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Abstract In the present article we analyze the matter-
geometry coupled f (Q, T ) theory of gravity. We offer the
fully covariant formulation of the theory, with which we
construct the correct energy balance equation and employ
it to conduct a dynamical system analysis in a spatially
flat Friedmann–Lemaître–Robertson–Walker spacetime. We
consider three different functional forms of the f (Q, T )

function, specifically, f (Q, T ) = αQ + βT , f (Q, T ) =
αQ + βT 2, and f (Q, T ) = Q + αQ2 + βT . We
attempt to investigate the physical capabilities of these mod-
els to describe various cosmological epochs. We calculate
Friedmann-like equations in each case and introduce some
phase space variables to simplify the equations in more con-
cise forms. We observe that the linear model f (Q, T ) =
αQ + βT with β = 0 is completely equivalent to the GR
case without cosmological constant �. Further, we find that
the model f (Q, T ) = αQ + βT 2 with β �= 0 successfully
depicts the observed transition from decelerated phase to an
accelerated phase of the universe. Lastly, we find that the
model f (Q, T ) = Q + αQ2 + βT with α �= 0 represents
an accelerated de-Sitter epoch for the constraints β < −1 or
β ≥ 0.
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1 Introduction

In the last two decades, the standard �CDM model, where
the General Relativity has been manifested as the geome-
try of the background, provides an excellent fit to several
cosmological observations. Nevertheless, the model is still
struggling in the discrepancy of the value of the cosmolog-
ical constant �. Thus, the standard theory of relativity may
not be the ultimate theory to address the dark energy and the
dark matter issues. This motivates a search for other theoret-
ical cosmological scenarios that can describe cosmic accel-
eration with observational compatibility. General Relativity
and its extensions, such as f (R) gravity, f (R,G) gravity,
f (R, T ) gravity among others, were the curvature-based the-
ory of gravitation formulated and extensively studied in the
past [1,2]. Another promising way to acquire the modified
theory of gravitation is to formulate gravity on a flat space-
time geometry depending solely either on the torsion or the
non-metricity, the first is known as metric teleparallel theo-
ries and the second as symmetric teleparallel theories. Nester
and Yo [3] proposed the latter and due to its dependence on
the dark sector, Jimenez et al. extended it to formulate the
f (Q) gravity [4] such that the late-time acceleration could be
demonstrated from the additional geometric components. In
the recent past, a tremendous amount of works were carried
out in this f (Q) theories [5–28].
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Very recently, a matter-geometry coupling in the form
of f (Q, T ) theories were proposed [29] in which the
Lagrangian was represented by any viable function of the
non-metricity scalar Q, and the trace T of the energy-
momentum tensor. Harko [30] argued that this dependence
can be caused by exotic imperfect fluids or quantum phe-
nomena. Recently, several cosmological and astrophysical
aspects of f (Q, T ) gravity have been tested, for instance,
Energy conditions [31], Baryogenesis [32], Cosmological
inflation [33], Reconstruction of f (Q, T ) lagrangian [34],
Static spherically symmetric wormholes [35], Constraint on
the effective equation of state [36], Observational constraints
on f (Q, T ) gravity models [37], and Cosmological pertur-
bations [38]. However, except the introductory article, most
other studies were primarily conducted to contact observa-
tional datasets and not much theoretical investigation was
carried out in this gravity theory which is still at its infancy
at best. On a closer look, it is noticed that a covariant formu-
lation was eluded so far, and there is some missing terms in
the energy balance equation.

This motivated us to derive the covariant formulation and
the energy balance equation of the f (Q, T ) gravity. In addi-
tion, we present the asymptotic behavior of some cosmo-
logical f (Q, T ) models by utilizing the dynamical system
technique.This approach is quite efficient in describing the
asymptotic behavior of non-linear modified gravity models.
Several cosmological models of the modified gravity have
been tested by utilizing the dynamical system technique [39–
43]. One can investigate the asymptotic behavior of the cos-
mological model by analyzing the nature of critical points
obtained by solving an autonomous system of first-order ordi-
nary differential equations. The most important feature of any
cosmological model is to have late-time stable solutions that
depict the late-time behavior of the model.

The manuscript is organized as follows: in Sect. 2, we
present the mathematical formulation of f (Q, T ) gravity.
Then in Sect. 3, we derive the covariant formula for f (Q, T )

gravity. In Sect. 4, we derive the corrected version of the
energy-balance equation, both from the original metric field
equation as well as from the novel covariant form of it. Fur-
ther in Sect. 5, we investigate the asymptotic behavior of
some cosmological f (Q, T ) models with the help of dynam-
ical system analysis. Finally in Sect. 6, we summarize the
obtained results.

