T Available online at www.sciencedirect.com

ScienceDirect
PHYSICS B

ELSEVIER Nuclear Physics B 989 (2023) 116128

Check for
updates

www.elsevier.com/locate/nuclphysb

From orthosymplectic structure to super topological
matter

L.B. Drissi “"¢, E.H. Saidi “**

& LPHE-MS, Science Faculty, Mohammed V University in Rabat, Morocco
b peter Griinberg Institut and Institute for Advanced Simulation, Forschungszentrum Jiilich & JARA, D-52425 Jiilich,
Germany
€ Centre of Physics and Mathematics, CPM, Morocco

Received 12 September 2022; received in revised form 12 February 2023; accepted 17 February 2023
Available online 24 February 2023
Editor: Stephan Stieberger

Abstract

Topological supermatter is given by ordinary topological matter constrained by supersymmetry or graded
supergroups such as OSP(2N|2N). Using results on super oscillators and lattice QFT, we construct a super
tight binding model on hypercubic super lattice with supercharge Q =Y ) ﬁk.qk.l}k. We first show that the
algebraic triplet (€2, G, J) of super oscillators can be derived from the O Sp(2N|2N) supergroup containing
the symplectic Sp(2N) and the orthogonal SO (2N) as even subgroups. Then, we apply the obtained result
on super oscillating matter to super bands and investigate its topological obstructions protected by TPC
symmetries. We also give a classification of the Bose/Fermi coupling matrix gy in terms of subgroups
of OSp(2N|2N) and show that there are 2Py (partition of N) classes g given by unitary subgroups of
U (2) x U (N). Other features are also given.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Supersymmetry in Lorentzian 4D space time and higher dimensions plays a crucial role in
the study of relativistic superfield theory [1] and superstrings [2]. This Bose/Fermi symmetry is
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not an exact symmetry at our energy scale; if it existed in early universe, it is now broken. For
that, several efforts have been made to find footprints of supersymmetry in particle physics at
high energies; but still without direct experimental evidence. Supersymmetry in non relativistic
physics has also received some attention [3—10]; supersymmetric models have been constructed
in numerous fields such as condensed matter [11], statistical and quantum mechanics [12-14],
optics [15,16] and cosmology [17].

Recently, a special attention has been given to supersymmetric topological phases of matter [18—
25] and supersymmetric entanglement [26-30]. There, super models [31,32] were constructed
by using fermionic f «/ f; and bosonic h* / l;; oscillators coupled as

N N
N N A BT A
o- 2 flwlir o= 2 H[()] &
o,B=1 ao,f=1
A simple coupling matrix A% is given by the diagonal frequency matrix 8gﬁ leading to the fa-

miliar quantum supercharge Q = /v f; b“. The Hamiltonian H of this super oscillator is given
by the quadratic composite Q QT + Q' O generating four contributions H £f + Hpp + Hypp + Hpy
namely:
(i) a quadratic fermionic Hyy = f; (h f)(; f # with coupling matrix & F= AAT.
(ii) a quadratic bosonic Hpp = 1;2 (hb)% bP with coupling matrix 4, = ATA; and
(iii) two quartic terms Hy, and Hpr, compensating each other, given by the coupling
+/1h1 [A® AT] fb.
On the other hand, it is quite well known that, besides supersymmetry, the bosonic and fermionic
oscillators share several common features; but show also different behaviours due to their
d1fferent quantum statistics. In this regard, the bosonic oscillator operators combined like
= b ) are described by the symplectic symmetry Sp(2N) of the phase space &,; of
statlstlcal physics [33]-[34]; they are characterised by the symplectic structure Q48 given by
the commutator BABB — BB BA. However, the properties of the fermionic oscillator operators,
combined as F4 = ( f “ fa 1), are described by the orthogonal symmetry S 0(2N ) and are char-
acterised by the metric G# given by the anti-commutator FAFB + FBFA [35-37]. Because
of the Bose/Fermi symmetry of the oscillating B / F system, it is legitimate to ask on: (i) the
relationship between supersymmetry and the combination of the orthogonal and the symplectic
structures, (termed below as the orthosymplectic structure). (ii) the seek of lattice super QFTs
governed by the orthosymplectic property for probing supersymmetric effect in non relativistic
settings; and (iii) the use of the orthosymplectic idea to approach super topological matter while
imposing discrete TPC symmetries in the same spirit as in the derivation of the periodic table
classifying the topological insulators and superconductors in tenfold way classes [38].
In this paper, we contribute to super topological matter and super band theory from the view
of the orthosymplectic structure represented by the triplet (€2, G, J) with Q2 and G as above;
the J is a complex structure found to be given by the intersection .G ~! and described by the
intersection U (N) symmetry of Sp(2N) and SO (2N). We show that the algebraic properties of
the super oscillators are nicely described by the super group O Sp (2N|2N); which when com-
bined with lattice super QFT methods and TPC symmetries, allow to approach the topological
properties of the super bands. Among our results, we cite the following:

(1) the construction of a super tight binding model (TBM) for lattice supermatter described by
a supercharge Q quadratic in local oscillator field operators f* (r;), b? (r;) as follows
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(1.2)

with coupling matrices k (r, r ,) and x (r, -r ,) assumed translation invariant. This su-
percharge can be presented shortly as Fr, Jij B ; ;5 its square generates the super hamiltonian

Hguper given by (i) the sum Fy, (hf) Frj + By, (hp)ij Brj with coupling (hf) and (hy);
quadratic in J;;, and (i) two extra terms that kill each other (Bose/Fermi compensatlon
effect).

(2) the determination of the intrinsic properties of the super Hgyper and its topological dis-
tortions. By using the Fourier transform, the supercharge operator expands as Y Qx with
Fourier modes Q given by the quadratic form ﬁk.qk.ék. The local gy living on the Bril-
louin torus T is a 2N x 2N coupling matrix valued in the bi-fundamental representation
of Sp(2N) x SO(2N ) with sub-bloc matrices N x N given by the Fourier transforms of

Kij, K;J, Hij, X Here we show that the super Hamiltonian Hg has two main contributions:
(i) A fermion dependent (Hx) s given by Fi.h f.Fk with coupling matrix as by = q,Z qu
and Zy = 0; ® Iy. It can carry non-trivial topological distortions as for non super Altland-
Zirnbauer (AZ) matter. (ii) A boson dependent Hj, given by ék.hb.ék with coupling matrix
hy, = qltqk; it has a trivial topology.

(3) the derivation of constraints on the coupling matrix gy that are required by the embedding
of N = 2 supersymmetric quantum mechanical matter (A = 2 super QM) within tight bind-
ing models based on the orthosymplectic osp(2N|2N). In these regards, we distinguish two
supermatter systems: orthosymplectic (ORTIC) and supersymmetric (SUSY). We also give
solutions for g which turn out to be classified by (i) the complex structure J represented
by the diagonal U (N) subsymmetry of the OSP(2N|2N) supergroup; and (ii) the TPC sym-
metries of AZ matter.

The presentation is as follows: In section 2, we study the structure triplet (2,G,J) =71
of supersymmetric oscillator operators from the view of symplectic Sp(2N) and orthogonal
SO(2N) symmetries. In section 3, we give the relation of the triplet T with the orthosymplec-
tic OSp(2N2|N) super group; and its link with the graded algebra of quantum super oscillator.
In section 4, we study the link between the orthosymplectic osp(2N|2M) Lie superalgebra and
N =2 super QM. Using properties of osp(2N|2M), we build out of @ several observables
including two interesting ones termed as orthosymplectic (ORTIC) Hamiltonian H,,;; and su-
persymmetric (SUSY) Hamiltonian Hj,y. In section 5, we develop the study of super tight
binding model by using the orthosymplectic supergroup representations and methods of lattice
super QFTy. In section 6, we investigate the topological properties of the super TBM. In sec-
tion 7, we give a conclusion and make comments. Last section is devoted to two appendices: In
appendix A, we deepen the study on the link between: (i) A/ = 2 supersymmetry on world line,
(ii) orthosymplectic osp(2|2) superalgebra and (iii) N'=2 U (1) superconformal invariance. In
appendix B, we develop the oscillator realisation of the osp(2N|2M) used in our tight binding
modelling and in the construction of the supersymmetric fivefold ways of [20].

3



L.B. Drissi and E.H. Saidi Nuclear Physics B 989 (2023) 116128

2. Orthosymplectic structure

In this section, we study two building bloc structures 7 and 7 of “orthosymplectic”” manifolds
KC [39] with the aim of using them later to investigate topological supermatter. These building
blocs are given by the following triplets,

1= wJ) , T=(GQJ) 2.1

They have an interpretation in the quantized phase space of free supersymmetric oscillators. The
g and G will be associated with fermions /, the @ and Q with bosons &; and the J and J7 give
the link between them.

First, we introduce the above triplets as recently formulated in [40]. Then, we investigate their
useful properties. We show that they constitute main pillars in dealing with the superalgebra of
supersymmetric quantum oscillators and its representations; thus offering a new way to think
about (2.1).

2.1. Revisiting the (g, w, J) and (G, 2, JT triplets

Following [40], the triplet T = (g, @, J) and its dual 7 = (G, Q, JT) play an important role
in the construction of the bosonic and fermionic Gaussian states. These are algebraic structures
that have representations in terms of non degenerate real rank 2 tensors 7 in its three variants:
contravariant 748, covariant 74z and mixed ’T; as follows

B

8AB ) WAB ) Jy

AB AB A 2.2)
G , Q , J%
with (J AB Y =1J AB. For later use, we give below those interesting properties regarding the tensor
realisation of the triplet (g, w, J). Similar things can be written down for (G, €2, J Ty,
The real g4p is symmetric (gT = g) and positive defined (detg > 0). It acts as an orthogonal
metric, it maps SO (2N, R) contravariant vectors B (fermions) to the covariant ones like

Fa=gagl® . r2=G6%r¢c ., GBca=6" (2.3)

This metric is invariant under orthogonal transformation; i.e.: AgAT = g with transformation
matrix A belonging to the orthogonal group SO (2N, R).

The wap is the usual antisymmetric symplectic structure (o’ = —w, detw # 0). It acts as a
symplectic metric on contravariant vectors £ 5 (bosons) to map them to covariant ones like

Ex=wapt? , £8 =QBC%c , QBCwcp =58 2.4)

This symplectic metric is invariant under symplectic transformations; i.e.: SoST = » with ma-
trix S belonging to the group SP (2N, R) [41].

The mixed tensor J is the complex structure living on the Kahler space K with square J2 = —I;4
showing that J behaves as the pure imaginary number unit i (i = —1). An interesting definition
of J g‘ is given by

J4=0Q%gcp (2.5)

from which we learn that it can act on both the orthogonal vectors f (fermions) and the sym-
plectic vectors & (bosons). For example, we have
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JgrE = QA 2.6)
Eadf = —£%gcs '
and
ArB AC
EadpF = Q EA:CECB @7
= —gcB§"F
as well as
FaJgr® = Q%rarc 25
Eadgs® = —geptCE’ '

To distinguish the labels of the SO (2N) and Sp(2N) representations, we use bqlow dotted labels
for SO (2N); for example 4, gap and Jg = QACgCB will be replaced by FA, gip and Jg =
QAC gc¢ i~ The last relation requires the identification of the labels C and C; this feature will be
discussed later.

2.1.1. Duality and constraint relations
The rank 2 tensors (2.2) realising the 3+3 components of the triplets (2.1) are not all of them
free; they are subject to relationships and constraint equations that we describe here after:

e Duality relations
As noticed before, the (g, w, J) and (G, 2, J T) are dual between them. The duality relations
are given by

(«GCB = 8B yAsB = 54
s PR (S 29
waCcS2 = 485 . ‘ICJ[; = (SB
These relations read in a condensed way as follows
g G = +4+hy , JJT = +hy
0wQ = +hy , J'J = +hy (2.10)

e Constraint Equations
Amongst the above mentioned 3 basis components of the two triplets, only two of them
which are really basic ones. For example the symplectic w4 p of the bosonic sector and the
g4 of the fermionic sector. The following relations express one element of the triplet as a
product of two others:

J = Qg , JI = —g.Q
2.11
J = —-Gow ; JI' = 4G 211
and
Q = +J.G , Q = —-GgJT
G = —-JQ , G = +QJT (2.12)

Eq. (2.11) captures the feature that the complex structure J and its underlying unitary group
U (N) is given by the intersection of the orthogonal and the symplectic structures as depicted
by the Fig. 1.
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GL(N,C
0Sp(2N|2N)

Sp(2N,R) SO(2N,R) U(N|N)

Fig. 1. On the left, the unitary group U (N) as the Intersection of three groups: the GL (N , C) in green color, the
SpP (2N, R) in blue; and the SO(2N, R) in red. On the right the U (N|N) supergroup as a graded subsymmetry of
OSP (2N|2N).

e Refining the constraints
From egs. (2.11)-(2.12), we deduce remarkable relationships; in particular the two following:
(i) the triple intersection relation

w.J.G=1Iy (2.13)

which can be also expressed in different, but equivalent, ways.
(ii) the transformations

JGJT = G , JQJT
JTeJ = g , JTw] = w

|
Q

(2.14)
which are useful for explicit calculations.

2.1.2. Canonical representation of the triplets

If thinking about the symmetric matrices g and G as given by the identity matrix I, then the
complex structure J coincides with the symplectic structure as shown by substituting in (2.13)
g = G = Dy; thus leading to

w.J =1y (2.15)
For this canonical choice, we have J = Q and J7 = w. In matrix notation [26],
_(In O e 0 Iy
G_<O IN) , J-Q-(_IN O) (2.16)
Because of the property J? = — Iy, one can define two interesting quantities:

e The two projectors

1
Py = E(Iidiil) .17
with
(Po)*=Pr , Pi+P_=1Iy (2.18)

e Given a real contravariant (resp. covariant) vector £4 (resp. £4) with 2N components, one
can construct two chiral vectors Ej’i (resp. éj‘t) given by

&4 EA4igpED
g0 = g -ispe”

(2.19)
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SU(N) ‘—H H—.—.

Op3 On-2 Oln-1

Oln-2 Olp1

s G—O— @ 0—0 009

o O

o @—@—@-

Oln-2

Fig. 2. The Dynkin diagrams of the unitary SU (N), the SP (2N) and the SO (2N) groups. By cutting the simple root
apy in SP(2N) and the SO(2N), we obtain the diagram of SU (N).

and

&4 &5 +iJjEa
&5 = En—iljEs 220

2.2. Supersymmetric phase space 5 ZN‘ZN

So far we have used variables and structures carrying charges of the symmetry groups
Sp(2N), SO (2N) and SU (N). The unitary group SU (N) is a subgroup of Sp (2N) and of
SO (2N) as schematized by the Fig. 1. This feature can be also exhibited by using the Dynkin
diagrams of the Lie algebras of these Lie groups as given by the Fig. 2. The diagram of SU (N)
has (N — 1) nodes while those of Sp (2N) and SO (2N) have N nodes [42]; by cutting the node
ay of Sp (2N) and SO (2N), one obtains the graph of SU (N). This unitary group SU (N) plays
an important role in our present study; we put it aside for the moment; we will take it up later.
Moreover, we will think of the symplectic (bosons) and the orthogonal (fermions) groups as

Gg=Sp(2N) x SO (2N) (2.21)
that is the even part of the orthosymplectic group [43]
OSp (2N|2N) = Gy x Gy (2.22)

with G7 given by (2N, 2N), the bi-fundamental representation of G with 2N standing for the
fundamental representation of Sp (2N) and the 2N referring to the fundamental representation
of SO 2N).

Among the relevant features of OSp (2N|2N) and the realisation of the orthosymplectic man-
ifold IC for our present study, we cite the supersymmetric phase space 52 12N
coordinates like

A
A_ (8§ ' bosons
"= (AA ) < <fermions) (223)
and super label A = (A, A). The bosonlc £4 is a vector of Sp (2N) with label taking values
N0 The fermionic A4 is a vector of SO (2N) with label

with graded

as A =1,...,2N; it parameterises E

7
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A=1, s 2N ; it parameterises Sg‘th.
Because of the Z,- grading of supersymmetry, the orthosymplectic space K has two kinds of

variables: bosonic phase space variables &4 and fermionic ones A4 splitting as follows

A_ x’) i (v 2.24
§ _(P1 , AT = y,;’ (2.24)

where x/ and p; refer to the position variables and their momentums. The yxl and ylf are real
fermionic variables; they are the super partners of x’ and p;.

2.2.1. Bosonic sector of K
The IC contains the bosonic phase space 51272”0 of Hamiltonian systems as a subspace where

live the Sp (2N) symplectic symmetry. The gihN\O is coordinated by the N + N Darboux vari-

ables x/, pr with label I =1, ..., N. These real symplectic variables can be combined into two
interesting ways: (i) Sp (2N, R) vectors; or (ii) U (N, C) complex vectors.

(1) As Sp (2N, R) vectors £4 and &4 given by

5A=(;j) b= (—prat) (2.25)

with x! =&’ and p; = £/*N_ The contravariant &4 and the covariant &4 vectors have 2N
components and are related to each other by the metric as

Ea=owapt® =g (2.26)
with antisymmetric w4 p and its inverse 242 thought of in terms of their canonical form as
follows

_ 0 —Iy AB __ 0 Iy
WAB = < IN O ) 5 Q = —IN 0 (227)

Using two vectors £4 and &'8, their symplectic invariant is given by £4£'4 = wpEB£4. By
substituting (2.25), we get

sag"™ = pj — prx! (2.28)

capturing manifestly the property wap£4£8 = 0 because of the commutativity property of
the bosonic variable namely £4£8 = £B£4 and anti-commutativity of the symplectic metric
WAB = —WBA-.

