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1 Introduction

The measurements of the anomalous magnetic moment of the muon a,, made at BNL [1]
and more recently at Fermilab [2, 3], give the results:

a" =116 592 089 (63) x 107" and a), " =116 592 040 (54) x 107", (1.1)

They agree with each other at the level of 0.6 standard deviations (0.60) and their combined

number
a,(2021) = 116 592 040 (41) x 107 (1.2)

has the remarkable accuracy of 0.35 parts per million.
The theoretical evaluation of the same observable in the Standard Model has been
made to a comparable precision. The result

a,(Th. WP) = 116 591 810 (43) x 10~ (1.3)

reported in the 2020 White Paper (WP) of ref. [4] has been the consensus theory number
for a while. When compared to the experimental number in eq. (1.2) it turns out to be
4.20 below, a significant difference, which has triggered many speculations on what kind
of new physics could explain this difference.



The 2020 WP number, however, does not take into account the lattice QCD (LQCD)
result of the BMW collaboration [5]

a,(HVP)pyw = 7 075 (55) x 1071 (1.4)

which differs from the evaluations using data-driven dispersion relations [6, 7]:

ref.[7]
lowest order

a, (HVP) 0] =6 940 (40) x 10" and a,(HVP)

lowest order

=6 928 (24) x 1071,
(1.5)
incorporated in the consensus theory number of the 2020 WP. The BMW-lattice QCD result
reduces the total discrepancy with the experimental result in eq. (1.2) from 4.20 to 1.60.
Still a discrepancy, but not significant to argue evidence for new physics. Recently, the
BMW result has also been confirmed, at least partially, by other LQCD collaborations [8—
10]. If the disagreement between LQCD and the experimental dispersive evaluations of
the HVP persists, one will have to find the explanation for that. The two methods involve
integrals of different quantities which makes the comparison difficult but not impossible.
A lot of activity on that is underway, mostly concentrated on evaluations of the so called
window observables proposed in ref. [12] (see e.g. refs. [8, 11, 13] and references therein).

In the meantime, the Fermilab Muon g — 2 experiment expects to reduce the error
of their 2021 result by a factor of four, as more statistics accumulate. There is also a
new experiment at the Japan Proton Accelerator Research Complex in Tokai, the J-PARC
experiment E34 [14], which will employ a new different technique to measure the muon
anomaly. Another expected experiment is the MUonE proposal at the CERN SPS [15—
17]. It consists in extracting the value of the HVP self-energy function in the Euclidean
from its contribution to the differential cross-section of elastic muon-electron scattering,
with muons at E, = 160GeV colliding on atomic electrons of a fixed low Z target [18].
The muon anomaly can then be obtained from a weighted integral of the measured HVP
self-energy function.

The purpose of this paper is to introduce a new type of model independent approx-
imants adapted to the time momentum representation (TMR) of hadronic vacuum po-
larization used in LQCD evaluations of a,(HVP) at present. The method is based on
the reconstruction approximants which follow from the transfer theorem of Flajolet and
Odlyzko [19, 20], and has previously been applied to the MUonE-proposal [21] as well as to
other observables (see e.g. refs. [22-24]). We show how to adapt this method to extrapo-
late the LQCD results obtained in a restricted TMR-interval to the full integration domain
required to evaluate a,(HVP).

The paper is organized as follows. Section 2 reviews the properties of HVP and its
TMR which will be needed. Section 3 is dedicated to the asymptotic behaviours of the
TMR function G(zp) in QCD, both at short distances and at long distances. As far
as we know, some aspects of this section are new, in particular the construction of a
skeleton G*(zg) function in terms of Bessel functions which provides a first approximant
to the TMR G(x() function in its full zp range. Section 4 discusses the formulation of
the reconstruction approximants that follow from the transfer theorem of Flajolet and
Odlyzko [19, 20]. The content of this theorem is explained in subsection 4.1, and its



application to construct what we call FO-approximants (for short) is discussed in detail
in subsection 4.2. Section 5 is dedicated to show how to implement the FO-approximants
in practice, and we illustrate this with the example of a phenomenological model which
simulates the physical hadronic spectral function. The conclusion and outlook are finally
given in section 6. We have relegated to an appendix the mathematical details of the
FO-theorem needed in our application.

2 Properties of HVP and its TMR

The function which governs HVP is the Fourier transform of the vacuum expectation value
of the time-ordered product of two electromagnetic hadronic currents of the Standard
Model Ji‘ad (x) at separate space-time z-points:

mad(g) =i / " dte )T (24(2)J2(0)) 10) = (gua — AP Gu) Thaa(a®) - (2.1)

—00

The hadronic photon self-energy function Il.q(¢?) is a complex function of its g2 variable.
It is an analytic function in the full complex plane, but for a cut in the real axis which
goes from the physical threshold tg to infinity.! As such, the on-shell renormalized HVP-
function, i.e. IIp.q(¢?) subtracted at its value at ¢> = 0, obeys the dispersion relation:

dt 2 1
VP (%) = Mpaa(¢?) — Mhaa(0) = / d —ImMpaa(t), to=4mie, (2.2)

to tot— Q> —iem
and the optical theorem relates the hadronic spectral function %Im IMaq(t) to the one-
photon annihilation cross-section into hadrons:

4200 1
U(t)eJre*—)had m'\;)() t

(). (2:3)

The evaluation of the HVP contribution to the anomalous magnetic moment of the muon
oHVP
o

can then be made using the integral representation [25-27]:

gVP = /to dt/ x2 fn ‘(1 (196_) x)l Im Mpaq(t) - (2.4)

This so called dispersive method, is the way that experimental data-driven determinations

of aEVP have been made; the earliest in ref. [27] using the Gounaris-Sakurai parametrization

of the pion form factor [28], the latest in refs. [6, 7] using a wealth of experimental results.
A crucial observation made by the authors of ref. [29] is that, in Euclidean space-time

and in the special kinematic configuration where ¢ = 0, the Hgid(q) function in eq. (2.1)

becomes

+o00

1 g0,0) = |

—00

dae 70 [ 87 6 O (lao KON, 29)

G(zo)

'In the presence of higher order electromagnetic corrections the threshold is at the mass of the 7° because

of the 7%~ contribution to the spectral function. In this paper the threshold will be fixed at to = 4mii,
but can be adjusted to mfrg if necessary.



and the underlined time-dependent function G(z), for x in an optimal region, is accessible

EVP in terms of G(xp), the so called

_17_%70; _
0,1,-3,—3,-2

to accurate evaluations in LQCD. The expression of a
TMR [29], is then given by the integral:

o 4
HVP _ & 2 Lo ~23 2
a,’ = ;m“/o dzo - G35 ((muaco)

2 -3,
o 2 —w|zo| 1 2
X / dw w* e — Tm Ipaq (W), (2.6)
Vio 0
G(zo)

where w? = t (the Minkowski ¢-variable of the spectral function) and

1 .
_17 _5507 T
0,1,-3,-3,-2

caffo L(s)D(1+$)T(1 = )0 (3 = 5) (2 - 5)
T4 - )03 -8 (3 -s) ’

(2.7)

Cs—100

is a Meijer’s G-function.

The TMR-function G(z¢) in eq. (2.6) is the second derivative (with respect to the

time variable xy) of the Laplace transform (with respect to the energy variable w) of the
hadronic spectral function. From the usual definition of the Laplace transform:

e wx 1
L(zg) = \/%dw e~ wro ;Im Mpaa(w?), (2.8)
there follows that
Glwo) = (—8)2£(x0) R L S (2.9)
Oxg Vio T

Because of the positivity of the hadronic spectral function, both functions £(x) and G(zo)
as well as the successive derivatives (—(%())p G(zo), p = 1,2,3,..., are all monotonously
decreasing functions of zg for 0 < zg < oo; a well known property as well of the Mellin
transform of the hadronic spectral function [30]

odt (t\*11

M= [TF () ), (2.10)
to t tO ™

as a function of Re(s) < 1.

