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Abstract

The square-root of Siegel modular forms of CHL Zy orbifolds of type II compactifications are de-
nominator formulae for some Borcherds-Kac-Moody Lie superalgebras for N = 1,2, 3,4. We study the
decomposition of these Siegel modular forms in terms of characters of two sub-algebras: one is a @ and
the second is a Borcherds extension of the s/l(?) . This is a continuation of our previous work where we
studied the case of Siegel modular forms appearing in the context of Umbral moonshine. This situation is
more intricate and provides us with a new example (for N = 5) that did not appear in that case. We restrict
our analysis to the first N terms in the expansion as a first attempt at deconstructing the Siegel modular
forms and unravelling the structure of potentially new Lie algebras that occur for N =5, 6.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In this work, we continue the study of Siegel modular forms that are, in some cases, the
denominator formulae for some Borcherds-Kac-Moody (BKM) Lie superalgebras. These Siegel
modular forms include examples for which the Lie algebra connection is not yet known. For
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such examples, the eventual goal is to prove (or disprove) the existence of Lie algebras whose
denominator formulae are given by these Siegel modular forms.

In our previous work [1], we studied a family of Siegel modular forms that are associated
with Umbral moonshine [2]. Here we consider Siegel modular forms that are associated with
L>(11)-moonshine [3,4]. The squares of these Siegel modular forms are the generating function
of quarter BPS states in CHL Z y orbifolds (for N =1, 2, ..., 6) [4-7]. The main tools to probe
the structure of the Lie algebras are two subalgebras: one is a s/l(?) subalgebra and the other is
a Borcherds extension of the s/l(2\) subalgebra. We rewrite the Siegel modular forms in terms
of characters of the sub-algebras — it enables us to cleanly track simple roots that appear in the
denominator formulae.

For simplicity, we focus on the situations when N is prime, i.e., N =2, 3, 5. These are modu-
lar forms of weight k(N) + 1 =12/(N + 1) of alevel N subgroup of Sp(4, Z). The connection
with Mathieu and L, (11) moonshine leads to a product formula given in Eq. (2.12), for the Siegel
modular forms [3,8,9]. For the prime cases, it is consistent with the product formulae given by
David et al. [10] in the context of dyon counting. We rewrite the Siegel modular form as follows:

o0
AN @) =520 | (x.2) [1 +3 s wg{g(r,@.)] . (1.1)

m=1

The Jacobi forms \IJE)an

congruence subgroup I'’(N) with weight zero and index m. We obtain explicit formulae for these
Jacobi forms in terms of standard modular forms for m < N. The analogous expansion in our
previous work [1] had non-vanishing terms only for indices that were multiples of N.

(7, z) will be the main object of our study. They are Jacobi forms of the

We wish to show that the Siegel modular forms A,({I(vlz,) (Z) are extensions of the Kac-Moody

Lie algebra g(A™)) obtained from the Cartan matrix, A", defined in Eq. (2.5). We call the
extension BZ‘(;H LAWY — the CHL refers to the fact that the squares of the modular forms
are the generating functions of quarter BPS states in CHL Zy orbifolds [6,7,11]. The Cartan
matrices AN are obtained from the walls of marginal stability in these models [12]. These
have nice behaviour only for N = 1,2, ..., 6. The expectation is that for N < 4, the extension
Bg,H L(AM)y is the usual Borcherds extension of g(A")) which leads to the sum side of the
denominator formula given in Eq. (2.6). The Borcherds correction term is shown symbolically as
T in this formula — it is the contribution that one obtains by adding imaginary simple roots i.e.,
roots with negative or zero norm.

A Cartan matrix can also be obtained as the matrix of inner products of simple root vectors
which generate a root lattice. In all the six examples, the Cartan matrix has rank three and the
root lattice is in Lorentzian space R>!. A special feature of these lattices is that they admit
a lattice Weyl vector o™ with inner product (0V), ) = —1 where « is a simple root. Such
lattices have been studied by Nikulin and the corresponding Lie algebra connection by Gritsenko
and Nikulin [13]. An important result from Gritsenko and Nikulin is that the cases of N <4
in our examples can admit Borcherds extensions. This is why we expect that B]%H LAMN)Y are
Borcherds extensions. Unlike the examples considered in our previous work [1], we are unaware
of a proof that this is indeed the case for N <4.

The reason one hopes that there might be a Lie algebra for N = 5, 6 is a physical one. The
dyon counting generating function provides us with Siegel modular forms that transform covari-
antly under the Weyl group of g(A®Y)). We have three examples of this variety, one of which was
considered in [1]. We restrict to the case of N =5 for simplicity in this work commenting on
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some aspects of the N = 6 example. Our goal in this work is a modest one. We study two sub-
algebras of BE,H L(A™N)), one is an s1(2) € g(AM)) and another is a Borcherds extension of the
s/l(?) that we call BIQ,H L (s/l(T)). Interestingly, these subalgebras are the best examples to under-

stand the idea behind the Borcherds extension. The positive roots of the Lie algebra Blf,H L (sT(?) )
that are not in the sub-algebra will organise into a representation of the sub-algebra. This is the

motivation for us to look into character decompositions of the \Il(()l\;),(t, z) in terms of s/(2) and

BSHL(51(2)).

The goal of the present paper is a modest one. We would like to understand the structure of
the irreducible roots that appear in the first N terms. The main result of this paper is that we
are able to characterise all the roots that appear to this order and they are consistent with our
expectations. There are some surprises. For instance, \I’(()?%('L’, z) vanishes. This is due to perfect
cancellations between two different terms. We see the appearance of a real simple fermionic
root in the N = 5 example which has some peculiar properties. This is the first term that does
not appear as a Borcherds extension. This is consistent with a no-go theorem of Gritsenko and
Nikulin that suggests that modifications be needed for the cases of A® and A© [13].

The organisation of the paper is as follows. The introductory section is followed by section 2
where we provide the Lie algebra background as well as develop the notation used in the rest
of the paper. Section 3 is where we obtain vector-valued modular forms (vvmf) of ron) by
expanding in terms of s/l(2\) and B,f,H L (ﬁ(?)). The Fourier coefficients of the vvmf can be iden-
tified with the multiplicities of roots that appear. We closely track all roots of non-negative norm.
For N =5 this enables us to see the presence of a fermionic real simple root that does not fit a
Borcherds extension. In section 4, we convert the vvmfs of ' (N) into vvmfs of the full modular
group. For one example alone, we are able to identify the vvmf to be a solution of a modular
differential equation studied by Gannon [14]. In all other situations, the rank of the vvmf is too
large for us to numerically determine the modular differential equation. We conclude in sec-
tion 5 with some remarks. An appendix is devoted to providing the background necessary for the
computations that we have done in this paper.

2. The Lie algebra background

A vector in R>! can be represented by a real symmetric 2 x 2 matrix [15,16].

()
y|<«—v=
p X t—y

with norm (v, v) = —2det(v) = 2(x> + y? — ¢2). Consider the two vectors given by

o) = (% é) and ap = (_01 _01> . 2.1)

Starting from these two root vectors construct new root vectors as follows:

m m
aram= (™) o (#7)" fora=1.2, 22)
where y V) = 11/ l:lN)' Note that ™ and —y™) have identical action on the o;. For

N <3, y(N ) has finite order and infinite order for N > 3.
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Let X denote the ordered sequence of distinct root vectors «; generated in this fashion.

(1,2,3 mod 3) , N=1
0,1,2,3mod 4) , N=2
Xy = (a;) fori € Sy = 1 ¢ mod 4) . 2.3)
0,1,2,3,4,5mod 6), N =3
Z N=456
There is a Weyl vector o)
1I/N 1/2
(N) _
with norm (o), oMy = (% - %) with (o), o) = —1 for all @ € Xy.
Let AM for N =1,2,...,6 denote matrices given by the Gram matrix of the root vectors
Xn
A(N) = (anm) = (am, an) . (2.5)

One has a,,, =2 — ﬁ Ay ™ + A" —2), where Ay is any solution of the quadratic equation
A2 —(N=2)r+1=0.

