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1 Introduction

Inside a hadron there are not only quarks and antiquarks but also gluons. It is important

to understand the role played by these gluons for explaining properties of hadrons. In

high-energy scattering, the effects of the gluons can be characterized by various gluon

distributions of hadrons based on QCD factorization theorems. A well-known example

is twist-2 gluon distribution functions. They and twist-2 quark distribution functions are

called as Parton Distribution Functions(PDFs) and used extensively for making predictions

of inclusive processes. Generalizing twist-2 parton distributions one obtains Generalized

Parton Distributions(GPDs).

GPDs have been introduced in [1–3]. These distributions contain more information

about hadron’s inner structure than PDFs. e.g., they contain information about contribu-

tions from quarks and gluons to the spin of a proton as shown in [2, 3]. Because of their

importance, extensive study of GPDs has been performed and its results can be found in

reviews [4–6]. Since GPDs and PDFs represent long-distance effects of QCD, they can not

be predicted with perturbative QCD. Predictions of nonperturbative effects can be made

by Lattice QCD from the first principle. However, a direct calculation of PDFs and GPDs

as distributions is not possible, because they depend on time in Minkowski space. Only

moments of these distributions can be calculated with Lattice QCD.

A new method called as Large-Momentum Effective Field Theory(LaMET) in [7, 8] has

been proposed to calculate PDFs directly. In this method one defines quasi PDFs with time-

independent operators. Since quasi PDFs have no time-dependence, they can be directly

calculated with Lattice QCD. The defined quasi PDFs are related to PDFs in the limit of

large hadron momentum. The relation is perturbative, or the quasi PDFs can be factorized
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with twist-2 PDFs in the limit. This proposal has stimulated intensive studies of calcula-

tions of parton distributions, a review about current progresses in this field can be found

in [9]. The proposed method can be used for GPDs. In this work we study the factorization

of gluon quasi GPDs. The factorization of quark quasi GPDs has been studied in [10–13].

In this work we employ the same approach as that used for the factorization of quark

quasi GPDs in [13]. The approach is based on diagram expansion which has been success-

fully used for the analysis of higher-twist effects in DIS in [14–16]. With the approach one

is able to directly calculate perturbative coefficient functions in the factorization. There is

no need to calculate quasi GPDs and GPDs of parton states. The factorization relations

derived in this work are between matrix elements used to define quasi gluon GPDs and

those used to define twist-2 GPDs. Individual quasi gluon GPDs defined with one opera-

tor has the same factorization relation to the corresponding twist-2 GPDs. The obtained

relations apply to the cases of hadrons with any spin number.

In deriving the factorization relation of quasi quark GPDs, gauge invariance is rel-

atively easy to maintain at one-loop. In the case of quasi gluon GPDs studied here, it

becomes more complicated. At first look, there are contributions of super-leading-power in

Feynman gauge. The existence of such contributions in factorizations has been first pointed

out in [17]. Such contributions are obviously gauge variant. With a Ward identity we are

able to show that all super-leading power contributions are in fact zero. However, at the

leading power one still can not obtain gauge-invariant results directly. One needs to con-

sider contributions from ghost fields. Including these contributions and using Equation Of

Motion(EOM) of QCD we are able to derive gauge-invariant results. At operator-level, our

results indicate that the gauge-invariant operators used to defined quasi gluon GPDs are

only mixed with those operators: gauge-invariant operators, BRST-variation operators and

operators involving the EOM operator. This mixing pattern may be expected. Indeed there

is a proof for such a mixing pattern but only for local operators in [18, 19]. It is noted that

operators of quasi GPDs can not be represented by local operators which are related to mo-

ments of quasi GPDs. This is because that the moments can not be defined for quasi GPDs.

In the factorization relations derived here, quasi gluon GPDs are related to twist-

2 GPDs through convolutions with perturbative coefficient functions. The functions are

given at one-loop accuracy. If one has results of quasi gluon GPDs from Lattice QCD, one

can convert them to obtain gluon GPDs. So far there are no published results for quasi

gluon GPDs. For quasi quark GPDs there are already some results from Lattice QCD

in [20–23]. In a kinematical limit, GPDs and quasi GPDs become corresponding PDFs and

quasi PDFs, respectively. Taking the limit, we obtain from our results the factorization

relation of quasi gluon PDFs. The factorization relations between quasi PDFs and twist-2

PDFs have been studied extensively in [24–31].

Our work is organized as in the following: in section 2 we give definitions of twist-2

gluon GPDs and corresponding quasi GPDs. The factorization relations at tree-level are

derived. In section 3 we study the relations at one-loop. In this section we first show how

to derive gauge-invariant results, then we give the contributions from gluon- and quark

GPDs. In section 4 we give our complete results for the factorization relations of gluon

quasi GPDs. We also present the results for quasi gluon PDFs by taking the kinematical

limit. Section 5 is our summary.
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2 Definitions and factorization at tree-level

It is convenient to give definitions of gluon GPDs in the light-cone coordinate system, in

which a vector aµ is expressed as aµ = (a+, a−,~a⊥) = ((a0 + a3)/
√

2, (a0 − a3)/
√

2, a1, a2)

and a2
⊥ = (a1)2 + (a2)2. We introduce two light-cone vectors lµ = (1, 0, 0, 0) and nµ =

(0, 1, 0, 0). The metric and totally antisymmetric tensor in the transverse space are given by:

gµν
⊥ = gµν − lµnν − lνnµ, ǫµν

⊥ = ǫσρµν lσnρ, (2.1)

with ǫ0123 = 1.

In the coordinate system we consider an initial hadron through scattering of certain

operators into a final state. The hadron has momentum p in the initial state and p′ in the

final state. The initial- or final hadron moves closely along light-cone direction l, i.e., the

z-components of momenta are large. We will use the following notations:

P µ =
1

2
(pµ + p′µ), ∆µ = p′µ − pµ, t = ∆2, ξ = − ∆+

2P +
=

p+ − p′+

p+ + p′+
, (2.2)

and the gauge link:

Ln(y) = P exp

{

− igs

∫ ∞

0
dξn · G(ξn + y)

}

. (2.3)

The gauge link is defined in SU(Nc) adjoint representation. We introduce

Ḡ+µ(x) = Ln(x)G+µ(x), Ḡ
∗+µ(x) = G+µ(x)L†

n(x), (2.4)

for our convenience. Gµν is the field strength tensor of the gluon field Gµ.

The twist-2 gluon GPDs are defined as:

F µν
g (x, ξ, t) =

1

P +

∫

dλ

2π
eixP +λ〈p′|Ḡ∗a,+µ

(

−1

2
λn

)

Ḡa,+ν

(

1

2
λn

)

|p〉

=
1

2
gµν

⊥ FgU (x, ξ, t) − i

2
ǫµν
⊥ FgL(x, ξ, t) + F µν

qT (x, ξ, t), (2.5)

where µ and ν are transverse indices. The tensor F µν
g is decomposed into its trace part,

antisymmetric- and trace-less symmetric part as given in the above. Each individual part

can be parametrized with scalar functions for a hadron with given quantum numbers. For
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a proton or spin-1/2 hadron the parameterization is given by:

FgU (x,ξ, t) =
1

P +

∫

dλ

2π
eixP +λ〈p′|g⊥µνḠ∗a,+µ

(

−1

2
λn

)

Ḡa,+ν

(

1

2
λn

)

|p〉

= − 1

2P +
ū(p′)

[

γ+Hg(x,ξ, t)+
iσ+α

2m
∆αEg(x,ξ, t)

]

u(p),

FgL(x,ξ, t) =
i

P +

∫

dλ

2π
eixP +λ〈p′|ǫ⊥µνḠ∗a,+µ

(

−1

2
λn

)

Ḡa,+ν

(

1

2
λn

)

|p〉

= − 1

2P +
ū(p′)

[

γ+γ5HgL(x,ξ, t)+
γ5∆+

2m
EgL(x,ξ, t)

]

u(p),

F µν
gT (x,ξ, t) =

1

2P +

∫

dλ

2π
eixP +λ〈p′|S

(

Ḡ∗a,+µ

(

−1

2
λn

)

Ḡa,+ν

(

1

2
λn

))

|p〉

= − 1

2P +
S

{

P +∆ν −∆+P ν

2mP +
ū(p′)

[

iσ+µHgT (x,ξ, t)+
P +∆µ −∆+P µ

m2
H̃gT (x,ξ, t)

+
γ+∆µ −∆+γµ

2m
EgT (x,ξ, t)+

γ+P µ −P +γµ

m
ẼgT (x,ξ, t)

]

u(p)

}

, (2.6)

where the notation S(· · · ) implies that the tensors in (· · · ) are symmetric and traceless.

