparing this to the cubic equation for the infinite temperature case (C.8), we find
that the first term in (C.40) is given by

∑
E1

dA1
E1
dA2
E−E1

R1(E1, E − E1) =
∑
E1

1
pE1

R∞N (dA1
E1
, dA2
E−E1

, dB) (C.60)

where R∞N is the infinite temperature resolvent. The contribution to Z(PT) from this term
is therefore

Z(PT)
1 =

∑
E1

pE1Z(PT)
∞ (dA1

E1
, dA2
E−E1

, dB) . (C.61)
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Now for evaluating Σ2, the r.h.s. of (29) also gives a geometric series (suppressing the
λ argument in all Σ2, R2 below):

Σ2(E1, E2) =
dA1
E−E2

dA2
E−E1

dB

N2
E

R2(E − E2, E − E1)(1 + ∆̃ + ∆̃2 + . . .),

∆̃ =
dA1
E1
dA1
E−E2

N2
E

R(E1, E2)R(E − E2, E − E1)
(C.62)

To simplify the notation, let us fix some E1 and E2, and denote

Σ2 :=Σ2(E1,E2), Σ′2 :=Σ2(E−E2,E−E1), R2 :=Σ2(E1,E2), R′2 :=R2(E−E2,E−E1)
(C.63)

Then from (C.62) and (C.41), we have

λ− 1
R2

= Σ2 =
dA1
E−E2

dA2
E−E1

dB

N2
E

R′2
1

1−
d
A1
E1
d
A1
E−E2
N2
E

R2R′2

(C.64)

λ− 1
R′2

= Σ′2 =
dA1
E1
dA2
E2
dB

N2
E

R2
1

1−
d
A1
E−E2

d
A1
E1

N2
E

R2R′2

(C.65)

From (C.64) and (C.65), we get the following cubic equation for R2:

α3λ
2R3

2 + λ(α4 + α1 − 2α3)R2
2 − (λ2 + α4 − α3 − α2 + α1)R2 + λ = 0 . (C.66)

where

α3 =
(dA1
E1

)2dA2
E2

dA2
E−E1

N2
E

, α4 =
dA1
E1
dA1
E−E2

N2
E

, (C.67)

and α1, α2 were defined in (C.46). This reduces to the contribution from one-cycles and
two-cycles in (C.46) if α1 � α3, α1 � α4, i.e. if we have (C.59) and the additional
condition

dA2
E1
dB � dA2

E−E1
for all E1. (C.68)

The solutions to this equation are

R2 = 2a− b− c
3aλ + e−qi2π/3

6aλ2 21/3 Z

(X +
√
Y )1/3

+ eiq2π/3

6aλ2 22/3(X +
√
Y )1/3 (C.69)

with q = 0, 1,−1, and

X = λ3(−9a(a+ b+ c)λ2 − (2a− b− c)(a2 − 2(b+ c)2 − a(b+ c− 9d)))
Z = λ2(6aλ2 + 2(a2 + (b+ c)2 − a(b+ c+ 3d)))

Y = X2 − Z3

2

(C.70)

In the limit λ→∞,

Z → 6aλ4
(

1 +O

( 1
λ2

))
,

(X +
√
Y )1/3 = eiπ/621/3√3a1/2λ2

(
1 + i

a(a+ b+ c)
2
√

3a3/2λ

) (C.71)
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and hence

R2 = 2a− b− c
3aλ + e−i(

2πq
3 +π

6 )
√

3
√
a

(
1− i a+ b+ c

2
√

3a3/2λ

)
+ ei(

2πq
3 +π

6 )
√

3
√
a

(
1 + i

a+ b+ c

2
√

3a3/2λ

)
+O

( 1
λ2

)
(C.72)

For the solutions with q = 0, 1, the leading order in the λ → ∞ limit is O(λ0), which
implies that the leading behaviour of R coming from these solutions is also O(λ0). Since
R should approach dA

λ , these solutions are not allowed. For q = −1, we find in this limit

R2(λ) = 1
λ

+O

( 1
λ2

)
(C.73)

R1(E1;λ) also approaches 1
λ . We therefore find

RN (λ) =
∑
E1,E2

dA1
E1
dA2
E2

λ
+O

( 1
λ2

)
= dA

λ
+O

( 1
λ2

)
(C.74)

which is the expected behaviour.
When λ is sufficiently large, Y < 0, and R2 solution is real. For Y > 0, we find

ImR2 = 1
4
√

3aλ2 |
Z

(|X +
√
Y |)1/3

21/3 − 22/3(|X +
√
Y |)1/3 | (C.75)

This expression can in principle be used to find D(λ) and Z(PT) for this case, but finding the
support of ImR2 and performing the integral to find the contribution to Z(PT) is difficult
to do analytically.

C.5 Microcanonical ensemble with A2 at infinite temperature

(i) Contributions to Z(PT)
n from different permutations. Unlike in the earlier

example (4.77), when Iα is given by (4.87), the contributions to Z(PT )
n from different τ can

be expressed in a simple way in terms of the cycle numbers of τ , ητ and ητ−1. In this case, in
any diagram, if we take the energy in any index loop of A1 to be E1, the energy conservation
constraint between A1 and B immediately sets all energies in index loops of A1 to be E1,
and the energies in index loops of B to E − E1. Some examples are shown in figure 30.

We therefore find in this case that

Z(PT)
n =

∑
τ

Z(PT)
n (τ), Z(PT)

n (τ) = 1
Nn
E

(dA2)k(ητ) ∑
E1

(dA1
E1

)k(ητ−1) (dBE−E1)k(τ) (C.76)

where NE = dA2

∑
E1 d

A1
E1
dBE−E1

. Then on using the saddle-point approximation in these
expressions and comparing to the saddle points appearing in various equilibrium Renyi
entropies, we get the expressions for different possible dominant permutations in (4.89)–
(4.92).
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(a) ! = #
!! ! − !!

(b) ! = #

! − !!
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(c) ! = !!" !!
! − !! ! − !!

!! !!

Figure 30. Diagrams for different possible dominant contributions to Z(PT)
n in the microcanonical

ensemble with A2 at infinite temperature. Recall that dashed, dotted and solid lines respectively
represent A1, A2, B. In this example, all energies in A1 get set to some E1 which is summed over,
and each of the energies in B gets set to E − E1.

