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ABSTRACT: The Witten effect implies the electromagnetic interactions between axions
and magnetic monopoles, and the quantum electromagnetodynamics (QEMD) properly
describes interactions of electric charges, magnetic charges and photons. Based on the
QEMD, a generic low-energy axion-photon effective field theory was built by introducing
two four-potentials (A* and B*) to describe a photon. More anomalous axion-photon
interactions and couplings (g,a4, gaBp and gqap) arise in contrary to the ordinary axion
coupling gq~~aF*"” FW. As a consequence, the conventional axion Maxwell equations are
further modified. We properly solve the new axion-modified Maxwell equations and obtain
the axion-induced electromagnetic fields given a static electric or magnetic field. It turns
out that the dominant couplings g,4p and g,pp can be probed in the presence of external
magnetic field and electric field, respectively. The induced oscillating magnetic fields are
always suppressed compared with the electric fields for the axions with large Compton
wavelengths. This is contrary to the situation in conventional experiments searching for
the oscillating magnetic fields induced by sub-ueV axions. Thus, we propose new strategies
to measure the new couplings for sub-ueV axion in haloscope experiments.
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1 Introduction

Magnetic monopole and axion are two of the most interesting and mysterious candidates
of physics beyond the Standard Model (SM). Magnetic charges were initially motivated by
the consideration of electric-magnetic symmetry in classical electromagnetism and Dirac
suggested the existence of magnetic monopole in quantum theory in 1931 [1]. The Dirac
monopole was also generalized to those arising from QCD [2], the grand unification the-
ory [3, 4] and the electroweak theory [5]. Axions were introduced to solve the strong CP
problem after the spontaneously breaking of Peccei-Quinn (PQ) symmetry [6-13] and have
received a wide interest in both theoretical and experimental aspects. Both the QCD ax-
ion [14-17] (see ref. [18] for a recent review) and axion-like particles (ALPs) [19, 20] can
play as dark matter (DM) through the misalignment mechanism [21, 22].

In 1979, Witten pointed out that a non-zero vacuum angle 6 in the CP violating term
OF" F,, introduces an electric charge proportional to 6 for magnetic monopoles [23]. In
axion theories, this Witten effect implies the electromagnetic interactions between axions
and magnetic monopoles due to the axion-photon coupling gawaﬁ - B. This connection was
first derived by Fischler et al. under the semi-classical quantization of electromagnetism [24]
and was proposed to solve various cosmological problems in recent years [25-29]. However,
to properly quantize the axion-dyon dynamics in quantum field theory, one needs to utilize



the quantum electromagnetodynamics (QEMD) built by Schwinger and Zwanziger [30-32].
QEMD introduces two four-potentials (A* and B*) and two U(1) gauge groups (U(1)g
and U(1)y) to describe photons as well as electric and magnetic charges. Recently, based
on quantization in QEMD, ref. [33] constructed a generic axion-photon Lagrangian in
the framework of low-energy axion effective field theory (EFT). It turns out that the
interactions between axions and magnetic monopoles do exist in the absence of the Witten
effect. More anomalous axion-photon interactions and couplings (g,44, 9o and g,an)
respecting shift symmetry arise in contrary to the ordinary axion EFT gq.,aF* F;w in
the SM framework. As a consequence of the above generic axion-photon Lagrangian, the
classical equations of motion further modify the conventional axion Maxwell equations [34].

This framework predicts new phenomena induced by the new electromagnetic couplings
of axions. Nowadays, various non-cavity haloscope experiments are proposed to search for
the ALPs with small masses m, < 1 peV and larger Compton wavelengths A\, than the
physical scale of the detectors, such as ABRACADABRA [35, 36|, ADMX SLIC [37], DM
Radio [38], BASE [39] and others. They search for the axion-induced oscillating magnetic
field in the presence of a static magnetic field in a solenoid magnet [40] or an external
electric field [41-43], using an electronic LC circuit [44, 45]. There also exist studies of the
searches for axion-induced electric field [46, 47]. Nevertheless, to examine the detection of
such low-mass ALPs, one needs to first solve the relevant axion Maxwell equations. In this
work, inspired by the generic axion-photon couplings, we explore the solutions to QEMD-
induced Maxwell equations and discuss the possibly new haloscope search strategies for
the new axion couplings.