There are in total eight twist-2 gluon GPDs. Their properties can be found in [5, 6].

The defined gluon GPDs are nonperturbative. Since the GPDs depend on the time

t explicitly, they cannot be calculated directly with Lattice QCD formulated in Euclidian

space-time. The new idea is to introduce the so-called quasi GPDs [7]. These quasi GPDs

are defined with products of operators separated only in spatial space. Hence they can

be calculated with Lattice QCD directly. To introduce quasi GPDs, we work in cartesian

coordinate system and introduce a vector nµ
z = (0, 0, 0, −1) pointing the −z-direction.

n2
z = −1. To give the definition of quasi gluon GPDs we introduce the gauge link along

the nz-direction and the following notations:

Lz(y, ∞) = P exp

{

− igs

∫ ∞

0
dξnz · G(ξnz + y)

}

,

G̃zµ(x) = Lz(x)Gzµ(x), G̃
∗zµ(x) = Gzµ(x)L†

z(x). (2.7)

With these notations the quasi gluon GPDs are defined as

Fµν
g (z, ξ, t) =

1

Pz

∫

dλ

2π
eizPzλ〈p′|G̃∗a,zµ

(

−1

2
λnz

)

G̃a,zν

(

1

2
λnz

)

|p〉

=
1

2
gµν

⊥ FgU (z, ξ, t) − i

2
ǫµν
⊥ FgL(z, ξ, t) + Fµν

qT (z, ξ, t), (2.8)

with µ and ν being transverse indices. Pz is the third component of P µ, i.e., Pz = P 3.

The operators in the definition are only separated in the z-direction. Their product does

not depend on the time t. In the above we have decomposed the tensor Fµν
g into its trace

part, antisymmetric- and trace-less symmetric part similar to eq. (2.5). Each part and its
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p p′

(a) (b) (c) (d)

Figure 1. The tree-level diagrams for quasi gluon GPDs. The double lines at the top of diagrams

stand for gauge links along the z-direction. In (d) the double line in the middle is for the gauge

link along the light-cone n-direction.

parametrization for a proton or spin-1/2 hadron is given by:

FgU (z, ξ, t) =
1

Pz

∫

dλ

2π
eizPzλ〈p′|g⊥µνG̃∗zµ

(

−1

2
λnz

)

G̃zν

(

1

2
λnz

)

|p〉

= − 1

2Pz
ū(p′)

[

γzHg(z, ξ, t) +
iσzα

2m
∆αEg(z, ξ, t)

]

u(p),

FgL(z, ξ, t) =
i

Pz

∫

dλ

2π
eizPzλ〈p′|ǫ⊥µνG̃∗zµ

(

−1

2
λnz

)

G̃zν

(

1

2
λnz

)

|p〉

= − 1

2Pz
ū(p′)

[

γzγ5HgL(z, ξ, t) +
γ5∆z

2m
EgL(z, ξ, t)

]

u(p),

Fµν
gT (z, ξ, t) =

1

2Pz

∫

dλ

2π
eizPzλ〈p′|S

(

G̃∗zµ

(

−1

2
λnz

)

G̃zν

(

1

2
λnz

))

|p〉

= − 1

2Pz
S

{

Pz∆ν − ∆zP ν

2mPz
ū(p′)

[

iσzµHgT (z, ξ, t) +
Pz∆µ − ∆zP µ

m2
H̃gT (z, ξ, t)

+
γz∆µ − ∆zγµ

2m
EgT (z, ξ, t) +

γzP µ − Pzγµ

m
ẼgT (z, ξ, t)

]

u(p)

}

. (2.9)

There are eight quasi gluon GPDs corresponding to the eight GPDs in eq. (2.6). These

quasi gluon GPDs can be calculated with Lattice QCD directly because the matrix elements

have no time-dependence.

It is expected that the gluon GPDs and quasi gluon GPDs contain the same effects

of long distance. They are related to each other. In the limit of large Pz or P +, the

relations can be calculated with perturbative theory, or quasi GPDs can be factorized

with GPDs, where perturbative coefficient functions are free from any soft divergences. At

the leading power of the inverse of Pz only twist-2 GPDs are involved in the factorization.

Contributions from parton GPDs at higher twists are suppressed by the inverse of Pz. With

the relations, one can obtain twist-2 parton GPDs from quasi parton GPDs calculated with

Lattice QCD.

At tree-level, the factorization is derived from diagrams given in figure 1. Each diagram

can be divided into an upper- and lower part. The upper part is a standard Feynman

diagram in which black dots denote the insertion of the two operators in eq. (2.4) used

to define quasi gluon GPDs. The lower part is the Fourier transformed hadron matrix

elements of gluon fields, represented by the grey box. We first consider the contribution

from figure 1a and use it as an example to explain our approach. In figure 1a two gluons

– 5 –
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are exchanged between the upper- and lower part. The contribution is:

Fµν
g (z, ξ, t))

∣

∣

∣

∣

1a

=
1

Pz

∫

d4kδ(zP 3 − k3)

(

i(k1 · nzgνσ − kν
1nσ

z )δac

)

(2.10)

×
(

− i(k2 · nzgµρ − kµ
2 nρ

z)δab

)
∫

d4y

(2π)4
eiy·k〈p′|Gb

ρ

(

−y

2

)

Gc
σ

(

y

2

)

|p〉,

where the left gluon-line carries the momentum k1 = k − 1
2∆, the right gluon-line carries

the momentum k2 = k + 1
2∆. For the total contribution from two-gluon exchanges one also

needs to add the contribution from the diagram obtained from figure 1a by interchanging

the two gluon lines. This causes a double counting because the Bose-symmetry is already

maintained in the lower part. Hence, we need only to consider the contribution from

figure 1a. One can add the contribution from the diagram by interchanging the two gluon

lines, but then one needs to divide the total contribution by a factor of 2 to avoid double-

counting.

In the limit of large P + or large Pz it is expected that k scales as collinear to the hadron

momenta. We will work in Feynman gauge. In this gauge the gauge field Gµ in the matrix

element also scales like its momentum. Hence, we have the following power counting:

kµ = (k+, k−, k1, k2) ∼ (1, λ2, λ, λ), Gµ = (G+, G−, G1, G2) ∼ (1, λ2, λ, λ), (2.11)

where λ is a small parameter. The momentum ∆ scales as the same pattern from kine-

matical restriction. An expansion in λ, called as collinear expansion, can be made. The

leading order of the contribution from figure 1a is at λ0. It is noted that the states give a

power of λ−2 because of the normalization 〈p′|p〉 = (2π)32p0δ3(p−p′). It is straightforward

to obtain the contribution from figure 1a at the leading power of λ:

Fµν
g (z, ξ, t)

∣

∣

∣

∣

1a

=
1

P +

∫

dλ

2π
eizλP +〈p′|Ga,+µ

(

−λ

2
n

)

Ga,+ν

(

λ

2
n

)

|p〉 + · · · , (2.12)

where · · · stand for power-suppressed contributions.

Besides the contribution from figure 1a, there are contributions from diagrams like

figure 1b, 1c, etc., where there are in addition to two-gluon exchange one-, two- and

more exchanged gluons. The leading contributions from diagrams with these additionally

exchanged gluons are given when these gluons carry momenta only in the +-direction and

are polarized in the +-direction, i.e., the corresponding gluon fields in the hadron matrix

element are all G+’s. These leading contributions can be easily found. E.g., the leading

contribution from figure 1b, where an extra gluon is emitted from the gauge link along the

nz-direction, can be represented with figure 1d, where this extra gluon is from the gauge

link along the n-direction. The leading contributions from exchanges of one-, two- and

more gluons in addition to the two gluon lines in Fig,1a can be summed into gauge links

along the n-direction. This results in that the operator in the hadron matrix element is

exactly that used to defined gluon GPDs in eq. (2.5). Therefore, we have the factorization

relation at tree-level:

Fµν
g (z, ξ, t) = F µν

g (z, ξ, t) + · · · , (2.13)

where · · · stand for contributions suppressed by positive powers of λ.

– 6 –
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3 Factorization at one-loop level

In this section we study the one-loop factorization of quasi gluon GPDs. Unlike the factor-

ization of quasi quark GPDs, where it is relatively easy to maintain the gauge invariance

at the leading order of the collinear expansion, it is not straightforward to obtain gauge-

invariant results in the factorization of quasi gluon GPDs beyond tree-level. In Feynman

gauge there are in the collinear expansion super-leading-power contributions pointed out

in [17]. There is also a problem of gluons with unphysical polarizations. In this section, we

will first discuss the problems of super-leading-power contributions and gauge invariance

in subsection 3.1, then we give detailed results about gluon contributions in subsection 3.2

and those about quark contributions in subsection 3.3.