(ii) Logarithmic negativity via resolvent. In this example, due to the simplicity of
the expressions for Z(PT)

n , it is more useful to write down an expression for the resolvent by
directly summing over Z(PT)

n /λn as in the definition (2.27), instead of using the Schwinger-
Dyson equation like in previous examples. Recall that in the infinite temperature case

Z(PT)
n,∞ = 1

(dAdB)n
∑
τ∈Sn

(dA2)k(ητ) ∑
E1

(dA1)k(ητ−1) (dB)k(τ) (C.77)

Then from (C.76), (C.77) and (2.27), we find

RN (λ) =
∑
E1

1
pE1

R∞N (λ̃, dA1
E1
, dA2 , d

B
E−E2), (C.78)

where

pE1 =
dA1
E1
dA2 d

B
E−E1

NE
, λ̃ = λ/pE1 . (C.79)

Using (2.28), we then find that

DN (λ) =
∑
E1

1
pE1

D∞N (λ̃, dA1
E1
, dA2 , d

B
E−E1) (C.80)
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where D∞N is the spectral density of the partially transposed density matrix at infinite
temperature, and hence

Z(PT) :=
∑
i

|λi| =
∑
E1

pE1 Z(PT)
∞ (dE1

A1
, dA2 , d

E−E1
B ) (C.81)

where Z(PT)
∞ is given by (C.9). We therefore have

Z(PT) ≈
∑

E1, d
A1
E1
dA2<d

B
E−E1

pE1 + dA2 ×
∑

E1, dA2d
B
E−E1

<d
A1
E1

pE1 +
∑

E1, d
A1
E1
dBE−E1

<dA2

pE1d
A1
E1

+ dA2
1/2 ×

∑
E1, d

A1
E1
dA2>d

B
E−E1

,

1
dB
E−E1

<
d
A1
E1
dA2

<dBE−E1

pE1(dA1
E1

)1/2(dBE−E1)−1/2 (C.82)

In the limit where V is large, each term in (C.82) can be evaluated at the energy that
maximizes its exponent, and Z(PT) is approximately equal to the maximum among the
four terms. For each of the terms, there are some values of the volumes VA1 , VA2 , VB such
that the saddle-point energy lies within the range of E1 specified for that term, and other
values where it does not. In the latter case, we must use the boundary value rather than
the saddle-point value for that term.

Before further analyzing (C.82), it will be useful to introduce some definitions. Recall
that as we vary the sizes of various subsystems, we keep the average energy density E

VA1+VB
fixed to ε, and the infinite temperature entropy density in B fixed to s0. If ε1 = E1

VA1
is

an energy density in A, we define the corresponding energy density in B due to energy
conservation as ε̄1,

ε̄1 = ε(VA1 + VB)− ε1VA1

VB
. (C.83)

Also, we define ε(α)
1 as the solution to the equation

s′(ε(α)
1 ) = αs′

(
ε
(α)
1

)
. (C.84)

For example, ε(1)
1 is the saddle point for evaluating NE = Tr[Iα], and is equal to ε for any

form of s(ε). With s(ε) as in (4.76),

ε
(α)
1 = ε (VA1 + VB)

VA1 + VB α2 . (C.85)

Also, note that the equilibrium entropies of the full system and different subsystems are
given by

S(eq) = VA2s0 + (VA1 + VB) s(ε), S
(eq)
A1

= VA1s(ε), S
(eq)
B = VBs(ε),

S
(eq)
A2

= S
(eq)
n,A2

= VA2s0 ,

S
(eq)
α,A1

= VA1
αs(ε)− s(ε(α)

1 )
α− 1 + VB

αs(ε)− αs(ε(α)
1 )

α− 1 , α 6= 1

S
(eq)
α,B = VB

αs(ε)− s(ε(1/α)
1 )

α− 1 + VA1
αs(ε)− αs(ε(1/α)

1 )
α− 1 , α 6= 1 .

(C.86)
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Considering when the dominant contributions to different terms in (C.82) are given by
their saddle-point or boundary values, we then find that

E(A1, A2) = logZ(PT) ≈
[
maxi=1,...,4 fi − S(eq)

]
(C.87)

where

f1=

S
(eq) S

(eq)
A <S

(eq)
B

S
(eq)
A2

+VA1s(θ1)+VBs
(
θ̄1
)

S
(eq)
A >S

(eq)
B

(C.88)

f2=

S
(eq)
A2

+S(eq) S
(eq)
A2

+S(eq)
B <S

(eq)
A1

2S(eq)
A2

+VA1s(θ2)+VA2s(θ̄2) S
(eq)
A2

+S(eq)
B >S

(eq)
A1

(C.89)

f3=


S

(eq)
1
2 ,A1

+S(eq) VA1s(ε
(1/2)
1 )+VBs

(
ε
(1/2)
1

)
<VA2s0

S
(eq)
A2

+2VA1s(θ3)+VBs
(
θ̄3
)

VA1s(ε
(1/2)
1 )+VBs

(
ε
(1/2)
1

)
>VA2s0

(C.90)

f4(c,λ)=



3
2S

(eq)
A2

+S(eq)
A1,

1
3

VA1s(ε
(1/3)
1 )+VA2s0>VBs

(
ε
(1/3)
1

)
, and

+1
2(S(eq)

A1
+S(eq)

B ) VA2s0<VA1s(ε
(1/3)
1 )+VBs

(
ε
(1/3)
1

)
, and

VA1s(ε
(1/3)
1 )<VA2s0+VBs

(
ε
(1/3)
1

)
maxi=1,2,3[3

2S
(eq)
A2

+3
2VA1s(θi)

+1
2VBs

(
θ̄i
)
] otherwise

(C.91)

In the above expressions, θi are the values of the energy density lying at the boundaries
of the regimes corresponding to the different terms in (C.82), and are defined implicitly as
solutions to the equations

VA1s(θ1) + VA2s0 = VBs
(
θ̄1
)
,

VA2s0 + VBs
(
θ̄2
)

= VA1s(θ2),

VA1s(θ3) + VBs
(
θ̄3
)

= VA2s0,

(C.92)

which we can solve numerically for the entropy density in (4.76). For certain values of the
subsystem volumes, we will find that solutions for some of the θi do not exist; this corre-
sponds to cases where the range of energies corresponding to some of the terms in (C.82)
do not exist.

Let us try to understand the phase diagram for the logarithmic negativity in terms

of the parameters c = S
(eq)
A

S
(eq)
A +S(eq)

B

and λ =
S

(eq)
A1
S

(eq)
A

. We first find the ranges of c, λ for which
the different terms f1 through f4 are given by their saddle-point values (the first lines of
equations (C.88)–(C.91)) in figure 31(a).

The parameter ranges where f2 and f3 take their saddle-point values are shown respec-
tively by the green and blue regions in figure 31(a). In these regions, we find that f2 and
f3 respectively are also larger than the other fi. Hence, in these regions the logarithmic
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In[33]:= pextra = Plot [{c5[l], c52[l]}, {l, 0.45, 0.5},

PlotRange � {{0, 1}, {0, 1}},

PlotStyle � {Red, Red}]

Part : Part 1 of {} does not exist .

ReplaceAll : {{}�1�} is neither a list of replacement rules nor a valid dispatch table , and so cannot be used for

replacing .

Part : Part 1 of {} does not exist .

ReplaceAll : {{}�1�} is neither a list of replacement rules nor a valid dispatch table , and so cannot be used for

replacing .

Part : Part 1 of {} does not exist .

General : Further output of Part ::partw will be suppressed during this calculation .

ReplaceAll : {{}�1�} is neither a list of replacement rules nor a valid dispatch table , and so cannot be used for

replacing .

General : Further output of ReplaceAll ::reps will be suppressed during this calculation .

Solve : Solve was unable to solve the system with inexact coefficients . The answer was obtained by solving a

corresponding exact system and numericizing the result .

