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1 Introduction

Since the introduction of Heisenberg magnet by H. Bethe back in 1931, quantum integrable
spin chains have been intensively studied by many physicists and mathematicians using
various methods, and many spectacular results are produced. Recently, supersymmetric
extensions of quantum integrable spin chains have enjoyed a surge of interests, see e.g. [1-8]



and references therein. They also appeared in a wide range of contexts such as condensed
matter physics [9, 10], integrable AdS/CFT [11], the N' = 4 super-Yang-Mills (SYM)
theory [12] and two-dimensional ' = (2, 2) supersymmetric gauge theories [13], etc. In this
paper, we study the quantum integrable models associated with the Lie superalgebra gl,,,,,
the XXX spin chains and Gaudin models, whose supersymmetric versions were introduced
in [14, 15] and [16], respectively. An important problem in the study of quantum integrable
systems is to find the eigenvectors and the corresponding eigenvalues of the Hamiltonians.
For instance, the constructions of eigenvectors are particularly related to the calculation of
correlators in N' = 4 SYM which is actively being investigated, see e.g. [17-19].

Let m,n € Z>p and set N = m + n. Let Tgp(u), 1 < a,b < N, be the RTT generating
series of the super Yangian Y(gl,,),,) associated with gl,,,,, and T'(u) = Zi\{bzl Eqop @ Top(u)
the monodromy matrix. The integral of motions for XXX spin chains are given by the
quantum Berezinian (super-determinant) of a certain Manin matrix, see [20],

Ber(1 — T (u)Qe —1+Z D*Tp.0(u)e 0,

where @ = diag(Q1,...,Qn) is invertible and | : Eg — (—1)|“Hb|+|“|Eba is the super
transpose. The series Ty, (u), whose coefficients are elements in the super Yangian Y(gl,,,,),
min) generated by the coefficients of
Tkq(u) for all £ > 0 is commutative and called the Bethe subalgebra, cf. [21].

Given a highest weight representation of Y (gl

are called transfer matrices. The subalgebra of Y (gl

min), We are interested in finding the
joint eigenvectors of transfer matrices. The same problem for diagonalizing the standard
transfer matrix 71 g(u) has been studied in [1] using algebraic Bethe ansatz [22, 23] and
nested Bethe ansatz [24]. The main result of [1] indicates that if the sequence of parameters
t satisfies the Bethe ansatz equation, then one can construct a Bethe vector B(t) which
(if nonzero) is an eigenvector of T7 g(u). Moreover, the corresponding eigenvalue can be
computed explicitly. Following [25], we extend the results of [1] to show that the Bethe
vector B(t) is indeed a joint eigenvector of all transfer matrices Ty o(u), k € Z>o, and give
the explicit eigenvalue for each transfer matrix. Such eigenvalues of transfer matrices were
previously proposed in [26] using analytic Bethe ansatz, cf. [27]. However, the Bethe vector
is not discussed there.
Let us explain our results in more detail. Let M be a highest weight representation of
Y (gl,),) generated by a nonzero vector v such that Toe(u)v = (o(u)v and Top(u)v = 0 for all
1 <b<a< N, where (,(u) is an arbitrary power series of u=1 in 1+« 'C[[u"!]]. Let £ =

(€, ...,6N71) be a sequence of nonnegative integers and ¢ = (¢1,... ,t%l; ol t{v_l, . ,té\]fv_ll)
a sequence of complex numbers. Set y,(u) = Hga (u—t¢),1<a < N,and yo(u) =yn(u) =
1. Let ko, =1if 1 <a<mand Kk, = —1if m < a < N. The Bethe ansatz equation for
XXX spin chain assoc1ated with gl,,|,, is a system of algebraic equations in t,
~ kaQa  Ga(t}) Ya1(t] + Ka) Ya(l] — Ka) Yar1(t})
Kat+1Qa+1 Ca+1(t§”) Ya-1(t8)  Ya(t§ + Fat1) Yar1(tf — Kat1)
for 1 <a < N and 1 <<% see (3.19). Suppose t satisfies the Bethe ansatz equation and

let B¢(t) € M be the correspondlng (on-shell) Bethe vector, see e.g. (3.8), (3.18). Then the



eigenvalues of the transfer matrices acting on Bg(t) can be compactly described as follows,

—

Ber(1 - QT (e )Bg() = Bg) Tf (1~ Qugu(u =t et s o) o)™,

1<a<N Ya—1(w)ya(u

see Corollaries 3.4, 3.6, which follows from the main technical results, Theorem 3.3. Such a
statement was previously established for the case n = 0 in [25], and for the case m =n =1
in [7, Theorem 6.4] by a brute force computation. We show it for the case when M is a
tensor product of evaluation highest weight modules. Such a rational difference operator
also appeared in [26] when M is a tensor product of evaluation vector representations. Note
that the same approach also works for the full generality.

We prove Theorem 3.3 by induction on m. For the base case of gly),, it is essentially [25,
Theorem 5.2] by the correspondences between transfer matrices and Bethe vectors for
Y(gly,,,) and Y(gl,,,), see section 4.2. Then we perform the nested Bethe ansatz and use
induction hypothesis. Since our induction is on m, the first index is always even. Therefore
the procedure for nested Bethe ansatz turns out to be similar to the case of the nonsuper
case as in [25].

The Gaudin transfer matrices (higher Gaudin Hamiltonians) are elements of the
universal enveloping superalgebra U(gl,,,[z]) of the current superalgebra gl,,,,[z] which
are again given by the quantum Berezinian, see [20, 28],

Ber(a — K — L]L Zng 8m " Tv

where L(u) is the generating matrix of gl,,,,[z] and K = diag(Kj,..., Kn).

By taking the classical limits, we obtain the corresponding statement for the Gaudin
models associated with gl,,,,. Explicitly, let M, ..., M, be highest weight g, ,,-modules
with highest weights A1, ..., Ay, where A; = (A},...,AN). Let 2 = (21, ..., 2,) be a sequence
of pairwise distinct complex numbers. Let &, t, and y,(u), 0 < a < N, be as before. The

Bethe ansatz equation for Gaudin models associated with gl is a system of algebraic

mln
equations in ¢,

AT g (1)

= tz — Zj yafl(t;;l)
B (Ka + Kat1)yo (t5) + “a+1y$+1(t?) -0
A Ya+1(t7) ’

for 1 <a< Nand 1<i<E see (5.4).

Suppose t satisfies the Bethe ansatz equation and let Fg(t) €M ®---® My be the
corresponding (on-shell) Bethe vector. Then the eigenvalues of the Gaudin transfer matrices
acting on F¢ (t) can be compactly described as follows,

Ber(0, — K — LT(u)) F{(t)

e T (0 k(N ) s
_Fg<t>1£]v(a (z_ e ya(u))),

see Theorem 5.2.



Finally, we remark that the results can be generalized beyond the standard parity
sequence (root system). Indeed, for a super Yangian of type A whose first index is
odd, in (4.7) and (4.8), one can use symmetric power instead of anti-symmetric power.
Alternatively, one can introduce the shift parameter for the super Yangian. Changing
parity of the fundamental space is related to negating the shift parameter. An interesting
question is as follows: given a finite-dimensional irreducible representation M of Y(g[m|n),
how a Bethe vector associated with a solution ¢ corresponds to the Bethe vector associated
with another solution  obtained from t by the fermionic reproduction procedure (odd
reflection), see e.g. [5, 29-31]. When the twisting matrix @ has simple spectrum, one
would expect that they are proportional. When the representation is the tensor product of
evaluation polynomial modules and @) is the identity matrix, they are related by a simple
Lie superalgebra action, see [29, Corollary 5.6]. For more general cases, the relation remains
unclear, see a related discussion in [29, section 8.3]. It is also well known that in general
Bethe eigenvectors obtained from this approach does not provide the full list of eigenvectors
of the Bethe subalgebra. A complete spectrum of the Bethe subalgebra should be described
using the (extended) Q-systems, see [5, 32, 33]. Results on the completeness of the Bethe
ansatz for supersymmetric XXX spin chains can be found in [7, 8]. A conjectural complete
spectrum of supersymmetric XXX spin chains is proposed in [6] using separation of variable
bases, see also [34] for a recent review of separation of variables.

The paper is a step toward understanding the completeness of Bethe ansatz (also called
perfect duality in the sense of [35] for more general settings) of supersymmetric spin chains,
see [8] for the case when the underlying Hilbert space is a tensor product of evaluation
vector representations. The corresponding statements for the even case were used to prove
the perfect duality for Gaudin models and XXX spin chains in [36, 37]. Once the perfect
duality is established, it ensures that the transfer matrices have simple spectrum (after
quotient by obvious symmetry) whenever they are simultaneously diagonalizable. Note
that the simplicity of spectrum is an important condition to implement certain methods in
mathematical physics. For instance, the condition [38] that the operator B&°°d(u) has a
simple spectrum is necessary for the application of the separation of variables approach.

The paper is organized as follows. We recall the basics of the Lie superalgebra 9ljns
the corresponding Yangian, and the fusion procedure in section 2. Section 3 is devoted to
the study of XXX spin chains where the main results for XXX spin chains are given. We
prove the main technical result Theorem 3.3 in section 4. We discuss Gaudin models and
the corresponding main results in section 5. By taking the classical limits, we prove the
main results for Gaudin models in section 6.
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2 Preliminaries

2.1 Basics

Throughout this article we will use the following general conventions.

A wvector superspace W = W5 @ W7y is a Zs-graded vector space. We call elements of
W5 even and elements of Wi odd. We write |w| € {0,1} for the parity of a homogeneous
element w € W. Set (=1)® =1 and (—=1)} = —1.

Let A be an associative superalgebra (namely a Zs-graded algebra). Define the super-
commutator [-,:] on A by

[a,b] = ab — (=1)llPlpq

for homogeneous a,b € A. Here and throughout, when we write for example |v| we always
implicitly assume v is homogeneous and extend the formula in question by linearity. The
supercommutator satisfies the super skew-symmetry property

[a, 8] = —(=1)"“I"I[b, q]
and the super Jacobi identity
(=)l a, [b, e]] + (=1) "9/ [p, [e, a]] + (=1)*I[e, [a, b)) = 0.
Let A and B be associative superalgebras. Then their tensor product A ® B is also an
associative superalgebra with the structure given by
(a®b)(d @V) =ad @b (1)1 o @b = |a] + 0],

whenever a,a’ € A and b,b’ € B are homogeneous.
For any Zs-graded modules V and W over A and B, respectively, the vector superspace
V ® W is a Za-graded module over A ® B with the structure given by

(a®b)(v®w) =av®bw(=1)P v w| = |v] + |w|
provided that a € A, b€ B, v € V and w € W are homogeneous.

A superalgebra homomorphism a : A — B is a linear map satisfying a(aa’) = a(a)a(a’)
for all a,a’ € A. A superalgebra antihomomorphism 3 : A — B is a linear map satisfying
B(aa’) = B(a’)B(a)(=1)%l1¢l for all a,a’ € A.

We use the standard superscript notation for embeddings of tensor factors into tensor
products. If Aq,..., Ay are unital associative superalgebras, and a € A;, then

@ =190"D) 940 19¢-) c A4, @ ... ® A,. (2.1)

Ifac A; and b € Aj, then (a®b)(ij) = aDpl9) | ete. For example, if k = 2 and 4; = Ay = A,
then

dV=a21, P =10b  (a®b)? =axb, (a2b)® =bxa(-1)ll" (2.2)
For products of noncommuting factors, we use the following notation:
— —
[ Xi=xi- X, I Xi=x.- Xy,
1<i<k 1<i<k
0 -1 I I -1 II
1<i<j<k  1<i<k i<j<k 1<i<j<k  1<j<k 1<i<j



2.2 Lie superalgebra gl,,,

Fix m,n € Z>op. Set N =m+mn and N =m —n. Let C™" be a complex vector superspace,
with dim(C"")5 = m and dim(C™"); = n. Note that dim(C™") = N and sdim((Cm|") =N.
Choose a homogeneous basis v,, 1 < a < N, of C™™ such that |v,| =0 for 1 < a < m and
[vo| =1 for m < a < N. We call it the standard basis of C™™. Set |a| = |v,|.

Denote C™" by V and consider elements of End(V) as (super)matrices with respect to
the standard basis of V. In particular, we have the matrix units F,; such that E, v, = 0pcVa
for 1 < a,b,c < N. Denote by I, the identity operator on V.