This paper is organized as follows. In section 2, we introduce the anomalous axion-
photon interactions in QEMD and the modified Maxwell equations. In section 3, we solve
the Maxwell equations and give the axion induced electric and magnetic fields for exper-
imental searches. The numerical results of dominant axion induced fields are shown in
section 4. Possible axion search experiments are also discussed. Our conclusions are drawn
in section 5.

2 The modified Maxwell equations from axion-photon interactions in
QEMD

2.1 The anomalous axion-photon interactions in QEMD

Ref. [33] builds the generic low-energy axion-photon EFT in the framework of QEMD. We
briefly introduce the anomalous axion-photon interactions in QEMD below.

In the local QEMD, the photon is described by two four-potentials A* and B* with
opposite parities. The U(1) gauge group of QEMD correspondingly becomes U(1)g x U(1)y
which inherently introduces both electric and magnetic charges. The Lagrangian for the
anomalous interactions between axion a and photon in QEMD is [33]

LD _%gaAA atr[(OAA)(OAA)] - %gaBB a tr[(0 A B)(O A B)]

—%gaAB atr[(0AA)(OAB), (2.1)



where (O A X)) = gHXY — X for four-potential X# = A* or B*, and (& A X)* =
e"P7 (D A X)po/2 with €123 = —1 as the Hodge dual tensor. The first two dimension-
five operators are CP-conserving axion interactions. Their couplings g,a4 and g,pp are
governed by the U(1)pqU(1)% and U(1)pqU(1)%; anomalies, respectively. As A* and B
have opposite parities, the third operator is CP-violating one and its coupling g,ap is
determined by the U(1)pqU(1)gU(1)m anomaly. It is analogous to the interaction between
electromagnetic field and a scalar ¢ with positive parity ¢F**F,,, [48]. The electromagnetic
field strength tensors F*¥ and F* are then introduced in the way that

n-F=n-(ONA), n-F=n-(0AB), (2.2)
where n# = (0,7) is an arbitrary fixed spatial vector.
Taking care of the above anomalies, one can calculate the coupling coefficients as

Ee? Mgg Degg

y 9aBB = y YaAB = 2 )
4dmvpg

JaAA = (2.3)

4m2vpq 4m2vpq

where e is the unit of electric charge, go is the minimal magnetic charge with gy = 27 /e
in the Dirac-Schwinger-Zwanziger (DSZ) quantization condition, and vpq is the U(1)pq
symmetry breaking scale. FE(M) is the electric (magnetic) anomaly coefficient and D
is the mixed electric-magnetic CP-violating anomaly coefficient. They are computed by
integrating out heavy PQ-charged fermions with electric and magnetic charges. As the DSZ
quantization condition indicates gy > e, we have the scaling of the axion-photon couplings
as guBB > |9aAB| > gaaa. We summarize the details of QEMD and the calculation of the
anomaly coefficients in appendix.

2.2 The modified Maxwell equations

Given the above axion-photon interactions as well as the free Lagrangian, one can derive
the classical equations of motion. The conventional axion-electrodynamics is then modified.
The axion modified Maxwell equations are newly obtained as [33]

. .  JE R O
V x B, — 8ta = JaAA (Eo x Va — 8tBO> + guAB (Bo x Va + C{%EO) , (2.4)
- o OB - - da = - - da =
V x E,+ 6: = —0guBB (Bo x Va + 8tE0> — JaAB (EO x Va — atBO) , (2.5)
V- By = —ganpEo - Va+ gaapBo - Va, (2.6)
6 ' Ea = gaAAEO . ﬁa - gaABEO ' 661 s (27)
and the new Klein-Gordon equation is
(O +m2)a = (gaar + gans)Eo - Bo + gaan(E — BY) (2.8)

where EO and Eo are static electric and magnetic fields in a detector, and Ea and Ea are
axion-induced electric and magnetic fields. Note that one has expanded the electromagnetic
field up to the first order of axion-photon couplings and omitted the parts of ordinary



Maxwell equations in the above equations. When taking ¢g,55 = 9.4 = 0 and replacing
gaAA by the conventional coupling g,,~, the above equations restore to the conventional
axion modified Maxwell equations [34].