Out[33]= 

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

In[34]:= Show [p, pextra ]

Out[34]= 

    5

1

23
4

(a)

0 0.5 1
λ0

0.5

1
c

ϵ = 0.5 , s0 = s(0.5)(b)

Figure 31. Regions 1-4 in (a) show the parameter ranges for which f1 through f4 are given by
the saddle-point values in the first lines of (C.88)–(C.91). The resulting phase diagram for the
logarithmic negativity is shown in (b). Different shaded regions correspond to distinct phases. All
lines from (a), including those that do not correspond to phase transition lines of the logarithmic
negativity, are also shown in (b) to make it easier to compare regions in the two figures.

negativity is given by

E =

S
(eq)
1/2, A1

λ < 1
2

S
(eq)
A2

λ > 1
2

(C.93)

There is some intersection between the orange and red shaded regions in figure 31(a) where
f1 and f4 respectively take their saddle point values. On comparing the first lines of (C.88)
and (C.91), we find that the latter dominates for

1
2S

eq
A2

+ Seq
1/3,A1

− 1
2S

eq
A1
− 1

2S
eq
B > 0 . (C.94)

The condition (C.94) is shown with the pink line in figure 31(b). In the purple shaded
region of figure 31(b), we find that f4 is also larger than f2 and f3, and hence in this region
the logarithmic negativity is given by

E = 1
2S

eq
A2

+ Seq
1/3,A1

− 1
2S

eq
A1
− 1

2S
eq
B . (C.95)

In the unshaded regions of figure 31 (a), none of the terms of (C.82) take their saddle-
point values. In the left unshaded region of figure 31 (a), which is the same as the region
shaded in red in figure 31 (b), we find that the dominant contribution is given by the
second lines of f3 and f4, which coincide with each other. In this region, the logarithmic
negativity is given by

E = S
(eq)
A2

+ VA1(s(θ3)− s(ε))− VBs(ε) . (C.96)

In the blue shaded region of figure 31(b), which includes both the right unshaded region of
figure 31(a) and part of the orange shaded region there, the dominant contribution is given
by the second lines of f2 and f4, which coincide. The logarithmic negativity here is given by

E = VA1 (2s(θ2)− s(ε))− VB s(ε) . (C.97)
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Finally, in the yellow shaded region of figure 31(b), we have

E = 0 . (C.98)

Each of the expressions (C.93), (C.95), (C.96), (C.97), (C.98) corresponds to a distinct
phase, and there is a discontinuity in either the first or the second derivative of E across
each of the phase transition lines, as shown in figure 12.

D Maxima of functions of permutations at finite temperature

In this appendix, we use general properties of the function f(β) in any system to show
that G(β, τ) (as defined in (4.64)) is maximized by τ = e, while G(β, τ) + G(β, η−1τ) is
maximized by both τ = e and τ = η.

Recall

G(β, τ) =
k(τ)∑
i=1

f(ciβ) (D.1)

and

G(β, τ) +G(β, η−1τ) =
k(τ)∑
i=1

f(ciβ) +
k(η−1τ)∑
j=1

f(ajβ) (D.2)

Both (D.1) and (D.2) are examples of sums of the form

P (S,m, {ci}) :=
m∑
i=1

f(ciβ),
m∑
i=1

ci = S, 1 ≤ ci ≤ n (D.3)

where the m numbers ci are all positive integers, and S is either n or 2n. In fact, note that
the above constraints together further restrict the range of the ci, to

1 ≤ ci ≤ S − (m− 1) . (D.4)

To simplify the problem of finding τ that maximize (D.1) and (D.2), we first ask: with
the constraint in (D.4), what are the values of m, ci for which the function P (S,m, {ci}) is
maximized?

We first fix m, and see what set of m numbers ci satisfying (D.4) maximizes
P (S,m, {ci}). Note that since each ci lies between 1 and S − (m− 1), it can be written as

ci = λ+ (1− λ)(S − (m− 1)) (D.5)

where λ = S−m+1−ci
S−m lies between 0 and 1. Then using (4.33) for each term in P (m,S, {ci}),

we find

P (S,m, {ci}) ≤
m∑
i=1

(
S −m+ 1− ci

S −m
f(β) + ci − 1

S −m
f ((S −m+ 1)β)

)
≤ Q(m,S) := (m− 1)f(β) + f ((S −m+ 1)β)

(D.6)

Note further that Q(m,S) is an increasing function of m for both choices of S,
since (4.37) implies in particular that

f(β)− βf ′((2n−m+ 1)β) ≥ 0, f(β)− βf ′((n−m+ 1)β) ≥ 0. (D.7)

– 90 –



J
H
E
P
0
1
(
2
0
2
3
)
0
6
4

Hence, the following statements hold:

1.

G(τ) =
k(τ)∑
i=1

f(ciβ) ≤ nf(β) (D.8)

This is because on comparing the definition of G(τ) to that of P (S,m, {ci}), we see
that S = n, and the maximum value of m that can appear in G(τ) is n. But the
r.h.s. of (D.8) is the value of the l.h.s. for τ = e, so G(τ) = ∑k(τ)

i=1 f(ciβ) is maximized
by τ = e.

2.

G(τ) +G(ητ−1) =
k(τ)∑
i=1

f(ciβ) +
k(ητ−1)∑
j=1

f(ajβ) ≤ nf(β) + f(nβ) (D.9)

This follows since the maximum number of terms in this full expression is n+ 1 since
k(τ)+k(ητ−1) ≤ n+1, and here S = 2n. The r.h.s. is the value of the l.h.s. for τ = e

and τ = η, so G(τ) +G(ητ−1) is maximized by both.

E Z(PT)
n in the microcanonical ensemble with energy conservation in AB

Let us now consider the equilibrium approximation with Iα as in (4.75). Unlike in the
simpler example in the previous subsection, we are not able to compute the logarithmic
negativity through the resolvent in this example. However, we can find the phase diagram
for Z(PT)

n and the Renyi negativities, which have the same qualitative features as those for
the canonical example and the simple example of the previous subsection.

Let us assume that like in other universality classes, the dominant contribution is
always given by one out of e, η, η−1, and τES . Let us try to understand the contributions
that we get from each of these permutations. In each case, we can use diagrams similar to
figure 27, now taking into account energy conservation between all three subsystems A1,
A2, and B. We then find:

1.
Z(PT)
n (e) = 1

Nn
E

∑
E1,E2

dA1
E1
dA2
E2

(dBE−E1−E2)n (E.1)

Expressing each density of states in terms of the corresponding entropy density
(e.g. dA1

E1
= exp(VA1s( E1

VA1
)) ), we find that the saddle-point equations for the en-

ergy densities ε1 = E1
VA1

and ε1 = E2
VA2

are

s′(ε1) = ns′
(
V ε− VA1ε1 − VA2ε2

VB

)
(E.2)

s′(ε2) = ns′
(
V ε− VA1ε1 − VA2ε2

VB

)
(E.3)

where ε = E
V . Since the r.h.s. of (E.2) and (E.3) is the same, we can assume that

ε1 = ε2 = εe, and solve
s′(εe) = ns′

(
V ε− VAεe

VB

)
(E.4)
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We therefore find

Z(PT)
n (e) ≈ e

VAs(εe)+nVBs
(
V ε−VAεe

VB

)
−V ns(ε)

. (E.5)

Taking the n→ 1 limit of (E.4) and (E.5) gives

E = 0 . (E.6)

2.
Z(PT)
n (η) = 1

Nn
E

∑
EB ,E2,E′2

dBEB d
A2
E2
dA2
E′2

(dA1
E−E2−EB )

n
2 (dA1

E−E′2−EB
)
n
2 (E.7)