(2) As U (N, C) vectors by using complex coordinates like

d=x"+ip; , a=x! —ip; (2.29)

in term of which the symplectic invariant £4&’4 is given by the imaginary part of 7 I

484 =Tm (z?z") (2.30)

So, the real 2N dimensional bosonic phase space 5,2,}1:”0 is homomorphic to a N-dimensional

complex space that we imagine it here as C" but with metric (2.30). Notice that the complex
variables can be also combined as
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th = <§;> . la= (—z?,z’) 2.31)

with reality condition ({“‘)>i< =, given by ¢4 = wap¢ 8. The passage from the ¢ -coordinate
basis to the £-coordinate is given by

¢A=PheB (2.32)
with
a_ (80 st
Pp = (55 st (2.33)

2.2.2. Fermionic sector of K

In addition to the bosonic E;tho

an odd part which is coordinated by the N 4+ N fermionic variables given by (yXI , ¥p1)- For the

, the space K contains also a super extension EngZN. This is

particular case N = 1, the odd space 52‘,12 has two real variables (yy, y,) while the full space

Ei‘hz has four real variables: two bosonic (x, p) and the two fermionic (yx, yp); that is super
coordinates as

Z=(x.p:yx.vp) (2.34)

As far as the generic odd sub-superspace Eglth is concerned, notice that its coordinate variables

can be also combined into two ways, the same as for the bosonic E;tho:

(1) As real orthogonal vectors A4 and A 4 like
. i .
A_ | - .
M= (Vpi ) o a=(nirg) (235)

where we have used dotted labels A, I in order to distinguish them from the labels A, I of

eq. (2.25). The contravariant A4 and the covariant A 4 vectors are 2N dimensional; they are
linked by

ri=gpht . aA=GAByy (2.36)
with symmetric metric g 4z and its inverse G48 whose canonical forms are as
L IN 0 AB _ IN 0
gAB‘( 0 1N> A W 37
In terms of these orthogonal vectors, we can calculate interesting quantities like
gish" NV =il vy (2.38)

from which we learn the property g4 3 2418 = 0 because of the anti-commutativity property
fermionic coordinates (A418 = —AF14) and the symmetry g AiB=8RAi-
(2) By using complex fermionic variables

Bl =vl+iv,i . Bi=vl—iv, (2.39)

9
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in term of which we can also define

x/‘=(§;> = (887) 240

and
giix2xh =pipl + B B3 (2.41)
with the property gABXBXA =0.
3. Supersymmetric oscillators and observables

In this section, we give the relationship between the triplets (2.1) and the free supersymmet-
ric oscillator algebra and its observables. We also construct the super oscillator realisation of
the orthosymplectic symmetry and derive a family of observables O, (&, 1) which includes the

supercharge Q = Q(é ) operator and the supersymmetric Hamiltonian
0°=H , H=H,+H 3.1)

For that we begin by studying the algebra of the N + N quantum super oscillators. We refer to
this supersymmetric algebra as the generalised super Heisenberg algebra (for short SHA?VI2V),

3.1. The super algebra: SHA?NI2N

The supersymmetric oscillator algebra is an extension of the usual Heisenberg algebra of
quantum bosonic oscillator b = (£ + ip) /+/2 by harmonic fermionic operators & = (P, +
iVp) /~/2. Here, the b/b" and the ¢/¢' satisfy graded commutations relations; in particular
[b,b'1 =1 and {¢,é) = 1 describing SHAZ?. For the generators of SHA2V2N  we have
2N + 2N operators

. po9l v e b BLoe & (3.2)
in one to one with the even coordinates x/, pI (l;, l;T); and the odd yxj s Vpi (c, ET). These opera-
tors obey the following graded commutators [44],

fp) = . Gl = el
[xl,x]] = 0 , {y,-p,ypj} = djj 3.3)
[pr.ps] = 0 , Dp = 0

and vanishing crossed relations. For the particular case N = 1, the four generators of SHA?? are
given by X, p, Py, 7 they obey the following non trivial relations

(£, p]=i
N2 a2 1
(Vx) = (Vp) = Elid 34
?x ];p = _)?p);x
A typical realisation of these relations is given by

10
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=
I
=

- 1
Yx = 501
. . (3.5)
p - l ox ’ Yp - EUZ

where 01 = 0, and 0, = o, are Pauli matrices. For the generalised super Heisenberg algebra
SHAZNI2N  the above realisation extends as follows

d
f=x! , b1 :ia—[ (3.6)
X
and
x «/E ’ pl «/E

where FA = (Fﬂ -1 in ) are 2N dimensional Clifford algebra

rArd | pBpA — o545 (3.8)

with 848 thought of as the canonical form of the orthogonal metric GAZ. In this regard, notice
that

»AB — ?(FAFB —r8r4) 3.9)
1
are the generators of the spinor representation of SO (2N, R).

3.2. The SHA?NIZN and the triplets (2.1)

We study two aspects of the SHAZV?N superalgebra. First, we show that the graded commu-
tation relations (3.3) defining the SHAZNIZN are intimately related with the triplets (2.1) which

we recombine into three pairs as follows.

QAB AR JA

(r,7) =< iB T B (3.10)
G 84k Ji

This link indicates that egs. (3.3) can be expressed in three different, but equivalent, ways de-

pending on the algebraic structure we want to exhibit. Second, we construct the orthosymplectic

symmetry underlying the quantum super oscillators and the super Hamiltonian underlying their

dynamics.

3.2.1. Three bases for SHA?N12N

Below, we give the three bases we can use to write down the graded commutators of the
SHA2NI2N Lje superalgebra. These three bases are distinguished by the tensorial properties of
the generators namely (i) contravariant, (ii) covariant and (iii) mixed.

(1) Contravariant basis {4, 24} .
Using the contravariant supersymmetric oscillators operators £4 and A4, associated with su-

per coordinate variables £4 (2.25) and A4 (2.35), the graded commutation relations defining

the SHA2V 12N read as follows
A £B — jQAB
5] ) 3.11)
(A% A°) = G

11
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and vanishing others. In this definition, the right hand side of (3.11) are given by the con-
travariant symplectic SAZAB and orthogonal GA# structures.

Covariant basis {4, A 4}

The super SHA2NIZN (3 3) can be also defined by using the covariant operators £4 and
A 4, associated with the phase space super variables £4 and A ;. The non vanishing graded
commutation relations of £4 and A 4 are given by

(64,681 = iwas (3.12)
Aisrgl = gias
In this definition, the right hand side of (3.12) is given by the covariant symplectic €24 and
the orthogonal G 4 5 structures.

Mixed basis
The superalgebra SHA?V12V in the mixed basis is defined as follows,
EA £ _  _ijA
65651 = —iJ (3.13)

where the right hand side is given by the complex structure J é and its transpose J f . This
complex structure is related to the symplectic and the orthogonal structures by (2.11) namely,

2N 2N
Ip== Y G*wcs . IE= " @F%, (3.14)
C=C=1 C=C=1

Notice that the requirement of the condition C = C breaks the S p(2N) x SO (2N) down to
the diagonal S[U (2) x U (N)]. The mixed basis can be derived from (3.11)-(3.12) by using
eq. (2.11). Indeed, starting for example from the superalgebra (3.12); then multiplying both

sides of the super commutators by GAC and QA€ like

GACléc,Epl = G Cucy 215
QAC{)A\):} — QAC,.. G.15)
(ol X0 3 B 8¢h
and setting
) 2N N 2N
Eh= Y G . M=) et (3.16)

C=C=1 c=C=1

we end up exactly with eq. (3.13).

3.2.2. From SHA*N PN 10 orthosymplectic osp (2N|2N)

Given the super oscillators operators éA and A obeying the SHAZVI?N (3.11), we can con-

struct quantum observables O(é ) given by polynomials of éA and A4 as

As
we

N

M
Ongn = Z Z“Al...AkAl...Az (ENEA QAT LAY (3.17)

k=1 1=1

illustrations, we have for N4+-M= 1, the two basic O(; ) = £4 and Oq,1) = A For N+M=3,
have the four following generators

12
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Fig. 3. Distinguished super Dynkin diagram of the orthosymplectic Lie algebra osp(2m|2n). The «;’s on the nodes are
the simple roots of the Lie superalgebra. The green node is fermionic while the (symplectic) red and (orthogonal) blue
ones are bosonic.

Opo) : ENEBEC ; Opyy : E4BLC
£EASB3C SANBAC (3.18)
O @ EZAPA , O3 = AAPA
In what follow, we study the interesting set of observables O(y,m) given by quadratic monomials;
that is observables Oy v With labels constrained like N+M= 2. This set is generated by

OAB _ ALB, OAB _ EASB, OAB _ 5 A3B (3.19)
We show amongst others that these observables generate the osp (2N|2N) orthosymplectic Lie
superalgebra.
Recall that the osp (2N|2N) Lie superalgebra has two sectors: (i) an even sector g given by
sp 2N) @ so (2N) having 4N 2 bosonic generators. (ii) an odd sector Gy given by the (2N, 2N)
representation of Gz. This module G; has also 4N 2 Fermionic generators. The distinguished
Dynkin super diagram of the orthosymplectic group OSP (2N|2N) is given by the Fig. 3.

A) Symplectic sp (2N) and orthogonal so (2N)

We begin by noticing that the quadratic monomials of the quantum bosonic oscillators g4 give
the so-called oscillator representation of the symplectic Lie algebra sp (2N, R). Similarly, the
quadratic monomials of the fermionic oscillators A4 give the oscillator representation of the or-
thogonal Lie algebra so (2N, R) Lie algebras. The sp (2N) and so (2N) are bosonic Lie algebras
with respective generators X (4%) and 71451 realised in terms of the super oscillator operators as
given below

Lie algebra bosonic generators dim
sp(2N) | 2KAB) = EAEB L EBEA | NN + 1) (3.20)
so2N) | 2g[4B] = GA3B _jBRA | NN —1)

These generators K(A5) and 71481 can be also presented in terms of the usual creation b /¢
and annihilations b/¢ as follows

ICAB=<}ICCIJJ IICC§> ’ JAB=<~7[; ‘711) (3.21)
7 1J Ji Jij
with
Kl = plpY , g = gl
Ki = bl +1s5] : gl o= &l - Ls] (3.22)
ki = BB S SR

Notice that the ICIJ s IC§ operators are the generators of U (N) C Sp(2N); and the J I.j T JI oper-
ators are the generators of U (N) C SO(2N).

13
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B) Fermionic operators F45

These operators F48 are given by crossing products of the bosonic §A and fermionic A% oscil-
lator operators like

]_-AB — éAiB (3.23)
They split in terms of U (N) x U (N)' labels as follows
. pled  plat Fli Gl
FAB — ( e od ) =L Y (3.24)
byc blcj G, F;j

The interesting features of these operators are listed below:
(i) they are fermionic generators.
(ii) they relate bosons and fermions. We have

{}—AB’iC}:GBCé_:A , []_—AB’éc]:iQAC):B (3.25)

(iiii) The set of the operators K42, 7 AB and FAB generate the osp(2N|2N) orthosymplectic Lie
superalgebra; it contains u (N|N) as a sub- superalgebra. The even sector of these superalgebras
read as

osp (2N|2N);
u(N|N)g

sp(2N) @ so(2N)
u(N)@®u(N)

(3.26)

while the odd sectors are respectively given by the bi-fundamentals (2N ,2N ) forosp 2N|2N)7i;
and (N, N) and (N, N) for u (N|N)j.

4. From osp(2N[2M) to super QM

In this section, we use properties of the orthosymplectic osp(2N|2M) Lie superalgebra to
build Hamiltonians Hj,, modelling supersymmetric quantum mechanical systems with two su-
persymmetric charges (N = 2 super QM)

0=01+i0, , 0'=01-i0 (4.1)

First, we describe the osp(2|2) orthosymplectic model as a theory enveloping N = 2 super QM.
Then we embed the N = 2 super QM into the larger osp(2N|2M) theory with integers M > N >
1.

To that purpose, we begin by studying osp(2|2) theory having four conserved fermionic charges
obeying general graded commutation relations to be given later. To avoid confusion between the
osp(2|2) orthosymplectic (ORTIC) superalgebra and supersymmetric (SUSY) algebra, we refer
to the osp(2|2) supercharges as Qospap (sometimes also as Q,,ric) and to the supersymmetric
ones like O,y because the latter obeys extra constraints. The Qs o characterising the osp(2|2)
theory is given by a fermionic operator valued in the odd sector of osp(2|2); by using (3.24), we
have Qosp,, = D ApAF BA expanding like

. . _j .
Qospyp = tIJ'FJI —i—r]JG; + ijI +S”Fjl € 0SP(2)2); 4.2)
where A, are complex numbers. The Hamiltonian Hyyp,, of this theory is given by the an-
ticommutator {Qosp,, , stm\z}? it is valued in the even sector of osp(2|2). The Qj,smlz is the

14



L.B. Drissi and E.H. Saidi Nuclear Physics B 989 (2023) 116128

adjoint conjugate of Qusp,,; in general it is different from Q,qp,,; but we may also have

stpm = Qospypp- So, given Qospapp» We can construct a family of observables in the osp(2|2)
theory by using the anticommutators as

o
{Qospz‘za Qosp2|z} = Hospz‘z
{Qospz‘z, Qoxp2|2} = Zospz‘z (4-3)
T T il
{Qospg‘za Quspz|2} = Zospz‘z
valued into osp(22)5. We also have commutators like
[H()sz‘za Qospz‘z] = Qospzp (44)

valued into 0sp(2]2)7. To engineer supersymmetric quantum mechanical models (super QM) out
of the osp(2|2) theory, we have to impose constraints required by supersymmetry (SUSY). A
basic set of such constraints is given by

{Qospz‘zs Qospz‘z} =0 s [Hospg‘z ’ Qusp2|2] =0 (45)

Under these SUSY constraints, the supercharge Qosp,, and Hogp,, reduce respectively down
t0 Qsusy and Hy,gy; they sit in particular subspaces of the odd and even sectors of osp(2[2).
Notice that for the case of one complex SUSY charge (Qz,”y # Qgusy), we talk about N' =2
super QM while for hermitian Q,sy, we have N =1 super QM; for further details see appendix
A. Notice also that the construction given in this section can be also viewed as a front matter
towards the building of tight binding models for super AZ matter living in the Brillouin Zone
[45-48]; see next sections. There, the Qmm‘2 and Hospyp, (resp. Qsusy and Hyyy) should be read

as QiSp 2 and HESP 22 (resp. Qiiu‘vy and leusy ) with k standing from the momentum variable in
the Brillouin torus.

4.1. The osp(2)2) model

Here, we first construct the osp(2|2) orthosymplectic model based on Qs paps then we derive
the constraint relations towards A" = 2 super QM resting on QOsusy. After that, we work out
typical solutions for Hamiltonians Hy,, descending from Q;y.

4.1.1. Oscillator realisation of the osp(2|2) structure

The engineering of a simple orthosymplectic model that is invariant under the graded
OSP(2|2) symmetry relies on using one fermionic ¢/¢' oscillator and one bosonic E/ET de-
scribing super particle excitations super QM. In terms of these quantum oscillators, the eight
generators of the osp(2|2) Lie superalgebra are realised as follows:

e Generators of the even sector
The four bosonic operators generating the SO (2) x SP (2) subsymmetry of OSP(2|2) are
given by
bosonic generators ~ : Jo So Sy S_
oscillator realisation  : }—1 (3% — 551') }—1(1;11; + l;l;j) %I;TI;T %I;l;
with 2Jo = (Ny — 1/2) generating SO(2); and 289 = (N}, + 1/2) being the Cartan charge

operator of SP (2,R). These four generators obey the usual commutations relations of the
s0(2) @ sp (2) Lie algebra; see appendix A.

(4.6)
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e Generators of the odd sector
The four fermionic operators generating the odd sector of osp(2|2) transform in the (2;2)
representation of SO (2) x S P (2); they are denoted like F ?, with g = £ labelling the charges
of so(2) while p = % the charges of sp(2). The oscillator realisation of the F ({,’s reads as

follows
fermionic : FT F . F i F_ @7
realisation : &b ¢bt &bt ¢b '

2 '=F* and (F%)" = F7; and (i) the nilpotency

with (i) the adjoint conjugations (F
(F ',’,)2 =0 due to é¢ = 0. By using the notation ¢ and b, the above fermionic generators

A

can be also presented collectively like F% = 95 p with 0t =07 and 0~ = 0.

A) Graded commutations
The anticommutation relations between the fermionic operators are given by

{FZ.F} = 25 -2J [FT,F7} = 2S+20
[FZ,FT} = 25 , {F1.FT} = 25, (4.8)
[FZ.F{} = 0 [Ff.Ff} = o0

where appear the observables Sy + Jy and where F Z does not anticommute with F  because
they are equal to S,;. The commutation relations between the four fermionic F ‘[’, and the bosonic
step operators S4 read as follows

[S-.F'] = 0 [S¢. F1] = —F%

tl

4.9
[S+.Fi] = 0 [S_.F1] = +F' 4.9)

while the commutators of the F?,’s with the Cartan charge operators are given by [Jo, F?,] =
qF?%/2 and [So, F})] = —pF?/2 or equivalently

[Jo+ S0, F4l = 5LF)
[Jo—So. F3] = 9EF)
B) Consequences of eqs. (4.8)-(4.10)
We begin by noticing that in general the four fermionic F (117 do not commute with the Cartan
operators Jo & Sp; so they cannot diagonalise in the same basis. This feature is read from (4.10);

for p = g, we find that F Z commutes with Jo + Sp; but does not commute with Jy — Sp as shown
below

(4.10)

[Jo+ So. Fil = 0
Z . 4.11)
[Jo—So, Fql = gqFy
Similarly for p = —q, we have a vanishing [Jo — Sp, F7 4] =0 but a non vanishing commutator

[Jo + So, F Zq] =qF Zq. This violation of the commutation relation of Jy £ Sp with the four
fermionic F?, is a feature of the orthosymplectic model.

