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We study the system of a massive fermion field confined between two parallel plates, where
the properties of both plates are discussed under chiral MIT boundary conditions. We in-
vestigate the effects of the chiral angle on the Casimir energy for a massive fermion field
with the general momentum. We find that the Casimir energy as a function of the chiral
angle is generally symmetric, and the attractive Casimir force in the chiral case is stronger
than that in the nonchiral case. In addition, we investigate the approximate Casimir energy
for light and heavy mass cases. The behavior of the discrete momentum and changes of
spin orientation are also discussed.
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1. Introduction
The Casimir effect for two parallel conducting plates in a vacuum state that generates an at-
tractive force was first discussed in Ref. [1]. In 1958, an experimental measurement on such a
force was performed with rough precision [2], and the precision of the measurement has since
been increased [3–6] (see also Refs. [7,8] for review). The theoretical discussion was extended
for various models (e.g. Refs. [9–27]). The Casimir effect is a manifestation of quantum field
theory with appropriate boundary conditions. Thus, the choice of boundary condition plays
an important role in the Casimir effect. The essential aspect when discussing the Casimir effect
is not only the type of boundary condition involved but also the type of quantum field. For the
scalar field, variants of the Dirichlet and Neumann boundary conditions are frequently used
in the literature [13,14,19,22–24]. For the fermion field, however, these two boundary condi-
tions cannot be applied [26]. Instead, one may use alternative boundary conditions, e.g. a bag
boundary [10–12,18,20,25–31].

Discussing the boundary condition for a Dirac field is nontrivial because the Dirac equa-
tion is a first-order differential equation. To discuss the Casimir effect for the Dirac field, sev-
eral authors [28–31] have used the boundary condition in the MIT bag model [32–34] (see also

C© The Author(s) 2022. Published by Oxford University Press on behalf of the Physical Society of Japan. This is an Open Access article distributed under the
terms of the Creative Commons Attribution License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and
reproduction in any medium, provided the original work is properly cited.
Funded by SCOAP3. SCOAP3 and OUP support the goals of the International Year of Basic Sciences for Sustainable Development



PTEP 2023, 013B05 A. Rohim et al.

Refs. [35,36] for confinement system); this guarantees vanishing flux or normal probability den-
sity at the boundary surface. However, this boundary condition leads to a discontinuity of the
axial-vector current at the boundary surface that breaks its chiral symmetry. An alternative way
to address this issue is to introduce the chiral bag model in the presence of the pion field [37].

A more general form of the boundary condition in the MIT bag model that includes the
chiral angle is the so-called chiral MIT boundary condition [10,38,39]. Using this boundary, one
can investigate the interaction between the particle and boundary surface, which may change
the spin orientation depending on the chiral angle [40]. Thus, the roles of the chiral angle in
boundary conditions for a Dirac field may give essential features (e.g. Refs. [41–45]). Ref. [42]
showed that the particle’s energy in the confinement system also depends on the chiral angle.
There is another general form of the boundary condition in the MIT bag model, the self-adjoint
boundary condition, which was used in Ref. [46] to discuss the Casimir effect by including the
background magnetic field (see also Ref. [47]).

This study investigates the Casimir effect of a Dirac field confined between two parallel plates.
The properties of both plates are described by chiral MIT boundary conditions [10]. We pro-
pose the general solution for the Dirac equation in such a system following the arguments in
Refs. [35,36,40]. We write the mass of a particle as a function of position and include an anal-
ysis of the spin orientation by distinguishing its field components. Along with the mentioned
procedure, we discuss not only the Casimir energy but also the Casimir pressure. Compared
with Ref. [10], where the authors applied chiral MIT boundary conditions for the massless case
(see also Refs. [18]), in this paper we apply the boundary conditions for the case of a massive
fermion field. We also investigate how the spin orientation changes under the interaction be-
tween the field and the boundary surface of the plates. Our detailed setup of the boundary
condition in the first plate differs from that of Ref. [10], where the author set the specific value
of the chiral angle for the first plate and took a general chiral angle for the second plate. In
our setup, we set the chiral angle at both plates to the same general value. From the viewpoint
of the boundary condition type, the present paper is an extension of the earlier study on the
Casimir energy by the authors of Ref. [28], in which they discussed the nonchiral case.

In this paper, we also investigate the energy gap between two states under the effect of the chi-
ral angle. Compared to the work in Ref. [48] where the authors used local boundary conditions,
in this study we compute such an energy gap derived using chiral MIT boundary conditions.
Thus, we can address the effect of the chiral angle on the electron transport in material such
as graphene nanoribbons [49–51]. We also expect that the present study could be applied to
nanotubes under chiral MIT boundary conditions. The application to such a system under a
nonchiral boundary has been done previously by Ref. [30] (cf. Ref. [16]).

The rest of this paper is organized as follows. In Sect. 2, we introduce the general setup for
our model. In Sect. 3, we discuss the features under chiral MIT boundary conditions, focusing
on the discrete momenta and change of spin orientations. In Sect. 4, we investigate the Casimir
effect of a massive fermion under this boundary condition. Section 5 is devoted to our summary.
In Appendix A, we provide the complementary derivations for discrete momenta. Throughout
this paper, we will use natural units c = � = 1.