3.1 Gauge invariance and super-leading-power contributions

The one-loop contributions to quasi gluon GPDs come from diagrams in figure 2 and

figure 3. The contributions from figure 2 may be called as real part, while the contributions

from figure 3 may be called as virtual part which is proportional to tree-level results. The

total contribution can be written in the form:

Fσρ
g (z, ξ, t) =

1

Pz

∫

d4k
1

2
Γab,σρµν(k1, k2)

∫

d4y

(2π)4
eiy·k〈p′|Gb

ν

(

−y

2

)

Ga
µ

(

y

2

)

|p〉, (3.1)

In figure 2 and figure 3, the left gluon line leaving the grey box carries the index a, µ and

the momentum k1 = k − ∆/2 flowing into the upper parts, while the right one carries the

index b, ν and the momentum k2 = k + ∆/2 flowing into the grey boxes representing the

hadron matrix elements. From each diagram one can obtain the corresponding crossed

diagram where the two gluon lines are interchanged. Γ is the sum of the upper parts of

diagrams in figure 2 and figure 3 and those crossed diagrams but without the last one in

figure 2 involving the four gluon vertex. Γ is essentially the amputated Green’s function

defined with the T -ordered product of two gluon field operators and the operator used to

define quasi GPD. We divide the total contribution by a factor of 2 to avoid the double

counting mentioned in section 2. Besides k1,2 Γ also depends on z. We have suppressed

the dependence. As an one-loop contribution, Γ contains integrals of one-loop.

To avoid working with too many indices, we take the trace part of quasi gluon GPDs

for our discussion here. The obtained results for the trace part FgU also apply for other

parts. After projecting out the trace part and using the color symmetry, the trace part is:

FgU (z, ξ, t) =
1

Pz

∫

d4k
1

2
Mµν(k1, k2)

∫

d4y

(2π)4
eiy·k〈p′|Gc,ν

(

−y

2

)

Gc,µ

(

y

2

)

|p〉, (3.2)

with

Mµν(k1, k2) =
1

N2
c − 1

gσρ
⊥ Γab

σρµν(k1, k2)δab. (3.3)

It is nontrivial to find the leading contributions in Feynman gauge. At first look one

can expand FgU given in eq. (3.2) in λ straightforwardly. In the first step, we need to

expand Mµν around k1 = k̂1 and k2 = k̂2:

Mµν(k1, k2) = Mµν(k̂1, k̂2) + kσ
1⊥

∂Mµν

∂kσ
1⊥

(k̂1, k̂2) + kσ
2⊥

∂Mµν

∂kσ
2⊥

(k̂1, k̂2) + · · · , (3.4)

– 7 –
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(d)(a) (b)

(f) (g)

(c)

(h)(e)

(l)(i)

(m)

(j)

(n) (o)

(k)

(p)

Figure 2. The one-loop diagrams for real corrections to quasi GPDs. In the last diagram there is

a four-gluon vertex in the middle.

p p′

(b) (c)

(d)

(a)

(e) (f)

Figure 3. The one-loop diagrams for virtual corrections to quasi GPDs.
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with k̂µ
1 = (k+

1 , 0, 0, 0) and k̂µ
2 = (k+

2 , 0, 0, 0). With the power counting in eq. (2.11) one

can determine the relative importance of each term. It is easy to find the leading order

contribution which is given only by one term:

FgU (z, ξ, t) =
1

2Pz

∫

d4kM−−(k̂1, k̂2)

∫

d4y

(2π)4
eiy·k〈p′|Gc,+

(

−y

2

)

Gc,+
(

y

2

)

|p〉 + · · · ,

(3.5)

where · · · stand for contributions suppressed by power of λ. With the power counting in

eq. (2.11) and the power counting of the states, we find that this leading order contribution

is at the order of λ−2. The next-to-leading order is of λ−1. It is expected that the leading

order of physical results is λ0. The contributions at the order of negative powers of λ are

called as super-leading power contributions. These contributions exist in Feynman gauge as

pointed out and discussed first in [17]. These super-leading power contributions are gauge-

variant. They vanish in a physical gauge. In order to obtain physical and gauge-invariant

results in Feynman gauge, one needs to show in the first step that the super-leading-power

contributions are in fact zero.

The Green’s function, which determines M after amputating the external legs, is given

by:
1

N2
c − 1

∫

d4x1d4x2e−ik1·x1+ik2·x2〈0|T
(

Ga,ν(x2)Ga,µ(x1)O
)

|0〉 (3.6)

with the operator O used to define the quasi gluon GPDs FgU , i.e.,

O =
1

Pz

∫

dλ

2π
eizPzλG̃∗a,zµ

(

−1

2
λnz

)

G̃a,zν

(

1

2
λnz

)

g⊥µν . (3.7)

For simplicity we have suppressed the dependence of all possible variables of O. It is noted

that M is given by the connected contribution of the amputated Green’s function. There

is a disconnected contribution of the Green’s function, which involves the gluon propagator

from the contraction of the two gluon fields explicitly given in eq. (3.6) and the vacuum

expectation value of O. It is noted that the disconnected contribution is proportional to

δ4(k1 − k2). Therefore, for k1 6= k2 there is no disconnected contribution and M is the

amputated Green’s function.

In covariant- or Feynman gauge there is the following Ward identity:

k1µk2νMµν(k1, k2) = 0. (3.8)

for k1 6= k2. In fact k1µk2νMµν is given by two terms proportional to δ4(k1 − k2). One is

from the contracting kµ
1 kν

2 with the Green’s function in eq. (3.6), while another is from the

disconnected contribution. The sum of the two terms is in fact zero. Therefore, the identity

also holds in the case of k1 = k2. In the following discussion we will only take k1 6= k2

to avoid paying attentions to these similar δ4(k1 − k2)-contributions for the simplicity.

However, the conclusion made in this subsection holds also the case of k1 = k2 because

Mµν(k1, k2) is not singular in the limit of k1 → k2, i.e., the forward limit.

We have explicitly checked the identity of M at one-loop level by adding all contribu-

tions from figure 2 and figure 3, and found that the identity holds. From this identity one
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has by setting k1 = k̂1 and k2 = k̂2:

M−−(k̂1, k̂2) = 0. (3.9)

Therefore, the super leading power contribution at order of λ−2 is zero. The super leading

power contribution at the order of λ−1 has more than one term. From the Ward identity

and the Lorentz covariance one is able to show that it vanishes too. Hence, the real leading-

order contribution is at order of λ0. However, with the direct expansion in λ there are many

terms at the order. It is difficult to find that the final results are gauge-invariant.

For solving the difficulty it is useful to use Grammer-Yennie decomposition [32]. We

decompose the contraction of the Lorentz index µ and ν in eq. (3.2) as:

FgU (z, ξ, t) =
1

2Pz

∫

d4kMµν(k1, k2)

(

gµα − k1µnα

n · k1
+

k1µnα

n · k1

)(

gνβ − k2νnβ

n · k2
+

k2νnβ

n · k2

)

×
∫

d4y

(2π)4
eiy·k〈p′|Gc,β

(

−y

2

)

Gc,α

(

y

2

)

|p〉. (3.10)

With the decomposition we write FgU as the sum without using the Ward idenity:

FgU (z, ξ, t) = F (−2)
gU (z, ξ, t) + F (−1)

gU (z, ξ, t) + F (0)
gU (z, ξ, t), (3.11)

where the first, second- and third contribution start to be nonzero at the order λ−2, λ−1

and λ0, respectively. They are given by:

F (−2)
gU (z,ξ,t) =

1

2Pz

∫

d4kMµν(k1,k2)
k1µnα

n·k1

k2νnβ

n·k2

∫

d4y

(2π)4
eiy·k〈p′|Gc,β

(

−y

2

)

Gc,α

(

y

2

)

|p〉,

F (−1)
gU (z,ξ,t) =

1

2Pz

∫

d4kMµν(k1,k2)

[

k1µnα

n·k1

(

gνβ − k2νnβ

n·k2

)

+

(

gµα− k1µnα

n·k1

)

k2νnβ

n·k2

]

×
∫

d4y

(2π)4
eiy·k〈p′|Gc,β

(

−y

2

)

Gc,α

(

y

2

)

|p〉,

F (0)
gU (z,ξ,t) =

1

2Pz

∫

d4kMµν(k1,k2)

(

gµα− k1µnα

n·k1

)(

gνβ − k2νnβ

n·k2

)

×
∫

d4y

(2π)4
eiy·k〈p′|Gc,β

(

−y

2

)

Gc,α

(

y

2

)

|p〉. (3.12)

In the above, the first contribution given in the first line is zero because of the Ward

identity in eq. (3.8). But there is no obvious reason that the second contribution in the

second line is zero. Before we discuss about the second term, we pointed out that the last

contribution F (0)
gU takes a gauge invariant form because that one can write it into a form

with the hadron matrix element of the field strength tensor operators.