To find bosonic operators commuting with the four fermionic F i, we need to either reduce
osp(2|2) to particular sub- superalgebras; or go to the enveloping algebra of osp(2|2); for exam-
ple by considering the Casimirs of osp(2|2). A tricky way to engineer a quadratic operator C
commuting with the four fermionic generators, that is obeying
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[C,F4]=0 (4.12)

is by taking advantage of the structure of eq. (4.10). Thinking of C as given by the product of
the Cartans (Sp + Jo) and (Sp — Jo); we end up with C = Sg — ]02; thanks to SoJo = JoSo. By
computing the commutator between F f,l, and Sg - JOZ, we find that it vanishes identically; this is
because of the property g2 = p> =1.

4.1.2. From osp(2|2) towards N = 2 super QM

The odd sector of osp(2|2) has four fermionic charges given by the two complex F T, FT, and
their adjoint conjugates F_, F . This sector is suggestive for building (i) orthosymplectic mod-
els with diagonal observables proportional to Sy + Jy and Sy — Jo; and (ii) deriving N = 2 super
QM models with supersymmetric hamiltonians Hj,, obtained by constraining the OSP(2|2) in-
variance.
To build observables OUSP2|2 characterising the osp(2|2) models, we consider a complex fermionic
charge Qosp,, Which is given by a generic linear combination of the osp(2|2) fermionic genera-
tors as

Qospn = D XqFy . 0, =D > F,XJ (4.13)

p=tqg==% p=tqg==%

with F(;, as in (4.7), IT’Z = (F;I,)T and where the Xf; is a complex 2x2 matrix which in tight
binding modelling is interpreted in terms of hoppings. Using this fermionic charge and its adjoint
QF, we can construct the Hamiltonian Hpsp,, describing the OSP(2|2) model. It is given by

HOSP2\2 = QOSP2|2 lepm + QZspzn QOsz\z (4.14)

By substituting (4.13) into (4.14) while using the short notation Hg,s ={Fi F ¥} with anticom-
mutators {F%, F?} valued in 5o (2) @ sp (2) as shown by eq. (4.8), we can present the Hospy, as
follows

Hospy, = Z XgHg;X; (4.15)

So the hamiltonian Hospyp is generally valued in so (2) @ sp (2); and as such it has the typical
expansion foSo + f+S— + f-S+ + goJo with fo +, go some coupling parameters that can be
read from Xg X > and where So +, Jo are the generators of so (2) @ sp (2) given by eq. (4.6).
Notice also that for osp(2|2) models, the Qospyp, 18 in general not nilpotent (Q%,sz‘ , #0) and the
Hamiltonian Hyp,, does not commute with Qsp,,; i.€.:

2
HOSPz\z QOSPz\z a QOSPz\z Hosm\z ’ Qaspz‘z #0 (4.16)

To construct N' = 2 super QM models out of the osp(2|2) orthosymplectic ones based on
Qospapy» We impose the N = 2 supersymmetric algebra on 1D world line (ID A = 2) which
is defined by the following graded commutation relations

{Qv QT} = Hsusy
{0, 0} = 0 (4.17)
[Hsusys Q] = 0

In these regards, notice the following: (a) the graded relations (4.17) can be also interpreted in
terms of the A= 1 supersymmetry in 2D world sheet generated by the 2D Majorana opera-
tor Oy = (Q1, Q); for details see appendix A. (b) For QT = Q, the relations (4.17) reduce to
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2Q2 = Hsusy-
A simple realisation of the above 1D N =2 superalgebra (4.17) in terms of the quantum oscil-
lators ¢ and b is given by the following family of supercharges

0=¢'B, Q'=BT¢ (4.18)
where Q has no dependence into ¢ and where the bosonic operator B and its useful properties
are given are as follows
= Xb+b'y B,B"] = z
BY = b'X471b ’ XX-YY = Z

o3>

(4.19)

Here, the AX anAd Y are two comPleZ( parameters and Z = XX — YY is the discriminant of the
mapping b — B. The quadratic B' B and BB operators descending from (4.19) read as follows
BBY = XXbb'+YYbTb+ XVbb+YXbThT

LAY 4.20
BB = XXxb'b+YYbb' + XYbb+YXbTb' (4.20)

Notice that the relations (4.20) are just linear combinations of the generators Sy 4+ of the sym-
plectic sp(2,R) subsymmetry of osp(2|2); they read as follows,

BB = 2(XX+YY)So+2XYS_ +2YXS, +1Z
B'B = 2(XX+YY)So+2XYS_+2YXS, —3Z @.21)
B'B+BBY = 4(XX+YY)So+4XYS_+4YXS,

where in addition to Sy + given by (4.6) we have a central charge Z commuting with them. From
the particular oscillator realisation (4.18), we can perform several calculations and derive first
results of the embedding of 1D A = 2 supersymmetry into osp(2|2). Particular results are as
listed below:

e Algebra of B and B':
Using eq. (4.19), we calculate the useful commutation relations

[é*é, BT] -8z [é*é, é] —_7B (4.22)

They reduce to the usual [BTB, 137] = bt and [l;*l;, l3] = —b for the case Z = 1 corresponding
to XX =1 and Y = 0. From these relations, we learn that +=Z are some how charges of the
new bosonic oscillator under the bosonic operator number BYB.

e Nilpotency constraint equation {Q, Q} =0:
We can also check that we have indeed the nilpotency condition Q% = 0 required by 1D
N =2 supersymmetry. This feature follows from the nilpotency of the fermionic oscilla-
tor namely (6T)2 = 0 and the commutativity XY = Y X. Though trivial in this example,
the last commutativity relation is required when embedding N = 2 super QM models into
0sp(2N|2M).

o Supersymmetric Hamiltonian Hgyyy:
The realisation of the supersymmetric Hamiltonian operator Hj,y in terms of the oscillators
b/b" and ¢/¢" reads as follows

Hysy = BB+&z¢
| (4.23)
b
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with BB given by (4.20). In terms of the SO (2, R) x SP(2, R) generators Jo and So +,
the above supersymmetric Hamiltonian is given by the following linear combination

Hyusy =2(XX +YY)So+2XYS_+2YXS, +2ZJ (4.24)

with Z = XX — YY. From this supersymmetric Hamiltonian, we learn the bosonic and the
fermionic contributions to Hj, sy namely

Hpose = 2(X)_(+YY)S()+2XY57+2Y}_(S+

4.25
errmi = 2ZJo ( )

o The commutation Hg,sy Q = Q Hgysy:
Using the oscillator realisation (4.18)-(4.19) of the supercharge Q and the supersymmet-
ric Hamiltonian Hj,y,, we calculate the commutator [H,sy, Q]; we find that is equal to
¢t ZB — ¢t Z B which vanishes identically. In this regard, notice the two following: (i) Given
a supersymmetric highest weight state |¢) (ground state) constrained as

Ql¢) =0, Hlp)=¢4|¢) (4.26)

its super partner |y) is given by QJr |¢) with the property Hyysy [¥) = &4 |¥); thanks to
the commutation Hy,sy Q = O Hyysy. Obviously such property does not hold for Qosm‘2
because Hosp,, Qosp,, differs from Qosp,, Hosp, - (i) By thinking about Hysy in terms of

its bosonic contribution Hp,s. = BT B and the fermionic H fermi = ¢tzé as well as on free

fermi bose

total energy €4 as the sum ¢ +¢,
H fermi commutes with Q since we have

, we learn that neither Hp,s, commutes with Q nor

[Hpose» Q1=—ZQ ., [Hfermi, Q]=+Z0 (4.27)
But, from these remarkable relations, we learn that
2 2 2
|:Hbose’ Q] = I:I_Ifermi7 Q] =770

with [Dz, Q] given by the adjoint action [D, [ D, Q]] and where here the operator D stands
for Hpose and H ferpmi. Moreover, using (4.26), we end up with

Hpose ) = (e§7=2) )
‘ (4.28)
Hremi ) = (e +Z) W)
So for bosonic ground states with sfi’f” = eéjerml = 0, their fermionic partners |y) have
also vanishing energy ¢4 but with opposite contributions £Z from bosonic and fermionic
excitations.

4.2. N =2 super QM within OSp(2N|2M)

A more involved realisation of orthosymplectic osp(2|2) models and consequently the N =2
super QM ones is given by embedding osp(2|2) into OSp(2N|2M) with M > N > 1. Here, the
modelling relies on using N fermionic &' / 5; oscillators and M bosonic b / l;; with label i running
from 1 to N and label @ =1, ..., M. But later, we will restrict the study to M = N.
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4.2.1. Realisation of OSp(2N|2M)

In terms of these N+M quantum graded oscillators ¢/ and b?, the generators of the osp(2N|2M)
Lie superalgebra are realised as follows:

1) Even sector of OSp(2N|2M)
The even part of OSp(2N|2M) is given by SO(2N) x Sp(2M); the oscillator realisation of the
orthogonal SO (2N) and the symplectic Sp(2M) generators is given by

SO(2N) Sp(2M)
o = i(de-edl)| so= (b + 58] w20
o = L@e —¢iey | sleft = L(pepP 4 pPhe '
R S N T T
Of, = 1 (ci & - cjci) Sty = 1 (bj,bﬁ + bﬂba)
The N + M commuting Cartan generators are as follows
L fini ain | PN A
=7 (c[c' —éel ) o Sa= BB+ BB (4.30)
with no summation on the labels.
2) Odd sector of OSp(2N|2M)
The 4NM fermionic generators of OSp(2N|2M) are given by
o _  Afta i _  Aijo
¢f = b ’ = @31)
G, = ¢{'b) , Fiu, = &b}

they carry eigenvalue charges under the J; and the S, operators generating the Cartan subsym-
metry of OSp(2N|2M). For example, we have [J;, GY'] = —i—%&-lG? and [Sg, Gf] = —%SQﬂGf}.

4.2.2. ID N =2 supersymmetry
A particular realisation of the 1D N = 2 supersymmetric charges Q and Q7 is given by the
extension of the representation (4.18) reading as follows

o=¢B . of =8¢ (4.32)

constrained by the supersymmetric constraints Q2 = 0 and [Hyysy, Q] = 0 with hamiltonian.

Hyusy = {0, OF}. In these expressions, the bosonic operators B’ and B/ are defined by the
following linear combinations

B =X +biy* . Bl =Y b* + b X" (4.33)

where the complex coupling tensors X, & and Y% are respectively N x M and M x N rectangular
matrices; they will be constrained below by imposing the superalgebra (4.17). From the relations
(4.32)-(4.33), we can calculate useful quantities; in particular the following ones:

e Algebra of Bi’s and éjl s
It is given by the following commutations

(B, B1=27 .  Zi=XLXY -V}, (4.34)

and
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B, Bl = Al , Alill = xiyei _ xlye
[“I' A.;_] - - =% _“_a (4.35)
[Bl,B]] = Al] , Al] = Yioth _ch(Xl'
As far as these commutations are concerned, notice the two following: (i) the commutation
BB/ = BJ B requires Al/l = 0. (ii) By expressing this antisymmetric tensor like

Al = (X.Y)7 — (X.Y)! (4.36)

with (X.Y )ij =X fx Y% the vanishing condition Al =0 can be solved by taking (X.Y )ij =
nxy GV with G a symmetric tensor and nxy a complex parameter.

e Supersymmetric Hamiltonian
The supersymmetric Hamiltonian is defined by {Q, QT} = Hyysy; by substituting (4.32)-

(4.33) and using the algebra of the B'’s, we obtain

Hyusy = Bl B' +¢] 2167 4.37)
having the property Hpose + H fermi With
H = A*é'
bose ATI (4.38)
Hfermi = C; Z

The bosonic Hamiltonian BZT B! can be also presented in other ways like: (i) in terms of b*’s
and l;;s as follows

BIB = BL(XPXi)be +b) (vPX¥)bi+
_ (4.39)
b (X0 ¥a) b +bf3 (Tip¥) b}
(ii) in the matrix language as
v B yi Bi yo ho
— (5t Aﬁ) Xp Xy YOXP (D
Hpose (bﬁ’ b ( XgYia  YigYV™ b (4.40)
and (iii) by using the generators of SO(2N) x SP 2M),
é:éi = Z(Xi?ﬁ) S(aﬁ)-f-ZYai)_(ﬂS'(aﬁ) @41)
+2 (X“x;3 +yoi Ylﬂ> sh-1z '
with Z =tr (Z;) given by
Z=XX! —Y" Vi (4.42)

e the conditions {Q, Q} = [ Susys Q] =0
First, the nilpotency property Q2 = 0 of the supersymmetric algebra follows from two things:

(i) the anticommutations c ! ;= —cch which usually hold; and (ii) the commutations

BB/ = BJ B which are ensured by demanding Al//1 = 0 solved by (X.Y)"/ = nxy G/,
Regarding the vanishing of the commutation relation [Hmsy, Q], we use the splitting
Hgysy = Hpose + Hpermi; then calculate first [Hpose, Q1, which by using the previous re-

lationships, leads to —AITZII.B" with Zf as in (4.34). Doing the same thing for [H fepmi, Q1.
we end up with the value E;ij. B/ which cancels the previous contribution.
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4.3. Towards tight binding modelling

In this subsection, we give a useful parameterisation of the fermionic and the bosonic oscilla-
tors to be used in the construction of tight binding modelling of super AZ matter.

4.3.1. The ¢/¢% and b/b* as local field operators

Here, we will think about the fermionic 6/5? and the bosonic 13/13T operators, used in the
building of the fermionic charges Q, in terms of local field operators as ¢ (r;) /¢t (r;) and
B(r,-) /l;Jf (r;). These local fields living on lattice with coordinates r; will be used later for the
study of the tight binding modelling of super AZ matter.

A) Local fermionic oscillators _ ]
The complex fermionic +/2¢/ (r) = p/(r) + ifj;(r) and its adjoint \/Eé;f(r) =pl(r) —iH;(r)

combine into the orthogonal SO(2N) vector A4 (r) = ¢/ (r), éi(r)) with [ = 1, ..., N and off

diagonal metric g ;5. In this parametrisation, the ¢ (r) transforms in the fundamental repre-
sentation of the maximal unitary U (N) contained in SO(2N) and the 8;(r) transforms in the
anti-fundamental. Notice that, it is the hermitian vector operator

Ny i

FAr) = (31 (r)) (4.43)
1;(r)

made of the Majoranas that transforms under the vector representation of SO (2N) with diagonal

metric § 4 ;. The passage between the two frames is given by M) = Vg‘ﬁ B(r) with

i L (8t i8]
Vi = 7 <8§ —i6§> (4.44)
B) Local bosonic oscillators

The complex bosonic v/2b7 (r) = X (r) +i Py (r) and its adjoint +/2b] (r) = X (r) —i P; (r) form
the symplectic S P(2M) vector £4(r) = (b’ (r), b} (r)) with label I running from 1 to M. In this
parametrisation, the b’ (r) transforms in the fundamental representation of the maximal unitary
U (M) contained in SP(2M) and the EI(r) transforms in the anti-fundamental. Here also notice
that, it is the real vector

A (X ()
¢ (r)_(ﬁz (r)) (4.49)

that transforms with the usual antisymmetric symplectic w g. The bridge between the two frames
is given by £4(r) = U ¢® (r) with

1 I Y

=354 )
C) Oscillators on lattice L _

The graded symmetry of the above super oscillator system (¢/, by is given by the orthosymplec-

tic OSP(2N|2M). It contains the SP(2N) x S P(2M) invariance and the U (N) x U (M) group as

bosonic subsymmetries. Moreover, to build tight binding super models, we have to think about

the bosonic é A and the fermionic A4 oscillators as local lattice QFT, operators labelled like
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YU ! SA 5{(&‘)

§ “”‘(z;j'(r,.)) - (“)—(a;(ri)> (447)
and

Ean=bjm b @) L Aen=(g @) (4.48)

with variables r; referring to the oscillators’ positions in the hyper cubic lattice IL as in the
Fig. 4. By using the hermitian phase space operators (X!(r;), P;(r;)) and the Majoranas

(DN ;(r;)) that make the local complex bosonic bl (r;) and the local complex fermionic
¢l (r;), we can also express the above éA(ri.) and XA(rl-) in terms of the hermitian sp(2N, R)
field 4 (r;) and the so(2N, R) Majorana /4 (r;) given by

TALN )gl(ri)> ~rA . _(Pl(rl)> 4.49
¢ (rl)_<P1(r,~) , Fo@r) = 7o) (4.49)

4.3.2. Restriction to OSp(2N|2N)

In the analysis given below, we restrict the orthosymplectic symmetric OSP(2N|2M) down
to the particular case where M = N. This constraint has been motivated by the modelling of
supermatter living on the hypercubic super lattice of the Fig. 4 for which the L 7¢,,; is isomorphic

to Lyes.. However, our analysis can be also used for super lattices ]L;Ae/;mi /Ll()ﬁ/lsl with M #£ N.
Indeed, following [20], there exist several super lattice constructions involving different numbers
of fermionic and bosonic oscillators (M # N). To fix the ideas, we cite here after four examples

of such lattice pairs,

2D 2D 3D 3D
fermi ]Lbose H"fermi ]Lbose
Honeycomb Kagome ; Hyper-honeycomb | Hyperkagome (4.50)
Square-octagon | squagome Diamond Pyrochlore

For explicit details regarding the super bands associated with the super lattices in eq (4.50),
we refer to [20]. Moreover it is interesting to notice that the quantity v = M — N defining the
super-dimension of the graded space RV has interesting interpretations; in particular: (i) as
the so-called Maxwell-Callading index of topological mechanics given by eq(5) of the work
[20]. (ii) like zero modes of the supersymmetric Hamiltonian (flat bands); and (iii) as values of
non vanishing Witten index Tr(—)NF [57].

