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ABSTRACT

We proceed to generalize the Yang-Baxter (YB) deformation of Wess-Zumino-Witten (WZW) model to
the Lie supergroups case. This generalization enables us to utilize various kinds of solutions of the
(modified) graded classical Yang-Baxter equation ((m)GCYBE) to classify the YB deformations of WZW
models based on the Lie supergroups. We obtain the inequivalent solutions (classical r-matrices) of the
(m)GCYBE for the gl(1|1) and (C® + .A) Lie superalgebras in the non-standard basis, in such a way
that the corresponding automorphism transformations are employed. Then, the YB deformations of the
WZW models based on the GL(1|1) and (C3 + A) Lie supergroups are specified by skew-supersymmetric
classical r-matrices satisfying (m)GCYBE. In some cases for both families of deformed models, the metrics
remain invariant under the deformation, while the components of B-fields are changed. After checking
the conformal invariance of the models up to one-loop order, it is concluded that the GL(1|1) and
(C? + A) WZW models are conformal theories within the classes of the YB deformations preserving
the conformal invariance. However, our results are interesting in themselves, but at a constructive level,
may prompt many new insights into (generalized) supergravity solutions.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

Klimcik [1-3] proposed the YB o-model as a systematic way to consider integrable deformations of two-dimensional non-linear o -
models. Then, this systematic procedure refined by Delduc, Magro and Vicedo in [4]. The deformations obtained via this method are called
Yang-Baxter deformations, due to the central place that the CYBE takes in the construction. The principal chiral models deformed by Klim-
cik were also generalized by Delduc, Magro and Vicedo in [5,6] for the AdSs x S° superstring action (see, also [7-9]). In [5], the integrable
deformation of the type IIB AdSs x S> superstring action along with the deformed field equations, Lax connection, and x-symmetry
transformations have been presented. Moreover, one can see the supercoset constructions in the YB deformed AdSs x S° superstring
with the SU(2, 2|4) Lie supergroup based on the homogeneous CYBE in [10] (see, also [11]). Actually, the integrable deformations of the
AdSs x S° superstring is an important application of the YB o-model description. So far in all the works done on the deformation of the
superstring action, the attention has been concentrated to the case where the deformations are created by bosonic generators of the Lie
supergroup. Unlike these works, in the present work, the deformation is performed on both bosonic and fermionic sectors of the models.

The YB o-model was then generalized by adding a WZW term. A prescription of the YB deformation of WZW model invented by
Delduc, Magro and Vicedo in [12] (see, also [13-15]). In most of the works, the deformations of the YB WZW models have been studied
on semisimple or compact Lie groups. Some interesting examples of the deformed YB WZW models were constructed on the Lie groups
Nappi-Witten [16], H4 [17] and GL(2,R) [18] with classical r-matrices satisfying the (m)CYBE. A fundamental fact about them is that all
can be considered as unique conformal theories within the class of the YB deformations preserving the conformal invariance.

The goal of the present work is to generalize the YB deformation of WZW model to the Lie supergroups case and present the result-
ing YB deformed backgrounds for the GL(1/1) and (C3 + A) Lie supergroups along with inequivalent classical r-matrices satisfying the
(m)GCYBE. This generalization would be important from the viewpoint of its applications, because the YB deformed backgrounds on the
Lie supergroups have a wider class of the (generalized) supergravity solutions [19] in general rather than the bosonic Lie groups.

This paper is organized as follows. In Section 2, by introducing a useful notation of Zj-graded vector space we generalize the YB
deformation of WZW model to the Lie supergroups case. In Section 3, we find the R-operators and inequivalent r-matrices for the
gl(1]1) Lie superalgebra. We furthermore construct the YB deformed backgrounds of the GL(1|1) WZW model in this section. Calculating
inequivalent r-matrices for the (C> + A) Lie superalgebra and followed by the YB deformations of the (C3 + A) WZW model are devoted
to Section 4. In Section 5, it is shown that the deformed backgrounds satisfy the one-loop beta function equations which is the most
important feature of the obtained models. In this way, we obtain the dilaton fields making the deformed models conformal up to the
one-loop order. Some concluding remarks are given in the last section.

