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We construct the standard and dual supertranslation charges on the future horizon of the Schwarzschild
black hole, using the first-order formulation of gravity with the Holst action. The Dirac bracket algebra of
standard and dual supertranslation charges is shown to exhibit a central term in the presence of singularities
in the two-sphere function associated with supertranslation. We show that one can cancel this anomalous
term and restore the asymptotic symmetry algebra by introducing a gravitational Chern-Simons theory on
the horizon. This demonstrates that consistency of the asymptotic symmetry algebra requires a new

structure on the horizon.
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I. INTRODUCTION

Black hole physics provides us with a paradox that has
been around now for almost fifty years [1]. The information
paradox illustrates an apparent conflict between classical
and semiclassical general relativity and the fundamental
tenets of quantum theory. The classical black hole unique-
ness theorems appear to indicate that the Kerr-Newman
family of black holes, characterized by their mass, angular
momentum and electric charge, is sufficient to describe all
black hole stationary states [2]. If this were true in a
complete quantum theory, then it would not be possible to
distinguish between a black hole formed from matter and
one formed form antimatter. It appears that to any observer
outside a black hole that has reached a stationary state, the
black hole is independent of the details of its formation. In
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particular, the black hole has no memory of the quantum
state of the material that formed it. The trouble comes when
black holes evaporate. Hawking showed that the outgoing
radiation is thermal and so has a large von Neumann
entropy. Suppose that the matter forming the black hole was
in a pure quantum state. In quantum mechanics, the von
Neumann entropy is constant because the time evolution
operator is unitary but that is inconsistent with the picture
outlined above. Identifying what is wrong with this picture
has been a huge challenge and, despite much hard labor,
has not yet yielded any clear solution.

Recently, it has been realized that black holes can have
soft hair [3,4]. Soft hair are extra degrees of freedom that a
black hole can have. The geometry remains that of the Kerr-
Newman sequence with the soft hair being described by a
particular class of gauge transformations. Suppose we look
at an asymptotically flat spacetime that does not contain a
black hole. Bondi-Metzner-Sachs (BMS) transformations
acting on the gravitational field at both past and future null
infinity generalize the Poincaré symmetry group familiar
from nongravitational settings [5,6]. The Poincaré group
acts on Minkowski space with large gauge transformations
generating translations, rotations or boosts. Each of these
large gauge transformations is associated with a charge
namely the momentum, angular momentum and the boost
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charge. Similarly, the BMS transformations are associated
with a charge conjugate to large gauge transformations.
These charges distinguish the infinite number of distinct
vacua of the gravitational field. In electromagnetism, one is
familiar with integrating a current over a spacelike three-
surface to describe the charge passing through the surface.
Gauss’ theorem then guarantees that this integral can be
turned into a surface integral that measures the charge
inside that surface. Exactly the same thing happens for the
BMS charges so they can be described by surface integrals
on sections of past or future null infinity. These charges can
change as the result of incoming matter or gravitational
waves passing through past null infinity or outgoing
matter or gravitational waves passing through future null
infinity. Gravitational memory gives a method of observing
the changes in these charges. We refer interested readers
to [7-20] for some earlier literature on this development.
See [21] for a review.

In black hole spacetimes, the horizon is a boundary of
what can be observed form the exterior. The integrals of
currents may then have two boundary components, one at
null infinity and the other on the horizon. As a consequence
black holes will also carry soft charges in much the same
way as they can be found at null infinity. This paper is
concerned with some of the consequences of this obser-
vation. Our main aim here is to consider pure gravity
without matter. However, in the interests of clarity and
simplicity, we will also provide an outline discussion of the
case of electromagnetism as a model of the more compli-
cated case of gravitation. The main results of this paper
have been outline in the letter [22], and in this paper we
provide details of the calculation.