From the above description, it follows that models with orthosymplectic OSP(2N|2N) have a
vanishing index v = 0 and then no flat bands. Within this picture, we demand the two following
conditions for our OSP(2N|2N) model:

(1) Local OSP(ZAN|2N) invariance on Lz}ttice: A
The bosonic £ (r;) and the fermionic A (r:) —or equivalently the symplectic ¢4 (r;) and the
orthogonal /4 (r;)— live on identical hypercubic lattices ®¢ and ®; isomorphic to Z4 with

size |©| = L9 This feature insures that the number of degrees of freedom of the bosonic é ’s
is equal to the fermionic A’s; thus the OSP(2N|2N) invariance. The two O = Lpose and
0®;. =L fermi are as illustrated in the Fig. 4 for the example 2D square lattice. So, the super

lattice ®¢/0O; has 2N local bosonic (I;I (r), l;; (r)) and 2N local fermionic (¢ (r), 6; (r))
operators; thus inducing a local OSP(2N|2N) symmetry on the Brillouin Zone.

23



L.B. Drissi and E.H. Saidi Nuclear Physics B 989 (2023) 116128
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Fig. 4. 2D lattice made of two identical sublattices: Bosonic operators live on red sublattice ® . Fermionic operators live
on the blue sublattice ©;,.

(2) Fourier modes of field operators&A (r)and [ A (r)
The 4N local hermitian oscillator operators X! (r), 131 (r), ﬁi (r), 1j (r) —or equivalently
the complex b! (r), 6i (r) and their adjoints Z;}L (r), 6; (r) — sit in a unit cell of the super
lattice subject to a periodic boundary condition. It has 2N bosonic (b! (r), I;; (r)) and 2N
fermionic (éi (r), 6; (r)) operators in agreement with the OSP(2N|2N) symmetry requiring
an equal number of degrees of freedom.
The momentum modes qSﬁ‘ = ()A( I 131k) and f ]‘é = ()7k1 , Nj) descending from the Fourier

transform of the ¢* (r) and 4 (r) (equivalently b (r), é! (r)) are given by the usual rela-
tion

F (k) = Z —krp (p) (4.51)
re@
where F (k) stands for (,zAbA k) = ¢k and for s A k) = ,f A Similar relations are valid for
the b’ and ¢ ck descending from bl (r) and &/ (r); they read as bl = (XI + lP]k)/«/E and
&= (yk +i7j)1)/~/2. These Fourier modes will be used below.

5. ORTIC and SUSY tight binding models

In this section, we use the orthosymplectic group properties (3.20)-(3.23) to develop the study
of the osp(2N|2N) orthosymplectic (ORTIC) and the N - supersymmetric (SUSY) tight binding
models respectively based on the fermionic Qs and Qjysy charges. The section is organised in
three subsections; the first subsection concerns the ORTIC and the SUSY observables on lattice.
The second regards the ORTIC and the SUSY tight binding models. The third subsection deals
with the building of osp(2N|2N) and N = 2 super TBMs.

5.1. ORTIC and SUSY observables on lattice

Here, we extend the observables (3.17)-(3.19) of the orthosymplectic algebra to band theory.
We focus on two particular observables Qorho and Hypho as well as Qsusy and Hgysy; they are
quadratic in the super oscillator operators and are related as described here below:
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Fig. 5. Coupling of fermions and bosons. Here, the fermionic X (in blue) interacts with its four closed neighbours £ (in
red). The coupling is given by J (in green). Similar couplings can be drawn for a bosonic site.

(1) the orthosymplectic Oy ho .
This is a fermionic charge givenby 3, Ai () T3] ’gé B (r;) with local field operators Ai=

(c1 AI) and SA (b’ bi ;) as in eqs. (4.48)-(4.47). It reads explicitly as

Qortho = & )L 17B (07) + & ) [Ty 1B (vy) +

ol pJ AT it 5.1
&t (ri) [(J3)ij1j,07 (xj) + ¢ () [(J2);517 b (x))
where [(J])ij];’ [(‘12)’7]”’ [(J3)ijlj;» and [(J4)ij]; are coupling tensors. This fermionic
O ortho Which reads also as

— (AT (. N (J])ij (JZ)U ) (rj)
Qortho = (¢; (i), ¢ (7)) ( J3)i; (Ja)ij (I'J) 5.2)

defines the orthosymplectic TBM; it is characterised by the translation invariant coupling matrix

Jij = J (ri —r;). For a hermitian fermionic charge (Q0 itho = Qortho)s the coupling tensors J 1,

J2, J3 and J 4 are related like J 4=J1and J 3 = J2. Anillustration of this coupling is given by
the Fig. 5. By performing the Fourier transform, the (5.1) can put Qgyho into the form ) ) Ok
with Fourier modes Qg constituting the basic object of the orthosymplectic TBM.

(2) Orthosymplectic Hp, and supersymmetric Hgysy
The orthosymplectic Hh 1S related to the fermionic Q gpho as follows

2Hortho = [Qortho- Q;rmho] (5.3)

Notice that for a fermionic charge that is nilpotent (Qg ctho — 0) and commuting with the or-
thosymplectic Hamiltonian ([ Hortho» Qorthol = 0), €q(5.3) should be read like

2Hsusy = [Qsusy- Qlusy] (5.4)
with
qusyy qusy]] = 0
5.5
EHsusy, qusy = 0 (53)

For Q;Lusy # QOsusy, €qs(5.4)-(5.5) define the N = 2 supersymmetric band theory while for
Q;fusy = Qsusy, it defines N =1 theory. Eq. (5.5) defines the supersymmetric constraints that
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distinguishes Qgugy from Qqpp; the SUSY models form then a subfamily of ORTIC models.
Moreover, being an even operator and quadratic in the super oscillator operators; the Hgiho
(resp. Hsusy) splits as the sum Hy + Hjp with (i) fermionic contribution having the form

Hy = Z)“r, (h f) kr that can be interpreted as in the realisation of the AZ table; and (ii)
bosonic contribution like Hp = Y Sr, (hp); ,]Er_/.. Furthermore, using translation invariance and

the Fourier modes Qk = Q_x, we have Q = > ) O—x which by renaming the variable as

ortho —
p = —kis equal Qgho; then we also have Hypho = Q?)rth o
tian Qsysy leading to Hsuysy = qusy.

To deal with the Qgho (resp. Qsusy) and the Hyppo (resp. Hsusy), we start by the oscillator

The same feature holds for hermi-

operators on lattice represented by the Fourier modes él? and )A‘kc' with symplectic/orthogonal
labels A/A ranging from 1 to 2N. They read in terms of the usual b /¢ operators as follows

. l;] . ) N
=) - e
1

with momentum vector k = (k1, ..., kg) parameterlslng the Brillouin torus T¢. For later calcula-
tions, we use the adjoint conjugation property bk ;= =b_y; and cT = ¢_,j relating Fourier modes

at k and —Kk. Using the operators ék and )‘kC’ we calculate the following graded commutators

E2.E80=2% | Oy hpy)=Gep (5.7)
with 2N x 2N matrices ZA8 and G ¢p as follows
1J ..
AB _ [ 8 0 o _(%i O
Z _< 0 _5”) , GCD—< 0 KL (5.8)

they read in a condensed form as the tensor products Z =o0; ® Iy and G = 09 ® Iy with oy,
referring to the 2 x 2 Pauli matrices. Notice that to get the relations (5.7), we used the properties

[bf. b7, =38"7 and [B),. b1 1= —51s aswell {¢] .. &7} =5;; and {¢f . éLy} = 5K From
these expressions, we learn the interesting relatlons
Sesh=z" + A& . Aehaw=GCep —hkphie (5.9)

Notice that at a given k, we also have

EAEE1=Y28 | e p) = Xeh (5.10)
with
0o ¢l 0 oL
YAB=< J J) XC-,-)=< : K) (5.11)
_ ’ K
57 0 sk 0
with YX = Z.

5.1.1. ORTIC and SUSY charges on lattice

The translation invariant supercharge operator Q (5.1) on the hypercubic super lattice leads to
the expansion Q = ), Qk. The Fourier modes Qy are complex fermionic operators expressed
in terms of the super oscillator operators él? and )A\kc as follows
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Oc=helndSEd . @) = (a2 (5.12)

where the complex coupling tensor

(@0)S = < (@)f ®0 ()" (k)> _ ( (an)¥ (qzk)K'> 5.13)

(43) g; ®) (114);( (k) (43) &, (44k);€

is a 2N x 2N matrix; it is the Fourier transform of J (ri -r j). This coupling matrix plays an
important role in our super TBM as it captures the information on the physical properties of
the super bands; it is a complex function of momentum k and takes values in the (2N, 2N ) bi-
fundamental representation of Sp(2N) x SO (2N). In this regard, recall that él? transforms in the

2N representation of Sp(2N) while ikc' transforms in the 2N representation of Sp(2N). Below,

we give other useful features of this coupling matrix. Notice that by setting &¢ = (qk)g éfl?, the
supercharge (5.12) reads simply as

Ok = ikC ci)lf (5.14)
Notice also that being a local matrix in the Brillouin torus, the coupling gy satisfies symmetry
properties that we present as a list of five points:

1) Periodicity of ¢§ (k)
The g lives on the d-torus T¢; it obeys the periodicity conditions which are given by

g5 (k+2me;) =45 &) (5.15)

with e; being the unit vector in the k; direction of k. Explicit expressions of gy involve sink;
and cosk; functions in addition to constant moduli,

qkzq(sinkj,coskj) (5.16)

For the example of the Brillouin torus T? parameterised by (kx, ky); and for the case of two
bands, an interesting gy is given by

_ (e JeF(M—cosk,) Je—(M—=cosky)
qk_( Ve—(M—cosky) _e+iwkm> (5.17)

with M constant and

P = (Sin2 ky+ sin? ky +(M— cosk,)?)1/?
e—ifﬂk — sinky —i sinky (5-18)

\/sin? kyx+ sin? ky

The (5.17) obeys the property (5.15). As far as the coupling matrix (5.17) is concerned, we give
the following comments. (i) the SUSY models based on eq. (5.17) are just super extensions
of the 2D tight binding hamiltonian h]{erml given by dyo* + dyoY + d;0* with d, = sink,,
dy =sinky and d, = M — cosk; it is invariant under the symmetry generated by P = o, K. (ii)
The structure of this hamiltonian h;,“™" may be also used to study the super extension of higher
order topological insulators along the construction of [22,23].
2) Invariance of the ORTIC charge o .

It transforms as Sp(2N) x SO (2N) vectors with changes given by ACDq g S g where A€ and § f
are orthogonal and symplectic matrices. Invariance of the ORTIC Q under the orthosymplectic
symmetry requires the constraint relation
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95 =A5q554 (5.19)
This condition is too strong to fulfil; so the Sp(2N) x SO(2N) symmetry will be broken down
to subgroups.

3) Algebraic structure of qg (k)
Under the particular breakings Sp(2N) — SU (N) and SO(2N) — SU (N)’, we have the fol-
lowing representations decomposition:
(i) Adjoint representations

sp(2N) - u(N)®n,®dn_ 520

NQ@N+1) — N2+w+w _
and

so@N)  — u(N) on| on_

21
N@QN—1) — N24 Y@= NO-D (5.21)

(ii) The bi-fundamental (2N, 2N) as direct sum of four blocs of U (N) x U (N)' as follows
(2N.2N) = (N4, N_)® (N_, N{) ® (N4 N{) & (N_, N-) (5.22)

This reduction, corresponds to the decomposition of qf; (k) in terms of four blocs of N x N
matrices like in (5.13). There, the blocs qé“ and (‘13)1&1 take values in the (N4, Ny) and the
(N_, N_) representations while the (ql)f and (q4)2 are respectively valued in (N, N_) and
(N_, N+). The transformation (5.19) splits as follows

(‘Il)? = ‘_/LK(Ql);]Uf . (a2
(@) = Vilas)iU] o (@3)g, =

with unitary matrices obeying U} Ulé = 85( and VLK \_/J.L = (Sf.

4) TPC transformations of qg (k)
For the breglking down to S[U (2) x U (N)] materialised by the double label notations A =
(o, I) and A = (e, 1), the splitting (5.13) is expressed like

)KI (qz)LJ U;

_ (5.23)
(‘13)LJ UIJ

SRS

dw=¢ 0 . wa=12 (5.24)
This tensor can be remarkably expanded in terms of Pauli matrices as follows
ol ®=>" (" 9, &1/ (5.25)
n=0

with q, (k) four N x N matrices whose topological properties are given by requiring discrete
sy.mmetries like T =K, P =Xo K and C with X = o, ® Iy. In this spinless matter case, the
q g (k) must be constrained as

T : q&* = +q(-k
P Xqk*X +q (—k) (5.26)
C : CqgkcC! +q (k)

as it will be checked later on when considering the Hamiltonian language. By substituting g (k) =
otq, (k), we get the following constraint relations
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T @ ®'=—qpk ., 013K =q013 (k)
P o ga® ' =—q3(-k , qo1,2®"=qo01.2(-k) (5.27)
C : g3k =0

5) Oscillator realisation of (5.14) .
Using (5.13) we can express the supercharge (5.12) in terms the bosonic bk and the fermionic ¢k

operators. First, we have for CTDE = (qk)i él?, the following
. Kop | 7 1K
¢ = ((m), b+ (42) ) (5.28)
(‘Isk)m b11< + by (‘I4k)1€
By putting into (5.12), we get the supercharge at k namely

. (5.29)

Ok = &y (an); b+ (amdy bis+
At KI N ~
i (@) bl + ¢ (as) g, bt

It has four block terms generated by the fermionic operators élil;k, 6kl;l7;, 6;{[;;; and &by Notice
that by using the notation (5.14), the above relation (5.29) reads simply as

At DA | AA
Qk = CkA Bk —|— Ck DkA (530)
where we have set
~ i Ar Al 7+
B = (qu); bi+ (9 [ lled (5.31)
Dii = (43) ;b5 + (qa) ;i by

Eq. (5.31) is a mapping from the I;]I( /é;; ; to linear local combinations Bl? and D, ;. These new
operators obey the commutation relations

[B82] = (awah)™ — (anahd)™

[Dxi- D] = (a3x494k) ip — @3k i (5.32)
~ A A A

(i D] = (anah)e — (anab)?

Notice that a necessary condition to go from orthosymplectic (5.3) to the supersymmetric
(5.4)-(5.5) is given by the nilpotency condition Qﬁ = 0. This demands the vanishing of the com-
mutators (5.32) requiring in turns that the qlquTk and ¢ 3quk must be symmetric matrices and

qlquk =¢13kf12Tk-

5.1.2. Classification of coupling matrix gk by solving (5.19)

The super band models have definite supercharges Qk; as such they are completely charac-
terised by the coupling matrix (qk)g; so ORTIC and SUSY TBMs can be classified by those
qy’s solving (5.19) and their topological properties by the discrete TPC (5.26).

In what follows, we focus on the constraint qg = qug S f whose structure indicates that non

trivial solutions require relating the orthogonal ACD and the symplectic Sf matrices. This is
achieved by breaking

Sp(2N) x SO (2N)— G
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with maximal G symmetry given by U (2) x U (N) containing the U (N) describing the complex
structure J. Below, we look for solutions of (5.19) by focusing on the case of unitary groups G is
contained in U (N) while the general situation will be considered in the discussion section. For
concreteness, we give here after three families of solutions to the constraint relations.
A) Super Model with U (N) symmetry
One of the interesting coupling matrices (qk)i solving the constraint (5.19), while using the
splitting (5.13), is given by
K ¢ K1
(q1k); = mdf (421 0
(‘I4k)K = ”k‘s;g , (‘I3k)1‘<1 =0
It characterised by two complex scalars pk and vk which are functions of the momentum k. For
this model, the fermionic charge (5.29) reduces to

Ok = Mk(él[?{() + Vk(l}:]z;]él)
Or = @b+ kb
For this super TBM, the coupling matrix gy is proportional to the N x N identity sk ; so it has a
U (N) symmetry as manifestly exhibited by (5.34). In this regard, recall that generally speaking,

(5.33)

(5.34)

the (qk)g has 4N? complex functions. The choice (5.33) corresponds just to the diagonal

_(mkIn 0\ _ (px O
qk_( 0 kaN>_<O vk>®1N (5'35)

reading also like

1 1
g = E(Mk+vk)oo®lzv+§(uk—Vk)GZ®IN (5.36)

To get more information on the functions 1k and vk, we think about them in terms of cosk; and
sink; and impose TPC symmetries acting as

T @ p®*v&" = p=k,v(=k)
P pk* = v(=k) (5.37)
C : nk = vk

For the case of time reversal invariance, examples of the ui and the vk are given by

d d
Uk = M—ZAjcoskj —l—ithsinkj
j=1 Jj=1

d d
ve=|M =) Acosk; | +i) t}sink; (5.38)
j=1 j=1

If in addition to time reversal, we demand moreover particle-hole symmetry, the condition
u (K)* = v (—K) requires the identification of the coupling parameters; that is (M, A,1) =
(M', A1),

B) Super TBMs with [ U (n;) symmetries
Starting from the above U (N) super TBM, we can engineer other super TBMs having symme-
tries G contained into it. These subsymmetries are given by the tensor product group [[U (n;)
with the condition )", n; = N; i.e.:
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"
g=[Jvum)cuw (5.39)

i=1
A particular super TBM model belonging to this family is given by U (1)V which is the maximal

breaking of the U (N) symmetry. For this super TBM, the coupling matrix qg (k) of (5.13) is
given by

K ¢ KI
(q 1k) = (UK ‘Sf > (q2k) = 0 (5.40)
(qu)p = )y 52 ; (¢3)g;, = O
having 2N parameters given by (uk); and (vk),. The supercharges are
O =Y (o (&, BL) + 00y (b ')
! (5.41)

0f = > G (6,6 + oy (B
I
By equating all the (uk);’s and equating all the (vk);’s, we recover the U (V) model described

above. For this super TBM, the coupling matrix is still diagonal as shown below

(1K)

_ (k) Ny
qx = 1 (5.42)

(N

Notice that by equating a part of the (uk);’s and the (vk);’s in above (5.42), we get new super
models with [ [ U(,,) symmetry. Examples of such symmetries are listed in the following table

parameters unitary symmetry groups
1 U(N) - ]
2 U xUNN—1) - ]
(3,2) | UQ)*xXU(N —2) UQR)x U(N —2) -

4,3,2) | UQXUN=3) | UQ) x U (@2)xU(N —3) | UB) x U(N —3)

N —1 UMN2xU(2) - .
N Umy - -

(5.43)
C) Super models III with U (N) symmetry
Another interesting choice of the coupling (qk)i is that given by the following non diagonal
matrix

ukIn  pxIn Mk Pk
= = ®1 5.44
T < aly vy > ( ok Wk ) N (544)
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It has four complex functions pk, vk, pk and gk. It describes the following supercharge
Ok = Mk(ckl k) + Vk(bk131)+
(@l 8K TbL ) + (@R 5 b))

By comparing (5.44) with (5.36), we learn that they have different numbers of entries. This
indicates that (5.36) has a bigger symmetry than (5.44) which is given by U ()2 x U (N).