Using Bose symmetry of Mµν which is

Mµν(k1, k2) = Mνµ(−k2, −k1), (3.13)

we can write the second contribution as:

F (−1)
gU (z, ξ, t) =

1

Pz

∫

d4k
nα

n · k1
k1µMµν(k1, k2)

(

gνβ − k2νnβ

n · k2

)

×
∫

d4y

(2π)4
eiy·k〈p′|Gc,β

(

−y

2

)

Gc,α

(

y

2

)

|p〉. (3.14)
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As pointed out earlier, Mµν is the amputated Green’s function in eq. (3.6). The quantity

k1µMµν is then given by:

k1µMµν(k1,k2)=(−i)
(ik2

1)(ik2
2)

N2
c −1

∫

d4x1d4x2e−ik1·x1+ik2·x2
∂

∂xµ
1

〈0|T
(

Ga,ν(x2)Ga,µ(x1)O
)

|0〉
(3.15)

for k1 6= k2. The existence of the factor k2
1 and k2

2 is due to that we need to consider

amputated Green’s function. At the order we study the amputation can be done with free

field propagators.

After quantization with path integeral QCD has the symmetry under BRST transfor-

mation which is given by

δBψ(x)=−igsCa(x)T aψ(x), δBψ̄(x)=ψ̄(x)(−igsCa(x)T a), (3.16)

δBGa,µ(x)=(Dµ)abCb(x), δBCa(x)=
1

2
gsfabcCb(x)Cc(x), δBC̄a(x)=

1

ξG
∂µGa,µ(x),

where Ca and C̄a is the ghost- and anti-ghost field respectively. ξG is the gauge parameter

in covariant gauge. It should be taken as 1 since we work with Feynman gauge. Dµ is

the covariant derivative in the adjoint representation. In order to avoid possible confusions

between T -ordering in canonical quantization and T ∗-ordering in path integral we will in

the below use T ∗-ordering. In our case, the difference between T ∗ and T can be neglected

for k1 6= k2. We consider BRST transformation of the Green’s function:

0 = δB〈0|T ∗

(

Ga,ν(x2)C̄a(x1)O
)

|0〉

=
1

ξG
〈0|T ∗

(

Ga,ν(x2)∂µGa,µ(x1)O
)

|0〉 + 〈0|T ∗

(

(Dν)abCb(x2)C̄a(x1)O
)

|0〉, (3.17)

where we have used δBO = 0 because O is gauge invariant. Therefore, with the symmetry

of BRST transformation k1µMµν(k1, k2) in eq. (3.15) is related to the following matrix

element of ghost fields:

k1µMµν(k1, k2) = i
(ik2

1)(ik2
2)

N2
c − 1

ξG (3.18)

×
∫

d4x1d4x2e−ik1·x1+ik2·x2〈0|T ∗

(

(Dν)ab(x2)Cb(x2)C̄a(x1)O
)

|0〉,

In the above, the derivative ∂ν in the covariant derivative (Dν)ab = ∂µδab + gsf cabGc,µ(x)

can be worked out through partial integrations. It gives a contribution proportional to kν
2 .

Hence, with eq. (3.18) we write k1µMµν(k1, k2) into the form:

k1µMµν(k1, k2) = kν
2C0(k1, k2) − k2

2Cν(k1, k2), (3.19)

where C0 and Cν are given by:

C0(k1, k2) =
(ik2

1)(ik2
2)

N2
c − 1

ξG

∫

d4x1d4x2e−ik1·x1+ik2·x2〈0|T ∗

(

Ca(x2)C̄a(x1)O
)

|0〉, (3.20)

Cν(k1, k2) =
(ik2

1)ξG

N2
c − 1

∫

d4x1d4x2e−ik1·x1+ik2·x2gsf cab〈0|T ∗

(

Gc,ν(x2)Cb(x2)C̄a(x1)O
)

|0〉.
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(a) (b)

Figure 4. The Feynman diagrams for the contributions with ghost fields.

Because of the Ward identity in eq. (3.8), one has the relation:

C0(k1, k2) = k2 · C(k1, k2). (3.21)

This implies that the two Green’s functions in eq. (3.20) are related to each other because

of gauge symmetry. This is also verified by explicit calculation of the two Green’s functions

of ghost fields in eq. (3.18) at the considered order.

Using the result in eq. (3.19) we can write the second contribution in eq. (3.12) as:

F (−1)
gU (z,ξ,t) =

−i

Pz

∫

d4k
1

n·k1
C0(k1,k2)

∫

d4y

(2π)4
eiy·k〈p′|∂βGc,β

(

−y

2

)

n·Gc

(

y

2

)

|p〉, (3.22)

+
1

Pz

∫

d4k
1

n·k1
Cν(k1,k2)

∫

d4y

(2π)4
eiy·k〈p′|∂2Gc,ν

(

−y

2

)

n·Gc

(

y

2

)

|p〉,

where some partial integrations have been done to convert the factor kµ
2 and k2

2 in eq. (3.19)

as derivatives acting on the corresponding fields, respectively. In the second line of eq. (3.22)

a part of EOM operator is involved. EOM in Feynman gauge with ξG = 1 reads:

∂2Ga,µ(x) + O(gs) = 0, (3.23)

where the terms at the order of gs consist of a quark-, ghost- and gluonic part. At the

order we consider, we can neglect these parts. Therefore, the contribution in the second

line of eq. (3.22) is zero at the order we work. It is noted that in order to find the complete

contribution of EOM operator, one needs to consider contributions beyond two-parton

exchanges. In this section we only consider two-parton exchanges at the order of g2
s as

those in figure 2 and figure 3. The neglected parts of EOM operators consists of quark-,

ghost- and gluon color current operators. We have made analyses of diagrams which have

qq̄g- and cc̄g three-parton exchanges. Indeed, we find the contributions at order of g3
s

involving quark- and ghost color-current operators. Adding these contributions to that in

the last line of eq. (3.22), the sum is related to the matrix element with EOM operator if

one neglects the part of gluon color-current operator. To include the gluon part one needs

to consider three-gluon- and four-gluon exchanges.

Unlike the one-loop factorization of quasi quark GPDs studied in [13], where there

is no contribution from ghosts, here the ghost contribution appears at the order. The

contribution is given by diagrams in figure 4. It is noted that the upper part of the
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diagrams is the amputated Green’s function defined in the first line of eq. (3.20). With

this fact, the contribution from figure 4 in Feynman gauge is:

FgU (z, ξ, t)

∣

∣

∣

∣

Ghost

=
1

Pz

∫

d4kC0(k1, k2)

∫

d4y

(2π)4
eiy·k〈p′|C̄a

(

−y

2

)

Ca

(

y

2

)

|p〉. (3.24)

We can re-write the contribution as:

FgU (z,ξ,t)

∣

∣

∣

∣

Ghost

=
1

Pz

∫

d4k
i

n·k1
C0(k1,k2)

∫

d4y

(2π)4
eiy·k〈p′|C̄a

(

−y

2

)

∂+Ca

(

y

2

)

|p〉 (3.25)

=
1

Pz

∫

d4k
i

n·k1
C0(k1,k2)

∫

d4y

(2π)4
eiy·k〈p′|C̄a

(

−y

2

)

(D+)abCb

(

y

2

)

|p〉,

where in the last line we have replaced the derivative ∂+ with the covariant derivative D+.

The difference is an effect of O(gs) which can be neglected at the considered order. Adding

the ghost contribution to the nonzero contribution in eq. (3.22), we find that the sum is re-

lated to the hadron matrix element of an operator which is a BRST-variation operator, i.e.,

F (−1)
gU (z, ξ, t) + FgU (z, ξ, t)

∣

∣

∣

∣

Ghost

=
1

Pz

∫

d4k
i

n · k1
C0(k1, k2)

×
∫

d4y

(2π)4
eiy·k〈p′|

[

C̄a

(

−y

2

)

(n · D)abCb

(

y

2

)

− ∂βGc,β

(

−y

2

)

n · Gc

(

y

2

)]

|p〉

= − 1

Pz

∫

d4k
i

n · k1
C0(k1, k2)

∫

d4y

(2π)4
eiy·k〈p′|δB

[

C̄a

(

−y

2

)

n · Ga

(

y

2

)]

|p〉, (3.26)

where δB denotes BRST transformation given in eq. (3.16) with ξG = 1. Because of BRST

symmetry, the matrix element in the last line and hence the sum is zero.