2. YB deformation of WZW model based on Lie supergroups and (m)GCYBE

We are now interested in studying the YB deformation of WZW model based on Lie supergroups. The general procedure that we shall
apply is a straightforward generalization of the well-known prescription of Delduc, Magro and Vicedo [12]. Thus, in this section, inspired
by a prescription invented by authors of Ref. [12], we generalize the YB deformation of WZW model from Lie groups to Lie supergroups.
Before setting the model with Lie supergroups, let us recall the properties of Z,-graded vector space and also the definition of a Lie
superalgebra ¢ [20]. A super vector space V is a Z,-graded vector space, i.e., a vector space over a field K with a given decomposition
of subspaces of grade 0 and grade 1, V =V, & V,. The parity of a nonzero homogeneous element, denoted by |x|, is O (even) or 1 (odd)!
according to whether it is in Vo or V4, namely, |x| =0 for any x € V,, while for any x € V, we have |x| = 1. A Lie superalgebra ¢ is a
Z,-graded vector space, thus admitting the decomposition ¢ =¥, @ ¥., equipped with a bilinear superbracket structure [.,.]: G®G — G
satisfying the requirements of anti-supersymmetry and super Jacobi identity. If ¢ is finite-dimensional and the dimensions of ¢, and ¥,
are m = #B and n = #F, respectively, then ¢ is said to have dimension (m|n). We shall identify grading indices by the same indices in
the power of (—1), i.e., we use (—1)* instead of (—1)*!, where (—1)* equals 1 or —1 if the Lie sub-superalgebra element is even or odd,
respectively.

Let us turn our attention to the model setting with Lie supergroups. First of all, it should be noted that the original WZW model based
on a Lie supergroup G in Dewitt’s notation was first presented in [22]. Accordingly, the action of the YB deformed WZW model on a Lie
supergroup G may be expressed as’

YB 1 _ K
S, (&)= ifdawa (-0, Lb + o fd3crs"‘ﬂy (=D)LL Qua fhe LYLS,. (2.1)
b B3

where 0% = (oF, 0 7) are the standard lightcone variables such that their relationship with the worldsheet coordinates (t, o) is given by
o* = (1 £ 6)/+/2. Here, the left-invariant super one-form Ly, = g~ d,g is written in terms of an element g(z, o) of the Lie supergroup
G. Ly is a ¥-valued function, that is, it can be written as Ly = (—1)?L% T, in which T,,a =1, ...,dim G are the basis of Lie superalgebra ¢
of G. A key ingredient contained in both terms of the action (2.1) is the most general non-degenerate invariant supersymmetric bilinear
form @, on the Lie algebra ¢ which satisfies the following condition [22]:

Flap Qe + (=1 fe Qp = 0. 2.2)

Note that the bilinear form €, is defined as inner product <., . > for the basis T, of ¢, and f€, are the structure constants which
determine the (anti-)commutation relations [T,, T,]1= f€y, T.. The deformed currents J+ = (—1)?J%T, are defined in the following form

a

1 The even elements are sometimes called bosonic, and the odd elements fermionic. From now on, we use B and F instead of 0 and 1, respectively.
2 Note that this notation was first used by Dewitt in [21]. Throughout this paper we work with Dewitt’s notation.
3 The last term in (2.1) is the standard WZ term integrated over a 3-dimensional space B3 parameterized by (7, o, &) and whose boundary is the worldsheet ¥, where the

extra direction is labeled by &. In this term, &y is the Levi-Civita symbol in three dimensions.
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1+ AR
th=(1+wnz>l

T— PR (2.3)

where 77, A and « are three independent real parameters such that the deformation is measured by n and A. The last parameter « is
regarded as the level. When 7 = A =0 and « = 1, the action (2.1) is nothing but that of the original WZW model on the Lie supergroup
[22]. The operator R in (2.3) is a linear map from the Lie superalgebra ¢ to itself, R : 4 — . It is a skew-supersymmetric solution of the
(m)GCYBE on ¢. That is to say, for any X, Y € ¢ it satisfies

[R(X),R(Y)] — R([R(X), Y1+ (X, R(Y)]) =ow[X,Y]. (2.4)

Here w is a constant parameter which can be normalized by rescaling R. Equation (2.4) can be generalized to the mGCYBE if one sets
w = *1, while the case with @ =0 is the homogeneous GCYBE. Moreover, the skew-supersymmetric condition of the linear R-operator
requires that

<RX),Y>+<X,R(Y)>=0. (2.5)

In what follows we will focus on a class of linear R-operators constructed from a classical r-matrix r € G ® G by means of the general
formula*

RX)=<r,1Q®X >, (2.6)

for any X € 4. Here the r-matrix defined as r = r® T, ® T, is a solution of the following standard (m)GCYBE [20]

[[r,rll=[r,, s+, sl + (15, Ty =0 2, (2.7)

wherer, =r®1, 1, =1®r and r,, =r" T, ® 1 ® T,; moreover, 2 € A*(¥%) is the canonical triple tensor Casimir of G. Notice that the
standard form of the (m)GCYBE is equivalent to (2.4). When the r-matrix is a skew-supersymmetric solution of (2.7), i.e., r®® = —(—1) rba,
one can write

1
r= Er“b(Ta T, — (-1 T, ®T,)

1
= 5r“” T, AT,. (2.8)

We furthermore note that the r-matrix is considered to be even as r € 4, A%, ®%. A¥Y. so that it has the following matrix representation’

ab __ T 0
r _<F~E>' (2.10)

