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1 Introduction

A recent proposal has shown that short-distance parameters of the decay K → µ+µ− can
be cleanly extracted from a measurement of the KL–KS time-dependent rate [1–3]. The
time-dependent rate for a beam of initial K0 particles can be written as

1
N
dΓ(K0 → µ+µ−)

dt
= f(t) ≡ CL e

−ΓLt + CS e
−ΓSt + 2CInt. cos(∆MKt− ϕ0)e−

ΓL+ΓS
2 t ,

(1.1)
where N is a normalization factor, ΓL (ΓS) is the KL (KS) decay width, and ∆MK is the
KL–KS mass difference. Then, the four experimental parameters characterizing the time
dependence,

{CL, CS , CInt, ϕ0} , (1.2)

are directly related to the four theory parameters describing the system [2],

{
|A(KS)`=0|, |A(KL)`=0|, |A(KS)`=1|, arg

[
A(KS)∗`=0A(KL)`=0

]}
, (1.3)

where the subscripts ` = 0 (s-wave symmetric wave function) and ` = 1 (p-wave anti-
symmetric wave function) correspond to the CP-odd and -even (µ+µ−) final states, respec-
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tively. The relations between the experimental and theory parameters are given by

CL = |A(KL)`=0|2 ,
CS = |A(KS)`=0|2 + β2

µ|A(KS)`=1|2 ,
CInt. = |A(KS)∗`=0A(KL)`=0| = |A(KS)`=0||A(KL)`=0| ,
ϕ0 = arg

[
A(KS)∗`=0A(KL)`=0

]
,

(1.4)

with

βµ =

√√√√1−
4m2

µ

m2
K0

. (1.5)

The experimental parameter ϕ0, which is the phase shift of the oscillating rate in
eq. (1.1), is a combination of the relative weak and strong phases between the KS and
KL amplitudes to the CP-odd final state. In this paper, we demonstrate that this phase
shift is closely related to the proportionality coefficient in the ratio between the rates of
KL → µ+µ− and KL → γγ.

The ratio between the rates of KL → µ+µ− and KL → γγ is of historical significance.
Using CPT invariance, unitarity, and the well-motivated assumption that the absorptive
part of the KL → µ+µ− amplitude is dominated by the two-photon intermediate state, the
ratio between the rates of KL → µ+µ− and KL → γγ is bounded by the lower limit [4–7]

RKL
≡ Γ(KL → µ+µ−)

Γ(KL → γγ) ≥ 1.195× 10−5 . (1.6)

However, back in the 1970’s, this conflicted with the contemporary experimental upper
bound of 0.4×10−5 [8, 9], leading to the so-called “KL → µ+µ− puzzle” [5, 10] that gained
much attention. But today, this ratio is measured in the experiment as [11]

Rexp
KL

= (1.250± 0.022)× 10−5 . (1.7)

This means that the observed branching ratio B(KL → µ+µ−) = (6.84± 0.11)× 10−9 [11],
along with B(KL → γγ) = (5.47 ± 0.04) × 10−4 [11] known today obey the lower limit
prescribed by CPT invariance and unitarity.

In this paper, we show that the phase ϕ0 is cleanly predicted in the Standard Model
(SM), up to a four-fold discrete ambiguity, making its measurement a potent test of the
SM. The discrete ambiguity can be partially resolved by using further theory input from
the literature in the large-NC limit of chiral perturbation theory (ChPT). This result is
additionally significant for sensitivity estimations of a future measurement of the short-
distance parameters.

Leptonic kaon decays have been a field that received a lot of attention in the lit-
erature recently. Effects from CPV in kaon mixing on K → µ+µ− have been taken
into account in refs. [1, 3], and implications for physics beyond the SM have been stud-
ied in refs. [12–14]. Another future high precision test of the SM employing the ratio
B(KS → µ+µ−)`=0/B(KL → π0νν̄) has been identified in ref. [15]. Advances in calculating
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Figure 1. Leading order Feynman diagram of the long-distance two-photon contribution to KL →
µ+µ−.

KL → µ+µ− and KL → γγ on the lattice can be found in refs. [16–18]. On the experimen-
tal side, the LHCb collaboration recently found an improved bound on KS → µ+µ− [19]
and KS,L → 2(µ+µ−) [20].