Based on eq. (2.3), assuming the coefficients E ~ M ~ |D|, we find g,44/9.88 ~
(e/g0)? ~10~* and |guaB|/gaBB =~ €/g0 ~ 1072, Also, the axion dark matter has a typical
local velocity vpy = |Ta| ~ 1073¢ in the Milky Way and then one has |Va| ~ 10~38a/dt.
As a result, keeping only the first three dominant terms simplifies the above Maxwell
equations. The simplified Maxwell equations become

~ - 0E,
a — :07 29
V x 5 (2.9)
- - 0B, — - da = da =
; — —gunp | B “E wAB =By 2.1
V X Eq + BT QBB< oxVa+at 0>+9ABat 0 (2.10)
V-B,=0, (2.11)
V-E,=0. 2.12)

These are the wave equations that we will solve in next section.

3 Solutions to axion electromagnetodynamics

3.1 Casel: EO # 0 and EO =0

The ordinary haloscope experiments adopt an external magnetic field l?o # 0 but vanishing
electric field Eo = 0. In contrary to the conventional axion modified Maxwell equations,
eq. (2.10) induces an effective magnetic current: ]_Z?f = §uB BBO x Va — JaAB %Bo. After
applying the curl differential operator to the egs. (2.9) and (2.10), in the case with By # 0
and EO = 0, one can obtain

25 8 — - aQCL —
ViBa— 5 = 9aBBBo X Voo — gaas 55 Bo , (3.1)
L 9’E . o da=
V2E, — —=2% = gua(Va - V)By — gaap—V X By . (3.2)

ot

To solve egs. (3.1) and (3.2), we take a simple geometry of a long solenoid with a radius
R and a static magnetic field along the z direction in cylindrical coordinates (p, ¢, z). The
magnetic field around the solenoid is parameterized as By = 0 (R—p)BoZz with the Heaviside
theta function #(x). Then, eq. (3.2) becomes

. 9’E
2 a
VEEa—

da ~

da .
= - (gaBBapZ + gaABatéf)) Bod(p— R) . (3.3)

The axion field is given by a(t,7) = agcos(wat — Ea - 7) with w, = m, and Ea = MgU,.
We parameterize the direction of axion in spherical coordinates with the angles shown in
figure 1 and then we have 9, = v4(sin 0 cos(§ — ¢), sin @ sin(§ — ¢), cos ).
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Figure 1. The coordinates of axion v, and 7.

Now we follow ref. [49]! to solve eq. (3.3) in ¢ direction and propose the solution as
E,=U E¢(p)eiwatq3. After inserting this solution form into the ¢ component of eq. (3.3),
we obtain the following Bessel equation

1 1 .
[83 + pap, + (1 — ;)’2)} UE¢(p’) = —igaaBaoBod(p — weR) , (3.4)

where p/ = wgp. With the boundary conditions at p’ = 0 and p’ = w, R, the solutions to
the above equation are Bessel functions of order one

apeJi(p’), P <w.R,

U, ) = 3.5
E(z)(p) { bE¢Hf_(p/)7 p/ > waR P ( )

where J1(p') is the spherical Bessel function of the first kind and H; (p') is the spherical
Hankel function of the first kind describing outgoing wave. Utilizing the continuity of
electric field Ugy(p') and the discontinuity of OUgg/0p" across the boundary, we obtain the
equations for the coefficients ag and bg

aE¢J1(waR) — qube_(waR) =0 s (3.6)
oH} 0.1

byt — — = —1 By . 3.7

E¢ op AE¢ op/ - 19aABAO DO ( )

After applying the Wronksian of Bessel functions, the coefficients are obtained as

T

aps = —59aan00Bowa RH} (waR) | (3.8)
T

bpy = _EgaABQOBOWale (waRR) - (3.9)

! Another calculation based on quantum field theory was given in ref. [50].