2 The mathematical formulation

In f (Q, T )-gravity theory, the background framework of
the spacetime is the torsion free teleprallel geometry, i.e.,
Rρ

σμν = 0 and T ρ
μν = 0. The difference between the asso-

ciated connection �λ
μν and the Levi-Civita connection �̊λ

μν

is known as the disformation tensor

Lλ
μν = �λ

μν − �̊λ
μν, (1)

where Qλμν := ∇λgμν is the non-metricity tensor. It follows
that

Lλ
μν = 1

2
(Qλ

μν − Qμ
λ
ν − Qν

λ
μ).

In addition, we define the non-metricity scalar

Q = Qλμν P
λμν = −1

2
QλμνL

λμν

+1

4
QλQ

λ − 1

2
Qλ Q̃

λ, (2)

where

Pλ
μν := 1

4

(
− 2Lλ

μν + Qλgμν

−Q̃λgμν − 1

2
δλ
μQν − 1

2
δλ
ν Qμ

)
, (3)

is the superpotential tensor. Here we have used these two
traces of non-metricity tensor: Qλ = Qλμ

μ and Q̃λ = Qνλ
ν .

The action of f (Q, T )-gravity is given by

S =
∫ [

1

2κ
f (Q, T ) + LM

] √−g d4x

where g is the determinant of the metric tensor, LM is the
matter Lagrangian and T is the trace of the stress energy
tensor Tμν , which is defined as

Tμν = − 2√−g

δ(
√−gLM )

δgμν
. (4)

The variation of the action with respect to the metric, gives
the metric field equation

2√−g
∂λ

(√−g fQ Pλ
μν

) − 1

2
f gμν + fT (Tμν + 
μν)

+ fQ(Pνρσ Qμ
ρσ − 2PρσμQ

ρσ
ν) = κTμν, (5)

where f(·) represents the partial derivative of f with respect
to (·) and


μν = gαβδTαβ

δgμν
. (6)

Furthermore, varying the action with respect to the connec-
tion, we obtain the following connection field equation

∇μ∇ν(2
√−g fQ Pμν

λ − κHλ
μν) = 0 , (7)

where

Hλ
μν =

√−g

2κ
fT

δT

δ�λ
μν

+ δ(
√−gLM )

δ�λ
μν

,

is the hypermomentum tensor density.
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Noticing that (5) is valid only in the coincident gauge
coordinate [4], it is essential to express it in its covariant
form in the following section which firstly is independent of
the choice of coordinate systems and secondly provides an
relatively straightforward manner in identifying the effective
energy density and pressure.

3 Covariant formulation of f (Q, T )

In the literature of cosmological application of symmetric
teleparallel theory, we commonly observe the use of the
so-called “coincident gauge”, that is, to identify a coordi-
nate system whereby the connection vanishes and covariant
derivatives reduce to partial derivatives. This is common in
both isotropic spatially flat FLRW spacetime as well as in
Bianchi type anisotropic spacetimes. As described in [20,44],
this sometime poses a major issue when we attempt to indulge
into investigation of some other spacetimes using the same
vanishing connection. Most of the time, the system is not
consistent unless we force the non-metricity scalar Q to be
a constant, even worse, Q = 0. To alleviate this problem,
a fully-covariant formulation is very useful to employ non-
vanishing connections into the game. In this section, we intro-
duce the much-awaited covariant formulation of the f (Q, T )

theory.
Let us begin from the curvature free and torsion free con-

straints providing

R̊μν + ∇̊αL
α

μν − ∇̊ν L̃μ + L̃αL
α

μν − LαβνL
βα

μ = 0 ,

(8)

R̊ + ∇̊α(Lα − L̃α) − Q = 0 . (9)

As mentioned before, the coincident gauge is chosen in which
�λ

μν = 0 or �̊λ
μν = −Lλ

μν . Then we have

∂λ

√−g = −√−gL̃λ . (10)

Furthermore, we derive

2√−g
∂λ

(√−g fQ Pλ
μν

) + fQ(Pνρσ Qμ
ρσ − 2PρσμQ

ρσ
ν)

= 2(∇λ fQ)Pλ
μν + 2 fQ(∇̊λP

λ
μν − LαβμP

βα
ν

− LαβμPν
βα + Lναβ P

αβ
μ)

= 2(∇λ fQ)Pλ
μν + 2 fQ(∇̊λP

λ
μν − L̃αL

α
νμ + LαβνL

βα
μ) .