In section 2 we introduce our notation and summarize key results from the literature.
In section 3 we determine cos2 ϕ0, which predicts ϕ0 up to a four-fold ambiguity, in a
model-independent way, only assuming that the long-distance contributions are SM-like.
In section 4 we reduce this ambiguity to a two-fold one by using the large-NC limit and
assuming that the short-distance physics is known. We demonstrate that the remaining
ambiguity cannot be resolved using current knowledge in section 5. We conclude in sec-
tion 6.

2 Setup and notation

We work within a framework defined by the following approximations, as detailed in ref. [2]:

(i) We neglect CPV in mixing, which is a sub-dominant effect for our purposes. Note
that when considering higher order corrections, this effect can be taken into account
consistently [3].

(ii) We neglect CPV in the long-distance contribution.

(iii) We assume that the leptonic current is (axial-)vectorial, i.e., given by µ̄γµ(a+ bγ5)µ.

In the SM, all three approximations are fulfilled within the precision relevant for our find-
ings. In addition, in the following we assume that

(iv) The long-distance contribution to the KL → µ+µ− amplitude is SM-like. That is,
the only non-negligible intermediate state is the di-photon state.

Regarding the short-distance contribution, we explicitly state whenever our results are
relevant regardless of any assumption on the nature of the short-distance physics, and
when SM input is used.

Adopting this setup, it has been shown that the decay of KS to the CP-odd final
state, (µ+µ−)`=0 involves only short-distance physics. Additionally, the KL → µ+µ−

decay proceeds only to the CP-odd final state, (µ+µ−)`=0. However, the latter involves
two contributions of different underlying physics:

– 3 –
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1. A short-distance (SD) contribution, arising to leading order from box and electroweak
penguin diagrams, for which the ingredients for a precise SM prediction are straight-
forward to derive.

2. A long-distance (LD) contribution, strongly dominated by the on-shell two photon
intermediate state, see figure 1.

The on-shell two photon contribution is known to be significantly larger in magnitude than
both the SD contribution and the off-shell part of the LD contribution.

The K0 → (µ+µ−)`=0 and K0 → (µ+µ−)`=0 amplitudes can be written as a sum of
two general contributions, with corresponding weak and strong phases,

A`=0 = |ASD|eiθSDeiδSD + |ALD|eiθLDeiδLD , (2.1)
A`=0 = −

(
|ASD|e−iθSDeiδSD + |ALD|e−iθLDeiδLD

)
,

where the overall minus sign for A`=0 is due to the CP nature of the final state. Using the
convention

|KS〉 = p|K0〉+ q|K0〉 , |KL〉 = p|K0〉 − q|K0〉 , (2.2)

the mass eigenstate amplitudes are related to A`=0 and A`=0 by [2]

A(KS)`=0 = 1√
2

[ASD(1 + λSD) +ALD(1 + λLD)] , (2.3)

A(KL)`=0 = 1√
2

[ASD(1− λSD) +ALD(1− λLD)] ,

where

ASD ≡ |ASD|eiθSDeiδSD , ALD ≡ |ALD|eiθLDeiδLD , (2.4)
ASD ≡ −|ASD|e−iθSDeiδSD , ALD ≡ −|ALD|e−iθLDeiδLD , (2.5)

and
λSD ≡

q

p

ASD
ASD

, λLD ≡
q

p

ALD
ALD

. (2.6)

As we focus here mainly on amplitudes with ` = 0 final states, compared to the
notation of ref. [2] we use for brevity the notation

λSD ≡ λSD0 , λLD ≡ λLD0 , (2.7)
A(KS) ≡ A(KS)`=0 , A(KL) ≡ A(KL)`=0 . (2.8)

The amplitudes are normalized such that

B(KS,L → µ+µ−)`=0 = τKβµ
16πmK

|A(KS,L)|2 . (2.9)

We also use

B(KL → γγ) = τK
32πmK

|A(KL → γγ)|2 . (2.10)

– 4 –



J
H
E
P
0
3
(
2
0
2
3
)
0
1
4

Up to this point, the labels LD and SD are just naming. However, in the following we
will treat them as corresponding to what we think of as long-distance and short-distance
amplitudes. It is important to note that the separation into LD and SD contributions is not
well-defined. We think of short-distance physics as having no sources for a strong phase,
while long-distance physics can go on-shell. However, any on-shell intermediate state can
also be considered to contribute off-shell. Therefore there is no way to unambiguously
define the separation. In the following we keep the strong phases general, while we insert
knowledge of the SM weak phase of the long-distance contribution.