Considering the limit of large Compton wavelengths A\, > R and thus p/ = w,R < 1, the
above Bessel functions can be simplified. The final solutions of E, in ¢ direction become

p ; {%gaABaOBOwap_ %gaABaoBowg’Rzp(’Yl(waR) - %)} ¢'g, p<R, (3.10)
a,p ~ . 2 ' ) '
i [%gaABaoBowaRT - igaABaOBongQp@/(w“R) a %” evelo p> R,
N i%gaABaoBowapgiwf’tﬁgaA pP<R, (3.11)
i%gaABaoBowa%elwatgb’ p> R?

where 7/(z) = In(z/2) + v — im/2 with the Euler-Mascheroni constant being vy &~ 0.5772.
Then we take Ea = Ug.(p)e™=ts and follow the same procedure to solve the electric
field in z direction. The corresponding Bessel equation of order zero is

1 . .
{83 + ;8‘)/ + 1] Ug.(p) = igappaoBov, sin 0 cos(2¢ — £)3(p’ — waR) . (3.12)

The solutions are given by

N o s 313
Given the boundary conditions, the coefficients satisfy
apsJo(weR) — bp.Hy (waR) = 0, (3.14)
bEzaai(jr — aEzgi?} o = igaBBa0Bove sin 0 cos(2¢ — &) , (3.15)
and the solutions become
ap, = ggaBBaoBgva sin @ cos(2¢ — &)wa RHY (waR) , (3.16)
bg, = ggaBBaoBova sin 0 cos(2¢ — §)wa RJp(wa R) . (3.17)
The final solutions of Ea in z direction are
igaBBQOBOUaWaR['Y/(WaR) (1 - #)
B~ +3(1 = 7' (waR))(waR)?| sin O cos(26 — €)eetz, p < R, 5.15)

1 2 p2
ZgaBBaoBo’anaR{’y/(wap)<1 - wa4R )

+1(1 = 7 (wap)) (wap)?| sin O cos(26 — ez, p>R.

Next we solve the magnetic field B,. As the first term on the right-handed side of
eq. (3.1) is perpendicular to By, only the second term contributes to the wave equation in
z direction as

82§a B B d%a

We propose the solution as B, = Ug, (p)e™atz and the Bessel equation is then

V2B, — O(R —p)2 . (3.19)

Wq

1
[85, + ;ap, + 1} Ug.(p') = gaapaoBob(w.R —p) . (3.20)



The solutions are

/ B /
UBz( /) _ aBZJ0£p >/+ 9o ABGQ D, p/ < waR ’ (321)
szHO (p )7 p > waR )
with the coefficients as
i
ap, = —EgaABaoBowaRHl (waR) , (3.22)
i
bp: = _?gaABGOBOWale(WaR) : (3.23)
We find the Ea solutions in z direction are
2 2.2 2 2 .
. o [ S () ) (- ) ¢ o p<n,
a,z ~ 2 . R .
Gaana0Bo 5= [ (wap) + $(1 = 7' (wap)) (wap)?| €2, p> R,
2.2 .
o [ gaapaoBo[ S5 (3 @aR) = 3) + S|tz p < R (3.25)
9aABa0Bo (W“QR) "(Wa ) Wwat2, p>R.
For the éa field in ¢ direction, we have the equation as
2 g 82§a 2 . ~
V°B, — e = 9aBBBovewsasinf cos(2¢ — £)0(R — p)¢ . (3.26)

Inserting the solution Ea =U, Bd)(p)eiw“té, the Bessel equation of order one becomes

1 1 .
[83/ + p(?p/ + (1 — p’2>} Ups(p') = gaBBaoBovesinb cos(2¢ — £)0(w.R — p') . (3.27)

It turns out to be a nonhomogeneous Bessel equation of order one when p < R. We use
the software Mathematica to find the solutions as

! km 13 / / / / /
+ 22 0°Y] H — M R,
U—qu( l) a‘B(ﬁJl_i(_p )/ 2P 1(:0) (:0) k"]‘rJl(p) (p )7 p/ <w (328)
bpeH{ (p'), o> weR,

where k = g,ppagBov, sinf cos(2¢ — £), H(x) is the generalized hypergeometric function
and M (x) is the Meijer G function