(5.45)

5.2. The super TBM Hamiltonian

On the lattice, the ORTIC hamiltonian H_" i¢ is given by the anticommutator of the ORTIC

supercharge Q”’”C with its adjoint namely (Qk Q}; + Qli QOx)/2. By using Qli = Q_k, we also
have

- 1
HY'e = 7 {0k 0} (5.46)

The SUSY hamiltonian H “SY is given by (5.46) constrained by the nilpotency condition Qi =0
and the commutativity [H *Y, Q1k] = 0. Unitary symmetries of the super Q4 = U QU are
also symmetries of the SUSY Hamiltonian Hx = U H U T,

5.2.1. ORTIC Hamiltonian matrices

To get the realisation of the Hl‘(’”” in terms of the super oscillators, we substitute Q1 by
their expressions given by (5.12). We get a bosonic operator with a quartic dependence into the
super oscillators as shown here below,

; 1
HMC = 3 (‘Ik) (9-1)5 ()‘kC)‘ kiSk 60k + A _ip €D ) (5.47)
By using eq. (5.9), we can bring the above relation to the following form
HC =g (‘Ik) (‘I W [Z haehowp +EESE e kD]
(5.48)

+3 (qk) (a- k) I:GCD%_ kgk )‘kc‘)‘—kbg—kfk]

This expression is remarkable and deserves a comment. First it can be presented like the sum of
two contributions H,") + H'" with

H = e 06) i 5.0
HIEII) = %éfk(Hl{il)ABél?

and
()" = (@5 2" (4 )§+(qk>0[éBké.f](q s 550
(s = @5 Gen @)y — (@) [faci ] (a1

. . CD . . .
Second, the coupling matrices (Hy) ~ and (H;') , , have interesting features that we describe
here after.

(a) Asrequired by orthosymplectic invariance (and then supersymmetry), the coupling matrices
Hl{: and HII{] are quadratic in the Fermi-Bose coupling matrix qy,.
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(b) The (”H,{()CD matrix gives the coupling between )A‘kC' and )Lk ps it has two terms: (i) a field
independent term

(1) = (05 2*% (1) (5.51)

with constant Z45 . (ii) a field dependent term
b ¢ 2B ¢ D)
() = (@) S A& (g4 (552)

with local field dependence given by é;‘ fkél?.

(¢) The (’HII(I ) Ap coupling matrix gives the interaction between 3 fk and élf; it also has two
terms: (i) a field independent term

) ap = (0) 4 Gep (95 (5.53)
with constant G ~p. (ii) a field dependent term
(h;a)AB = (qk)i [ikCi—kD] (‘Ifk)g (5.54)

with local field dependence given by ikC)A‘—k b
(d) Cancellation effect: Expressing eq(5.48) as

Hytie =L [ﬁkc. (hy)™" 0y +EB (M) an éf] +
) b, X A
% |:)‘kC‘ (h’j) A _p — 5 (h/b)AB él?]

and using the commutation relation ékik = ikék, we see that the second line in the above
relation vanishes identically due to the following compensation property

)CD
(5.55)

CD
y 2 £B EA _ 2B £A% 5 ) £B 2A
Ake (h/f) Ay =60k (M) 4 6ic = E0k8k Mech—kpd — Mkcr_kpé kG =0 (5.56)
This feature indicates that the presence of bosons in topological supermatter is not without
effect the quantum physics.

By taking into account the compensation property, we find that the supersymmetric Hamilto-
nian H""'“ can be presented like Hy + H), with fermionic part

Hy = e[y 0] 3 (5.57)

[hy ()] Ak

12
24k
L2
2Mk
and bosonic

H, = YE00hy 014585,

" ! (5.58)
= L 016,
The coupling matrices & ¢ (k) and /4, (k) are quadratic in the coupling g as given below
¢D ¢ D
[hy®]T = (‘Ik)é A (‘Ifk)% (5.59)
s ®1ag = (4)5Gep (1)
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They read shortly as follows

he () =qcZgl . hy(K) =qiqy (5.60)

with deth), = |dety ¢|* and deth ; = (det Z) |detx q|*.
By using eq. (5.13), we have the following explicit relations

h = <(Qk){((5]—k)§;._ (Qk)KI(CI—k)IL' (Qk)f(‘I—k)”;._ (Qk)KI(q—k)IL- )
@Rk1@07 — @%@ @gq"™ — @k (@}

Iy ((‘]k)f(CI—k)?‘i‘ @) " G0, (Qk)f(Q—k)IL.‘F (Clk)KI(q—k)IL)
@)1 @) + (Qk)fg(q—k)u' (@) g1 (g™ + (Qk)ﬁg(Q—k)i

(5.61)

5.2.2. Massless modes from singular couplings
Here, we give properties of the massless states in ORTIC and SUSY TBMs while focusing

on the coupling matrix (qk)j given by the U (N) super family. These are the topological super
states that are protected by discrete symmetries.

e Zeros of the Hamiltonian H,,,
By setting H;,; = Hp, + Hy given by eqgs. (5.57)-(5.58) and using the osp(2N|2N) matrix nota-
tion with 4N dimensional super vector basis (é_k, ):_k), the total Hamiltonian can be presented
like

_ Lz s é—k
(Hk)tot = E (gka )Vk) (hk)tot (i—k) (5~62)
with 4N x 4N matrix as follows
(), 0
(hk)tot - ( 0 (hk)f (563)

This matrix has 4N eigenstates states: 2N of them for the bosonic (hy), and the other 2N for the
fermion (hk)f. Because of the decoupling of (hg), and (hyg) s the determinant dethy,; is given
by the product (dethy) . (det h f). Moreover, substituting (5.60), we get

dethyo; = (—)" |det gy |* (5.64)

Zero modes of h;, are given by the zeros of detgk; so massless states of h;,; have multi-
plicity 4; two fermionic modes with vanishing gap and two bosonic partners. For an illustra-
tion, we give in the Fig. 6 the four super band energies e(if) = 4[(1 — cosk)? + sin’k] and
ef) = +[(1 — cosk)? + sin” k].
e Supersymmetric bands in the U (1) super model
For the super model (5.44) with N = 1, the g\ -matrix has four entries and the hamiltonian ma-
trices /1y and hy, read as follows
e = < IMk_I2 - ka_l2 Mk§lz( - pkﬁlz()
SkMk — VkPk  |kl” — vkl
By — (wm+@w m%+@§)
Pk + VkSk okl + [kl

(5.65)
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_— 0 +7

Fig. 6. The four bands e(if) =+ |,bLk|2, eib) = I/q(l2 of the U (1) super model given by eq. (5.72). In red, the two
symmetric bands of the h ¢ with respect to . In blue, the degenerate bosonic bands having positive energies. The
parameter M is taken around 1.

Referring to these two matrices formally like

A B
h— (B* D) (5.66)

with entries as (5.65); we can determine their eigenstates and eigenvalues. The eigenvalues E
read like

1 1 2 )
Ei=§(A+D):|:§\/(A—D) +4|B| (5.67)
and the corresponding eigenstates |v+) as
1 _ Y 2
o= (A D+(A *D) +4|B| (5.68)
VN 2B

with M. given by the normalisation (vi v j> = §;j. By demanding charge conjugation invariance
(particle-hole symmetry), the number of functions gets reduced as j1_kx = vk and p_x = gk. By
substituting, we have

- < lkl® — 1 okl* Mkp—k—,okl/«—k>
‘ pkilk — L—kpk  |p—kl* — |fi—x|?
(5.69)
hy = < |xcl® + 1ok [Lkkarp—k/l—k)
Prik + h—kp-k  |okl* + |—k|®
with traces given by
tr(hf) = |pkl*+1p—kl* = lokl* — li—k|* 20 (5.70)
tr(hp) = lpkl® + okl + 15—kl + k> = 0
For the case where we set p+x = 0 corresponding to U (1) x U (1) symmetric model, we have
|l 0 ) (|Mk|2 0 >
B — ) i hy = _ 5.71)
/ ( 0  —laxkl 0 il

If moreover, we demand time reversal symmetry, we must have fix = p_g; this leads to the
following matrices h s = | wkl? oz and hp = | wkl? op. For this model, an interesting function pk
is given by
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Uk = (M —cosk)+isink

k> = (M —cosk)? +sin’k (5.72)

showing the existence of four massless states at the fix points k., = 0,7 and M = cosk,. For
|M|] > 1, we have massive states.

6. More on topological supermatter

In this section, we deepen the investigation of the topological properties of the super bands
while illustrating these features on some classes of the AZ table [18,21].

6.1. Constraints from ORTIC and SUSY

Topological supermatter is given by ordinary matter constrained by orthosymmetric invari-
ance or supersymmetry; as such it constitutes a subset of the AZ matter; but requires bosons.
Here, we focus on spinless supermatter and develop a method for constructing a family of cou-
pling matrices qk by starting from known 4 ¢’s. This proposal of engineering qx’s out of & y was
first suggested in [49]; it will be given below an interpretation in terms of symmetries.

6.1.1. TPC symmetries of qx

In the AZ table, the topological classes are modelled by hamiltonians / ¢ (k) constrained by
TPC. One may also demand other discrete symmetries like crystalline symmetries [50,51]. For
the spinless case, we have

T=K, P=XK, C=X, X=0,QIyxn 6.1)

The actions of these symmetry generators on 4 (k) are given by

T : hy&* = +hy(-k)
P XhrR*X = —hs(—k) 6.2)
C : XhrkX = —hy(k)

The topological indices Z,, characterising the matter phases are nicely derived by considering
involution hamiltonian matrices & # on the Brillouin torus T¢. These Z,,’s are integers that can
be either in Z, 27 or Z,; the expression of Z,, in terms of h r depends on the parity of the spatial
dimensions d. For even d = 2m for instance, the integer 7, is either given by the m-th Chern
number Ch,, or the Fu-Kane index as follows,

1 i F\"
Chp=— | Tr (’—) (6.3)
m! 2
j[‘2m
and
im
FK,;, =—— Tr (F™
Q7)™ m! / r (")
%’]I‘2m
im 1
S diTr (AF"! } (6.4)
Q)™ (m—l)!fa(%qrzm) |:/0 ( 4 )

In these relations, the Berry curvature F is given by the 2-form d.A + A A A and the parametric
Fi by td A+ 12 A2
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In the super band theory, the hamiltonian matrix % ¢ (k) is given by quq;; and the bosonic

partner &, (k) by qkqlt.
Putting & ¢ (k) = quq;f( into (6.2), we get the following transformation of the coupling matrix
q (k) for spinless fermions

T : q®* = +q(-k)
P . XgM)*X = +q(—k) 6.5)
C : CgkC!' = +q(k

Substituting these transformations into the bosonic 4 (k) = qltqk, we end up with the following
transformations

T hyK)* = +hy (k)
P . XhyK*X = +hp(=Kk) (6.6)
C : Chy®C!' = +hy(k)

from which we see that P and C have different actions on /4 r (k) and £, (k). Notice that also that
hy (K) and Zhj, (k) have similar transformations

T : Zhy(k)* = +Zhp(=Kk)
P X[Zhy K*1X = —Zhy(—k) 6.7)
C : ClZhy ®*ICT' = —hy(K)

showing that the TPC symmetries agree with the fact that the matrix Zh;, (k) = quiqk has the
same spectrum as & ¢ (K). This feature follows from (i) the fact that 4y and Zh,, factorise like
AB and BA with A= gy and B= qut; and (ii) the factors AB and BA have the same spectrum.
Below, we consider the super TBM family with U (1) symmetry; they allow to extract straight-
forwardly information on the topological phases.

6.1.2. Coupling q (K) of super models U (1)N

To engineer the 2N x 2N coupling matrix ¢ (k) for the super models U (1)V, we start from an
AZ hamiltonian % ¢ (K) with a given TPC symmetry like in (6.2). Because £ 7 is given by g Z qli,
the fermionic Hamiltonian to start with must be 2N x 2N.

o Spectrum of / ¢ (k)
To get the eigenstates and the eigenvalues for U (1) super models, we use the even parity 2N
to expand this 4 ¢ (K) like

hpy= Y ody, (k) (6.8)
U=X,Y,Z

where we have taken £ ¢ (K) traceless. Explicitly, we have

( d. di—idy
hf—(dx+id, —d, ) 69)

In this relation, the three functions d,, = d;, (k) are hermitian N x N matrices valued in the
u (N) Lie algebra with N 2 dimensions. Denoting by Ej; = |I) (J| the generators of u (N), we
can expand the d,;s like D 174, IJ E ;5 that split as

M_Zd1E1+Zd”E”+ Z dl’Ef, (6.10)

1<J I1>J=1
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with Ej? [I) (I|. According to the classification (5.43), we have the following constraints on
the d !
symmetry constraints values of d lILJ parameters
U (N) Erj,d, =01 d =d01 d’
[£11. ] = = s 6.11)

umN | [EVd,]=0 dM_Zd’EO dl,...dy

Because of the abelian symmetry, the calculations for the U (1) super models family are similar
to the case of one factor U (1); as such we will hide the Table 1 in the d IILs seen that this omission
does not affect the calculations.

The eigenvalues of h ; are e4 = +¢ with & = /d2 4 d? + d? with eigenvectors V. given by

dy—idy dy—id,
V, = d%+d,%) [z +¢] , v.=| &2 [e -~ d:] 6.12)
1 1
By setting ¢/® = (dx —1i dy) /Jd? + d%, the eigenvectors V4 are normalised as follows
V. — 1 <ei¢./—dz+8> Vo 1 ( Ve—d; ) 6.13)
T Ve Je—d: ’ T Ve \ et e+, '

o Building gy from# ¢
Given the above hermitian matrix % ¢, we can diagonalise it by a unitary transformation h 5 =

VkAx VIT( where the diagonal matrix Ay is given by
Ax = (8"6’ ) _81(1) ) (6.14)
and
£4kl
E4k(I) = . (6.15)
ELKN

with the property e1k; > 0 and the ordering e4k(+1) > &+k;. For later use, it is interesting to
introduce the two following matrices

_(exany 0 12 (VD 0
Dk_( 0 €—k(1)) - D _( 0 ek (6.16)

which are related to (6.14) like Ax = ZDy = Dy Z. Notice that the square root D}/ is well

defined because of the positivity of the eigenvalues eiy;. Using the relation i = VkAleT(

D1/2 li/z 1/2 D11{/2

and the factorisation Dy = as well as ZDy

Vi (Z D) VIT( and then as follows

Z, we can first express & ¢ like

hr=(vioy?) z (DY) 6.17)
Equating with h y = quqli, we end up with

38



L.B. Drissi and E.H. Saidi Nuclear Physics B 989 (2023) 116128

1/2
gk = VD, (6.18)
Putting this expression of Dll(/ % back into the value of the bosonic hp = q;itﬂ(, we obtain the

bosonic hamiltonian 4 = Dll(/ 2 VkT Vlel(/ 2 reading as follows

hp = Dy (6.19)

with no dependence into Vi indicating that Ay is topologically trivial.

6.2. Interpreting the q,-coupling tensor

Here, we give an algebraic interpretation of the 2N x 2N Bose-Fermi coupling tensor [qk]g
given by (5.13) and derive supersymmetric constraints relating the four NxN block matrices ¢y,

4ok 93K 41 Making [qk]g. The basic idea behind this interpretation goes back to egs. (4.32)-
(4.33) that we discuss them further in this subsection. For this purpose, we first study special

limits of [qk]g given by the diagonal zﬁﬁg with the z{("s 2N complex numbers. Then, we turn to
investigate the deformation away from zlng.