We then have [2]

λLD = −
(
VcdV

∗
cs

V ∗cdVcs

)(
V ∗udVus
VudV ∗us

)
= −e−2iθuc . (2.11)

Equation (2.11) corrects a typo in eq. (42) of ref. [2]. Here,

θuc ≡ arg
(
− VcdV

∗
cs

VudV ∗us

)
= O(λ4) , (2.12)

such that, to O(λ4),

arg λLD = −2θLD + π = π , (2.13)

that is

θLD = 0 , λLD = −1 . (2.14)

No assumptions are made for the short-distance phase,

arg λSD = −2θSD + π . (2.15)

We have therefore

A(KS) = 1√
2
ASD(1 + λSD) = i

√
2|ASD| sin θSDeiδSD , (2.16)

A(KL) = 1√
2

[ASD(1− λSD) + 2ALD] =
√

2
(
|ALD|eiδLD + |ASD| cos θSDeiδSD

)
. (2.17)

Note that A(KS) is pure short-distance and is manifestly CP-odd. The oscillation term in
the rate is then controlled by the interference term:

A(KS)∗A(KL) = −2i|ASD| sin θSD
(
|ALD|ei∆δ + |ASD| cos θSD

)
, (2.18)

where ∆δ ≡ δLD − δSD.

3 Determination of cos2 ϕ0: model-independent

From eqs. (1.4) and (2.18), we have

cos2 ϕ0 =
Re
[
A(KS)∗A(KL)

]2
|A(KS)A(KL)|2 = (

√
2|ALD| sin ∆δ)2

|A(KL)|2 =
[
A(KL)absorptive

]2
|A(KL)|2 , (3.1)
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where
A(KL)absorptive ≡ Im

[
A(KL)

]
, (3.2)

and we define the imaginary part relative to the strong phase of the SD amplitude (or
in the basis in which the SD amplitude carries no strong phase, hence δLD = ∆δ). This
convention corresponds to choosing Chad., introduced in section 4 below, to be real without
loss of generality.

The numerator is simply the on-shell long-distance contribution to the KL amplitude.
Under the assumption that the only non-negligible intermediate state is the di-photon
state [21], this absorptive part is equal to the discontinuity of the three-point diagram (see
figure 1), ∣∣∣√2|ALD| sin ∆δ

∣∣∣ =
∣∣A(KL)absorptive

∣∣ =
∣∣∣∣ 1
2iDisc(KL → γγ → µ+µ−)

∣∣∣∣ . (3.3)

This discontinutiy can be computed in a straightforward way using Cutkosky rules, which
entail considering the cut intersecting both photon propagators. In this way the left part
of the cut diagram is directly related to the measured rate of KL → γγ, and the right
γγ → µ+µ− part of the diagram requires QED only, allowing to extract the magnitude of
the discontinuity completely model independently. This leads to

cos2 ϕ0 =
[
A(KL)absorptive

]2
|A(KL)|2 = C2

QED
Γ(KL → γγ)

Γ(KL → µ+µ−) , (3.4)

i.e.,

cos2 ϕ0 B(KL → µ+µ−) = C2
QED B(KL → γγ) , (3.5)

where CQED describes the γγ → µ+µ− transition and is given as [21]

CQED = αemmµ√
2βµmK

log
(

1− βµ
1 + βµ

)
+O(α2

em) . (3.6)

Equation (3.5) demonstrates that cos2 ϕ0 is simply the proportionality factor parameteriz-
ing to what extent is the KL → µ+µ− rate saturated by the absorptive contribution from
the intermediate γγ state. Using the measured ratio of rates RKL

, see eq. (1.6), we have a
clean SM prediction for the phase ϕ0, up to a four-fold discrete ambiguity,

cos2 ϕ0 =
C2

QED
Rexp
KL

. (3.7)