The Lie superalgebra gl is generated by elements ey, 1 < a,b < N, with the

mn
supercommutator relations

[eaba ecd] = 5bcead - (_1)(|a|+|b|)(|c|+‘d‘)5adecb7 (23)

and the parity of e, is given by |a| + |b]. We have the standard nilpotent subalgebras

of g[m|n7
ny= P Cew, n_= € Cep.
1<a<b<N 1<a<b<N
A vector v in a gl,,,-module is a weight vector of weight (AY, ..., AN) if egqv = A%

for 1 <a < N. A vector v is called a singular vector if egpv =0 forany 1 <a<b<< N
Let P = Z(]Xb:l E. @ Ep(—1)Pl which is the super flip operator: P(v ® w) =
(=1)lPlvly @ . Clearly, we have X(21) = PX P for X € End(V®?).
Let Sy be the symmetric group permuting {1,2,...,k} with the simple permutation
= (i,i4 1) for 1 < i < k. The symmetric group acts on V¥ by o; — P+ Let Hgky,
Ay € End(V®*) be the symmetrizer and anti-symmetrizer, respectively,

Hug =3 X o0 A =g O sien(o

oES €Sy,

where ¢ is identified as the corresponding operator in End(V®¥). Denote by V¥ the image

For a vector superspace V with a subspace U, if X € End(V) preserves U, then we denote
by X|, the restriction of X on U. For any even matrix @ € End(V), set QN = Q®k|w,€.
Moreover, one can also extend the definition by setting X |VA]" = Ay XAy, for arbitrary
X € End(V®F).

The map gl,,,;,, — End(V), eq — Eqp defines a gl
it the vector representation of gl
eap > (ES) + -+ ES)) paie

Define a supertmce str : End(V) — C, which is supercyclic,

m|n-mmodule structure on V. We call

The space V¥ is also a gl ., -module with the action

str(Eg) = (=)0, str([Eqp, Eeq) = 0. (2.4)
Define the supertranspose T,

t:End(V) = End(V),  Eg — (—=1)lllbiHlal g,



The supertranspose is an anti-homomorphism and respects the supertrace,
(AB)t = (—=1)MIBIBT AT str(A) = str(AT), (2.5)
for all supermatrices A, B.

2.3 Super Yangian

Define the rational R-matriz R(u) = uly), ® Ly, + P € End(V®?) which satisfies the
Yang-Baxter equation

R (4, — v) RO () R®3) (v) = R (v) RI3) (u) R (0, — v). (2.6)

The super Yangian Y (gl is a unital associative superalgebra with generators T(;{lf }

m\n)

of parity |a| + |b], 1 < a,b < N, s € Z~¢. Consider the generating series
= g + Z T{ Sty
and combine the series into a linear operator T'(u) = ZZLV ve1 Eap @ Typ(u) € End(V) ®
Y (glypn)[[u™"]]. The defining relations of Y(gl,,,,) are given by
R (4, — )T ()T (v) = T3 ()T () RO (0 — v). (2.7)
Alternatively, the defining relation (2.7) gives

(u — V) [Tup(w), Tea(v)] = (—1)lelleHlallditeld (T, ()T, (w) — Ty (u) Taa(v))

= (—1)lellPHHlella 9 (7 (u) T (v) — T () Tep (). (2:8)

The super Yangian Y(g[m‘n) is a Hopf superalgebra with a coproduct and an opposite
coproduct given by

A Tab HZch ®Tac ) 1<a,b<N,

A - Top(u Z y(alHleDUel DT (u) @ Ty (u),

which have equivalent matrix forms
(id @ A)(T(u)) = T ()T (u),
A (2.10)
(id ® A)(T(w) = T (u)T13) ().

For any complex number z € C, there is an automorphism

Pz - Y(g[m|n) - Y(g[m|n)7 Tab(u) - Tab(u - Z)’ (211)
where (u — z)~! is expanded as a power series in u~!. The evaluation homomorphism is

defined by the rule:

€Y (o) = Ulgho): T o (1)1 00, (2.12)



for s € Z~o. The super Yangian Y(gl,,,,) contains U(gl,,,) as a Hopf subalgebra via the
embedding given by ey — (—1)|a‘TI;{;}. By (2.8), one has

(T4, Tea(u)] = (1)l el (6, 7 (1) = G0y Toa(w). (2.13)

The relation (2.13) implies that the following equality in End(V) ® Y(g[m‘n)[[u_l]]
[Eab ®1+ ]Im|n X €ab, T(x)] =0, (2.14)

for any 1 < a,b < N, where I,,,, in the first factor stands for the identity operator on V
while 1 in the second factor is the identity element in Y(gl,,,,)-

-module M and z € C, denote by M (z) the Y(gl,,,)
pulling back of M through the homomorphism 7(z) := € o p,. The module M (z) is called

For any gl -module obtained by

mln

an evaluation module at the evaluation point z.

Let Y1 (gly,,) be the left ideal of Y(gl,,,) generated by the coefficients of the se-
ries Tpo(u) for 1 < a < b < N. Let 6 be the canonical projection 6 : Y(gl,,,) —
Y(glnjn)/Y+(8lpp). For A, B € Y(gl,,,), we write A ~ B if §(A) = 6(B). In other words,
A~Bif A— B € Yi(gly,). The following lemma is straightforward by (2.8) and (2.9).

Lemma 2.1. For any 1 < a,b < N, we have
1. the coefficients of the series [Tua(u), Top(v)] are in Y1 (gly,n);
2. if Z € Y1 (8lppn), then the coefficients of [Z, Tya(u)] and ZTya(u) are in Y 1 (gly,p);

3. the coefficients of A(Tpq(1)) — Taa(1) @ Taq() and A(Tuq(t)) — Tag(t)) @ Tua(u) are

We say that a vector v in a Y(g[m‘n)—module is a singular ¢-weight vector if Y+(g[m‘n)v =
0 and
Toa(uw)v = Ag(u)v, Aa(u) € 1+u 'Clu™ 1.

In this case, we call A(u) = (A1 (u),...,An(u)) the £-weight of v.

2.4 Fusion procedure

We recall the R-matrices defined by fusion procedure and their properties which will be
used to define higher transfer matrices. Since the proofs of these statements are parallel
to the even case, see [25], [39, Propositions 1.6.2 & 1.6.3], and references therein, we shall
omit the details.

Lemma 2.2. We have

— g — - k .
[I B9G-0= JI R9G-)=Hy ][/,

1<i<j<k 1<i<j<k j=1

= g = y k ,
[I B96-j)= JI R6-7)=amE) [I(=)*
1<i<j<k 1<i<j<k j=1



By the Yang-Baxter equation (2.6) and Lemma 2.2, one has

— = .
ALFPAGTE T TT RS (i — 5 — k+1)
1<i<k 1<j<l

— — o
=(IT TI BY“"™Mu+i-j—k+1)al;ag .
1<i<k 1<l

(2.15)

Define R"*"(u) acting on V"% @ VN by

— .
RNy =TT TI B (u+i—j—k+Dlypmgyn € End(V) @ End(V).

1<i<k 1<l

We have the following Yang-Baxter equation for these R-matrices as operators on the
superspace V'F @ VN @ VAL

(R/\k,Al (u — v)) (12) (R/\k,/\é(u)) (13) (R/\l,/\é(v)) (23)
_ (R/\l,/\£<v))(23) (R/\k,/\é(u))(w) (R/\kz,/\l(u B v))(12),

where the superscripts 1,2, 3 in the parenthesis correspond to the actions on V'F, VAL PAL,
respectively; see (2.1) and (2.2). Clearly, we also have

[RM M (= v), Q" @ QN =0 (2.16)

for any even matrix @ € End(V).

Let
N k ,
Ruopi (1) = ulnpt + 3 SED) [pns © Bpa(—1)P € End(V'*) @ End(V),
a,b=11i=1
N k ,
Raipr(w) = (wt k= DIupe+ 3 Eap © (BL)|yus (DI € End(V) @ End(V1*),
a,b=11i=1

where [, A1 and a1 Ax are identity operators on VAR @V and V @ VE, respectively if we
use the canonical isomorphisms End(V"* @ V) 22 End(V"*) @ End(V) and etc. Alternatively,
one understands Ing a1 = Agpy @ Ly and Ing g = Linjn @ Agpy.

Lemma 2.3. We have

k=1 k=2
RMM () = Rpgopa(u) H (u—1i), R (u) = Raypn(u) H (u+1). -
i=1 =0

Corollary 2.4. We have R a1(u) (RALA;C(—U))(QI) =(u+1)(k—u).

Proof. This follows from the inversion relation of R-matrix,

R(u) R (—u) = (1 — u*) L @ Lipj- O



Consider the series T*#+1) (y) ... TUEFD) (y — k + 1) with coefficients in End(V®*) ®
Y(gln). By (2.7) and Lemma 2.2, we have
Af{}g~j-k)T(1,k+1)(u —k+ 1) L T(k,kJrl)(u)

1..k
= pRED () QR (g o 4 1)Ax§,€} ),

Hence the space V' is invariant under all coefficients of the series T*:#+1) (y;) ... T(LEF1) (4 —
k4 1). Denote T"¥(u) the restriction of this series to End(V"*) @ Y(gl,,,,):

(2.17)

T () = TRED () POED (- | 4 1) (L0 (2.18)

Note that, 7" (u) = T'(u). Moreover, it follows from (2.7) and (2.15) that
(R/\k,/\l(u _ U))(12) (T/\k(u))(lg) (TAZ(U))(QS)

_ (TAZ(U))(%) (T/\k(u))(l?’) (RN (yy — U))(12). (2.19)
Clearly, by (2.10), we have

(id @ A) (T () = (7" (u) " (T ()™,

(id @ 8) (T (u)) = (7" () ™ (T ()™, >
3 XXX spin chains
3.1 Higher transfer matrices
For any even matrix ) € End(V), define the series

Tr.o(w) = (stryae ®@1d) (Q T (w)), k€ Zo, (3.1)

with coefficients in Y(gl . We call these series transfer matrices. By convention, we also

set Too(u) = 1. Note that transfer matrices are even.

Lemma 3.1. Transfer matrices satisfy the following properties.

1. Transfer matrices commute, [Ty o(u),T;.o(v)] = 0.

2. If Q is the identity matriz, then coefficients of transfer matrices commute with the
subalgebra U(gl,,) i Y(gly,p)-

3. If Q is a diagonal matriz, then the subalgebra (the Bethe subalgebra) of Y(glyy,)
generated by all coefficients of all transfer matrices commutes with U(h), where b is

the Cartan subalgebra of gl,,,,,.

Proof. The proof of the first statement is parallel to that of [25, Proposition 4.5] us-
ing (2.16), (2.19), and the standard properties of supertrace. The proof of the second
statement is similar to that of [25, Proposition 4.7] using (2.14). Note that @ is diagonal,
we have

[Baa @1+ Iy, ® €4q, QT (2)] =0

for all 1 < a < N. To obtain the last statement, one applies similar strategy of [25,
Proposition 4.7] and the previous equality. O

~10 -



One can also define another family of transfer matrices associated to symmetrizers
Th.o(u) = (stryer ®id) (H&}k QW ...QWra, k+1)(u) e T(kvkﬂ)(u— k+1)), k € Z~o.

Again, we set T g(u) = 1.

Transfer matrices can be compactly combined into a generating series using quantum
Berezinian as follows, see [20] and cf. [40].

We follow the convention of [20]. Let A be a superalgebra. Consider the operators of
the form

N
K=Y ()l B, @ K,, € End(V) @ A, (3.2)
a,b=1

where K, are elements of A of parity |a| + |b]. We say that K is a Manin matriz if
(Ko, Keg) = (—1)lellblHlallel Pl g gl

forall1 <a,b,c,d < N.
If IC is invertible and has the form

N
K™= Y (-1)lPHP B, @ K, € End(V) ® A,
a,b=1

then we define the (quantum) Berezinian of K by

Ber(K) = Z sign(a)Kg(l)l o Ko mym - Z sign(U)K;L+17m+6( 1 K7/ﬂ+n et (n)- (3.3)
cESm GES,

Let e be the difference operator, (e=% f)(u) = f(u — 1) for any function f in u.
Let A be the superalgebra Y(gl,,,,)[[u u~t,0,]], where 0, is even. Here u and 9, satisfy

the relations

Ou-u =00, —su 1, se&Zs.

Consider the operator Z9(x,d,),
Za(,0,) = T w)Qle~% € End(V) & Y(ghyy)[u~, 0]

It follows from (2.7) or (2.8) that Zg(u, 0,) is a Manin matrix, see e.g. [20, Remark 2.12] and
cf. [41, Proposition 4]. Note that our generating series Tj;(u) corresponds to zj;(u) in [20].
Define the rational difference operator DQ(u, o),

Dg(u, dy) = Ber(1l — Zg(u, dy)). (3.4)

Applying the supertransposition to all copies of End(V) and using cyclic property of
supertrace, see (2.5), it follows from [20, Theorem 2.13] that

o0

Do(u,0u) = > (-1) T q(u)e ™™, (Dg(u,dy) ZTW —kOu (3.5)
k=0

- 11 -



3.2 Universal off-shell Bethe vectors

In this section, we recall the supertrace formula of Bethe vectors and its properties
from [1, 3, 25].