HVP
“w

mvP(—@? = 2/000 dzxo {1 — cos (@xo)] L(zo) , (2.11)

An alternative way to evaluate a to the one in eq. (2.6), is to use the integral

representation

equivalent to [29]

1 —cos (VQ%x 2
c,<22 0) — 00 G(x), (2.12)

HVP_ A2y _ o [
II (—Q)—2/0 dl‘o[ 9




and then the Euclidean representation of the anomaly proposed in refs. [31-33]:

1—ao *

$2 11,’2
ap 't = / de (1 —z) TOVP [ ————m? | | QQEl m’ . (2.13)
— X

3 Asymptotic behaviours

The TMR-function G(xp) has a Mellin-Barnes representation which can be obtained by
inserting the identity

cs+i00

1
eiwxo = % / dS (wxo)is ]__‘(8), Cs = Re(s) > 07 (31)

in the integrand of eq. (2.9) (recall that ¢t = w?) and following the steps:

G(zo) = /oz dw e w? %Im Mpaa(w?) (3.2)
1 dt |
=5mi | A IO, S () (1=
32 | etios .
~5 5 ds (xo\/tg) I(s) M(5/2—5s/2), cs=Re(s) >3
e 101 7T 1y B
=" = o / ds (X2> (5 25) M(s),  cs=Re(s) <1, (3.3)

where going from the second line to the third we have used the definition of the Mellin
transform of the spectral function in eq. (2.10), and from the third line to the fourth we
have introduced the dimensionless variable

X = 200, (3.4)

and redefined the integration s-variable. From here onwards we shall often work with the
dimensionless TMR-G(X) function:

00 . 1 1
X)= / di> e X &% = Im pag (&%) = 575 G(x0) (3.5)
1 d to/

where

e

(3.6)

w
The TMR of the muon anomaly with this redefinition in terms of the dimensionless variable
X is then:

aHVP am/ dX K(X) X3 ¢(X), (3.7)
T to
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Figure 1. Plots of the kernel X(X) in eq. (3.8) versus X and versus z( in Fermi units.
with

X

2
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—1.-L 0. —
g (3.8)
0,1,-3,—5,—2

the integration kernel. Figure 1 shows the familiar shape of this kernel, as a function of X

and as a function of g in Fermi units for comparison.
The Mellin-Barnes representation of G(X) that follows from eq. (3.3) is:

cs+ioco
1 1 1 \°°
G(X) = 35 5 / ds ()(2) (5 - 25) M(s), cs=Re(s)<1, (3.9)

where the QCD dynamics is fully encoded in the Mellin transform of the hadronic spectral
function M(s) defined in eq. (2.10). The singular expansion [34] of the s-integrand in this
representation produces the following series expansion for 0 < X <1 (i.e. short distances):

oo
« a_3 a_q
X) ~ — < —+4+—= log X] X" 5 . 1
G( )Xao - {X3+X+n2:1[a”+b"0g ] } (3.10)
The coefficient a_3 of the leading term is fixed by the residue of the QCD Mellin transform
at s = 1 which, to leading order in pQCD, is

N, 2
ag==" ) €gx2. (3.11)

quarks

The next coefficient a_; is governed by the quark mass terms of O (1/Q?) in the expansion
of Mpaq(—Q?) at large Q2. The contribution from the light quark masses to a_; vanishes
in the chiral limit. The form of the rest of the asymptotic series in eq. (3.10) assumes that
the singularities at s = 1,2,3,--- of M(s) are simple poles, otherwise higher power log X-
terms must also be included. Let us recall (see e.g. ref. [21]) that the singularities of M(s)
at s =1,2,3,... govern the asymptotic expansion of the hadronic self-energy at large Q2.
The coefficients a,, and b,,, however, will become free parameters in our approach; only the
value of a_3 in eq. (3.11) will be used as an input.

The Mellin-Barnes representation in eq. (3.9) does not give, however, direct informa-
tion about the behaviour of G(X) at large-X (i.e. long-distances). This is because the
fundamental strip [34] where the integral in eq. (3.9) converges goes all the way from



Re(s) < 1 to Re(s) = —oo. One can nevertheless show, using inverse Laplace-transform
properties [35], that the large-X behaviour of G(X) is related to the @ — 1 threshold
behaviour of the hadronic spectral function, i.e. to the power series:

o0
A a A A
& = ImIlhag(@to) ~ — (@ —1)%23 yu(@—1)", (3.12)
w—1 T =0

where, to lowest order in chiral perturbation theory (yPT)

1 -1 11
= —, = — , - — s 313
X0 372 X1 12v32 X2 96v/2 ( )
Higher order xyPT corrects these values by a series in threshold tp-powers:
= ( 1<2> to + ) = ( 7<r2> to + )
o+ s ) ot . -
X0 3 \f 0 X1 12 f 3 0

(3.14)

where e.g., at the one loop level in xPT [36]

2 2
(2 . = 121}92@) ~ 327321“2 [2 log (TZ ) +log <TZ ) +3] (3.15)

and the low-energy constant Lg(x) can be obtained, either from experiment [37]:

(%) + = (0.439 £0.008) fm* = Lg(M,) = (6.9+0.7) x 1073, (3.16)

or from LQCD determinations which are in good agreement (see e.g. ref. [38]) with the
experimental value.
Numerically

1 1
=—(1+ =02 + to) = 0.284 +0.001 3.17
X0 3\/§ < + 3<I‘ >7ri 0) ; ( )

and

-1 7
=——(1-—=H 1+ 1) = 0.026 + 0.002. 3.18
=1 (1= 36% 1) (3.18)

Inserting the threshold expansion in the integrand of the G(X) function in eq. (3.5)
leads to the long-distance behaviour of G(X) in terms of a series of simple Laplace trans-

forms:
oo X [ e (@-DX A 1\n43/2
G(X) adi- Z Xn € /1 do e (w-1) (3.19)
ae X & 1
- o< ( ) - (3.20)

This series, however, is a divergent series (though Borel summable in all the models
we have examined), which implies that both the small-X expansion as well as the large-X
expansion of G(X) will participate in the application of the transfer theorem of Flajolet
and Odlyzko [19, 20] that we shall later discuss.



3.1 Asymptotic expansions of G(X) and Bessel functions

An interesting observation about the long distance behaviour of G(X) in eq. (3.19) is that
each term of the series in the r.h.s. can be expressed as a sum of modified Bessel functions of

the second kind K, (X) (BesselK[n,X] in Wolfram’s Mathematica notation). This follows

from the integral representation:?