Let g(A™)) denote the Kac-Moody algebra associated with the Cartan matrix AN [17].
Recall that the Kac-Moody algebra, g(A), associated with a Cartan matrix A = (a,,) (with
m,n € I where [ is the index set of all simple real roots) is given by the generators (e, i, fin)
with Lie brackets

lem, ful =0mn hm » A, en]l = amn €n s [him, ful = —amn fu , hin, hu]1 =0,

subject to the Serre relations
(ad e) " tle, =0, (ad f) * f, =0 m+#n,

where (adx)y = [x, y].

The Borcherds extension of a Kac-Moody algebra, a BKM Lie algebra, is obtained by adding
imaginary simple roots to g(A™). A simple description is given by considering the Weyl de-
nominator formula which takes the form:

A=Y det(w)w[T e_Q] —e0 [ a—eoymie, (2.6)

weW aely

In the above formula, W is the Weyl group generated by elementary reflections due to simple
roots, o is the Weyl vector, Ly is the set of positive roots and mult(c) is the multiplicity of
the root . The case when 7' =1 is for the case of Kac-Moody algebras. T is the Borcherds
correction term that takes into account the presence imaginary simple roots. (See appendix B of
[1] and references therein for a detailed description.) A key aspect of the Borcherds extension is
that A is a suitable automorphic form that admits a product formula.

An example: Let A = <_22 _22> . Then, g(A) is the 57(?) Kac-Moody Lie algebra with simple
roots (1, a2) and § = a1 + o7 is an imaginary root with zero norm. We will consider a family of
Borcherds corrections that appear in this work. For N =1, 2, 3, 5, consider a situation where one
has 12/(N + 1) distinct imaginary simple roots of weight %(8, 26,38,...)and (12/(N+1))—3

4
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imaginary simple roots of weight (8, 28, 34, ...). The Borcherds correction factor due to these
imaginary simple roots takes the form

00 12 12

Ty(d) = l_[ <l —e_%)N—H (1 - e_j5>_3+N—+l .

j=I1

For N =5 a negative power appears in the second term in the infinite product. The imaginary
simple roots in this case correspond to fermionic simple roots and we consider a superdenomi-
nator formula to account for this. Identifying e % ~ g = exp(27it), we obtain a function of .
Let

% S a2
v =[] (1 —q]/N>N+1 (1 —qf) N+ 2.7)
j=1

Up to an overall power of g, Ty(t) can be expressed in terms of products of the Dedekind
eta function. The automorphic form, that is denoted by A in Eq. (2.6), for these examples is
given by the Jacobi form ¢y (n),1/2(7, z) defined in Eq. (2.9). We will refer to these Borcherds-

Kac-Moody Lie algebras by B]f,H L(@). As can be seen, there can be several inequivalent
Borcherds extensions of a Kac-Moody Lie algebra.

2.1. Embedding s1(2) in g(ANM))

The Cartan matrices, AN, considered in paper I [1] are identical to the ones that appear
here as well. Thus, the embedding of s/(2) into g(A(N )y works here as well. Let (e, &, f) be the
generators of s/(2). The affine Lie algebra s/(2) is defined by

sI2) =sl2)@Clt,t 1@ ChkeCd,
where  is the central extension and d = —td /dt is the derivation.
We identify the Lie subalgebra of g(A™)) generated by ey, f1, €2, f>, h1, hy and h3 with s1(2)

Lie algebra. We choose the identification similar to the one considered by Feingold and Frenkel
[15].

eR@l=er, fRI=fr, fRt=e1,e®t '=f.
For the Cartan subalgebra of @ , using the above identification, we obtain

h=—h@l+k, h=h®1, hy=—h®1+4Nd.
The inverse is
h@l=hy, k=h +hy, d= ! (hy + h3)
- 27 - 1 2’ _4N 2 3 .

5
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2.2. The BCHL(AN)) Lie algebras

Let BCAL(AMN)Y) denote an extension of the g(A™)) whose denominator formula is given
by the Siegel modular forms, Ak( N)(Z) which we define next.! Then the BKM Lie algebras

BGHE (51(2)) are naturally sub-algebras of BEHL(AMN),

A connection with Mathieu and L, (11) moonshine leads to the following formula for a Siegel
modular form [3,8,9]. Let g € L»(11) g be an element of order N < 6. A second-quantised ver-
sion of moonshine gives the following formula for A,({ ( ]3,) (Z) with s = €277,

Ay @) = 5"y 12(t, 2) exp [ Z "y z)\T(m)} 2.8)

where the Hecke-like operator 7T (m) is defined as follows?

N)[1, N)[
Il/(g’l)[ g](t,z)‘T(m): Z Zw( )Ne™".¢l ll‘E‘;rb aZ)

ad m b=0
and

01(t,2)
drny.1/2(T,2) = Ty nthel(r) 2.9)

are index half Jacobi forms with the eta products nl!-¢1(7) defined in Table 1. It has been shown
in ref. [4] that this leads to a Borcherds-type product formula for AW k( N) (Z). Consider the Fourier
expansion

b ,d n
pi = Y S w0 gt (2.10)
neZi,n>0Lel
where g is of order N, ¢ = ¢*™'* and r = ¢>"%. Define &l*4(n, £) as follows (with wy =
exp(2ri/N))
N-1
dedly, ) = Z ()~ 2D (n, 0) . (2.11)
N3

Then one has the product formula that provides the product side of the denominator formula that
defines BEHL (AN,

oo N-1
N ~[oe,m]
A](C(]\)])(Z) qu/erl/Zsl/Z e l—[ l—[ l_[ 1—[(1 _anZSM)C (nmN,E) . (212)
m=0 a=0 neZ+% teZ
n>0

The modularity of the above formula is not manifest. A result in ref. [18] proves that it is indeed
a Siegel modular form of a level N subgroup of Sp(4, Z).

I Here 2 = (; :,) is a point in the Siegel upper half space, H,. See appendix A.3.

S r
2 Here Wél\ll)[g €] is half the g"-twisted elliptic genus of K3 twined by the element g¥. In other words, the trace is
over the Hilbert space twisted by g” with insertion of g* (‘twined’) in the trace.
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Table 1

Eta products.

N 1 2 3 5

Cycle shape 112 1424 1333 1252

k(N) 5 3 2 1

nt!-8l() @2 @'/ n@nE/3)? n@ine/s)?

The sum side of the Weyl denominator formula is usually obtained from an additive lift. There
is a construction of Cléry and Gritsenko that leads to closely related Siegel modular form (at level
N) starting from a index half Jacobi form [19]. It has been shown in [3] that the expansion of this
Siegel modular form about another cusp (given by the S-transform) matches with the product
formula given in Eq. (2.12) to fairly high order. Combined with modularity, it is enough to prove
that the two formulae are equivalent. It is not a clean formula in the sense that a closed formula
was not given but the transformation rules for the Hecke operator were worked out on a case-by-
case basis.

2.3. Covariance under the extended Weyl group

The extended Weyl group of the root system Xy is generated by three types of generators
[4,6,7]

1. The Weyl group W of g(A™) is generated by all elementary Weyl reflections, s,,, due to
the simple roots «,, for all m in Sy (see Eq. (2.3) for its definition),
2. the generator y(N ), and

0 1
simple roots in X as an involution:

- -1 1 . . . ~ o~
3. the generator § = < ) which acts on roots via the action @ — & - - 8 . It acts on the

o~

S0y, <> a3z_y, .

The action of the generators of the extended Weyl group can be translated into an action on upper
half space with coordinates Z. With this in hand, one can show, using the modular properties of
the Siegel modular forms, that

N N
Al Gm - ) = = A ()

k(N)
(N) N _ (N)
Ak(N)(V( ) Z) - +Ak(N)(Z) )

NS )
Ay B Z) = +A00, @) .

These properties show that the Siegel modular forms have the necessary covariance under the
extended Weyl group.

