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Worldline instantons for the momentum spectrum
of Schwinger pair production in spacetime dependent fields
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We show how to use the worldline-instanton formalism to calculate the momentum spectrum of the
electron-positron pairs produced by an electric field that depends on both space and time. Using the Lehmann-
Symanzik-Zimmermann (LSZ) reduction formula with a worldline representation for the propagator in a
spacetime field, we make use of the saddle-point method to obtain a semiclassical approximation of the pair-
production spectrum. To check the final result, we integrate the spectrum and compare with the results
obtained using a previous instanton method for the imaginary part of the effective action.
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I. INTRODUCTION

The creation of particle pairs in the presence of a strong
electric field is a theoretical prediction of quantum electro-
dynamics (QED) which was first suggested by Sauter [1].
Schwinger [2] calculated the rate of pair production at one
loop level in a constant electric field. Today, this process is
also commonly referred to as Schwinger pair production.
The key feature is that the exponential scaling with respect
to the electric field strengthl

P~et (1)

implies that this is a nonperturbative effect, as (1) does not
have an expansion in powers of E when E — (. Due to the
exponential scaling with respect to the electric field strength,
and the critical field being of the order of 10'® V /m, to this day
it has not been possible to observe this effect experimentally.

There are very few exactly solvable field shapes (see e.g.
[3,4]), so one has either to turn to a full numerical treatment or
to approximate methods in order to deal with nonconstant
fields. However, it is challenging to obtain numerical results
for spacetime dependent fields® and for the physically
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'We use units with ¢ = = m, = 1 and absorb eE — E.

2Progress has been made, though, in the past couple of years,
and [5,6] have now shown how to numerically obtain the
spectrum for fields that depend on 7 and z and with components
in the x — y plane, with one important example being the field of
two head-on colliding plane waves.
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relevant regime £ < 1. On the other hand, for £ < 1 we
can instead turn to semiclassical approximations. Time-
dependent fields have been studied in [7-11]. The semi-
classical approximation can in principle be obtained by
directly solving the Dirac equation using a Wentzel-
Kramers-Brillouin (WKB) approach. However, while this
has been done for time-dependent fields, there is so far no
WKB method that can be used for general spacetime
dependent fields; see [12] for the most recent study. A more
promising approach is the worldline instanton method
[10,11,13-15]. It is at this point a well developed method
for obtaining the total/integrated probability from
the imaginary part of the effective action. Indeed, a numeri-
cal code based on discretized instantons’ was developed
in [17,18] that can be used for general fields. As an example,
in [18] it was applied to the e-dipole field [19], which is an
exact solution to Maxwell’s equations that is localized in all
four spacetime coordinates. The only other method that has
been able to deal with such a complicated field [20] is the
locally constant-field approximation (LCFA), where one
takes the constant-field result and replaces the volume factor
with a spacetime integral, V*P(F,,) — [d*xP(F(x)). For
fields below the Schwinger limit, one can perform the d*x
integral with the saddle-point method, and then the result
agrees with the slowly varying-field limit of the instanton
approximation. Thus, the instanton approximation contains
physics beyond the LCFA* but can still be used for realistic

3Discretized instantons were also used in [16] for pair
production by a combination of a constant electric field and a
thermal background.

*If one does not perform that d*x integral in the LCFA with the
saddle-point method, then in principle the LCFA contains physics
beyond the weak-field limit, which would be relevant if one
approaches the Schwinger limit.
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four-dimensional (4D) fields. Our main goal is therefore to
develop the instanton method so that we can also obtain the
momentum spectrum and not just the total probability.

Starting from the Lehmann-Symanzik-Zimmermann
(LSZ) reduction formula, the key feature is the representation
of the exact propagator as a particle path integral [21-23]
with an integration over proper time [2]. In a previous paper
[24] we showed how to use the worldline instanton method to
compute, on the amplitude level, the spectrum of pair
production in a time-dependent background field. Unlike
the method used in [10,11,14,17,18], which uses periodic
(closed) instantons x#(0) = x#(1) with the topology of the
circle, our instantons have open boundary conditions and
describe free particles asymptotically. Thus, our instantons
are complex near the tunneling region but approach real
particle trajectories at asymptotic times. Schwinger pair
production by a constant electric field has been studied with
open worldlines in [25,26].

For a time-dependent field it was possible to obtain
simple analytic expressions for the full amplitude using
saddle-point approximations for the worldline integrals. In
particular, the final prefactor is trivial because all the
contributions cancel each other out. Not surprisingly, this
is no longer true for more general fields. In the present work
we focus on linearly polarized fields which depend on time
and one space variable A(z,f) such that E(z,7) — 0
asymptotically. In particular, the z dependence breaks
the translation symmetry along the z axis, and therefore
the momentum along said direction is no longer conserved.
In practice, as we shall see, this means that p; + p5 # 0 is
allowed, where p and p’ are, respectively, the electron and
positron momenta. We will show that the particle momenta
are related to the asymptotic conditions of the instantons.

In the “closed-loop” method, the starting point is the
effective action in the worldline representation [27-29],
i.e., in terms of a path integral over all closed spacetime
trajectories. Using unitarity, one obtains the total proba-
bility of pair production. The main advantage is that the
initial expression is simpler, and there is no need to worry
about external states or amputations. However, this method
only gives the probability summed over all possible
external momenta. The method we show here provides
the momentum spectrum, and performing all the momen-
tum integrals with the saddle-point method gives agreement
with the closed-loop method.

We use the saddle-point approximation in order to compute
the integrals analytically. However, we find the saddle points
of the path integral numerically, also known as “instantons,”
which are solutions to the Lorentz force equation with
asymptotic conditions determined by the momenta.

Although the solutions themselves depend on the para-
metrization, the final probability does not. We show that
one can for example choose a simple parametrization tilted
in the complex plane or a nontrivial one, such that the
instantons are parallel to the real axis asymptotically. In
Sec. II we give some basic definitions. In Sec. III we apply

the Gelfand-Yaglom method to compute the path integral
prefactor. In Sec. IV we calculate the ordinary integrals over
the spacetime coordinates and proper time. It is eventually
possible to obtain a simple expression of this contribution in
the asymptotic time limit. In Sec. V we calculate the spin
sum, putting everything together in Sec. VI. We explain the
procedure to find the instantons numerically in Sec. VIL
Once we have all the contributions to the spectrum, we make
use once again of the saddle-point method to determine the
widths of the spectrum, in addition to the integrated/total
probability, in Secs. VIII and IX. We also show the agreement
with the discrete instanton method for the effective action
used in [17,18]. Finally, in Sec. X we consider the limit where
the spatial dependence becomes very slow compared to the
time dependence, which gives a regularized volume factor
rather than the infinite volume factor one finds if one starts
with a purely time-dependent field. This is done by expand-
ing the instantons in a suitable way.