. 3 ) z?
H(z) = HypergeometricPFQ {2}, {2, 2}, 1| (3.29)
.. 13 x 1
Miz) = MeijerG ({1}, 011 { {55 }- 0.0}, 5.5 (3:30)
Using the boundary conditions, the coefficients are given by
aps = fl%lm(waR)g’H(waR) + knM(w.R) (3.31)
bpy = —Elmr(waR)?’H(waR) : (3.32)



Then, the B, solutions in ¢ direction are

k [ — mwiR3pH (weR)

B, +§w;p2M (wWaR) + 13w (In(wap) +7 = 3)H(wap) (3.33)
@7 —Lwlp? H(wap) — FwapM (wap) | eetd, p<R,
kWi R (Y (wap) — 3)H(waR) — 202 B H(wR)|c'4, p > R..
The equation of the B, field in p direction is
V2B, — a;f; = 29,3 Bovaw’asin O sin(2¢ — £)0(R — p)p . (3.34)

One can see that it is analogous to the equation for éa,¢. To obtain solutions of the magnetic
field, we only need to replace the value of k in eq. (3.33) by k =2g,5pa0Bovg sinfsin(2¢ —&).

The dominant axion electromagnetic fields here are Ea7¢ and B?a,z without velocity v,
suppression. They are equivalent to the solutions of conventional axion-modified Maxwell
equations in ref. [49] by replacing EM, — B:W, B'a,z — —Ea,z and g,AB — gayy in our
results.

3.2 Case II: EO = 0 and Eo #0

In the case with By = 0 and Ej # 0, the wave equations become

. 9B, 9%a
V2B, — o1z = gaBB@EO ) (3.35)
- 825a da= =
V2E, — a2 = YanB gV X Eo. (3.36)
They can be rewritten as
= B &a
B, — =t = E :
VB, g2 — JapBE0s 0(R—p)Z, (3.37)
. OE da A
V?Ey — o = gapEo—0(p— R)$ . 3.38
12 YaBB U (p )o ( )

Following the same procedures in the above subsection, we obtain the dominant E, in ¢
direction as

B ggaBBaongaRHfr(waR)Jl(wap)ew“tq%, p< R, (3.39)
o9 ggaBBaongaRJl(waR)Hf(wap)el“’“th, p>R,
N ’ggaBBaoEow peiw”ti) p<R, (3.40)
_ZggaBBa(]EOUJa “eiwald, p> R .
The solution of dominant Ea in z direction is
B - [i%gaBBaoEowaRHf (waR)Jo(wap) — gaBBaoEo] etz p< R, (3.41)
a,z — - . .
zggaBBaongaRJl(waR)HO (wap)eiats p>R,
- gaBBaOEO[( wal)* (’Y'(%R) - %) + %}ematﬁa p<R, (3.42)
—gaBBaoEo( R) v (wap)e™et p>R.



4 Numerical results and new haloscope experiments

Based on the above analytical results, one finds that the dominant couplings g, and
JaBB can be probed in the presence of external magnetic field and electric field, respectively.
Moreover, the induced oscillating magnetic fields are suppressed compared with the electric
fields for the axions with large Compton wavelengths A\, = 27/m, > R. The electric field
E, in ¢ direction is always dominant. This is contrary to the situation in conventional
experiments searching for the oscillating magnetic fields induced by sub-peV axions. In this
section, we show the numerical results to demonstrate the size of induced electromagnetic
fields and propose new strategies to measure the oscillating electric fields.

4.1 Numerical results of axion-induced electromagnetic fields

In the case I with é() # 0 and Eo = 0, as shown in section 3.1, the axion-induced electro-
magnetic fields proportion to g,pp are suppressed by the velocity of axion DM v, ~ 1073,
It is clear that the components Ea,¢> and B?a’z determined by coupling g,4p are dominant.
We numerically evaluate the results in section 3.1. The distributions of field strength Ea,¢
and BZM as a function of ratio p/R are displayed in figure 2 and figure 3, respectively.