3. Deconstructing the Lie algebra

The Siegel modular form defined in Eq. (2.8) can be expanded as a power series in the variable
5. The leading term in the expansion is s!/? ¢>,EI(VA),),1 /2(r, z) which is the denominator formula for

the sub-algebra Bf,H L (s/l(2\) ).
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o0
A;((](VA);) (Z) =s'/? (/5,5?’13),1/2(2 z)[l + Z 5" \I—’(N)('L' z)] (3.1)

The above equations define the weight zero and index m Jacobi forms \IJ(()]’Q (7, z). Explicit formu-
lae for the Jacobi forms can be obtained by expanding the exponential in Eq. (2.8). For instance,
one obtains

v (1.2 ==y ) 3.2)

W@ =5 (W e 0| - gl e ) (3.3)

We will be studying the first N terms in the expansion. They can be rewritten in terms of standard
modular forms thereby enabling us to have formulae that can be directly used. A weak Jacobi
form of I'g(N), &,,, of weight zero and index m can be expanded as follows:

En(r, )= a;(1) A(r,))" 7 B(r,2)
j=0

where o (7) are weight 2j modular forms of I'o(N) and A(z,z), B(t,z) are defined in Eq.
(A.13). However the \IJ((){Vnz (,7) are Jacobi forms of T'°(N). Thus, we identify &,, with their

transform ‘l’g\llz(f, z)|S as they are modular forms of I'g(N). This method is useful as the gen-
erators of the ring of modular forms of I'g(V) are well-known. We give the generators for the
cases of interest in appendix A.2.

3.1. Details of the examples

We now present explicit formulae for the Jacobi forms \IJO m(r Z2)|Sfor N=2,3,5and m =
1,...,N.

311 N=2
The Weyl-Kac-Borcherds denominator formula is given by the weight three Siegel modular
form of a level 2 subgroup of Sp(4, Z).

AP (Z) =529 (. z)[l +s W (1, 2) + > WD (. 2) + O(s3)] , (3.4)
where
$115(1, ) =01 (x, ) () *n(z/2)*
VG (1. 2) = §A(t,2) — ES(2/2) B(x.2)
W (1,2) = — 5 A(1,2)* — R ES (t/2) At 2)B(t. 2)
+ (FES (/27 = S Ea(r/2)) Bz, )
are Jacobi forms of I'’(2). We expect to observe two real simple roots in \Il((f%(t, 2).

8
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3.12. N=3
The Weyl-Kac-Borcherds denominator formula is given by the weight two Siegel modular
form of a level 3 subgroup of Sp(4, Z).

AP @) =548 )@ 0145 85 (2. 0452 U@ 0 +5 9 0+ 06h] L 35)
where
3] 2(7.2) =01(z. ) n(1)*n(x/3)°
U (r2) =LA@ ) — 1 EP (2/3) B(r. )
Wi (r,2) =
W72 = gk A2 = & EY (1/3)A. 2*B(1.2)
+ (BB @37 — 35 Fae/3)) A, 0 B(x, 2)?
+ (— 12 B (1/3)° + 7555 ESY (t/3) Ea(1/3) + 155 Ee(7/3)) B(1. 2)°

are Jacobi forms of I'0(3). It is interesting to observe that ‘I"o,z(f» z) = 0. This arises from a
cancellation of multiple terms. The expectation is that there would have been no real simple
roots and imaginary simple roots in this term. The vanishing says that there are no imaginary
simple roots with negative norm. It could also be that there is a Bose-Fermi cancellation i.e.,
there are equal numbers of bosonic and fermionic roots. We expect to see two real simple roots
in \IJ(()% (7, z) which is non-vanishing.

3.13. N=5
The Weyl-Kac-Borcherds denominator formula is given by the weight one Siegel modular
form of a level 5 subgroup of Sp(4, Z).

AP @) =5" 90y 1+ Zs Ui, (@ 0+ 069)], (3.6)

m=1

B) (T 2) =011, ) (x/5) (1)
W) (.2 = LA(r,2) = LES (1/5) B(x. 2)
We have shortened A(z, z), B(t, z) to A, B to make equations more compact.

\IJ(()?%(T’Z) —mAz E(S)(‘E/S)AB

+( 7200E(5)( /5 + z305 E4(t/5) — 551(t/3) n(0)* )

WEM(T,2) = gy A — S ES (1/5)A%B
+ (a0 ES (/5 = 1ahon Ea(2/5) + thgn(z/5)*n(0)*) A B2
+ ( 4320015(5)(”5)3 + 14400E(5)(f/5)E4(T/5)
— 35 B @/5)n (/5 n(@)*) B
\D(S) 20,0 = g At — 5184E(5)(I/S)A3
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+ (57600E(5)(f/5>2 0 E+(/5) + ragn(e/5y*n(0)*) A% B2
+ (=535 B /5 + gk ES (2/5) Ea(x/9)

— A EY (/50 (z/5)*n (1) )A B’
+ (255;(1)(7)00E(5)( /5)* — s ES (1/5)*Ea(7/5)
+3aato £57 (2/9) (/5 (o)
+ sga0000 £4(2/5)% + 688(9)0’7(7/5)877(1)8) B*

are Jacobi forms of I'%(5). We have not given an explicit formula for \[1(()5§(T’ z) as the formula is
big and unilluminating.

3.2. Characters of@ and BN(@)

Consider the following roots

N _(2N-2 2N -1 @~ (0 1
@, _(ZN—l N and a; "= 1 aN ) 3.7

We will track these real simple roots as well as the zero-norm imaginary simple roots

(N)

Sy =@ +ay and 8 =@ +a)). (3.8)

The subscript N is to emphasise that they change with N unlike the zero-norm imaginary simple
root § = (a1 + ap).
The normalised s/(2) character at level k, xx ¢(7, z), is defined by

9 D) = Orsr ra (T,
seo(t, ) = 2t @D ZOp 1 D) gy g nd0 <<k, (3.9)

021(7,2) — 6 —1(7,2)

where

2 a
Opm.a(T,2) 1= qu(k-i- o) Mkt
keZ

For weights A =ad + bay + c8'y satisfying the condition (A, 8) <0, the character of By (g(?))
when a = 0 is given by (see [, Sec. 3.2] for a similar derivation)

1 (e+1)?
)A('k ) :q§__4<k+2) ﬂ ,
Ty(7)

with k =4Nc and £ = —2b and the Borcherds correction term Ty (7) is defined in Eq. (2.7). The
weights are such that a € %Zzo and c € %Z>0. The character with a # 0 is then g% Xi.¢.

(3.10)

3.3. VVMFs from @ decomposition

The Jacobi forms "I"(()AQ, can be expanded in terms of characters of s/l(?) and those of the

Borcherds extension By (sl(2)) The decomposition takes the form

10
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m
N
Wi (T, 2) =Y g (@) Xamami2j (T, 2) 3.11)
j=—m
m
= Y FN@ Ramami2j (1. 2) (3.12)
j=—m
Further, one observes that gj.v J’rrl"(r) = gﬁ/}’il (7). This follows from the Z, outer automorphism

under which o1 <> @ and g <> 3. Thus one has (m + 1) independent functions that we organise
into a vector g := (g1, &2, .- -, gm+1)T. These are rank (m + 1) vector valued modular forms of
o).

Remark: The multiplicities of roots are given the coefficients of the f ]N ™ (z) which can be

obtained from the g;.v " (t) using Eq. (3.10).

3.4. The vvmfs

Below we give the s/l(?) decompositions for the N =2, 3, 5 cases. The format is as follows:

(i) The vvmf g"V-" has rank (m + 1). The power series expansion of all terms contains s and
the powers of g and r are determined by using Eq. (3.13).

(ii) the power of ¢ shown as a pre-factor in every row is the one associated with k = 2m, { =

1_ (e+D?
2m —2j)ie., g8 *&+2 as can be read off from Eq. (3.10).

(iii) The first entry of gN M is associated with the s/(2) character x4, 2m, R
(iv) subsequent entries of gV involve a pair of characters related by the involution (§) and
appear as X4m,2m—2; (with highest weight A’j = (j —m)az + %8)) and X4m 2m+2j (With

14

highest weight A7 = (j —m)ay + §85) for j=1,...,m.

In order to understand the powers of (g, r, s) associated with a given weight, we see that
e—aﬁe—A/j — e—a8 e—[(j—m)(xz—i-%ﬁjv] — e—a8 e—[(j—m)az—i-z;;n] ’vqa rm—jsm , (3.13)

with norm [2(m — j)2 — 8am]. Thus, when a = 0, the root has zero norm when j = m and
positive norm when j < m. We carefully track all roots with positive and zero norm that appear
in the character expansion.