(11)

On the other hand, using (3), (8) and (9), we obtain

2∇̊αP
α

μν = − ∇̊αL
α

μν + ∇̊α(Lα − L̃α)

2
gμν

+ ∇̊ν L̃μ + ∇̊μ L̃ν

2

=R̊μν + Q − R̊

2
gμν + L̃αL

α
μν − LαβνL

βα
μ .

(12)

Combining (11) and (12) we obtain

2√−g
∂λ(

√−g fQ Pλ
μν) + fQ(Pνρσ Qμ

ρσ − 2PρσμQ
ρσ

ν)

= 2(∇λ fQ)Pλ
μν + fQ

(
R̊μν − R̊ − Q

2
gμν

)
. (13)

Finally, the metric field equation can be rewritten covariantly
as

fQG̊μν + 1

2
gμν(Q fQ − f ) + fT (Tμν + 
μν)

+2(∇λ fQ)Pλ
μν = κTμν (14)

where G̊μν is the Einstein tensor corresponding to the Levi-
Civita connection. We define the effective stress energy ten-
sor as

κT eff
μν = κTμν − fT (Tμν + 
μν) − 1

2
gμν(Q fQ − f )

−2( fQQ∇λQ + fQT∇λT )Pλ
μν. (15)

In the present paper, we consider a perfect fluid type space-
time, whose stress energy tensor takes the form

Tμν = pgμν + (p + ρ)uμuν (16)

to which the matter Lagrangian can be taken as LM = p,
where ρ, p and uμ denote the energy density, pressure and
four velocity of the fluid respectively. It follows that


μν = pgμν − 2Tμν (17)

4 Energy conservation in f (Q, T ) theory

The f (Q, T ) theory is not compatible with the energy con-
servation criterion, so an energy momentum balance equa-
tion was offered in [29]. Unfortunately, it seems to be not
derived correctly as two crucial terms were noticed missing,
particularly while applying the covariant derivative ∇̊μ to

2√−g
∇α(

√−g fQ Pαμ
ν) and fT T

μ
ν.

The corrected energy-momentum balance equation should
read as

∇̊μT
μ

ν = 1

κ − fT

×
{
∇̊μ( fT
μ

ν) + (∇μ fT )Tμ
ν − 1

2
fT∇νT + κ√−g

∇α∇μHν
αμ

}
.

(18)
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In what follows, we briefly discuss the derivation of (18). Let
us begin with the field equation (5) of type (1, 1)

κTμ
ν − fT (
μ

ν + Tμ
ν) + 1

2
f δμ

ν = fQ Pμρσ Qνρσ

+ 2√−g
∇λ(

√−g fQ Pλμ
ν) . (19)

The divergence of the preceding equation gives

(κ − fT )∇̊μT
μ

ν − (∇μ fT )Tμ
ν − ∇̊ν( fT
μ

ν) + 1

2
∇ν f

= (∇λ fQ)Pμρσ Qνρσ ) + ∇̊μ

{
2√−g

∇λ(
√−g fQ Pλμ

ν)

}
.

(20)

To simplify the above equation, we explicitly expand the two
terms in the right hand side as

∇̊μ( fQ Pμρσ Qνρσ ) = Qνρσ (∇μ − L̃μ)( fQ Pμρσ )

+ fQ Pμρσ (∇μQνρσ + Lβ
νμQβρσ )

= −2Lσνρ(∇μ − L̃μ)( fQ Pμρσ )

+ fQ Pμρσ (∇̊νQμρσ − 2Lβ
ρνQμβσ ) , (21)

∇̊μ

{
2√−g

∇λ(
√−g fQ Pλμ

ν)

}

= (∇μ − L̃μ)

{
2√−g

∇λ(
√−g fQ Pλμ

ν)

}

+ 2Lβ
νμ√−g

∇λ(
√−g fQ Pλμ

β)

= 2√−g
∇μ∇λ(

√−g fQ Pλμ
ν)

+ 2Lβ
νρ(∇μ − L̃μ)( fQ Pμρ

β) , (22)

where we have used the relation (10). In addition, we have
the relations

2Lβ
νρ(∇μ − L̃μ)( fQ Pμρ

β)

= Lσνρ(∇μ − L̃μ)( fQ Pμρσ ) + Lβ
νρ( fQ Pμρ

β)Qμσβ

(23)

∇νQ = ∇̊ν(P
μρσ Qμρσ ) = 2Pμρσ ∇̊νQμρσ . (24)

Finally, (18) can be obtained after substituting (7) and the
above relations into (20).