This SM prediction is dependent only on

1. The measurement of RKL
, currently with an uncertainty of O(2%);

2. A QED calculation, here taken up to relative corrections of O(αem);

3. The assumption that other intermediate on-shell contributions (3π, ππγ) are negli-
gible [21].
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Inserting

C2
QED = 1.195× 10−5[1 +O(αem)

]
, (3.8)

and

Rexp
KL

= (1.250± 0.022)× 10−5 , (3.9)

which we obtain, not taking into account any correlations, from [11]

B(KL → µ+µ−) = (6.84± 0.11)× 10−9 , (3.10)
B(KL → γγ) = (5.47± 0.04)× 10−4 , (3.11)

using Gaussian error propagation, we arrive at cos2 ϕ0 = 0.96 ± 0.02 , where the quoted
error reflects only the experimental error on Rexp

KL
.

There are two sources of theoretical errors. One of the them is the higher order QED
calculation, resulting in an error of order αem ∼ 1%. This error is reducible, that is, if
needed the calculation of the higher-order corrections can be done. The other source of
uncertainty are the intermediate states that we neglected, such as 3π and ππγ [21]. These
contributions are estimated to be at most 1% of the two-photon state that we considered.
Each of the two effects results in about 1% error, and thus we conservatively add them
linearly resulting in a total theory error of 0.02 to arrive at our final estimate,

cos2 ϕ0 = 0.96± 0.02exp ± 0.02th . (3.12)

Combining the experimental and theoretical errors in quadrature we then have

cos2 ϕ0 = 0.96± 0.03. (3.13)

Note that the error quoted in eq. (3.13) is therefore to be interpreted as an estimate of the
total uncertainty, rather than as a statistical error only.

Given the value of cos2 ϕ0 there are four possible values for the phase shift, ϕ0. Two
of them correspond to overall constructive interference in the time-dependent rate and
two correspond to destructive interference, depending on the sign of cosϕ0. We plot the
time-dependent rate for the four possibilities in figure 2 for both a K0 or a K

0 beam.
Note that, for a K0 beam, a positive (negative) cosϕ0 results in constructive (destructive)
interference. As pointed out in ref. [1], the situation is reversed for a K0 beam where a
negative (positive) cosϕ0 results in constructive (destructive) interference.

4 Determination of cosϕ0: model dependent

The four-fold ambiguity cannot be resolved in a model-independent way. Thus, in this
section we use input from theory in order to try to reduce it. We first consider the sign
of cosϕ0. We discuss below how chiral perturbation theory (ChPT) and lattice QCD can
help in this regard.
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Figure 2. (a) Illustration of the four-fold ambiguity arising from cos2 ϕ0 = 0.96. (b) The time
dependence of the K0(t) → µ+µ− rate, f(t), as defined in eq. (1.1), for the four values of ϕ0. We
have used a normalization in which CL of eq. (1.1) is set to unity. (c) The same for an initial pure
K

0 beam.

4.1 Chiral perturbation theory

Within chiral perturbation theory and using the large-NC limit, it has been shown that
the sign of the absorptive amplitude relative to the short-distance contribution, which
determines the sign of cosϕ0, can be determined [22, 23].

In the following, we relate our notation for the long-distance contribution to that
appearing in the literature in order to apply existing results, primarily of refs. [22–25]. We
rewrite the long-distance amplitude for KL → µ+µ− as

√
2|ALD|ei∆δ =

[
ALD

]
dispersive + i

[
ALD

]
absorptive

≡ Chad.
[(
Alocal
LD + ReAγγLD

)
+ i ImAγγLD

]
, (4.1)

where Chad. encodes the hadronic behavior of the effective KLγγ vertex. Without loss of
generality, we take Chad. to be real, consistent with eq. (3.2). The dispersive part is split
in two parts to be consistent with the literature,

[
ALD

]
dispersive = Chad.