Let € = (¢4, ..., ¢Y1) be a sequence of nonnegative integers. Set £<¢ = ¢! 4. 4 ¢a~1
=¢<N

1 < a < N. In particular, we set |£| . Consider a series in |£| variables

t= (et )

with coefficients in Y (gl

m|n)7

-~

Be(t) = (str ®id) (T(17|§\+1)(t%) .. .T(\E|v|€\+1)(tgv—_11)

_> o 1 N 3.6
< I R oo B ), )

(a,i)<(b,)

where the supertrace is taken over all factors and the pairs are ordered lexicographically,
namely (a,i) < (b,7) if a < b, or a = b and ¢ < j. Moreover, the product is taken over the
set {(c,k) | 1<c< N, 1< k<) Note that Bethe vectors are obtained by applying
@5 (t) to pseudovaccum vectors (singular ¢-weight vectors). Therefore, we call I/B\Sg (t) (and
its renormalizations) a universal off-shell Bethe vector.

This supertrace formula is slightly different from the one in [1]. But it turns out that
they only differ by a scalar function in ¢, see [3, Propositions 3.2 & 3.3].

It is clear from the Yang-Baxter equation and the equality

R(u—)Eqy ® Egp = (u—v + (1)1 By, ® Eg
that Be(t) is divisible by

(8 =t + (=D)l*) (3.7)

i Y (@) [t - s e[ 7 () )
Recall the canonical projection 6 : Y(gly,j,) — Y(8lyjn)/Y+(8lnn)-

Lemma 3.2. The series 9(@5@)) is divisible by

N—2 N—-1 & ¢

IT IT ITII¢ -

a=1 b=a+2i=1j=1

i (Y(80nn) /Y 4+ (80 [Hs -t 1D - (0 ) O
The lemma will be proved in section 4.1 after Proposition 4.3 where we recall the
recursion for the Bethe vector.

Set
=R N—-1 1 ga gb 1
Be(t) = B (t) ey =Tl | G | | e
a=1 1<i<j<ge 7 2 1<a<b< N i=1j5=1 "] ? (38)
1
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see (3, equation (3.1) & Proposition 3.3]. Note that Bg(t) corresponds to the Bethe vector

used in [3] which is symmetric in variables ¢¢ with the same superscript @ for all 1 < a < N,

see [3, Proposition 3.2]. Examples of B¢(t) for small N can be found in [3, section 3.1].
Here we shall mainly use B¢ (t) with ¢ satisfying

: — = (=)Mo, 1<i<j<Em, (3.9)

due to the equality Tp41m(w)Tmt1,m(u — 1) = 0. Note that equation (3.9) always holds
after reordering ¢;* e.g. in increasing order with respect to the real parts. Moreover, Be(t)
is symmetric in variables t¢ with the same superscript a for all 1 < a < N except when
a = m (the corresponding simple root is odd).

In general, Bg(t) is a sum of the products

ga gb
Tal,bl (t%) ce Ta\&lib\ﬁl (tg\,_}l )p(t) H H H tb 2 (3.10)

1<a<b< N i=1j=1"J i

with various ay,...,ap, b1,...,bj from {1,..., N} and polynomials p(t).

3.3 Main technical result

We use the same notation as in section 3.2. Following e.g. [29], introduce a sequence of
polynomials y = (y1,...,yn—1) associated to t and &,

SCL
ya(u) = TJ(u—t). (3.11)
i=1
By convention yg = yy = 1. We alsoset ky =1forl1 <a<mand kp =—-1form <b< N

From now on, we assume that @ = Zfl\;l Qo FE 4, is diagonal. Define the series

UZ,Eg(t) = KaQaTua(t§)Ya—1(t] + Ka)Ya(t§ — Ka)Yat1(t])

(3.12)
+ Kat1Qat+1Tat1,a+1(tF)Ya—1 () Ya(t] + Kat1)Yat1(t] — Kast1)
for1<a< N, 1<i<<En
Given the data integers a1, ..., ¢ 4r—1, b1, s bjglyr—1, € € {1,...,N} and i €
{1,... ,{C} a sequence 81, .-, S|¢|+k—1 Which is a permutation of the sequence u, ..., u—k+1,
t1,... ,tf, .. t5 ';-L, where the hat means that the corresponding variable t{ is sklpped and

a polynomial p(u;t), consider

Tal,bl (81) o Ta‘§|+k_1,b|5‘+k_1(S‘§|+k71) ( ) ( )

N-1 & N-2 & ¢ 1 (3.13)
X H H ( _ta H o ta) H H H W’
a=1 j=1 J1gg<iggs I a=1 j=1 = J

Here the factors (u — t?)_l are considered as power series in u~!. Denote by I¢ s o the
C-span of all products (3.13) with all possible data. We also denote by I¢; o the sum of
Iﬁ,t,k,Q for k € Z~y.
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For 1 < a < N, define the series

Ya—1(u + Ka)ya(u — Kq)

XZo(ust) = QuTua(u , 3.14
lst) = Quleal) =2, = ) 1

which are regarded as power series in u~! with coefficients in Y(g[m‘n)[t%, e t?]f(}l].
Recall that for A, B € Y(gl,,), we write A ~ B if A— B € Yi(gl,,,), where

Y4 (gly),) is the left ideal of Y(gl,,),,) generated by the coefficients of the series Tpq(u) for
I1<a<b<N.

Theorem 3.3. Let QQ be a diagonal matriz. Then we have
k
Tro(u)Be(t) > Be(t) Y [ ko, Xgig(u =+ 1) + Ug s o(u; 2),
a r=1

where the sum is taken over all k-tuplesa = (1< a1 <---<a<m+1<ap; <+ <
ap < N) for various 0 < b < k and Ug o(ust) is in Igt Q-

The theorem is proved in section 4.3.
Note that, due to Lemma 2.1, the order of f)CgTQ (u—7r+1;t) in Theorem 3.3 is irrelevant.

Corollary 3.4. Let Q be a diagonal matrixz. Then we have

—>
Do (u, 0y)Be(t) =~ Be(t) H (1- f)ngQ(u;t)e_au) “ 4+ Ueg(ust),
1<as<N

where Ug g(u;t) belongs to Ig o and Dg(u,dy) is defined in (3.4).

Proof. Note that if a < m, then x, = 1; if a > m, then K, = —1 and we have

(1 X o(u;t)e %)™ = 37 (X o (ust)e )"

k>0
k (3.15)
= ( [T x¢q(u—r+ Lt))e"“a“.
k>0 “r=1
Therefore
— _ R
[T (1=xgouune)™ = TI (1-Teotser™) TI (1-%gotune)”
Isash l<asm m<a<N
k
B ;;) a Hl( a, ) Xglg(u — 7+ L t)e ™,
> r=

where a is taken over all k-tuplesa = (1 < a1 <---<ap<m+1<ap; <---<ap <N)
for various 0 < b < k. Here the indices a; < m cannot repeat as the corresponding power in
(1 =% g (us t)e=%)" is k, = 1 while, due to (3.15), the indices a; > m can repeat.

Now the theorem follows from Theorem 3.3 and the first equality in (3.5) by comparing
the coefficients of e #% O
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3.4 Main results for XXX spin chains

In this section, we shall obtain eigenvectors and eigenvalues of transfer matrices when the
underlying Hilbert spaces are tensor products of evaluation modules of the super Yangian
Y(gl,y)n), proving [42, Conjecture 5.15]. For more general highest weight representations of
Y (gly)5)s [42, Conjecture 5.15] is proved similarly for generic situation.

Let ¢ be a positive integer. Note that ¢ here has nothing to do with ¢ in ¢-weight. Let
Ml,...,Mg be g[
the tensor product of evaluation Y (gl

mip-modules, z = (#1,...,2¢) a sequence of complex numbers. Consider
mn)-modules,

M(z) = My(21) @ - ® My(2).

Then, by (2.11) and (2.12), the operator

M
Tt 2) = Tra(w)] i) (3.16)
is a rational function in u, z with denominators [T, ;?;é (u—j— z). Here and throughout,

the symbol X | »y should be understood as the linear operator corresponding to the action
of X on M. Note that

T%Q(u; z) = strya QN + O(u™h), u— 0.

We call the operators ‘J',i\f[Q(u; z), k € Z~y, the transfer matrices of the XXX spin chain on
M (z) associated with gl
We are interested in the case when M, ..., M, are highest weight gl

m|n-modules with

highest weights Ay, ..., Ay, where A; = (A},..., AY), and highest weight vectors vy, ..., vy,

respectively. By convention, we set A = (Aq,...,Ay).
In this case, the vector vT = v ® -+ - @ vy is a singular f-weight vector of Y(glpp) in
M (z) whose (-weight is given as follows,
¢
_ A¢
Tua(uot = ot [[ 2% <<, (3.17)

Recall Bg(t) and the notations from section 3.2. Apply Bg(¢) to v and renormalize it
so that the function

N-1
By (t;2) = Be(t)o™ []
a=1

£a+1

£* ¢ N-2 &
ITIIG == IT IT 11 (t;?“ —t?) (3.18)
i=1j=1 a=1i=1 j=1

is a polynomial in ¢, z, see Lemma 3.2 and (3.10). We call IBSE+ (t; z) the off-shell Bethe
vector for the XXX spin chain on M (z) associated with gl,,,.

Recall that @ = Z(Jl\le Qo F.q is diagonal and let y be the sequence of polynomials
associated to t and &. Consider the system of algebraic equations

L
— kaQa H (t;‘l — 2+ HaA?) Ya—1 (1] + Ka) Ya (8] — Ka) Yar1 (t7)
j=1
J , (3.19)
= Kat1Qa+1 H (t? — 2zt HCH—IA?—H) Ya—1 (t7) Ya (§ + Kat1) Yat1( — Kat1),
j=1
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where 1 <a< N, 1<i<E& yo=yn =1. We call (3.19) the Bethe ansatz equation. We
say that a solution ¢ = (~1 ~-7th 1) of the Bethe ansatz equation (3.19) is oﬁ—dzagonal if
ta#ta forany 1 <a< N,1<i<j< §aandta7€t“+1 forany 1 <a< N—1,1<1i<£
1 <j <&t (also (3.9)).

When £ is an off-diagonal solution of the Bethe ansatz equation (3.19), we say that the
vector IB%EJr (t; z) is an on-shell Bethe vector.

For 1 <a < N, define

¢
Ya—1(U + Ka)Va u—/ia U — z; + KaA§
Xt olust; z;A) = Qg L, 3.20
ﬁ,Q( ) Yo 1( )y 1;[ u— 2 ( )
where y = (y1,...,yn—1) is the sequence of polynomials associated to ¢t and &.
Theorem 3.5. Let Q) be a diagonal matriz. If My, ..., M, are highest weight gl ,,-modules

with highest weights A1, ..., Ay and t is an off-diagonal solution of the Bethe ansatz equa-
tion (3.19), then we have

k
Trou)BY (£ 2) =By (£2) > [] fia, XeTg(u —r + 15 23 A),

a r=1

where the sum is taken over all k-tuplesa = (1 < a; < -+ <ap<m+1<app1; <+ <
ar < N) for various 0 < b < k.

The proof of the theorem is given in section 4.3. The statement was shown in [25,
Theorem 5.4] for the general even case and conjectured in [42, Conjecture 5.15]. The
case of m = n = 1 was previously shown in [7, Theorem 6.1]. It can be thought as the
supersymmetric version of [43, Theorem 5.11] and [44, Theorem 7.5] for type A. When
k =1, the statement was obtained in [1].

Corollary 3.6. Let QQ be a diagonal matriz. If My,..., M, are highest weight gl
modules with highest weights A1, ..., Ag and t is an off-diagonal solution of the Bethe ansatz

mln

equation (3.19), then we have

’U+ ny ’U+ rg — _8u Ra
Do(u,0u)B (£2) =By (F2) [] (1-XeouwdizA)e™)™,

1<as<N
where Dg(u, 0y )is defined in (3.4).

Note that the rational difference operator

— Ka
Do (u, 0u; t; 25 A) = H (1 — DCg’Q(u;tN;z;A)efa“) (3.21)

1<a<N
was introduced in [5, equation (5.6)], cf. [26, equations (2.13)].

Proposition 3.7. Let () be the identity matriz. If My, ..., M, are highest weight gl
modules with highest weights A1,...,A; and t is an off-diagonal solution of the Bethe

min~
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ansatz equation (3.19), then the on-shell Bethe vector IB%EJr (t;2) isa 8l -singular vector
in M) ® - ®@ My with weight

4 ¢ 4
(CA - alrg - YA e,
i=1 1=1

i=1

The proof of the proposition is given in section 4.3.