We examine in detail the physics of horizon (standard
and dual) BMS charges for the Schwarzschild black hole.
The horizon charges are computed using the machinery
presented by [23,24] in the first-order formalism of gravity.
The algebra of the charges is expected to reflect the algebra
of the vector fields that generate the corresponding sym-
metry. We find an anomaly in the algebra of charges. To
preserve the symmetry of the theory, we need to introduce
some degrees of freedom to cancel the anomaly [25]. We
show that this can be done by the introduction of a
(holographic) gravitational Chern-Simons theory on the
horizon. It would be satisfying to show that the states of this
Chern-Simons theory reproduce the correct black hole
entropy and thereby describe the states of the black hole
itself. Such a goal is currently beyond us but a subject of
current investigation [26]. We find the Chern-Simons
theory for electromagnetism to have gauge group U(1) ®
U(1) and for gravitation to be SL(2,C) [27]. Thus from
this point of view, consistency requires the introduction of a
new structure at the horizon.

In Sec. II, we describe the analog of standard and dual
BMS transformations on the horizon in the Bondi gauge.
The use of the Bondi gauge on the horizon makes

computations particularly simple for the case of the
Schwarzschild metric. It is noteworthy that the algebra
of vector fields that generate supertranslations and super-
rotations is identical to that found for the BMS group at null
infinity. However, to establish this result, we had to revisit
some earlier work of Barnich and Troessaert where a
modified Lie bracket was introduced; the rationale and
description is also discussed in Sec. II. In Sec. III, we
introduce the charges associated to the diffeomorphism
symmetries. In parallel, we also discuss the dual (magnetic)
counterpart of the diffeomorphism symmetries. We restrict
ourselves here to use of smooth vector fields to generate the
symmetries. In Sec. IV, we continue the discussion of
charges but allow for the possibility that there could be
singularities in the supertranslations. We examine in detail
the case of the supertranslation generator having a pole
when expressed in the usual complex coordinates on the S?
of the horizon. In Sec. V, we show that the algebra of
electric and magnetic supertranslation charges is anoma-
lous and discover the nature of a central charge. In Sec. VI,
we give an alternative derivation of the same result. In
Sec. VII, we examine electromagnetic soft hair and show
that a singularity lead to an anomaly in the charge algebra
when one has both electric and magnetic transformations.
We show that this anomaly can be canceled by supposing
that the horizon has a Chern-Simons theory living on it. It is
fortunate that the Chern-Simons is a topological theory as it
is metric independent. There are two nice properties that
follow. The first is that since the horizon is a null surface,
the metric is degenerate there and one cannot invert the
metric. Had the theory been metric-dependent, as most are,
it would have been impossible to formulate a theory that is
restricted to the null surface. The second also follows from
being metric-independent. The energy-momentum tensor
of a theory is given by varying the action with respect to the
metric. Therefore, in the Chern-Simons case, the energy-
momentum tensor vanishes and the holographic theory
does not disturb the black hole geometry. In Sec. VIII, we
repeat this analysis for the gravitational case. Finally, there
is a brief discussion of our results in Sec. IX. In addition,
there are three appendices that deal with some technical
matters involved in our computations [28].

II. HORIZON BMS TRANSFORMATIONS
IN THE BONDI GAUGE

We briefly review the BMS supertranslations and super-
rotations on the future horizon of a Schwarzschild black
hole [4]. Throughout our paper, we work in the Bondi
gauge,

9rr = Gra = 0, ar det (gA;zB> =0. (1)
I

In terms of the ingoing Eddington-Finkelstein coordinates,
the Schwarzschild metric is given by
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ds?> = —Adv* + 2dvdr + r*y,5d®*dO8,
2M
A=1—-——, 2
- )
where y,p is the metric on the unit 2-sphere. A diffeo-
morphism & that preserves these conditions should
satisfy

Legrr = Legra =0, }’ABE.»:QAB =0. (3)

Such diffeomorphisms can be parametrized as [4]
1 A 2 A, 1A
¢E=Xo, _E(rDAX +D*X)o,+ ( XA +-D*X |0,, (4)
r

where X4 = X4 (v,®) is an arbitrary vector field and X =
X (v, ®) is an arbitrary scalar field on the future horizon H*.
Here D, denotes the covariant derivative on the unit 2-sphere
and so DA = y*8Dy and also D*> = DD, = y*8D,Dy.
A supertranslation is given by
X=f(©). Xx'=0, (5)
where f is a smooth function on the 2-sphere. In later
sections, we relax the smoothness condition to allow f to

have poles.
A superrotation is given by

X =2D,yA,

> XA =YA(©), (6)

where Y4 is a smooth vector field on the 2-sphere.