341 N=2
The coefficients of the Fourier series 7>(t) give the mutiplicity of the imaginary simple roots
8, and 85 The coefficient of ¢* gives the multiplicity of the roots y 8} and y 87. One has

Th(t)=1-4¢"7+1q+ 0(g*?).
We will see that the expansions below are consistent with these numbers.
217y = g~ /*(8¢"/% 4 40qg + 1284%/% + 368492 + 9364°/> +2176¢> + - - )
=g 12(ca - 249172 — 88g — 264437 — 69242 — 1656¢%/> + - --)

1 1/12

Here g~'/* and ¢ that appear as prefactors are determined using point (ii) above. The leading
term in the first row has a = 1/2 (as defined in Eq. (3.13)) corresponds to the imaginary simple

roots (oeél) + %8) and (a(()l) + %8) as the constant (i.e., a = 0) piece is vanishing. This is consistent

11
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(1)

with simple real roots a; * and oc(()l)

not being present. In the second row, the leading term has
multiplicity —4 and corresponds to the imaginary roots %8& and %Sg . All other terms correspond
to imaginary simple roots with negative norm.

gV 2(—4q"? 42 — 16¢3/% —2¢° — 56¢°/% +2¢° — 144472 4. ..)
g2 = [ g V10-1+49"2 + g+ 8437 — 2¢° +24¢°% + 2% + 64q7> + - )
q"1°1 +8¢'2 +28¢72 +80¢°% — g +--)

The leading term in the second row above is the multiplicity of the real simple roots a(()z) and o

They have multiplicity 1 and the minus sign comes from det(w) in the denominator formulae.
The Lie algebra g(A®) has four real simple roots. Thus, there are no more simple real roots to
track. In the third/last row, the leading term has multiplicity 41 and corresponds to the imaginary
roots 85 and 8.

(2
3 -

Definition 3.1. Let Z denote the set of imaginary simple roots with negative norm whose
multiplicities are given by the Fourier expansions of f]N Mty for j =1,...,(m + 1) and
m=1,...,N.

These are not the complete set of imaginary simple roots as more appear when m > N.

342. N=3
The coefficients of the Fourier series 75 () give the multiplicity of the imaginary simple roots

proportional to 85 and 875 . The coefficient of ¢ gives the multiplicity of the roots y 85 and y 85.
One has

T3(1) =1-3¢'"2+04*-54+ 0¢*?).

31,y 3n(r)? 1Y g 4 (3 ¢'3 +0g*3
T (—1> _< g""? (=34 0(@q'?) ) (3.14)

The leading term in the first row corresponds to the imaginary simple roots (aél) + %8) and

(oz(()]) + %8) as the constant piece is vanishing. This is consistent with simple real roots agl) and

(x(()l) not being present. In the second row, the leading term has multiplicity —3 and corresponds

to the imaginary roots %Sé and %Sg . All other terms correspond to imaginary simple roots with
negative norm.

g 34 (14q + 42¢*3 + 1269773 430892 + 714q73 + 1512433 + . ..)
q79/28(_3q1/3 _ 9q2/3 _ 38q1 _ 99q4/3 _ 252q5/3 _ 5496]2 +-00)
g V(=1 =3¢'3 —9¢%3 — 35 — 75¢*/3 —180¢°/3 — 3724 + ---)
g3/28(5+24¢'3 +72¢%3 + 191 4+ 453¢*3 + 99943 + .. )

g =

For N =2, 3, for the terms that we have studied we are able to see that the denominator term
can be written as

A,((](VA),) (zZ)= Z det(w)w[(eg (TN(S) + (Tn@y) — D)+ (Tn(y) — 1)

weW
+3 m@ e+ )} (3.15)

ael

12
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where the set 7 is as defined in Definition 3.1. The ellipsis refers to contributions from higher
orders. Additional terms may be added by incorporating the action of the symmetry y ™) to make
the right hand side manifestly invariant under the extended Weyl group. The symmetry under the
action of 8 is already present. Terms such as these fit into the Borcherds extension of g(A™)).

343. N=5
The coefficients of the Fourier series 75(7) give the multiplicity of the imaginary simple roots
85 and 87. The coefficient of ¢” gives the multiplicity of the roots y 85 and y 87. One has

Ts(t)=1-2¢"P-1¢*5+24*5 +1¢*° +3 4+ 0¢*) .
These appear as the leading coefficient in the bottom row of each vvmf g>” form =1, ..., 5.

5oy (47740 43675 1+ 463 +7¢%5 1179 + 2497 1+ 44975 )
g (T)_< q1/12(_2_3q1/5_9q2/5_12q3/5_21q4/5_35q+_“) )
For many purposes, it is useful to consider the leading terms in each row. In particular it is easy
to extract the weight vector by inspection. In the first row, it is ¢!/3 X4.2 whose weight vector is
(% — o+ 8;) = % + otél) which has norm 2(1 —4/5) =2/5. This is a real fermionic root. Let us
call this root . Note that 8 =20®. One can show that

(p,B")=+1. (3.16)
where the co-root BY := % Note that this has the ‘wrong’ sign (in our convention) where
simple real roots such as oy are such that (p, o)) = —1.

. a7 2@ + ¢ +2¢*° +q =267 + 797 + 4% +8¢°° + )
g> (r) = q—l/lO(ql/S_2q2/5_q3/5_3q4/5 +q+5q6/5_8q7/5_3q8/5+)
g'10(=1 = 3¢/5 4 ¢2/5 —2g3/5 — g*5 — 5 —12¢%/5 4 ...)

q (¢ +49*7 +9q +149%° +33¢75 +52¢%° 112645 + - )
q—9/28(_q2/5 _ 3q3/5 _ 15q4/5 _ 256] _ 37q6/5 _ 74q7/5 _ 106q8/5 + .. )
q—1/28(_3q1/5 _4q2/5 _ 11q3/5 _ 2q4/5 _ 186] _ 38q6/5 _ 59q7/5 +--)

P2 +9¢' + 17¢* + 41635 + 53¢*° + 110g +201¢%° + - )

q_l(q4/5+2q+5q6/5+8q7/5—2q8/5+16q9/5+13q2+68q“/5+)
q—5/9(2q3/5 _q4/5 _ llq _ 11q6/5 +24q7/5 _ 11q8/5 + 11q9/5 + .. )
g5,4(r) — q72/9(_q2/5 _ 10q3/5 _ 7q4/5 _ 18q _ 18q7/5 _ 1036]8/5 _ 59q9/5 +-40)
(_2q1/5_q2/5+]4q3/5+5q4/5+19q_]4q6/5+6q7/5+123q8/5+)
g2 +6q"5 +8¢%° —6¢3/5 +18¢*5 +12q +74¢%5 + 779" + - -+)

a4 (g +2q%° + 6975 + 8¢%5 + 14¢°/5 — 16¢°> + 40¢'1/> + 649" 4 ..)
q—35/44(5q _4q6/5 _ ]2q7/5 _ 16q8/5 _ 28q9/5 +73q2 _74q11/5 +--4)
q719/44(_21q +6q6/5 + 18q7/5 +24q8/5 +42q9/5 _ 194(]2 + 1]2(]11/5 +-0)
q77/44(_2q1/5 _ 6(]2/5 _ 8(]3/5 _ 14q4/5 + 24q _ 40q6/5 _ 64q7/5 + .. )
gV (14495 +12¢% +16¢3/5 +28¢*/5 — 34g +72¢5 + - --)
q5/44(3 _ 2q1/5 _ 6q2/5 _ 8q3/5 _ 14q4/5 + 73(] _ 44q6/5 _ 76q7/5 + .. )

g0 =

g (1) =

The leading root that appears in g2’5 is the y©® image of ¢'/3 and thus appears with the same
multiplicity as ¢'/3. The leading term in the first row of all the vvmfs g>" form =1,...,5 is
associated with the simple real root m g, All appear with multiplicity +1 indicating the fermionic
nature of the root. These terms are consistent with adding the following term in Eq. (3.15).