4 Proof of main results
We start with preparing a few statements which will be used in the proof.

4.1 Recursion for the Bethe vectors

Since we shall use the nested algebraic Bethe ansatz, many notations will be used for both
gl n and gly,_),. To simplify the notation, we use N and N — 1 to distinguish notations
for gl,,,, and gl,,,_y},,, respectively. We also use (V) and (N — 1).

Set W = CN-1 = ¢mln, Tet wWi,...,Wny_1 be the standard basis of W and
Vi,...,vy of V = CN = ¢min, Identify W with the subspace of V via the embedding
Wq > Vi1, 1 <a < N.

Let PN=1) ¢ End(W#?) be the graded flip operator and RN =1 (u) = u + PW-1
be the rational R-matrix used to define the super Yangian Y(gly _;). The R-matrix R(u)
preserves the subspace W®2 C V¥2 and the restriction of R(u) on W®? coincides with
RW=1 (). Recall that W(z) is the evaluation Y(gly_;)-module with the corresponding
homomorphism 7(x) : Y(gly_;) — End(W),

7(x) : TN V(w) — (u—2) "RV V(4 — 2). (4.1)

Define the embedding ¢ : Y(glyr_1) < Y(glnr) by the rule @D(Téé\/fn(u)) = Tor1p+1(u),
1<a,b< N —1. Note that (Y4 (gl _1)) C Yi(gly).
Define a map ¥(x1,...,2,) : Y(gly_1) — Y(gly) ® End(W®") by

V(.. 2) =W n(z,) @ @w(z1)) o (AN, (4.2)

where (ANV-1)() . Y (gly) — Y(gly)®T+D is the multiple opposite coproduct. Note that

here we use the opposite coproduct A which is consistent with that in [1].
Define a map ¥ : Y(gly_;) — Y(gly) @ W®" by

O, .. x) =z, ... 2) (1@ wE).
The following lemmas are straightforward.
Lemma 4.1. We have ¢(z1,...,2,)(Yo(gly_1)) C Yo (gly) @ WE”,

Similarly, define the embedding ¢ : Y(glyr—_o) < Y(glpr—1) by the rule
N— N—
(ﬁ(Téb 2 (u)) = Té+17b1_i>_1(u), 1< a, b< N -2.

Recall the canonical projection 6 : Y(gly) — Y(gly)/Y+(gly)-
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Lemma 4.2. We have (0 @ id®")(z1,...,2,)0dp = (0o od) @ wi.
Set £ = (£2,..., 6N and t = (t%,...,té;...;t{v_l,...,tgvill).
Proposition 4.3 ([1, Eq. (5.1)]). We have

Be(t) = BO() - BE th)d(H, . th) (BY V(D)

where B(u) = (Tiz(w), ..., Tin(u)) = SN E a1 ® Tiar1(u) and its coefficients are
treated as elements in Hom(W,C) ® Y (gl

m|n)
Proof of Lemma 3.2. By Lemma 4.2, Proposition 4.3, (4.1) and (4.2), the denominator of
0(Be(t)) is at most

N—2 &a £a+1
(57 1)
a=1 i=1 j=1
Then the lemma follows from (3.8). O

4.2 Correspondence between Y(gl,,,,) and Y(gl,,,)

For 1 <a < N,seta = N+1—a. In the following, we use a’ and b’ for the indices
corresponding to the super Yangian Y(gl . Moreover, their parities should be the parities

inherited from Y (gl

n|m)

njm)- We have the isomorphism

@ Y (0hpn) = Y(@hom),  Tan(u) = Ty (w) (1)1 P

Here and below, we shall use tilde to indicate the notations corresponding to Y(gl,,,,). Note

nlm
that @ maps Y 1(gl,,) t0 Y1 (8lypm)-
We now describe the image of the rational difference operator (3.5) under the isomor-

phism w. Recall the transfer matrices associated to symmetrizers,

i) = (stryer ® id) (HLPQW - QWITMA () . TRFD(y — k4 1)),

for k € Z~o.
Set V = C™™. There exists an odd isomorphism p between V and V which sends v,
to Vg, 1 < a < N. Here an odd isomorphism is a Zso-graded isomorphism that switching

parities. The isomorphism p also induces an isomorphism between End(V) and End(V)
which we again denote by g,
0 :End(V) —» End(V),  Eu+ Egy. (4.3)
Clearly, we have stry = —strg o p, Le.,
stry(Eay) = (—1)00 = —(=1)/*16, = —strs(Ea) = —(str5 0 ) (Eap).

Example 4.4. We have the following

N N
©:Q = QuFaa € End(V) » Q= QuEyy € End(V). (4.4)
a=1 a=1
Due to (=1)lol = —(=1)l9'l (i.e. kg = —Ro ), the R-matriz R(u) € End(V®?) is sent to

—E(—u) € End(\~7®2) under the map o ® p. In particular, by Lemma 2.2, the image of
Hyyy on VEk under the isomorphism p®F is Agy on Yk,
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Define the matrix

N
T(u) = (T(u)' = 3" Egy @ Ty (u)(—1) P € End(V) @ Y(gl,),,) [[u™]].
a’ b =1

From now on, we always extend the isomorphism @ : Y(gl,,,)

— Y(gl by the rule

n|m)

o®* @ @ : End(V?*) ® Y(gl,yp) — End(VF) ® Y(gl,,j,)-

For brevity, we denote this map again by w. For instance, we have

Let Q be given as in (4.4).
Lemma 4.5. We have w(%pq(u)) = (=1)5 Ty q(u) and w(Tyou)) = (—1)* %y q(u).

Proof. By Qf =Q, (1&{;{:})]L = &{k}, and the cyclicity of supertrace, we have

(Tro() = (- l)k(strvm ®id) (A&}k QU ... QUIT WA () .. T+ (o _ f 4 1))
— (1) (strge @ ) (:f’“M @ T k10 QU )
= (—1)F(stry,, ®id) (f(17k+1)(u) T RRD (g — 4 1) Q(l) Q(k)>
= (—1)F(stry,, ®id) (Q() : Q(k)f(l,kﬂ)(u)...f(k,kﬂ)( k+1)A$€}k))
= (-1)*Tp.q(u)
The other one is similar. 0

In particular, by (3.5), we obtain
- ~1
Corollary 4.6. We have w(Dg(u,0y,)) = (DQ(u, 8u))

We then consider the image of the universal off-shell Bethe vectors (3.6), (3.8) under
the isomorphism w. Let £ = (¢1,...,6V71) be a sequence of nonnegative integers,

t = (t%,...,tél;...;tf—l,...,tgv 1)
a sequence of variables. Set & = (¢V=1, ... ¢!) and t = (té\]f(_ll,...,tivfl;...,tgl, ).

By the fact that (R(u))! = R(u) and Yang-Baxter equation (2.6), we have

= T —
( H R(£<b+j,£<“+i)(t§_tg)) — H R(£<b+j,£<“+i)(t§’.—t§), (4.6)
(a,1)<(b,5) (a,1)<(b,4)

where f is taken over all factors.

Lemma 4.7 (cf. [3, Lemma 5.1]). The image of B¢(t) under the isomorphism w equals to
Bé(f) up to sign.
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Proof. Instead of working on Bg¢(t), we apply w to ]@g(t), see (3.6). Note that the image of
R(u) € End(V®2) under the isomorphism o ® p is —R(—u) € End(V¥®?). In the following,
we use the symbol  to denote the proportionality up to signs. Then we have

w(Be(t) & (str@ 1d)( O (¢ . TR 1)

= <b <ag; a
x I R0 - S @0 B, 1)/®1)
(ad)<(b:3)

2.5
T BEPHIE< 1) a _ by ALIED (1) . F(ELEN1) (N-1
x J[ R& (t7 — tHTHIEFD gy - T UE (téN_1)>,
(a)<(b.5)
—
O stroiq)( [ BEHE e — T
(a,)<(b.5)

~ _ 1
X T(|£‘7|€|+1) (té\]]\f—ll)Eiejg’ R E(N 1)/ N’ ® ]->7

2.7 - _
&0 (str ®id) (T(|ﬁ’|5|+1)(t§§v11) o TLIED (41

T[T BE+ieor) o _ by poe!
X H R ’ (tz — tj)EI’Q’ Q& E(N ) N/ ®1 )
(a,1)<(b,5)

x (= )|s|(str®ld)< FOIRHD (L) . R gl

Tf  Fe €<t —jle+1-6<0—i) o _ by goe™
X H R ’ ( — 1 )E(N 1)/ N/ K- X E1/2/
(a,8)<(b.j)

where we applied conjugation by the operator in End(\~7®k) which reverse the order of tensor
factors. Now the statement follows from (3.6) and (3.8) for Y(gl,},,,)- O

Lemma 4.8. The isomorphism w sends I¢tq for Y(gly,,) to INEEQ for Y(gly)m,)-

n\m)v

Proof. Tt suffices to check that © maps 3222@) in (3.12) for Y(gl,,,,) to —jZ—I’Qj(f) for Y (gl
where j = €% + 1 — 4. Observing that the sequence of polynomials associated to t and £ is

¥y = (yn—1,--.,y1) and K, for the former case corresponds to —k, for the later one, then
the lemma is straightforward. O

4.3 Proof of theorem 3.3

We prove Theorem 3.3 by induction on m. We first establish the base case m = 0. By (3.5),
transfer matrices Ty g(u) associated to symmetrizers can be expressed in terms of transfer
matrices J; g(u) associated to antisymmetrizers. Now Theorem 3.3 for the base case
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(m = 0) follows from the observations from section 4.2 by applying the isomorphism w
to [25, Theorem 5.4].

For the rest of the induction process, the procedure is almost parallel to that of [25,
section 11], cf. [1]. We provide the details for completeness.

Since V = Cv; @ W and vy is even, one obtains V¥ = (vi A WAE=1)) @ WAR | where
the first summand is spanned by vectors of the form vi Avg, A--- A vy, |, with 2 <ap <
e <ap <M< apr1 <o < ag—1 < N, while the second one is spanned by vectors of the
form vg, A+ Avg, with 1 <ap < - <ap <m < app1 <+ < ap <N, both for various b.
We also identify WAE—1) with (vi A WAE=D) by x 1 vi AX.

The R-matrix Rapa1(u), see section 2.4, as an operator on VA @ 'V preserves
the subspaces

(vi AWNEDY g Cvy, ((vi AWNEDY @ W) @ (W @ Cvy), W oW,

Moreover, we have

N—-1
R/\k,/\l(u)’(Vl/\WA(k—l))@CVl =u+1, R/\k,/\l(u)’WAk@W = Rﬁ\k,/\1> (u),

N-1 ~
= (R(A(k—f),m(u) St) , (4.7)

R/\k,/\l(u)’((Vl/\w/\(kfl))(gw)@(WAk®CV1) S U

where S((vi Ax) @ w) = (—D)XIWV(w A x) @ vy.
Regard T'(u) and T"*(u), see (2.18), as matrices over the super Yangian Y (9lnpn)

and consider the block decomposition induced by the decompositions V = Cvy & W and
’\7/\]€ — (V]_ /\ W/\(k—l)) @ W/\k?’

A(u) B(u) Ak A(u) B(u)
o= (& pen) - 70 = (G0 b )
For example, A(u) = T11(u), B(u) = =N 5 E1, @ Tia(u), D(u) = Z(jl\,]bzz Eup @ Top(u).

We use the following convenient notations. Denote by HY (L, M) the superspace
Hom(L, M) @ Y(gl,,p)
matrices. For instance, the coefficients of the series B, D, A, E, D belong to HY (W, C),
HY (W, W), HY (WAE=1) WAG=1)) HY (WA WAK=1) HY (WA WARY - In particular, if
k=1, then X(u) = X (u) for X = A, B,C, D.

Renormalize R-matrices,

of matrices with noncommuting entries. Call L the domain of those

R(u) = % RNV Ry = RN VW) R = LRV D w

w1 Nl w NkAL
and define an even linear map
S WAE=D @ W 5 WAk, Sxew) = (—1)XMw A x.