According to this, r% = 0 if |a| # |b|. In other words, fermions with bosons can’t be mixed (grading is preserved). By using the fact that in
% |a| + |b| = 0, and by expanding X and R in terms of the bases of ¥ as X = (—1)¢ XT, and R = (=1)b RabTb, and then by substituting
(2.8) in (2.6) we find

ReP? = —(—1)% Qqc 1. (211)

Matrices such as g, and R, are also considered similar to (2.10), that is, one considers for them |a| + |b| = 0. Accordingly, the (m)GCYBE
(2.4) can be rewritten into the following form:

(=¥ R f¥eaRp® = (=1)" Re® fApRa* — (1) Ry fUacRd* = w f¥ap. (2.12)
It is also useful to obtain matrix form of the above equation by using the matrix representations of the structure constants, f g = —(J)ap,
giving us®

(D¢ RY*R" — (=1)° RQRGH) — V*RMHR" = (D 0¥, (213)

where index d in the first term of the left hand side denotes the column of matrix ¥, while in the second sentence, ¢ corresponds to
the row of matrix J¢. In the next sections, we employ the above formulation in order to obtain the linear R-operators and r-matrices on
the gl(1/1) and (C3 + .A) Lie superalgebras. By using the obtained R-operators we will find all YB deformations of WZW models based on
these Lie supergroups.

4 We note that the inner product is evaluated on the second site of the r-matrix.
5 For a Lie superalgebra & = &3 @ ¥r of dimension (m|n) we define the basis of ¢ as {7;}21:1" ={t,S,} where {t}", and {S, }Z“:;‘Hl are the bosonic and fermionic basis,
respectively. Accordingly, the r-matrix can be written into the form

r:r;jt,-®tj+rf‘ﬂ Sa ® Sp. (2.9)

6 Here the superscript “st” in R" stands for supertranspose [21].
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3. YB deformations of WZW model on the GL(1|1) Lie supergroup

In this section we first solve the (m)GCYBE (2.13) in order to obtain the R-operators and inequivalent r-matrices for the gi(1|1) Lie
superalgebra. Using the resulting R-operators we construct the YB deformed backgrounds of the GL(1|1) WZW model.

3.1. R-operators and r-matrices of the gl(1]1)

First of all, let us introduce the gl(1|1) Lie superalgebra. In Backhouse’s classification [23], the gl(1|1) has been denoted by (CE1 + A);
in fact, traditional notation for the (C2 1 + A) Lie superalgebra is the gl(1|1). On the other, in Ref. [24] we classified all four-dimensional
Drinfeld superdoubles of the type (2|2) and showed that there are just three classes of non-isomorphic Drinfeld superdoubles of the type
(2]2) so that two of them are isomorphic to the Lie superalgebras gl(1/1) and (C3 + .A), another is an Abelian Lie superalgebra. These
possess two bosonic generators and two fermionic ones. We shall denote the former by T,,T, and use T,, T, for fermionic generators.
From now on we consider T,, T, and T,, T, as bosonic and fermionic generators, respectively. For the gl(1|1), the relations between these
elements are, in the non-standard basis, given by [23]

[T1,T3]:T, [T17T4]:_T

49

{T,, T} =T,. (3.1)

It should be noted that in Ref. [25] two of us obtained all Lie superbialgebra structures on the gl(1|1) and their corresponding r-matrices
in the standard basis. According to DeWitt’s notation [21], in the standard basis the structure constants fFi are considered to be pure
imaginary. As we showed a moment ago in (3.1) here we work in the non-standard basis, so our results on the Lie superbialgebra
structures and corresponding r-matrices will be different from those of [25]. The gl(1|1) Lie superalgebra possesses a non-degenerate
supersymmetric ad-invariant metric g, which is defined for any pair of bases T,, T, € gl(1|1) such that by using (2.2) and also the
structure constants of (3.1) one gets [22]

Qqp =

o™
[eNeoNoiel
oo o
oRQR oo

-

for some real constants «, 8. The metric is needed e.g. to write down the action of WZW model on the GL(1|1) Lie supergroup.
Before proceeding to solve the (m)GCYBE (2.13) for the gl(1]1), let us first assume that the most general skew-supersymmetric r-matrix
1 € Gypp) ® G,ypp) has the following form:

1 1
r=mT, /\T2+m2T3/\T4+§m3T3/\T3+5m4T4/\T4. (3.3)

Comparing this with (2.8) one can obtain the matrix representation of %, giving us

0 m 0 0
w_ |-m 0 0 o
0 0 m3 my
0 0 mp Mgy

where m; are some real parameters. In addition, the matrix representations of the gl(1|1) are easily obtained to be