Now that we offer the fully covarinat formulation of the
field equation (14), we can directly use the Bianchi identity
to derive another equivalent form of the energy momentum
balance equation by taking divergence of (14)

(κ − fT )∇̊μT
μ

ν − (∇μ fT )Tμ
ν

− ∇̊ν( fT
μ
ν) + fT

2
∇νQ

= (∇λ fQ)

(
G̊λ

ν + Q

2
δλ

ν + 2∇̊μP
λμ

ν

)

+ 2(∇̊μ∇̊λ fQ)Pλμ
ν . (25)

Note that (18) and (25) of the energy-balance in f (Q, T )

theory are identical once the affine connection field equation
(7) are taken into account.

5 Cosmological application

In this section we explore some cosmological applications
of the previously obtained covariant formulation and energy
balance equation. For this purpose we consider the spatially
flat homogeneous and isotropic FLRW spacetime with the
line element given in Cartesian coordinates by

ds2 = −dt2 + a2(t)
[
dx2 + dy2 + dz2

]
. (26)

For simplicity, we utilise the usual vanishing affine con-
nection in this coincident gauge choice to obtain the non-
metricity scalar as

Q = −6H2. (27)

Using (14) and (26), we obtain the following Friedmann-like
equations.

(κ + fT )ρ + fT p = f

2
+ 6H2 fQ, (28)

κp = − f

2
− 6H2 fQ − ∂

∂t
(2H fQ) . (29)

When particularly fT = −κ , we obtain the equation

∂

∂t
(2H fQ) = 0 , (30)

whose solution is given as

f (Q, T ) = α
√−Q − κT , (31)

where α is a constant. As this solution does not include GR,
we conclude that this is not an adequate model. In what fol-
lows, we consider only fT �= −κ . Using (28) and (29), we
obtain

κρ = f

2
+ 6H2 fQ + fT

κ + fT

∂

∂t
(2H fQ) . (32)

From the corrected energy balance Eq. (25) derived in the
last section, we can write the continuity relation as

− ρ̇ − 3H(ρ + p) = − 1

κ

∂

∂t

(
f

2
+ 6H2 fQ

)
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− 1

κ + fT

(
ḟT

κ + fT
− 3H

)
∂

∂t
(2H fQ)

− 1

κ

fT
κ + fT

∂2

∂t2 (2H fQ). (33)

In particular, for pressureless dust era (p = 0) it reduces to

ρ̇ + 3Hρ = 1

κ + fT

{
ḟ

2
+ 12Ḣ H fQ + 6H2 ḟQ

+
(

3H − ḟT
κ + fT

) (
f

2
+ 6H2 fQ

)}
. (34)

On the other hand, we can derive the effective energy den-
sity and pressure equations using (15)

κρeff = (κ + fT )ρ + fT p − f

2
− 3H2 fQ , (35)

κpeff = κp + f

2
+ 3H2 fQ + 2H ḟQ . (36)

Now that we pull the necessary things together, in the
following subsections we are going to examine the dynamical
behavior of some well known cosmological f (Q, T ) models
by incorporating the phase space approach.

5.1 Linear f (Q, T ) model

We consider the following linear f (Q, T ) model

f (Q, T ) = αQ + βT (37)

Here α and β are free model parameters. The cosmological
implications of the considered model have been investigated
in [29]. We are going to investigate the asymptotic behavior
of the model. The Friedmann equations (29) and (32) cor-
responding to our linear f (Q, T ) model, for the dust case,
becomes

(2κ + 3β)ρ = 6αH2 (38)

2Ḣ + 3H2 = β

2α
ρ, (39)

and the Eq. (34) becomes

ρ̇ + 6(κ + β)

(2κ + 3β)
Hρ = 0 (40)

We define the following phase space variables

x = (2κ + 3β)ρ

6αH2 and y = 1
H0
H + 1

(41)

Then we have constraints x = 1 and 0 ≤ y ≤ 1. Now
we define N = dln(a), then corresponding to our linear
f (Q, T ) model we obtained the following autonomous sys-
tem by using (38)–(40),

x ′ = dx

dN
= 3β

(2κ + 3β)
x(1 − x) (42)

y′ = dy

dN
= 3

2

[
βx

(2κ + 3β)
− 1

]
y(1 − y) (43)

Now by the definition of deceleration and EoS parameter,
we have for x = 1

q = −1 + 3(κ + β)

(2κ + 3β)
and ω = −1 + 2(κ + β)

(2κ + 3β)
(44)

The nature of the critical points obtained by solving the
above autonomous equations with κ = 1, are presented
below in the Table 1.