(
Alocal
LD + ReAγγLD

)
, (4.2)[

ALD
]
absorptive = Chad. ImAγγLD , (4.3)

where Alocal
LD denotes the local counterterm, which is real [23]. Using the fact that the decay

KL → γγ has the same hadronic behavior, we define

A(KL → γγ) ≡ Chad.Aγγ . (4.4)

Note that Aγγ 6= AγγLD. The former is part of the KL → γγ amplitude, while the latter is

– 8 –
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the two-photon contribution to KL → µ+µ−. Then we have

Γ(KL → µ+µ−)
Γ(KL → γγ) = 2βµ

∣∣∣∣∣
√

2|ALD|ei∆δ +
√

2|ASD| cos θSD
A(KL → γγ)

∣∣∣∣∣
2

(4.5)

= 2βµ

(
Alocal
LD + ReAγγLD +

√
2|ASD| cos θSD/Chad.

)2
+ (ImAγγLD)2

|Aγγ |2
.

Note that Chad. now appears as a factor accompanying the short-distance contribution. We
can now easily relate to the notations of ref. [23], with (the superscript “IU” denotes the
initials of the authors of ref. [23])

Alocal
LD

|Aγγ |
= αemmµ

πmK

[
χγγ(µ)

]IU
, (4.6)

ReAγγLD
|Aγγ |

= αemmµ

πmK

[
ReCγγ −

5
2 + 3

2 log
(
m2
µ

µ2

)]IU

, (4.7)
√

2|ASD| cos θSD
Chad.|Aγγ |

= αemmµ

πmK

[
χshort

]IU
, (4.8)

ImAγγLD
|Aγγ |

= αemmµ

πmK

[
ImCγγ

]IU = 1√
2βµ

CQED . (4.9)

The assumptions and findings of the literature, as conveyed in refs. [22, 23], can now
be summarized as the following:

1. Using results in the large-NC limit, refs. [22, 23] find destructive interference between
the short-distance and the local long-distance contributions,

cos θSD
Chad.Alocal

LD

< 0 . (4.10)

2. ref. [23] uses phenomenological analyses of the form factor in KL → γe+e−, KL →
γµ+µ− and KL → e+e−µ+µ− from data, together with theory considerations, to
estimate the local counter term. Using up-to-date inputs, we update their estimation
(see appendix A) and find

[
χγγ(mρ)

]IU = πmK

αemmµ

Alocal
LD

|Aγγ |
= (6.10± 1.01) > 0 , (4.11)

where we have set µ2 = m2
ρ here and in the following whenever we make use of specific

numerical estimates. Hence, using eq. (4.10),

sgn
[
Chad.

]
= −sgn

[
cos θSD

]
. (4.12)

3. This, in turn, determines the sign of the absorptive long-distance amplitude relative
to the short-distance contribution,

sgn
([
ALD

]
absorptive

)
= sgn

[
cos θSD

]
, (4.13)

where we used the fact that sgn [ImAγγLD] = sgn [CQED] = −1.
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We conclude that within a model for the short-distance contribution, and adopting the
assumptions in the literature regarding the long-distance physics, i.e., the large-NC limit,
the sign of cosϕ0 is determined,

sgn
[

cosϕ0
]

= sgn
[

Re
[
A(KS)∗A(KL)]
|A(KS)A(KL)|

]
(4.14)

= sgn
[[
A(KL)

]
absorptive sgn[sin θSD]
|A(KL)|

]
= sgn

[
tan θSD

]
.

4.2 Detailed assumptions within ChPT

The considerations leading to the assumption of destructive interference between the short-
distance and the local long-distance contributions, as conveyed in eq. (4.10), involve some
details of the structure of the KL → γγ amplitude within the ChPT. According to ref. [26],
the on-shell tensor amplitude for KL → γγ starts from at O(p6) in the ChPT as

−iA(KL → γγ) = εµνρσε1µ(q1)ε2ν(q2)q1ρq2σ c
(6)(0, 0) , (4.15)

where c(6)(q2
1, q

2
2) is an amplitude for KL → γ∗(q1)γ∗(q2). We factorize the π0 exchange

contribution in c(6)(0, 0) and define a dimensionless reduced amplitude as c(6)
red,

c(6)(0, 0) = − 2
π
αemF0 (G8 −G27) 1

1− r2
π

c
(6)
red , (4.16)

and c(6)
red can be expanded in the ChPT as

c
(6)
red = 1 + 1− r2

π

3
(
1− r2

η

) [(1 + ξ) cθ + 2
√

2 ρ̂ sθ
]( Fπ

Fη8
cθ − 2

√
2 Fπ
Fη1

sθ

)