00 0 O 00 -1 0 0 00 1

- , oo o o ;5 oo o o P

V=0.Y"=190 0 1" Y=|10 0 o] Y=l 0 000 (3.5)
00 -1 0 00 0 0 -1 000

Inserting (3.2) and (3.4) into (2.11) one can obtain the general form of the corresponding R-operator. Thus, by substituting the resulting
R-operator and also the representations (3.5) into equation (2.13), the general solution of the (m)GCYBE is split into four families R,ab,

R, ? R, P and R, b such that the solutions are, in terms of the constants «, 8, @, m;, given by
a a a

amy  —pBm 0 0 00 0 0
Rb_| O —oem 0 0 R b_|00 0 o
la 0 0 x/~w 0 Tl 00 0 -2
0 0 0 FJ—w 0 0 —ams 0
B B
0 %0 o 0% 0 o
R =tv=0| o o 1 4om |, Ry =%tvV=0| o o 1 0 (3.6)

Voo ams

0 0 0 -1 0 0 FIB 1

Again by employing (2.11) and (3.2) one can obtain the corresponding r-matrices in the form of (2.9), giving us

4
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A/ —@W
n=mﬂAEi—E—EAL
ms w
= > TLAT, - T T, AT,
—w m
r =n_L—VOl(T1 AT, +T, /\T4> + 74 T, AT,
- m
rlvzq:—va(T]/\TZ—T3/\T4>+73T3/\T3. (3.7)

The next step is that to determine the inequivalent r-matrices for the gl(1]1). In fact, we need to specify the exact value of the parameters
m; of the solutions (3.7). In Ref. [17] as a Proposition we proved that two r-matrices r and r’ of a Lie algebra ¢ are equivalent if one
can be obtained from the other by means of a change of basis which is an automorphism A of Lie algebra ¢. Here we generalize the
Proposition to the super case.

Proposition 3.1. Two r-matrices r and 1’ of a Lie superalgebra & are equivalent if there exists an automorphism A of ¢ such that
0 — (—1yd (A" P AL, (3.8)

The proof of this Proposition is similar to those of [17].

According to formula (3.8) in order to obtain the inequivalent r-matrices one must use the automorphism group of Lie superalgebra
% which preserves (a) the parity of the generators (they can’t mix fermions with bosons), and (b) the structure constants f€,,. Therefore
it is crucial for our further considerations to identify the supergroup of automorphisms of the gi(1|1) Lie superalgebra. We define the
action of the automorphism A on ¢ by the transformation T, = (—=1)? AP Tp. The set of automorphisms of gl(1]1) is generated by two
transformations:

T{ =—T1 + Ty, Té =abT,, Té = —aTy, T:i = —bTs, (3.9)

and

T{ =T1 + Ty, Té =abT,, Té = —aTs;, T:t = —bTy, (3.10)

where a, b, ¢ are arbitrary real numbers such that ab # 0. The bases {T,} obey the same (anti-)commutation relations as {Tq}. When taken
into account, the above transformations lead to a conclusion that the parameters m; in (3.7) can be scaled out to take the value of 1 or 0.
Now by using the automorphism transformations and by employing formula (3.8), one can determine the inequivalent r-matrices for the
gl(1]1). Finally we arrive at eleven families of inequivalent r-matrices whose representatives can be described by means of the following
Theorem.

Theorem 3.1. Any r-matrix of the gl(1|1) Lie superalgebra as a solution of the (m)GCYBE belongs just to one of the following eleven inequivalent
classes’

=T AT,
1
i = sz AT,
1
Tii =_§T3 AT,
n, =L AT,
N —w
n:ﬂAE+muQAT,nQ=—E—>O,m2¢L

1
r,= 5(T3 AT, + T, AT,),

1
r, = E(T3 AT, =T, AT,),

1
L = _5(T3 AL+T, A T4)’

r.=T, AT, +T, AT,

1.

1
rX:Tl/\T2—|—T3/\T4+§T4/\T4,

[

i

1
:Tl/\T2+T3/\T4—§T4/\T4.

7 As we mentioned at the beginning of subsection (3.1), all Lie superbialgebra structures on the gl(1|1) and their corresponding r-matrices have been, in the standard basis,
obtained in [25]. There, it has been shown that among seventeen families of inequivalent Lie superbialgebra structures, only six of them are of coboundary type, while in the
present work we have obtained eleven families of inequivalent r-matrices. The reason behind this is that if one solves super co-Jacobi and mixed super Jacobi identities for
the gl(1|1) in the non-standard basis, then he/she sees that the solutions will be different from those of [25].
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It should be noted that among eleven inequivalent classes of the r-matrices, only r,, r, and r,; satisfy the standard GCYBE with w =0,
while the rest are solutions of the mGCYBE with @ = —a? except for r, and r,, which is @ = a? for . The parameter m; is present in
r, as it can’t be removed by means of the transformations (3.9) and (3.10). It means that for different values of m, we have inequivalent
r-matrices. However, as we will see, the my plays a role of the deformation parameter in the YB deformed background of the GL(1|1)
WZW model.