The asymptotic behaviour of our linear f (Q, T ) model
corresponding to the case β = 0 with κ = 1, presented
below in Fig. 1.

For the case β = 0, the obtained critical points are P(1,1)
and Q(1,0) with corresponding eigenvalues 0, 3

2 and 0,− 3
2

respectively. From Fig. 1, it is evident that the trajectories
are emerging from the unstable past attractor P(1,1) and con-
verging to future attractor Q(1,0). Hence, point P(1,1) is a
source, whereas point Q(1,0) is a sink. From Eq. (44), we
obtained q = 1

2 and ω = 0 for both P and Q. Therefore,
we can conclude that our model f (Q, T ) = αQ + βT with
β = 0 remains lies in the matter dominated epoch and cannot
describe the accelerated era as well as the initial singularity.
Hence, it is completely equivalent to the GR case without
cosmological constant �.

From the Eq. (44), one can notice that the linear model
f (Q, T ) = αQ + βT cannot describes the transition from
decelerated to accelerated era for any parameter values.

5.2 Non-linear f (Q, T ) model

5.2.1 Model-I

We consider the following non-linear f (Q, T ) model

f (Q, T ) = αQ + βT 2 (45)

Here α and β �= 0 are free model parameters. The cosmolog-
ical implications of the considered model have been inves-
tigated in [29]. We are going to investigate the asymptotic
behavior of the model. The Friedmann equations (29) and
(32) corresponding to our non-linear f (Q, T ) model, for the
dust case, becomes

(2κ − 5βρ)ρ = 6αH2 (46)

2Ḣ + 3H2 = − β

2α
ρ2 (47)

and the Eq. (34) becomes

ρ̇ + 3(κ − 2βρ)

(κ − 5βρ)
Hρ = 0 (48)

We define the following phase space variables

x = κρ

3αH2 , y = 1
H0
H + 1

and z = − 5βρ2

6αH2 (49)

123
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Table 1 Table shows the critical points and their behavior corresponding to the model f (Q, T ) = αQ + βT

Critical points (xc, yc) Eigenvalues λ1 and λ2 Nature of critical point q ω

P(1, 1) − 3β
(2+3β)

and 3(1+β)
(2+3β)

Stable for −1 < β < − 2
3

1
2+3β

− β
2+3β

Q(1, 0) − 3(1+β)
(2+3β)

and − 3β
(2+3β)

Stable for β < −1 or β ≥ 0 1
2+3β

− β
2+3β

P

Q

0.6 0.8 1.0 1.2 1.4

0.0

0.5

1.0

x

y

Fig. 1 Phase plots corresponding to the case β = 0 with κ = 1

Then we have constraints x + z = 1 and 0 ≤ y ≤ 1. Now
corresponding to our non-linear f (Q, T ) model we obtained
the following autonomous system with respect to the variable
N = dln(a), by using (46)–(48) and the constrain x+z = 1,

x ′ = dx

dN
= 3x(x − 1)(x + 4)

5(x − 2)
(50)

y′ = dy

dN
= 3

10
y(y − 1)(x + 4) (51)

Now by the definition of deceleration and EoS parameter,
we have

q = 1

10
(3x + 2) and ω = 1

5
(x − 1) (52)

The nature of the critical points obtained by solving the
above autonomous equations with κ = 1, are presented
below in the Table 2.

The asymptotic behaviour of our non-linear f (Q, T )

model with κ = 1, presented below in Fig. 2.
From Fig. 2, it is evident that the critical points A(0,0) and

B(1,1) are saddle points, whereas the critical point C(1,0)
indicates a stable matter dominated epoch. The critical point
D(0,1) is a source while the critical point E(-4,y), for any y, is
a sink representing a future attractor. The trajectories emerg-
ing from the D(0,1), indicating a decelerated epoch, are then
converging to the point E(-4,y) representing an accelerated
epoch. Thus we conclude that our non-linear f(Q,T) model

efficiently describes the observed transition from decelerated
phase to an accelerated phase of the universe. The considered
model f (Q, T ) = αQ+βT 2 with β �= 0 behaves like stan-
dard �CDM model, and hence this model may represent an
alternative to the �CDM.