We have equalities

BB (o) = — L7 B ) B (o) B2 (4 —
BY(u)B¥(v) py—— 1B (v)BH(v)RY (u — v) (4.9)
AW (u)BP(v) = B ) AV (w)ROP (u— v — 1) + B(u)SM A(v), (4.10)
u—"v
DY (w) B (v) = BP(v) DM (w) R (1 — v) — L spm () D@ (v), (4.11)
u—"v
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in HY (WM @ W, WAE=D) HY (WAE=D @ W, WAE=D) "and HY (W @ W, W), respec-
tively, where the superscripts in brackets indicate which tensor factors are domains of the
corresponding matrices. In particular, if K = 1, we have

B (w) BB (v) = uu_igj_le (v)BU (v)ﬁ(u) (u—v) (4.12)
AD () B(v) = %B(U)A(l)(u) +- L “B(w)A(v), (4.13)
DW(w)B2 (v) = B2 (1) DY () B (u — v) — - i - Bl () D) (v), (4.14)

see also [1, equations (4.6)-(4.8)].
Let R(u) = (u+ (—1)2)=1PN-DRN=1)(4). For a function f(uy,...,u,) with values
in matrices with the domain W®" and a simple permutation (7,7 + 1), 1 < i < r, set

GHD fug, o) = Fut, e i1, Wity Wiy Wit2, - - - ue) RO (0 —wig). (4.15)
Note that the matrix R(u) satisfies R(u)R(—u) =1 and
R (4 — 0) R () R (v) = R (0) R (u) R (0 — v).

Due to this, (4.15) extends to an action of the symmetric group &, on functions f(uq, ..., u,)
with values in matrices with the domain W®", f + °f o € &,. Thanks to (4.12), the
expression B (uy)--- BIl(u,) is invariant under this action of &,.

In general, for a function f(ui,...,u,) with values in matrices with the domain
WET | define

P‘Symrf(ul,...,ur) = Z Tf(u, ..., up).

ceS,

Proposition 4.9 ([25, Proposition 11.5]). We have
A () BM (uy) - - - B ()
= BW(uy) - B (4 ) AO RO (4 — up — 1) - ROV (y — g — 1)

(4.16)
+G - i B sy, —1U1 H2  — LS00 (uy) - B () Aun) ),
DO (w)BY (uy)--- Bl ()
= BW(uy) ... Bl (ur)[)(o)fg(of“) (uw—u)- - }?5(01)(“ ~ )
~ raySBU s (B BV (4.17)
x DO ()R (uy — ) -+ B (g u2>),
where the tensor products are counted by 0,1,..., 7. L]

We also need the following statements. Note that formulas here are slightly different
from those in [25] as we are using the opposite coproduct, see (4.2).
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Lemma 4.10 ([25, Lemma 11.6]). We have

DO@WE (w— ) RO —wr) = pu, ..., u)(TV D (),
DO () RO (w = wy) -+ RO (w = ur) = o, ..., un) (TN () ™). 0

Recall that for A, B € Y(gly ), we write A ~ B if A— B € Y (gly), where Y (gly) is
the left ideal of Y(glys) generated by the coefficients of the series Tp,(u) for 1 <a < b < N.

Lemma 4.11 (25, Lemma 11.7]). For any X € Y(gly_;), we have

A(w)p(u, ..., up)(X) 2 (ur, ..., up)(X)A(w), (4.18)
O @) ROV (= up —1) - RO (1 — g — D (ug, . . ., up ) (X)

H“‘“l_l (@, u) (T (= 1) X). (4.19)

U — U

Proof. Let Y (glys) be the left ideal of Y(glys) generated by the coefficients of the series
To1(u) for 2 < a < N. Note that Y (gly) is a subideal of Y (gly/). It is clear from the
definition relations (2.8) that for any Z € Y(gly_;) and C' € Y (glyr), the coefficients of
[Tﬁ\[> (u),¥(Z)] and C(Z) belong to Y« (gly). Therefore (4.18) follows from the fact that
Au) = T (u) and ¥ur,...u,) (X) € (Y (gly_1)):

It follows from [20, Proposition 2 & Remark 2.4] that the coefficients of entries of the
matrix A(u) — A(u)D~1(u — 1) are in Yy (gly). Therefore, by Lemma 4.10, we have

-~

AOWROY (4 — wp — 1) - RO (e — uy — D)p(uy, . . ., u,)(X)

~ A(u) (DM — 1) ROD (4 — iy — 1) - RO (1 — g — 1), - . uy) (X)

'
u—u; — 1

~ A (ua, ) (TN (= 0) wtur, o u) (XD ]

=1 U Wi
,
- ke u—u; — 1
~ A(u)y(ug, ..., uT)((T<N D —1))" lX) II—
=1 4T Ui
Here we also used the fact ¢(u1,...,u,) is a homomorphism of superalgebras. ]

Now we are ready to finish the proof of Theorem 3 5 Let Q=N 1 Q(LE(%V> € End(V)
and Q = YN Qo1 BXY] wi1 € End(W). Set @ = Q""" and @ = @™, By the definition

of transfer matrices, see (3.1), we have

T = Qustrygnc— (QA(w)) + stryar (QD(w)). (4.20)
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Set r = ¢t and u; = t}, 1 <i < r. We have

Tr@(uw)BY () - - B (u,) (4.21)

— , ~ iy~ = o~
- 11 B[Z}(ui)(Ql(strWA(k1)®id®r)(Q(0)A(0)(u) [T R (u—u;—1)

1<i<r 1<j<r
+ (strygor @) (QODO@W) T] RO (u - u ))>
1<j<r
I g 1 1 1] = i T —uy— 1
+ Sym{l7) {B u Biw) (@ ——A(u
( _1)! Lot | g qgq Q( )2!:['@“ ( ) 1]'1;[2 u—u ( 1)

— 9% DO (uy) ﬁ R (4 uj)»

2<j<r

where Bg(u) = (strypag-1) ® id) (@A(kfl)é(u)S) and the tensor factors for the products

under the traces are counted by 0,1,...,r. Here we also used the equality

(strypmr ® id) (@AkS(E(u) ® id)) = Bo(u)Q

which follows from the supercyclicity of the supertrace and the formula

ANk=1) _ —=

J— k J—
Q"s=s5@" "V eQ).
Note that Bg(u) = B(u) if k = 1.

For an expression f(v) set res f(v) = ((v —w)f(v))|,_, if the substitution makes sense.

By Lemma 4.10 and the equality res (R(v —uy)) = PV =1 we have
v=u1

— .
@(1)D(1) (Ul) H R(U)(ul . Uj)
2<y<r

= ses ((stm0 210 @ DO0) T] B0 —u;)

Igsr

= ses (Gt 210 @7 DO0) T] R0 - u)

= res (w(ul, e uT)(‘J'<N_1>(v))) :

v=u1 LQ

In the second equality, we used the super cyclicity of super trace which allows us to permute

factors by conjugating the product of super flip operators (P<N *1>)(z’] ),
1<i<j<r

conjugations will also be used in the sequel which we shall not write explicitly.

Similar
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Therefore, for any X € Y(glyr_1), by Lemma 4.11 and (4.21), we have

Tr.ow)BH (ur) - - B (u, ) (uy, . . . ur) (X) (4.22)

U rgopeen [ 1 gl T gl
+ oyl [l T 89w
(0w (X0@AG) T = s (Wl ) (75 ) X)) )|

Then we apply both sides of (4.22) to the vector wi", set X = IB%< >( t), see Propo-

sition 4.3, and employ the induction assumption. The ﬁrst step amounts to replacing
'

¥(ug,...,ur) by @Z(ul, ..., uy), see section 4.1, and changing RSymi’l';jj.M to the ordinary

symmetrization Sym due to the fact that R(u)wl QW] = W] ® wWi.

UL 5oy Upr
We discuss the next two steps. Recall that A(u) = Ti1(u), r = &', and w; = t},
1 <¢<r. By Lemma 2.1, 4.1, and

we have

51
~ ) a
Bt (TS (W) = Turrari(w) @ Wi T (1+ e ) 1<a<N-1 (4.23)

1 U — tl1
Then (4.22) becomes
T, (u)Be(t) (4.24)
& —1 k
EIBg(t)<Q1T11(’U,) H ZHI{% U—j‘l-l )
: U — Uj
j=1 J a j=2
k s
+ Z H ko, Xeglg(u—Jj+1; t)> + Ue k.o (ust)
b j=1

where the sums are taken over all possible a = (2< a2 <---<a; <m+1<a;41 <+ <
ap < N)and b= (2<b; <---<bj<m+1<bjy1 < bk )forvar10usl<z k
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and 0 < j < k, respectively, and

s ot (4.25)
(N=-1) i
1 1 -
H Blil( ( lthoth) (U Vo (u=10) Tn () ] —
1<1<t%1 = !
~ N—1 n
+1(t, ... ,t,}l)(u;k’a(wt)))

1 ety 1 ol o T Rl
+(§1_1)!Symt%, i, [U_ By (w) [[ BY)

St ! -
g (QITH“%) ] — Qe Ton(w) y“%&’ﬁiiiﬁii) @))

v=u1

— res (&(t},...,tgl)(ug;(v;{))))].

Here kg in yi1(t} + ko) comes from (4.23). Finally, using the induction hypothesis that
the expressions Ug}%n(v t) are contained in Ié{\fQ1>(v; t), Lemmas 2.1, 2.3, 4.1, 4.2, and
formulas (3.13), (4.1), (4.2), we conclude that there exists an element Ue 1 o(ust) in Tg ¢ 0
satisfying (4.25), completing the proof of Theorem 3.3 from (4.24).

Proof of Proposition 3.7. Let C(u) = Y, By ® Ta1(u) be the left bottom block of T'(u)
n (4.8). Let C(u) = >-22; Cyu™*. Similar to the proof of [25, Proposition 6.2], we have

C1B(u) — B(u)C1 = k1(A(u) — D(u)) = A(u) — D(u).

The rest is parallel to that of [25, Proposition 6.2] which we shall skip the detail. O

5 Gaudin models

By taking the classical limits, we obtain the corresponding result for Gaudin models in this
section. We start with preparing notations for the Gaudin model case.

5.1 Current superalgebra

Let gl (2] be the Lie superalgebra gl,,,, ® Clz] of gl,,,|,-valued polynomials in z with the
point-wise supercommutator. Call gl ,[z] the current superalgebra of gl,,),,.
We write e{ "} for eap @ ", 7 € L. A basis of gl ,[z] is given by eib}, 1<a,b< N

and r € Zxg. They satisfy the supercommutator relations

{1} oLl — g o) _(_py(lal+ieD(el+la) s, o tres},
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We identify gl,,,, with the subalgebra gl,,,,, ® 1 of constant polynomials in g[m|n[:v], that is
{0 }

we identify eqp in gl,,), with ey’ in gl,,;,[2]. Denote by U(gl,,,,[z]) the universal enveloping
see (2.3).

-module is called a weight singular vector if ny[z]v =0

superalgebra of gl ,,[7]. Let ni[ | be the corresponding subalgebras in gl

m\n[ ]

We say that a vector in a gl,,,,,[7]
and v is an eigenvector for all e({w}, 1<a<N,sé€Zg.

-module M and z € (C, we have the evaluation gl

{s}

the evaluation point z with the action given by e}’ | M) = 2%eab) s

For any gl -module M (z) at

Consider the generating series and generating matrix

Lap(w) = (~1)" Z el u™ " € Ulgly[a]) [l 1<ab< N,
N
L(u) = Z Eup @ Lgp(u) € End(V) ® U(g[m‘n[x])[[ufl]].
a,b=1

Note that the indices in the generating series are flipped and the signs in the generating
matrix are added so that it matches the evaluation map of super Yangian we used in (2.12).

5.2 Gaudin transfer matrices

To define Gaudin transfer matrices, we first recall basics about pseudo-differential operators.

Let A be a differential superalgebra with an even derivation 9 : A — A. For r €
Z>o, denote the r-th derivative of a € A by aj). Define the superalgebra of pseudo-
differential operators A((0~')) as follows. Elements of A((0~!)) are Laurent series in 9~}
with coefficients in A, and the product is given by

g0 =0"o=1, 0a=) <Z> agd" "%, reZ, ach,
s=0
where
r\ _r(r—1)---(r—s+1)
s] s! '
Let

r=—00

AT = U(glpp[2]) (u™h) = { Y g’ gr € Ulglyu[z]), s € Z} :
Fix a matrix K = (Kg)1<ap<n € End(V), then the operator in End(V) ® Am‘"((a ),

3r(u,0y) =0, — K — Lt(u Z Ep® ( SOy — Koy — L b(u)(_1)|aub|+|a|+|b|)
a,b=1

is a Manin matrix, see [20, Lemma 3.1] and [28, Lemma 4.2].
Consider the quantum Berezinian Ber(3x(u,d,)) and expand it as an element in

o),

O (u,dy) = Ber(d, — K — LT (u ng yom—n=r, (5.1)

We call the series G, i (u) € Arln e L=, the Gaudin transfer matrices.
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Note that this family of series are different from that in [20], see section 6.1. However,
the coefficients of these two family of series generate the same subalgebra of U(gl,,,[*])
which we call the Bethe subalgebra of U(gl,,,[7]), see [28, Proposition 4.4].

The following properties about Gaudin transfer matrices are known.