Before closing this subsection, let us look at the unimodularity condition on the solutions of the (m)GCYBE for the gl(1|1), Theo-
rem 3.1. As we know the r-matrix is the initial input for construction of the YB deformed backgrounds. When the r-matrix satisfies the

unimodularity condition that is given by [26]

r [Tq, Tyl =0, (3.11)

then, the resulting deformed background is a solution to type IIB supergravity. If not, the background does not satisfy the on-shell
condition of the supergravity and becomes a solution to a generalized supergravity. Below we determine which of the r-matrices classified
in Theorem 3.1 are unimodular and or non-unimodular. Using (3.11) together with (3.1) we find that the r-matrices r,,,7,,7, .1, and r,; are

non-unimodular, while the rest denote the unimodular r-matrices. In the following, by calculating the linear R-operators corresponding to
the inequivalent r-matrices of the gl(1|1) we will deform the GL(1|1) WZW model.

3.2. YB deformed backgrounds of the GL(1|1) WZW model

Before proceeding to construct out the YB deformed backgrounds of the GL(1|1) WZW model, let us have an overview of undeformed
WZW model structure based on the GL(1|1) Lie supergroup. In Ref. [22], it was constructed the GL(1|1) WZW model in order to study
super Poisson-Lie symmetry [27] of the model. As mentioned in section 2, by setting n = A=0and k =1 in (2.3) one gets the original
WZW model from the action (2.1). Let us introduce a supergroup element represented by

g =eXTa o¥T1 gXT2 o¥T3 (3.12)

where x(t,0) and y(t,0) denote bosonic fields while ¢ (7,0) and x(z,o) stand for fermionic fields. Using (3.12), the components of
left-invariant super one-form L% on the GL(1|1) can be evaluated as [22]

Ll =01y, L4 = 04X — dax e,
=8y —dryy, Li=-d1x¢. (313)

A key ingredient in writing down the action of a WZW model is the most general supersymmetric ad-invariant form such that for the
gl(1]1) has been given by equation (3.2). Finally by using (3.1), (3.2) and (3.13) one can write down the action of WZW model based on
the GL(1|1) similar to what was done in Ref. [22]. The corresponding supersymmetric metric and anti-supersymmetric two-form field
(B-field) are given by

ds® = (=) G, dx" dx" = pdy? + 2dydx — 2eY dyrdy,
1
B= 5(—1)‘” B, dx" Adx" = —e¥ dy Ady. (3.14)

Here we have assumed that the constant « of €45 in (3.2) is set to be 1. From now on we consider o = 1. Equation (3.14) as a background
of the WZW model should be conformally invariant. To check this, one first looks at the one-loop beta function equations [28]

1 5p - =

7?’//.1} + ZHﬂpaH v +2V/L Vl)q) = 0’
A A, 20

(-1)V (e H,,

) =0,

—>u =i

1 H/)v//. - -
4N R~ H, H" +4V, 0V e -4V, Vie=o, (315)

where the covariant derivatives V,, scalar curvature R and Ricci tensor R, are calculated from the metric G,, that is also used for
lowering and raising indices, and H,

is the field strength corresponding to the B-field which is defined by

nvp
d 9 a
_ v+ (v+p) +o(u+v)
H,,= (_1)M_8xﬂ B, +(—1) n+p PP B, + (—=1)PrPu P B,,. (3.16)

For the background (3.14) one easily verifies equations (3.15) with a constant dilaton field, ® = ¢g, and vanishing cosmological constant.

Let us turn into the main goal of this subsection which is nothing but calculating the YB deformations of the GL(1|1) WZW model.
As we mentioned earlier, having R-operators one can calculate the deformed currents. Now we use formulas (2.11) and (3.2) to obtain all
linear R-operators corresponding to the inequivalent r-matrices of Theorem 3.1. In order to calculate the currents . one may write down
relation (2.3) in the following form

J4— D202 I8 R R = (1 + wn)[LY £ (-1 ALD R, (317)

Finally by using the resulting linear R-operators satisfying the (m)GCYBE, and also by utilizing relation (3.17) together with (3.13) one
obtains the YB deformations of the GL(1|1) WZW model. The deformed backgrounds including metric and B-field together with the

6
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Table 1
YB deformed backgrounds of the GL(1|1) WZW model.