— n\f n/ —Xw n—1/2
K,(X) = Tn+ 1/2) — X dv e - 1) , (3.21)

and the fact that the series expansion in eq. (3.12) can be rearranged as follows:

o1 R o, .
2 —Im haq (0%t0) o~ (@2 = 1323 gu(@® - 1), (3.22)

—1 7—0

with the coefficients X, recursively related to the y,-coefficients in eq. (3.20):

11
—=Xo0 +4v2%1,
\/§X0 X1
+5f>x1+13fx2+8\fx3, (3.23)

Xo = 2V2%0, Xx1=

X2 = <8f

The equivalent long-distance asymptotic behaviour of G(X) in terms of the Y,-series in
eq. (3.22) is then

— 82 *° A =X~ n
G(X an XW (/1 d e X@(@? - 1) +3/2) (3.24)

X%oo ™
n—0

which, using the integral representation of the Bessel function in eq. (3.21), becomes

x 2" (n+5/2) 02 1
G Xﬁ\oo T Z Xn € ﬁ 8X2 X n+2 Kn+2(X)] 5 (3.25)
and
0? 1 ,
X2 WKm(X)] o [(20+18n+ )X + X3)K,(X)

1
+ S5 [40 4 76n + 44n* + 8n® + (7 + 4n) X% K, 1 (X) .
(3.26)
In particular, the n = 0 term of the series in eq. (3.25) is
-X
L€
3% 5 (20X + X3)Ko(X) + (40 + 7X?)K; (X)] (3.27)
which, using the fact that
x a1 4n? -1 1
Kn(X) ~ ¢ \@ <X1/2 +——5 T , (3.28)

2See e.g. ref. [39).



reproduces the leading behaviour of G(X) at X — oo in eq. (3.20) because:

590 S [(20X + X3VKo(X) 4 (40 + TXDK, (X P G 3.29
W g (20X + XIKo(X) + (40 + TXKI(X)] _~ 3o/ e (329)

—00

Another observation about Bessel functions concerns the asymptotic behaviour of
G(X) at small-X. It is the fact that Ko(X) = O(nX) and K, (X) = OX™)
X—=0 X—=0
for v # 0 and in particular
8 1 X Xx3

+ 2+ 2 (12log X — 11 4 12y — 12log2) + - - -, (3.30)

Ka(X) ~ — — —
s )xﬁoxfﬂ X 8 ' 576

which has the same O(X ~3) leading behaviour as G(X) in QCD at X — 0.

These observations about Bessel functions suggest considering the minimal linear com-
bination of K, (X)-functions, modulated by X-polynomials, which reproduces the leading
asymptotic behaviours of G(X) in QCD, both at short distances and at long-distances. We
call this the skeleton G*(X) approzimant of the physical G(X) and discuss its construction
in the next subsection.

3.2 The skeleton G*(X) function
The function in question must be of the form:

N « 1

G (X) = ; CL73§K3(X) + (Al,O + A1,1X) Kl(X) + (Ao’(] + AOJX) Ko(X) , (3.31)
with a_3 the same coefficient as in eq. (3.11), and the coefficients A; ; adjusted so as to
reproduce the leading threshold behaviour of G(X) in eq. (3.20). This requires a set of

constraints on the A; ; coefficients so that

X

N a3 e”
G'(X) ~ — VT Xxo

X—oo m 4 X5/2° (3.32)

The constraints follow from the fact that the G*(X) function in eq. (3.31) has the asymp-
totic expansion:

2
T \/7 €XG*(X) = [A0,0 + A171] \/)?
™ X—o00

(0}

1 1
+ = [leg + 814070 — A071 + 8A1’0 + 3A171] —

s VX
| |
L 700y — 16400 + 9401 + 4841 o — 154
+ 153 [70a_3 0,0+ 9401 + 1,0 1,1) e
+ 2 3150 s + 24400 — 5 (5401 + 8410 — TALL)] —=
1094 a_3 0,0 0,1 1,0 w33
1
+0 {] , (3.33)
2

which, in order to agree with the leading behaviour in eq. (3.32), forces the coefficients of
the first three terms of this expansion to vanish and the coefficient of the fourth term to
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Figure 2. Plot in 2 units of the skeleton function X* G*(X) in eq. (3.34) versus X.

reproduce the result in eq. (3.32). The solution of this system of four linear equations with
four unknowns is unique and the G*(X) function is then completely determined in terms
of the two parameters a_3 and yo with the result

(07

G0 =2 |

™

a_3
— Kj3(X
2 1(X)

+ [383 a3+ 2v2 xo — (12 a_z —8V2 Xo) X] K1 (X)

+ [10 a_z —6v2 xo + (12 a_z —8v?2 XO) X} KO(X)} . (3.34)

The shape of the function X* G*(X) (in 2 units), for a_3 = 10/3 and the central value
Xo = 0.28 in eq. (3.17), is shown in figure 2. As expected, it is a monotonic decreasing
function. A quality test of the skeleton interpolating approximant G*(X) is its contribution
to the muon anomaly. The result (K(X) is the same kernel as in eq. (3.8))

m? oo
VP[] = gt—“/ dX K(X) X3G*(X) =7 533 x 10711 (3.35)
™ to Jo
reproduces the central value of, e.g. the LQCD determination in eq. (1.4), at the 6% level,
not bad for a first approximation to the physical G(X).
We have also evaluated analytically the associated spectral function to G*(X), i.e. the
skeleton spectral function 2 ImII*(t) such that

oo . 1
GH(X) = /1 4 X T T (&%) (3.36)

The derivation follows from the analytic properties of the Bessel functions which define
G*(X) with the result

1
= Im T (t = &%) = =
s ™

@=1? |as@=1) @+4)+4V2 xo|

3.37
202 (14+0) VaZ—1 (3.37)

~10 -
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Figure 3. Plot in 2 units of the skeleton spectral function L ImTI*(t) in eq. (3.37) versus %
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The shape of this spectral function plotted in figure 3 (in &
polation of the two asymptotic leading behaviours of the HVP spectral function:

units) shows a smooth inter-

1 a 1 3 1

“ImIT*(t = &? ~ = —(—=1)2 (14 =(?

I =0%) ~ 2 @D (14 0% ) |

1 a b

ZImIT*(t = 0%y) ~ — =. 3.38
7rm ( w 0)w—>oo T 3 ( )

Our choice of a skeleton function is of course not unique. Any monotonically decreasing
function that interpolates the leading asymptotic behaviours of G(X) at long and short dis-
tances in QCD is a possible choice. One may even choose as a skeleton G*(X) function the
one provided by the data-driven determination of the HVP spectral function, as suggested
in the Outlook. Our choice, however, is good enough to implement the approximants that
we discuss in the next section. These approximants do not depend on the choice of the
skeleton function, only the speed of their convergence depends.

4 Flajolet-Odlyzko approximants

We next discuss how to improve on the skeleton approzimant G*(X) that we have chosen.

The function
G(X)

G*(X)
defines the deviation of the hadronic G(X) function that we want to reconstruct from
the chosen skeleton G*(X) function. The reason why we introduce this Gro(X) function

Gro(X) = -1 (4.1)

is that it no longer has an exponential behaviour at long-distances and, therefore, it is
better adapted to an application of the transfer theorem of Flajolet and Odlyzko [19] (FO-
theorem for short, hence the subscript FO in Gpo(X)). Given some values of G(X) in a
finite X region (i.e. a finite g region), we shall first apply the FO-theorem to reconstruct
the corresponding Gro(X) function in its full zy range and then, from this reconstruction,
the one of the G(X) function will follow from eq. (4.1).

- 11 -



The asymptotic expansions of Gro(X) can be deduced from the fact that we know
G*(X) explicitly, as well as the parametrizations of the expansions at small- X and large-X
of G(X), with the results

1
Gro(X) ~ Y s X"In‘X and Gro(X) ~ > - (4.2)
X20 s onso4e X—oo o= X7
where e.g.
a_1—2v2 17
S20 = 1a73X0 + ik (4'3)
ao+2a_3(6+5yg —51In2) +2v2x0(—4 — 3vg +1n8)
8370 = s (4.4)
a-s
6v/2
ss1 = 10— af?’fO : (4.5)
| 5 <—5ﬁa—3 +6x0 + 8X1) (46)
L= 16x0 ’ '
Lo 5 —5v2a_3 (73x0 + 100x1) + 625a2 5 + 5x0 (—15x0 + 120x1 + 224x2) (47)
7128 128)2 Co

4.1 The FO-theorem

This theorem relates the non-analyticity of a function defined in a finite domain, to the large
order behaviour of the coefficients of its Taylor expansion at values where it is analytic.