13
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1
e

o
_ —mp
— 7ﬂ_1+21e . (3.17)
m=

This is the first term that cannot be a Borcherds correction due to the real nature of the root.
However, it would be a Borcherds correction if 8 were a fermionic null root. The first five terms
in the above expansion appear in our character expansions with the correct multiplicity. On the
product side given by Eq. (2.12), we can see that the root 8 appears with multiplicity —1 with the
roots mfB for m = 2... not appearing to the extent that we have checked. This is also consistent
with the claim in Eq. (3.17).

For N =2, 3, it expected that Bf,H L(AM)) is a BKM Lie superalgebra and a suitably enlarged
set Z should do the job. As far as we know, an explicit proof is not available in the literature. For
N =5, we expect a new set of real roots might appear at m = 10. In particular, it is known that
following two real roots of norm 2 could appear as they are present in the product side.

(4 9 . (6 11
“=19 20/ © =11 20

These are associated with the s/l(7) characters x40,18 and x40,22. They should appear as the

leading coefficient in the @ character decomposition of \Il((fio(Z) given below. The relevant
term in the second row is given in bold face and is vanishing.

q—5/2(q2 +2q11/5 +5q12/5 4 12q13/5 +27q14/5 + 114q3 +-40)
q785/42(0q2 4 8q11/5 4 27q12/5 4 20q13/5 4 ]7q14/5 _ 603q3 +-40)
q—67/42(35q2 _ 66qll/5 _ 207q12/5 _ 2286]13/5 _ 345ql4/5 + .. )
q717/14(2q7/5 _ 86]8/5 _ 26q9/5 _ 326q2 4 104q11/5 +4616]12/5 4. )
q 3% (5q — 16453 — 544715 — 40¢8/3 — 34¢4°/3 +1056¢° + - - -)
g 10r) = g P/42(=35¢ 4 664°/° +207¢7/° +228¢3/% 4+ 345¢%/5 + .. .)
q—5/14(_q2/5 +4q3/5 + 13q4/5 + 164q _ 806]6/5 _ 3186]7/5 4. )
g~ 10@2q' P +9¢%° —4g3> —25¢*3 —397q +102¢%° +---)
g% 8q'5 —27¢%5 —20¢3/5 —17¢* +603q —352¢°/° +-- )
g4 (=3 4+ 14¢ "5 +45¢%/ 4+ 44635 +59¢*° — 8129 +---)
@5 — 16" — 54925 — 40435 — 34¢*/3 4+-1056q + - - -)

The leading term in row 1 has weight 108 and multiplicity one. This is consistent with the
expansion of the term involving B conjectured in Eq. (3.17). The multiplicities are given by the

BSC HL (s/l(?)) character expansion. The coefficient of X4 20 is

fls,lo(t):TS(T)(q2+2q11/5+5q12/5+12q13/5 +27q14/5+114q3+0(q16/5)’
=q2+2q13/5+3q14/5+63q3+0(q16/5)-

11/5 12/5

The other potential real roots associated with g and ¢ do not appear.

4. Vector-valued modular forms

In the previous section, we obtained vector-valued modular forms of the congruence group
I'%(N). We would like to obtain closed formulae for the Fourier coefficients of these modular
forms. In [1], this was done by showing that the vvifs satisfied a modular differential equation.

However, those examples involved modular forms of the full modular group, PSL(2,7Z). So

14
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we construct vector-valued modular forms for the whole group following a two-step procedure’
First, we convert the Jacobi forms of T?(N) into Jacobi forms of the full modular group. We
obtain vector-valued Jacobi forms in this fashion. Next, we carry out the character decomposition
of the these vector-valued Jacobi forms and obtain vector-valued modular forms of the whole
modular group. The price we pay is that the rank of the vector-valued modular forms increases
by the index of the subgroup in PSL(2, Z).

4.1. Vector-valued Jacobi forms

The Jacobi forms \II(Oan (7, 2) belong to Jo ,, (I" O(N)). The Jacobi forms, obtained by the action

of S, Wé]\g[l’g](f, 2) ’S € Jo.m(T'o(N)). For prime N = 2, 3, 5, there are two cusps of width 1 and
N respectively. We restrict our discussion to only these three cases. We form a rank (N + 1)

vector-valued Jacobi Form (vvJF) of the full modular group, PSL(2,7Z). Let ¢ = \-IJ(()NW)l (t,2)

and define

Y(T,2)IS
¥(t,2)
V) = ¥ (t,2)|T

¥(z, )TN

The first entry is the contribution from the cusp at infinity and the other N are the contribution
from the cusp at zero. Note that 7V =1 at the cusp at zero. The vvIF, V, is reducible with T
having an off-diagonal action. We first make a change of basis so that 7T is diagonal. Consider
the Jacobi forms (with oy = exp(2wi/N))

~ 1= i ; )
Vit =— Y oy ¥(@IT), i=0.1,....(N—1) modN @.1)
N~

Now T has a diagonal action i.e.,

Vi@, )IT = (wy)' ¥ and  ¥(7,2)|ST =¥ (z,2)IS .

The rank (N + 1) vvIJF Y is reducible and decomposes into a Jacobi form for the full mod-
ular group and another one that is a rank N vvJF. The rank one Jacobi Form is given by the
combination

AM (2, 2) := Y (7, 2)|S + NYo(, 2) - (4.2)
and the irreducible rank N vvJF is given by

¥ (z,2)|S — Yo(t, 2)

V) () = Y ('T, 9 43)

1/NfN—1.(f, 2)

3 We learned this method from the work of Borcherds who obtains modular forms for the full modular group in this
fashion [20]. This procedure is called lifting by Bajpai in [21].
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The T matrix of the vvJF is
Ty = diag(1, wy, ..., (wy)V ™

and the S-matrix can be obtained from the following formulae.

~ 1 ~ N1
(0. 218 = Fo(r. ) [§ = == (4 (€. 215 = Fo(r. 2) + ~—— Y F;(7.2
j=1

YT+ j,)IS=v( —j',z) where j A0 and jj'=1mod N .

For fixed N, the S-matrix is independent of the index of the Jacobi form, Wy ,, (z, z) We thus
give the S-matrices for the three cases of interest.

1 4 4
L (-1 3 1
Sy—2=_< ) e S R (44)
2\ 3\t 2
1 6 6 6 6
1 3(3=v5) -1V —1+45 1(3+45)
I
Sy:s_g 1 —-1-v5 1(3+V5) 3 3—\/5) —144/5 (4.5)
IVs-1 1(3-V5) 1(3+V5) -1-+5

L 3(3+vE) —14v5  —1-v5 1(3-45)
4.2. Vector-valued modular forms

The procedure of the previous sub-section can be applied to all the Jacobi forms, \IJ(()an (t,2).

In the process we obtain one weight zero modular form that we denote by .A;nN) and a vvmf of
weight zero and rank N that we denote by V,(,,N) in obvious notation.

One can decompose the rank m Jacobi form V,S,N) in terms of @ characters, x4,,.2¢ for
£=0,...,2m to obtain a rank (;m + 1) N vector-valued modular form for the full modular group,
PSL(2,7). Since the rank grows fast, we will first study the N = 2 case where we get vvimfs of
rank 4 and rank 6. We are able to completely characterise the rank 4 example. The decomposition
is as follows: (with x = (N — 1)(m + 1))

81 Xdm,2m + 82 (Xdm,2m—2 + Xam,2m+2) + - + &m+1 (Xd4m,0 + Xdm,4m)

Yy :
m : )
8x+1Xam,2m + &x+2 (Xdm,2m—2 + Xam,2m+2) + -+ + &Nm+1)(Xdm,0 + Xdm, 4m)
which leads to the vvinf G = (g1, 82, ..., 8N+ 1))T. The S and T matrices are, however, easy

to write out. Let S\

and T)Em) denote the matrices obtained from scalar Jacobi forms of index

m as was considered in paper I [1]. Then, the S-matrix for the vvmf obtained from anN) is given
by

T=7"@T™ and S=5" @sm (4.6)

In this fashion, we obtain the data needed to determine the modular differential equation of
Gannon [14].
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4.2.1. An example
Consider Vl(z) which leads to a rank 4 example. We obtain the following 7" and S matrices.