With the results represented in the above, we conclude that after using EOM and

adding the ghost contribution from figure 4, the one-loop gluon contribution is gauge

invariant. At the leading power or at twist-2 the quasi gluon GPDs is given by:

FgU (z, ξ, t) =
1√

2P +

∫

dk+

k+
1 k+

2

Mµν(k̂1, k̂2)

×
∫

dy−

2π
eiy−k+〈p′|Gc,+ν

(

−y−

2
n

)

Gc,+µ

(

y−

2
n

)

|p〉 + · · · , (3.27)

where the index µ and ν are transverse and · · · are the power suppressed contributions.

This result can be generalized to the contributions to FgL and Fµν
gT . Since µ and ν are

transverse, not all diagrams in figure 2 and figure 3 will contribute to quasi gluon GPDs.

Before we go to detailed results a brief discussion may be useful. The result in eq. (3.26)

corresponds to the statement that in cross-sections of scattering with gluons the contri-

butions from unphysically polarized gluons in cross-sections are cancelled by contributions

from ghosts. A gauge-invariant operator O in general will be mixed with other operators

because of quantum fluctuations. If O is local, it has been proven that the mixing pattern

is given schematically as:

O ∼ [Og] + [δBOB] + [OEOM ], (3.28)
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where [Og], [δBOB] and [OEOM ] denote a set of gauge-invariant operators, BRST-variation

operators and those containing the EOM operator. It is understood that each operator

in the sets is multiplied with a corresponding perturbative coefficient. When sandwiching

between physical states, the last two sets of operators give no contribution. This mixing

pattern is proven for local operators in [18, 19]. However, there is no proof for the case when

the operator O is a nonlocal one. Our results here show that for the nonlocal operator used

to defined quasi gluon GPDs it is also the case. One may think that the moments of quasi

gluon GPDs are related to local operators and hence the nonlocal operator can be repre-

sented by local operators like gluon GPDs. However, it is not the case. Since the momentum

fraction z of quasi GPDs is from −∞ to ∞, the moments of quasi GPDs can not be defined.

3.2 One-loop contribution from gluon GPDs

In this section we give the gauge invariant contribution from figure 2 and figure 3. With

the results of the last subsection, the contribution is:

Fσρ
g (z, ξ, t) =

1

2Pz

∫

dk+

k+
1 k+

2

Γ̂σρ
µν(k̂1, k̂2)

∫

dλ

2π
eiλk+〈p′|Gc,+ν

(

−λ

2
n

)

Gc,+µ

(

λ

2
n

)

|p〉,

Γ̂σρµν(k̂1, k̂2) =
1

N2
c − 1

δabΓab,σρµν(k̂1, k̂2), (3.29)

where all indices µ, ν, σ and ρ are transverse and k̂1,2 are given by:

k̂µ
1 = ((x + ξ)P +, 0, 0, 0), k̂µ

2 = ((x − ξ)P +, 0, 0, 0). (3.30)

For the transverse index µ and ν, we only need to calculate the following diagrams: the

first four- and the last diagrams in figure 2 and the first two diagrams in the first- and

second row in figure 3.

The calculation is straightforward in Feynman gauge. Collinear- and U.V. divergences

are regularized with dimensional regularization. U.V. divergences are subtracted with

MS-scheme. The contributions from figure 3 are proportional to δ(x − z). The needed

contributions from figure 3 after the U.V. subtraction are:

Γ̂σρµν(k̂1, k̂2)

∣

∣

∣

∣

3a

=
αs

4π
NcPzgσµ

⊥ gρν
⊥ δ(x−z)(z2 −ξ2)

{

ln(z +ξ)2 −3−2

∫ 1

−1
dy

ln |y −z|
|y −z|

+

(

2

ǫc
+ln

4πµ2
c

(2Pz)2eγ

)(

ln(z +ξ)2 − ln(1−z2)+

∫ 1

−1
dy

1

|y −z|

)

−2ln2 |z +ξ|+ln2(1−z)+ln2(1+z)+
π2

3
−

(

2

ǫc
+ln

4πµ2
c

(2Pz)2eγ

)}

,

Γ̂σρµν(k̂1, k̂2)

∣

∣

∣

∣

3b

=
αs

4π
NcPzgσµ

⊥ gρν
⊥ δ(x−z)(z2 −ξ2)

(

2+ln
µ2

(2Pz)2(1−x2)
+

∫ 1

−1
dy

1

|y −z|

)

,

Γ̂σρµν(k̂1, k̂2)

∣

∣

∣

∣

3e

= Γ̂ρσνµ(k̂2, k̂1)

∣

∣

∣

∣

3b

, Γ̂σρµν(k̂1, k̂2)

∣

∣

∣

∣

3d

= Γ̂ρσνµ(k̂2, k̂1)

∣

∣

∣

∣

3a

, (3.31)

where 1/ǫc is the collinear pole at ǫc = 4 − d in d-dimensional space-time. In these results

there are integrals of y which are divergent because of the end-point singularity at y = z.
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These divergences will be cancelled by those appearing in contributions from diagrams in

figure 2.

The contributions from figures 2b, 2c and 2d are:

Γ̂σρµν(k̂1,k̂2)

∣

∣

∣

∣

2b

= − αs

4π
NcPzgσµ

⊥ gρν
⊥ (z2−ξ2)

{

1

x+ξ

( |z+ξ|
x−z

+
|x−z|
z+ξ

)

+
1

2

(

2

ǫc
+ln

4πµ2
c

(2Pz)2eγ

)

×
[

(x+z+2ξ)

(x+ξ)(x−z)
ǫ(z+ξ)+

(

2

|x−z| − ǫ(x−z)

x+ξ

)]

−
[

(x+z+2ξ)

(x+ξ)(x−z)
ǫ(z+ξ)ln|z+ξ|+

(

2

|x−z| − ǫ(x−z)

x+ξ

)

ln|x−z|
]}

,

Γ̂σρµν(k̂1,k̂2)

∣

∣

∣

∣

2c

= Γ̂ρσνµ(k̂2,k̂1)

∣

∣

∣

∣

2b

,

Γ̂σρµν(k̂1,k̂2)

∣

∣

∣

∣

2d

= − αs

2π
NcPzgσµ

⊥ gρν
⊥ (z2−ξ2)

1

|x−z| , (3.32)

where ǫ(z) is the sign function defined as:

ǫ(z) = θ(z) − θ(−z). (3.33)

These three contributions also have the end-point singularity at x = z. However, when

summed with the corresponding contributions from figure 3, the singularity is cancelled we

have:

Γ̂σρµν(k̂1, k̂2)

∣

∣

∣

∣

2d+3b+3e

=
αs

2π
NcPzgσµ

⊥ gρν
⊥ (z2 −ξ2)

×
[

−
(

1

|x−z|

)

+

+δ(x−z)

(

2+ln
µ2

(2Pz)2(1−x2)

)]

,

Γ̂σρµν(k̂1, k̂2)

∣

∣

∣

∣

2b+3a

= − αs

4π
NcPzgσµ

⊥ gρν
⊥ (z2 −ξ2)

×
{

1

x+ξ

( |z +ξ|
x−z

+
|x−z|
z +ξ

)

+
1

2

(

2

ǫc
+ln

4πµ2
c

(2Pz)2eγ

)

×
[

(x+z +2ξ)

(x+ξ)(x−z)
ǫ(z +ξ)+

(

2

|x−z|+
− ǫ(x−z)

x+ξ

)]

−2

(

ln |x−z|
|x−z|

)

+

− (x+z +2ξ)

(x+ξ)(x−z)
ǫ(z +ξ) ln |z +ξ|+ ǫ(x−z) ln |x−z|

x+ξ

−δ(x−z)

[(

2

ǫc
+ln

4πµ2
c

(2Pz)2eγ

)

ln
(z +ξ)2

(1−z2)
+ln2(1−z)+ln2(1+z)

−2ln2 |z +ξ|+ π2

3
−3−

(

2

ǫc
+ln

4πµ2
c

(2Pz)2(z +ξ)2eγ

)]}

, (3.34)

with the +-distribution defined as:
∫ 1

−1
dx

(

f(x)

|x − z|

)

+

t(x) =

∫ 1

−1
dx

[

f(x)

|x − z| t(x) − δ(x − z)t(x)

(
∫ 1

−1
dy

f(y)

|y − z|

)]

. (3.35)

The same cancellation also happens in the sum of figure 2c and figure 3d which can be

obtained from permutations from the sum of figure 3b and figure 3a. The contributions
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from figure 2p and figure 2a are:

Γ̂σρµν(k̂1,k̂2)

∣

∣

∣

∣

2p

= − αs

4π
NcPz

1

2ξ

[

1

2
(2gµν

⊥ gσρ
⊥ −gµρ

⊥ gνσ
⊥ −gµσ

⊥ gνρ
⊥ )(ξ2−z2)