− 1− r2
π

3
(
1− r2

η′

) [2√2 ρ̂ cθ − (1 + ξ) sθ
]( Fπ

Fη8
sθ + 2

√
2 Fπ
Fη1

cθ

)
,

(4.17)

with
√

2F0 =
√

2Fπ = fπ = (130.2 ± 0.8)MeV [27], Fη8 = (1.27 ± 0.02)Fπ, Fη1 = (1.14 ±
0.05)Fπ [28, 29], and rP ≡ mP /mK . Combining the above formulae gives

−iA(KL → γγ) = −
√

2αemfπ (G8 −G27)
π (1− r2

π) c
(6)
redε

µνρσε1µ(q1)ε2ν(q2)q1ρq2σ . (4.18)

Here, the point is that O(p4) contributions vanish within the ChPT, which are proportional
to c(4)

red and

c
(4)
red = 1 + 1− r2

π

3
(
1− r2

η8

) =
4− 3r2

η8 − r
2
π

3
(
1− r2

η8

) = 0 , (4.19)

where the Gell-Mann-Okubo mass formula, 4m2
K = 3m2

η8 + m2
π, is used. Therefore, c(6)

red
amplitudes correspond to the violation of the Gell-Mann-Okubo formula implying that the
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sign of c(6)
red is sensitive to the η–η′ mixing angle θ in the octet-singlet basis, the SU(3)F

breaking ξ [30, 31], the nonet symmetry breaking ρ̂ [32–34], and their higher-order cor-
rections. (1 + ξ) is proportional to the KL → η8 form factor, while ρ̂ is proportional to
the KL → η1 one. However, by considering the typical parameter regions; θ ≈ −20◦,
ξ ∼ 0.0–0.2, and ρ̂ ≈ 0.8 [26], one can predict sgn[c(6)

red] > 0, which leads to

sgn
[
A(KL → γγ)

]
= sgn

[
A(KL → π0 → γγ)

]
. (4.20)

Combining this relation with sgn[G8 − G27] which can be extracted from the ∆S = 1
effective Lagrangian in the large-NC limit [23, 35, 36], sgn[Chad.] > 0 can be predicted, see
eq. (4.12), where, in the SM we have cos θSM

SD < 0.

4.3 Lattice QCD

In the last decade, lattice QCD made paramount progress in the treatment of K → ππ [37–
40]. Moreover, recently, lattice QCD made advances in the calculation of KL → µ+µ− and
KL → γγ [16–18]. ChPT parameters like G8 can now also be extracted from fits to lattice
results, as shown in ref. [41].

While it seems to us that the data is available to extract the sign, we were unable to
find it from the available publications. It would be interesting to use the available lattice
data to obtain it. Such an extraction would be interesting to confront the ChPT results.

4.4 SM prediction for the short-distance physics

Within the SM, the short distance contribution arises from the following effective Hamil-
tonian [42]

Heff = −GF√
2

αem
2π sin2 θW

[V ∗tsVtdY (xt) + V ∗csVcdYNL] [(s̄d)V−A(µ̄µ)V−A] + h.c. . (4.21)

We can then write (in the basis where δSD = 0)

A(KL)SM
SD =

(√
2|ASD| cos θSD

)SM (4.22)

=
√

2GFαem
π sin2 θW

∣∣V ∗tsVtdY (xt) + V ∗csVcdYNL
∣∣fKmµmK cos θSM

SD ,

where we identify
θSM
SD = arg

(
−V

∗
tsVtd + V ∗csVcdYNL/Y (xt)

V ∗csVcd

)
. (4.23)

We therefore find,

tan θSM
SD = − η

(1− ρ) + 1
A2λ4

YNL
Y (xt)

+O(λ6) < 0 . (4.24)

Hence, from eq. (4.14), within the SM and under the aforementioned model-dependent
assumptions, we have [

cosϕ0
]SM
largeNC

< 0 . (4.25)
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Together with the result of section 3, cos2 ϕ0 = 0.96± 0.03, we have

[
cosϕ0

]SM
largeNC

= −0.98± 0.02 . (4.26)

Note that the error combines both a statistical error from experiment as well as a theory
component, i.e. is to be interpreted as an estimate of the total uncertainty.