II. BASIC DEFINITIONS

Our starting point is the worldline representation [23] of
the dressed fermion propagator® in a background field Ay,

S(x.x') = (ip, +m) / ar / quxp{—z[”z”z
[ ol ai)
X Pexp{—ii[)ldm"”Fﬂp}, (2)

where D, =9, +iA,, F, = a/‘,A” —3d,A,, P means
proper-time ordering, and ¢ =% [y*,y*]. Note that (2)
holds for an arbitrary electromagnetic field. We obtain the
amplitude by amputating using the LSZ reduction formula®

M= i m [ @ p)y S (. )
x 7/Oetp X' £a€ymp ( ’p) (3)

where p;x/ = >3 | p;x/, and the asymptotic states can be
replaced by their WKB/adiabatic approximations

U.(t.q)
Vr(t’ _q)

= (YOHO + yi”i + 1>G+(t’ q)Rr’
= (_7/0”0 + yiﬂ:i + I)G_(t? q)Rr’ (4)

where (¢, € R is a constant)

SDifferent representations can be found in [30-34].

This version of the LSZ formula appears in textbooks such
as [35] as an intermediate step in the derivation of another, perhaps
more familiar version, which has a d*x integral. The version in (3)
has also been used for a constant electric field in [25].
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6= (1.0) = Pao(m £ mo)lHexp 71 [ arm(t)]. (9

t

and the spin basis is chosen according to y%7° R, = R,, s = 1,
2, and 7, = q., m(t) = g3 = A(1), 79 = /m7] + m3(1),
m, = /1 + ¢3. (Recall, we work with units where m = 1.)
These nontrivial solutions are in general needed for fields
with A(t = —o0) # A(f = +o0). However, in this paper we
will focus on fields that also depend on z, such as

Ay = gtanh(a)t)sechz(kz), (6)
and, although A(r = —o0) # A(t = +), the worldline
starts and ends at |z| — oo, so we have A; — 0 asymptoti-
cally. So, for any nonzero k we have a rather different
case compared to if one starts with k£ = 0. We will refer to
the field in (6) as “the Sauter pulse,” since E(t,z) =
Esech?(wt)sech?(kz) is the product of a Sauter pulse in ¢
and a Sauter pulse in z.

III. PATH INTEGRAL AND GELFAND-YAGLOM

We start by performing the path integral. Expanding
around the instanton (i.e. the saddle point) gives us a
quadratic path integral that we can perform using the
Gelfand-Yaglom method [11]. We change variables and
notation as

4,(7) = q,(7) + 64,(7), ()

so that from now on g, (7) is the instanton and 6¢g,,(7) is the
integration variable. The part of the exponent in (2) with /¥
scales as TF,,, ~ O(E”), compared to the other terms which
scale as 1/E > 1. One can compare this with the following

integral:
Jawtexs (124 o) ). ®

The saddle point for this integral is determined by
f'(x;) =0. After a change of variable from x =

x; + V/Edx to 8x, one can expand the integrand in a series
in £ < 1, which to leading order gives

<&~¢Em@pr%ﬁ+a%Q/h@@£@w.
©)

The o#* term corresponds to g(x), so the saddle point, i.e.
the instanton, does not depend on the spin. The instantons
are therefore determined by the Lorentz-force equation

g’ = TFMDQL/' (10)

For the class of fields that we consider in this paper we have
i=TE(1,2)z, 7 =TE(t,2)1, (11)
where E(t,z) = dA5(t,z)/0t. Since we now use #(z) and

z(r) for the instanton, and since it is usually convenient to
suppress the argument 7, we rename #, ¢, z, and 7’ in (3) as

! —ty=1t(r=0), t->t=tlr=1) (12)
and
7 >z =2z(r=0), z->z71=2z(r=1). (13)

It will often be convenient to change the proper-time
variable from 7 to

u=T(r-o0), (14)
where o is a constant such that the instanton passes through
the field around u ~ 0. For a symmetric instanton it would
be convenient to choose 6 = 1/2, but, in general, different
choices of ¢ just correspond to arbitrary shifts of the u

variable. The start and end points, 7 = 0 and 7 = 1, are now
denoted

ug = —To, uy =T(1-o0). (15)
In the asymptotic limit 7y, #; — oo, we also have T — oo

and hence uy —» —o0 and u; - +o0.
The ¢ integrand is given by

apLE%AR5z5wA(Z>}, (16)

where

——102+A Z A z—i—A@

TYT 1< 1z YT

(Az—()A —102—A l‘>’ (17)
1z Tt TYT 1z

where A,, =0?A;/0tdz, etc., and 0,A,=A,i+A,.z+A,0,.

The path integral can be performed using the Gelfand-
Yaglom method, which gives

detA = ("9 — )., (18)

in terms of two solutions, ¢(!) and ¢, of the Jacobi
equation [11]

Ap =0 (19)

with initial conditions
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0 =420 =, ) (20)

and

io=(y) Po-(7) e

Equation (19) can (after being multiplied by o3) also be
expressed as

[=0% + E(t.2)010, + {2/ (). £ () }VE(1.2)|p = 0. (22)

where o is one of the Pauli matrices and
VE = {A;, A} (23)

For the normalization we use the free part (Ddg =
DéqyDéq,D5q,Déqgs)

59(1)=0 54 } 1
Déq ex —i/ dt— ) =——. 24
Aq(O)O q p{ 2T (271'T)2 ( )

So the nontrivial part is given by +/det Age./VdetA =
1/v/det A.

Our instantons have nontrivial behavior in the region
where |E| is significantly nonzero and straight lines in the
asymptotic regions, i.e. outside the field. While (19) can be
solved numerically as it stands, it is better to separate out
the asymptotic parts. This will allow us to show analytically
that 7, and #; drop out in the f,, f; — oo limit.