Background symbol Backgrounds including metric and B-field Comments
GL(1|1>}”~7*~“ ds? = 1 [,sdy2 +2dydx + anx//eydydx] —2eYdydy

B= —keYdy ndy w=0
GL(1|1),¥?"K) ds? = Bdy? + 2dydx — 2e¥dydy

B=—1Ae¥ dy ndx —KkeVdy Ady ®w=0
GLam e ds? = Bdy? + 2dydx — 2eYdyrdy

B=1Ae¥ dy ndx —keVdy Ady ®w=0
GL(1|1)}Z'K) ds?=(1— 712)(ﬁdy2 + Zdydx) —2n%yeYdydy —2e¥dyrdy

B=—keYdy Andy w=-1
GLA)AO ds? = L [ﬂ(] — m2n?)dy? + 2dydx + 2n2(1 — mgwemydx] —2eVdydy

B= M yeYdy ndy —keYdy ndy my =+/—w
GL Ao ds? = (1 - nz)[ﬁdy +2dydx+ 2L yeddydy — 2 eVdydy |

B_’A1 ”)[ll/dy/\dllf-‘r eXdy ndy]—xeVdy Ady w=-1

2

LA LA ds® =(1+17 )[ 2 yeYdydy — 25 eydwdx]

B:@ [ydy Ady — Le2dy ndy]—ke¥dy ndy w=1
GLam e = (1= %) Bdy? + 2dydx -+ 2 ye¥dydy — p2zevdydy |

BfAﬁl_H]”) [pdy Ady + Jedx Ady]—keVdy Ady w=-1
GLamHe ds? = Bdy? + 2dydx — 2e¥dyrdy

B=A yeYdy Ady —ke¥dy Adx w=-1
GLAHA© ds? = Bdy? + 2dydx — 2eVdyrdy

B=—A ydy Ady — (k + A)eYdy Ady w=-1
GHHUL?"K) ds? = Bdy? + 2dydx — 2e¥dydy

B=A ydy Ady — (k + A)eYdy Adx w=-1

related comments are summarized in Table 1. Notice that the symbol of each background, e.g. GL(1|1)§"’A’K), indicates the deformed
background derived by r;; roman numbers i, ii etc. distinguish between several possible deformed backgrounds of the GL(1|1) WZW

model, and the («, 1, ;\) indicate the deformation parameters of each background. i
As it is seen from Table 1, in some of the backgrounds such as GL(1|1)(A o) GL(1|1)1<,':‘ ) GL(1|1)(A ©GLAHA and GLAIDH,
the metrics are invariant under the deformation, up to two-form B-fields. That is, the effect coming from the deformations is reflected

only as the coefficient of B-field. With the exceptions of the GL(lll)(A ) GL(1|1)§;?"‘) and GL(1|1)('7 *) , for the rest of the backgrounds
we have ignored the total derivative terms that appeared in the B- ﬁelds part.

4. YB deformations of WZW model on the (C3 + A) Lie supergroup

Similarly to the performance of calculations for the gl(1|1), in this section we first solve the (m)GCYBE (2.13) to obtain the R-operators
and inequivalent r-matrices for the (C3 + A) Lie superalgebra. We then get YB deformations of the WZW model based on the (C3 + A)
Lie supergroup by utilizing the inequivalent r-matrices satisfying the (m)GCYBE. This is the subject of the present section.

4.1. R-operators and r-matrices of the (C3 + A)

The (C3+.A) Lie superalgebra is spanned by the set of generators {T,
rules [23]:

T,; T,, T,} which fulfill the following non-zero (anti-)commutation

[T,,T,1=T,, {I,, T,}=T,. (4.1)

Notice that the Lie superbialgebra structures on the (C3 + .4) along with their corresponding r-matrices, in the standard basis, were
obtained in [29]. Here we work in the non-standard basis; accordingly, our results on the r-matrices will be different from those of [29].

Analogously, we consider an element r € (C3 +.4) ® (C3 +.A) as in (3.3), or equivalently, (3.4). On the other hand, using (2.2) one easily
checks that the non-degenerate ad-invariant metric on the (C3 + A) is the same (3.2). The general form of the corresponding R-operator
can be found by inserting (3.2) and (3.4) into (2.11). Calculating the matrix representations (J)q, of the (C> 4+ .4) and then putting the
resulting R-operator into (2.13), the most general solution can be determined like

7
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mq —,3m1 0 0
0 —m 0 0
0

b_
R"~ = 0 0 ms (4.2)
0 0 —ms3 —my

Here the condition (2.13) has led to the following constraints:

w=my(my +2my), my=0. (4.3)
Again by employing (2.11), the corresponding r-matrix to the above solution is obtained to be

1
r=m1TlAT2+m2T3AT4+§m3 T,AT,. (4.4)

In the following, in order to find inequivalent r-matrices we need to specify the exact value of the parameters m; of the above solution.
For this purpose, one must use the formula (3.8). The use of this formula requires that we know the automorphism transformation of the
given Lie superalgebra. For the (C> + A) the automorphism transformation preserving the (anti-)commutation rules (4.1) is given by

Ty =aTy+cTy, Ty=b*T,, Ti=—abT3, T,j=—dT3—bTy, (4.5)

for some constants a, b, ¢, d. After performing the transformation (4.5) on formula (3.8), one concludes that r-matrices of the (C3 + A) are
split into eight inequivalent classes. For the sake of clarity the results are summarized in Theorem 4.1.