In order to apply this theorem in our case we first project the domain 0 < X < oo to
a finite one using the mapping:

X =20 p—1
S AX o1l p—0 (4.8)

1-—X2 VI—
—— = X L
1+ X2 Vit

X—=p=

X200 p——1

that projects X to the domain |p| < 1. The FO-theorem is then encoded in the identity:

V1i—g AS AS
G X = = E "+ E ", 4.9
FO ( T+ o o —~ (gn 9n ) ® = In ¥ ( )
An N————

CreE ()

where the g, denote the coefficients of the Taylor expansion of Gro(X) at ¢ — 0 and the
gﬁs the coefficients of the same Taylor series as n — oo. The FO-theorem relates the gﬁs
coefficients to the non-analyticity of the Gro(X) function at short distances (¢ — 1) and
at long-distances (¢ — —1). The second term in the r.h.s. of eq. (4.9) denotes the singular
function G;lgg(cp) that emerges from the sums of the asymptotic power series at ¢ — 1 and
at p — —1.
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More precisely, the Taylor expansion of the Grgo function at X — 1 becomes now a

1—¢ =
Gro (X = V2] ~, Y (1.10)

Taylor expansion at ¢ — 0:

Then:

o At short distances ¢ — 1, and from the expansion at X — 0 in eq. (4.2), one gets:

v1— S 2s30—1n2s 3
GFO< 1+“0> ~ -+ T R (1)
VI+op 42
53,1 3
+ ———(1—-yp)2In(1 — + .- 4.11
i) (11)

The second and third terms in this series are at the origin of the leading non-analytic
contributions when ¢ — 1. The FO-theorem relates them to the n-behaviour of
their contribution to the gﬁs coefficients in eq. (4.9) as follows (see the appendix for

details):
3 2 1 151 385 1
L=9)2 = =g 14 2= oo oo 4.12
and
(1— )2 In(1 - ) —
2 1 (8 5 [56 1
41 22 g4 —Inn| =4 b
fm{ ~ve=lnd =l [ - ld—lan| © )
(4.13)

The leading terms of these two asymptotic behaviours i.e., the term proportional to
ﬁ in eq. (4.12) and the term proportional to rﬁ% logn in eq. (4.13), generate then
the following singular functions:

> o X logn (1,0)
Z 77,5/2 L15/2( ) and - Z n5/2 ¥ = Li 5/2 (‘p)a (4'14)
n=1 n=1
where p
Lith0) () = - Lis (2) (4.15)

sS=a
These singular functions, modulated by their corresponding coefficients, are then to
be included in the function GRF () in eq. (4.9).

o At long distances ¢ — —1, and from the expansion at X — oo in eq. (4.2), one gets:

\/1—()0 11—213
G X = V1 (1
FO( VIt o) et \f + et 42

The first term in the r.h.s. is at the origin of the leading non-analytic contribution

(1+¢)2 +---. (4.16)

when ¢ — —1. The FO-theorem relates it to the n-behaviour of its contribution to
the g2S coefficients in eq. (4.9) as follows (see the appendix for details):

1"1 31 25 1
\/1—&-(,0'—)—( ) —i-**—i-

27 n3 128 n2

(4.17)
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The leading term proportional to n31/2 generates then the singular function
oo
(=" .
> a2 T Liz/a(—) (4.18)
that modulated by its corresponding coefficient, contributes to Gy () in eq. (4.9).

4.2 The FO-approximants in practice

A priori, the problem to implement in QCD the procedure discussed above is that, except
for the coefficients a_3 and xo, the other coefficients of the asymptotic expansions are
not known from first principles and, therefore, practically all the coefficients s, ; and 1,, in
egs. (4.2) are unknown. The FO-identity in eq. (4.9) and the explicit examples previously
discussed show, however, the way to construct successive approximants to Gro(X). The
particular approximants that emerge from the leading non-analytic contributions discussed
in the previous subsection are defined by successive power series of N terms, plus a linear
combination of the three types of singular functions in eqgs. (4.14) and (4.18) i.e.,

Nigi3g N (1-x2\" Bz o [ 1-X?
GFO(X)“GSO )(X):ZA” rixe) ot e

with coefficients

(4.20)

that are unknown parameters (they will be the free parameters in the fits discussed later);
exceptionally the coefficient

3 5
Blly% = 16@ C/ (2) 53,1, (421)

is known because s31 given in eq. (4.5) is fixed by xo.> The polylog functions in eq. (4.19)
have been normalized, for convenience, to their values at X = 0 where ((s) denotes the
Riemann zeta-function and 7(s), ¢’(s) the related functions:

Z

n(s ) Lls Z ns ¢(s) = Lis(1 Z

n=1 n:l

¢(s) = LiltO(1) = — i 12“ . (4.22)
n=1

3Tn fact, all the coefficients say, » for n > 1 depend only on a_3 and xo.
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The parameters in eq. (4.20) are further restricted by the two sum rules:

N
0=> A+ B_ys+B s+ B;é , (4.23)
n=1

which guarantee that the asymptotic behaviours

lim Gpo(X) =0 and lim Gpo(X)=0 (4.26)
X—0 X—o00
are satisfied.

The reason why the polynomials in eq. (4.19) are of finite degree N is due to the fact
that only the contribution of the leading non-analytic terms has been taken into account
in the construction of the approximants. One expects, therefore, that beyond a certain
critical N value depending also on the input number of LQCD G(xg) values, the approx-
imants will cease to improve. It is possible, however, to correct this by adding successive
extra contributions associated to the subleading non-analytic terms, but it requires the
introduction of extra A, parameters as well as further singular functions modulated by
extra unknown B-like parameters and, furthermore, a more refined and/or extended set
of G(xp) input values. In this work we shall, therefore, only consider the leading set of
approximants defined in eq. (4.19) which, as we shall see, already produce significantly
accurate results.

The values of the unknown parameters in eq. (4.20), restricted to satisfy the two

3.5 5
sum rules above, can then be obtained from a linear fit of the successive Glgé)v e ) (X)
approximants in eq. (4.19) to the data input provided by LQCD evaluations of G(z¢) in a
given optimal xg-region. It is always possible to have a solution for the unknown parameters

provided that: with A = {Ay,..., Ax} and G = {G(x0),...,G(zN)} where

G(¢i) = Gro(pi) —

the matrix M such that M - A = G is invertible. This implies the condition

det M = det [io] + e1(j) Lig (—¢0) + e2() Lis ()], #0,

(2
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with
1((V2-1) (-1 + v2)

4W2(-1Y —2+4v2 () = (\f a)g(5) 7
- 2

BN CEDRE

to be satisfied.
We illustrate in the next section how to implement this procedure with a phenomeno-

(4.28)

logical model that simulates the hadronic spectral function.

5 Illustration with a phenomenological model

The spectral function of the model in question is inspired from lowest order xPT, p-vector
meson dominance, and asymptotic freedom:

1 HVP o 4m?2 82 )2 )
Irnl—Imodel( ) - ; 1- t 12’F ’ + Z 6 t tc,A) 9(t —4m7r) . (51)

quarks
It consists of a Breit-Wigner-like modulous squared form factor?
M,
(M2 —1)* + M2 T'(t)?

|F(t)]? = (5:2)

with an energy dependent width

3/2 3/2
Myt 4m2 2y 1 AMP |
I(t) = 96m 12 {(1 - ) 0(t —4mz) + 5 (1 - 0t —4M;Z)| 5 (5.3)

plus a function

% arctan (%) — % arctan (—togtc)

1-— %arctan (%)

O(t, te, A) = , (5.4)

that has two arbitrary parameters t, and A and smoothly matches the low energy behaviour
to the asymptotic pQCD continuum. The shape of this spectral function, using the physical
central values for my, Mk, Mp, fr = 93.3MeV, and the choice: t, = 1GeV? and A =
0.5 GeV?, with unarks 7= 3, is shown in figure 4.