Before the instanton enters the field region we have (“~
could be replaced by “=" for a field with finite support)

¢(‘)z<(§>, ¢<2>z<3>. (25)

z(ity))

[T L]

We follow this solution to a point i, where E(#(iig),
starts to be significantly nonzero, where

u—Uugy
=, 26
- (26)

At this point we start the numerical computation with initial

conditions
it — uy)/T dgp™ 1/T
)~ (7). s ()

(27)

and similarly for ¢). For t, — oo we have (¢ = dr/du)

iy dt 1
fig—up= | —=-2+0(1), (28)
fo 4 pO

where we have anticipated that /' — —pj, at u,. In general,
we can already at this point anticipate the values of the
saddle points for all integration variables and substitute
them into A and 7 in (16). We will show below that the
saddle-point value of T is, in the asymptotic limit, given by

fo
Po P

T=241 4100, (29)
0

so T is on the same order of magnitude as 7, ¢;. Thus
to/(Tp;
W) (it) = ( 0/(0p0)> +O(1/T). (30)

At this point it might thus seem like we could approximate

d¢ (ity) ~ {0,0}, but we will show that we need to keep
thls derivative equal to {1/7,0}. Instead we write

PV

_Tpo + ¢n s (31)

where

Wiw=(0) “a=(0) @

Wi =(0) w=(1) o

and similarly for qﬁi,z) and ¢512).

We always have one solution to A¢ =0 given by
¢ ={r,7'}. Since {¢",7"} = 0 outside the field, we can
write

¢ () = e {1 (u). 2 (u)} = ca00(u),
O7 () = e {f' (). 2 (W)} + cro(u), (34)

where the two constants are given by

)
1 (itg) + 2% (itg)

Z'(#tp)

(i) + 2 (i)

and where ¢ is a second independent solution, with
orthogonal initial conditions

o = (o) P = () 6o

The contribution to (18) involving products of 455{) and no

(35)

nglJ) can now be expressed as

056019-4
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Dy(u) = <T26)2<¢2‘3¢2? ~ b))
B ( f )%/(u)m(u) e (IR

Tpg 1 (ig) + 2 (i)

In the end we only need the asymptotic value of Dy (u;) (u;
corresponds to 7 = 1). Since ¢ grows linearly in u, we have

Dy(uy) = (uy —ity) D (@1y), (38)
where i1, is chosen such that, for u > i, the instanton has

left the region where the field is significantly nonzero. In
the asymptotic limit we have [cf. (28)]

u — iy :%+0(1/T). (39)

We therefore have

where

h(u) _ t/(u)(//Z(u) B z’(u)(p’l(u) ] (41)

A second contribution is given by cross terms between
¢ and ¢,

D2 =

1 2 1 2 1 2 1 2
(2503 + oV - a ol - olie).

(42)

A
T2p6

In the asymptotic limit, D, («) grows quadratically in u«, so
we have

Do) my (=@ PDYE). (43)

Taking the derivatives and throwing away terms with ¢, ¢,
or 7", which anyway vanish asymptotically, we find

Ity 4y
Dy (uy) = P

~ 7 44
Tpopo Tpo” ). (44)

where
g(w) = 1 (@1 () () = 413 () ()
+ o (@ b () - (W (). (45)

D;(u) and D,(u) were introduced as functions of u
(which in the end we only need to evaluate at u;). Now we

have introduced two other functions of u, h(u), and g(u).
The reason for doing this is that 4(ii,) = g(i,) and we can
prove this by showing that we in fact also have
h(u) = g(u), which we in turn can show by considering
K (u) and ¢ (u). In contrast, D;(u) and D,(u) are not
proportional; they have different behavior at finite u.

To simplify 4'(u) and ¢'(u), we first note that

d
(P =2 = O (46)

for any solution to A¢ = 0. This gives us a constant of
motion

v(g) = 1¢) — 9. (47)

Using the initial conditions at &, we find v(p) =0,
V(M) = 7 (ity), and v(¢p®) = =7 (iip). Second, we also
note that for any two solutions, ¢ and ¢, we have

S (- ) = VE- ) - D)) (49

and

d
3, (9= 291) = miVE- . (49)

Using these relations we find

m2
=G +

Since h(iy) = g(ity) = 0, we therefore have h(u) = g(u).
The third contribution,

VE-g=g(u). (50)

1
Dy = (4103 - 41l (51)
is negligible, because, asymptotically, Ds(u) grows
quadratically in u, which makes D3~ O(1), while
Dl ~ D2 ~ O(T)

Thus, together with (29) we find

fol)
Tpypo

detA~ D, + D, ~ h(ity). (52)

Note that these approximate signs become exact in the
asymptotic limit #,, ; — oo, which we will always take in
the end. Remarkably, we see from (41) that we only need to
find one solution to A¢ = 0, namely ¢ = ¢.

We can simplify further by writing

P(u) = e $lu) : (53)

(itg) + 2" (itg)
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and then we note that any solution can be expressed as

P(u) = {7 (), ' (u) by (u)

20,0 0) s (59

where we thus use y and 5 rather than ¢, and ¢, to
represent the 2 degrees of freedom. From (47) we find

4 12,12 ! !
mi —4t°z 2tz
mzi)(/ =v+E (t/2 + Z/Z)Z n+ t/2 + Z/2 I/Il’ (55)
which allows us to write (49) solely in terms of 7,
n' —(E*+VE-{Z,/})n+vE =0. (56)
This is useful because [cf. (41)]
2I/Z/
— 2
{_Zl7t/}‘¢/_rll+ <ml)(_[,2—|——2/2’7>E’ (57)

so in the asymptotic limit this quantity also only involves 7,
{=<./}y-p - (58)
Thus, using this in (41) we find

h(ity) = n' (i), (59)

n(ig) = 1, n'(ihy) = 0. (60)

To summarize, we started with an expression for det A in
terms of two two-component solutions, ¢! and ¢?);
separated out the factors of 7, #; by expressing det A in

terms of three two-component solutions, ¢, ¢,(11>, and gb,(zz);
then showed that only ¢ is needed; and finally we have now
showed that we need to find only one one-component
solution, # from (56) with initial conditions as in (60).
Thus, the calculation of the functional determinant (52) is
greatly simplified.