Lemma 5.1 ([20]). We have

1. [gr,K(u)a gs,K(U)] = Oz'

2. if K is the zero matriz, then the coefficients of G, k(u) commutes with the subalgebra

5.3 Bethe vectors

Let My, ..., My be gl ,-modules, z = (#1,. .., 2¢) asequence of complex numbers. Consider

the tensor product of evaluation gl,,, [z]-modules M(z) = M;(z1) ® --- @ M(z). Then

we have

(2)

Lap(u = Kp Z b

T U —

and the operator QA/[K(U; z) = Gri(u)] M{(2))’ for each r € Z>, is a rational function in u, z
with the denominator [T¢_; (u — 2;)". We call the operators QAJK(U; z) the transfer matrices
of the Gaudin model on M (z]) associated with gl

We are interested in the case when M, ..., My are highest weight gl,,,,-modules with
highest weights A1, ..., Ay, where A; = (A}, ..., AY), and highest weight vectors v1, ..., vy
Set A = (Aq,...,Ay). In this case, the vector vT =v; ® --- ® vy is a singular weight vector
of U(gly,pn[z]) in M(2),

mln*

¢ a
Laa(u)vT = vtk (Z Ad ) , 1<a<N. (5.2)

i—1 4T F

Now we assume that K = Zévzl KyEq, € End(V) is diagonal and use similar notations
as in section 3.2.

Let £ = (¢4, ...,6V71) be a sequence of nonnegative integers. Consider an expression
Fe(t) in |€] variables ¢t = (¢1,... ,tél, A tg\, 1) with coefficients in U(glynlz])

which will be defined later in (6.10) of section 6.3. Here we only need to notice that Fg(t)
is obtained from Bg(t) by taking certain gradation, see Proposition 6.9. Apply F¢(t) to v™
and renormalize it so that the function

N-1&* ¢ N-2 &°
FY' (; 2) H H [T =2 I1 11 H (5 — ) (5.3)
a=1 i=1j=1 a=1 i=1 j=1

is a polynomial in ¢, z, see section 6.3. We call F? (t; z) an off-shell Bethe vector for the
Gaudin model on M (z|) associated with gl
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Let y = (y1,...,yn—1) be the sequence of polynomials associated to ¢t and €. The
system of algebraic equations in |£| variables ¢,

AS — Kot AT Ryl (1)

l Ka
Ka_Ka—l-l"‘Z

j=1 t;‘l —Zj Ya—1 (t?> (5'4)
. (K/a + Ha+1)yg(t;'l) HaJrly:z—i-l (t?) -0
2y, (t?) ya-l—l(tg) ’

1<a< N—-1,1<1i<¢% is called the Bethe ansatz equation, see [16, equation (4.2)],

which is usually written in the form,

ﬁgﬁ((t; z;A) =0, (5.5)
where
/ a a+1 gat
ai 14 . HaAj - /€a+1Aj Ka
ﬁi,K(t’z’A) :Ka_Ka+1+Z 9 — z; t Z ta _ pa—1
j=1 i =1 Y j
e it (5.6)
Ka + Ka+1 Ra+1
o Z 1o — ta +th_tq+1’
j=Lj#i 0 =1l T
1<a< N,and 1 <i< &% We always assume that for a solution t = (ﬂ, ... ,fé\fv_,ll) of

system (5.5), any denominator appearing in (5.6) does not vanish unless the corresponding
numerator is zero. A solution # of (5.4) is called isolated if there is a ball in CEl about £
which contains no solutions to (5.4) other than ¢.

When £ is a solution of the Bethe ansatz equation (5.4), we say that the vector IF'EJr (t; 2)
is an on-shell Bethe vector.

5.4 Main results for Gaudin models

For 1 < a < N, define

l AC / !
Yo (u)  ya(u)
X¢ o (ut;z;A) = K, + K ( J_ 4 e - 2a , 5.7
EyK( ) a a J_Zl u— Zj ya_l(u) ya(u) ( )
where y = (y1,...,yn—1) is the sequence of polynomials associated to ¢t and &.
Theorem 5.2. Let K be a diagonal matriz. If My, ..., My are highest weight gl,,),,-modules

with highest weights A1, . .., Ay and t is an isolated solution of the Bethe ansatz equation (5.5),
then we have

vt r vt x T a ry Ka
Dk (u,0u)F¢ (t;2) =F¢ (t;2) H (Ou — X¢ i (u;t; 2, )™,

1<a<N

where D (u, 0y) is defined in (5.1).
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The theorem is proved in section 6.4. It is an analog of [45, Theorem 3] for supersym-
metric case in type A. Note that the condition for the solution being isolated in Theorem 5.2
can be removed. If the solution is not isolated, then the statements can be proved similarly
to [25, Theorems 8.6 & 9.2] as we have done for the XXX spin chain case in sections 3
and 4. The base case of the induction similar to the beginning of section 4.3 for Gaudin
models can be established using the results from section 6.5. The theorem for the case of
m =n =1 was announced in [46, Theorem 4.11].

Note that the pseudo-differential operator

_>
Do(u, Oy; t; 2, A) = H (&J—%g,K(u;t}z;A))ﬁ“ (5.8)

1<a<N
was introduced in [29, equation (6.5)].

Proposition 5.3 (cf. [16, Theorem 4.3]). Let K be the zero matrix. If My,..., My are
highest weight gl,,,,,-modules with highest weights A1, ..., As and t is an isolated solution of
the Bethe ansatz equation (5.5), then the on-shell Bethe vector F‘g (t;2) is a gl

vector in My ® -+ - ® My with weight

min-Stngular

¢
<ZA1 512A1+§1 ZAN+5N 1)
i=1
The proposition is proved in section 6.4.

6 More on Gaudin models

6.1 More on transfer matrices

Recall that N = m — n which is the supertrace of identity operator on V and also the
super-dimension of V. Note that here N may be negative. In the rest of this paper, our
convention for ratios of factorials involving N is that we first assume N is a formal variable,
then cancel common factors, and finally plug in N = m — n.

Lemma 6.1. For any l > k, and any distinct iy,...,i € {1,...,1}, we have

(strer @ id) (QU) -+ QUOTEH (). T+ (y — 4 1) AL D)

ENN — k)!
Proof. If | =k and i; = j for all 1 < j < k, then the statement becomes
(stryer ®id) (AQ; M QW -+ QWTLED () .. TRF D (4 — 1)) = Ty (),

which trivially follows from (3.1). For general cases, using the equalities

PEQOTEHD = QUITGHD 6 plip = Ay P,
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the cyclicity of supertrace, and the formula
(id®k ® Stl"v@(z—k))A{l} = li(N:Z))!.A{k}’

it reduces to show the particular case when [ = k and i; = j for all 1 < j < k. O

Remark 6.2. Note that since k < I, the denominator would not be zero after cancellation.
ENN — k)!

m can be zero for certain | and k €

However, unlike the even case, the number
{1,...,1}.
Define another family of difference operators in Y(g[m|n)[[u_1, Ou]], cf. [25, 40],
_> i) (i 41 d (1--0)
Dro(u, D) = (strps @ id)(( I (1 QT ye-ey)ath ) (6.1)
1<i<l
for [ € Z~¢. By Lemma 6.1, we have the following corollary.

Corollary 6.3. Forl € Z~q, we have

l —
Dio(u,0u) = (j\fl_l>| Z(_Uk((jl\r_:))!!ﬂ'k,@(u)e_ka“.

Remark 6.4. It follows from (2.17) and (A{l})z = Ay, that

ﬁ (1- Q(i)T(i,l—i-l)(u)e_au)A(L..l)

{3
1<i<l
(-0 — (&) (3,l+1) —8u A (1D
= A{l} H (1 — Q T\ (u)e u)A{l} s
1<i<l
see also [20, Proposition 2.1]. O

There are also another family of Gaudin transfer matrices, see [20], defined as follows.
For each [ € Z~, consider the formal differential operator,

™ ‘ j\l+1 (1)
QZ,K(uﬂ?u) = (Stl“v@z & ld)<< H (8u — K(l) — L(% + )(u)))A{l} > (6.2)
1<i<l
Let & (u) € U(gly,[z])[[u™']], I € Zso and 1 < k <1, be the coefficients of &k (u, dy),
!
@l,[{(u, 8u) = Z(—l)kﬁlk,;{(u)ﬁf’“. (6.3)
k=0
Let w be a formal variable. It is known from [20, Theorem 2.13] that

Ber(1 + w3k (u,0y,)) = i WDy g (u, Oy). (6.4)
k=0

~31 -



6.2 Filtration on Y(gl,,,)

Consider a filtered superalgebra A with an ascending filtration --- C As_1 C As C Asy1 C
... C A. Denote by grd : A, — A,/As_; the natural projection and identify the quotient
spaces with the corresponding homogeneous subspaces in the graded superalgebra

grA = @ ArJAr .

rez

Then gr? is regarded as a map from A, to grA. We will simply write gr, for gr®t when the
superalgebra A is clear in the context. The superalgebra End(V) ® A also has a filtration
induced from that on A.

The super Yangian Y(g[m|n) has a degree function defined by deg T(;{lf Y~ 51 for
1<a,b< N and s € Zso. Then Y(gl,,,) is a filtered superalgebra with Y(gl,,,)s being
the subspace spanned by elements whose degrees are at most s. It is well known that
g8 (Y (alyin)) = U(glyal2]) and gr, (T57) = (~1)Plels).

The filtration on Y(gl,,,) can be extended to the superalgebra Y (gl,,,,)[[u™", .]]:
degu! = degd, = —1. Clearly, gr(Y(gl,,)[[u™", u]]) = U(glyp,[x])[[u™", 8u]]. The series
Tap () = 6ap € Y (@l [[u™", 0u]] has degree —1 and

gr_1(Tup(u) = 0ap) = Lap(u), gr_1(T(u) — 1) = L(w). (6.5)

We assume further that @ in (3.1) is a series in End(V)[[(]] instead of simply in End(V).
Then transfer matrices are power series in u~! and ¢ with coefficients in Y (gl,,),)- Hence we
consider transfer matrices are elements in Y(g[m|n)[[u_1, Ou, ¢]]. Results and construction
adapting to this new assumption naturally generalizes to the described setting. Extend
further the filtration on Y(g[m|n)[[u_1, Ou]] to Y(g[m‘n)[[u_l, Ou, C]] by deg ¢ = —1. Similarly,
in the Gaudin model case, we assume K to be an element in End(V)[[(]].

By convention, set Ty g(u) = 1. For any k € Zxq, set

k —i)!
S101) = 5 D I Tl

1=0

Equivalently, for k,1 € Z>q, Sy g(u) satisfy

l _ ! N — )] '
S skl = ) e+ ) (66)

k=0 =0

where y is a formal variale.

Proposition 6.5. Let deg(Q — 1) < —1 with K = gr_(Q — 1). Then deg(8;o(u)) = —k
for all k € Z=y. Moreover, for any | € Zxy, we have

@ 4(8k0(0) = Ouinlv), e (ko) = Bkl (6)

In particular, we have

mqskk,l((u) = le,K(U),

~32 -



l
@l,K(u, au) = (J\fl—l)‘ Z(—l)k((jl\f__:))" kakj((u)az_k.
S — :

Proof. Setting y = % — 1 in (6.6), by Corollary 6.3, we have

l
Z(1)km&@(u)(e% — )R = (N = D)I'Dy g (u, By, )el%. (6.8)
k=0 :
Then one has
k — )] . A
(= BSug(u) = 3 (1) B Dig(u D e 1 (6.9
=0 :

by the standard identity
ZS: G
(s —r)! s
! !
Note that deg(T'(u) — 1) = deg(e? —1) = —1 and deg(Q — 1) < —1, we conclude from (6.1)
that deg(D;,g(u,0y)) = —i. Therefore, deg(8;,o(u)) = —k by (6.9).
Using gr_{(e% — 1) = 9, and gr_;(T(u) — 1) = L(u), see (6.5), and computing
gr_;(Dyg(u,0y)) by (6.8) and (6.1), we obtain that

l r N —R)! I~k
(N =D'Dy k(u,8,) = > _(—1) Wgr—k(sla@(u))au ;
k=0 ( - )
where we also used (6.2). Now (6.7) follows from (6.3). The rests are now obvious. O

Remark 6.6. Note that the last two formulas can also be proved by using similar methods
used in Lemma 6.1 and Corollary 6.3. O
6.3 Recurrence of Bethe vectors

In this section, we define similar maps

¢7 w(xla"'v'x?“>v ¢($1,~~,l‘r)

for U(gl,,jn[z]). We shall use the same notations for the counterparts in section 4.1.
Define the embedding v : U(gly_;[z]) < U(glpr[z]) by the rule
S W) = Lasapi(w), 1<ab<N-1.