The shape of the TMR function of the model

oo
x% Gmodel(x(]) = .Tg ﬁdw e 0w Im Hggcli:’el( 2) ) (55)
0

is shown in figure 6. The same function plotted in terms of the variable ¢ in eq. (4.8) is
shown in figure 5. Its contribution to the muon anomaly, using only the center values of
the parameters given above, is

( HVP

_ —11
b )model = 6992 x 1071 (5.6)

4This is a simplified version of phenomenological spectral functions discussed in the literature, e.g. in
refs. [40, 41] and references therein.
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Figure 4. The model spectral function in eq. (5.1) for t, = 1GeV? and A = 0.5GeV? in 2-units.
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Figure 5. The model TMR function z3 Gupodel(7o) in eq. (5.5) i < units.
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Figure 6. The model TMR function a:% Gmodel (7o) as a function of the ¢ variable in < units.
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Figure 7. Shape of the integrand of (aEVP)

model

,I;IVP> as a function of the ¢ variable
model

in figure 7. Notice that in this representation, the intermediate region 0.4 fm < xy < 1.0 fm
favoured by the LQCD evaluations and shown in blue, corresponds to the interval 0.51 >
¢ > —0.33. One can see that, in spite of the exponential decrease of G(xp) at large xg

We also show the shape of the integrand of (a

(small ¢), the contribution to (aEVP> . 1flrom the long-distance region —1.0 > ¢ > —0.33
modade
is highly weighted; a fact that demands a good reconstruction of G(zp) in the low-energy

HVP

L )model. This we expect

region (large-zp) in order to have an accurate evaluation of (a
to be a generic feature in QCD as well.

The function

Gmodel (Z0)
Gpe™ (zg) = 2 — 1 5.7
FO (.’L'()) G*((IZO) ) ( )
with the two parameters of the G*(xz¢) function adjusted to the asymptotic behaviours
of the model, i.e. a_3 = % and yo = 0.31, is plotted in figure 8 in black for a finite xg

interval. This shape is what the successive FO-approximants in eq. (4.19) are expected to
reproduce, all the way from zp = 0 to g = oo (i.e. from ¢ =1 to ¢ = —1). The red dots
in the figure are the points used in the fit described in section 5.1. More compact plots of
the G?gdel function in terms of the ¢-variable are shown in figure 9 for —1 < ¢ < —0.5
and in figure 10 for —0.5 < ¢ < —1.

5.1 Fits to the model data using FO-approximants

The input we use as an example are the values of the function G%lgdel(aso) at twelve points,

equally spaced with no errors, in the intermediate region®
0.4fm <29 <1.0fm. (5.8)

The corresponding data points are shown as red dots in figure 8 and figure 10. We then make
linear fits of the successive FO-approximants defined in eqgs. (4.19), (4.23) and (4.24) to

This is the zo-region where at present LQCD simulations are most precise [5, 8-10].
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Figure 8. Shape of the GE3%°!(x) function in eq. (5.7) in the interval 0 < z¢ < 1.4 fm.
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Figure 9. Shape of the Approximants GEO )(<p) for N = 3 (green), N = 7 (blue) and N = 10

(red). The model function G239 () which the approximants are expected to approach is in black.
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Figure 10. Shape of the GE3%(¢) function in the interval —0.5 < p < 1.
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Figure 11. Shape of the Approximants Gy (z0) in eq. (4.19) for N = 3 (green), N =7

(blue) and N = 10 (red). The model function G4 (xg) which the approximants are expected to
approach is in black.

the G4l (z() function in eq. (5.7), and this way obtain the values of the free parameters
of each approximant that fix the reconstruction of the G%‘gdel(:no) function in the full

0 < zp < oo range. The corresponding reconstruction of G(x¢) follows then from eq. (5.7).

The quality of the fits is shown in figure 11 for the approximants with NV = 3 in green,
N =7 in blue and N = 10 in red. The shape of GE3%°!(z() is shown in black. One can see
how the reconstruction in the extended region 0.0 fm < zg < 1.5fm beyond the one used
for the fit, improves as N increases. The blue (N=7) and red (N=10) curves are already

model

quite closed to the GE3 (zo) black curve.

In order to show the shapes of the approximants in the full 0 < X < oo it is better
to use the representation in terms of the equivalent ¢ variable, covering the full range
—1 < ¢ < 1. This is shown in figure 9 for —1.0 < ¢ < —0.5 and, in a different scale, in
figure 12 for —0.5 < ¢ < 1.0.

The contribution of each approximant to the muon anomaly is then given by the
integral

S (v33.%)
au(N) = /0 dX K(X)X?G*(X) |1+ Gpo (X)] : (5.9)

3.5 5
where IC(X) is the kernel defined in eq. (3.8) and Glgg ” ) (X) the approximant defined
in eq. (4.19) with the values of the free parameters fixed by the fit. The results for each
N-approximant compared to the exact result in eq. (5.6) are given in table 1. The errors
in % are the values of

CLM(N) _ CLEIOdel

Err(N) =
rr( ) aM(N)+a;T0del

2 % 107, (5.10)
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Figure 12. Shape of the Approximants Glgg@éﬁ) (¢) for N = 3 (green), N = 7 (blue) and
N = 10 (red) and their matching to the model function GE3%°!() (black). The model function
G?Sdel(go) which the approximants are expected to approach is in black. The red and black curves
in this region are already practically identical. Notice the vertical scale in the figure.

N | ay(N) in 107! units | Err(N) in %
1 7814 11
2 7696 9.6
3 7597 8.3
4 7446 6.3
5 7335 4.8
6 7233 3.4
7 7162 24
8 7104 1.6
9 7066 1.0
10 7043 0.7
11 6990 0.04

Table 1. Predicted values of the model anomaly from the approximants defined in eq. (5.9) and
the errors in % defined by eq. (5.10) in the third column.

5.2 Errors of the FO-approximants

The results in table 1 show that the approximants reproduce the value of aﬁwdel with better
and better accuracy as N increases. The best result is obtained for N = 11 when the
number of free parameters equals the number of input points and the linear fit corresponds
then to solving a linear system of N equations with N unknowns. These results are very
encouraging, however, in a potential application of the FO-Approximants to LQCD one
will have to take into account the errors of the input data as well as an evaluation of the
expected error associated to the FO-Approximants. Inclusion of the errors of the LQCD
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data is beyond the scope of this paper,® but two obvious questions which require answers
on our part are:

1. Given a finite number of G(xg) input values from LQCD simulations, and given
the N results of the successive reconstructions of the full G(xg) function using FO-

HVP
“w

approzimants, what is the optimal value of a and what error should be assigned

to it?
2. Can one give a systematic error to the method of FO-Approximants?

An answer to the first question follows from the observation in table 1 that
ay(N+1) <au(N) forall N =1toll. (5.11)

o If this decreasing pattern persists in the case of an application to LQCD, the value
a,(N*) from the FO-approximant with N = N* i.e. the total number of input values,
is clearly the optimal choice. In this case it seems natural to assign as the error
attributed to each a,(N) approximant the difference |a,(N) — a,(N*)|. Provided
that N is sufficiently large, the optimal value is then:

aSPImal — g (N*) + [a, (N* = 1) — a,(N7)) . (5.12)

o If the pattern of the a, (V) estimates, as N increases, has a minimum or a maximum
at a given N*-value, then the optimal choice is the same as before with N* at the
value of the extrema.

o If the pattern of the a,(/N) approximants oscillates as N increases then the most
natural optimal choice is the one at the N* closest to the mean value of all the

approximants.