(

2

ǫc

+ln
4πµ2

c

(2Pz(z+ξ))2eγ

)

ǫ(z+ξ)−gµν
⊥ gσρ

⊥ (z+ξ)2ǫ(z+ξ)−(ξ→−ξ)

]

,

Γ̂σρµν(k̂1,k̂2)

∣

∣

∣

∣

2a

=
αs

4π
NcPz

{

−(gµν
⊥ gσρ

⊥ +gµσ
⊥ gνρ

⊥ +gµρ
⊥ gνσ

⊥ )
1

3(x2−ξ2)

[

x−ξ

2ξ
|z+ξ|3+

1

2
|x−z|3

]

−1

2

(

(x2−2ξ2+z2)gµν
⊥ gσρ

⊥ +2(ξ2+xz)gµσ
⊥ gνρ

⊥ +2(ξ2−xz)gµρ
⊥ gνσ

⊥

)

×
[ |z+ξ|

ξ(x+ξ)

(

2

ǫc
+ln

4πµ2
ce2

eγ(2(z+ξ)Pz)2

)

+
|x−z|
x2−ξ2

(

2

ǫc
+ln

4πµ2
ce2

eγ(2(x−z)Pz)2

)]

+(z2−ξ2)gµσ
⊥ gνρ

⊥

[

x−ξ

4ξ(x+ξ)
ǫ(z+ξ)

(

2

ǫc
+ln

4πµ2
c

eγ(2(z+ξ)Pz)2

)

− ǫ(x−z)

2(x+ξ)

(

2

ǫc
+ln

4πµ2
c

eγ(2(x−z)Pz)2

)]

+(ξ→−ξ)

}

. (3.36)

These two contributions are free from the end-point singularity.

For the total contributions to Γ̂σρµν we have to add the contributions from the corre-

sponding crossed diagrams as explained after eq. (3.1). The total is then:

Γ̂σρµν(k̂1, k̂2) = Γ̂σρµν(k̂1, k̂2)

∣

∣

∣

∣

2a+2b+2c+2d+3a+3b+3d+3e

+ Γ̂σρµν(k̂1, k̂2)

∣

∣

∣

∣

2p

+Γ̂σρνµ(−k̂2, −k̂1)

∣

∣

∣

∣

2a+2b+2c+2d+3a+3b+3d+3e

. (3.37)

There are still collinear divergences in the contribution. These divergences are due to

collinear gluons in figure 2 and figure 3. However, they are double-counted. In the tree-level

results of eq. (2.13) the right-hand side is the gluon GPDs. If we calculate the gluon GPDs

at one-loop as done here for the quasi one, the result also contains the contributions from

collinear gluons. If we identify the Fourier-transformed hadron matrix element as gluon

GPDs in the right hand side of eq. (3.29) for our one-loop result, then the contributions

from collinear gluons in the result are already included in the tree-level result in eq. (2.13).

Therefore, there is a double counting for these contributions. A subtraction is needed to

avoid the double-counting and to obtain correct results.

For the subtraction we need to calculate the one-loop contribution of gluon GPDs.

The contribution is represented by the same diagrams in figure 2 and figure 3 in which the

double lines now represent the gauge links along the light-cone n-direction instead of the

nz-direction. We denote the contribution of the subtraction as:

F̄ σρ
g (z, ξ, t) =

1

2P +

∫

dk+

k+
1 k+

2

Γ̄σρ
µν(k̂1, k̂2)

∫

dλ

2π
eiλk+〈p′|Gc,+ν

(

−λ

2
n

)

Gc,+µ

(

λ

2
n

)

|p〉.
(3.38)

The subtraction is done by the replacement:

Fσρ
g (x, ξ, t) → Fσρ

g (x, ξ, t) − F̄ σρ
g (x, ξ, t). (3.39)
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Since the gauge links are along the n-direction, the contributions from figure 2d in figure 2,

figure 3b and 3e in figure 3 are zero because of n2 = 0. Calculating the nonzero contribu-

tions from figure 2a, 2b, 2c and 2p in figure 2 and figure 3a in figure 3, we find that these

contributions contain exactly the same collinearly divergent contributions in Fσρ
g , and the

subtraction can be effectively made by the replacement in Fσρ:

2

ǫc
+ ln

4πµ2
c

eγ(2Pz)2
→ ln

µ2

(2Pz)2
. (3.40)

This implies that the quasi gluon GPDs contain the same long-distance effects in the gluon

GPDs, or a factorization of quasi gluon GPDS with gluon GPDs holds. Performing the

sum in eq. (3.37) after the subtraction, the complete contribution from gluon GPDs is

obtained and summarized in section 4.

Before we turn to the one-loop contribution from quark GPDs, we briefly discuss the

renormalization of the quasi gluon GPDs. The quasi gluon GPDs are renormalized as:
(

Fµν
g (z, ξ, t)

)

0

= Z3ZGFµν
g (z, ξ, t) + · · · , (3.41)

where the quasi GPDs in the left side is unrenormalized one and · · · stand for possible

mixings. Z3 is the renormalization constant of gluon wave function in Feynman gauge. It

is given by:

Z3 = 1 − αs

4π

(

2

ǫ
− γ + ln 4π

)[

− 5

3
Nc +

2

3
nf

]

+ O(α2
s), (3.42)

with nf as the number of quark flavors. ZG is determined only by the contributions from

figure 3b and 3e, because that only these two diagrams have the U.V. divergences with the

pole at d = 4. We obtain:

ZG = 1 +
αsNc

2π

(

2

ǫ
− γ + ln 4π

)

+ O(α2
s). (3.43)

We have then

Z3ZG = 1 − αs

4π

(

2

ǫ
− γ + ln 4π

)[

− 11

3
Nc +

2

3
nf

]

+ O(α2
s), (3.44)

Therefore, the µ-evolution of quasi gluon GPDs is

d

d ln µ2
Fµν

g (z, ξ, t) = −αsβ0

4π
Fµν

g (z, ξ, t) + O(α2
s), (3.45)

with

β0 = −11

3
Nc +

2

3
nf . (3.46)

From results in section 3 there is no mixing with quark quasi GPDs. It is noted that

the constant Z3ZG is the gluon wave function renormalization constant in the axial gauge

nz · G = 0. In this gauge we have:

Zg

√

Z3ZG = 1 (3.47)

where Zg is the renormalization constant of the coupling. This result implies that the

product gsGµ does not need to be renormalized in the axial gauge as expected.
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Figure 5. The one-loop diagram for quasi GPDs. It represents contributions from quark GPDs.

3.3 One-loop contribution from quark GPDs

The quark GPDs will also contribute to the quasi gluon GPDs. The relevant twist-2 quark

GPDs are defined and parameterized for a spin-1/2 hadron as:

Fq(x, ξ, t) =
1

2

∫

dλ

2π
eixP +λ〈p′|ψ̄

(

−λ

2
n

)

L†
n

(

−λ

2
, ∞

)

γ+Ln

(

λ

2
, ∞

)

ψ

(

λ

2
n

)

|p〉

=
1

2P +
ū(p′)

[

γ+Hq(x, ξ, t) + i
σ+ν∆ν

2m
Eq(x, ξ, t)

]

u(p),

FqL(x, ξ, t) =
1

2

∫

dλ

2π
eixP +λ〈p′|ψ̄

(

−λ

2
n

)

L†
n

(

−λ

2
, ∞

)

γ+γ5Ln

(

λ

2
, ∞

)

ψ

(

λ

2
n

)

|p〉

=
1

2P +
ū(p′)

[

γ+γ5HqL(x, ξ, t) +
γ5∆+

2m
EqL(x, ξ, t)

]

u(p) (3.48)

where the gauge links are defined in the fundamental representation of SU(Nc). These

quark GPDs are for unpolarized- and longitudinally polarized quark, respectively. At twist-

2 there are quark GPDs for transversely polarized quarks. But it gives no contribution

here because of the helicity conservation.

The contribution to quasi gluon GPDs comes from diagrams in figure 5. The leading

power contribution from figure 5a after working out color- and other trivial factors is

Fµν
g (z, ξ, t)

∣

∣

∣

∣

5a

= ig2
sCF

P +

Pz

∫

dx

∫

d4k

(2π)4

δ((k̂1 + k̂2)z/2 − kz − zPz)

((k̂1 − k)2 + iε)((k̂2 − k)2 + iε)(k2 + iε)

×((k̂1 − k) · nzgµσ − (k̂1 − k)µnσ
z )((k̂2 − k) · nzgνρ − (k̂2 − k)νnρ

z)

×
[

γργ · kγσ

]

ij

∫

dλ

2π
eixP +λ〈p′|ψ̄i(−λn/2)ψj(λn/2)|p〉, (3.49)

where ij are Dirac indices. We only need to consider the case where µ and ν are transverse.