The saddle-point equations for the energy densities εB = EB
VB

, ε2 = E2
VA2

, and ε′2 = E′2
VA2

are

s′(εB)− n

2 s
′
(
εV − VA2ε2 − VBεB

VA1

)
− n

2 s
′
(
εV − VA2ε

′
2 − VBεB

VA1

)
= 0 (E.8)

s′(ε2)− n

2 s
′
(
εV − VA2ε2 − VBεB

VA1

)
= 0 (E.9)

s′(ε′2)− n

2 s
′
(
εV − VA2ε

′
2 − VBεB

VA1

)
= 0 (E.10)

Since the system of equations is unchanged on exchanging ε2 with ε′2 everywhere, the
solutions for both variables will be the same. Hence, we can simplify the equations by
setting ε2 = ε′2 = εη2. Then we must solve the following two equations for εη2 and εηB:

s′(εηB)− ns′
(
V ε− VA2ε

η
2 − VBε

η
B

VA1

)
= 0 (E.11)

s′(εη2)− n

2 s
′
(
V ε− VA2ε

η
2 − VBε

η
B

VA1

)
= 0 (E.12)

to find

Z(PT)
n (η) ≈ exp(VBs(εηB) + 2VA2s(ε

η
2) + nVA1s

(
V − εVA2ε

η
2 − VBε

η
B

VA1

)
− nV s(ε))

(E.13)
For general forms of s(ε), there is no relation between (E.13) for general n and the
Renyi entropies of ρ(eq). But for n = 1, (E.11), (E.12) and (E.13) simplify such that
we have

E = S
(eq)
1
2 ,A2

(E.14)

Similarly, taking the n→ 1 limit of Z(PT)
n (η−1), we find

E = S
(eq)
1
2 ,A1

. (E.15)
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3. Now consider the contribution from τES :

Z(PT)
n (τES) = 1

Nn
E

∑
E1,E′1,E

1
B ,

E2
B ,...,E

n/2
B

n/2∏
j=1

dB
EjB

 dA2
E−E1−E1

B

n/2∏
j=1

dA2
E−E′1−E

j
B



× dA1
E′1
dA1
E1

n/2∏
j=2

dA1
E1+E1

B−E
j
B


(E.16)

The n+ 2 saddle point equations are

s′(ε1B)−s′
(
V ε−VA1ε1−VBε1B

VA2

)
−s′

(
V ε−VA1ε

′
1−VBε1B

VA2

)

+
n/2∑
j=2

s′
(
ε1+ VB

VA1
(ε1B−ε

j
B)
)

=0 (E.17)

s′(ε1)−s′
(
ε−VA1ε1−VBε1B

VA2

)
+
n/2∑
j=2

s′
(
ε1+ VB

VA2
(ε1B−ε

j
B)
)

=0 (E.18)

s′(ε′1)−
n/2∑
j=1

s′
(
εV −VA1ε

′
1−VBε

j
B

VA2

)
=0 (E.19)

s′(εjB)−s′
(
V ε−VA1ε

′
1−VBε

j
B

VA2

)
−s′

(
ε1+ VB

VA1
(ε1B−ε

j
B)
)

=0, j=2,...,n (E.20)

Note that this set of equations is invariant under permuting the εjB from j = 2 to
n. We can therefore assume that these variables have the same solution, so that we
have a simpler set of four equations for any n:

s′(ε1B)− s′
(
V ε− VA1ε1 − VBε1B

VA2

)
− s′

(
V ε− VA1ε

′
1 − VBε1B

VA2

)

+
(
n

2 − 1
)
s′
(
ε1 + VB

VA1
(ε1B − ε

j
B)
)

= 0 (E.21)

s′(ε1)− s′
(
V ε− VA1ε1 − VBε1B

VA2

)
+
(
n

2 − 1
)
s′
(
ε1 + VB

VA1
(ε1B − ε

j
B)
)

= 0 (E.22)

s′(ε′1)− s′
(
V ε− VA1ε

′
1 − VBε1B

VA2

)
−
(
n

2 − 1
)
s′
(
V ε− VA1ε

′
1 − VBε

j
B

VA2

)
= 0 (E.23)

s′(εjB)− s′
(
V ε− VA1ε

′
1 − VBε

j
B

VA2

)
− s′

(
ε1 + VB

VA1
(ε1B − ε

j
B)
)

= 0,

j = 2, . . . , n (E.24)
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Figure 32. Phase transition lines for the n = 4, 6 Renyi negativities in the homogeneous micro-
canonical ensemble case, with s(ε) given by (E.26).

In terms of the solution {ε̄1, ε̄′1, ε̄
j
B, ε̄

1
B} to these equations, we can write

Z(PT)
n (τES)≈exp

(
VB

(
n

2−1
)
s(ε̄jB)+VBs(ε̄1B)+VA2s

(
V ε−VA1 ε̄1−VB ε̄1B

VA2

)
(E.25)

+VA2

(
n

2−1
)
s

(
V ε−VA1 ε̄

′
1−VB ε̄

j
B

VA2

)
+VA2s

(
V ε−VA1 ε̄

′
1−VB ε̄1B

VA2

)

+VA1s(ε̄′1)+VA1s(ε̄1)+VA1

(
n

2−1
)
s

(
ε̄1+ VB

VA1
(ε̄1B−ε̄

j
B)
)
−V ns(ε)

)

In this case, it is not clear how to take the n → 1 limit, so we do not get simple
expressions for E like in the other phases.

Eqs. (E.21)–(E.24) are difficult to solve for general forms of s(ε), so that it is difficult
to find even the phase diagram for Z(PT)

n for general s(ε). As one simple example, let us
consider the Gaussian form of the entropy density

s(ε) = log 2− 1
2ε

2 (E.26)

This form is an approximation for the entropy density of discrete systems, such as those
with g(β) given by (4.58), close to ε = 0. The phase diagrams for Z(PT)

n with this form of
s(ε) for the n = 4 and n = 6 are shown in figure 32.

F Finite temperature Page curve in inhomogeneous systems

In this appendix, we show that the expression (2.50) for the von Neumann entropy SA in
an equilibrated pure state holds in two examples where AB is inhomogeneous. In such
examples, the Page transition in different Renyi entropies Sn,A takes place at different
values of c = S

(eq)
A

S
(eq)
A +S(eq)

B

. Hence, we cannot a priori deduce the form of the von Neumann
entropy by analytic continuation, and instead we must use the resolvent for the reduced
density matrix ρA, defined in (2.13).
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Figure 33. Numerical evaluation of the von Neumann entropy of A with Iα as in (F.1) using the
resolvent (F.3). We can see that the Page transition occurs at the point predicted by (2.50) and
not at, for instance, the transition for the second Renyi entropy from (F.2). For simplicity, we have
used a Gaussian density of states ρ(E) ∝ exp

[
− E2

2NB

]
.

F.1 Canonical ensemble with A at infinite temperature and Ā at finite tem-
perature

Consider the effective identity operator

Iα = 1A ⊗ e−βHB , (F.1)

which we used previously to compute the negativity below (C.13). For this choice of Iα,

Sn,A = min(log dA, S(eq)
n,B ) (F.2)

Since S(eq)
n,B is n-dependent for β > 0, it is clear that the transition from increasing to

decreasing behavior as a function of the volume fraction VA
V depends on n.