In the limit of A\, > R, we find that £, 4 is about one order of magnitude larger than
B, . under the long wavelength approximation (R = 0.001)\,). While in other cases with
much lower wavelengths (R = 0.1,1 and 5),), the electromagnetic fields begin to oscillate
due to the Bessel function in the field solutions and they have no significant difference.
Consequently, contrary to the usual method searching for axion-induced oscillating mag-
netic field B, in z direction in the present axion haloscope experiments, it is a reasonable
way to measure the coupling g,ap by searching for the induced electric field £, 4 via an
external magnetic field By.

To measure the coupling ¢g,pp, as discussed in section 3.2, we consider a uniform electric
field Ey along z-axis and spatially parameterized by p. In this case, the field solutions are
analogous to the results of E, 4 and B, . in case I, only differing by the substitution of
JaaBBo — —guBBFo as shown in figures 2 and 3. Thus, in this case, searching for the
induced electric field is still a proper approach to probe the signal of axion field even in
the external electric field Ej.

4.2 New search strategies of sub-peV axion

The axion-induced electric field in ¢ direction E, 4 is analogous to a vortex electric field
produced by the Faraday’s electromagnetic induction. We can place a wire loop inside the
solenoid to conduct the induction current. The wire loop is then connected in an LC circuit
to enhance the signal power. The schematic diagram of experimental setup is shown in
figure 4. The induction current in a loop of radius R becomes
2nRE, 4(R)

Ip=——7"-—- 4.1

a Rs ( )
where ag = /2ppm/ma With ppy = 0.4 GeV em ™2 being the local DM density, and the
resistance is Ry = Lw,/Q. with Q. as the quality factor of the LC circuit. The signal
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Figure 2. Numerical results of axion-induced oscillating electric field Ea,¢ at t = 0, in units of
JaaBaoBy for case I or —g,ppagEy for case II. We consider four kinds of relations between the
detector scale R and axion Compton wavelength A,: R = 0.001)\, (top left), 0.1\, (top right), A,
(bottom left) and 5A, (bottom right), where A\, = 27/m,.

power in case I is then given by
2
Qe g2 appon B R |H{ (waR) 1 (wa )|

Pignal = (I2R) = T (4.2)
a

The signal power in case II can be obtained by making a replacement g,apBo — ga55FE0-
To measure the signal current, one can adopt either a SQUID magnetometer to pick up
the generated magnetic field [40], or direct amplifiers to amplify the signal [47]. For the
main noise in the signal-to-noise ratio (SNR), we follow the latter method to estimate the

A
Proise = kBTN T{ s (43)

where kp is the Boltzmann constant, T is the noise temperature, Af = f/Q. is the
detector bandwidth and At is the observation time. To estimate the sensitivity of g,ap or

JaBB, We require the SNR to satisfy

thermal noise as

P.
signal o 3 (4.4)

P, noise

SNR =

The expected sensitivity bounds of g,ap and g,pp are shown in figure 5. We assume
Q. = 10* [40], one week of observation time, and two setup benchmarks for each case with

~10 -
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Figure 3. Numerical results of axion-induced oscillating magnetic field B'a,z at t = 0, in units of
JaaBaoBy for case I or —g,gpagEy for case 11, as labeled in figure 2.

By =14 T or Ey = 10® kV/m. An adjustable capacitance with a minimal value of 50 pF

is set to give a cutoff frequency.

5 Conclusion

The Witten effect implies the electromagnetic interactions between axions and magnetic
monopoles. Based on the quantum electromagnetodynamics, a generic low-energy axion-
photon effective field theory was built by introducing two four-potentials (A* and B*) to
describe a photon. More anomalous axion-photon interactions and couplings (g,44, 9aBB
and g,4p) arise in contrary to the ordinary axion coupling gawaF“”FW. As a consequence,
the conventional axion Maxwell equations are further modified.

In this work we properly solve the new axion-modified Maxwell equations and obtain
the axion-induced electromagnetic fields given a static electric or magnetic field. The
induced oscillating magnetic fields are always suppressed compared with the electric fields
for the axions with large Compton wavelengths. The dominant couplings g,ap and g.5B
can be probed in the presence of external magnetic field and electric field, respectively.