Since supertranslations and superrotations are metric-
dependent, the diffeomorphisms (4) do not form a closed
algebra under the Lie bracket of vector fields. To see why,
consider a transformation of the metric generated by &f.
Under such a transformation g,;, — g, + h,, With

hab = Eifl Gab = éiacgab + gacabéi + gcbaaéil' (7)

Now a second transformation generated by &5 will produce
the second order variation of the metric but will also
produce a variation of £{. The variation of £{ needs to be
removed in order to isolate the second order variation of the
metric. The Lie bracket [£, &] of two vector fields &f and
&5 is conventionally defined by

‘Cfl‘cﬂfz _£§2£§] = ‘C[?f].fz] (8)
so that
[£1,6,)% = £70,85 — E50,&1. )

The Lie bracket needs to be modified in order to isolate just
the second order variation of the metric. An appropriately

modified Lie bracket of vector fields was introduced by
Barnich and Troessaert [29] of vector fields and is

(€1, &) = &1, &) — 66,85 + 66, &1, (10)

where J; £5 denotes the change in the vector component &5
induced by the diffeomorphism ¢&;. Supertranslations and
superrotations acting on the metric then form a closed
algebra under the modified bracket.

For example, given a pair of vector fields & (i =1, 2)
that generate a supertranslation f; and a superrotation Y,
one can show that

[51»52]11/1253’ (11)

where &3 is a vector field that generates both a super-
translation j‘ and a superrotation ¥ given by

o 1 1
f= EleAY/f —EszAY/f + Y{Duf, = YiDafy,  (12)

VA = Y8DyY4 - YED,YY. (13)

A derivation of the above result is given in Appendix A. We
note that this is the same as for the BMS, algebra at null
infinity [29].

Another important ingredient that plays a central role in
this work is dual supertranslation, which is a new set of
asymptotic symmetries of gravity that has recently been
uncovered [30]. Interestingly, dual supertranslations are not
diffeomorphisms of any kind [31], and they have a natural
interpretation as the magnetic dual of the standard BMS
supertranslation [30-33]. In electromagnetism, magnetic
large gauge symmetry is tied to the complexification of the
large gauge transformation charge (see [34] for instance).
Similarly in gravity, the appearance of dual supertranslation
can be understood as the complexification of the BMS
charge. Just like the BMS supertranslation charge Q? can

be written as the real part of a complex Weyl scalar,
e _ 1 2 = 0 =
Of = | dzyrf(z.2)Re[¥y(u,2,2)], (14)
A I+

the dual supertranslation charge Q? is associated to its
imaginary part [30,31],

o _ifﬁ dz/rf(z.2)Im[¥)(u. 2,2)].  (15)

A prime example of a spacetime with a nontrivial global
dual supertranslation charge is the Taub-NUT space-
time [35,36], which has been studied in detail in the
context of dual supertranslation in [31]. There are also
examples of asymptotically flat spacetimes with bulk dust
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configurations that lead to a nontrivial dual supertranslation
at the null infinity, see Sec. IIl.D of [37].

More recently, it has been demonstrated by [23,24] that
dual supertranslation charges (or dual diffeomorphism
charges in general) can be computed using covariant phase
space formalism in first-order formalism of gravity with the
Holst action [38]. In the next section, we employ this
method to compute the dual supertranslation charge on the
future Schwarzschild horizon. This dual charge is then used
along with the standard horizon supertranslation charge to
compute the Dirac bracket algebra of horizon charges.

ITII. HORIZON CHARGES

We will now construct the supertranslation charges on
the future horizon H™ assuming smoothness of the super-
translation parameter f.

Following [4], let us define X to be a spacelike hyper-
surface extending from a section of Z™ to a section of the
horizon H*. A charge QF associated with T breaks into two
parts, one being on the horizon and the other on null
infinity. These two parts of Q¥ correspond to the two
components of the boundary of X, 0.