IV. ORDINARY INTEGRALS

We begin with the perpendicular integrals, which are
trivial relative to the other integrals. We make a shift in the
path integration variable,

q.(7) = x| +1(x —x)) +q.(7), (61)

so that the new ¢ (7r) has
9.(0) = g, (1) = 0. Then

boundary conditions

i Lo i i L
o7 || dei == o et (62)

and the g, integral is just the free one [which gives one
factor of 1/2zT in (24)]. With x| =¢, —0,/2 and
X, =¢, +0,/2, the ¢, integral gives

(27)*6*(p1 + p')) (63)
and the Gaussian @, integral gives a factor of
27T (64)

to the prefactor.

Next we turn to the integrals over zo = z(z = 0),
71 =z(r =1), and T, which we will also perform using
the saddle-point method. We obtain the saddle-point
equations by differentiating the exponent in (2), where
g, is now the instanton solution. At this point in the
calculation, Py depends on zj, z;, and 7. If we make a
variation in z, z;, or T, then that leads to a variation in g,
which we denote §¢.” The corresponding variation of the
exponent is given by

Tm? 1 Vi
i lz0 ——t — | de L+ A(g)d
l{p3zl+p3zO 3 A 1(2T+ (4)q>}

2
g 1
—i<+A>5’q , (65)
T 0
where
232
612 _ T2Z — t/2 _ Z/2 (66)

is a constant of motion. Thus, with {- - -} denoting the curly
brackets in (65),

0

5z 1 = ilpy = 2 (). (67)

a%i{m} = i[ps + 2 (w1)], (68)
and

ii{...}zi(az—mZ) (69)

oT 2 -

The saddle points, z§(p4. p3.m, ), etc., are determined by
setting (67)—(69) to zero. These equations might look rather
complicated since they involve the instanton solution,

"We used 8g for the path integration variable.
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which we have not found yet and which we in general can
only find numerically. Fortunately, these equations simplify
considerably in the asymptotic limit 7y, #; - co. We have

107 (up)

Iy Z/
20 = 2o + dt-- =—-———"~—+0(1), (70
0 0 A) t/ \/m () ( )
. w7 1z (uy)
71 =% + dt— = ———"-——+4+ 0O(1), 71
=3 / byres mALCOSG)

and

I ty

n dr
w U @+ 2P(u) @+ ()

+O(1),
(72)
where we have used #(u;) = \/a* + 7?(u;) and ¥ (uy) =

—\/a* + 7"*(u;), which follows from (66). We can now
solve (70)—(72),

20 n-z
I (ug) === (1 + , (73)
T -z
7.2
1 tO_Z())
() =—(1+ : 74
(1) T( =3 (74)

and

1 2
az—ﬁ(\/t(z)—zgﬁ-\/t%—ﬁ) : (75)

By substituting these into (67)-(69) we find

: Pito s 3ty
=, =, (76
mi + py vmi + p3

and

. A n I
Comi 7 mk 4 p3

With p, = \/m? + p% and py = \/m?% + p3 we have thus
proven (29), which we anticipated in the calculation of the
functional determinant. We will show below that the
dominant contribution comes from p} ~ —ps, so z{ and
z} have different signs; i.e. the instanton starts and ends on
opposite sides of the field, or, in other words, the electron
and positron end up at opposite sides.

It is now also straightforward to calculate the Hessian
matrix H by differentiating (67)—(69). This gives us a
Gaussian integral

T (77)

/d3X exp{~X -H X}, (78)

where X = {6z, 6z;,6T} with 6z9 = zy —zj, etc. The
expression for H is not particularly illuminating, but its
determinant is given by

+ 133
Py Po

detH = 00
8mll‘0t1T

(79)

Thus, the contribution from the ordinary integrals is
actually quite simple. We can now see that the factors of
19, t; cancel when combining (52) and (79).

V. SPIN PART
Now we turn to the spin part of the prefactor. Using

0l () 2 )] = £E(1,2) (80)

we can actually perform the proper time integral analytically,

iT 1 1
—Zoﬂ /) dTF;wziyOﬁlnp, (81)
where
CH(uy) +7Z () po—p3 2
P =7 / - T _ ( )
?'(uo) + 7' (uo) Po— D3

Note that this does not depend on the field. For the (ip, + 1)
part in (2) we can perform partial integration in x, and in the
asymptotic limit we find

(ip,+1) > p+1. (83)
So the calculation of the spin part reduces to

) 1
S=R(p+ 1) (p+ 1>ﬁ(”[1 + 7% +1-7%7)

<7 (=p" + DRy, (84)

which is field independent. At this point S does perhaps not
look symmetric in p <> p’, but after some algebra we find
that the amplitude is proportional to J,y, SO summing over
spins gives a trivial factor of 2, and in the end we find

> ISP = 8popy. (85)

So, for the fields we consider here, the spin factor is
rather simple. But when applying these methods to more
general spacetime dependent fields, e.g. with magnetic
components, one could study both the momentum and the
spin dependence of the probability.
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VI. FINAL FORMULA FOR THE GENERAL CASE

Combining all the separate contributions we finally find

d3 a3 1 ﬂ3/2 e |2
"= / (2711!))3 (2753 (85)’5(24)(63) (&) V(79) /(52)
_ Ppidpsdpsy  Aami
=v. | @n)? 2x 27 popph(an)] (86)

where V| = V|V, is a perpendicular volume factor, and

) dag?
A = —2Rei / dug’d,A, =L (87)

© du

The factors of 7, and #; have canceled, and we can now
take 7, t; — 0.

VIL. INSTANTONS AND THE CHOICE OF EINBEIN

We have calculated (86) without actually having to find
any instantons. However, in contrast to the purely time-
dependent case [24], to evaluate (86) for a spacetime
dependent field we do need to find the instanton. When
writing “the” instanton, one should keep in mind the point
made in [24], i.e. that different choices of complex einbeins
lead to different trajectories. Two instantons that can be
(continuously) deformed to each other by deforming the
einbein are equivalent and give the same results, but some
choices of einbeins might be more convenient to work with
and others might facilitate a physical interpretation.