To find the von Neumann entropy, we can use a Schwinger-Keldysh equation to evaluate
the resolvent. The calculation is exactly analogous to the derivation of (C.17) using the
Schwinger-Keldysh equation, and we find an integral expression

λR = dA +
∫
dEρ(E)

∞∑
k=1

(
Re−βE

dAZ1,B

)k
= dA +

∫
dEρ(E) R

dAZ1,BeβE −R
. (F.3)

The von Neumann entropy can be evaluated numerically using this expression, confirm-
ing (2.50), as shown in figure 33.

F.2 Microcanonical ensemble with different entropy densities in A and B

If we take the effective identity operator to be

Iα =
∑

p, q, EAp +EĀq =E

|p〉 〈p|A ⊗ |q〉 〈q|B , (F.4)
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then the equilibrium approximation for Z(A)
n in (2.39) gives

Z(A)
n ≈

∑
τ

(dAE )k(τη−1)(dBE−E)k(τ)

(NE)n , NE =
∑
E
dAE d

B
E−E (F.5)

Let us consider the resolvent

R(λ) = 1
λ

∞∑
n=0

λ−nZ(A)
n =

∑
E

1
λ

∞∑
n=0

λ−n
(dAE dBE−E)n

Nn
E

∑
τ

(dAE )k(τη−1)(dBE−E)k(τ)

(dAE dBE−E)n

=
∑
E

NE

dAE d
B
E−E

R∞(λ̃; dAE , dBE−E) =
∑
E

1
pE
R∞(λ̃; dAE , dBE−E)

(F.6)

where

R∞(λ; dA, dB) = dA − dB
2λ + dAdB

2 − dAdB
2λ

√
(λ− λ+) (λ− λ−), (F.7)

is the resolvent for ρA in the infinite temperature case, and

λ̃ = λNE

dAE d
B
E−E

, pE =
dAE d

B
E−E

NE
. (F.8)

Eq. (F.6) can be used to express the density of eigenvalues D(λ) of ρA, and its von Neumann
and Renyi entropies, all in terms of their infinite temperature values,

D(λ) =
∑
E

1
pE
D∞(λ̃; dAE , dBE−E) (F.9)

SA = −
∫
Dλλ log λ =

∑
E
pES

∞
A (E)−

∑
E
pE log pE , (F.10)

Zn,A =
∫
dλD(λ)λn =

∑
E

(pE)nZ∞n,A(dAE ; dBE−E) . (F.11)

Let us first consider S(A)
n for n 6= 1. Since we know that

Z∞n,A(dA, dB) =

d
1−n
A dA < dB

d1−n
B dB < dA

(F.12)

we have
Zn,A =

∑
E, dAE <d

B
E−E

(dBE−E)ndAE
Nn
E

+
∑

E, dAE >d
B
E−E

dBE−E(dAE )n

Nn
E

(F.13)

Assuming that the saddle points for each of the above two integrals lie within their respec-
tive ranges, we then have

Zn,A ≈ e−(n−1)S(eq)
n,A + e−(n−1)S(eq)

n,B ⇒ Sn,A = min(S(eq)
n,A , S

(eq)
n,B ) (F.14)

If we take the entropy densities in A and B to have distinct forms, for instance,

dAE = e
VA sA( E

VA
)
, dBE = e

VB sB( E
VB

)
, sA(ε) = g ε1/2, sB(ε) = g ε3/4 , (F.15)
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Figure 34. Renyi and von Neumann entropies as a function of volume fraction for the microcanon-
ical ensemble with inhomogeneous entropy densities in A and B.

then as shown in figure 34, (F.14) implies that Sn for different n transition from increasing
to decreasing behaviour as a function of the volume fraction VA

V at different points.
Let us now consider the von Neumann entropy in (F.10). We have

SA =
∑
E

dAE d
B
E−E

NE
min

(
log dAE , log dBE−E

)
−
∑
E

dAE d
B
E−E

NE
log

(
dAE d

B
E−E

NE

)
(F.16)

Let us evaluate each of the terms on the right-hand side in the saddle-point approximation.
First note that

NE =
∑
E
dAE d

B
E−E = VA

∫
dε e

VAsA(ε)+VBsB
(
E−εVA
VB

)
≈
√

2π
B
eS

(eq)
A +S(eq)

B (F.17)

where

B = − 1
VA

s′′A(ε̄A)− 1
VB

s′′B(ε̄B) . (F.18)

Note that the von Neumann entropies S(eq)
A and S(eq)

B appear here as they are respectively
the values of VAsA(ε) and VAsA(E−VAεVĀ

) at the saddle-point value ε̄ of ε, which is the
solution to

s′A(ε̄) = s′B

(
E − VAε̄
VB

)
. (F.19)

We can use the saddle-point approximation for the second term in (F.16) to see that it
gives a contribution at O(log V ). The saddle-point approximation for the first term is

SA ≈ VA
∫
dε
e−

1
2B V

2
A (ε−ε̄)2√

2π/B
min(S(eq)

A + VAβ(ε− ε̄) + . . . , S
(eq)
B − VAβ(ε− ε̄) + . . . )

(F.20)
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Assume without loss of generality that S(eq)
A < S

(eq)
B . We can write

SA ≈ S(eq)
A

√
B

2πVA
∫

2VAβ(ε−ε̄)≤S(eq)
B −S(eq)

A

dε e−
1
2B V

2
A (ε−ε̄)2

+
√
B

2πVA
∫

2VAβ(ε−ε̄)≤S(eq)
B −S(eq)

A

dε e−
1
2B V

2
A (ε−ε̄)2

VAβ(ε− ε̄)

+
√
B

2πVA
∫

2VAβ(ε−ε̄)>S(eq)
B −S(eq)

A

dε e−
1
2B V

2
A (ε−ε̄)2 (S(eq)

B − VAβ(ε− ε̄))

(F.21)

Let us consider the above expression in different regimes of the difference S(eq)
B − S(eq)

A .

1. If S(eq)
B − S(eq)

A � 1√
B
, then the first term in (F.21) is approximately SA, while the

remaining terms are approximately zero.

2. If S(eq)
A = S

(eq)
B , then (F.21) becomes

SA = S
(eq)
A

√
B

2πVA
∫ ∞
−∞

dε e−
1
2B V

2
A (ε−ε̄)2 −

√
B

2πVA
∫ ∞
−∞

dε e−
1
2B V

2
A (ε−ε̄)2

VAβ|ε− ε̄|

= S
(eq)
A −

√
2β2

πB
(F.22)

3. If S(eq)
B − S

(eq)
A ∼ 1√

B
, then the three terms in (F.21) should be evaluated more

carefully, and we get corrections to the value of S(eq)
A of order

√
V . This gives a

smoothed out transition between the increasing and decreasing parts of the Page
curve as a function of VA. However, since S(eq)

A and S(eq)
B scale roughly linearly with

VA and VB, the smoothing out of the transition is over a range of values of VA of order√
V . So as a function of the parameter c := VA

V , the transition between the increasing
and decreasing parts of the Page curve is still sharp in the thermodynamic limit.