2. Physical setup
We consider a free massive Dirac fermion confined between two parallel plates in a 3 + 1-
dimensional Minkowski spacetime background. The first plate is placed at x3 = 0 while the
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Fig. 1. Physical setup of a Dirac fermion confined between two parallel plates. We use L and � to represent
the plate’s size and distance, respectively. In the present paper, we assume the limit L → ∞ approximately.

second one is placed at x3 = � (see Fig. 1). Both plates are in parallel with the (x1, x2)-plane. In
such a system, the action of a Dirac field with mass m is given by

S =
∫

d4x�̄(iγ μ∂μ − m)�, (1)

where �̄ ≡ �†γ 0 is the Dirac adjoint and γ μ are the gamma matrices in the Dirac representa-
tion given by

γ 0 =
(

I 0
0 −I

)
and γ i =

(
o σi

−σi 0

)
, i = 1, 2, 3 , (2)

with I is a 2 × 2 identity matrix and σ i are Pauli matrices. The above gamma matrices satisfy
the anticommutation relation {γ μ, γ ν} = 2ημν with ημν = diag.(1, −1, −1, −1). Taking the
variation of the action in Eq. (1) leads to the following Dirac equation,

(iγ μ∂μ − m)� = 0. (3)

To propose the specific form of the Dirac field in the region between two parallel plates that
satisfies the Dirac equation (3), we follow the arguments used in Refs. [35,36,40] as follows.
(i) The particle mass depends on its position, which is originally described by the MIT bag
model for hadrons [10,38,39]. Namely, inside the region between two parallel plates, the mass
of a Dirac field is finite and becomes infinite at both plates [35,36]. Under this condition, the
Dirac field outside the confinement area vanishes. (ii) The form of a Dirac field consists of two-
component fields associated with their spin orientations [40]. Based on the arguments above, the
proposal for a positive frequency of the massive Dirac field in the region between two parallel
plates is given by

ψ
(+)
ks (t, x) = e−iEtψ

(+)
ks (x), (4)

ψ
(+)
ks (x) = B

(
χR

rk̂R · σχR

)
eikR·x + C

(
χL

rk̂L · σχL

)
eikL·x, (5)

where B and C are complex coefficients, s represents the spin orientation, r = |kR(L)|/(m + E ),

and E =
√

k2
1 + k2

2 + k2
3 + m2 is the energy of a Dirac field. The two-component spinors χR(L)

satisfy the normalized condition of χ
†
R(L)χR(L) = 1 with subscripts R and L corresponding to

the right and left of the Dirac field components, respectively. We also use the notations kR =
(k1, k2, k3) and kL = (k1, k2, −k3) to represent the spatial momentum of the right- and left-
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moving field components. Note that we have distinguished the two-component spinor for each
component of the Dirac field in Eq. (5) because their spin orientations may depend on the
boundary condition [40]. The corresponding form of the negative frequency for the massive
Dirac field can be obtained by taking the charge conjugation of the above positive-frequency
Dirac field as

ψ
(−)
ks (t, x) = ψ

(+)C
ks (t, x) = iγ 2ψ

(+)∗
ks (t, x). (6)

In our model, the properties of both plates are described by chiral MIT boundary conditions
given as [10]

iNμγ μψ = e−i�γ 5
ψ, (7)

where Nμ is an inward normal unit four-vector perpendicular to the boundary surface, � ∈ [0,
2π ) denotes the chiral angle, and γ 5 ≡ iγ 0γ 1γ 2γ 3. The above boundary condition guarantees
the vanishing of the normal probability current density at the boundary surface for any chiral
angles [39]

NμJμ(≡ Nμψ̄γ μψ ) = 0. (8)

In the nonchiral case � = 0, the boundary condition (7) reduces to that given in the MIT bag
model.

3. Features under boundary conditions
In this section, we investigate two features of a massive fermion field confined between two par-
allel plates under chiral MIT boundary conditions [10]. Namely, we discuss how the boundary
condition affects the structure of the discrete momenta and the changes of the spin orienta-
tion following the procedure in Refs. [40,42]. However, our system proceeds with the general
momentum (see also Refs. [28,30,31]).

3.1. Discrete momenta
The boundary condition at the first plate x3 = 0 is given by

iγ 3ψ |x3=0 = e−i�γ 5
ψ |x3=0, (9)

which is obtained from Eq. (7) with the inward normal unit four-vector given as Nμ = (0, 0, 0,
1). It can be rewritten into two equivalent equations as follows

i(σ3 + sin �I )χ2|x3=0 − cos �χ1|x3=0 = 0, (10)

i(σ3 − sin �I )χ1|x3=0 + cos �χ2|x3=0 = 0, (11)

where χ1 and χ2 are the upper and lower two-component Dirac field, respectively. Applying
the boundary conditions (10) or (11) to the positive frequency Dirac field (5), we obtain the
relation of coefficients B and C at the first plate as[

i(σ3 + sin �I )rk̂R · σ − cos �I
]
BχR = −[

i(σ3 + sin �I )rk̂L · σ − cos �I
]
CχL. (12)

Below, we show that this relation is useful for investigating the discrete momenta and the
changes of the spin orientation at the first plate.

We next employ the boundary condition at the second plate to know the behavior of discrete
momenta. At the surface of the second plate x3 = �, the inward normal unit four-vector reads
Nμ = (0, 0, 0, −1). Then, the corresponding boundary condition is given by

−iγ 3ψ |x3=� = e−i�γ 5
ψ |x3=�, (13)
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which leads to the following two equivalent equations

i(−σ3 + sin �I )χ2|x3=� − cos �χ1|x3=� = 0, (14)

i(−σ3 − sin �I )χ1|x3=� + cos �χ2|x3=� = 0. (15)

Applying boundary conditions (14) or (15) to the positive-frequency Dirac field (5), we have
the relation as follows[

i(−σ3 + sin �I )rk̂R · σ − cos �I
]
eik3�BχR = −[

i(−σ3 + sin �I )rk̂L · σ − cos �I
]
e−ik3�CχL.

(16)

Note that two-component Dirac spinors χR and χL in Eq. (16) will be the same as those in
Eq. (12) when the spin orientations are consistently reflected; namely, the reflected spin ori-
entation at the second plate is the same as the incident spin orientation at the first plate (see
Ref. [42] for the one-dimensional case).