6.2.1. The coupling limit gy = zxlia
We begin by the fermionic 51{ / él i and the bosonic l;ll( / l;l; ; oscillator realisation of the ORTIC
charge Qg given by iké [qk]gél’(4 reading explicitly as follows

A J 2 A2t J1

Ox = Y & i(qu); bl+¢ by (ax)
LJ
. ; . 6.20)

NN I Aj (

+ D (@) j, G+ by (a4 S
LJ
where the four blocks (g 1k){, (‘Izk)jl, (g3k) j; and (q4k)§ are N x N coupling matrices as in
(5.13); they are functions of the momentum k. In the diagonal case where [qk]g is given by
115 = zic 85

we have (qlk); = MII((SIJ and (q4k); = vl{8§ while g5, = 3 = On x n. By substituting, the above
ORTIC charge Qk becomes

Ox=Y uply b+ bl &) 6.21)

j . . 2 .
Here, the zf(‘ = (”l{:; vli) are complex functions of momentum with |zl‘;‘| = a)l’? thought of in
terms of real frequencies scaling as energy. In the very special limit where [qk]g is proportional

to the identity szg, we have u{( = vlﬁ = zx and q 1 = q4x = 2k v x N - In this particular situation,
the above ORTIC charge Qk reduces further to

Ok = zkéy bt + zcby &L (6.22)

Up to the scale factor z, this supercharge is just the sum of two fermionic operators é]t Il;l{: and

its adjoint conjugate l;li 16{( which are nothing but the F* and F; generators of osp(2[2) within
0sp(2N|2N). So, for the choice gy = zk 14, the orthosymplectic Hamiltonian is given by
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ic |Zk| At |Zk|2 JSEPN BN PN
HErtie = (b bl + blb] ) = (ck o —elel 1) (6.23)
with matrix representation in the basis (bl , Ali i ck, K 1) as follows
“+wk
1 +wk
Z 6.24
2 “+wk ( )

—wk

where we have set Izkl2 = wk. From this particular limit, one may think about eqgs (6.20) and
(6.20) as follows. (i) Eq. (6.20) is given by the sum of two terms like Qx = Qlf + O with
QI = kcltlblli (6.25)
O = kbkl G
(ii) Eq. (6.20) is a deformation of the above (6.25); and its coupling g as a deviation away from
zkl;q. Before exploring this deformation, notice that the orthosymplectic eq. (6.23) correspond-
1ng to gy = zxliq coincides with the supersymmetric Hamiltonian Hj " Thls is because the
Qk of (6.25) are nilpotent and the Hamiltonian eq. (6.23) commutes w1th Qk ; that is

(e o] =0 L (00)'=(0i)’ =0 (6.26)

Extending the fermionic charges (6.25) for couplings [qk] 4 beyond the diagonal Zkﬁc, we can
present the Qk and the Q) as well as their adjoint conjugates Qk and Qk as follows,

" i1
or = & (411() bl + C bkl (‘Izk)
_ 1
O = ( )chkbk+bk1 (q)j &
_ N (6.27)
O = blLl (‘I{k)j 51{ + (‘Izk) blI(Cl{
- A AT AN
O = bpély (q;k> Tk (‘14k)1 by

By mimicking eqs. (4.32)-(4.33), we see that the above supercharges (6.27) can be handled in
two ways as given here after:

e First way: The Qlf and Qlf in (6.27) are imagined in a condensed form as follows

+ A”r J _ At oaJ
G = T i J L% - Pt (6.28)
O = D Qk = O Dy

where the él{ and Dl{ are linear functions of the bosonic l;]I( and l;;: Iz
e Second way: The Qljf and Qlf are thought of like

+ AR _
% = G lf'; , 0 = ki C‘; (6.29)
O = bk j Ey Qk = E b
where now é’l{ and El{ are linear functions of the fermionic 6{( and 6]]; Iz

In what follows, we develop the picture given by eq. (6.28); a similar analysis can be done for
(6.29).
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6.2.2. Coupling qy as a deviation awayfrom qx = Zklzd
By singling out the fermionic operators ck and ¢ c , one can put the ORTIC charge (6.20) like

Ok = Qk + Oy with Qk as in (6.28) and the new bosonic operators él{ and f)l{ given by

o3>

irrn 1i A I
= (‘Ilk)z bll( + ble (‘Izk) D;;j = (qSk)jI bll( + by, (‘14!()1'

_ ~ ~ _ ) A7 A~ _ I _ N
J (qZk)jI blI( + bltl (‘11k)§ DI{ = bltl (‘I3k) ! + (‘14k); bll(
(6.30)

o>
| S S
|

For the case q 1y = q4x = zkInxn and g, = g3 = On <, one has éé = zl;{( and lA)lI{ = ZE{{.
A) Orthosymplectic hamiltonian _ )
The ORTIC hamiltonian H,, ;. = Zk HY™"¢ is defined by the anticommutators {Qx, Oy} =

Hlf”’"'; it reads in terms of Qlf and their adjoint conjugates QIT as follows
B = {0, Ot + {0 Ot + {2 Ot + [ o O 6.31)
As for the ORTIC supercharge Qk, the bosonic HY" i¢ is valued in the osp(2N|2N) Lie superal-
gebra; and has four anticommutators blocks Hix + Hokx + Z1k + Z1k given by
{0). 0} = Hi , [0k. 0k} = Zi
{0k.0F) = Hx , (0.0} = Zi
where Hjx and Hoy are hermitian while Z 1 and Zji are exchanged under adjoint conjugation.
They read in terms of the oscillators i /ck and the new By / BT as well as Dy / DT as follows

(6.32)

Hyg = éljélﬁ +6L~[B§él{ , Zik = é{(ll_?,-jél{ 633
— AT Pl _at miad 7 _ 1jgt '
Hx = D/ ;D —¢ DL , Zw = &.F i
with matrices IB;Z, D§ and so on given by the following commutators
I _ pl pt I _ A AT
B = [B].Bl : DL = [DL.D] ]
XM= By B{] : Y = [Dy Dy]
pii _ (pi b F.. - (Pl BT (6.34)
= [B[.D]1 , i = DB
Jj pJ A ~L i pf
G/ = 8.0 : GL = [DL.B]
Using (6.30), these quantities read in terms of the coupling tensors as follows
= q1k41x — 9k92k =  q1k493x — 94x92k
D = ‘Ilkq4k - ‘I3k¢1§k ; G = q49s—93k9% (6.35)
X = qgx—91x9% Y = qudsk — 9493k

where the diagonal blocks are hermitian; that is BY =B and DT = ID. Putting these relations into
(6.31), we end up with

Horie = 1§T.§i + D .15{; +é Mif;f (6.36)
N iJ .
+]F”ckck +Ck CkJIF
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where Ml = B — ID. From this hamiltonian, we learn the bosonic Hll("’“e and the fermionic Hl{ ermi

contributions namely

bos — i AT i
HPoe o = Bk+D Df

Sfermi I A1 J AT iJ
Hy = kIMJ +]F”ckck+ck1 kJ]F

(6.37)

B) Supersymmetric Hamiltonian
In the absence of supersymmetric central charges, the hamiltonian H, " is obtained from the
ORTIC Hl‘(’”i" by imposing the supersymmetric conditions required by the supersymmetric al-
gebra on world line. First, we impose the nilpotency of the anticommutators {Qf{, Qlf } and
{Q]:, Ql:} that is Zjx = Z1x = 0. These nilpotencies reduce the ORTIC HIZ’”C to the sum of
two terms namely H, " = H\k + Hok. Second, we require the following commutation relations
to hold

[Hliusy’ Q;] — HEMS,V’ Ql:] — 0 (638)

Clearly, this supersymmetric invariance put constraints on the coupling tensors ¢ i, gk, 43, and
q4; they are no longer free tensors; candidate of such ¢, ’s can be determined by using (6.35).
Here, we omit the details; but to fix the ideas, we describe below some steps of the calculations
regarding the resolution of the constraints {Q;, O} } ={ 0. O } =

These constraints correspond to imposing Z1x = 0 in (6.31) and (6. 36) as such they require

clz i AIL JIFI J = 0 with tensor F/7 as in eq. (6.35). This condition gives a matrix relation between
the four coupling tensors ¢ 1, g2k, g3k and g 4 namely

7N y
(aual) — (ahan)  =n=t (6.39)

where Elﬁj is a symmetric matrix (Elﬁj = El{ Ty because cl i 21’(1 = 0. As far as the constraint
(6.39) is concerned, let us give some comments regarding its solutions.

(1) The simplest solution is given by the diagonal coupling gy = zkloyx2n considered previ-
ously with sub-blocks ¢ = g4k = zkINx N and g, = g3 = Oy« . It corresponds just to the

trivial case n, = 0. This requires

91695k = 9 ipd2x (6.40)
(2) A second set of solutions of (6.39) is given by the remarkable case where El{j =817 with
ng # 0. In this case, a solution of (6.39) is given by

Al = 0kINxN + @i = OkInxn (6.41)

with the relation gk — ok = Ck-
(3) Other solutions of the constraint (6.39) can be also written down; for instance by taking

T T T T
93 =G 1 d gy =g
6.3. Topological super model with two bands
Here, we consider a 2D Brillouin T2 parameterised by (ky, ky) with 0 <k, ky <2m; and we
apply the above construction to the hamiltonian (6.9). Because of the particle-hole symmetry, we

must have o, /1 ¢ (k)* ox = —h r (—K); thus requiring conditions on the dy , . functions namely
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dx,y (k) = _dx,y (k)

6.42
-k = d.K (642)
We solve these constraint relations as
dy =t;sinky, dy =t;sinky, d, =M — cosky — cosk, (6.43)

6.3.1. Constructing the coupling matrix q
For this supersymmetric two bands model, the diagonal matrices Dk and Ay are given by

Dk=<f) g) , Ak=<8 _0£> (6.44)

where & = /d? 4 d3 + d? with the remarkable property Dk = eap. We also have Ak = o, with

gap energy 2¢. The above diagonal (6.44) can be compared to (6.24) with ¢ given by w. For
fermionic gapless states, the hamiltonians / y and hj have zero modes (deth y = dethy, = 0).

e Building the passage matrix Vi
The unitary matrix Vi involved in the construction of (6.18) is given by (V,, V_) where V. are
the normalisation of the eigenvectors (6.13) of & y. Substituting, we obtain

Ve = 1 (e /e +d, Ve—d; (6.45)
k= V2e Je—d; —eti? Je+d, )

Putting this expression back into gy = Vlel(/ 2, we end up with the coupling matrix

S (e‘i‘f’«/e +d; Je—d; ) (6.46)

=75 e—d, —ettJerd,
with detqg = —¢ and
; dy +id,
ot — L (6.47)
[d} +d}
Comparing (6.46) to (5.13), we learn the expressions of ¢y, g2k, g3k and g4 namely
Je+d; —i¢ Je—d; Je+d; +ig
‘11k=76 ; ‘12k=‘I3k=T, ‘I4k=—7€ (6.48)

In the Fig. 7, we plot the real part ¢/? where a distortion lives at the high symmetry points
k=0,m.

e Topological distortion
The above coupling ¢ matrix is a function of (kx, ky); it obeys the PH symmetry (5.17). At the
high symmetry point, the matrix coupling has distortion manifested by an ill-definiteness. The
fix points of PH are given by the solution of the vanishing dy y (k) = 0. For the model where

X

dy =ty sinky, dy =1t sinky, the points are given by (k* kt) = (nxn, nyn) reading explicitly as

(kk)=0.0, @O, ©On, @ (6.49)
At these points ki, the phase ¢’® shows an obstruction; it behaves like 0% +i 0% as it can be
checked on eq. (6.47). This singularity survives in the limit d; — 0 where detg — 0 and where
live fermionic gapless states and bosonic partners.
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sin k

).25

. (
_1 sin k arctan — T
sink

(a) (b)

Fig. 7. Variation of factor the phase (dx + idy)/ d% + d)2, with d; = sink; for sinky = 0 and sinky, # 0. a) The plot is
given for sinky = 0; thus reducing to cos ¢ = sink/ [sink| showing a discontinuity at sinky = 0. b) sinky, # O taken as
0.25 having a discontinuity at sinky = 0.

6.3.2. Time reversal symmetry

Under time reversal symmetry, the Hamiltonian for spinless fermions is constrained by
hy K*=h f (—=K). For the two band model with hamiltonian 4 y = > d, (k) o* the three d,, (k)
functions are constrained like

dx b4 (k)* = dx z (_k)
- o 6.50
dy(-k) = —dy(-Kk) ( )
We solve these conditions as
dy =M —tcosky, dy =tsinky, d, =0 (6.51)
leading to
_ 0 dy —idy

Its eigenvalues &4 are given by ¢ = =+ /d? + d? with gap E, = 2¢. The vanishing condition
for this gap corresponds to dy = d, = 0. The normalised eigenvectors V. are given by

ve= (" vo=— (! 6.53
=al) el 6

with e~'? = (d, —idy) /,/d? + d?. Using the above eigenvectors, we obtain the unitary matrix
Vk diagonalising & y namely

Vie (¢ 1 (6.54)
k = ﬁ 1 _e+i¢ :
Putting this expression into gx = Vg Dli/ 2, we end up with the coupling matrix
JE e 1
qk = ﬁ 1 _eti® (6.55)
with detqg = —e showing that gk has a singularity for gapless states. Here also the bosonic %j, is

given by eog and h y = ¢0o;.
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7. Conclusion and Discussions

In this paper, we used the orthosymplectic structure of the quantized graded phase space of
quantum super oscillators ¢ /¢ ¢; and b / bI to develop tight binding models for super bands and
use this construction to 1nvest1gate topologlcal phases of supermatter. We distinguished two fam-
ilies of supermatter: supersymmetric and orthosymplectic.

(1) the supersymmetric family, termed as SUSY matter; is based on two fermionic charges
vay Q1 £+ i Q> constrained by the usual N = 2 supersymmetric algebra of QM. This
is a four dimensional graded Lie algebra generated by the hermitian Q1, O, interpreted as
N =2 supercharge operators, and the bosonic Hy, 2 defining the A" =2 SUSY Hamiltonian
as well as a bosonic charge operator 7y generating the SO(2) R-symmetry rotating the two Q;’s

Given Q% . we have the anticommutator {Q7 } allowing to construct H N=2 and the

susy? Q;usy susy
{Qsmy, quvy} =0 as well as the [Qmsy, HY/L\/”; ] = 0 giving the supersymmetric constraints.

susy’

The nilpotencies (QF 0 lead to finite dimensional supermultiplets, and the commutativ-

)2
susy

ities [QS,M, HS/L\,/MZ] = 0 give superstates with same energy. Notice that in absence of central
charges, this /' = 2 system is just the union of two isomorphic A/ = 1 SUSY systems; one gen-
erated by O and the other by Q5. For the AV =1 SUSY family generated by Q1, we have one

anticommutator {Q1, Q1} giving the SUSY Hamiltonian HN=1 while the previous supersym-

Susy
metric constraints get restricted to the commutativity [Q1, Hij\[v} 1=0.
(2) the orthosymplectic family, termed as ORTIC matter, is based on the orthosymplectic
osp(2N|2M) Lie superalgebra with M > N > 1. For the particular case M = N, the osp(2N|2N)
superalgebra is generated by (i) 4N? bosonic operators given by the N (2N — 1) generators of
so(2N) and the N (2N + 1) ones of sp(2N); and (ii) 4N 2 fermionic operators realised as given
by

Fe=¢&b,  Ei=hlél,  Fu=&bl,  F =5 (7.1)
Using this orthosymplectic structure, we can construct four hermitian fermionic operators
01, 02, 03, Q4 that characterise ORTIC matter. These odd operators can be combined like
0F =0, +£i0; and OF = Q3 £iQ4, and are realised by linear combinations of the fermionic
generators (7.1) line 07 =) Ré F and so on. In terms of the oscillators, we have

0t =¢RLb, Q™ =bl RYE, ot =élTih!, O =bT,; ¢ (7.2)
where the R!, and T are complex coupling tensors. With these four fermionic charges (7.2), we
can engineer the basic observables for the tight binding modelling of ORTIC matter as follows.
(i) Two ORTIC charges Q orric &iven by the most general linear combination of (7.2); the or

ortic
isgivenby 2z, Ot +z_ Q0" +w, Q+ +w_ Q with complex z+ and w ; and its adjoint conjugate
ic DY 20T +72, 07 +w_QT +w, Q™. Using (7.2), the Qo:trtic can be also presented like

ot i ZeRE wy T b
Qortlc - (Ci ,C) < w_Ty; Z_R?t Eg‘[ (1.3)
0 . = (i FRowT) (€ '
ortic o u_)+ Tyi 7 R(lx ElT

they have been denoted in the main text like A A[qk]f;éA and é‘A [q:(]A):A; see also (8.66) in
appendix B. Notice that a hermitian ORTIC charge Q,, ;. requires the identification Q"
Q,,:ic Whichis solved by setting z+ = z+ and ws = w4.

ortic —
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(ii) Three anticommutators; the first {Q } defines the ORTIC hamiltonian H,ic. The

and Z

ortic’ Q;rtlc
{Qomc, Qomc} and its adjoint {Q_ ..., OQ,.,i.} give bosonic charge operators zt

Orfl(,' ortic*

The Hytic and Zomc and Z_ . are valued in the bosonic sector of osp(2N|2N). By imposing
the constraints

[Horic. 05, 1=0 . zih =77 =0 (74)

one obtains the SUSY matter. These conditions are non trivial as they are mapped into constraint
relations on the coupling tensor [qk]g‘ that has been studied in this investigation; see also ap-
pendix B for other details.