0* = Q" + 0" (16)

In [23,24], the authors provide a formula for the variation of
electric and magnetic charges associated with a vector field
£ [39]. The metric is varied inducing a variation of the
connection 1-form o of dw*

1 :
ﬁQ% = Eeaﬁyﬁ Az(lé:Ey)éa)”ﬁ A E(S, (17)
1 .
§oy = glz(nga)awaﬁ A EP, (18)

where E” is the vielbein, see Appendix B for details. Each
of these break into two contributions §Q™" and §QZ . On
the horizon, there is an advanced time coordinate v and the
horizon contributions at time v, take the form

+ 1 . .
§Q7E{ = —167[6(1‘[}7/5 %_ﬁ (lgEy)gCO Z A Ea, (19)
Y0

+ 1 . ra
W0 =g | GeEdog AEL (20
v0

Throughout this paper, we will take the viewpoint that the
black hole ultimately evaporates. Therefore, although there
is a future boundary H" to the horizon, we assume that
there is no contribution to the charge there. If an horizon
has a future endpoint, in classical general relativity it must
be singular. We presume, in conformity with common
practice, that this is not an issue and that quantum

phenomena will take care of matters. We therefore take
OH™ = HZ, the past endpoint of the horizon, and ignore all
possible contributions of HZ, the future endpoint of the
horizon. [41].

Expressions for the horizon contributions in Bondi
coordinates are derived in Appendix B. Taking & to be
the supertranslation vector field

1 1
§:fay—§D2f0r+;DAf0A, (21)

we obtain the horizon supertranslation charge ﬁQ;‘+

from (B48) and the dual supertranslation charge ﬁQ;ﬁ
from (B68) to be

w0~ 5 /H vy [DA (%hm + <DAf>hW> (22)
_(DAf)arth + 2thL + (sz)hvr:| s (23)
1

HH' — _ 20 /7(DP f)e CDAhpe. (24
0 = ~3ugz [ POV i D . (2

€*B is the alternating tensor on the unit 2-sphere and
take e/ = L

For smooth functions everywhere, we can discard total
derivatives in the integrand, and the supertranslation charge
is then in exact agreement with that of [4]. After residual
gauge fixing and using a combination of the constraints on

H*, the supertranslation charge simplifies to the expression

1
16zM

Jolt = / v PO\ 7f(©)D Dby, (25)
H+

where 6,5 = %ayhAB is the conjugate momentum of /4.

The integral over the advanced time parameter v is taken

from HZ to v,. The phase space of the horizon H™ has the
Dirac bracket [4],

{oap(v.Q), hep (v, Q) }p
= 327[M27/ABCD6(1) - U/)(S(Q - Q/), (26)

where yapcp = Yac¥Bc + YapYBc — YaBY cp 18 proportional
to the DeWitt metric [47].

Since we can integrate by parts freely without having to
worry about boundary terms, we can move all covariant
derivatives to act on f. As such, we can now identify the

integrable horizon supertranslation charge 5Q;‘+ and dual

supertranslation charge 5Q;‘+ as

1

o) HY =
o; 16zM

/ dv JZG\/J—/(DBDA‘][)O'AB, (27)
H
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80} =- / ) d*0,/7(DEDAf)e Chpe.  (28)

327ZM HE

Notice that in this form, the dual supertranslation charge is
related to supertranslation charge by the twisting procedure
hup = €4S hcp proposed in [32,33]. When we have smooth
functions everywhere, ;XQ_Z? = 5Q‘7}§‘+ and ;XQ?” = 5QH+,
i.e. the charges are integrable.

IV. SUPERTRANSLATION CHARGE WITH POLES
ON THE COMPLEX PLANE

We now extend the construction of previous section to
allow for the possibility that the supertranslation parame-
ters, f, have simple poles.

The easiest way to explore this possibility is to use
complex stereographic coordinates (z,Z), defined as

) 0 . 0
z=e tan 3, z=e¢ tan 5, (29)

where 6 and ¢ are the standard spherical coordinates on a
unit sphere. The metric on the unit sphere in these
coordinates is y,: = ﬁ, Y.z = 7=z = 0. The integration
measure on the sphere is

d’0./y =d’*z\/y, with d*z=idzAdz, and Jy=7y..