The observations about enhanced corrections of order
√
V close to the Page transition in

points 2 and 3 were made earlier in [59] and [60]. Similar effects were observed in the
canonical ensemble in the model of [4]. Since we are interested in the sharp transition as a
function of c in this discussion, we can ignore the effects of such corrections, and we then
find that at leading order (F.20) implies

SA = min(S(eq)
A , S

(eq)
B ), (F.23)

confirming (2.50) for this example. As shown in figure 34, when we take the inhomoge-
neous entropy densities in (F.15), the Page transition of the von Neumann entropy coming
from (F.23) takes place at a distinct value of VA

V from the transitions of each of Renyi
entropies from (F.14).
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G Evolution of Petz map fidelity at finite temperature

G.1 Canonical ensemble

To evaluate the fidelity of the Petz map reconstruction F (ρ, [Pσ,N ◦ N ](ρ)) systematically
at finite temperature for the canonical ensemble, we use a method similar to section 3 of [4].
We take the reference state σD to be maximally mixed and ρD to be pure. For simplicity,
we take R to be at infinite temperature, so that the effective identity operator is

Iα = e−βHB′ ⊗ 1R . (G.1)

It is useful to define
Fn1,n2 ≡ F cn1,n2 + F dn1,n2 (G.2)

for two non-negative integers n1, n2, where

F cn1,n2 ≡
1

Zn1+n2+2
1

1
dn1+n2+2
D

∑
τ∈Pc
〈ηR ⊗ eB′ |Iα, τ〉 d

k(τ)
D (G.3)

F dn1,n2 ≡
1

Zn1+n2+2
1

1
dn1+n2+3
D

∑
τ∈Pd

〈ηR ⊗ eB′ |Iα, τ〉 d
k(τ)
D (G.4)

where Pc refers to the set of permutations in Sn1+n2+2 such that the first and n1 + 2-th
element are in the same cycle, and Pd refers to the rest. The equilibrium approximation
for the fidelity is then given by21

F (ρ, [Pσ,N ◦ N ](ρ)) = F c + F d, F c,d = lim
n1→− 1

2 , n2→− 1
2

F c,dn1,n2 (G.5)

Note that

F cn1,n2 + dDF
d
n1,n2 = 1

(Z1dD)n1+n2+2

∑
τ∈Sn1+n2+2

〈ηR ⊗ eB′ ⊗ eD′ |(Iα)B′R ⊗ 1D′ , τ〉 (G.6)

= Zn1+n2+2,R (G.7)

where we get the last expression by identifying the second-to-last expression to be the
equilibrium approximation for Zn1+n2+2,R for an equilibrated pure state |Ψ〉 in a Hilbert
space HB′R ⊗ HD′ , with the effective identity operator (Iα)B′R ⊗ 1D′ , where D′ is an
auxiliary system with Hilbert space dimension dD. This implies that

F c + dDF
d = Z1,R = 1 , (G.8)

so that it is sufficient to calculate F c and express the fidelity as

F (ρ, [Pσ,N ◦ N ](ρ)) =
(

1− 1
dD

)
F c + 1

dD
. (G.9)

In order to systematically obtain F c using F cn1,n2 , we can define the generating func-
tional

F c(λ1, λ2) =
∞∑

n1,n2=0

F cn1,n2

λn1
1 λn2

2
. (G.10)

21Note that here we use the alternative analytic continuation from (2.70).
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Figure 35. Contribution from a fixed m1 = 2 and m2 = 1 to all n1 and n2 in the expression for
F c(λ1, λ2) in (G.10). The solid loop gives a factor of dDZm1+m2+2,B′

(dDdRZ1,B′ )m1+m2+2 , and we get m1, m1 + 1,
m2 and m2 + 1 factors respectively of 1

λ1
, λ1R(λ1), 1

λ2
and λ2R(λ2), leading to (G.12).

Then for non-negative integers n1, n2,

F cn1,n2 =
∮
∞

dλ1
2πi

dλ2
2πi λ

n1−1
1 λn2−1

2 F c(λ1, λ2) (G.11)

where the contour is taken to be around the point at infinity. Now in all permutations τ
contributing to (G.10), the first and (n1 + 2)th element are in a common cycle. Suppose
this cycle also includes m1 elements out of the n1 elements between the first and (n1 + 2)th
element, and m2 elements after the (n1 + 2)th element. We can then consider the total
contribution from a fixed m1, m2 to all n1, n2, as shown in figure 35. Note that in the
process we have introduced factors of R(λ), the resolvent for ρR ≡ TrB′D′ [|Ψ〉 〈Ψ|], with
|Ψ〉 as defined above (G.8).

We then find

F c(λ1, λ2) =
∞∑

m1,m2=0

dDZm1+m2+2,B′

(Z1,B′ dR dD)m1+m2+2 R(λ1)m1+1R(λ2)m2+1 λ1λ2 . (G.12)

and using (G.11),

F cn1,n2 = dD

∫ ∞
0

dE ρ(E)

∮
∞

dλ

2πiλ
n1R(λ) e−βE

Z1,B′dD

1
dR − e−βER(λ)

Z1,B′dD


×

∮
∞

dλ

2πiλ
n2R(λ) e−βE

Z1,B′dD

1
dR − e−βER(λ)

Z1,B′dD


(G.13)

Note that λ− 1
2 has a branch point at infinity, so the above expression cannot be analyti-

cally continued as written. However, we can first deform the contour for integer n1, n2 to
surround the branch cut on the real axis coming from R(λ), and then analytically continue
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to n1 = n2 = −1
2 , to get

F c = dD

∫ ∞
0

dE ρ(E)

∮
C

dλ

2πiλ
− 1

2R(λ) e−βE

Z1,B′dD

1
dR − e−βER(λ)

Z1,B′dD


2

(G.14)

where C is the contour that surrounds the branch cut on the real axis. In order to further
simplify this expression, we use the following approximation for the resolvent:

R(λ) ≈ dR
λ− λ0

(G.15)

where λ0 is the smallest eigenvalue of ρR, which turns out to be

λ0 = 1
dR
g, g = 1

Z1,B′

∫ ∞
E0

dE ρ(E) e−βE (G.16)

with E0 defined through ∫ E0

0
dE ρ(E) = dR

dD
. (G.17)

In deriving (G.15)–(G.17), we use similar methods to [4], which we review for this context
at the end of this subsection. Putting (G.15) into (G.14), we find

F c ≈ 1
Z1,B′

∫ ∞
0

dE ρ(E) e−2βE

dDZ1,B′λ0 + e−βE
. (G.18)

Now to further analyse (G.18), let us take the density of states to be as in AdS3, ρ(E) =
ecV
√
E/V , where V is the volume of B′. Then Z1,B′ can be evaluated using the saddle point

approximation and has the behavior

Z1,B′ = c′V
1
2 e−βEc+cV

√
εc = c′V

1
2 e

c2V
4β , Ec = V εc,

√
εc = c

2β , S = V
c2

2β (G.19)

where S is the thermal entropy and c′ is some O(1) constant. The second equilibrium
Renyi entropy can also be evaluated from the saddle point

e−S2,B′ = Z1,B′(2β)
Z2

1,B′(β) ∼ V
− 1

2 e
− 3c2V

8β , S2,B′ = 3c2V

8β . (G.20)

Now if we define
x ≡ log dR

V
, y ≡ log dD

V
, (G.21)

then the various relevant time scales are given by:

tb : x = 3c2

8β , tp : x = c2

2β , tp2 : x = c2

2β + y . (G.22)

We will always take x ∼ O(1) while take V →∞, but y can be O(V −1) or O(1) depending
on whether the diary is “small” or “large.”
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Now let us examine the behavior of g defined in (G.16). Note that for ε0 = E0/V ,

V

∫ ε0

0
dε ecV

√
ε = 2

cV

√
ε0e

cV
√
ε0 = dR

dD
(G.23)

⇒
√
ε0 ≈

x− y
c

+O(V −1 log V ), . (G.24)

so that g has the form

g = 1
2
[
1 + erf

(√
V β(√εc −

√
ε0)
)]

+
√

β

πc2V
e−V β(√εc−

√
ε0)2 (G.25)

=


1 +O(e−V ) x− y < c2

2β −O(V − 1
2 )√

ε0
εc
e−V β(√εc−

√
ε0)2

2
√
πV β(√ε0−

√
εc))

x− y > c2

2β +O(V − 1
2 )

. (G.26)

During the evaporation process, log dR increases while V decreases. We would like to
find the evolution of F c as a function of x to see how the information recovery improves
during the evaporation process.