To deal with the super TBM and the coupling matrix gy of the supercharge o= orric (0-12), we
revisited properties of the quantum super oscillators in connection with: (i) The orthosymplec-
tic structure given by the triplet (2, G, J) and described by the supergroup OSP (2N |2M). (ii)
The construction of models for super topological matter on hypercubic super lattice in relation
with the periodic AZ table. For the triplet (2, G, J), we found that the three structures are re-
markably accommodated in the OSP(2N|2M) supergroup. For application of our study, we
have considered two typical topological models from the AZ table; one having charge conjuga-
tion (particle-hole) symmetry and the other has time reversal invariance; but the method extends
straightforwardly to other discrete symmetries like those of [18,21] and also to spinfull matter.
As an important fact of supermatter resulting from this study, is that the topological obstructions
is captured by 4 ¢ while 4, is some how topologically trivial in agreement with literature results.
The general set up of the super TBM has been given in the core of the paper and in the appen-
dices A and B. In the remainder of this discussion section, we want to give additional comments
regarding the classification of the symmetries of the supercharge

Of =he[@)5]E o =du [(qk) }Ak 7.5)

We show below that the constraint eq. (5.19) giving (qy) g has 2 x P(y) solutions with P(y) be-
ing the number of partitions of N. To that purpose, we start by recalling that our super TBM lives
on hypercubic super lattice and is based on a supercharge 0 with Fourier modes Q]f asin (7.5).
From the view of the O M) observables of eqgs. (3.17)-(3.19), this is the simplest fermionic

operator living on the Brillouin torus T¢ combining bosons él? and fermions )A‘kc* The (qk)ﬁ is
a 2N x 2N matrix coupling fermions and bosons; it plays a basic role in the super modelling.
It belongs to the bi-fundamental of Sp (2N) x SO (2N) which is just the even part of the or-
thosymplectic osp(2N|2N). The novelty of the super TBM is that the square of the supercharge
generates a Hamiltonian operator H,, ;. (resp. Hs,gy) which (i) splits as the sum H}’-”’.C + Hlf”ic

(resp. H ;-usy + H,;"") describing fermionic and bosonic contributions (5.57)-(5.58); and (ii)
hides a remarkable cancellation property (5.56) indicating that the effect of bosons in topological
supermatter is not as trivial as one might think. The coupling matrices %y (k) and A, (K) asso-
ciated with Hy and H), are respectively given by quqlT( and Ay (k) = qf(qk with Z =0, ® Iy.
While h, (K) is a positive definite operator, the & ¢ (K) has an indefinite sign because of the £1
eigenvalues of o, in agreement with valence and conduction bands. As additional comments on
the results obtained in this study, we cite the following:

1) The set of topological supermatter is a subset of ordinary topological matter; but with the
presence of bosonic matter described by £, (k). It is classified by the periodic AZ table with
hamiltonian 4 (k) factorised like
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2)

hy (k) =qyZq, (7.6)

For this subset of AZ matter, “gapless states” are given by SUSY (ORTIC) multiplets hav-
ing massless fermions and massless bosons. These massless super states constraint 7 ¢ (k)
and A, (K) to have zero modes; thus requiring deth ¢ (k) = 0 and deth;, (K) = 0. These two
requirements are solved by detq (k) = 0; and so is the condition for massless super states.
Another consequence of SUSY (ORTIC) is that super bands come in representation mul-
tiplets. For instance, in the case of N'= 2 supersymmetry, the SUSY multiplets have four
modes: 2 fermionic with energies +¢ (conduction ane valence) and 2 bosonic positive en-
ergy +e. So, N' = 2 multiplets in super TBM (1.2), (5.1) have 3 states with positive +¢ and
one with negative —e. This feature is illustrated by the Fig. 5.

Besides TPC discrete symmetries (6.5) and crystalline ones like mirrors, a classification of
the super TBM charges is given by global symmetries of qg. As investigated in the main text

and as it will be described below, it turns out that the classes of qi are given by subgroups
Sp (2N) x SO (2N) by help of the splitting (5.24)

SO (2N) : S[U (2) x U (N)]

7.7
Sp(@2N) : S[U(2) x SU (N)'] (7.7)

The invariance of the supercharge (5.12) requires the condition (5.19). By using (5.24) and
(7.7), this condition reads as follows

alf =[wol Wk adE (Wl (us))] (7.8)

where the 2 x 2 matrices U; and U { are elements of the U (2) x U (2)' in (7.7) and the

N x N matrices U and Ué are elements of U (N) x U (N)'. The condition (7.8) has several

solutions classified by subgroups of (7.7). We comment here after on this classification while

illustrating the constructions on particular examples.

a) U (2) x U (N) symmetry: The simplest solution of the condition (7.8) is given by the
following one parameter family

a55 () = (k) 8385 (7.9)

where the complex s (k) lives on T¢. This particular solution has a strong symmetry
given by the U (2) x U (N) group. This invariance is derived as follows: First, substitute
the above realisation in the condition; so the right hand side of eq. (7.8) becomes

q(ff =u (k) [(U{Ul)z] [(UﬁUz)f] (7.10)

To insure invariance, we must have U { Uy =1, and UéUz = Iy which are respectively
solved by requiring U{ = U 1} and U} = UzT generating the group U (2) x U (N).
b) U (1)? x U (N) symmetry: A second solution of the constraint eq. (7.8) is given by

qgg(k)z(ﬂ(()) J v(k)5§> (7.11)

It has two complex parameters u (k) and v (k) living on T<. This solution is invariant
under U (1)2 x U (N) which is a subgroup of U (2) x U (N). By setting u (k) = v (k),
we recover the previous class.
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¢) U (N) symmetry: A third solution of eq. (7.8) is given by

$i ey _ [ (&) p(K) i
qﬁ,(k)—<g(k) U(k))m, (7.12)

It has four complex parameters  (k), v (k), p (k) and ¢ (k) living on T<. This solution
is invariant under U (N) which is a subgroup of U (2) x U (N).

Following this method, one can construct several solutions of eq. (7.8); they are classified by
the subgroups of U (2) x U (N); the classes follow from the factorisation

a55 () = A (&) x B (k) (7.13)

where in general .A% (k) has four complex functions and BJL (k) has N2 complex functions. In
this regard, we recall that unitary subgroups of U (N) are given by

1
[[ven . D om=nN (7.14)
i=1

including the maximal abelian U (1)" corresponding to the choice BY = B, 5 where B are N
complex functions. Notice that the partition P (2) = 2 because there are two ways to decompose
the integer 2: either just as 2 of like 1 + 1. Notice also that the number of possibilities of de-
composing a positive integer like Zf: 1 ni = N is given by the partition P (N). This number is
obtained by expanding the Mac-Mahon partition function in a series as follows [52],

o 1 o
]_[(1 —X’) =3 PuyX" (7.15)
n=1

I=1
So the number of classes of is given by Pp) x Py =2Py).

8. Two appendices

In this section, we give two appendices A and B where we collect useful ingredients and
complete some results given in the main text. In appendix A, we give useful tools on (1) the
supersymmetric algebras in 2D and 1D having n supersymmetric charges (n < 4); (2) their em-
bedding in the orthosymplectic osp(2|2) and (3) the embedding of osp(2|2) in the A/ = 2 super
conformal invariance in the Neveu-Schwaz (NS) sector. In appendix B, we revisit basic algebraic
aspects of the orthosymplectic osp(2N|2M) underlying results obtained in this paper and also in
the study of the supersymmetric fivefold ways of [20]. We also complete partial results given in
section 4 and subsection 6.2 of our investigation.

8.1. Appendix A: fermions’ algebra in 2D and 1D

We begin by recalling useful features on fermions in 2D world sheet and in 1D world line. The
two worlds are somehow related due to the abelian property of the SO(2) rotation group of the
real plane R? (SO(1,1) for R>!). Indeed 2D fermions are described by SO (2) spinors ¥, having
two components (I//_H /2, Y1 /2). They can be either hermitian with .1/, real (Majorana) or
complex (Dirac). Because of the abelian property of SO (2), these fermionic components 11,2
can be handled separately (as Weyl or Majorana-Weyl spinors). So; one real fermion ¥, in 2D
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may be imagined in terms of two real 1D fermions A1 and A; respectively associated with ¥, /2
and ¥_1/2. A complex ¥, in 2D splitting as §, + ix, can thought of in terms of four real
fermions in 1D denoted as A1, A2, A3, A4 and respectively given by &y1/2, & 1,2, X+1/2, X—1/2-
In sum, we have the following 2D/1D correspondence

n fermions 'ﬁfy in 2D — 2n fermions A 4 in 2D (8.1)

This correspondence applies also to the conserved supersymmetric charges in 2D and 1D (super
QM). In 2D N = 1 supersymmetric theory, the fermionic generator Q, is a Majorana spinor;
it has two conserved super charges: a left supercharge Q_j,> and a right one Q41,2 that can
realised independently due to the reducibility of SO(2) representations. This 2D A/ = 1 theory
can be put in correspondence with A/ = 2 supersymmetry in 1D. So, by using (8.1), we have the
following dictionary:

(1) N =1 supersymmetry in 2D generated by a Majorana spinor operator Qo = Q+1/2 is gen-
erally termed as 2D A = (1, 1). In this case, we have two real supersymmetric charges: Q11,2
and Q_1/2. From the 1D view, the super QM has two supercharges given by Q1 and Q5.

(ii) N =2 supersymmetry in 2D has two Majorana supercharges Q, Qg often denoted like
Qil P with the upper £ charges referring to an extra SO(2)z symmetry rotating Q}x and Qg.
This structure is generally termed as 2D A = (2, 2). Here, we have four real supersymmetric
charges given by the following Majorana-Weyl fermions,

1 1 2 2
Qi1 Q12 Q%2 Qi) 8.2)

From the 1D view, the associated theory has four supercharges Q1, Q2, O3 and Q4.

(iii) In the case of n + m Majorana-Weyl spinors; we use the terminology N = (n, m) super-
symmetry having n right charges Q-li-l/Z’ 11/2; and m left charges Ql_l/z, ...QT1/2. In this
case, we have n 4+ m real supersymmetric charges. So, for n # m, the some how apparent classi-
cal left-right symmetry is violated.

We end this intro hat by noticing that our interest in going to 1D A = 2 super QM through 2D
theory is motivated by its embedding in osp(2|2).

8.1.1. Supersymmetry in 2D and 1D

Focusing on the interesting case of a supersymmetric theory with two real supercharges Q1
and Q, combined into a complex Q = Q1 +i Q> and its adjoint Q = Q| — i Q», the underlying
Lie superalgebra is, generally speaking, defined by

00" +0'0 = 2P
{0, 0} = 2z (8.3)
{QT’ QT} YAl

In these relations, the P is a bosonic hermitian operator (the Hamiltonian in A/ = 2 super QM)
and the complex Z is the central charge of the superalgebra. They obey the commutations

(P, 01=[P.0"]=0

2, 01=[7.0"] =0 (84)
[P,Z]=0

As far as this 1D A = 2 superalgebra is concerned, notice that the four following features:
(1) the central charge Z scales as energy, the same as P; it plays an important role in the study of
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BPS states. These states are beyond the scope of the present paper; and so we will disregard Z
here. So, the relation {Q, Q} = Z becomes a nilpotency condition of the fermionic charge; that
is

0’=0%=0 (8.5)
(2) The highest weight representations Ry, of the superalgebra (8.3)-(8.4) are two complex
dimensional (even complex dimensional in general) due to Q2 = 0; they contain as complex

bosonic state degrees |b) as complex fermionic ones | f); and they have the same energy ¢. For
the example of the 1D N = 2 supersymmetric scalar representation with ground state as

Qlby=0 P|b)=¢1b) (8.6)

the fermionic partner state is given by | f) = 0 |b).

(3) The energy of this state is determined by computing P |f) = P Q |b); it equals to &]f);
thanks to the commutativity P Q = Q P. The feature Q> = 0% =0 and [P, Q] = ( are present
in supersymmetric algebra (8.3)-(8.4); but are violated for osp(2|2) as its supercharges Qsic
have the typical property

[Portics Qortic] 7’5 0 (8-7)
This orthosymplectic feature will be described in the next sub-subsection.
(4) In the case where the supercharge is hermitian Q7 = Q, the eqgs. (8.3)-(8.4) reduce to
Q*=2P , [P,Q]=0 (8.8)
They define the 1D NV = 1 supersymmetric algebra underlying the N'= 1 super QM.

8.1.2. The orthosymplectic osp(2|2)

The osp(2|2) is eight dimensional; it has a bosonic sector g given by so(2,R) @ sp(2, R);
and a fermionic sector g given by a 4-dimensional module of gg. Their graded commutations
are as follows:

I. The bosonic sector so(2) @ sp(2): The even part g has four bosonic generators; the hermi-
tian Jo generating the abelian so(2); and the three Sp + generating the sp(2) obeying Sg = So
and S| = S+. The commutation relations defining g; are given by

[Jo, SO,i] = 0
[So.S+] = +S: (8.9)
[S-.54] = 2%

As far as these relations are concerned, notice the following interesting features.

(1) the two hermitian Jy and Sy are the commuting generators of so(2) @ sp(2); they can be di-
agonalised simultaneously in the same basis. Their quantum charges (g, p) label the irreducible
representations Rf;’;f) of osp(2|2). The quantum number p = s, it is the usual spin projection
ranging as —s <s; <s.

(2) The two Jy and Sy appear in the graded commutations of the osp(2|2) superalgebra through
the linear combinations Sy & Jo; see eq. (8.14). They can be imagined as candidates for the Hyyy
of eq. (8.3) and a charge operator generating a U(1)  symmetry; see below for further details.
In terms of the supersymmetric oscillators b / bt and ¢ /¢T, we have the following oscillator real-
isation of the bosonic operators Jy, So and S4.,
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1 /.. N
JO=Z(615—651) (8.10)
1 frin  nns 1.a NN
S0=Z<b‘b+bb’), S-=bb. sy =3B 8.11)
From this realisation, we can check that we have
ol = —& . [ = 4 .
[50.6] = -1 . [50.6T] = 467 '

indicating that (i) the fermionic ¢/¢7 carry a half charge of so0 (2) (¢ = £1/2) but no charge of
So (p = 0); (ii) the bosonic 13/13% carry a half charge of sp (2) (p = £1/2) but no so (2) charge.

Notice that in the Ry, ) representation language, we can think of ¢/¢" in terms of an so(2)
doublet ¢4 = (¢, ¢7) and about 13/;3‘1' in terms of an sp(2) doublet bP = (b, b").

11. The fermionic sector: The four fermionic operators generating g7 are denoted like F ’IZ, with
g = % (short of +1/2) labelling the charges of so(2) and p = % indexing the charges of sp(2).
They behave as doublets under so (2) and under sp (2). These F ?,’s are realised in terms of the
super oscillators as follows

F—
F+

Il
S S

> O

Fi=btet
’ # 8.13
LI F=b'¢ (8.13)

with (i) the adjoint conjugations (F :)T =F}{ and (F f)T = F7; and (ii) the nilpotency
(F ?,)2 = 0. By using the notation ¢¢ and l;p, the above fermionic generators can be presented

collectively like Fg =¢b p- The graded commutation relations between these fermionic opera-
tors are given by

[FZ,FT} = 25 -2J [FT,F7} = 2S)+2J
{FZ.FT} = 25 , [F1.FT} = 25, (8.14)
[FZ.F{} = 0 [Ff1.Ft} = o0

and
o F3) = - [50.FE] = -3FE ‘s
Jo. FX] = +4irFt’ So, Ff] = +1F% (®15
[Jo.FI] = +3F% [So. FY] = +3F%

as well as
[S_.F*] = o0 [S;.FT] = -F7 5.16)
[soFE] = 0" [s.FE] = 4F? |

The quadratic Casimir C; commuting with the generators of osp(2|2) and characterising the
osp(2|2) representations is given by [53-56]

Co=S0So+1)—Jo(@Jo+1)+28,S_ +2F_F* —2F{F (8.17)
8.1.3. Embedding N' =2 SUSY in osp(2|2) and in N' =2 CFT,
From the above graded commutation relations of osp(2|2), we can deduce a set of interesting

properties; those useful features for us are as listed below:
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I Two complex generators F_ and F__: The osp(2|2) has two complex supercharges F_ and
F (four real ones Fy, F2, F3, Fy). Using egs. (8.12)-(8.16), we draw the following relations

[2S0—2J0. F}] = (p—q) F} a0

[2S0+2J0. F] = (p+q)F% '
So for p = +¢, we have the following

[2S0—2J0,FZ] = 0 [2S0—2J0. F]] = +42F7 (5.19)

[2S0—2J0, F] = 0 [280 —2Jo, FT] = -2FZ '
and for p = —¢q, we have

[2S0+2J0. FT] = —2F" [280 +2Jo, F7] (8.20)

[2S0+2Jo, Ff] = +2F% [2S0+2J0. Ff] = © '

II. N =2 SUSY as a subalgebra of osp(2|2): If restricting the four bosonic generators of
osp(2|2) down to the combination P = w (Sp + Jo) and T = v (S — Jo) with no S; and the
four fermionic ones down to the two F* ~ Q//w and F1 ~ Q/\/w with no FZ nor F_, the
above graded commutations reduce to

0
0

{0.0} = P {0, 0}
[P,Q] = 0 ’ {0.0}

These relations should be compared with egs. (8.3); they define a supersymmetric algebra with
two supercharges Q and Q. Notice the two followi_ng: (i) i13 terms of the harmonic oscillators,
the supercharges are realised as Q = \/w¢'b and Q = /wb'¢ while the bosonic operator P is
given by

8.21)

P=wbb+76) (8.22)

(ii) Because of supersymmetry, the A/ = 2 superalgebra has another bosonic charge namely the
charge operator which we denoted as T. It generates the U (1), symmetry of the N =20
superalgebra and it acts as [T, Q] = Q. Its oscillator realisation is given by (¢7¢ — b7h) /2.

II1. OSp(2|2) as subinvariance of N' =2 CFT,: From the view of the 2D A = 2 superconfor-
mal field theory (CFT3), the osp(2|2) is a subalgebra of the N = 2 super CFT, algebra in the NS
sector. In terms of the generators of the A/ = 2 super Virasoro algebra [54] given by: (i) the usual
bosonic L, and J,, with n integer, respectively referring the Virasoro and the U (1) Kac-Moody
generators, and (ii) the fermionic partners G:{H P and G, +1/2> We have

Lo==S Gyp=Fo

8.23
Li=4S:y GL/ZZFI (8.23)

Recall that the osp(2|2) Lie superalgebra corresponds just to the anomaly free sub- superalgebra
of the N'= 2 super Virasoro in NS sector defined as
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(L, L] = (m—n)Lyn+ % (m3 - m) Om+n

[Jins Jnl = %m8m+n

{GF.GT = 2L+ = 9) oo + 15 (47 = 1) b1 (8.24)
(62,65 = o

[LnGH] = (216,

[Jm’ G;t] = :I:Gi-i-r

with 7, s € Z +1/2. The anomalous terms {5 (m3 - m) m+n and {5 (4r l) 8rts disappear for

m =0, x1 and r = £1/2. This anomaly free condition reduces the 1nﬁn1te set Ly, Jon, G down
to the four bosonic L, L+, Jo and the four fermionic G:I:I/Z’ Gil/2 as in (8.23).