The quark density matrix is related to quark GPDs:

∫

dλ

2π
eixP +λ〈p′|ψ̄i(−λn/2)ψj(λn/2)|p〉 =

1

2
γ−Fq(x, ξ, t) +

1

2
γ5γ−FqL(x, ξ, t) + · · · , (3.50)

where · · · are for irrelevant terms. Performing the loop integration of the momentum k,
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we have the result:

Fµν
g (z,ξ, t)

∣

∣

∣

∣

5a

=
αs

8π
CF

∫

dx

{

gµν
⊥ Fq(x,ξ, t)

[ |z +ξ|
2ξ(x+ξ)

(2x+ξ −z)

(

2

ǫc
+ln

4πµ2
c

(2Pz(z +ξ))2eγ

)

+
(z −x)2 −ξ2 +x2

2(x2 −ξ2)
ǫ(x−z)

(

2

ǫc
+ln

4πµ2
c

(2Pz(x−z))2eγ

)

+
z +ξ

2ξ(x+ξ)
(4x−z −ξ)ǫ(z +ξ)+

x−z

2(x2 −ξ2)
(5x−z)ǫ(x−z)

+(ξ → −ξ)

]

+ iǫµν
⊥ FqL(x,ξ, t)

[

(z +ξ)2

2ξ(x+ξ)
ǫ(z +ξ)

(

2

ǫc
+ln

4πµ2
c

(2Pz(z +ξ))2eγ

)

−z2 +ξ2 −2xz

2(x2 −ξ2)
ǫ(x−z)

(

2

ǫc
+ln

4πµ2
c

eγ(2Pz(x−z))2

)

+2z
|z +ξ|

ξ(x+ξ)
+2z

|x−z|
x2 −ξ2

+(ξ → −ξ)

]}

. (3.51)

The contribution from figure 5b can be obtained from that of figure 5a as:

Fµν
g (z, ξ, t)

∣

∣

∣

∣

5b

= Fνµ
g (−z, ξ, t)

∣

∣

∣

∣

5a

. (3.52)

There is no U.V. divergence in the quark contribution at the order.

Again there is the double counting of contributions from collinear regions of loop

momentum as discussed before. A subtraction is needed to obtain the correct result. For

this we need to calculate the same diagrams in figure 5 in which the double lines represent

the gauge links along the light-cone n-direction. With the obtained results, the subtraction

is obtained with the same replacement as given in eq. (3.40).

4 Complete results and the forward limit

In this section we give our complete results for the factorization relation of gluon quasi

GPDs, which are factorized with twist-2 GPDs. The factorization relation for the three

quasi GPDs defined in eq. (2.8) can be written in the form:

FgU (z, ξ, t) =

∫ 1

−1
dx

[

HUgg(z, x, ξ)FgU (x, ξ, t) + HUgq(z, x, ξ)Fq(x, ξ, t)
]

,

FgL(z, ξ, t) =

∫ 1

−1
dx

[

HLgg(z, x, ξ)FgL(x, ξ, t) + HLgq(z, x, ξ)FqL(x, ξ, t)
]

,

Fµν
gT (z, ξ, t) =

∫ 1

−1
dxHT gg(z, x, ξ)F µν

gT (x, ξ, t), (4.1)

where all H’s are perturbative coefficient functions.
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The perturbative coefficient functions for unpolarized quasi gluon GPDs are:

HUgq(z,x,ξ) = −αsCF

4π

[

ǫ(x−z)

(

ξ2 −x2 −(x−z)2

x2 −ξ2
ln

µ2

(2(x−z)Pz)2
− 3x2 −4xz +ξ2

x2 −ξ2

)

−ǫ(z −ξ)
x(z −ξ)2

ξ (x2 −ξ2)
ln

µ2

(2(z −ξ)Pz)2
+

4x|z −ξ|
x2 −ξ2

+(z → −z)

]

,

HUgg(z,x,ξ) = δ(x−z)− αsNc

4π

[

δ(x−z)V0(z,x,ξ)+VU0(z,x,ξ)+ln
µ2

(2Pz)2

(

VUL(z,x,ξ)

−δ(x−z) ln
|x2 −ξ2|
1−x2

)

+(z → −z)

]

, (4.2)

with V0,U0,UL given in the below:

V0(z, x, ξ) = 1 − π2

3
− ln

|x2 − ξ2|
1 − x2

+ ln2 |x − ξ| + ln2 |x + ξ| − ln2(1 − x) − ln2(1 + x),

VUL(z, x, ξ) = ǫ(z − ξ)
(z − ξ)2

(

x4 + x2
(

ξ2 − z2
)

+ zξ
(

2z2 + 3zξ + 2ξ2
))

2ξ (x2 − z2) (x2 − ξ2)2

+
|x − z|

(

x2 + z2
)

(x2 − ξ2)2
+

(

z2 − ξ2
)

(x2 − ξ2)|x − z|+
,

VU0(z, x, ξ) =
z2 − ξ2

(x2 − ξ2)|x − z|+
− 2

(z2 − ξ2)

x2 − ξ2

(

ln |x − z|
|x − z|

)

+

− 2|x − z|(x2 + z2)

(x2 − ξ2)2
ln |x − z|

+
|x − z|

3(x2 − ξ2)2

[

5x2 − xz + 5z2 + 9ξ2
]

− ǫ(z − ξ)(z − ξ)2 ln |z − ξ|
ξ(x2 − z2)(x2 − ξ2)2

[

x4

+x2(ξ2 − z2) + zξ(2z2 + 3zξ + 2ξ2)
]

− |z − ξ|
3(x2 − z2)(x2 − ξ2)2

[

6x4

−4x2(z − ξ)(z + 2ξ) + z(−5z3 + z2ξ − 5zξ2 + 3ξ3)
]

. (4.3)

The function V0 also appears in other two factorization relations in eq. (4.1). The pertur-

bative coefficient functions for longitudinally polarized quasi gluon GPDs are:

HLgq(z,x,ξ) =
αsCF

4π

[

ǫ(x−z)
2xz −z2 −ξ2

(x2 −ξ2)
ln

µ2

(2(x−z)Pz)2
+

4z|x−z|
x2 −ξ2

+ǫ(z −ξ)
(z −ξ)2

(ξ2 −x2)
ln

µ2

(2(z −ξ)Pz)2
+

4z|z −ξ|
ξ2 −x2

−(z → −z)

]

,

HLgg(z,x,ξ) = δ(x−z)− αsNc

4π

{

δ(x−z)V0(z,x,ξ)+VL0(z,x,ξ)

+ln
µ2

(2Pz)2

[

−δ(x−z) ln
|x2 −ξ2|
1−x2

+VLL(z,x,ξ)

]

−(z → −z)

}

(4.4)
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with VL0,LL as functions depending on x, z and ξ:

VLL(z, x, ξ) =
2xz|x − z|
(x2 − ξ2)2

+

(

z2 − ξ2
)

(x2 − ξ2)|x − z|+
− ǫ(z − ξ)

x(z − ξ)2
(

x2 − 2z2 − 2zξ − ξ2
)

(x2 − z2) (x2 − ξ2)2 ,

VL0(z, x, ξ) = −|x − z|
(

4xz ln(|x − z|) − 5xz − ξ2
)

(x2 − ξ2)2
− 2

(

ln |x − z|
|x − z|

)

+

z2 − ξ2

x2 − ξ2

+
z2 − ξ2

(x2 − ξ2)|x − z|+
− x|z − ξ|

(x2 − z2) (x2 − ξ2)2

(

4x2z − 5z3

−2
(

x2(z − ξ) − 2z3 + zξ2 + ξ3
)

ln(|z − ξ|) − z2ξ + zξ2 + ξ3
)

. (4.5)

The perturbative coefficient function for transversely polarized quasi gluon GPDs is:

HT gg(z, x, ξ) = δ(x − z) − αsNc

4π

{

δ(x − z)V0(z, x, ξ) + VT 0(z, x, ξ) (4.6)

+ ln
µ2

(2Pz)2

[

− δ(x − z) ln
|x2 − ξ2|
1 − x2

+ VT L(z, x, ξ)

]

+ (z → −z)

}

,

with

VT L(z,x,ξ) =
2ξ2|x−z|
(x2 −ξ2)2

+

(

z2 −ξ2
)

(x2 −ξ2)|x−z|+
+ǫ(z −ξ)

(z −ξ)2
(

x2(z +2ξ)+zξ2
)

(x2 −z2)(x2 −ξ2)2 ,

VT 0(z,x,ξ) =
|x−z|

(

−12ξ2 ln |x−z|+x2 +xz +z2 +15ξ2
)