Theorem 4.1. Any r-matrix of the (C3 4 A) Lie superalgebra as a solution of the (m)GCYBE belongs just to one of the following eight inequivalent
classes

1
ri:E s AT,
1
rii=_§T3/\T3’
Li =T AT,
=T AT,

1
=T AT+ 5T AT,

1
r, =T, AT, — §T3 AT,
i =T AT, +my T, AT, w=mp(my+2), mpy#0,-2
=T, ANT,—=2T, AT,.
It is noteworthy that only the r-matrices r,; and r,,; satisfy the mGCYBE with w =1 and w = m3(m; + 2), respectively, while the rest

are solutions of the GCYBE. At the end of this subsection it should be noted that all inequivalent r-matrices above are unimodular, that is,
they satisfy the unimodularity condition (3.11).

4.2. YB deformed backgrounds of the (C3 + A) WZW model

We start this subsection by introducing the (C> + A) WZW model. The (C3 + A) WZW model based on the (C3 + A) Lie supergroup
was originally created in Ref. [30] in order to study its super Poisson-Lie T-dualizability [27]. In order to write the model explicitly we
need to find the super one-form L% ’s. To this purpose we use a general element of (C3 + A) as in (3.12). Then we find [30]

Ll =a.y, L3 =0d1x—dr) g
L3 =—bsy+orxy, Li=—dix. (4.6)

As mentioned before, one must set the parameters 7 = A =0 and « =1 in (2.3) to get the original WZW model from the action (2.1).
Using (4.1), (4.6) and the fact that the ad-invariant metric on the (C3 + A) is the same (3.2), one computes the action of WZW model on
the (C3 + A) Lie supergroup. From the action one can easily read off the corresponding metric and anti-supersymmetric fields, giving us

ds® = Bdy? + 2dydx + xdydy — 2dydy,
B:%dy/\dx. (4.7)

Indeed, this background satisfies the one-loop beta function equations (3.15) with ® =¢p and A =0.

We are looking for our main goal in this section, which is nothing but calculating the YB deformations of the (C3 4+ A) WZW model.
First, employing formulas (2.11) and (3.2) we obtain all linear R-operators corresponding to the inequivalent r-matrices of Theorem 4.1.
Then, making use of the relations (3.17) and (4.6) one obtains the deformed currents J.. Finally we have used the action (2.1) to classify
all YB deformed backgrounds of the (C3 + A) WZW model. The results including metric and B-field are summarized in Table 2. As it is

seen, only in the backgrounds (C3 + A),-(A’K) and (C3 + A)i({q’K), the metrics remained unchanged under transformation, up to the B-fields.

In addition, for all backgrounds we have ignored the total derivative terms that appeared in the B-fields part, except for the mentioned
backgrounds.
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Table 2
YB deformed backgrounds of the (C3 + A) WZW model.
Background symbol Backgrounds including metric and B-field Comments
€+ m™o ds? = Bdy? + 2dydx + ydydy — 2dydx
B=—1Adx ndx+ lkx dy ndy ®w=0
A+ A)“‘ ) ds? = Bdy? + 2dydx + xdydy — 2dyrdy
B=+1Adx ndx + Jkx dy ndx ®w=0
A,
€+ mpho ds? = (1+ nz)[ﬂdyz +2dydx -+ xdydy — 2 dydy |
B=-— ':(]HUZ y dx ndx + Skx dy ndx w=1
(€3 + mrho ds? = ol [ﬂdy T 2dydx + Xclydx] —2dydy
B_—[ -',-(1 ’]2 ]XdyAdX w=0
(€3 + mrAo ds? = L [ﬂdy +2dydx + Xdydx] —2dydy
B=5 [ -',-(1 nz ]xdy/\dx——Adx/\dx w=0
(3 + A4 ds? = i [ﬂdy + 2dydx + Xclydx] —2dydy
B=5 |:K+(1 o) ]Xdy/\dx+ Ady ndy w=0
(4 a)A0 ds? = “*‘”’7 ) [ﬂdy +2dydx + x dydx] ?l“jnwz Yaydy w=my(my +2)
=1 A<1+w'7 ) _ Amy(ton?’) _
B—Z[K+ =) ]xdyAdx (omzyy YAx A dX ma # 0, =2
A
(€ + Ao ds? = L [5dy T 2dydx + x dydx] ordydy
B_2[1c+(1 n)])(dy/\d)(Jr(1 4n)ydx/\dx w=0
Table 3
The dilaton fields making the GL(1|1) deformed backgrounds conformal up to one-loop order.
Background symbol Dilaton field Comments
4 - 2
cLam" e O =gty tay+6 r=[A+ka-m] -1
GLA o=fk? -1y +qy+g
GL(]I]):;,"() =12 -1Dy*+qy+g
GLAMI® o= 1k~ A-nY +qy+g
- . 2
GLanye ®= gV Gy 6 r=[A0—md?) +ed =) -1 —md?)?
~ 2,2
GLapy™ =3y 4oy +g R e (U
- ~ 0242
GLam A d=Ly24cy+q M=—A2 - s [+ 02 -2
~ 242
GLamyE =3V +ay+g P=& - i [a-m? -]
GL(lH)EQ” =3lA+0r-1]y? +cy+g
Lt = A +02 1]y +qy+6
GLA O o=1[A+)2—1]y*+qy+g