Before turning to einbeins, we first note that when
expressed in terms of E, y,, = %, and y; = %, the instantons
do not have any nontrivial dependence on E. This follows
from the fact that £ < 1 is the expansion parameter (i.e.
one should not expect to see any complicated functions of
E) and the final result has a simple dependence on E,

P FGam)en{ -l ss)

where a is a constant. This is the leading orderina £ < 1
expansion. Corrections are suppressed with higher powers
of E.

To remove the trivial £ dependence from the instantons
we first write the instanton equations (11)

" = E(t,2)7, 7' = E(t,2)7, (89)
where the field can be expressed as
E(t,z) = EF(wt, kz). (90)

From this we see that we should rescale

q
1 91
4= (91)

so that the arguments become F(y,t,y;z). To remove the
remaining E from (89) we have to rescale

ua%. (92)

The rescaled instanton equations are thus given by

"' =F(yot.n2)ds " =Flrotr2)d.  (93)
From (87) we also see that this gives an exponent on the
form (88). For the prefactor, the only nontrivial contribution
in (86) comes from 4. From (56) with v = 0 and initial
conditions (60) we see that # is not rescaled with E, so
from (59) we see that h = EH(y,,, y«). Thus, the prefactor
in (88) scales as 1/E, i.e. a = —1, for the momentum
spectrum. As we will show below, each of the four momen-
tum integrals can be performed with the saddle-point
method, so each of them gives a factor of v/E to the prefactor.
Thus, the prefactor for the total/integrated probability scales
as E,ie.a=1.

We now turn to the choice of einbein. In [15] one can
find a representation of the effective action with an addi-
tional path integral over an einbein field, together with a
gauge-fixing functional. However, for our purposes, we
simply note that one is free to make contour deformations
for the u integral, and so by different einbeins we simply
mean different complex, integration contours. We para-
metrize the complex contour using a real parameter r, and,
rather than specifying u(r) directly, we specify the velocity
along the contour as

du_

=) (54

such that f(0) = e and f(r) — 1 asymptotically by
simply defining a weighted combination

f(r) =1+ (e = Dy (7). (95)

1.2'I AL A B L A B L A L B AL R R R YA
1.0F 1
0.8} 1

0.6 1

U(r)

0.4 1
0.2} :
0.0} :

3 -2 -1 0o 1 2 3

FIG. 1. w(r) for parameters L = 1.6 and W = 0.3.
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0.0 ] 0.0} -1.0F}
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Re[q(1)]
— zr) — )

— Re(t)

Im(t) — Re(z) — Im(z)

FIG. 2. Real and imaginary parts of ¢ and z of the physical instantons, with W = 0.1 and L = 1.1636. The field parameters are

Yk =7Yo =1L

where w(r) is some normalized bump function with
w(r) ~ 1 when r ~ 0 and w(r) — 0 when r becomes large.
As an example, we can take
L
) o

1 r+L —r+
w(r) = 3 (tanh{ W } +tanh[ W
which is illustrated in Fig. 1. The parameters L and W can
be chosen such that the bump becomes larger and steeper
at will.

The parametrization is arbitrary, and all physical quan-
tities are of course independent of this choice. It is possible
to choose a parametrization such that 7(r) runs parallel to
the imaginary axis from the turning point, then turns, and
becomes purely real. At the momentum saddle point,
Eq. (121) implies that z is also real. We have therefore
complex tunneling trajectories at r ~ 0 and real particles
asymptotically, since both components are real. Such an
einbein can be found by setting 6 = 7 and tuning the other
two parameters until we have the desired result. The
resulting instantons are shown in Fig. 2. Note that the

instantons still satisfy
da\ 2
(&) =
du

because we have merely changed the contour into u(r). Of
course, if we write it in terms of the real parameter r, then

() =ro.

However, while tuning the einbein such that the instan-
ton goes along the real axis asymptotically may seem
natural, from a practical point of view this is actually a great
deal of unnecessary work, since we would need to re-tune
the einbein whenever we change the parameters of the field
or the particle momenta. So, for computational convenience

(97)

(98)

we used a simple tilted parametrization as u(r) = e~*r
instead, with one fixed value of 8. With the einbein (95), we
expect the instantons to deviate from the ones with the tilted
parametrization only when y drops to zero, and this is
indeed what happens. Instantons for a tilted parametrization
are shown in Fig. 3.

To find the instantons it is convenient to use “initial”
conditions in the middle of the instanton, at # = 0, and then
vary the position and velocity, ¢,(0) and g;,(0), until we
find a solution with the correct asymptotic momenta at
u — £oo. In the symmetric case we can choose z(0) =0
and #(0) =0, which implies 7/(0)*> = —m?%, and then
different choices of #(0) lead to different asymptotic
momenta. #(0) is in general complex. We can determine
it using the condition

!

Z(uy) = p. (99)

Note that this equation represents two real conditions; one
for Re(7'(u;)) and another for Im(z'(u,)). Equation (99)
allows us to consider a generic momentum p, and then we

:' L S B B B S B T L B B B L S B B ] 1

1.0} 17 7

0.9F E|

: ] 2

_ 0.8} ] 3

= [ 1 4
= 07F ~ 1

E : ] 1

0.6F 1.5

z P

0.5¢F 3 ,

04Ff ] 2

L e e z

00 02 04 06 08 1.0 1.2 4

Re[t(w)] — 2

FIG. 3. Instanton plots for y, = 1 and different values of y,.

The parametrization is given by u = e~ with 8 = 0.2z.
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can vary p to find the saddle point p,. However, for p = p;,
#(0) turns out to be purely imaginary, so then we only need
one real condition to determine #(0). We have found that
one possible condition is

Im 7' (u;) = 0. (100)
Note that the momentum p, does not enter (100), so we can
actually find the dominant instanton without first determin-
ing p,. Once we have found this instanton, we can obtain
ps by simply evaluating p, = z/(u;). This is significantly
faster than using the condition (99).