In order to get an estimate of the systematic error of the method of FO-approximants
when applied to a finite set of input values of G(xg), let us consider the extreme case where
G(zg) = G*(xp). The corresponding function Gro(zg) is then, by definition, trivially zero.
However, because of the systematic errors of the FO-approximants, one expects deviations
from zero from the results of the approximants in the zg regions outside the one used as an
input in the fit, and this is what one observes. Since in this case we know exactly the value
of the muon anomaly (the one given by the chosen G*(z9)), we can define as a systematic
error of each approximant the one which follows from applying the definition in eq. (5.10)
to this case where a,(model) = aj,. We show in table 2 this resulting systematic error for
each FO-approximant.

We have also analyzed the results of the FO-approximants in the following alternative

situations:
o With only six input points, equally spaced, in the interval 0.4 fm to 1fm one gets
a,(5) = 7327 x 1071 (5.13)

which reproduces the model value at the level of 5%. The number of input points is
however too small to give a significant systematic error in this case.

5This is something to be discussed with each LQCD collaboration.
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ErrorSyst(N) in %
1.00711
0.20572
0.16359
0.04585
0.05261
0.01495
0.02230
0.00484
0.01052
0.00070
0.00524

— =
e © oo o s w2

Table 2. Systematic error in % attributed to each FO-approximant defined in eq. (5.9).

e With an input of 10 points, equally spaced, but in the larger interval 0.3 fm to 1.2 fm
as compared to the 0.4fm to 1.0 fm interval used above, one gets

au(11) = 7003 x 10~ (5.14)
which reproduces the model value to 0.15% with a systematic error of 0.2%:
afPtimal = (7003 £ 15) x 107 (5.15)

and indicates that using the same number of input points in a larger interval improves
the result of the FO-approximants.

6 Conclusion and outlook

We have shown how the FO-theorem can be used to reconstruct the TMR function G(xg)
in its full 0 < xyp < oo domain, when one only uses as an input its values in a restricted
xg-domain where LQCD evaluations are most precise. We have explicitly derived the
functional form of the reconstruction approximants that emerge from the properties of the
FO-theorem. These FO-approximants depend linearly on a set of N parameters that are re-
lated to the successive terms of the short-distance and long-distance expansions of the G(zo)
function in QCD. The specific values of these QCD parameters are unknown, but they can
be fixed from a fit of the FO-approximants to the LQCD evaluation of G(zp) in an optimal
region. In section 5 we have illustrated the procedure to follow in an eventual application to
LQCD, with the simulation of a phenomenological model which captures the leading short
and long distance behaviours of HVP in QCD. The application of FO-approximants in
this case shows how the reconstruction of the model TMR function Gp,odel(o) improves as
the number N of terms in the FO-approximant increases: using an input of twelve points,
equally spaced with no errors, in the intermediate region 0.4fm < xy < 1.0fm, we find

altVP =6 992 x 10~ to an

that the best FO-approximant reproduces the value: ( h ) el
modade
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accuracy of 0.6%. We find these results encouraging and worth considering for applications
to the reconstruction of the G(zg) function in LQCD and the corresponding evaluations of
aEVP from first principles.

Concerning the comparison of LQCD results with the data driven determinations in
egs. (1.5) we suggest considering the case where the so called skeleton function introduced
in sections 3.2 and 4 is chosen to be the one resulting from the data-driven determination
of HVP. It is well known that the shape of this function is at present in disagreement
with LQCD determinations in intermediate xo-windows (see e.g. refs. [8, 10, 12]). The
corresponding Gro(xo) function defined in section 4 will, therefore, be different from zero
in these windows. The application of the FO-approximants in this case provides a way to
evaluate how this difference propagates outside the region of xg used as an input. Compar-
ing the optimal aEVP(N *) value obtained from the FO-approximants to the data driven
results in egs. (1.5) would give an evaluation of the total discrepancy.
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A Mathematical details of the FO-theorem

In full generality, the short-distance expansion in eq. (4.11) and the long-distance expansion
in eq. (4.16) are given by the sums:

S Y Eai1-9)F (1 - ) (A1)

V1I—o . n
Gro (X = UTre) o e (A.2)

where the Sng and Ig coefficients are linear combinations of the sng and 1% coefficients in
egs. (4.2). The type of singular terms that appear in these expansions are:
For k and ¢ integer numbers,

(1-@)fInf(1—¢) for ¢—1, (A.3)
(1—¢) “ and (1—¢) “ In‘(1—¢) for ¢—1; (A.4)
and
2k+1
(1—1—(,0)T+ for p— —1. (A.5)

The FO-theorem gives the results for the large n behaviour of the coefficients g5 in the
@™ power series in eq. (4.9), associated to these four types of singular terms. They can be
found in the appendix II of ref. [21] and are given below.
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o For £ =1 in eq. (A.3):

k
(1_<p)kln(1_<p),_>_();;_£“z{k+]} 1 (AG)

where the symbol {} denotes Stirling numbers of the second kind.

o For the first term in eq. (A.4).
The result can be directly obtained from the evaluation of the ™ coefficient of its
Taylor series at ¢ — 0, and then its behaviour as n — oo:

2k+1

g D) L& B
R (= T o I I

(A.7)
where B%] (x) are the so-called generalized Bernoulli polynomials [39] or Norlund
polynomials (as encoded in Mathematica Bl%(2) = Norlund[n,a,x]). Their first few

terms are )
A A A
By =1, B = 5. By = A<3A -1).. (A.8)
In particular, for k£ = 1, this is the way that the result in eq. (4.12) follows
3 2 1 151 3851
1— )2 — —— |1 . A.
(=) — an{ S 12802 ] (8.9
o For the second term in eq. (A.4).
We use the property that
R A P iz IR =5
1= 7 W(l-p)= o7 [(1-9) 7 *| _ . (A.10)
where from the coefficient of the ¢™ term of its Taylor series at ¢ — 0 can be easily
calculated
"(1— ) e = O o7 (1 — g2 Al
P =) (1) = o5 [ (1) 2 ] (A11)
9t r (_L;l —e+ n)
€ 1“(—TJr *S)F(n+1) B
Only the case £ =1 is needed in our case with the result
n 2k+
("] (1 =) 2" In(1-¢)
I (-2 +n) {¢< 2k:+1> ¢( 2k+1>} A1)
—— )Y (n—— .
r (—%2—“) T'(n+1) 2 2
_ 2k+1
—Inn+ (_2k2+1) i [ 5] (_21@;1) 1 ibj (_2k2+1)
n—00 nH% =T ( 2k+1 ) (1 +4) nJ nH%TH = ni )
(A.14)
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where the b; (\) are the polynomials

j (Al 1
5'0 J B'— ()‘) (_1>mB[ }()‘)
b (\) = =2 L m A.15
5 ) F(A)+T§1F(A—j+m)F(1+j—m) m (A.15)
and where we have also used the fact that
ZOO (—1PBM(N) 1

p=1

The result in eq. (4.13) is the one which corresponds to the particular case where
f=1land k=1

Njw

(1=¢)2In(l - ) —

21{8 md—Inn+ =2 [ 141]1+ }
—3-—vEF-—-md—Inn+ — | ——vg—Ind—Inn| —+--- 7.
Jrni 3 P s |15 P n

(A.17)

A general expression for any ¢ can be easily obtained from the results above
before using successive derivatives in e.

o For the terms in eq. (A.5).
The result can be directly obtained from the evaluation of the ™ coefficient of its
Taylor series at ¢ — 0, and then its behaviour as n — oo:

["] (1+ (P)%TH = (=" t (_%;_1 - TL) (A.18)
P (=241) Tn+ 1) |
257 2k
& B (-257) 1
n—00 n1+% ]z% T (_2k2+1 — j) F(l +]) i (A19)

The final expression for the g% coefficients follows from the sum of the results given
in the three items discussed above i.e.,

B_, s n B s
AS 1,2 (—1) 1,5 15 Inn
gn ~ G, = 3 — T 7=\ 5 (A2O)
n—00 3 >
n(3)

where the coefficient B_, s is proportional to 1; and the coefficients B, 5 and B are a
D) ’2 2
linear combination of the s, ; coefficients.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
the goals of the International Year of Basic Sciences for Sustainable Development.