Finally, we propose new strategies to measure the axion-induced electric fields for
sub-peV axion in haloscope experiments and estimate the sensitivity of g,4p and g.ppB.

- 11 -
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Figure 4. The schematic diagram of experimental setup for case I. For case II, the external solenoid
is replaced by horizontally placed parallel plates.
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Figure 5. The expected sensitivity bounds of g,ap (red lines) and g,pp (black lines). Two
setup benchmarks of detector are assumed: R = 1 cm, L = 1 pyH, Tv = 1 K (dashed) and
R =1m, L = 10 pH, Txy = 0.1 K (dash-dotted). The theoretical predictions of g,ap and
ganB (solid) are also presented [33]. Some existing exclusion limits on g,,~ are shown for reference,
including ABRACADABRA (Run 2) [36], CAST (2017) [51], ADMX (2021) [52], ADMX SLIC [37],
BASE [39], and Fermi-LAT [53].
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A The calculation of the anomaly coefficients

Ref. [32] stated that Zwanziger’s QEMD theory introduced a gauge-fixing term to the
Lagrangian

Le [D(n - A)? + [0(n - B)*} (A1)

1
= g2t

and thus new equations of motion
*n-A+08°n-B=0 (A.2)

are satisfied. Then the canonical quantization procedure was performed by identifying the
canonical conjugate variables. As a result, the equal-time canonical commutation relations
between the two four-potentials were obtained [32]

[A¥(t, 2), BY (t,)] = ie"\gn"(n - 0)7 (T~ 7) , (A.3)

K

[A¥(t, ), A (8, )] = [BM(¢, %), BY(t.9)] = —i(ge"n” + go"n')(n - 9) "' (7 — 7)) . (A.4)

These are the two potentials’ non-trivial relations in the QEMD and the right degrees of
freedom of photon can be preserved.

Regarding the seeming violation of the Lorentz invariance, Brandt, Neri and Zwanziger
formally showed that the observables of the QEMD are Lorentz invariant using the path-
integral approach [54, 55]. They claimed that, after all the quantum corrections are prop-
erly accounted for, the dependence on the spatial vector n, in the action S factorizes into
an integer linking number L, multiplied by the combination of charges in the quantiza-
tion condition ¢;g; — gjg;. This n dependent part is then given by 27N with N being an
integer. Since S contributes to the generating functional in the form of exponent e*%, this
Lorentz-violating part does not play any role in physical processes.

Ref. [33] performed the calculation of the anomaly coefficients by following Fujikawa’s
path integral method [56]. We summarize their procedure here. A high energy QEMD
Lagrangian is supposed as

L2 ipy" Dyt + y(®Yppr + hec.) (A.5)

where the covariant derivative is D,, = 0, —eqy A, — gogy By with gy (gy) being the electric
(magnetic) charge of the fermion ¢, ® is the PQ complex scalar singlet, and y is the Yukawa
coupling constant. After the PQ symmetry breaking and a chiral transformation of the

fermion in the path integral measure, one has an anomalous term
a

Lp=—— lim tr{ysexp(B?/A*)5* (z—y)} (A9
VpQ A—oco,z—y

a . d4/€ 242 - v v 27 jik-(z—
_ _@H&Iﬂ%y / Wtr{%exp[l) A2 =iy, (eqy O AY +gogy 0 BY) JAZ] @)Y
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where a cutoff A is introduced. The gauge invariant heat kernel regularization is applied to
the path integral. It turns out that the commutators of the two potentials do not contribute
to the derivative square B? at the same space-time point, i.e., &2 = D? — i, 7, (eq, 0" A" +
90940*B"). Then, one can Taylor expand the exponent, and implement the trace, the
integral as well as the limit A — co. The anomalous term becomes

d
Ly (Cy)

= St Cvpo (€40 A + gogy 0" BY)(eqy0” A7 + gogy0”B?) . (A7)
PQ

Eventually, the anomaly coefficients in eq. (2.3) can be obtained as

E=) qid(Cy), M=> gid(Cy), D=> qugpd(Cy) , (A.8)
" " "

where d(Cy) is the dimension of the color representation of ).
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