Another thing that can be crucial for finding instantons is
to use a numerical continuation [18], where we start with
some parameter values that lead to a simple instanton and
then we gradually change the parameters, which leads to a
gradual change in the instanton. This idea was used in [18]
to find discretized, closed-loop instantons for the imaginary
part of the effective action. Here we do not discretize the
instanton and our instantons are open lines, but we have
still found numerical continuation to be very useful. In
particular, if we know the instanton for some value of y,

1
20} :
[ 1
F 2
15
r 3
i~ [ 4
s [
K 10 —1
r )
[ 4
51 — 3
[ 2
— 7
4
—_— 2
b — 1
61 ‘
[ 1
5t ] 2
s f 3
S 4f ] )
=t — 1
§3j 1 5
4
2F 1 3
% 2
0.05 0.10 050 1 5 10 4
Yk —_— 2

FIG. 4. Exponential part of the probability A from (87)
(without the overall factor of 1/E) as a function of y,, for various
values of y,. The dots are obtained with the discrete-instanton
code from [17,18]. The number of points used for the discrete
instantons varies depending on the y,, value, from N = 500 for
Yo = 2 to N = 2000 fory,, = i. The y; — 0 limit is given by the
known analytical result (102).

then we use the value of #(0) as a starting point for the
numerical root finding of #(0) for y;, + Ay,. If each step Ay,
is sufficiently small, then the root finding converges fast.
For a purely time-dependent Sauter pulse we have

1(0) = Larctan(yw);
Yo

(101)

therefore we use this at the initial point y;, = 0. Without this
numerical continuation it is difficult to find the instantons at
larger y;.

Having obtained the instantons, we can now immedi-
ately obtain the results for the exponential part of the
probability using (87). The results are shown in Fig. 4. In
the limit y;, — 0, where the field has a very slow spatial
dependence, we find agreement with the analytical result
for a purely time-dependent field [8,10]

1 2n
-
E1+1+72

Also shown are the results obtained using the discrete-
instanton code from [17,18]. We have perfect agreement.
For y,, ~ 1/4 we see a significant increase in the exponent
as y; increases. In contrast, for y,, ~ 2 the exponent is quite
flat; i.e. it is quite insensitive to the spatial width of
the field.

A (102)

VIII. PERPENDICULAR MOMENTUM INTEGRAL

To obtain the total probability we can perform the
momentum integrals in (86) with the saddle-point method.
When doing so we actually obtain the relevant information
for the shape of the spectrum near the dominant peaks too,
as we will now explain.

We start with the perpendicular momentum integrals.
Since a nonzero p, basically means making the fermions
heavier, we have a saddle point at p, = 0. Around this
point the spectrum is Gaussian,

#(p) wexp {~LL. (103)

L

To find the width we go back and express the exponent as
in (3), but with the integration variables replaced by their
saddle-point values. Since this is already a function of p2l
rather than p,, we just have to make a linear expansion.
Since the partial derivatives with respect to the previous
integration variables vanish at the saddle point, we simply
find

t t
d? =— lim Rei< () (”,0)—141 +u0>. (104)
—Ugp, Uy — 00 Po Po

We can see that this limit is finite by noting that the
derivatives with respect to u, and u#; vanish outside the
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FIG. 5. d, (y,) (without the overall factor of VE) for different
values of y,,, calculated using (104). The y;, — 0 limit agrees with
the known analytical result (105).

field. We can therefore choose any u and u; that are large
enough so that the instanton at these points is outside the
field. Interestingly, note that, by using (104), we obtain
the transverse width d, from instantons with p, = 0; i.e.
we do not need to find any instantons with p; # O for this.
From (91), (92), and (104) we see that d, « v/E.

The results are shown in Fig. 5. We see that both the
exponent in Fig. 4 and d, in Fig. 5 are, for y, = 1, quite
insensitive to y;. As for the exponent, in the y; — 0 limit
we find agreement with the analytical result [8]

dJ__2—>l "

—_—. 105
P (105)

IX. LONGITUDINAL MOMENTUM INTEGRAL
FOR SYMMETRIC FIELDS

For a space-independent field we would have a delta
function &(p; + p%), which we do not have for the
spacetime dependent fields we now consider. However,
for symmetric fields we still have a saddle point at
p3 + P = 0. We therefore change variables from

Ap ,:Hg
2

P3:—P+7, D3

(106)

to P and Ap. It follows from the symmetry that there is a
saddle point at Ap = 0, regardless of the value of P.

A. The component with trivial saddle point

To obtain the Gaussian width d, in

2
P(ap) sexp {40,
A

we start with the exponent expressed as in (3), where all the
integration variables have been replaced by their saddle-
point values. Since the partial derivatives of the exponent
with respect to the integration variables vanish at the saddle
point, we have

(107)

0A { D3 }
— = —2Rei|z(u;) + —t(u 108
s (uy) o (1) (108)
and
0A Ph
— = —2Rei|z =t . 109
= 2R (o) + 2aauy) |- (109
As the width is given by
1
dzzziA”(Ap:O), (110)

we obtain it by expanding (108) and (109) to linear order
in Ap. So, we only need the first-order variation of the
instanton,

q,(u) = q,(u) + Apdq,(u). (111)
It follows from (67) and (68) that
—1'(ug) = 1'(u1) = po, Z(ug) = 7' (u) =P, (112

P

St (ug) = ' (uy) = BTN

1
6z’ (ug) = =07 (uy) = 5

(113)

where p, = /m?% + P?. The expansion of the Lorentz
force equation gives

ot" = VE - {61,6z}7 + E57Z,

67" = VE - {6t,6z}1 + E5t'. (114)
From (113) we find
-2 1 "
dy- = E-A (Ap=0)
i P
—Rei{—m—gw—az—&} (115)
2p0 Po Uu—o00
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FIG. 6. d,(y,) (without the overall factor of /E) for different
values of y,,, calculated using (116) or (115). Here dx = y;da.

We can express this in terms of = 8z — 76t as

im? t
d? =Re—= <na—> , 116
A 217% Po/ lu-wo ( )
where
2
my
T (117)
is a solution to (56) with v = 0 and
Na(ug) = ny(uy) = 1. (118)

n, is therefore antisymmetric in u. When rescaling as in
(91) and (92), we see from (118) that , < 1/E, and so

from (116) it follows that d, « VE.