— 96 —


https://creativecommons.org/licenses/by/4.0/

References

1]

2]

[9]

[10]

MUuoON g — 2 collaboration, Final Report of the Muon E821 Anomalous Magnetic Moment
Measurement at BNL, Phys. Rev. D 73 (2006) 072003 [hep-ex/0602035] [INSPIRE].

MUON g — 2 collaboration, Measurement of the Positive Muon Anomalous Magnetic Moment
to 0.46 ppm, Phys. Rev. Lett. 126 (2021) 141801 [arXiv:2104.03281] INSPIRE].

MUON G-2 collaboration, Measurement of the anomalous precession frequency of the muon
in the Fermilab Muon g — 2 Experiment, Phys. Rev. D 103 (2021) 072002
[arXiv:2104.03247] [iNSPIRE].

T. Aoyama et al., The anomalous magnetic moment of the muon in the Standard Model,
Phys. Rept. 887 (2020) 1 [arXiv:2006.04822] [INSPIRE].

S. Borsanyi et al., Leading hadronic contribution to the muon magnetic moment from lattice
QCD, Nature 593 (2021) 51 [arXiv:2002.12347] INSPIRE].

M. Davier, A. Hoecker, B. Malaescu and Z. Zhang, A new evaluation of the hadronic vacuum
polarisation contributions to the muon anomalous magnetic moment and to a(m%), Eur.
Phys. J. C 80 (2020) 241 [Erratum dbid. 80 (2020) 410] [arXiv:1908.00921] [INSPIRE].

A. Keshavarzi, D. Nomura and T. Teubner, g — 2 of charged leptons, a(M2), and the
hyperfine splitting of muonium, Phys. Rev. D 101 (2020) 014029 [arXiv:1911.00367]
[INSPIRE].

M. Ce et al., Window observable for the hadronic vacuum polarization contribution to the
muon g — 2 from lattice QCD, Phys. Rev. D 106 (2022) 114502 [arXiv:2206.06582]
[INSPIRE].

C. Alexandrou et al., Lattice calculation of the short and intermediate time-distance hadronic
vacuum polarization contributions to the muon magnetic moment using twisted-mass
fermions, arXiv:2206.15084v2 [INSPIRE].

FERMILAB LATTICE, HPQCD and MILC collaborations, Windows on the hadronic vacuum
polarization contribution to the muon anomalous magnetic moment, Phys. Rev. D 106
(2022) 074509 [arXiv:2207.04765v1] [INSPIRE].

T. Blum et al., An update of Euclidean windows of the hadronic vacuum polarization,
arXiv:2301.08696v1 [INSPIRE].

RBC and UKQCD collaborations, Calculation of the hadronic vacuum polarization
contribution to the muon anomalous magnetic moment, Phys. Rev. Lett. 121 (2018) 022003
[arXiv:1801.07224] [INSPIRE].

G. Colangelo et al., Data-driven evaluations of Euclidean windows to scrutinize hadronic
vacuum polarization, Phys. Lett. B 833 (2022) 137313 [arXiv:2205.12963] INSPIRE].

M. Abe et al., A New Approach for Measuring the Muon Anomalous Magnetic Moment and
Electric Dipole Moment, Prog. Theor. Exp. Phys. 2019 (2019) 053C02 [arXiv:1901.03047]
[INSPIRE].

C.M. Carloni Calame, M. Passera, L. Trentadue and G. Venanzoni, A new approach to
evaluate the leading hadronic corrections to the muon g — 2, Phys. Lett. B 746 (2015) 325
[arXiv:1504.02228] [iNSPIRE].

G. Abbiendi et al., Measuring the leading hadronic contribution to the muon g — 2 via ue
scattering, Eur. Phys. J. C 77 (2017) 139 [arXiv:1609.08987] [INSPIRE].

— 97 -


https://doi.org/10.1103/PhysRevD.73.072003
https://arxiv.org/abs/hep-ex/0602035
https://inspirehep.net/literature/710962
https://doi.org/10.1103/PhysRevLett.126.141801
https://arxiv.org/abs/2104.03281
https://inspirehep.net/literature/1856627
https://doi.org/10.1103/PhysRevD.103.072002
https://arxiv.org/abs/2104.03247
https://inspirehep.net/literature/1856531
https://doi.org/10.1016/j.physrep.2020.07.006
https://arxiv.org/abs/2006.04822
https://inspirehep.net/literature/1800513
https://doi.org/10.1038/s41586-021-03418-1
https://arxiv.org/abs/2002.12347
https://inspirehep.net/literature/1782626
https://doi.org/10.1140/epjc/s10052-020-7792-2
https://doi.org/10.1140/epjc/s10052-020-7792-2
https://arxiv.org/abs/1908.00921
https://inspirehep.net/literature/1747772
https://doi.org/10.1103/PhysRevD.101.014029
https://arxiv.org/abs/1911.00367
https://inspirehep.net/literature/1762580
https://doi.org/10.1103/PhysRevD.106.114502
https://arxiv.org/abs/2206.06582
https://inspirehep.net/literature/2095867
https://arxiv.org/abs/2206.15084v2
https://inspirehep.net/literature/2103903
https://doi.org/10.1103/PhysRevD.106.074509
https://doi.org/10.1103/PhysRevD.106.074509
https://arxiv.org/abs/2207.04765v1
https://inspirehep.net/literature/2108951
https://arxiv.org/abs/2301.08696v1
https://inspirehep.net/literature/2625168
https://doi.org/10.1103/PhysRevLett.121.022003
https://arxiv.org/abs/1801.07224
https://inspirehep.net/literature/1649231
https://doi.org/10.1016/j.physletb.2022.137313
https://arxiv.org/abs/2205.12963
https://inspirehep.net/literature/2087900
https://doi.org/10.1093/ptep/ptz030
https://arxiv.org/abs/1901.03047
https://inspirehep.net/literature/1713023
https://doi.org/10.1016/j.physletb.2015.05.020
https://arxiv.org/abs/1504.02228
https://inspirehep.net/literature/1358635
https://doi.org/10.1140/epjc/s10052-017-4633-z
https://arxiv.org/abs/1609.08987
https://inspirehep.net/literature/1488379

[17]

[18]

[23]

[24]

[27]

28]

[29]

G. Abbiendi, Letter of Intent: the MUonE project, CERN-SPSC-2019-026 (2019)
[SPSC-1-252].

R.N. Nasheeha, S. Thirukkanesh and F.C. Ragel, Anisotropic generalization of isotropic
models via hypergeometric equation, Eur. Phys. J. C' 80 (2020) 6 [INSPIRE].