Utilizing the relations given in Eqs. (12) and (16), we are able to derive the constraint for the
momentum as follows

m� cos � sin(k3�) + k3� cos(k3�) = 0. (17)

For the detailed derivation, see Appendix A. The solution for Eq. (17) shows that the momen-
tum k3 must be discrete and depends on the chiral angle. It also shows that in our system, mo-
menta k1 and k2 remain because the boundary conditions appear only at the x3-axis in parallel
with the (x, y)-plane, as mentioned in the previous section.

Next, we define k′
3n ≡ k3� with n = 1, 2, 3, … to denote the solution for Eq. (17). In compar-

ison to the solution for the nonchiral case, we here have a factor of cos � that contributes to
determining the structure of the discrete momenta. However, when the chiral angle takes val-
ues as � = π /2, 3π /2, the discrete momenta have a nontrivial solution for all mass m as follows
[42],

k′
3n = (2n − 1)π

2
, (18)

which is the same as the discrete momenta solution in the massless case m = 0.
As has been discussed in previous work [42], there are two cases when analyzing the solution

for Eq. (17). For the case of light mass m
′
( ≡ m�) 	 1, the solution for the discrete momenta is

approximately given by

k′
3n,l 
 (2n − 1)π

2
+ 2m′ cos �

(2n − 1)π
. (19)

We note that the first term of the above solution covers the solution of Eq. (18) while the
second term gives the correction to the discrete momenta k′

3n depending on the mass m and the
chiral angle �. Whereas in the case of heavy mass m

′ � 1, the solution for discrete momenta
is approximately given by

k′
3n,h 
 nπ − nπ

m′ cos �
. (20)

In Eq. (20), the first term covers the discrete momenta for the Schrödinger equation in an infi-
nite potential well under the Dirichlet boundary condition [42]. Since m

′
depends on �, the case

of m
′ 	 1 and m

′ � 1 correspond to small and large distances between two plates, respectively.
In other words, one can write the distance between two plates as a function of the Compton
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wavelength that determines whether the confinement system approaches ultra- or nonrelativis-
tic limits [35,36].

3.2. Change of spin orientation and energy gap
The two-component spinor χR can be connected to χL using a rotation operator in spin space,
which is determined by the boundary condition. Once we know the structure of one of them,
we will obtain complete information on the spin orientations for both Dirac field components
(4) and (5). The rotation operator in spin space is given by [40]

U = eiς
[
cos

(ϕ

2

)
I − i sin

(ϕ

2

)
n̂ · σ

]
, (21)

where eiς denotes a pure phase, ϕ is the rotation angle, and n̂ represents the unit rotation axis
generated by the reflection with the plate.

At the first plate, from the relation given in Eq. (12), we have χR = U (1)
R χL with U (1)

R is the
rotation operator in spin space generated by the reflection with the first plate given as

U (1)
R = C

B

cos �
[
(k′2

3n/�
2 + mEn + m2)I + i(k′

3n/�)(k2σ1 − k1σ2 + (m + En) tan �σ3)
]

(m + En)(ik′
3n/� − m cos �)

, (22)

where we have used the discrete momenta k′
3n and the eigen energies

En =
√

k2
1 + k2

2 +
(

k′
3n

�

)2

+ m2. (23)

Taking the correspondence between the obtained rotation operator (22) and the general for-
mulation in Eq. (21), we have

eiς (1)
cos(

ϕ(1)

2
)I = C

B

cos �(k′2
3n/�

2 + mEn + m2)I
(m + En)(ik′

3n/� − m cos �)
, (24)

eiς (1)
sin

(
ϕ(1)

2

)
n̂(1) · σ = −C

B

cos �(k′
3n/�)

[
k2σ1 − k1σ2 + (m + En) tan �σ3

]
(m + En)(ik′

3n/� − m cos �)
, (25)

which lead to the expression of the rotation angle and its rotation axis at the first plate as
follows1

tan
(

ϕ(1)

2

)
= −

(k′
3n/�)

√
(2m2 + 2mEn + k′2

3n/�
2) tan2 � + k2

⊥ sec2 �

(k′2
3n/�

2 + mEn + m2)
, (26)

n̂(1) = k2x̂1 − k1x̂2 + (m + En) tan �x̂3√
(2m2 + 2mEn + k′2

3n/�
2) tan2 � + k2

⊥ sec2 �

, (27)

respectively, where k⊥(≡
√

k2
1 + k2

2) is the perpendicular momentum to the normal surface of

the plates. It can be seen that the roles of the pure phase eiς (1)
can be cancelled out from the

rotation angle and its axis. In the case of k⊥ 
= 0, the reflected spin orientation changes for
arbitrary chiral angles (both chiral and nonchiral cases). However, for the case of k⊥ = 0, it

1The rotation angle and rotation axis can also be written as tan(ϕ(1)/2) =
− tan �(k′

3n/�)
√

2m2 + 2mEn + k′2
3n/�

2 + k2
⊥ cot2 �/(k′2

3n/�
2 + mEn + m2) and n̂(1) =

k2x̂1 − k1x̂2 + (m + En) tan �x̂3/(tan �

√
2m2 + 2mEn + k′2

3n/�
2 + k2

⊥ cot2 �), respectively. These
expressions reduce to those in Ref. [42] in the case of suppressed perpendicular momentum k⊥ = 0. As
has been mentioned in Ref. [42], one may choose the opposite sign of the above rotation axis. As the
consequence, the rotation angle has an opposite sign to the above one. This condition holds not only for
the first plate but also the second one.
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does not change for � = 0, π (see, for example, Refs. [30,31] for the discussion on the relation
of χR and χL under nonchiral boundary conditions, where B = C was used).