5 Going beyond the two-fold ambiguity

In order to determine the sign of sinϕ0 and get rid of the remaining ambiguity, we would
need to determine the signs and magnitudes of the competing short-distance and long-
distance dispersive contributions,

sinϕ0 =
Im
[
A(KS)∗A(KL)

]
|A(KS)A(KL)|

= −

([
ALD

]
dispersive +

√
2|ASD| cos θSD]

)
sgn[sin(θSD)]

|A(KL)| . (5.1)

We recall that
[
ALD

]
dispersive can be written as

[
ALD

]
dispersive =

√
2|ALD| cos ∆δ = Chad.

(
Alocal
LD + ReAγγLD

)
, (5.2)

see eq. (4.1). Existing semi-phenomenological theory estimations of
[
ALD

]
dispersive come

with large theory uncertainties. Using the estimate of ref. [23] as in eq. (4.11), updated
with existing data (see appendix A), we have for the long-distance contribution,

[
ALD

]
dispersive

|A(KL → µ+µ−)| = Chad.
|A(KL → µ+µ−)|

(
Alocal
LD + ReAγγLD

)
(5.3)

= Chad.|Aγγ |
|A(KL → µ+µ−)|

αemmµ

πmK

[χγγ(mρ)
]IU +

[
ReCγγ −

5
2 + 3

2 log
(
m2
µ

m2
ρ

)]IU


= sgn [Chad.]
√

2βµ
RKL

αemmµ

πmK
[(6.10± 1.01)− 5.14] ∈

[
− 0.009, 0.37

]
,

where sgn[Chad.] > 0 derived in the previous section is used.
For the short-distance SM contribution, we have (see eq. (4.22))

A(KL)SM
SD

|A(KL → µ+µ−)| =
√

2GFαem(mZ)
π sin2 θW

∣∣V ∗tsVtdY (xt) + V ∗csVcdYNL
∣∣fKmµmK cos θSM

SD

|A(KL → µ+µ−)| (5.4)

= −0.331± 0.008 ,
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where we use the following inputs,

Y (xt) = 0.931± 0.005 [3], YNL = (2.95± 0.46)× 10−4 [43], (5.5)
A = 0.790+0.017

−0.012, λ = 0.22650± 0.00048,
ρ̄ = 0.141+0.016

−0.017, η̄ = 0.357± 0.011,
mK = 497.61MeV, mµ = 105.658MeV,
GF = 1.166378× 10−5GeV−2, fK = 155.7MeV,
αem = 1/137, αem(mZ) = 1/129,

sin2 θW = 0.23, mρ = 775.26MeV.

In particular, the CKM input results in cos θSM
SD = −0.94.

Hence, the large theory uncertainty on the dispersive long-distance contribution, as
reflected in the range given in eq. (5.3), does not allow to determine if it is larger or smaller
than the short-distance SM contribution, eq. (5.4). We conclude that with current knowl-
edge on the dispersive long-distance contribution the sign of sinϕ0 cannot be determined.

Therefore, we have, using Gaussian error propagation,[
cosϕ0

]SM
largeNC

= −0.98± 0.02 ,
[
sinϕ0

]SM
largeNC , theory = ±

(
0.21± 0.07

)
. (5.6)

We note that due to the nature of the theoretical error, the error should not be interpreted
as a statistical error but rather as an estimate of the uncertainty.

6 Discussion and conclusions

In this work we have related the phase shift, ϕ0, appearing in the time-dependent decay
rate of a neutral kaon to a dimuon pair to the ratio of integrated rates of KL → µ+µ−

and KL → γγ. This relation holds to an excellent approximation under the well-motivated
assumption that the two-photon intermediate state dominates the absorptive contribution,
and within any model in which the short-distance leptonic current is axial or vectorial, as
in the SM. The only input required other than the ratio of integrated rates is a coefficient
calculated within QED. We find that cos2 ϕ0 is precisely predicted model independently,
and given by

cos2 ϕ0 = 0.96± 0.02exp ± 0.02th . (6.1)

The experimental error comes from the error of RKL
and the theory error is our estimate

of the size of higher order QED corrections and the contribution from other intermediate
states beside the di-photon state. The result leaves a four-fold ambiguity in ϕ0.