The results are shown in Fig. 6. In contrast to Figs. 4 and
5, Fig. 6 shows that d, is much more sensitive to the value
of Yk-

B. The component with nontrivial saddle point

Now that the Ap integral has been performed we have
py=-P.  ph=P. (119)

To obtain the width in P we can use the same method as for
Ap. We write P — P+ 6P, where afterwards P now

denotes the saddle-point value, which is nontrivial, and
OP is the new integration variable. We again expand the
instanton to linear order

q,(u) = q,(u) + 6P5q,(u). (120)

The equations of motion for 6¢g, are the same, i.e. (114),
and we can still use (108) and (109). The difference is the
boundary/initial conditions,

P
62/ (up) = 62'(uy) = 1, =61 (ug) = ot'(uy) = —.
Po

(121)

So this time ¢ is symmetric, while dz is antisymmetric.
The saddle point for P is determined by

A'(P) = —4Rei[§ t(uy) — z(ul)] =0, (122)

where we have used the symmetry to set #(uy) = #(u;) and
7(ug) = —z(uy). This is independent of u; (as long as it is
chosen sufficiently large), which follows from the asymp-
totic values of 7 and 7.

P for the spacetime Sauter pulse is plotted in Fig. 7. We
see that P decreases as y; grows, since the pairs are more
likely to be produced with smaller momenta when the size
of the field gets smaller in the z direction.

Using the asymptotic boundary conditions in (121) we
find

1 1P
dp? = EA”((‘SP =0) = —2Rei{m—3it+—5t - 51}

Po Po U—co
(123)
This too can be written in terms of 7,
2im? t
dp? = Re=——+ (;15 - —> , (124)
p() Po/ lu—oo

1
1.0: 1 = 7
[ 1
0.8 r 1 2
! 3
2 06; ] 1
[ [ —1

S 04f ]
[ — 3
L 4

0.2} 1
» 3
[ 2
00F L Tee=== ] i
0.05 0.10 050 1 5 10 )
Yk — 2
FIG. 7. Normalized saddle-point value of P for fixed y, as

function of y,. We always have P(0) = 1/y,,.
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FIG. 8. dp(y,) (without the overall factor of v/E) for different
values of y,, calculated using (124) or (123). The y, — 0 limit
agrees with the known analytical result (127).

where
2
n="Ly, (125)
Po
is a solution to (56) with v = 0 and
—1s(ug) = ns(uy) = 1. (126)

n, is therefore symmetric in #. When rescaling as in (91)
and (92), we see from (126) that 5, < 1/E, and so from
(124) it follows that dp x VE.

The results for dp are shown in Fig. 8. As for the
exponent and d, in the y; — 0 limit we find agreement
with the analytical result [8]

1 71'}/3,

di? - ———"2
"B+

(127)

C. 7 solutions

Note that we have now expressed the contribution from
the functional determinant [see (59)], d, (116) and dp
(124) in terms of solutions of (56) with v = 0. The
difference between these three contributions is the initial/
boundary conditions in (60), (118), and (126). Since there

are only two linearly independent solutions to (56), we can
write e.g. the # solution with (60) as a superposition of the
symmetric and antisymmetric solutions,

n(u) = c i (u) + csng(u). (128)
From (60), (118), and (126) we find
Cq=C5= ! (129)

ns(ul) _rla(ul) ‘

This means that we can write the contribution from the
functional determinant in terms of the same combinations
that appear in (116) and (124) for d, and dp as

) =2 (=)= (=)

In fact, once we have found one solution to (56) (7, say),
then the other one (1,) can be obtained using Abel’s
identity, as explained in the Appendix.

(130)

u—0oo

X. THE k£ — 0 LIMIT

In this section we will consider the limit where the field
depends very slowly on z, i.e. kK — 0. In some contributions
to the probability we can simply set k = 0. However, for a
space-independent field we would have a delta function in
8(p3 + p5), so we expect that the Gaussian width for Ap
should become increasingly narrow, i.e. d, — 0. We also
find that 2 — O [the contribution from the path integral; see
(86)]. Thus for d, and i we have to derive nontrivial k < 1
approximations in order to obtain the probability to leading
order in k < 1.

We have found that we can obtain such approximations
by making a power-series expansion in k*>. We obtain &
from (56) with v =0 going up to next-to-leading order
of the expansion of 5 in k*. The limit of d, follows
immediately after we have found 4. To obtain this we first
need to find the first two terms in the k*> expansion of the
instanton.

A. Instanton

It turns out that the instanton can be expanded as
9" ~ g, + Kq(y)- (131)

To zeroth order we have

o) =F ML+ 4G 2o = Ao

where A g)(f)) = A(k — 0). For a Sauter pulse we
have A g (t(0)) = (E/w) tanh(wt ). This gives an implicit
equation for t/(o) in terms of 7), but at the turning point

(132)

056019-13



DEGLI ESPOSTI and TORGRIMSSON

PHYS. REV. D 107, 056019 (2023)

f1p)(0) =0 we find an explicit expression for #()(0).
Setting p; = 0 we find

(133)

i
t0)(0) = 5arctan(yw),

which agrees with (101) after the rescaling in (91). The
asymptotic momentum of this is fixed, i.e.

1
= Zl(o)(”l) =

134
y(l) ( )

2oy (10)

so for this to be consistent with (112) we see that the
saddle-point value of the longitudinal momentum has to
scale as

1
Pr~——ck?

- (135)

for k < 1, and where ¢ is a constant. The leading order,
1/y,,, agrees with the numerical results in Fig. 7. Thus, the
boundary conditions for the next-to-leading order is

2y (1) = 2y (uy) = —¢ (136)
and the equations of motion

1ty = Ezyy + (Ejgyfa) = CE(O)Z(zo))ZI(O)v

Z/(ll) = E(O)t(l) + (E/(())t(l) - CE(())Z%O))II(O), (137)

where E(())(l(o)) =F
defined by

El(o) =dEq/dt, and { is

E(t,z)

= E()(1)(1 = {(k2)* + O([ke]")).  (138)

For a Sauter pulse we have E (1) = Esech?(wt ) and
¢ = 1. Similar to what we did in Sec. VII, we can actually
solve for g;) without knowing the constant ¢ in (136). We

do this by setting the conditions

z1)(0) = z’m(O) = t’(l)(O) =0 (139)
and vary the purely imaginary value #(0) until
Imz () (uy) =0. (140)

After we have found the solution, we can find ¢ by simply
evaluating ¢ = —z{; ().