At the second plate, from the relation provided in Eq. (16), we have χL = U (2)
L χR, where U (2)

L

is the rotation operator generated by the reflection with the second plate given by

U (2)
L = Be2ik′

3n

C

cos �
[
(k′2

3n/�
2 + mEn + m2)I − i(k′

3n/�)(k2σ1 − k1σ2 + (m + En) tan �σ3)
]

(m + En)(ik′
3n/� − m cos �)

.

(28)

Again, taking the correspondence between the obtained rotation operator (28) and general
formulation Eq. (21), we obtain

eiς (2)
cos

(
ϕ(2)

2

)
I = Be2ik′

3n

C
cos �(k′2

3n/�
2 + mEn + m2)I

(m + En)(i(k′
3n/�) − m cos �)

, (29)

eiς (2)
sin(

ϕ(2)

2
)n̂(2) · σ = Be2ik′

3n

C

cos �(k′
3n/�)

[
k2σ1 − k1σ2 + (m + En) tan �σ3

]
(m + En)(ik′

3n/� − m cos �)
. (30)

It is then straightforward to show that the rotation angle and the rotation axis are given by

tan
(

ϕ(2)

2

)
= −

(k′
3n/�)

√
(2m2 + 2mEn + k′2

3n/�
2) tan2 � + k2

⊥ sec2 �

(k′2
3n/�

2 + mEn + m2)
, (31)

n̂(2) = −k2x̂1 + k1x̂2 − (m + En) tan �x̂3√
k2

⊥ sec2 � + (2m2 + 2mEn + k′2
3n/�

2) tan2 �

, (32)

respectively2.
From the above results, one can show that tan(ϕ(1)

2 ) = tan( ϕ(2)

2 ) and n̂(1) = −n̂(2), which means
the reflection at the first plate generates the same rotation angle as at the second plate, but their
rotation axes are in the opposite direction. Recalling that at the first and second plates, we
have χR = U (1)χL and χL = U (2)χR, respectively, which implies U (1)U (2) = U (2)U (1) = I for the
allowed momenta (17) under the reflection in a consistent way.

We next discuss the energy gap between two states, focusing on the case of m
′
( ≡ m�) 	 1

with k⊥ = 0. Using Eq. (23), the energy gap is computed as

�E = En+1 − En = π

�
− 4m cos �

(4n2 − 1)π
, (33)

where the value of � is fixed. The role of the chiral angle appears in the second term and can
be understood as the energy gap correction. We note that this correction vanishes for � = π /2
and 3π /2. We can also compute the bound of the energy gap as

π

�
− 4m

(4n2 − 1)π
≤ �E ≤ π

�
. (34)

From the above equation, the maximum correction of the lower bound for the energy gap is
given by − 4m

(4n2−1)π .

2Similar to the result at the first plate, the rotation angle and the rotation axis at the second plate can also

be written in the form of tan(ϕ(2)/2) = − tan �k3n

√
2m2 + 2mEn + k′2

3n/�
2 + k2

⊥ cot2 �/(k′2
3n/�

2 + mEn +
m2) and n̂(2) = −k2x̂1 + k1x̂2 − (m + En) tan �x̂3/(tan �

√
2m2 + 2mEn + k′2

3n/�
2 + k2

⊥ cot2 �), respec-
tively. In the case of suppressed perpendicular momentum, they reduce to those of Ref. [42].

7/15



PTEP 2023, 013B05 A. Rohim et al.

4. Casimir energy
In this section, we calculate the Casimir energy of a massive Dirac fermion confined between
two parallel plates under the chiral MIT boundary conditions. In the presence of this boundary
condition, the vacuum energy is given by,

E0 = − L2

2π2

∫ ∞

−∞
dk1

∫ ∞

−∞
dk2

∞∑
n=1

√
k2

1 + k2
2 +

(
k′

3n

�

)2

+ m2, (35)

where L2 is the surface area of the plate and the discrete momenta k′
3n ≡ k3� satisfies the mo-

mentum constraint in Eq. (17). In the above expression, we have used the eigen energies of a
Dirac field given in Eq. (23). In fact, the vacuum energy in Eq. (35) is divergent. Then, to solve
this problem, one can use an Abel–Plana-like summation [52] following the procedure used in
Refs. [30,31] as follows,

∞∑
n=1

π f (k′
3n)(

1 − sin(2k′
3n )

2k′
3n

) = − πm′ cos � f (0)
2(m′ cos � + 1)

+
∫ ∞

0
dz f (z) − i

∫ ∞

0
dt

f (it) − f (−it)
t+m′ cos �
t−m′ cos �

e2t + 1
. (36)

Considering the denominator of the left-hand side of Eq. (36), from the momentum constraint
given in Eq. (17), we may replace it with the following relation

1 − sin(2k′
3n)

2k′
3n

= 1 + m′ cos �

(m′ cos �)2 + k′2
3n

. (37)

Then, the above vacuum energy can be rewritten as follows

E0 = − L2

2π3�

∫ ∞

−∞
dk1

∫ ∞

−∞
dk2

(
− πm′ cos � f (0)

2(m′ cos � + 1)
+

∫ ∞

0
dz f (z) − i

∫ ∞

0
dt

f (it) − f (−it)
t+m′ cos �
t−m′ cos �

e2t + 1

)
,

(38)

where the function f(z) is defined as

f (z) =
√(

k2
1 + k2

2

)
�2 + z2 + m′2

(
1 + m′ cos �

(m′ cos �)2 + z2

)
. (39)

In the next step, we can separate the above vacuum energy in Eq. (38) into three terms as fol-
lows,

E0 = �E (0)
0 + 2E (1)

0 + �E0. (40)

E (0)
0 in the first term of Eq. (40) reads

E (0)
0 = − L2

4π3

∫ ∞

−∞
dk1

∫ ∞

−∞
dk2

∫ ∞

−∞
dk3

√
k2

1 + k2
2 + k2

3 + m2, (41)

which represents the vacuum energy in the absence of the boundary conditions. The contribu-
tion of E (1)