(30)

The notation has been organized such that d?z is real. The

alternating tensor is defined such that e ; = i,/y. The only
nonvanishing Christoffel symbols are ()FZ = 1_+2zzz and
@ )FE_ = fi

+zz°

Let us compute the supertranslation charge JQ;-# when
fl(z, ?) has a pole at some complex coordinate w, that is,
f = - After fully fixing the residual gauge freedom on

HT, as in [4], we have

hyy = h,s =0,
h,, = # [D* = 1]7'DPDhye,
0l = —#DA[W —1]"'DBDC hye
+#DBhAB, (31)

and the supertranslation charge (23) takes the form

00 =g | Vi (=0 1 D

+2DA<DAfhW>). (32)

In obtaining this we have used (31) for Djh,, + 0,h 4.
Now consider the total derivative term D4 (D”fh,,). For
f =21 we have,

RN
=i [ dz A d2(0:(h0.0) + 0.(00:) (33)

—i f dz h,,0.f +i 7{ dz h,.0-f (34)

= —270.h,,| (35)

=w"
In the second line, the contour is a small circle taken
counter-clockwise around z = w. The second term on the
right-hand side (rhs) of the second line vanishes because
f =L satisfies the identity [48]

0-f =278*(z—w). (36)

The contour of ¢, dZ is a small circle around z = w and so
does not pick up any contribution from the delta—function
In the first term of the second line since d,f = ),, there
is a contribution proportional to d,/,, evaluated at w, which

is the result (35). Substituting in the expression (31) for £,
we find

gor

1
- 167[M/+ dU dZZ\/}?(DAf)DBGAB

dD —1]"'DBEDA . (37
“aMm vD.[D* — 1] OAB| _ (37)

Partial integration of the first term gives

HY 2 DBpA
$O = e / RN
1
~ dvD .[D? = 1]7'DBD%6 5 L (38)

In (38), the first term vanishes since
/dzZ yDP(6,45D"f)
— [ @x0to0) 0o (9)
= —ij{ dzy“o,,0-f + i% dzy“o;:0.f (40)

= 0. (41)
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In obtaining (41) we have again used 0.f = 276%*(z — w),

the contour of §, dz is a circle around w, and 6;.0,f =
vz Z

We recognize the first term in (38) for general f to be the

integrable supertranslation charge 6Q32‘+ (27). Thus, we

—%(Z - w)_zd h== does not have poles in Z.

find that a pole in f leads (SQ}L‘+ to acquire a nonintegrable
part N7,

Jo =80l + N, (42)
where 607" is given by (27), and

v 1 fe -
N =i/ dvD_[D* —1]7'DE D46 L (43)

This splitting into integrable and nonintegrable parts is, of
course, not unique (see for instance [24]). Our choice is
justified as first 6Q}f is the horizon supertranslation charge
in the absence of poles in f, and second N 32“ has zero
Dirac bracket with both 5QZ,# and 6QZI# and so carries
no degrees of freedom. We encountered the first observa-

tion at the end of Sec. III and we will demonstrate second
in Appendix C.

bt 1
{607,580 }, :W{ A dv d*z\/y(DEDAf)o 5, /H . dzz\/?(DEDCg)eEDhCD}

1

167 Sy

Rearranging D? in (47) results in

{607,600}, T N

V. DIRAC BRACKET BETWEEN CHARGES

We now compute the Dirac bracket {EQ;ﬁ,(SQ;ﬁ} D>
where f = —L-and g is assumed to be smooth. This bracket
probes central terms of the algebra of charges. To see this,
note that the charges have the expansions,

0l = 0"V 1+ 507" + o(n?). (44)
o — 0= 1 501" + o(h?), (45)

where Q;hzo) and Qéhzo) are the constant charges of the

background metric and hence do not carry degrees of
freedom. This gives,

{01, 0"}y = {50] .80} } + O(h).  (46)
N— ——

constant

The constant term corresponds to the central charge of the
charge algebra. This method using linearized charges is
conceptually useful due to the presence of a nonintegrable
term N, since its Dirac bracket with any linearized
charge vanishes. We check the final result using another
method in the next section.