B. Functional determinant and d,

To obtain the k — 0 limit of the Gelfand-Yaglom
determinant (59) we perform a Taylor expansion

n(u) = oy + k*ng (141)

and observe that the equations for these two terms are
given by
’7’(’0) _<E<20( )+ E| )(t )220))77(0),
iy = (Ey) () + () E{o) (1) 101
+ (2E >< 0)[Eg) (1010
~ 2£2(0)E0) (1(0))(o) +E” ) (10))101) %)

By (1 >>zgl)—cz§0)E;O><«»)zgo)mm (142)

With the initial conditions (60) we immediately find

t!
0
Ny () = =2, (143)
Po

and for ;) we solve (142) with initial conditions
(144)
Since #7{,) (ity) = 0, the limit k — 0 of h(,) is simply

h(ity) ~ k() (iiy ).

( (145)

As for d,, the simplest way to obtain it is from (116)
using (130). Since dp is finite when £k — 0 we simply have

2 _Im 1
d? =1 (EESTTEN) +%)h<ﬁl). (146)

7

Thus, we see that dy « k indeed goes to zero as k — 0.

C. Total prefactor

In summary, in the kK — 0 limit we have d, = kd A and
h = k*h, so the total prefactor scales as

P(p) « (147)

5 N
12 ex p{ Azlfz} - da ~5(Ap).
27k2h k=dx 2\/7kh
This factor would be V_5(Ap) had we started with k = 0,
where V, is a volume factor. Here we find a regularized
volume factor proportional to 1/k.
We plot the normalized probability without the factor
of 1/k by dividing by the leading order contribution as
Yk = 0’

Prefy (k) := Lir% Pref(k) % (148)

The results for the Sauter pulse are shown in Fig. 9. The
plot also demonstrates perfect agreement with the results
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FIG. 9. Prefactor Pref(y,) (without the overall factor of E)
for different values of y,. We have divided by either 1/y; or
Pref(,(y;) to remove the 1/k scaling. The dots are obtained with
the code in [17,18]. The number of points used for the discrete
instantons varies depending on the y,, value from N = 2000 for
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obtained with the instanton code from [17,18], which deals
with closed instantons for the imaginary part of the
effective action. This prefactor is the product of several
different contributions in our new approach, it is in
particular a product of the widths of the spectrum, so this
agreement is not just a check for the integrated probability
but also for the spectrum, which one cannot obtain with the
closed-instanton approach.

XI. CONCLUSIONS

In this paper we developed a method that makes use of
worldline instantons with open lines to obtain the pair-
production spectrum in the presence of a background field
which depends not only on time, as in previous works, but
also on one space coordinate. To do so we made use of the
LSZ reduction formula with free asymptotic states and the
internal propagator expressed in its worldline representa-
tion with a particle path integral. From the spectrum, we
showed how the maximum changes with the field shape. In
particular, as one might expect, when the spatial extension
of the field gets smaller, it is more likely to produce
particles with smaller momenta. Since the field depends on
one spatial dimension, the momentum is not conserved

along that direction. Nonetheless, the spectrum is sym-
metric under electron/positron exchange.

From the integrated spectrum we could also obtain the
total probability, finding perfect agreement with results
obtained using the discrete-instanton code from [17,18].

This method should also work for fields which depend
on more spatial directions and have magnetic components.
For example, an interesting and more realistic field is the
e-dipole pulse [19], which is a solution to Maxwell’s field
equations localized in all four spacetime coordinates. This
field was considered in [18] using the closed-instanton
approach to obtain the total probability. Now with our new,
open-instanton approach we could also study the corre-
sponding momentum spectrum or the spin dependence.

We showed in [24] how to use open instantons for
nonlinear Breit-Wheeler pair production and nonlinear
Compton scattering in a time-dependent field. We expect
that these methods can also be used for such processes in
spacetime dependent fields.

The instanton and the usual WKB methods should give
equivalent results for the semiclassical approximation,
and in the 1D cases where it has been possible to use
both this has been confirmed. However, while WKB
methods are more well known, and usually easier to use
for 1D problems, the instanton approach seems more
promising when going beyond 1D fields.
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APPENDIX: ABEL’S IDENTITY

In this appendix we will explain how to obtain e.g. 7,
from 7, using Abel’s identity. In this case it says that, since
there is no #’ term in (56), the Wronskian is constant,

W = g, — 151, = const, (A1)
which can be solved for 7, in terms of #,. For u < 0 we can
write the solution as

ns(u) = n,(u) (W“;o)_ 1- Wl:;ﬁld—(i;»

The limit of (A2) as u — 0 from u < 0 remains finite
despite the pole in the integrand due to n, — 0. However,
we cannot directly evaluate (A2) for u > 0, since then the

(A2)
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integral would go over the pole [and the overall factor of
14(u) # 0]. In principle this is not a big problem since 7
for u > 0 follows from the symmetry #,(u) = n,(—u). But
it is nevertheless useful to rewrite (A2) by making a partial
integration as

n¢u>:_lf—+;hoo<_1+»v[:dv ¢:>’ (A3)

1y (1) Nallie

where the integrand no longer has a pole. We can find W by
demanding that #}(0) = 0 (7} is antisymmetric). We find

W) (A4)

With this we can now write 7, in a manifestly symmetric
form,

7, () = W(ﬂ, Eu)-l-’la(u) A . > (AS)

" Nalli

However, at the end we actually only need n,(u;) (we
use uy = —uy), which we obtain most easily by going back
to (A2),

’73(”1) :ns(l’tO) = W+'Ia(”1)- (A6)

In particular, for the functional determinant we have

2

hw) = (A7)

Here we have singled out 7, as the solution in terms of
which the other solutions are expressed. This is motivated
by the fact that for k — 0 it has a simple form. But for
numerical purposes it might be more convenient to instead
use a solution that is fixed by the value of # and " at one
point, e.g. as in (60), rather than at two points as in (118),
because with (60) we only have to solve (56) once, while if
we find the solution with (118) by varying #/(0) we would
have to solve (56) several times until we found the value of
1 (0) that gives the solution. Thus, for numerical purposes
it can be faster to write 5, as a superposition of two
solutions as

)
Ju) =—————n(u) + nm(u), A8
Ma (1) 1+mW0m() na(u) (A8)
where 7, has initial conditions as in (60) while
(i) = 0, (i) = 1. (A9)

However, for the cases we consider here, Eq. (56) is solved
quickly regardless of which approach we use.
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