0 in the second term of Eq. (40) is given by

E (1)
0 = − L2

4π3

∫ ∞

−∞
dk1

∫ ∞

−∞
dk2

[
− π

2

√
k2

1 + k2
2 + m2 + m cos �

∫ ∞

0
dz

√
z2 + k2

1 + k2
2 + m2

m2 cos2 � + z2

]
,

(42)

which is the vacuum energy in the presence of one plate only and does not contribute to the
Casimir force. Then, the Casimir energy is related to the last term of Eq. (40), ECas. ≡ �E0, and
is given as

ECas. = iL2

2π3�

∫ ∞

−∞
dk1

∫ ∞

−∞
dk2

∫ ∞

0
dt

f (it) − f (−it)
t+m′ cos �
t−m′ cos �

e2t + 1
. (43)
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By using Eq. (39), the above Casimir energy can be rewritten as,

ECas. = iL2�

2π3

∫ ∞

−∞
dk1

∫ ∞

−∞
dk2

∫ ∞

0
du

u − m cos �

(u + m cos �)e2�u + u − m cos �

×
(

1 + m cos �

�m2 cos � − �u2

)[√
(iu)2 + k2

1 + k2
2 + m2 −

√
(−iu)2 + k2

1 + k2
2 + m2

]
,

(44)

where we have changed the variable, t = �u. It is convenient to separate the integration over u

in Eq. (44) into two intervals. The first interval, i.e. from 0 to
√

k2
1 + k2

2 + m2 vanishes, whereas

the second interval, i.e. from
√

k2
1 + k2

2 + m2 to ∞, remains. Then, the Casimir energy reads

ECas. = −L2

π3

∫ ∞

−∞
dk1

∫ ∞

−∞
dk2

∫ ∞
√

k2
1+k2

2+m2
du

√
u2 − k2

1 − k2
2 − m2

×
(

�(u − m cos �) − m cos �/(m cos � + u)
(u + m cos �)e2�u + (u − m cos �)

)
. (45)

To further proceed with the above integration, we then use the following formula [30]∫ ∞

−∞
dk⊥

∫ ∞
√

k2
⊥+c2

dz(z2 − k2
⊥ − c2)(s+1)/2 f (z) = π p/2�((s + 3)/2)

�((p + s + 3)/2)

×
∫ ∞

c
dx(x2 − c2)(p+s+1)/2 f (x), (46)

where p denotes the number of components of the spatial perpendicular momenta (in our case,
we have p = 2). Then, the Casimir energy becomes

ECas. = −L2

π3

π�(3/2)
�(5/2)

∫ ∞

m
dx(x2 − m2)3/2

(
�(x − m cos �) − m cos �/(m cos � + x)

(x + m cos �)e2�x + (x − m cos �)

)
. (47)

We next rewrite the following factor
�(x − m cos �) − m cos �/(m cos � + x)

(x + m cos �)e2�x + (x − m cos �)
= −1

2
d

dx
ln

(
1 + x − m cos �

x + m cos �
e−2�x

)
(48)

and introduce a new variable y = �x − m
′
. The Casimir energy now reads

ECas. = −L2

π2�3

2
3

∫ ∞

0
dy(y2 + 2ym′)3/2 −1

2
d
dy

ln
(

1 + y + m′(1 − cos �)
y + m′(1 + cos �)

e−2(y+m′ )
)

. (49)

Performing integration by parts in Eq. (49), we have a simpler form of the Casimir energy as

ECas. = −L2

π2�3

∫ ∞

0
dy(y + m′)

√
y(y + 2m′) ln

(
1 + y + m′(1 − cos �)

y + m′(1 + cos �)
e−2(y+m′ )

)
. (50)

In what follows, we will discuss the Casimir energy based on Eq. (50). The left panel of Fig. 2
depicts the behavior of the Casimir energy as a function of the chiral angle � and the parameter
m

′
( ≡ m�), while the right panel demonstrates the Casimir energy as a function of the parameter

m
′
for several values of the chiral angle. In both panels, we have used a fixed distance between

the plates. In general, one can see that the Casimir energy has symmetric shapes with respect
to the chiral angle � = π . In the case of the light mass, m

′ 	 1, the right panel of Fig. 2 is
approximately given by the linear function, as shown below. In the case of the heavy mass, m

′

� 1, the Casimir energy tends to zero. In the massless case, Fig. 2 shows that the Casimir energy
gives the same value for any chiral angle; it is explicitly given by

ECas. = −L2

π2�3

∫ ∞

0
dyy2 ln(1 + e−2y) = − 7L2π2

2880�3
, (51)
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Fig. 2. The Casimir energy per plate area. The left panel shows the Casimir energy as a function of
the chiral angle � and dimensionless parameter m

′
( ≡ m�). In the right panel, the Casimir energy is

demonstrated as a function of the parameter m
′

for various values of the chiral angle. We used a fixed
distance between the plates of � = 1/5 μm and a fixed plate size of L2 = 1 cm2. The curves show that
in the massless case, the Casimir energy for all chiral angles gives the same value, which is analytically
given in Eq. (51). They also show that the chiral angle � = π gives maximum contribution. The role of
the chiral angle changes depending on the mass m and distance between the plates �.