1 -2 -3
1 -1 -1 3

Szﬁ—lz—l
11 1

T:diag(e*%,e%,e%’,e*%ﬂ> , “@.7

—_ N W N

The first few terms in the Fourier expansion of the vvmf are given below.

q~V* (1 +36q + 3759 +2162¢> + 10017g* 4 38550q° + 13244645 + 413478¢7 + - --)
g~ "1 (=3q — 93¢ — 681¢> — 3723¢* — 15879¢° — 58974¢% — 19518647 + - --)
q73/* (—8q — 128¢% — 936> — 47844¢* — 19968¢° — 72432¢° — 236392¢" + - - -)
q73/1% (24q + 264¢> + 1656¢° + 7848g* + 31104g° + 10855245 + 343992¢" + - -+)

Equipped with this data, we can determine the matrix differential equation of Gannon [14] to
which G is one of the independent solutions. The data that we need for a rank d situation are the
following:

1. an invertible set of exponents A, and
2. ad x d matrix x defined by

E(0):=(G1(r), Ga(1), ..., Ga(D)) =¢" (la+ x g+ O(g")) (4.8)

For our rank four example, we obtain
1 11 3 5
A=|——-,——,—,—— ] and 4.9)
4 127 4 12
—8400 1296 36 —15876
72 24 -3 =32

= , 4.10

X ~102 54 -8 432 (4.10)

1125 106 24 2800
leading to the four solutions (column 3 is our solution)
—8400g — 651744¢%  1296¢ +28512¢% 14 36q +375¢2 —15876q — 20944984>
A 72q + 4305642 24g + 20644 —3q — 934> 1 —32g —50161¢> +0( 3)

q 1 —102¢g — 3005142 54q + 22684 —8¢ — 12842 4324 + 22809642 q

1125 +115650¢% 14 106g +3047g%>  24q + 2644> 2800g + 5182244

4.2.2. Other examples

We are unable to determine the modular differential equations in the other cases. The next
lowest rank is six and we need to numerically determine twelve unknown constants. Our attempts
to numerically determine the modular differential equation failed. Until rank four, it is easy to
determine the modular differential equation making use of an observation of Gannon in [14]
which enables us to generate three linearly independent solutions given a solution. This puts
rank five within reach of numerical computation.
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4.3. The Jacobi forms Aan)

The A,(,{v ) are Jacobi forms for the full modular group. One can expand these as follows:

m
AN (.20 = "hyj (1) A(T. 2" B(r.2) (4.11)
j=0
where h;;(7) (j =0, 1,..., m) are modular forms of weight 2 j. Since the ring of modular forms

of PSL(2,Z) is generated by polynomials in E4(t) and Eg(t), we can characterise A,(nN)(t, z)
by a few constants. h;(7) = 0 since there is no weight two modular form for the full modular
group.

In this fashion, we can show that

AN (r,2) = A(z,2) = Up1(x, 2) for N =2,3,5,
(2)(1 72)=-Upo(7,2) .

In these two cases we obtain Umbral Jacobi forms defined in Eq. (A.14). That is not true in
general. For instance,

AP =0,

5 2
AY = mA(r 0 + = (AT, 9 B(1,2) = Z Es(1)B(1.2)° # Uy 3(1.2)
A§3) is however a linear combination of two solutions of the matrix differential equation satisfied
by the umbral Jacobi form [1]. We are not presenting the Jacobi forms that appear for N = 5.

5. Concluding remarks

In this paper, we have begun a study of the decomposition of the Siegel modular forms

,(Cl(vlz,)(Z) as denominator formulae for a Lie algebra under two sub-algebras of a Lie algebra,

BCH LA™, that we wish to understand. There is a natural product formula that provides the
product side of the denominator formula — this provides a description of the positive roots with
their multiplicities. The character decomposition that we study is a probe on the sum side of the
denominator formula. The work is preliminary as we focused on the first N terms that appear.
The N =5 case provides the first example of something new. It is the simple real root that we
called B with e=# ~ ¢1/3rs. Roots of type mf appear consistent with the expansion of

—o? —1+Ze

The terms for m =1, 2, 3, 4,5, 10 that appear in our study agree with the above formula. A
preliminary study shows that similar root with e =# ~ ¢/6rs appears for the N = 6 CHL orbifold.
We have checked that it again fits the above formula — we have verified that the first six terms
do appear with the correct multiplicity. While the evidence for this is compelling, an all-orders
proof is lacking. What is the Lie algebraic interpretation of this kind of ‘correction’ term? There
is a conflict between the following two properties of 8.

1. The root § has positive norm which suggests that it is a real root and should generate a rank
one osp(1,2) Lie superalgebra.
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2. It appears on the sum side like a Borcherds correction term for an isotropic root. It should
generate a rank one s/(1,2) Lie superalgebra.

A resolution of this conflict will go a long way in understanding the Lie superalgebra that we
seek.

We also need to work out the cases of N =4, 6. The eventual goal is the following: (i) Rewrit-
ing the sum term in terms of orbits of the extended Weyl group, (ii) Verifying that the orbits are
indeed Borcherds extensions for N < 4, (iii) For the N = 5, 6 examples, we need to have a good
description of all terms that don’t fit into a Borcherds extension.

The additive lift for the modular forms A,(CI(VA),) (Z) was studied in [4]. This was done by working
out the S-transform of the Hecke operator appearing in an additive lift of Cléry and Gritsenko.
This was done for a case by case basis. It would be interesting to carry it out for all cases and
obtain a closed formula for the sum side. This might enable us to prove that the examples for
N < 4 are indeed Borcherds extensions of g(A™).

Our approach to arriving at modular differential equations was blighted by the large ranks that
appeared when we constructed vvmfs for the full modular group. The ranks grew as N(m + 1) —
the factor of N coming in this process. Is there a way to write modular differential equations for
the congruence subgroup? The work of Bajpai might be a way to proceed [21]. Gottesman has
studied rank 2 examples of I'¢(2) in his work [22].
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Appendix A. Automorphic forms
A.l. Modular forms
Let H = (7 | Im(z) > 0) denote the upper half plane.

Definition A.1. A modular form, of weight k and character y, is a function f : H — C such that

fory = (‘C’ Z) € PSL(2.7), one has
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fley(@) =x) f(x), (A.1)
where

fliy@i=(ct+d)7* f(y-1),

at+b
ct+d”

andy -t =

The level N sub-group I'g(N) € PSL(2, Z) comprises those y with c =0 mod N. Similarly,
the subgroup I'(N) is defined by requiring b = 0 mod N.

The group SL(2,Z) is generated by two generators that are conventionally called the 7 and
S. One has

T:-7—>t+1 , S:1t—>——.
T

Let f(r) be a modular form of PSL(2,Z) with weight k. Then, f(N7) is a modular form
of To(N) and f(r/N) is a modular form of I'O(N) with weight k [23]. Let j be such that
(j, N) = 1. Then we have the following two identities that are very useful.

f@/N) | S=N*f(ND)
. o (A.2)
f (%) S=f (INJ )
with jj' =1 mod N. The second line follows from the observation that [24]

S-r—i—j_jr—l_G T—j
N Nt N '

_(J GJj'=D/N
where G = (N i > eIo(N).

A.l1.1. Examples
A very nice and practical introduction to modular forms is by Zagier [25]. We define the
modular forms that appear in our work.

1. The Dedekind eta function n(7) defined by (with ¢ = exp(27iTt))

n@=q"*[Ta-q™, (A3)

m=1

is a modular form of weight half and character given by a twenty-fourth root of unity.
2. The Eisenstein series: Let

Ex(t)=1-24) o1(n) q",

n=1

E4(t)=1+240) o3(n) q" . (A.4)

n=1

E¢(1)=1-504) o5(n) q" .

n=1
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E4(tr) and Eg(t) are holomorphic modular forms of PSL(2,7Z) with weights 4 and 6
respectively. They generate the ring of holomorphic modular forms of PSL(2, Z). Any holo-
morphic modular form of PSL(2,Z) can be expressed a polynomial of these two modular
forms. E5(t) is not modular but

2
E;(‘E) =Ey(t) — m )

is a non-holomorphic modular form of weight 2.