5.2.2 Model-II

We consider the following non-linear f (Q, T ) model

f (Q, T ) = Q + αQ2 + βT (53)

Here α �= 0 and β are free model parameters. The astrophys-
ical implications of the considered model have been inves-
tigated in [35]. We are going to examine the cosmological
behavior of the model. The Friedmann equations (29) and
(32) corresponding to this non-linear f (Q, T ) model, for
the dust case, becomes

(2κ + 3β)ρ = 6H2(1 − 18αH2) (54)

2Ḣ(1 − 36αH2) + 3H2(1 − 18αH2) = β

2
ρ (55)

and the Eq. (34) becomes

ρ̇ + 6(κ + β)

(2κ + 3β)
Hρ = 0 (56)

We define the following phase space variables

x = (2κ + 3β)ρ

6H2(1 − 18αH2)
and y = 1

H0
H + 1

(57)

Then we have constraints x = 1 and 0 ≤ y ≤ 1. Now we
define N = dln(a), then corresponding to our non-linear
f (Q, T ) model we obtained the following autonomous sys-
tem by using (54)–(56),

x ′ = dx

dN
= 3β

(2κ + 3β)
x(1 − x) (58)

y′ = dy

dN
= 3(κ + β)

(2κ + 3β)

[(1 − y)2 − ᾱy2]
[(1 − y)2 − 2ᾱy2] y(y − 1) (59)

Here ᾱ = 18αH2
0 .

Again, by the definition of deceleration and EoS parame-
ter, we have

q = −1 + 3(κ + β)[(1 − y)2 − ᾱy2]
(2κ + 3β)[(1 − y)2 − 2ᾱy2] (60)

ω = −1 + 2(κ + β)[(1 − y)2 − ᾱy2]
(2κ + 3β)[(1 − y)2 − 2ᾱy2] (61)
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Table 2 Table shows the
critical points and their behavior
corresponding to the model
f (Q, T ) = αQ + βT 2

Critical Points (xc, yc) Eigenvalues λ1 and λ2 Nature of critical point q ω

A(0, 0) − 6
5 and 6

5 Saddle 1
5 − 1

5

B(1, 1) −3 and 3
2 Saddle 1

2 0

C(1, 0) −3 and − 3
2 Stable 1

2 0

D(0, 1) 6
5 and 6

5 Unstable 1
5 − 1

5

E(−4, y) −2 and 0 Stable −1 −1

A

B

C

D

E

- 5 - 4 - 3 - 2 - 1 0 1 2

- 1.0

- 0.5

0.0

0.5

1.0

1.5

2.0

x

y

Fig. 2 Phase plot corresponding to the model f (Q, T ) = αQ + βT 2

with κ = 1

The nature of the critical points obtained by solving the
above autonomous equations with κ = 1, are presented
below in the Table 3.

The asymptotic behaviour of our non-linear f (Q, T )

model corresponding to the case β = 0 with κ = 1 and
ᾱ = 1, presented below in Fig. 3.

For the case β = 0 with κ = 1 and ᾱ = 1, the obtained
critical points are A(1,0), B(1,1), and C(1,0.5). From Table
3 and Fig. 3, it is evident that the critical points A(1,0) and
C(1,0.5) with corresponding eigenvalues − 3

2 , 0 and 0,−3
are stable and representing the matter dominated decelerated

epoch and accelerated de-Sitter epoch respectively, whereas
the point B(1,1) with eigenvalues 3

4 , 0 is unstable.

6 Concluding remarks

In the present article we have examined the matter-geometry
coupling in the form of the f (Q, T ) theory which shows
promising development and rising research interest in the
cosmological sector. We have derived an equivalent covari-
ant formulation of the theory which yields an explicit com-
parison with the GR. The non-conservation of the energy-
momentum tensor in this theory evokes a generally non-zero
covariant vector which has been obtained from the divergence
of this covariant formula of the field equation, and by using
the Bianchi identity. In account of this result, we have com-
puted the modified continuity relation, specific to this theory.
The covariant formulation of the theory has also helped us to
efficiently express the effective pressure and energy terms.
Further, we have considered three different functional forms
of the f (Q, T ) function, specifically, f (Q, T ) = αQ+βT ,
f (Q, T ) = αQ + βT 2, and f (Q, T ) = Q + αQ2 + βT .
These f (Q, T ) functions frequently appear in the literature.
We have made an attempt to investigate the physical capabil-
ities of the studied models to describe various cosmological
epochs. We have incorporated the dynamical system tech-
nique to investigate the asymptotic behavior of the considered
f (Q, T ) models. The obtained outcomes for the assumed lin-
ear and two non-linear f (Q, T ) models have been presented
in Tables 1, 2 and 3, and the corresponding phase plots in Fig.
1, 2 and 3. Naturally, we have observed that the linear model
f (Q, T ) = αQ + βT with β = 0 is completely equiva-
lent to the GR case without cosmological constant �. Fur-
ther, we have found that the model f (Q, T ) = αQ + βT 2