Fig. 3. The ratio of the Casimir energy for an arbitrary chiral case to the nonchiral case. The left panel
shows the curves as a function of the parameter m

′
for several values of the chiral angle. The right panel

shows the curves as a function of the chiral angle for a given parameter m
′
.

which is consistent with that of Ref. [34]. Both right and left panels show that the maximum
contribution is given by the chiral angle � = π , while the minimum contribution is given by �

= 0 (nonchiral case).
Figure 3 plots the ratio of the Casimir energy for an arbitrary chiral case to the nonchiral

case. The curves show that the ratio is maximum when the chiral angle takes the value � = π .
This ratio increases as the parameter m

′
becomes larger. Since the Casimir energy is symmetric

as a function of the chiral angle, the ratio ECas.(m
′
, �)/ECas.(m

′
, 0) is also symmetric with respect

to � = π (see the right panel of Fig. 3).
Figure 4 plots the Casimir energy as a function of the distance between the plates �. The

curves in the left panel show that the Casimir energy of a massive Dirac fermion approaches
the massless case as the reduction of its mass. From the right panel, one can see that the Casimir
energy in the nonchiral case decays faster than in the chiral case. Meanwhile, the slowest de-
caying occurs in the case of the chiral angle � = π .
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Fig. 4. The Casimir energy per plate area as a function of �. The left panel corresponds to the depen-
dence of the Casimir energy on the mass m for the nonchiral case. The right panel corresponds to the
dependence of the Casimir energy on the chiral angle � with fixed mass m = 1 eV and a plate size L2 =
1 cm2.

We next turn to consider the analytical evaluation of the Casimir energy in Eq. (50). In the
case of m

′ 	 1, the Casimir energy for an arbitrary chiral angle approximately reduces to

ECas. 
 −L2

π2�3

∫ ∞

0
dy

[
y2 ln(1 + e−2y) −

(
2ye−2y(y + cos �)

(1 + e−2y)
− 2y ln(1 + e−2y)

)
m′

]

= − 7L2π2

2880�3

(
1 − 120m′ cos �

7π2

)
. (52)

Compared to the massless case (51), the above expression has an additional term that con-
tributes to the Casimir energy. We also note that this term shows the Casimir energy depen-
dence on the chiral angle. In the case of m

′ � 1, the Casimir energy (50) is approximately given
by

ECas. 
 −L2

π2�3

∫ ∞

0
dy

×
[(√

2m′3y1/2(1 − cos �)
1 + cos �

+
√

m′

2
y3/2(5 + 8 cos � − 5 cos2 �)

2(1 + cos �)2

)
e−2(y+m′ )

]

= −L2m′1/2e−2m′

64(1 + cos �)2π3/2�3

[
16m′ sin2

� + 3(5 + 8 cos � − 5 cos2 �)
]
. (53)

In this case, the Casimir energy decays and converges to zero with the increase in the parameter
m

′
.
From the above Casimir energy, one can investigate the Casimir force FCas. = −∂ECas./∂�

as well as the Casimir pressure PCas. = FCas./L2. From Eqs. (52) and (53), one can obtain the
following Casimir pressure,

PCas. =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

− 7π2

960�4

(
1 − 80m′ cos �

7π2

)
, for m′ 	 1,

− m′1/2e−2m′

64(1+cos �)2π3/2�4[
8(4m′ + 3)m′ sin2

� + (6m′ + 5
2 )(5 + 8 cos � − 5 cos2 �)

]
, for m′ � 1.

(54)

The above Casimir pressures with respect to the chiral angle have a similar behavior to those
of the Casimir energy. In other words, the attractive Casimir force in the chiral case is always
stronger than that in the nonchiral case.
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5. Summary
We have studied the behavior of a massive Dirac fermion confined between two parallel chiral
plates. In our setup, the plates are represented by chiral MIT boundary conditions [10], where
the condition of vanishing probability current density at the boundary surfaces is satisfied for
arbitrary chiral angles. The Dirac field inside the confinement area consists of two-component
fields associated with their spin orientations. We discussed the general discrete momenta and
the changes in the spin orientations under boundary conditions. The result shows that only
momentum k3 (the component parallel to the normal plate surface) is discretized depending
on the mass, the distance between the plates, and the chiral angle. We also found that, in the
case of nonzero perpendicular momenta, the spin orientation changes for an arbitrary chiral
angle. In the case of suppressed perpendicular momenta, we found that these features reduce
to those of a previous work [42] for a confinement system in a one-dimensional box.

We also discussed the energy gap between two states in the case of light mass (m
′ 	 1). The

result shows that the effect of the chiral angle is to correct the energy gap in the massless case.
In this context, we may address such an effect on the electron transport in materials such as
graphene nanoribbons [49–51]. Since the chiral angle is coupled to the mass, the correction
term with the chiral angle is quite small depending on the mass value. Our present study could
also be applicable to nanotubes, where one can consider a confinement system of a Dirac field
between two parallel plates with compactified dimensions [30]. The detailed analysis of such
an application is beyond the scope of the present study and will be presented elsewhere.

We have also investigated the effect of the chiral angle on the Casimir energy of a massive
fermion field. To obtain the Casimir energy, we calculated the vacuum energy in the presence
of the boundary condition. Unfortunately, this vacuum energy is divergent. To solve this issue,
we adopt the Abel–Plana-like summation [52], as previously used in Refs. [30,31]. The obtained
vacuum energy consists of three parts (see Eq. (40)), i.e. (i) the vacuum energy in the absence of
the boundary conditions, (ii) the vacuum energy in the presence of a single plate, and (iii) the
Casimir energy. We notice that the second term of the vacuum energy in Eq. (40) for a single
plate is not relevant to the Casimir force. The Casimir energy is defined by taking the differences
between the vacuum energy of a Dirac field in the presence of the boundary conditions to
that in the absence of one. We investigated the behavior of the Casimir energy as well as its
attractive force using numerical analysis. The result shows that the Casimir energy of a massive
fermion field can be written as a function of the chiral angle. It is symmetric with the maximum
contribution occurring at � = π ; the Casimir energy in the chiral case is always higher than
that in the nonchiral case.