The phase shift, ϕ0, is also of experimental significance since it controls the integrated
number of interference events. For a K0 beam a positive value of cosϕ0 is preferred as
it enhances the interference and improves the feasibility of extracting clean short-distance
information from the interference term. For a K0 beam the situation is reversed, and a
negative value of cosϕ0 is preferred. Thus, for experiments employing a proton beam on
target, where the number of K0 particles is expected to exceed that of K0 particles, a
positive cosϕ0 would be preferred.
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We were unable to determine the sign of cosϕ0 completely model independently. Thus,
with the use of several assumptions, that is, within the framework of ChPT and using a
typical parameter region (motivated by the large-NC limit, as detailed in section 4.2), the
sign of cosϕ0, relative to the short-distance contribution, can be predicted. We find that
within this framework, and assuming that the short-distance contribution is SM-like, there
is a theory preference towards cosϕ0 < 0. New Physics can potentially yield a different
sign for cosϕ0. A measurement of the angle ϕ0 is therefore a test of the validity of several
assumptions, pertaining to both the short-distance physics and the ChPT description of
the dispersive long-distance physics.

Given the assumptions that were made to arrive to the conclusion about the sign of
cosϕ0, and the fact that the prediction can be modified for models beyond the SM, we
conclude that neither solution is unequivocally theoretically favored. That is, we cannot
conclude that we know the sign of cosϕ0 to high confidence. Thus, when planing to
perform the experiment we encourage the experimental collaborations to consider both
possible signs for cosϕ0 for purposes of sensitivity estimations.

We therefore conclude by emphasizing that the time dependence of the kaon decay
rate to two muons provides two very clean SM predictions:

1. The coefficient of the interference term allows the extraction of the theoretically clean
decay rate B(KS → µ+µ−)`=0. In the SM, this observable is proportional to the CKM
combination |VtsVtd sin(β + βs)|.

2. Although it includes long-distance as well as short-distance physics, the phase shift
in the interference term, ϕ0, is predicted cleanly up to a four-fold ambiguity.

Thus, an experiment that performs the time-dependence studies of the K → µ+µ− decay
rate provides two independent tests of the SM from the same measurement. While the
phase ϕ0 is not determined model independently, it directly impacts the measurement of
the K → µ+µ− time dependent rate as it affects the interference between the KS and
KL amplitudes in the total rate. The phase shift ϕ0 is therefore a quantity of critical
importance in kaon physics, as a way to test the SM, and in extension, as a probe of new
physics beyond the SM because of its sensitivity to short distance effects.
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A Update of the theory estimate for χγγ(µ)

In this section we update the theory estimate of ref. [23]. The experimental input that goes
into this estimate comes from analyses of the form factor in KL → γe+e−, KL → γµ+µ−

and KL → e+e−µ+µ−, and can be summarized by the parameter αexp., defined by

αexp. = −m2
ρ

d

dq2 f(q2, 0)
∣∣∣∣
q2=0

, (A.1)

where f(q2
1, q

2
2) is the KL → γγ form factor. The experimental value derived from KL →

γe+e− has been updated by the KTeV collaboration after ref. [23] was published. We
take [44]

αexp.|ee = −1.73± 0.05 , (A.2)

combined with [45, 46]

αexp.|µµ = −1.54± 0.10 , (A.3)
αexp.|eeµµ = −1.59± 0.37 ,

and arrive at the weighted average

αexp. = −1.691± 0.044 . (A.4)

Comparing with ref. [23] (who quote αexp. = −1.611 ± 0.044), the central value has gone
up by ∼ 5% while the relative error remains the same.

Inserting this into eq. (22) of ref. [23], we have

χγγ(mρ) = (6.10± 0.16exp.)−∆Λ , (A.5)

(updated from (5.83± 0.15exp.)−∆Λ). Following ref. [23] we take

|∆Λ| ≤ 1.0 , (A.6)

and reach the result [
χγγ(mρ)

]
IU

= 6.10 ± 0.16exp. ± 1.0th. . (A.7)
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