Table 3 Table shows the critical points and their behavior corresponding to the model f (Q, T ) = Q + αQ2 + βT

Critical Points (xc, yc) Eigenvalues λ1 and λ2 Nature of critical point q ω

A(1, 0) − 3(1+β)
(2+3β)

and − 3β
(2+3β)

Stable for β < −1 or β ≥ 0 1
2+3β

− β
2+3β

B(1, 1) − 3β
(2+3β)

and 3(1+β)
2(2+3β)

Stable for −1 < β < − 2
3 − 1+3β

2(2+3β)
− 1+2β

(2+3β)

C(1, 1
1+√

ᾱ
), ᾱ > 0 − 3β

(2+3β)
and − 6(1+β)

(2+3β)
Stable for β < −1 or β ≥ 0 −1 −1
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A

B

C

0.4 0.6 0.8 1.0 1.2 1.4 1.6

0.0

0.2

0.4

0.6

0.8

1.0

x

y

Fig. 3 Phase plots corresponding to the case β = 0 with κ = 1 and
ᾱ = 1

with β �= 0 successfully describes the observed transition
from decelerated phase to an accelerated phase of the uni-
verse and hence the considered non-linear model I behaves
like standard �CDM model. Moreover, our obtained results
agrees with the cosmological implications of the same model
found in [29]. Lastly, we found that the non-linear model II
f (Q, T ) = Q +αQ2 +βT with α �= 0 represents an accel-
erated de-Sitter epoch for the constraint β < −1 or β ≥ 0.
Moreover, a stable matter dominated epoch with an acceler-
ated de-Sitter type epoch can be obtained in the absence of
energy momentum scalar term T i.e., for the case β = 0.
From the basis of our findings we can conclude that both
considered non-linear models can efficiently predicts the de-
Sitter type expansion of the universe and may represent a
viable geometric alternative to dark energy.

Acknowledgements The research was supported by the Ministry of
Higher Education (MoHE), through the Fundamental Research Grant
Scheme (FRGS/1/2021/STG06/UTAR/02/1). RS acknowledges UGC,
New Delhi, India for providing Senior Research Fellowship with (UGC-
Ref. No.: 191620096030). PKS acknowledges the Science and Engi-
neering Research Board, Department of Science and Technology, Gov-
ernment of India for financial support to carry out the Research project
No.: CRG/2022/001847.

DataAvailability Statement This manuscript has no associated data or
the data will not be deposited. [Authors’ comment: This is a theoretical
study and so no observational data was required.]

Declarations

Conflict of interest The authors declare that they have no known
competing financial interests or personal relationships that could have
appeared to influence the work reported in this paper.

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,

distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.
Funded by SCOAP3. SCOAP3 supports the goals of the International
Year of Basic Sciences for Sustainable Development.

References

1. CANTATA collaboration, Modified gravity and cosmology: an
update by the CANTATA Network. arXiv:2105.12582

2. T. Clifton et al., Phys. Rep. 513(1), 1–189 (2012)
3. J.M. Nester, H.-J. Yo, Chin. J. Phys. 37, 113 (1999)
4. J.B. Jimenez, L. Heisenberg, T. Koivisto, Phys. Rev. D 98, 044048

(2018)
5. M. Hohmann et al., Phys. Rev. D 99, 024009 (2019)
6. M. Hohmann, Phys. Rev. D 104, 124077 (2021)
7. F.D. Ambrosio et al., Phys. Rev. D 105, 024042 (2022)
8. J.B. Jiménez et al., Phys. Rev. D 101, 103507 (2020)
9. J.B. Jiménez, L. Heisenberg, T.S. Koivisto, JCAP 1808, 039 (2018)