In addition to the above results, we also found that the behavior of the Casimir energy de-
pends on the mass of the Dirac fermion. In the analysis, we investigated two approximation
cases, i.e. light and heavy masses. In the case of heavy fermion mass, the Casimir energy con-
verges to zero as the mass increases, whereas in the case of light fermion mass, the Casimir
energy converges to that of the massless fermion as the mass decreases. We found that, in both
cases, the roles of the chiral angle become weaker. For the case of the massless fermion, the
Casimir energy gives the same value for all chiral angles. In this case, we recover the expected
result according to Ref. [34]. For future work, it will be interesting to study a similar setup by
including a background such as a magnetic field (cf. Ref. [46]).
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Appendix A. Complementary derivations for discrete momenta
Two-component Dirac spinors χR(L) can be decomposed as

χR(L) =
(

αR(L)

βR(L)

)
. (A1)

The relation in Eq. (12) can then be rewritten in a more explicit way as follows

B = −C
(−ik3(1 + sin �) − (m + E ) cos �)αL + i(k1 − ik2)(1 + sin �)βL

(ik3(1 + sin �) − (m + E ) cos �)αR + i(k1 − ik2)(1 + sin �)βR
, (A2)

B = −C
i(k1 + ik2)(−1 + sin �)αL + (ik3(−1 + sin �) − (m + E ) cos �)βL

i(k1 + ik2)(−1 + sin �)αR + (−ik3(−1 + sin �) − (m + E ) cos �)βR
. (A3)

In a similar way, from Eq. (16), we have the relation between coefficients B and C at the second
plate x3 = � as follows

B = −Ce−2ik3�
(−ik3(−1 + sin �) − (m + E ) cos �)αL + i(k1 − ik2)(−1 + sin �)βL

(ik3(−1 + sin �) − (m + E ) cos �)αR + i(k1 − ik2)(−1 + sin �)βR
, (A4)

B = −Ce−2ik3�
i(k1 + ik2)(1 + sin �)αL + (ik3(1 + sin �) − (m + E ) cos �)βL

i(k1 + ik2)(1 + sin �)αR + (−ik3(1 + sin �) − (m + E ) cos �)βR
. (A5)

By equating Eqs. (A2) and (A4), we have

(A1αR + A2βR)αL + (A3αR + A4βR)βL = 0, (A6)

where

A1 = e−2ik3� cos �
[
2i(1 + e2ik3�)k3(E + m)

+ (−1 + e2ik3�)(E − k3 + m)(E + k3 + m) cos �
]
, (A7)

A2 = e−2ik3� cos �(k1 − ik2)
[
(1 − e2ik3�)k3 cos �

− i(E + m)(−1 − sin � + e2ik3�(−1 + sin �))
]
, (A8)

A3 = e−2ik3� cos �(k1 − ik2)
[
(−1 + e2ik3�)k3 cos �

+ i(E + m)(−1 + sin � − e2ik3�(1 + sin �))
]
, (A9)

A4 = cos2 �(k1 − ik2)2(1 − e−2ik3�). (A10)

Taking same procedure as above for Eqs. (A3) and (A5), we have

(B1αR + B2βR)αL + (B3αR + B4βR)βL = 0, (A11)

where

B1 = (k1 + ik2)2

(k1 − ik2)2
A4, (A12)
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B2 = k1 + ik2

k1 − ik2
A2, (A13)

B3 = k1 + ik2

k1 − ik2
A3, (A14)

B4 = A1. (A15)

The relation given in Eqs. (A6) and (A11) can be written simultaneously in the form of multi-
plication between 2 × 2 and 2 × 1 matrices as follows(

(A1αR + A2βR) (A3αR + A4βR)
(B1αR + B2βR) (B1αR + B4βR)

)(
αL

βL

)
= 0. (A16)

The nontrivial values of αL and βL require the 2 × 2 matrix determinant in Eq. (A16) to vanish,
which leads to the following condition

D1α
2
R + D2αRβR + D3β

2
R = 0, (A17)

where

D1 = A1B3 − A3B1

= −2e−4ik3� cos2 �(E + m)
[
i(1 + e2ik3�)k3 + (−1 + e2ik3�)m cos �

]
× (k1 + ik2)

[ − (−1 + e2ik3�)k3 cos � + i(E + m)(1 − sin � + e2ik3�(1 + sin �))
]
,

(A18)

D2 = A1B4 + A2B3 − A3B2 − A4B1

= 4e−4ik3� cos2 �(E + m)
[
i(1 + e2ik3�)k3 + (−1 + e2ik3�)m cos �

]
× [

i(1 + e2ik3�)k3(E + m) + (−1 + e2ik3�)(E2 + mE − k2
3) cos �

]
, (A19)

D3 = A2B4 − A4B2

= 2e−4ik3� cos2 �(E + m)
[
i(1 + e2ik3�)k3 + (−1 + e2ik3�)m cos �

]
× (k1 − ik2)

[ − (−1 + e2ik3�)k3 cos � − i(E + m)(−1 − sin � + e2ik3�(−1 + sin �))
]
.

(A20)

From the previous expressions, we can see that D1, D2, D3 have the same factor as follows

2e−4ik3� cos2 �(E + m)
[
i(1 + e2ik3�)k3 + (−1 + e2ik3�)m cos �

]
. (A21)

To satisfy the condition in Eq. (A17) for arbitrary chiral angle �, the above factor must vanish

i(1 + e2ik3�)k3 + (−1 + e2ik3�)m cos � = 0, (A22)

which leads to the allowed condition for discrete momenta in Eq. (17).

REFERENCES
[1] H. B. G. Casimir, Kon. Ned. Akad. Wetensch. Proc. 51, 793 (1948).
[2] M. J. Sparnaay, Physica 24, 751 (1958).
[3] S. K. Lamoreaux, Phys. Rev. Lett. 78, 5 (1997), [Erratum: Phys. Rev. Lett. 81, 5475 (1998) ].
[4] U. Mohideen and A. Roy, Phys. Rev. Lett. 81, 4549 (1998).
[5] A. Roy, C. Y. Lin, and U. Mohideen, Phys. Rev. D 60, 111101 (1999).
[6] G. Bressi, G. Carugno, R. Onofrio, and G. Ruoso, Phys. Rev. Lett. 88, 041804 (2002).