Define a map ¢ (x1,...,z,) : U(gly_1[z]) = U(gly[z]) @ End(W®") by

@,z ) (L) = Lapapin (w) @ 197

r 196-1) g E&\PD & 180—0)

+>1®
=1

Define a map v : U(gly_, [z]) = U(gly[z]) ©@ W by

U— Tpry1—i

V(1. m) = Y@, 1) = (@1, ze) (1@ WP,

The following lemmas are straightforward.
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Lemma 6.7. We have 9 (z1, . .., 2,)(Ulgly_ [2lnY " [2]) € U(gly[alnslz]) @ W
Similarly, define the embedding ¢ : U(gly_s[z]) < U(gly_1[z]) by the rule

N -2 N-1
¢(L(<1b >( ) = L(<1+1b->-1() 1<a,b< N2

Lemma 6.8. We have ¢(z1,...,z,) 0 ¢ = (1 0 ¢) @ wo'.

Recall that € = (¢2,...,6V " and t = (3,...,t2

52;...;75]1\/_1 téVN ). Define Fg(t)

inductively by
1 ~ N—=1) , =~
Fe(t) = FO (1) - FOaq)d(et, o t) (B (@), (6.10)

where F(u) = (Liz(u),...,Liy(u)) = SN F a1 ® Lias1(u) and its coefficients are
treated as elements in Hom(W, C) @ U(gl,,,,[7]).

Recall from section 6.2 the degree function deg defined on Y(g[m‘n)[[u_l,&,g]] b
degu~! = degd, = deg( = —1. Extend the degree function to rational expressions in ¢
with coefficients in Y(gl,,)[[u", ;,¢]] by setting degtf =1 and deg(t{ — t;’»)_1 = —1 for
all possible a,b,i,j. Note that the maps v, ¥(ti, ... ,tél), and J(t%, . ’1%1) respect the
degree function and the projections to the associated graded superalgebras. For instance, if
X € Y(gly,,) and deg X = k, then deg(X) = k and ¢ (gr, X) = gri,(¢(X)).

Proposition 6.9. We have deg(Be(t)) = —|&| and gr_m(@g(t)) =TFe(2).

Proof. The statements follow from Proposition 4.3, the equality (6.5), and the definition of
Fe(t) by induction. O

6.4 Proof of theorem 5.2

We show Theorem 5.2 by taking the classical limits of Corollary 3.6. We start with recalling
the objects we would like to compare between XXX spin chains and Gaudin models.

Let My, ..., My be highest weight gl,,,,-modules with highest weights Aq,..., Ay, 2 =
(#1,- .., 2¢) a sequence of complex numbers. Recall the tensor product of evaluation Y(gl,,,,)-
modules M (z) = Mi(z1)®- - -®@M;(z,), the rational difference operator Dg(u, 9,,) defined by
quantum Berezinian, see (3.4) and (3.5), and the off-shell Bethe vector IB%E+ (t; z), see (3.18).

Consider the rational functions

4 1
Qi (t:2:A) = Qa 18 — zj + KA H — ta + Kaq
£7Q ? ) Qa_l’_l t _ ZJ + /ia_l'-lAaJrl t? 1
f“ R t““
X H a a i H a a+1 )
=1t tz —t + Ka+1 j=1 tz —t — Kg+1
for 1 <a < N and 1 <i <& cf the Bethe ansatz equation (3.19), the rational functions

DC&Q(U, t;z; A), see (3.2()), and the rational difference operator Dg(u, 0y; t; z; A), see (3.21),
which encodes the eigenvalues of transfer matrices for XXX spin chains, see Corollary 3.6.
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Similarly, we have the corresponding objects for Gaudin models. Recall the tensor
product of evaluation gl,,,,, [z]-modules M (z)) = M (21)®- - -® M;(z), the pseudo-differential
operator ® g (u, 0,,) defined by quantum Berezinian, see (5.1), and the off-shell Bethe vector
IFEJr (t; z). Consider the rational functions ﬁgZK (t;z; A), see (5.6), the rational functions
Xg o(ust; z; A), see (5.7), and the pseudo-differential operator D i (u, dy; t; z; A), see (5.8).

The objects associated to Gaudin models can be obtained from the corresponding
objects for the XXX spin chains by taking the following limit.

Note that M(z) and M (z) share the same space which we denote by M. Then the
following operators

Tc{‘bJ(U? z) = ab(u)JM(z)v L%(UQ z) = Lab(u)JM(]zD?

Dg(u, du; z) = Dglu, au)JM(E_lz), @g(u, Ou; z) = Dg(u, 0y)] M(2)

can be regarded as operators on M depending on the corresponding parameters.

Set etz = (e712y,...,e7 1) and et = (e 1t, ... *1t§]]\, ).
Proposition 6.10. Let Q =1+ cK. Ase — 0, we have
TH (e uze ™1 2) = up+rpe L2 (u; 2) +O(£2), (6.11)
Qi (e e 2 A) = 14+eREY (821 A)+O(7), (6.12)
Dé\?/[ (e u,edy;e712) = 6m_”©g[(u, Ou; 2)+0(em ), (6.13)
DLQ(a*lu,a@u;e la. A)—e D1k (u,0yu;t;2; A)+0(e ”1) (6.14)
DQ(s_lu,sﬁu;s_lt's_le) =™ "D e (u, Oy t; 23 A)+ O (™), (6.15)

¢ N—1 &@ N—2 ¢ ¢otl

B¢ (e D I I T TTITTT e =7 (0240, (6.10)

i=1a=1j=1"7J Z(llll]l]

Proof. The equalities (6.11) and (6.12) are straightforward. The formulas (6.13), (6.14),
(6.15) are proved similarly as in Theorem 6.5. The formula (6.16) essentially follows from

Proposition 6.9. 0

Now Theorem 5.2 and Proposition 5.3 follow from Corollary 3.6 and Proposition 3.7,
respectively, by taking the classical limit using the previous proposition.

6.5 Correspondence between U(gl,,,[x]) and U(gl,,[x])

In this section, we discuss the symmetry between Gaudin models for gl ,, and gl,,,,, ct.
section 4.2. We shall use similar conventions as in section 4.2.
We have the following isomorphism

v U(g[m|n['x]) — U(g[n|m[ ]) Lab(u) = f/b’a’ (u)(_1)|a’|\b’|+|b/|'

For each [ € Z~(, consider another formal differential operator,

Dy (1, 8) = (strye ®id)<( ﬁ (0, — K@ — LG (y )))Hg} ”) (6.17)

1<i<l

— 35 —



It is known from [20, Theorem 2.13] that

o0

(Ber(1 + w3k (u,8,))) " = 3 (=1) "Dy g (u, 8,,). (6.18)
k=0

Recall the isomorphism ¢ : End(V) — End(V) from (4.3). Again, we always extend the
isomorphism ¥ : U(gl,,,[2]) — U(gl,,,,[2]) by the rule
For brevity, we denote this map again by 1J. For instance, we have

N
I(L(w) =L(w) == 37 By @ Lyo (u)(=1) " € End(V) @ U(glyjo2]) [
a'b'=1
We have the following analogous results whose proofs are similar to that of the super Yangian
case. For a diagonal matrix K = YN | K,F,, € End(V), set K=Y | K,Eyy € End(V),
ie. K= p(K).
Lemma 6.11. We have
D,k (1, 0u)) = (—1) Dy (u, D), (D, (1, 0)) = (—1)' Dy (u, Bu).

Proof. The lemma is similar to that of Lemma 4.5 using the isomorphism g and the fact
that supertranspose respects the supertrace. ]

Corollary 6.12. We have 9(Ber(1 + w3k (u,dy))) = (Ber(1 + ng(u,ﬁu)))_l
)

Corollary 6.13. We have 9(Ber(3x (u,9,))) = (Ber(3x (u,9,)))
Proof. Recall that Al — U(g[m|n[:c])((u_1)). Let AT'"[E) ] C Am‘n((&jl)) be the subalge-

bra of differential operators,

.Aum|n[8u] = { azﬁi, re Z;o, a; € Azzn} .
=0

Define a linear map ®™" : AT‘”((@;I)) — AT‘"[(‘)U],
(I)m\n: Z az% — Z ai(w_l +8u)l
where the right hand side is expanded by the rule: (w™! +9,)" = 20 ( )aﬂw “+J, Then

the map ®"I" is an injective homomorphism of superalgebras, see [28, Lemma 4.1]. It is
also clear that 9 o ®™" = ®"I™ o . By the proof of [28, Proposition 4.4], we have

w™ O™ (9 (Ber(3x (u, ) = I(w™ O™ (Ber(3x (u, 8,))))
= ¥(Ber(1 + w3k (u, dy)))
= (Ber(1+ w3k (u, 8u)))_1
= (w"™@"™ (Ber(3k (u, 8y)))
= w™ """ ((Ber(3k (u, 0u))) -

Now the claim follows from the injectivity of ®"™. O
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Lemma 6.14. The image of F¢(t) under the isomorphism ¥ equals to ﬁ‘é(f) up to sign.

Proof. The statement follows from the fact that w and ¢ preserve the degrees and
the equality

gri'lz ow =10 ng|

[n
3K

| ) and Y(gl

where grs"" and grg' " are the graded maps for Y (gl respectively. O

mln n|m)’

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP? supports
the goals of the International Year of Basic Sciences for Sustainable Development.

References

[1] S. Belliard and E. Ragoucy, Nested Bethe ansatz for ‘all’ closed spin chains, J. Phys. A 41
(2008) 295202 [arXiv:0804.2822] [INSPIRE].

[2] Z. Tsuboi, A. Zabrodin and A. Zotov, Supersymmetric quantum spin chains and classical
integrable systems, JHEP 05 (2015) 086 [arXiv:1412.2586] [INSPIRE].

[3] S.Z. Pakuliak, E. Ragoucy and N.A. Slavnov, Bethe vectors for models based on the
super-Yangian Y (gl(m|n)), J. Integrab. Syst. 2 (2017) 1 [arXiv:1604.02311] [INSPIRE].

[4] N. Gromov and F. Levkovich-Maslyuk, New Compact Construction of Eigenstates for
Supersymmetric Spin Chains, JHEP 09 (2018) 085 [arXiv:1805.03927| [InSPIRE].

[5] C. Huang, K. Lu and E. Mukhin, Solutions of gl,,,, XXX Bethe ansatz equation and rational
difference operators, J. Phys. A 52 (2019) 375204 [arXiv:1811.11225] INSPIRE].

[6] J.M. Maillet, G. Niccoli and L. Vignoli, Separation of variables bases for integrable gl and
Hubbard models, SciPost Phys. 9 (2020) 060 [arXiv:1907.08124] [InSPIRE].

[7] K. Lu and E. Mukhin, On the Supersymmetric XXX Spin Chains Associated to glyjy, Commun.
Math. Phys. 386 (2021) 711 [arXiv:1910.13360] [INSPIRE].

[8] D. Chernyak, S. Leurent and D. Volin, Completeness of Wronskian Bethe Equations for
Rational gl,,, Spin Chains, Commun. Math. Phys. 391 (2022) 969 [arXiv:2004.02865]
[INSPIRE].

m|n

[9] B. Sutherland, Beautiful models: 70 years of exactlysolved quantum many-body problems,
World Scientific, Singapore (2004) [D0I:10.1142/5552].

[10] F. Essler, H. Frahm, F. Gohmann, A. Klimper and V.E. Korepin, The one-dimensional
Hubbard model, Cambridge University Press, Cambridge, U.K. (2005)
[DOI:10.1017/cbo9780511534843].

[11] N. Beisert et al., Review of AdS/CFT Integrability: An Overview, Lett. Math. Phys. 99 (2012)
3 [arXiv:1012.3982] [INSPIRE].

[12] N. Nekrasov, Superspin chains and supersymmetric gauge theories, JHEP 03 (2019) 102
[arXiv:1811.04278] [INSPIRE].

[13] N. Ishtiaque, S.F. Moosavian, S. Raghavendran and J. Yagi, Superspin chains from superstring
theory, SciPost Phys. 13 (2022) 083 [arXiv:2110.15112] [INnSPIRE].