3(x2 −ξ2)2
−2

(

ln |x−z|
|x−z|

)

+

(z2 −ξ2)

x2 −ξ2

+

(

z2 −ξ2
)

(x2 −ξ2)|x−z|+
+

|z −ξ|
3(x2 −z2)(x2 −ξ2)2

(

2x2
(

z2 +zξ −8ξ2
)

−6(z −ξ)
(

x2(z +2ξ)+zξ2
)

ln(|z −ξ|)+z
(

z3 +z2ξ +13zξ2 −3ξ3
))

. (4.7)

With the above results in eq. (4.1) and the renormalization of quasi gluon GPDs

discussed at the end of the subsection 3.2, we can derive the µ-evolution equations of gluon

GPDs. The results are:

d

d ln µ2
FgU (z, ξ, t) =

αs

4π

∫ 1

−1
dx

[

KUgg(z, x, ξ)FgU (x, ξ, t) + KUgq(z, x, ξ)Fq(x, ξ, t)
]

,

d

d ln µ2
FgL(z, ξ, t) =

αs

4π

∫ 1

−1
dx

[

KLgg(z, x, ξ)FgL(x, ξ, t) + KLgq(z, x, ξ)FqL(x, ξ, t)
]

,

d

d ln µ2
F µν

gT (z, ξ, t) =
αs

4π

∫ 1

−1
dxKT gg(z, x, ξ)F µν

gT (x, ξ, t), (4.8)

with K’s as evolution kernels given in the below:

KAgg(z, x, ξ) = δ(x − z)

(

− β0

2
− Nc ln

|x2 − ξ2|
1 − x2

)

+ NcVAL(z, x, ξ) + (z → −z),

KUgq(z, x, ξ) = CF

[

ǫ(x − z)

(

−2x2 + 2xz − z2 + ξ2
)

(x2 − ξ2)
− ǫ(z − ξ)

x(z − ξ)2

ξ (x2 − ξ2)
+ (z → −z)

]

,

KLgq(z, x, ξ) = −CF

[

ǫ(x − z)
2xz − z2 − ξ2

(x2 − ξ2)
+ ǫ(z − ξ)

(z − ξ)2

(ξ2 − x2)
− (z → −z)

]

,

KLgg(z, x, ξ) = δ(x − z)

(

− β0

2
− Nc ln

|x2 − ξ2|
1 − x2

)

+ NcVLL(z, x, ξ) − (z → −z), (4.9)

– 21 –



J
H
E
P
0
4
(
2
0
2
3
)
0
0
1

where A in the first line stands for U or T . These evolution equations have been studied

in [33, 34] and summarized in [6]. Our derived evolution equations agree. From our

results of the factorization, gluon quasi GPDs depend on Pz through ln Pz at order of αs

if one neglects higher-twist effects. This dependence can be read off from the perturbative

coefficient functions in eq. (4.1).

In the forward limit, i.e., the limit with ∆µ → 0, only two GPDs of a spin-1/2 hadron

in eq. (2.6) survive. Similarly, two quark GPDs in eq. (3.48) are nonzero in the limit. These

GPDs are related to the standard twist-2 PDFs as:

Hg(x, 0, 0) = xfg(x), HgL = xfgL(x), Hq(x, 0, 0) = fq(x), HqL(x, 0, 0) = fqL(x),

(4.10)

where fg and fgL are twist-2 unpolarized- and longitudinally polarized gluon PDF, respec-

tively. fq,qL are the corresponding quark PDFs. In the forward limit, quasi gluon GPDs

become quasi gluon PDFs. There are two quasi gluon PDFs from eq. (2.9) in the limit:

Hg(z, 0, 0) = zf̃g(z), HgL(z, 0, 0) = zf̃gL(z), (4.11)

with f̃g,gL are corresponding quasi gluon PDFs. Taking the forward limit in the results for

quasi gluon GPDs, we obtain the factorization relation of quasi gluon PDFs with twist-2

PDFs:

f̃g(z) =

∫ 1

−1
dxCUgg(z, x)fg(x) +

∫ 1

−1
dxCUgq(z, x)fq(x),

f̃gL(z) =

∫ 1

−1
dxCLgg(z, x)fgL(x) +

∫ 1

−1
dxCLgq(z, x)fqL(x). (4.12)

The perturbative coefficient functions of the unpolarized quasi gluon PDF are:

CUgq(z,x) =
αsCF

4π

1

z

{

ln
µ2

(2Pz)2

[

ǫ(x−z)
−2x2 +2xz −z2

x2
+ǫ(z)

2z

x

]

+ǫ(z)
2z

x
(1− lnz2)

+ǫ(x−z)

(

2x2 −2xz +z2

x2
ln(x−z)2 −3+

4z

x

)

+(z → −z)

}

,

CUgg(z,x) = δ(x−z)− αsNc

4π

{

δ(x−z)Ṽ0(z,x)+ ṼU0(z,x)

+ln
µ2

(2Pz)2

[

−δ(x−z) ln
x2

1−x2
+ ṼUL(z,x)

]

−(z → −z)

}

, (4.13)

where

Ṽ0(z,x) = 1− π2

3
− ln

x2

1−x2
+

1

2
ln2 x2 − ln2(1−x)− ln2(1+x),

ṼUL(z,x) =
(x2 −xz +z2)2

zx3|x−z|+
+

ǫ(z)

x3(x2 −z2)
[−x4 +x2z2 +z4],

ṼU0(z,x) =
z

x|x−z|+
−2

z

x

(

ln |x−z|
|x−z|

)

+

− |x−z|
3x3z

[

−5x2 +xz −5z2 +3(x2 +z2) ln(x−z)2
]

+
ǫ(z)

3x3(x2 −z2)

[

−3x4 +x2z2 +5z4 +3(x4 −x2z2 −z4) lnz2
]

. (4.14)
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The perturbative coefficient functions of the longitudinally polarized quasi gluon PDF are:

CLgq(z,x) = −αsCF

4πx2

{

ln
µ2

(2Pz)2

[

ǫ(x−z)(2x−z)−zǫ(z)
]

+ǫ(z)z(lnz2 −4)

+ǫ(x−z)
[

(z −2x) ln(x−z)2 +4x−4z
]

+(z → −z)

}

,

CLgg(z,x) = δ(x−z)− αsNc

4π

{

δ(x−z)Ṽ0 + ṼL0 +ln
µ2

(2Pz)2

[

−δ(x−z) ln
x2

1−x2
+ ṼLL

]

+(z → −z)

}

, (4.15)

with

ṼLL =
z

x|x − z|+
+

2|x − z|
x2

+ zǫ(z)
2z2 − x2

x2(x2 − z2)
,

ṼL0 =
z

x|x − z|+
− 2

z

x

(

ln |x − z|
|x − z|

)

+

+
5|x − z|

x2
− 2|x − z|

x2
ln(x − z)2,

+
|z|

x2(x2 − z2)

[

− 4x2 + 5z2 + (x2 − 2z2) ln z2
]

. (4.16)

The factorization of quasi gluon PDFs has been studied in [26]. Our one-loop result agrees

with that in [26], if the flavors of anti-quarks are not only included in the integration but

also in the sum in eq. (70) of [26], and P z is replaced with yP z in the convolution kernal.

Without the replacement DGLAP equation of gluon PDF can not be derived correctly. It

has been also pointed out in [28] that in such a convolution as eq. (70) of [26] the correct

variable is yP z instead of P z.

Before summarizing our work, we note that the perturbative coefficient functions are

proportional to z2 or |z| for |z| → ∞. This implies that moments of gluon quasi GPDs

cannot defined, i.e., integrals like

∫ ∞

−∞
dzznFµν(z, ξ, t) (4.17)

are divergent at least for positive n. This fact prevents from the expansion of the nonlocal

operators for quasi GPDs into local operators.

5 Summary

In this work, we have shown that at one-loop level quasi gluon GPDs can be factorized

with twist-2 GPDs in the limit of large hadron momentum. The perturbative coefficient

functions in the factorization are free from any collinear- or I.R. divergences. This implies

that quasi gluon GPDs contain the same long-distance effects as twist-2 GPDs in the limit.

In the derivation of our results, we have to include ghost contributions in order to keep the

gauge-invariance of the factorization. Our work shows that the operator-mixing pattern

of nonlocal operators used to define quasi gluon GPDs is the same as that proven for

local operators, i.e., they are only mixed with gauge-invariant operators, BRST-variation
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operators and operators involving EOM operator. Our results are complete for all quasi

gluon GPDs and can be used not only for hadrons with 1/2-spin but also for hadrons with

spins other than 1/2. Taking the forward limit we obtain the factorization relation between

quasi gluon PDFs and twist-2 PDFs from our results.
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