8.2. Appendix B: From osp(2N|2M) to SUSY

In this appendix, we use the tools developed in the present study to shed some light on the
graded algebraic structure underlying the section 4 and subsection 6.2 as well as the supersym-
metric fivefold ways of [20].

8.2.1. General on oscillator realisation of fermionic charges

For simplicity of the presentation, we use short cuts to reach some results of this construction
while keeping quite similar notations as in [20]. For the details regarding other interesting results
in particular the intrinsic aspects of the fivefold way classes and the physical applications, we
report the reader to the above mentioned reference. To make an idea on the types of fermionic
charges we will consider in this appendix, we anticipate this construction by noticing that we
will consider three families (I, II, IIT) of fermionic charges as summarised in the following table

families | supercharges | realisations | couplings | number of Q’s
I ot 5: Réé“ R(ix 1 complex
oF | &Rib | R
11 . i ) 2 complex
! b Tou Tou
= - . (8.25)
of & Rob® R,
+ AT DT pai ai
¢ b T T
111 Q2 ! oi, R 4 complex
Q3_ Sqic'b* Soii
on blwie! wy

From these supercharges one can construct several anticommutators (observables). For example,
from the Q7 in the first row of the above table (family I) and its adjoint (0HT =0, one can
build {QF, 0~} = H and {Q*, 0"} = Z*+ as wellas {Q~, 0~} = Z~~. From the O, O of
the family II and their adjoints Q| , O, , we can build 10 anticommutators. Special supersym-
metric Hamiltonians Hj,sy using fermionic charges as in the two first rows of this table (families
I and II) were considered in [20]. General ones will be given here.
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8.2.2. Fermionic charge operators: examples

Following [20], the fermionic charge operator Q can be realised in terms of tensor products
of N+M supersymmetric quantum oscillators with the following features; see also subsection 4.2
of our present study.

e N free fermionic quantum oscillators & and their adjoint él‘ labelled by i =1, ..., N and

obeying the usual anticommutation relations. These ¢ and éj transform in the fundamental
representations of U (N). This symmetry group U (N) is the maximal unitary part of the
SO(2N) orthogonal group rotating the underlying 2N Majorana fermions ;1 and 7»; mak-
ing & = (Pu—1 + iPu—-1)/2 and & = (Py—1 + iPu—1)/2. The N? generators of U (N) are
given by

L s
o] = (ge-&e)) (8.26)
including the commuting Cartan charge operators as J; = Of namely

1 . .
Ji=Z(ejé’ —de),  i=1N (8.27)

From these abelian J;’s; the previous Jy corresponds to Y, J;. We also have Ol! = ¢i¢/ /2
and Of;j) = 6;6; /2 transforming under the antisymmetric representations of U (V). In the
tight binding modelling, the above fermionic oscillator operators are fibred over the Brillouin
zone as ¢ and 8;. with momentum k.

e M free bosonic operators b* and their adjoint Bg with label i =1, ..., M. The b* and E;
transform in the fundamental representations of U (M). This unitary U (M) is the maxi-
mal unitary subgroup within the usual Sp(2M) phase space symplectic symmetry. The M?>
generators of U (M) are given by

o

| RN Ap s
3ﬁ=1(bibﬂ+bﬂbi> (8.28)
including the commuting Cartan charge operators
| VPN JUA
Sa=13 (bgb“ + bﬂb;) . a=1,..M (8.29)
with So = Y, Sy We also have S = h*hP /2 and Sup) = 13;13;/2 transforming under
the symmetric representations of U (N).

Here also the tight binding model operators are fibred over the Brillouin zone as l;ﬁ and 5;20{.

I Oscillator realisation of Qg,sy: In terms of the fermionic and bosonic quantum oscillators,
a particular realisation of the supersymmetric charge Q reads as follows

0=Y ¢Rib",  0f=>biRIe (8.30)
i, J.B

with coupling tensors given by the N x M rectangular matrix R!, and its adjoint conjugate

(RT)’? = R? . This R/, carries N M complex degrees of freedom. A far this complex supercharge
is concerned, notice the following features.
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(1) fermionic generators of osp(2N|2M)

The Lie superalgebras has 4NM fermionic generators (F'%, Fjq, G?, Gfx); they extend the ones

given by (8.13) and are realised in terms of the fermionic éj /¢ and bosonic l;; / b operators as
follows

Fio=¢lb, B = o 8.31)
AT ~U AL aj :
GY=¢lbe G, =bé
obeying amongst others the following anticommutations
(Fi“.Fig) = 25i80 —2550] Fie Fif} = .
{G;",G{g] = 2580 +2550) ’ G?‘,Gf} — 0 :
and
P Gf = 25.8@P , (Fia, Gf.} = 2840y 833
F* .Gyt = 2s50l] , {(Fia. Gy} = 25/ Sp) '

In terms of these fermionic operators, we learn that the supercharge (8.30) and its adjoint conju-
gate O are given by the linear combinations

0= R,G: . 0'=> RG, (8.34)
io i,

These are complex fermionic charges carrying charges ¢ = % of the orthogonal Jy and charges
p = = under the symplectic Sp; they correspond to the Q and its adjoint Q in eqgs. (8.3)-(8.4).
Notice that Q is valued in the bifundamental (1\7 M ) of the group U (N) x U (M); this feature
will have important consequences on supersymmetry.

(2) the superalgebra of Q and Q" of (8.34)
Here we show that eqs. (8.34) generate a supersymmetric algebra with two fermionic charges
0 and Q. To that purpose, we first check that Q2 = 0; then we calculate the anticommutator
00"+ 070 = Hy,5y and after that we verify that we have [Hmsy, Q] =0.

a) Calculating Q?
By substituting (8.34) into Q?; we find that it reads as Oy; leoZSS @B) with complex coupling Tolqjg
quadratic into R‘; namely

TD’[;, =4R}, Rg (8.35)

and Op;j) = & E; /2 as well as S@F) = h* P /2. Clearly the contraction of this tensor 7, g Vanishes
identically due to 7, = T, and because of the properties Oj;j) = —Oji) and S@P) = SF.
This nilpotency feature can be explicitly exhibited. First, by using the symmetry of S©@#), we
have

0? =20;; (Rg R+ R} Rjg) S (8.36)
then using the antisymmetry Oy;;1, we end up with
0? =0y (RLR) — RURY + RURY — Ry RS ) S (8.37)
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indicating that Q2 vanishes identically with no constraint on R(’;{.
b) Computing Hyysy
For the calculation of the anticommutator Q Q" + 0T Q0 = Hy, sy» We substitute Q = Aj Ré b and
o = l;;g 15}3 ¢/, we obtain
Hqugy = &] [ p15¢7 + bl [hp155P (8.38)

with hermitian coupling tensors [hf]i' and [hb]% respectively given by the N x N square matrix

[RRT]'J’: and the M x M square matrix [RTR]%. So, we have
hy=RR',  h,=R'R (8.39)

with H}f'”y = I;:; [hb]‘gl;/3 and H;”Sy = 6: [hf];éj reading also as

H;usy = 2[hb]%85 — %tr (/’lb) (8 40)
Hy™ = 2001505+ gir (hy) '

indicating that H**$Y = 2[hb]%$£’ + 2[hf]§. O; is valued into u (N) @ u (M). Notice that we have
IR — Rhy=0 (8.41)

c¢) Checking the commutativity Hyysy, O = O Hyysy
Regarding the calculation of [Hmsy, Q], we compute the commutators [H;”‘Yy , O] and [H;usy ,
Q]; we find

[y R | = & (RRTRIb?
susy At pi 1. NI t i (842)
[y R | = +&](RRTRIH?

whose sum vanishes identically. So, egs. ((8.30)-(8.34)) realise a SUSY charge.

I1. Beyond the realisation ((8.30)-(8.34)): Clearly, eq. (8.34) is a special realisation of the

fermionic charge Q; a general oscillator realisation can be written down; it involves the coupling

tensors 7% and T, in addition R,‘;l and Iéf‘. We refer to these orthosymplectic supercharges like

Qoriic = 07 and Qi = QO with realisations given by
0f = R b+ BT (8.43)
(0] = b:;Rl‘."c’ + T;ou b c

These supercharges goes beyond (8.30)-(8.34) corresponding to 7% = 0; the above Q% have

some specific properties as listed below:

(1) Chiral odd spaces
The supercharges O belong to two adjoint conjugate subspaces in the odd sector of the
osp(2N|2M). Indeed, using the fermionic operators generating the odd sector of osp(2N|2M)

namely G;", Fi,, (_;;, F* given eq(8.31), then, we have

0" = RL,GI+TFiy

B 8.44
O = BG4 T (8.44)
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with Q7 sitting in the complex directions G}, Fy; and the 0~ = (Q“‘)T in their images
G;, F*" under conjugation. From these QF, one can also construct a hermitian supercharge
£ and an antihermitian 3 as usual like

+ - + -
& , iP = H (8.45)
V2 V2
Notice that the two following features of eq. (8.44). First, it carries 2N M complex degrees of
freedom; NM coming from R, and NM from T'®. Second, the QF are valued in reducible
representations of U (N) x U (M). This is because, the G sits in the bifundamental (N , M)
while the F;, sits in the antisymmetric N A M. This feature deforms the expressions of the
supersymmetric constraints satisfied by (0%, 0*}=0and [H, 0*]=0.

(2) Anticommutators { 0%, 0*}
From the orthosymplectic supercharges (8.44), we can define three anticommutators: (i) The an-
ticommutator { 9, O~} defining the orthosymplectic Hamiltonian H,,;;c which is hermitian.
(ii) The anticommutator { 9, O}, which in general is non Vanishing, defines a complex oper-
ator Z,ic scaling as H,,sic. The third anticommutator is given by ZOMC ={07, Q07 };itis the
ad]01nt conjugate of Zortic.
These three bosonic operators Hyyric, Zortic and 7' orric are valued in the bosonic subalgebra
s0(2N) & sp(2M) generated by OI.J, ol O[ij] (for sopn) and Sg, S@h) S(aﬂ) (for spayr). To
exhibit this feature, we calculate these anticommutators.

a) the Hamiltonian H,, ;.
Substituting (8.44) into {QT, O™}, we get

Q=

Hoie = RLR}{(GY, G_,’%H TR Fra, Gé; (8.46)
RLTip{GY, FMy + T Tjg{Fq, F™)

By using (8.32)-(8.33), this H,,:;. reads as a linear combination of the above mentioned genera-
tors namely

ortlc = 2( (lx i +TmT/3)S +
2 ( (lxktjx Taz) O/ (8.47)
2 (RLTip) S(“ﬁ) +2(T* RP)S ap)

As it has no O], 5[,- j1» itt is valued in uy @ spoy . Interesting families of such Hamiltonians
are given by the two following constraints on the coupling tensors: (i) The R}, and 7% couplings
are constrained like

RiTig = nrrQap Qop = —Qpo (8.48)
TPRY = fgrQPfe ’ Qfr = _Qob '

where ngr scaling as energy. For simple calculations, we will set ngr = 0. For this choice, the
S@P) and S(aﬁ) terms disappear and the Hamiltonian (8.47) reduces to a form similar to (8.40);

it reads as follows
. — B pi ﬁz
Hyprie = 2(RR 4T )S+
i pa ai J (8.49)
Z(RaRj — T T )O,.
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it is valued into u (N) @ u (M). In this case, we have the following bosonic and fermionic con-

tributions
(), = RIR,+THT, (8.50)
(hp);, = RGRYS—TjuT™ '

(ii) If in addition to (8.48) with ngy = 0, the Ré and T% couplings are restricted to the following
diagonal choices

R&R_lﬁ = X , RURS = s (8.51)
T*Typ = 258 , T*Tja = n7d;

where A%, X‘; and ,u‘k, ,u,iT are M + N real numbers, the Hamiltonian takes an interesting form.
For this choice, the resulting H,,s;. is valued in the Cartan subalgebra of so(2N) ® sp(2M) as
given here after

M N
Horsie =2) (g +29) Sa +2 ) (e = 14} ) 7 (8.52)
a=1 i=1

b) the anticommutator {01, 01}
This anticommutator defines the observable Z,,;.; we find after substituting O = R}, G;" +

T% F;, and using {GY, Gf} ={Fiq, F jg} =0, the following expression
Zorie = RyTP G F g} + TV R, {F 5. GY ) (8.53)
Using (8.32)-(8.33), we can put this relation as follows
Zortic = —4 (fo Taj) Oliji (8.54)

showing that Z,,;. is valued in the antisymmetric representation of the u (N) subalgebra of
so(2N). It vanishes for the case

RITY = ¢rrGY , G =gl (8.55)
c¢) the commutator [H, O] o
Substituting the bosonic H,ytic = (hb)g Sg + (hf)l] Ol.] and the fermionic Q1 = RéG;’ +
T* F;,, then using

[sg.67] = -isj6¢ [ol.6l] = Lfar 856)
[5,‘%‘, FIV] = +%5$F1ﬂ [Oijs Fly] = %‘SljFiy
we find after some algebra, the following
[H.0% = H(hs) R) - (hp)} REYGY + 5.5
ATV (hg)', + () TPYF,
The vanishing condition of this commutator requires
i B pi
(y), Ry = o)y Ry =0 (8.58)
i l Y }3 _ .
v/ (hf)j +hp)g TP =0
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By replacing (hf) and (hb)y by eq. (8.50), we obtain

)y R, = RLRR +RLTHT,
(hp)j Ry = RGRIR, = RITaTe, .
)y TV = RIRLTY TR, T, '
(hf) V2 - Tﬁjlé}’R;'/ _ Tﬁl'flyTyi
which by substituting into (8.58), we get the following constraint relations
J @i 4 RiTaj -
11:'3 ;jfaTTw : fﬂJTRV;]zy _ 8 (8.60)

These constraints are naturally solved by the orthogonalites R(’;[ T% = R(’; ]_}ﬂ = 0. If substituting

RéT"j = {RTGij and R(’;l Tig = nRT up, these constraints read as

Ik Qe T8 4 Crr GU Ty = 0 (8.61)
CRTGHR?-i-ﬁRTQﬁyR;, = 0 ’

III. Fermionic charges beyond (8.44) In eq. (8.44) the two fermionic charge O and Q™ are
related by adjoint conjugation; the combination v/2Q = Q% + Q~ is hermitian and reads like

V2Q=R.G¥ + T* Fiy + R*G, + T F* (8.62)
having two complex coupling tensors Ré and T* . However, this is still a particular case because

one may relax this hermiticity constraint by thinking about the above fermionic charge +/29 as
follows

QY =R.GY + T Fiy + WG, + Sio F"' (8.63)
where now we have four complex coupling tensors namely the old complex R(’;[ and 7% and the

two new W and S;q. This Q% involves 4N M complex degrees of freedom; it is the general
form of the fermionic generator one can build out of the fermionic EIT /¢ and bosonic l;(L /5"‘
operators. The Q7 is valued in the complexified osp(2N|2M) and can be viewed as the given by
sum Q7 = 0 + 0F with

0f = RLGY+TYFi,

+ o Al — i (8.64)

0, = W; G, + SioF
with QT involving the R!, 7% and the Q;r using the new coupling tensors S;, and W*. The
adjoint conjugate of the Q% is given by Q™ = Q] + Q; with

07 = RYGi+TF"

I 3 lia (8.65)
0, = WiGY+5%F,

An 1nterest1ng way to deal with these 97 is to use the notations k A= (c' Al) and é 4= (b I b )

as well as A" (61 “T)T and £4 = (b ) 1) in terms of which the Q%1 and 9~ read in a con-
densed way as follows

59



L.B. Drissi and E.H. Saidi Nuclear Physics B 989 (2023) 116128

At N ~a A AR
o =ii[q]a8® . at=f [qT]BxB (8.66)

Here, the [q]?3 coupling tensor and adjoint [qT]g are respectively given by 2N x 2M and 2M X

2N rectangular matrices reading in N x M and M x N sub-block matrices as follows

Q‘:(Eia)(ﬁ ;)(;) , Q+=(13T,13)<1T3: vf;)(;) (8.67)

From these fermionic charges, one can calculate three anticommutators: the hermitian {Q~, Q%)
and the complex {Q", Q7} and the adjoint conjugate {Q~, Q~}. The calculations of these anti-
commutators go in the same manner as we have done before. The novelty is that in this general
case the graded canonical commutation relations are some how unusual: (i) For the case of
fermions, the anticommutation relations have the form

~t ~B ; NN . ~A ~B - AB
i A =08, Ridp=3%, @A X )=3 (8.68)

AF At ~AA ~B
where {l;, Agtand (A XB} are non vanishing. This is because
A AT AT AT
At A c.,c c.,c
{x},xg}z({ pel ot ﬁ) (8.69)

In these relations, the E'Ii‘i i and E;‘B are given by

. (8 0 : 0o & s [0 &
35:(1 ) z:)f..;( . I) zAB:( . (8.70)
A i) AB i ’ x J
0 & 8; 0 §; 0
(ii) For the bosons, we also have
[éA,ég] =33 [éA,éB] —ix)8, [é},ég] =—ix), 8.71)

where here also the [é‘A, é‘B ] and [é‘z, é‘;;] are non vanishing. In these relations, the EZBA and E;‘B
are given by

A st0 . <AB 0o & . 0 -5/
(EZ)B=(({ _35), ==y 0 ) “iTw={s o (8.72)
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