10. F.K. Anagnostopoulos, S. Basilakos, E.N. Saridakis, Phys. Lett. B
822 (2021)

11. R. Solanki, A. De, S. Mandal, P.K. Sahoo, Phys. Dark Univ. 36,
101053 (2022)

12. R. Solanki, A. De, P.K. Sahoo, Phys. Dark Univ. 36, 100996 (2022)
13. L. Atayde, N. Frusciante, Phys. Rev. D 104, 6 (2021)
14. J.B. Jiménez, L. Heisenberg, T.S. Koivisto, Universe 5, 7 (2019)
15. F. D’Ambrosio, L. Heisenberg, S. Kuhn, Class. Quantum Gravity

39, 025013 (2022)
16. S. Capozziello, V. De Falco, C. Ferrara, arXiv:2208.03011 [gr-qc]

(2022)
17. B.J. Theng, T.H. Loo, A. De, Chin. J. Phys. 77, 1551 (2022)
18. J. Lu, Y. Guo, G. Chee, arXiv:2108.06865 (2021)
19. A. De, S. Mandal, J.T. Beh, T.H. Loo, P.K. Sahoo, Eur. Phys. J. C.

82, 72 (2022)
20. D. Zhao, Eur. Phys. J. C 82, 303 (2022)
21. A. De, T.H. Loo, arXiv:2212.08304 [gr-qc]
22. A. De, L.T. How, Phys. Rev. D 106, 048501 (2022)
23. R.H. Lin, X.H. Zhai, Phys. Rev. D 103, 124001 (2021)
24. S. Mandal, D. Wang, P.K. Sahoo, Phys. Rev. D 102, 124029 (2020)
25. N. Frusciante, Phys. Rev. D 103, 0444021 (2021)
26. B.J. Barros, T. Barreiro, T. Koivisto, N.J. Nunes, Phys. Dark Univ.

30, 100616 (2020)
27. W. Khyllep, A. Paliathanasis, J. Dutta, Phys. Rev. D 103, 103521

(2021)
28. J. Lu, X. Zhao, G. Chee, Eur. Phys. J. C 79, 530 (2019)
29. Y. Xu et al., Eur. Phys. J. C 79, 708 (2019)
30. T. Harko et al., Phys. Rev. D 84, 2 (2011)
31. S. Arora, P.K. Sahoo, Phys. Scr. 95, 095003 (2020)
32. S. Bhattacharjee, P.K. Sahoo, Eur. Phys. J. C 80, 289 (2020)
33. M. Shiravand, S. Fakhry, M. Farhoudi, Phys. Dark Univ. 37, 101106

(2022)
34. G.N. Gadbail, S. Arora, P.K. Sahoo, Phys. Lett. B 838, 137710

(2023)
35. M. Tayde, Z. Hassan, P.K. Sahoo, S. Gutti, Chin. Phys. C 46,

115101 (2022)
36. S. Arora, A. Parida, P.K. Sahoo, Eur. Phys. J. C 81, 555 (2021)

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2105.12582
http://arxiv.org/abs/2208.03011
http://arxiv.org/abs/2108.06865
http://arxiv.org/abs/2212.08304


Eur. Phys. J. C (2023) 83 :261 Page 9 of 9 261

37. S. Arora et al., Phys. Dark Univ. 30, 100664 (2020)
38. A. Najera, A. Fajardo, JCAP 2022, 020 (2022)
39. B. Mirza, F. Oboudiat, JCAP 2017, 011 (2017)
40. S. Bahamonde, M. Marciu, P. Rudra, Phys. Rev. D 100, 083511

(2019)
41. G. Kofinas, G. Leon, E.N. Saridakis, Class. Quantum Gravity 31,

175011 (2014)

42. C. Xu, E.N. Saridakis, G. Leon, JCAP 2012, 005 (2012)
43. W. Khyllep et al., Phys. Rev. D 107, 044022 (2023)
44. M. Krssak, E.N. Saridakis, Class. Quantum Gravity 33, 115009

(2016)

123


	f(Q,T) gravity, its covariant formulation, energy conservation and phase-space analysis
	Abstract 
	1 Introduction
	2 The mathematical formulation
	3 Covariant formulation of f(Q,T)
	4 Energy conservation in f(Q,T) theory
	5 Cosmological application
	5.1 Linear f(Q,T) model
	5.2 Non-linear f(Q,T) model
	5.2.1 Model-I
	5.2.2 Model-II


	6 Concluding remarks
	Acknowledgements
	References