5. Conformal invariance of the YB deformed backgrounds

Our goal in this section is to investigate the conformal invariance conditions of the deformed models. In fact, we shall show that
the WZW models based on the GL(1|1) and (C3 + A) Lie supergroups can be considered as conformal theories within the classes of
the YB deformations preserving the conformal invariance up to the one-loop order. Accordingly, using the equations (3.15) we check the
conformal invariance conditions of the deformed backgrounds (Tables 1 and 2). From solving the equations we find the general form of
the dilaton fields that make the deformed backgrounds conformal up to the one-loop order. The results obtained for the deformations of
the GL(1|1) WZW model are represented in Table 3. It is noteworthy that in all cases the cosmological constant vanishes. Also, the results
obtained from solving equations (3.15) for the deformed backgrounds of the (C3 + A) WZW model are summarized in Table 4. In some
cases of the (C3 + A) deformed backgrounds, we have shown that dilaton fields can depend on both bosonic coordinates. Note that cq and
c1 in Tables 3 and 4 are some arbitrary constants.

6. Summary and concluding remarks

We have generalized the formulation of YB deformation of WZW model proposed by Delduc, Magro and Vicedo from Lie groups to
Lie supergroups. As showed, this generalization enabled us to find the various kinds of the solutions to the (m)GCYBE. As two influential
examples, we classified the inequivalent r-matrices as solutions of the (m)GCYBE for the gi(1|1) and (C3 4 A) Lie superalgebras in the
non-standard basis. Using these solutions we could construct YB deformations of the WZW models based on the GL(1|1) and (C3 + A)
Lie supergroups. We furthermore showed that the deformed backgrounds are conformally invariant up to the one-loop order which is the
most important feature of the resulting models. With this interpretation, we have shown that the WZW models on the aforementioned
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Table 4
The dilaton fields making the (C3 + A) deformed backgrounds conformal up to one-loop order.
Background symbol Dilaton field Comments
(C3+A)Ef’m d=qy+c; A=0,
(© + Ay P=cy+; A=0,
(€3 + Ay P=cy+ar A=0,
_(Aa+n))\2 . A _ k(-0
<D_( B ) X6 A=—50mm
©+ e P=gy+g; A=0,
1
1 -
o= (5t ) xt o A=-501-n"
(€3 + A)PAO S=qy+¢; A=0,
1
3 -
o= (gatm) X+ A==5-m)
@+ Ao P=¢y+g; A=0,
1
o= (gitm) x o A=-501-n?
(€3 + a)A P=Gy+g; 1 A=0,
Af1+mymy+2)n2] \ 2 - c(1=n2)(1-m2n?)
b=(r——F—"-—+ ; A=— 2
] ( BA—n?) ) X6 [14+maama+2)n2 | [ 142ma —ma (ma +2)72 |
A,
@+ Ay =6y +q; A=0,

1

@ = (gitm) *+6 A=§-u0 —ar)

supergroups can be considered as conformal theories within the classes of the YB deformations preserving the conformal invariance up to
one-loop order.

As mentioned earlier, here we have worked with two of the WZW models based on the GL(1]1) and (C3 + A) Lie supergroups.
The GL(1|1) WZW model is interesting from the point of view of physics, because in some of the articles it has attracted considerable
attention: By studying maximally symmetric branes in the GL(1|1) WZW model it was shown that such branes are localized along
(twisted) super-conjugacy classes [31] (see also [32]). The correlators of the model through a free field representation were constructed
out in [33], then, by investigating some properties of the theory it was shown that some of the model correlators can be contained
logarithmic singularities. Generally, WZW models on Lie supergroups present themselves as an ideal playground to extend many of the
beautiful results of unitary rational conformal field theory to logarithmic models. Even the simplest models are mathematically rich and
physically relevant. In addition, the existence of super Poisson-Lie symmetry is the most important feature of the GL(1|1) WZW model
[22].

We hope that in future it will be possible to find other YB deformed WZW models, especially for physically interesting backgrounds.
As a future direction, it would be interesting to get the YB deformations of the WZW models on Lie supergroups in higher dimensions
such as the OSP(1]2) and OSP(2|2) by following our present analysis and method. However, our results in the present work can still
provide insights into (generalized) supergravity solutions. For this purpose, one must generalize the generalized supergravity equations to
supermanifolds. Some of these problems are currently under investigation.
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