14/15



PTEP 2023, 013B05 A. Rohim et al.

[7] R. Onofrio, New J. Phys. 8, 237 (2006).
[8] M. Bordag, U. Mohideen, and V. M. Mostepanenko, Phys. Rep. 353, 1 (2001).
[9] T. H. Boyer, Phys. Rev. 174, 1764 (1968).

[10] C. A. Lütken and F. Ravndal, J. Phys. G 10, 123 (1984).
[11] I. Zahed, U.-G. Meissner, and A. Wirzba, Phys. Lett. B 145, 117 (1984).
[12] R. D. M. De Paola, R. B. Rodrigues, and N. F. Svaiter, Mod. Phys. Lett. A 14, 2353 (1999).
[13] A. Edery, Phys. Rev. D 75, 105012 (2007).
[14] R. Moazzemi, M. Namdar, and S. S. Gousheh, J. High Energy Phys. 09, 029 (2007).
[15] C. D. Fosco and E. L. Losada, Phys. Rev. D 78, 025017 (2008).
[16] S. Bellucci and A. A. Saharian, Phys. Rev. D 79, 085019 (2009).
[17] A. Seyedzahedi, R. Saghian, and S. S. Gousheh, Phys. Rev. A 82, 032517 (2010).
[18] V. K. Oikonomou and N. D. Tracas, Int. J. Mod. Phys. A 25, 5935 (2010).
[19] M. A. Valuyan and S. S. Gousheh, Int. J. Mod. Phys. A 25, 1165 (2010).
[20] E. Elizalde, S. D. Odintsov, and A. A. Saharian, Phys. Rev. D 83, 105023 (2011).
[21] L. Shahkarami, A. Mohammadi, and S. S. Gousheh, J. High Energy Phys. 11, 140 (2011).
[22] S. Mobassem, Mod. Phys. Lett. A 29, 1450160 (2014).
[23] M. B. Cruz, E. R. Bezerra de Mello, and A. Y. Petrov, Phys. Rev. D 96, 045019 (2017).
[24] A. Erdas, Int. J. Mod. Phys. A 36, 2150155 (2021).
[25] C. D. Fosco and G. Hansen, Phys. Rev. D 105, 016004 (2022).
[26] J. Ambjorn and S. Wolfram, Ann. Phys. 147, 1 (1983).
[27] A. Erdas, Phys. Rev. D 83, 025005 (2011).
[28] R. Saghian, M. A. Valuyan, A. Seyedzahedi, and S. S. Gousheh, Int. J. Mod. Phys. A 27, 1250038

(2012).
[29] E. Elizalde, F. C. Santos, and A. C. Tort, Int. J. Mod. Phys. A 18, 1761 (2003).
[30] S. Bellucci and A. A. Saharian, Phys. Rev. D 80, 105003 (2009).
[31] M. B. Cruz, E. R. Bezerra de Mello, and A. Y. Petrov, Phys. Rev. D 99, 085012 (2019).
[32] A. Chodos, R. L. Jaffe, K. Johnson, C. B. Thorn, and V. F. Weisskopf, Phys. Rev. D 9, 3471 (1974).
[33] A. Chodos, R. L. Jaffe, K. Johnson, and C. B. Thorn, Phys. Rev. D 10, 2599 (1974).
[34] K. Johnson, Acta Phys. Polon. B 6, 865 (1975).
[35] P. Alberto, C. Fiolhais, and V. M. S. Gil, Eur. J. Phys. 17, 19 (1996).
[36] P. Alberto, S. Das, and E. C. Vagenas, Phys. Lett. A 375, 1436 (2011).
[37] A. Chodos and C. B. Thorn, Phys. Rev. D 12, 2733 (1975).
[38] S. Théberge, A. W. Thomas, and G. A. Miller, Phys. Rev. D 22, 2838 (1980); [Erratum: Phys. Rev.

D 23, 2106 (1981)].
[39] R. L. Jaffe and A. Manohar, Ann. Phys. 192, 321 (1989).
[40] N. Nicolaevici, Eur. Phys. J. Plus 132, 21 (2017).
[41] M. N. Chernodub and S. Gongyo, Phys. Rev. D 96, 096014 (2017).
[42] A. Rohim and K. Yamamoto, Prog. Theor. Exp. Phys. 2021, 113B01 (2021).
[43] V. E. Ambrus and E. Winstanley, Phys. Rev. D 93, 104014 (2016).
[44] M. N. Chernodub and S. Gongyo, J. High Energy Phys. 01, 136 (2017).
[45] M. N. Chernodub and S. Gongyo, Phys. Rev. D 95, 096006 (2017).
[46] Y. A. Sitenko, Phys. Rev. D 91, 085012 (2015).
[47] M. Donaire, J. M Muñoz-Castañeda, L. M. Nieto, and M. Tello-Fraile, Symmetry 11, 643 (2019).
[48] C. G. Beneventano and E. M. Santangelo, Int. J. Mod. Phys. Conf. Ser. 14, 240 (2012).
[49] M. Y. Han, B. Özyilmaz, Y. Zhang, and P. Kim, Phys. Rev. Lett. 98, 206805 (2007).
[50] Y.-M. Lin, V. Perebeinos, Z. Chen, and P. Avouris, Phys. Rev. B 78, 161409(R) (2008).
[51] M. Y. Han, J. C. Brant, and P. Kim, Phys. Rev. Lett. 104, 056801 (2010).
[52] A. Romeo and A. A. Saharian, J. Phys. A 35, 1297 (2002).

15/15