. The sub-group I'g(N) (for N > 1) has a holomorphic modular form of weight 2 given by

(V) 1 « . 1
EM(0) = ~ 1 (NE3(NT) — E5(1)) = ~ T (NE»(N1) — Ex(7)) , (A.5)

where we observe that the non-holomorphic pieces cancel away in writing the definition in
the second form. It is easy to show that

1
EMIS(r) = —NEQN)(z/N) .

Let p = 14129 ... N9 be a cycle shape, for a conjugacy class of M»4, with Zj jaj =24
Then, the product

N
no(0) =] [nGi) .

J=1

is a modular form I'g(N) with character given by an N-th root of unity [26] (also see [27]
for a slightly different version).

A.2. Ring of generators for I'g(N)

Let M(I'g(N)) denote the ring of holomorphic modular forms of I'g(N). We list the genera-

tors of this ring for the cases of interest (obtained from [28]).

e

PSL(2,7) has two generators: E4(t) and E¢(7).

M (I'p(2)) has two generators: Eéz)(r) and E4(271).

M (I"9(3)) has three generators: E§3)(r), E4(37) and E¢(371).

M (I'g(5)) has three generators: Eés)(r), E4(57) and njags = 7](1’)417(51')4.

A.3. Siegel and Jacobi forms

B,

The group Sp(4, Z) is the set of 4 x 4 matrices written in terms of four 2 x 2 matrices A,

C, D (with integral entries) as M = (é g) satisfying ABT = BAT, ¢DT = DCT and

ADT — BCT = 1. This group acts naturally on the Siegel upper half space, H», as

Z=<Z f/>|—>M~ZE(AZ+B)(CZ+D)_1.

Definition A.2. A Siegel modular form, of weight k with character v with respect to Sp(4, Z), is
a holomorphic function F : H, — C satisfying

21



S. Govindarajan and M. Shabbir Nuclear Physics B 989 (2023) 116127

FliM(Z) =v(M) F(Z) , (A.6)
for all M € Sp(4, Z) where the slash operation is defined as

FlyM(Z):=det(CZ+ D) * F(M -Z) . (A7)
A.4. Jacobi forms

In the limit T’ — ioco or s = exp(27wit’) — 0, a Siegel modular form ®(Z) has the following
Fourier-Jacobi expansion:

P(Z) =) 5" prm(T.2) .
m=0

The Jacobi group I'; is the sub-group of Sp(4,Z) that preserves the condition s = 0. The
transformation of the Fourier-Jacobi coefficients, ¢y ,, (7, z), under the Jacobi group is a nat-
ural definition of a Jacobi form. It is generated by two sub-groups, one is the modular group
PSL(2,7Z) embedded suitably in Sp(4, Z) and the other is the Heisenberg group defined below.

The embedding of (‘C’ 2) € PSL(2,Z) in Sp(4, Z) is given by

a 0 b O

a bY 10 1 0 O
(c d) “le 0 4 0 (A-8)

0 0 0 1

The above matrix acts on H» as
b 2
(Tv Z, G) — ar + ) ¢ , O — &« ) (A‘9)
ct+d ct+d ct+d

with det(CZ + D) = (¢t + d). The Heisenberg group, H(Z), is generated by Sp(2, Z) matrices
of the form

1 0 0 nu
T R ith A ez (A.10)
’MaK - 0 O 1 _)\’ w 7M9K .
0 0 0 1
The above matrix acts on H, as
(r,z,a)—><t,z—i—)»t—i—u,a—i—kzt—i—ZAz—i—Au—i—K), (A.11)

with det(CZ + D) = 1.

Definition A.3. A Jacobi form of weight k and index m is a map ¢ : H x Z — C satisfying
QO M(Z) =9(Z) ,
where ®(Z) := s" g (7, 2).

The power of s cancels the phases that appear for the Heisenberg group in the usual definition.
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A.4.1. Examples
The genus-one theta functions are defined by

Q[Z](I’Z)zzq%m%)z p+8) ginlh (A.12)
leZ

where a, b e (0,1)mod?2. We define 6, (z,2) = i 9[}]@,1), 0 (1,2) = 0[(1)](21,1),

6: (=0 | oande =02
The following two index 1 Jacobi forms (with weights 0 and —2 respectively) are important.
0x(t, 7)? n 03(t, 7)? N 04(t, 2)?
62(t,0)2 * 63(7,0)2  64(z,0)?
Boi(1,20) =) 0112 ="' =241+ 0(q) . (A.13)
We usually drop writing the weight and index of these two basic Jacobi forms. All weak Jacobi
forms are given by polynomials in these two Jacobi forms with coefficients given by modular
forms of appropriate weight [29, see Prop. 6.1].
Let f;i =6;(t,z2)/6;(z,0) for i € {2, 3,4}. The Umbral Jacobi forms at lambency ¢ are weak
Jacobi forms of weight zero and index (£ — 1) [2]. We list the three that are relevant for us.
Uoa(t.2)=4(f3 + f3 + fH=(++10+r) 4+,
Uo2(t.0) =20 13 + Lfi + £ = (7 +4+1) + -, (A.14)
Uos(t.2) =4f5fifi=(E+24r)+---.

Ao,l(r,z)=4[ ]:(r_1+10+r)+0(q),

A.5. Twisted-twining elliptic genera of K3

Let g denote a finite symplectic automorphism of K3 of order N. We denote one half of the
elliptic genus of K3 twisted by g” and twined by g°* by w(g‘?i’g Iz, 2)

lg*.8"]
W()‘?l ¢ (t,2)=

N '
5 Fay (@2 (A.15)

where F ((X}f)(r, z) are defined in [10] for prime N =2, 3, 5 as follows:

2
0,0
F((N) )(T, 7)) = —A(7,2)

N
RO @0 = g [Am 2+ VBB @] fort=s=(v-1)
rr 2 >
F((N)l)( 2) = N(N +1) [A(T’ 7) - B(z, ) E3" (%l)]

forl<r<(N—-1),0<I<(N-1).
References

[1] S. Govindarajan, M. Shabbir, S. Viswanath, &T(?) Decomposition of denominator formulae of some BKM Lie
superalgebras, Nucl. Phys. B 973 (2021) 115614, arXiv:2106.01605 [hep-th].

[2] M.C.N. Cheng, J.ER. Duncan, J.A. Harvey, Umbral moonshine, Commun. Number Theory Phys. 08 (2014)
101-242, arXiv:1204.2779 [math.RT].

23


http://refhub.elsevier.com/S0550-3213(23)00056-1/bib6FA8E42C8517B343C0B6925B79E38400s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib6FA8E42C8517B343C0B6925B79E38400s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib57BBD8B49BD79478A2792C37078085AFs1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib57BBD8B49BD79478A2792C37078085AFs1