P. Flajolet and A. Odlyzko, Singularity Analysis of Generating Functions, SIAM J. Discrete
Math. 3 (1990) 216.

P. Flajolet and R. Sedgewick, Analytic Combinatorics, Cambridge University Press (2009).

D. Greynat and E. de Rafael, Hadronic vacuum polarization and the MUonE proposal, JHEP
05 (2022) 084 [arXiv:2202.10810] INSPIRE].

D. Greynat and S. Peris, Resummation of Threshold, Low- and High-Energy FExpansions for
Heavy-Quark Correlators, Phys. Rev. D 82 (2010) 034030 [Erratum ibid. 82 (2010) 119907]
[arXiv:1006.0643] [INSPIRE].

D. Greynat, P. Masjuan and S. Peris, Analytic Reconstruction of heavy-quark two-point
functions at O(a?), Phys. Rev. D 85 (2012) 054008 [arXiv:1104.3425] [INSPIRE].

D. Greynat and P. Masjuan, A new determination of the charm mass from the non-analytic
reconstruction of the heavy quark correlator, PoS Confinement X (2012) 162
[arXiv:1302.0722] [INSPIRE].

C. Bouchiat and L. Michel, La résonance dans la diffusion méson w-méson w et le moment
magnétique anormal du méson p, J. Phys. Radium 22 (1961) 121 [INSPIRE].

S.J. Brodsky and E. de Rafael, Suggested boson-lepton pair couplings and the anomalous
magnetic moment of the muon, Phys. Rev. 168 (1968) 1620 [INSPIRE].

M. Gourdin and E. de Rafael, Hadronic contributions to the muon g-factor, Nucl. Phys. B
10 (1969) 667 [nSPIRE].

G.J. Gounaris and J.J. Sakurai, Finite width corrections to the vector meson dominance
prediction for p — ete™, Phys. Rev. Lett. 21 (1968) 244 [nSPIRE].

D. Bernecker and H.B. Meyer, Vector Correlators in Lattice QCD: Methods and applications,
Eur. Phys. J. A 47 (2011) 148 [arXiv:1107.4388] [INSPIRE].

J. Charles, E. de Rafael and D. Greynat, Mellin-Barnes approach to hadronic vacuum
polarization and g, — 2, Phys. Rev. D 97 (2018) 076014 [arXiv:1712.02202] [INSPIRE].

B.E. Lautrup, A. Peterman and E. de Rafael, Recent developments in the comparison between
theory and experiments in quantum electrodynamics, Phys. Rept. 3 (1972) 193 [INSPIRE].

E. de Rafael, Hadronic contributions to the muon g — 2 and low-energy QCD, Phys. Lett. B
322 (1994) 239 [hep-ph/9311316] [INSPIRE].

T. Blum, Lattice calculation of the lowest-order hadronic contribution to the muon anomalous
magnetic moment, Nucl. Phys. B Proc. Suppl. 140 (2005) 311 [hep-lat/0411002] INSPIRE].

P. Flajolet, X. Gourdon and P. Dumas, Mellin transforms and asymptotics: Harmonic sums,

Theor. Comput. Sci. 144 (1995) 3.

F.W.J. Olver, Asymptotics and Special Functions, 2nd revised edition, A.K. Peters, Ltd.,
Wellesley, MA, U.S.A. (1997) [ISBN: 1-56881-069-5].

J. Gasser and H. Leutwyler, Low-Energy FExpansion of Meson Form-Factors, Nucl. Phys. B
250 (1985) 517 [INSPIRE].

~ 98 —


http://cds.cern.ch/record/2677471
https://doi.org/10.1140/epjc/s10052-019-7570-1
https://inspirehep.net/literature/1774279
https://doi.org/10.1137/0403019
https://doi.org/10.1137/0403019
https://doi.org/10.1007/JHEP05(2022)084
https://doi.org/10.1007/JHEP05(2022)084
https://arxiv.org/abs/2202.10810
https://inspirehep.net/literature/2036720
https://doi.org/10.1103/PhysRevD.82.119907
https://arxiv.org/abs/1006.0643
https://inspirehep.net/literature/856963
https://doi.org/10.1103/PhysRevD.85.054008
https://arxiv.org/abs/1104.3425
https://inspirehep.net/literature/896794
https://doi.org/10.22323/1.171.0162
https://arxiv.org/abs/1302.0722
https://inspirehep.net/literature/1217591
https://doi.org/10.1051/jphysrad:01961002202012101
https://inspirehep.net/literature/1731129
https://doi.org/10.1103/PhysRev.168.1620
https://inspirehep.net/literature/51153
https://doi.org/10.1016/0550-3213(69)90333-2
https://doi.org/10.1016/0550-3213(69)90333-2
https://inspirehep.net/literature/56176
https://doi.org/10.1103/PhysRevLett.21.244
https://inspirehep.net/literature/53152
https://doi.org/10.1140/epja/i2011-11148-6
https://arxiv.org/abs/1107.4388
https://inspirehep.net/literature/919588
https://doi.org/10.1103/PhysRevD.97.076014
https://arxiv.org/abs/1712.02202
https://inspirehep.net/literature/1641274
https://doi.org/10.1016/0370-1573(72)90011-7
https://inspirehep.net/literature/69646
https://doi.org/10.1016/0370-2693(94)91114-2
https://doi.org/10.1016/0370-2693(94)91114-2
https://arxiv.org/abs/hep-ph/9311316
https://inspirehep.net/literature/360432
https://doi.org/10.1016/j.nuclphysbps.2004.11.175
https://arxiv.org/abs/hep-lat/0411002
https://inspirehep.net/literature/663433
https://doi.org/10.1016/0304-3975(95)00002-E
https://doi.org/10.1016/0550-3213(85)90493-6
https://doi.org/10.1016/0550-3213(85)90493-6
https://inspirehep.net/literature/203204

[37] NAT collaboration, A Measurement of the Space-Like Pion Electromagnetic Form-Factor,
Nucl. Phys. B 277 (1986) 168 [INSPIRE].

[38] Y. Aoki et al., FLAG Review 2021, Eur. Phys. J. C 82 (2022) 869 [arXiv:2111.09849]
[INSPIRE].

[39] F.W.J. Olver et al. eds., NIST Digital Library of Mathematical Functions, release 1.1.9
(2023) and online at http://dlmf.nist.gov/.

[40] A. Pich and J. Portoles, The Vector form-factor of the pion from unitarity and analyticity: A
Model independent approach, Phys. Rev. D 63 (2001) 093005 [hep-ph/0101194] [InSPIRE].

[41] G. Colangelo et al., Chiral extrapolation of hadronic vacuwum polarization, Phys. Lett. B 825
(2022) 136852 [arXiv:2110.05493] [INSPIRE].

~ 99 —


https://doi.org/10.1016/0550-3213(86)90437-2
https://inspirehep.net/literature/228132
https://doi.org/10.1140/epjc/s10052-022-10536-1
https://arxiv.org/abs/2111.09849
https://inspirehep.net/literature/1971260
http://dlmf.nist.gov/
https://doi.org/10.1103/PhysRevD.63.093005
https://arxiv.org/abs/hep-ph/0101194
https://inspirehep.net/literature/552201
https://doi.org/10.1016/j.physletb.2021.136852
https://doi.org/10.1016/j.physletb.2021.136852
https://arxiv.org/abs/2110.05493
https://inspirehep.net/literature/1942019

	Introduction
	Properties of HVP and its TMR
	Asymptotic behaviours
	Asymptotic expansions of G(X) and Bessel functions
	The skeleton G**(*)(X) function

	Flajolet-Odlyzko approximants
	The FO-theorem
	The FO-approximants in practice

	Illustration with a phenomenological model
	Fits to the model data using FO-approximants
	Errors of the FO-approximants

	Conclusion and outlook
	Mathematical details of the FO-theorem