Note first that from (G.26), for x−y > c2

2β +O(V − 1
2 ), the first term in the denominator

of the integrand of (G.18) can always be ignored relative to the second, implying that the
F c ≈ 1 and hence F ≈ 1 at tp2 and later times. For t < tp2 , λ0 ≈ 1

dR
, and we can

simplify (G.18) in this regime to

F c ≈
√
V e
−V c2

4β

∫ ∞
0

dε ecV
√
ε e−2βV ε

e
V ( c24β−x+y) + e−βV ε

. (G.27)

The second term in the denominator dominates for

ε < εu ≡ −
c2

4β2 + x− y
β

(G.28)

and the first term dominates otherwise. (Note that the regime (G.28) exists only for
x− y ≥ c2

4β .) So we can write (ignoring sub-exponential prefactors)

F c ∼ e−V c2/(4β)
∫ εu

0
ecV
√
εe−βV ε + e−V c

2/(4β)eβV εu
∫ ∞
εu

ecV
√
εe−2βV ε (G.29)

Recall that the saddle point for the first integral is at εc = c2

4β2 , and the saddle point for
the second integral is at ε(2)

c = c2

16β2 . We consider three regimes:

1. x − y < c2

4β : we only have the second term in (G.29), which can be approximated
with its saddle point, so

F c ∼ eV (− 3c2
8β +x−y)

, x− y < c2

4β (G.30)

2. c2

4β < x − y < 5c2
16β : here the first term should be approximated with the boundary

value at εu, and the second term with the saddle point at ε(2)
c . So we find

F c ∼ e
V (c
√
− c2

4β2 +x−y
β
−x+y)

+ e
V (− 3c2

8β +x−y) (G.31)
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The second term is always greater than the first in this regime, so we have

F c ≈ eV (− 3c2
8β +x−y)

,
c2

4β < x− y < 5c2

16β . (G.32)

3. 5c2
16β < x− y < c2

2β : in this regime, both terms are approximated with their boundary
values, which turn out to be the same, so we have

F c ≈ 2e
V (c
√
− c2

4β2 +x−y
β
−x+y)

,
5c2

16β < x− y < c2

2β (G.33)

For a small diary, we can neglect y in (G.30)–(G.33), and we therefore find that (1− 1
dD

)F c
is exponentially suppressed in volume before tp, while 1

dD
is O(1). We therefore have

F (ρ, [Pσ,N ◦ N ](ρ)) ≈


1
dD

x < c2

2β

1 x > c2

2β
(G.34)

So the fidelity for the recovery of a small diary improves rapidly from 1
dD

to 1 at the Page
time.

For a diary sufficiently large such that there is a regime where 3c2
8β < x < 5c2

16β + y, we
have

F (ρ, [Pσ,N ◦N ](ρ)) =



1
dD

x < 3c2
8β

e
V (− 3c2

8β +x−y) = elog dR−S2,B′−log dD 3c2
8β < x < 5c2

16β + y

e
V (c
√
− c2

4β2 +x−y
β
−x+y) 5c2

16β + y < x < c2

2β + y

1 x > c2

2β + y

(G.35)

So in this case, the fidelity starts increasing from its initial value of 1
dD

at time tb (indepen-
dently of log dD as long as there is a non-trivial regime corresponding to the second line),
and the initial improvement is exponential in log dR − S2,B′ , precisely as predicted by the
leading correction in (6.44).

For a diary that is O(1) but not sufficiently large such that there is a regime where
3c2
8β < x < 5c2

16β + y, we have

F (ρ, [Pσ,N ◦ N ](ρ)) =


1
dD

x < c2

2β + 2y − c
√

y
β

e
V (c
√
− c2

4β2 +x−y
β
−x+y) c2

2β + 2y − c
√

y
β < x < c2

2β + y

1 x > c2

2β + y

(G.36)

So in this case, the fidelity starts to increase from 1
dD

at a time

tr : x = c2

2β + 2y − c
√
y

β
(G.37)
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which is macroscopically earlier than tp when y is O(1), and becomes increasingly earlier
as the diary becomes larger.

Further, note that in (G.29), we can evaluate both integrals exactly using error func-
tions. The first integral is approximately

F c ≈

√
πc

(
1− erf

(√
V
(
c−
√

4β(x−y)−c2
)

2
√
β

))
2β3/2 . (G.38)

Near tp2 , this term dominates over the second integral. This shows that the transition
regime is O((V β)− 1

2 ) in x−y, as this is the regime where the error function becomes O(1).
We can also use (G.17) and (G.16) to get an exact expression for λ0 in terms of

dR, dD, V , which can then be used to evaluate the integral (G.18) for large values of V
numerically. This leads to the evolution of the fidelity shown in figure 18.

Let us now justify the approximation we used for R(λ) in (G.15). We use similar steps
to section 2 of [4]. The Schwinger-Dyson equation for R(λ) is

λR = dR +
∞∑
n=1

dDZn,B′
Rn

dnRZ
n
1,B′d

n
D

(G.39)

⇒ λR = dR + dDR

∫ ∞
0

dE ρ(E) e−βE

dRdDZ1,B′ − e−βER
(G.40)

It is useful to first find the smallest eigenvalue λ0 of ρR. For λ < λ0, we can see from the
definition of R that R is real and negative, and we can write

λ ≈ dR
R
− dD

R

∫ E′0

0
dE ρ(E) + dD

∫ ∞
E′0

dE ρ(E) e−βE

dRdDZ1,B′
(G.41)

where E′0 for a given set of dR, dD, VB′ and λ is defined implicitly by

− e−βE′0 = dRdDZ1,B′

R(λ) . (G.42)

In the two terms in (G.41), we have assumed that different terms dominate in the denom-
inator of the integrand of (G.40). Since λ = λ0 is a branch point of R(λ), we have dλ

dR = 0
at this point, which implies ∫ E0

0
dE ρ(E) ≈ dR

dD
(G.43)

where we use E0 to refer to the value of E′0 at λ0. We can treat (G.17) as the definition of
E0. In terms of E0, λ0 is given by

λ0 = 1
dRZ1,B′

∫ ∞
E0

dE ρ(E) e−βE (G.44)

Let us now return to (G.40) to obtain an approximation for the resolvent. We can
divide the integral into two parts at E0:

λR = dR + dDR

∫ E0

0
dE ρ(E) e−βE

dRdDZ1,B′ − e−βER

+ dDR

∫ ∞
E0

dE ρ(E) e−βE e−βE

dRdDZ1,B′ − e−βER

(G.45)
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Note that e−βE0R(λ0) = −dRdDZ1,B′ , and e−βE |R(λ)| < e−βE0 |R(λ0)| for E > E0 and
λ > λ0, using the definition of R. Hence, the denominator in the second term of the
integrand can be approximated as dRdDZ1,B′ , and we have

λR ≈ dR + dDR

∫ E0

0
dE ρ(E) e−βE

dRdDZ1,B′ − e−βER

+ 1
dRZ1,B′

R

∫ ∞
E0

dE ρ(E) e−βE

⇒ λR ≈ dR + dDR

∫ E0

0
dE ρ(E) e−βE

dRdDZ1,B′ − e−βER
+Rλ0

⇒ R = dR
λ− λ0

+ dD
λ− λ0

R

∫ E0

0
dE ρ(E) e−βE

dRdDZ1,B′ − e−βER

(G.46)

Treating the second term as a perturbation, we find to first order

R ≈ dR
λ− λ0

+ dD
λ− λ0

∫ E0

0
dEρ(E) e−βE

Z1,B′dD

1
λ− λ0 − e−βE/(Z1,B′dD) (G.47)

Let us now understand whether our approximation in treating the second term as a per-
turbation is self-consistent. Suppose we require that for some small ε,

λ− λ0 −
e−βε

Z1,B′dD
> 0 . (G.48)

The integral in the second term can be divided into two parts,

I = dD
λ− λ0

∫ ε

0
dEρ(E) e−βE

Z1,B′dD

1
λ− λ0 − e−βE/(Z1,B′dD)

+ dD

∫ E0

ε
dEρ(E) e

−βE/(Z1,B′dD)
λ− λ0

1
λ− λ0 − e−βE/(Z1,B′dD)

(G.49)

If ε is small, the first term is small. The integrand in the second term is positive and < ρ(E)
due to (G.48), so from (G.17), the second term is < dR, and hence smaller than the leading
term in (G.47). So the approximation (G.47) is valid as long as (G.48) is satisfied for small
ε, and to a first approximation, we can ignore the second term in (G.47) and write R(λ)
as in (G.15).

G.2 Microcanonical ensemble

Let us now consider the question of Petz map fidelity taking the effective identity operator
to be as in (4.87), with A1 = R1 and A2 = R2 corresponding to two parts of the radiation,
and B to the black hole. We again take ρD to be pure and σD to be maximally mixed. R2
is taken to be at infinite temperature while there is energy conservation between R1 and
B. We take the average energy density ε in R1B to be

ε = E

VR1 + VB
(G.50)
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and view the evaporation process as a process where S(eq)
R = VR1s(ε) + log dR2 increases

while S(eq)
B = VBs(ε) decreases. tp is the time when

tp : VR1s(ε) + log dR2 = VBs(ε) (G.51)

and tp2 is defined as the time when

tp2 : VR1s(ε) + log dR2 = VBs(ε) + log dD . (G.52)

Recall that in this setup, the time tb at which the logarithmic negativity starts to grow is
given for sufficiently small λ ≡ log dR2

VR1s(ε)+log dR2
by

tb : log dR2 + 2S(eq)
1
3 ,R1
− VR1s(ε) = VBs(ε) . (G.53)

The equilibrium approximation for the Petz map fidelity is given by

F (ρ, [Pσ,N ◦ N ](ρ)) = lim
m→ 1

2

FEm , (G.54)

where

FEm ≡
∑
E1

1
d2m+3
D (NEdR2)2m+2

∑
τ∈S2m+2

(dR1
E1
dR2)k(η−1τ)(dB′E−E1)k(τ)d

k(τ)+ζ(τ)
D

=
∑
E1

(
dR1
E1
dB
′

E−E1

NE

)2m+2

F∞m (dD, dR1
E1
dR2 , d

B′
E−E1)

(G.55)

with
NE ≡

∑
E1

dR1
E1
dB
′

E−E1 ≈ c1e
(V1+VB)s(ε) (G.56)

where c1 and all ci we will introduce below are O(1) constants, and

F∞m (dD, dR, dB′) ≡
1

d2m+3
D (dRdB)2m+2

∑
τ∈S2m+2

d
k(η−1τ)
R d

k(τ)
B′ d

k(τ)+ζ(τ)
D (G.57)

can be identified to be the infinite-temperature value of Fm in (6.22). Then using (G.54)
and (6.40),

F (ρ, [Pσ,N ◦ N ](ρ)) = 1
dD

+
(

1− 1
dD

)
(F1 + F2) (G.58)

where

F1 = 1
dD

dR2

NE

∑
E1<VR1εu

(dR1
E1

)2
2F1

(
1
2 ,−

1
2 , 2,

dR2d
R1
E1

dB
′

E−E1
dD

)2

, (G.59)

F2 =
∑

E1>VR1εu

dR1
E1
dB
′

E−E1

NE
2F1

(
1
2 ,−

1
2 , 2,

dB
′

E−E1
dD

dR2d
R1
E1

)2

(G.60)
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and εu is defined as the solution to

VR1s(εu) + log dR2 = log dD + VBs(ε̄u), ε̄u = E − VR1εu
VB

. (G.61)

We note that F1 is always dominated by the value at upper limit of the sum in (G.59),

F1 = c2e
Λ1 , Λ1 = 2VR1s(εu)− (VR1 + VB)s(ε) + log dR2 − log dD = Λ2, (G.62)

Λ2 = VR1(s(εu)− s(ε)) + VB(s(ε̄u)− s(ε)) (G.63)

and F2 is dominated by either its saddle point or its lower limit, i.e.

F2 =

1 εu < ε

c3e
Λ2 εu > ε

. (G.64)

Note that by definition Λ2 ≤ 0, and thus F1 is always exponentially suppressed except at
εu = ε.

From (G.61) when we decrease the values of V1 and log dR2 (i.e. going to earlier times),
the value of εu should increase. We can assume that εu is a smooth and monotonically de-
creasing function of t. At tp2 we have εu = ε while for t < tp2 (t > tp2) we have εu > ε (εu <
ε). From (G.62)–(G.64), we then conclude that for any dD, F1+F2 is exponentially small in
volume for t < tp2 and becomes 1 at tp2 over a very short range of time (volume suppressed).

Then for a small diary, precisely as in (G.34) for the canonical example, we have

F (ρ, [Pσ,N ◦ N ](ρ)) =


1
dD

t < tp

1 t > tp
. (G.65)

For a large diary, we have

F (ρ, [Pσ,N ◦ N ](ρ)) =



1
dD

t < tr
1
dD
eVR1 (2s(εu)−s(ε))+log dR2−VBs(ε)

= eVR1 (s(εu)−s(ε))+VB(s(ε̄u)−s(ε)) tr < t < tp2

1 t > tp2

. (G.66)

The growth of the fidelity above 1/dD for a large diary starts at the time scale

tr : VR1(2s(εu)− s(ε)) + VR2s0 = VBs(ε) (G.67)

Comparing this to tp defined in (G.51) and noting that εu > ε for t < tp2 , we can see that
tr < tp. Note that unlike in the canonical ensemble example in the previous subsection,
tr does not converge to tb defined by (G.53) for sufficiently large diaries. For a given λ,
depending on log dD, tr can be either earlier or later than tb.
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