S. Govindarajan and M. Shabbir Nuclear Physics B 989 (2023) 116127

[3]1 S. Govindarajan, S. Samanta, Two moonshines for L, (11) but none for M;,, Nucl. Phys. B 939 (2019) 566-598,
arXiv:1804.06677 [hep-th].
[4] S. Govindarajan, S. Samanta, BKM Lie superalgebras from counting twisted CHL dyons — II, Nucl. Phys. B 948
(2019) 114770, arXiv:1905.06083 [hep-th].
[5] R. Dijkgraaf, E.P. Verlinde, H.L. Verlinde, Counting dyons in N = 4 string theory, Nucl. Phys. B 484 (1997)
543-561, arXiv:hep-th/9607026 [hep-th].
[6] M.C.N. Cheng, A. Dabholkar, Borcherds-Kac-Moody symmetry of N/ = 4 dyons, Commun. Number Theory Phys.
3(2009) 59-110, arXiv:0809.4258 [hep-th].
[7] S. Govindarajan, K. Gopala Krishna, BKM Lie superalgebras from dyon spectra in Z y CHL orbifolds for compos-
ite N, J. High Energy Phys. 05 (2010) 014, arXiv:0907.1410 [hep-th].
[8] S. Govindarajan, Unravelling Mathieu moonshine, Nucl. Phys. B 864 (2012) 823-839, arXiv:1106.5715 [hep-th].
[9] D. Persson, R. Volpato, Second quantized Mathieu moonshine, Commun. Number Theory Phys. 08 (2014) 403-509,
arXiv:1312.0622 [hep-th].
[10] J.R. David, D.P. Jatkar, A. Sen, Product representation of dyon partition function in CHL models, J. High Energy
Phys. 06 (2006) 064, arXiv:hep-th/0602254 [hep-th].
[11] D.P. Jatkar, A. Sen, Dyon spectrum in CHL models, J. High Energy Phys. 04 (2006) 018, arXiv:hep-th/0510147
[hep-th].
[12] A. Sen, Walls of marginal stability and dyon spectrum in N = 4 supersymmetric string theories, J. High Energy
Phys. 05 (2007) 039, arXiv:hep-th/0702141 [hep-th].
[13] V.A. Gritsenko, V.V. Nikulin, On classification of Lorentzian Kac-Moody algebras, Russ. Math. Surv. 57 (5) (Oct
2002) 921-979, arXiv:math/0201162 [math.QA].
[14] T. Gannon, The theory of vector-modular forms for the modular group, Contrib. Math. Comput. Sci. 8 (2014)
247-286, arXiv:1310.4458 [math.NT].
[15] A.J. Feingold, I.B. Frenkel, A hyperbolic Kac-Moody algebra and the theory of Siegel modular forms of genus 2,
Math. Ann. 263 (1) (Mar 1983) 87-144, http://link.springer.com/10.1007/BF01457086.
[16] M.C.N. Cheng, E.P. Verlinde, Wall crossing, discrete attractor flow, and Borcherds algebra, SIGMA 4 (2008) 068,
arXiv:0806.2337 [hep-th].
[17] V.G. Kac, Infinite-Dimensional Lie Algebras, third ed., Cambridge University Press, Cambridge, 1990.
[18] S. Govindarajan, S. Samanta, Mathieu moonshine and Siegel modular forms, J. High Energy Phys. 03 (2021) 050,
arXiv:2011.07922 [hep-th].
[19] E. Cléry, V. Gritsenko, Siegel modular forms of genus 2 with the simplest divisor, Proc. Lond. Math. Soc. 102 (6)
(2011) 1024-1052.
[20] R.E. Borcherds, Automorphic forms with singularities on Grassmannians, Invent. Math. 132 (1998) 491-562, arXiv:
alg-geom/9609022.
[21] J. Bajpai, Lifting of modular forms, Publ. Math. Besangon Algebre Théorie Nr. 1 (2019) 5-20, arXiv:1705.08363
[math.NT].
[22] R. Gottesman, The arithmetic of vector-valued modular forms on I'g(2), Int. J. Number Theory 16 (02) (Sep 2019)
241-289, https://doi.org/10.1142/s1793042120500141.
[23] A.O.L. Atkin, J. Lehner, Hecke operators on I'g(m), Math. Ann. 185 (1970) 134-160.
[24] P. Niemann, Some generalized Kac-Moody algebras with known root multiplicities, arXiv:math/0001029 [math.
QA].
[25] D. Zagier, Elliptic modular forms and their applications, in: The 1-2-3 of Modular Forms, 2008, pp. 1-103, http:/
link.springer.com/chapter/10.1007/978-3-540-74119-0_1.
[26] M.C.N. Cheng, J.F.R. Duncan, On the discrete groups of Mathieu moonshine, arXiv:1212.0906 [math.NT].
[27] D. Dummit, H. Kisilevsky, J. McKay, Multiplicative products of n-functions, Contemp. Math. 045 (1985) 89-98.
[28] W. Stein, et al., Sage mathematics software (version 8.1). The Sage Development Team, http://www.sagemath.org,
2017.
[29] H. Aoki, T. Ibukiyama, Simple graded rings of Siegel modular forms, differential operators and Borcherds products,
Int. J. Math. 16 (03) (2005) 249-279.

24


http://refhub.elsevier.com/S0550-3213(23)00056-1/bibA0D36DFDC5BF497AE7880F1CB28F8978s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibA0D36DFDC5BF497AE7880F1CB28F8978s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibEBF8A2451E37D5B878D376F4707C7E2Es1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibEBF8A2451E37D5B878D376F4707C7E2Es1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibF01F57ACA0D64E63735CFF4F0C84A4B1s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibF01F57ACA0D64E63735CFF4F0C84A4B1s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib0CDD0C6A9B7CD9858E9B33758265A9C0s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib0CDD0C6A9B7CD9858E9B33758265A9C0s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib493B90A9DCFA5253BB85CE7540A8CE98s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib493B90A9DCFA5253BB85CE7540A8CE98s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib1A853295D7F878BE357CC8BD019EC04Fs1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib1AEB6F331B89302CC6CB33E02C3D448Ds1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib1AEB6F331B89302CC6CB33E02C3D448Ds1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibC0E80EE03F47B6D4F9594EC77D459876s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibC0E80EE03F47B6D4F9594EC77D459876s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib874BEC7FD08C3AE59239B4CC5DC197DBs1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib874BEC7FD08C3AE59239B4CC5DC197DBs1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibE28B5496F41A8E1BDD08A1C24DF49770s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibE28B5496F41A8E1BDD08A1C24DF49770s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib57AF84A226729E497B10422AA016A0E7s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib57AF84A226729E497B10422AA016A0E7s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib32DBBE6B5C3D8F22DA6963EEF130EAABs1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib32DBBE6B5C3D8F22DA6963EEF130EAABs1
http://link.springer.com/10.1007/BF01457086
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibCF3C82CCA969AAB3E10BAF7CBD77EAC7s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibCF3C82CCA969AAB3E10BAF7CBD77EAC7s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib702E97483AF4D7DF0BB4D6932A43B409s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib045BFE535EE0D2682F510CD99BA5D803s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib045BFE535EE0D2682F510CD99BA5D803s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibD76842F114AF7888AD2E83824C9EA277s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibD76842F114AF7888AD2E83824C9EA277s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibBEB21EB7B58938CAE05A0D4BA113982Cs1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bibBEB21EB7B58938CAE05A0D4BA113982Cs1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib1889AA76BBB325141935AE9905323008s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib1889AA76BBB325141935AE9905323008s1
https://doi.org/10.1142/s1793042120500141
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib482935F24529D9B0960BD164B1B92F69s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib5AE068CBE69A397BD67AE3E66F87B800s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib5AE068CBE69A397BD67AE3E66F87B800s1
http://link.springer.com/chapter/10.1007/978-3-540-74119-0_1
http://link.springer.com/chapter/10.1007/978-3-540-74119-0_1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib3998521F21355C387FC0AF7692F21A54s1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib5C1CED6721E7FF9E30B3D5B8F07E1424s1
http://www.sagemath.org
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib13AFAE2F8CFD7F8560A34CCCB51601CBs1
http://refhub.elsevier.com/S0550-3213(23)00056-1/bib13AFAE2F8CFD7F8560A34CCCB51601CBs1

	sl(2) Decomposition of denominator formulae of some BKM Lie superalgebras - II
	1 Introduction
	2 The Lie algebra background
	2.1 Embedding sl(2) in g(A(N))
	2.2 The BCHL(A(N)) Lie algebras
	2.3 Covariance under the extended Weyl group

	3 Deconstructing the Lie algebra
	3.1 Details of the examples
	3.1.1 N=2
	3.1.2 N=3
	3.1.3 N=5

	3.2 Characters of sl(2) and BN(sl(2))
	3.3 VVMFs from sl(2) decomposition
	3.4 The vvmfs
	3.4.1 N=2
	3.4.2 N=3
	3.4.3 N=5


	4 Vector-valued modular forms
	4.1 Vector-valued Jacobi forms
	4.2 Vector-valued modular forms
	4.2.1 An example
	4.2.2 Other examples

	4.3 The Jacobi forms A(N)m

	5 Concluding remarks
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Acknowledgements
	Appendix A Automorphic forms
	A.1 Modular forms
	A.1.1 Examples

	A.2 Ring of generators for Γ0(N)
	A.3 Siegel and Jacobi forms
	A.4 Jacobi forms
	A.4.1 Examples

	A.5 Twisted-twining elliptic genera of K3

	References