37—


https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1751-8113/41/29/295202
https://doi.org/10.1088/1751-8113/41/29/295202
https://arxiv.org/abs/0804.2822
https://inspirehep.net/literature/787355
https://doi.org/10.1007/JHEP05(2015)086
https://arxiv.org/abs/1412.2586
https://inspirehep.net/literature/1333319
https://doi.org/10.1093/integr/xyx001
https://arxiv.org/abs/1604.02311
https://inspirehep.net/literature/1444900
https://doi.org/10.1007/JHEP09(2018)085
https://arxiv.org/abs/1805.03927
https://inspirehep.net/literature/1672474
https://doi.org/10.1088/1751-8121/ab1960
https://arxiv.org/abs/1811.11225
https://inspirehep.net/literature/1705757
https://doi.org/10.21468/SciPostPhys.9.4.060
https://arxiv.org/abs/1907.08124
https://inspirehep.net/literature/1744423
https://doi.org/10.1007/s00220-021-04155-2
https://doi.org/10.1007/s00220-021-04155-2
https://arxiv.org/abs/1910.13360
https://inspirehep.net/literature/1762453
https://doi.org/10.1007/s00220-021-04275-9
https://arxiv.org/abs/2004.02865
https://inspirehep.net/literature/1789834
https://doi.org/10.1142/5552
https://doi.org/10.1017/cbo9780511534843
https://doi.org/10.1007/s11005-011-0529-2
https://doi.org/10.1007/s11005-011-0529-2
https://arxiv.org/abs/1012.3982
https://inspirehep.net/literature/881932
https://doi.org/10.1007/JHEP03(2019)102
https://arxiv.org/abs/1811.04278
https://inspirehep.net/literature/1703187
https://doi.org/10.21468/SciPostPhys.13.4.083
https://arxiv.org/abs/2110.15112
https://inspirehep.net/literature/1954852

[14]

23]

[24]

[25]

[31]

[32]

P.P. Kulish and E.K. Sklyanin, On the solution of the Yang-Baxter equation, Zap. Nauchn.
Semin. 95 (1980) 129 [INSPIRE].

P.P. Kulish, Integrable graded magnets, Zap. Nauchn. Semin. 145 (1985) 140 [INSPIRE].

E. Mukhin, B. Vicedo and C.A.S. Young, Gaudin models for gl(m/n), J. Math. Phys. 56 (2015)
051704 [arXiv:1404.3526] [INSPIRE].

T. Fleury and S. Komatsu, Hezagonalization of Correlation Functions, JHEP 01 (2017) 130
[arXiv:1611.05577] [INSPIRE].

A. Cavaglia, N. Gromov and F. Levkovich-Maslyuk, Quantum spectral curve and structure
constants in N' =4 SYM: cusps in the ladder limit, JHEP 10 (2018) 060 [arXiv:1802.04237]
[INSPIRE].

S. Giombi and S. Komatsu, Ezact Correlators on the Wilson Loop in N' =4 SYM:
Localization, Defect CFT, and Integrability, JHEP 05 (2018) 109 [Erratum ibid. 11 (2018)
123] [arXiv:1802.05201] [NSPIRE].

AL Molev and E. Ragoucy, The MacMahon Master Theorem for right quantum superalgebras
and higher Sugawara operators for gl(m|n), arXiv:0911.3447.

M. Nazarov and G. Olshanski, Bethe Subalgebras in Twisted Yangians, q—alg/9507003
[DOI:10.1007/BF02099459].

L.D. Faddeev, E.K. Sklyanin and L.A. Takhtajan, The Quantum Inverse Problem Method. 1,
Teor. Mat. Fiz. 40 (1979) 194 [INnSPIRE].

L.A. Takhtajan and L.D. Faddeev, The Quantum method of the inverse problem and the
Heisenberg XYZ model, Russ. Math. Surveys 34 (1979) 11 nSPIRE].

P. Kulish and N. Yu. Reshetikhin, Diagonalization of GL(N) invariant transfer-matrices and
quantum N-wave system (Lee model), J. Phys. A 16 (1983) L591 [INSPIRE].

E. Mukhin, V. Tarasov and A. Varchenko, Bethe eigenvectors of higher transfer matrices, J.
Stat. Mech. Theor. Exp. 2006 (2006) P0O8002 [math/0605015].

Z. Tsuboi, Analytic Bethe Ansatz And Functional Equations Associated With Any Simple Root
Systems Of The Lie Superalgebra sl(r + 1|s + 1), Physica A 252 (1998) 565
[arXiv:0911.5387] INSPIRE].

V. Bazhanov and N. Reshetikhin, Restricted Solid on Solid Models Connected With Simply
Based Algebras and Conformal Field Theory, J. Phys. A 23 (1990) 1477 [NSPIRE].

C. Huang and E. Mukhin, The duality of gl,,),, and gl}, Gaudin models, J. Algebra 548 (2020)
1 [arXiv:1904.02753] [INSPIRE].

C. Huang, E. Mukhin, B. Vicedo and C. Young, The solutions of gly;y Bethe ansatz equation
and rational pseudodifferential operators, Sel. Math. New Ser. 25 (2019) 52
[arXiv:1809.01279].

A1 Molev, Odd reflections in the Yangian associated with gl(m|n), Lett. Math. Phys. 112
(2022) 8 [arXiv:2109.09462] [INSPIRE].

K. Lu, A note on odd reflections of super Yangian and Bethe ansatz, Lett. Math. Phys. 112
(2022) 29 [arXiv:2111.10655] [INSPIRE].

C. Marboe and D. Volin, Fast analytic solver of rational Bethe equations, J. Phys. A 50 (2017)
204002 [arXiv:1608.06504] [INSPIRE].

— 38 —


https://doi.org/10.1007/BF01091463
https://doi.org/10.1007/BF01091463
https://inspirehep.net/literature/163208
https://doi.org/10.1007/BF01083770
https://inspirehep.net/literature/225810
https://doi.org/10.1063/1.4919652
https://doi.org/10.1063/1.4919652
https://arxiv.org/abs/1404.3526
https://inspirehep.net/literature/1290419
https://doi.org/10.1007/JHEP01(2017)130
https://arxiv.org/abs/1611.05577
https://inspirehep.net/literature/1498591
https://doi.org/10.1007/JHEP10(2018)060
https://arxiv.org/abs/1802.04237
https://inspirehep.net/literature/1654607
https://doi.org/10.1007/JHEP05(2018)109
https://arxiv.org/abs/1802.05201
https://inspirehep.net/literature/1654959
https://arxiv.org/abs/0911.3447
https://arxiv.org/abs/q-alg/9507003
https://doi.org/10.1007/BF02099459
https://inspirehep.net/literature/141835
https://inspirehep.net/literature/143417
https://doi.org/10.1088/0305-4470/16/16/001
https://inspirehep.net/literature/19694
https://doi.org/10.1088/1742-5468/2006/08/P08002
https://doi.org/10.1088/1742-5468/2006/08/P08002
https://arxiv.org/abs/math/0605015
https://doi.org/10.1016/S0378-4371(97)00625-0
https://arxiv.org/abs/0911.5387
https://inspirehep.net/literature/468927
https://doi.org/10.1088/0305-4470/23/9/012
https://inspirehep.net/literature/283454
https://doi.org/10.1016/j.jalgebra.2019.11.026
https://doi.org/10.1016/j.jalgebra.2019.11.026
https://arxiv.org/abs/1904.02753
https://inspirehep.net/literature/1773413
https://doi.org/10.1007/s00029-019-0498-3
https://arxiv.org/abs/1809.01279
https://doi.org/10.1007/s11005-021-01501-2
https://doi.org/10.1007/s11005-021-01501-2
https://arxiv.org/abs/2109.09462
https://inspirehep.net/literature/1924663
https://doi.org/10.1007/s11005-022-01524-3
https://doi.org/10.1007/s11005-022-01524-3
https://arxiv.org/abs/2111.10655
https://inspirehep.net/literature/1973545
https://doi.org/10.1088/1751-8121/aa6b88
https://doi.org/10.1088/1751-8121/aa6b88
https://arxiv.org/abs/1608.06504
https://inspirehep.net/literature/1482967

[33]

[34]

[35]
[36]

[37]

[38]

J. Gu, Y. Jiang and M. Sperling, Rational Q-systems, Higgsing and Mirror Symmetry, SciPost
Phys. 14 (2023) 034 [arXiv:2208.10047] INSPIRE].

P. Ryan, Integrable systems, separation of variables and the Yang-Bazter equation, Ph.D.
thesis, TCD, Dublin, Ireland (2021) [arXiv:2201.12057] [INSPIRE].

K. Lu, Perfect Integrability and Gaudin Models, SIGMA 16 (2020) 132 [arXiv:2008.06825].

E. Mukhin, V. Tarasov and A. Varchenko, Schubert calculus and representations of general
linear group, J. Amer. Math. Soc. 22 (2009) 909 [arXiv:0711.4079].

E. Mukhin, V. Tarasov and A. Varchenko, Spaces of quasi-exponentials and representations of
the Yangian Y (gln), Transform. Groups 19 (2014) 861 [arXiv:1303.1578].

N. Gromov, F. Levkovich-Maslyuk and G. Sizov, New Construction of Figenstates and
Separation of Variables for SU(N) Quantum Spin Chains, JHEP 09 (2017) 111
[arXiv:1610.08032] [iNSPIRE].

A. Molev, Yangians and Classical Lie Algebras, Mathematical Surveys and Monographs 143,
American Mathematical Society, Providence (2007) [DOI:10.1090/surv/143].

D. Talalaev, Quantization of the Gaudin system, hep-th/0404153 [INSPIRE].

A. Chervov and G. Falqui, Manin matrices and Talalaev’s formula, J. Phys. A 41 (2008)
194006 [arXiv:0711.2236] [INSPIRE].

K. Lu and E. Mukhin, Jacobi- Trudi Identity and Drinfeld Functor for Super Yangian, Int.
Math. Res. Not. 2021 (2021) 16749 [arXiv:2007.15573] [INSPIRE].

E. Frenkel and D. Hernandez, Bazter’s relations and spectra of quantum integrable models,
Duke Math. J. 164 (2015) 2407 [arXiv:1308.3444| [INSPIRE].

B. Feigin, M. Jimbo, T. Miwa and E. Mukhin, Finite Type Modules and Bethe Ansatz
Equations, Annales Henri Poincare 18 (2017) 2543 [arXiv:1609.05724] InSPIRE].

B. Feigin, E. Frenkel and N. Reshetikhin, Gaudin model, Bethe ansatz and critical level,
Commun. Math. Phys. 166 (1994) 27 [hep-th/9402022] [INSPIRE].

K. Lu, Completeness of Bethe ansatz for Gaudin models associated with gl(1|1), Nucl. Phys. B
980 (2022) 115790 [arXiv:2202.08162] [INSPIRE].

-39 —


https://doi.org/10.21468/SciPostPhys.14.3.034
https://doi.org/10.21468/SciPostPhys.14.3.034
https://arxiv.org/abs/2208.10047
https://inspirehep.net/literature/2140101
https://arxiv.org/abs/2201.12057
https://inspirehep.net/literature/2021835
https://doi.org/10.3842/SIGMA.2020.132
https://arxiv.org/abs/2008.06825
https://doi.org/10.1090/S0894-0347-09-00640-7
https://arxiv.org/abs/0711.4079
https://doi.org/10.1007/s00031-014-9275-8
https://arxiv.org/abs/1303.1578
https://doi.org/10.1007/JHEP09(2017)111
https://arxiv.org/abs/1610.08032
https://inspirehep.net/literature/1494448
https://doi.org/10.1090/surv/143
https://arxiv.org/abs/hep-th/0404153
https://inspirehep.net/literature/648755
https://doi.org/10.1088/1751-8113/41/19/194006
https://doi.org/10.1088/1751-8113/41/19/194006
https://arxiv.org/abs/0711.2236
https://inspirehep.net/literature/773857
https://doi.org/10.1093/imrn/rnab023
https://doi.org/10.1093/imrn/rnab023
https://arxiv.org/abs/2007.15573
https://inspirehep.net/literature/1867384
https://doi.org/10.1215/00127094-3146282
https://arxiv.org/abs/1308.3444
https://inspirehep.net/literature/1247994
https://doi.org/10.1007/s00023-017-0577-y
https://arxiv.org/abs/1609.05724
https://inspirehep.net/literature/1610070
https://doi.org/10.1007/BF02099300
https://arxiv.org/abs/hep-th/9402022
https://inspirehep.net/literature/371500
https://doi.org/10.1016/j.nuclphysb.2022.115790
https://doi.org/10.1016/j.nuclphysb.2022.115790
https://arxiv.org/abs/2202.08162
https://inspirehep.net/literature/2033828

	Introduction
	Preliminaries
	Basics
	Lie superalgebra gl(m|n)
	Super Yangian
	Fusion procedure

	XXX spin chains
	Higher transfer matrices
	Universal off-shell Bethe vectors
	Main technical result
	Main results for XXX spin chains

	Proof of main results
	Recursion for the Bethe vectors
	Correspondence between Y(gl(m|n)) and Y(gl(n|m))
	Proof of theorem 3.3

	Gaudin models
	Current superalgebra
	Gaudin transfer matrices
	Bethe vectors
	Main results for Gaudin models

	More on Gaudin models
	More on transfer matrices
	Filtration on Y(gl(m|n))
	Recurrence of Bethe vectors
	Proof of theorem 5.2
	Correspondence between U(gl(m|n)[x]) and U(gl(n|m)[x])