Now let us compute {5Q3f+, 8Q1 Y p, with f = —L-and
g smooth. Using the expressions (27) and (28) and applying
(26), we obtain

= dzzﬁ(DBDAf)(DEDCQ)EEDYABCD- (47)

dZZ\/77(DB((DAf)(DEDCQ)eEDVABCD) - (DAf)(DBDEch)eEDYABCD)- (48)

Substituting in the expressions for e,? and y,5cp, We can see that the first term is zero,

/ dzZ\/77DB((DAf)(DEDCg)eEDYABCD):/ dZZaz((sz)(DZDZQ)ezZszzz)+/ dzZaz((sz)(DZDZg)ezZVZZzz)
HE HE HE

_— 74 d2(0-f) (D*Dig)y. — 2 f d2(0.f) (D Dg)y..

=0.

w

(49)

In obtaining this result, we have used the fact that the §, dz integral vanishes since its contour is a circle around w and does
not intersect the singularity of the delta function 0. f = 276*(z — w), and the ¢, dZ integral vanishes since (9. f)(D*D?g)y.-

does not have a pole in Z. We obtain
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+ ~a{+ 1 o ) ) )
(00 00 Yy =g | i (D)W D D g)est + (DD D D)) (50)
= ;—; ” d*z((0.f)D*Dzg — (0,f)D*D3g). -

- ;_7; H d*zy*((0:f)[Dz, D.]D.g + (0:f)D.D:D.g — (0.f)[D.. D=|D=g — (9.f)D:D.D:g). (52)

The commutators are [D;, D.|D.g =y.:D.g and [D., D:]D-g = y.-D-g. Thus we have

(60} 00} ), = 5 [ @2(@:0)D.9~ (0.0)D:9 + (O:)D.D:D%g - (0.1 )D:D.D%). (53

For the last two terms in the parentheses, we have used y** to purposely raise the index of the first derivative acting on g.
This allows us to write the third covariant derivatives acting on g as partial derivatives,

(00) 60}, = o [ P(00)Dg = NIy + @:)0.DD'g = (0:)0.DD). (54)

Now we partial integrate all d,f’s inside the parentheses. Only the boundary terms survive since partial derivatives
commute and

D:D*g—D.D*g = y¥(0;0.9 — 0.0:)g = 0. (55)

Therefore, we have via Stokes’ theorem,

~ 1+ _l -
{60} .60} }, = o / @2(0:(fD:g) = 0:(fD:z9) + 0:(f0.D:D*g) — 0.(f0:D.D%g)) (56)
1 D 0,D:D~ D: 0:D_D*
1 <dz( .9+9.D; g)+d2( :g+0:D; 9))' (57)
87 Jw Z=w Z—w
[
The §,, dZ integral vanishes due to the absence of z-poles. ~ The residue theorem then gives
Now observe that we can use [D;,D.|D.g=7y.:D.g to
implif; ANt i
simplify {60}, 600}, = _ZDZD%g . (63)
D.g+9.D;:D°g = D.g+ D.D:Dg (58)
VI. ANOTHER APPROACH TO THE
COMPUTATION OF THE CENTRAL TERM
= ng + }'ZZDZDZng (59)

The result for the central term is new and has important
implications. We will now reproduce the central term of the
: : i i i letely different method.
-D 2D DD ZD.D.D previous section using a completely :
29+ 1¥Dz, De]D:g + y*D:D:D.g We start from our expression (28) for the integrable

(60) variation 5Q;‘+ of dual supertranslation charge, which reads

o 1
= DD,D.g (61) sl = - / d*z,/y(DPD*g)es“hge,  (64)
T 32aM HE
and write and invoke Eq. (3.4) in the work of Barnich and
Troessaert [29],
N 1 D°D.D.g
QM SOM Y =—— ¢ dz—2 (62 A
{ Qf Qg }D 871% < zZ—w ( ) {Q;{ s Z{ }D :5fQH ’ (65)
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where 6, 0 , denotes taking the expression (64) for & Qzlﬁ and
replacing h,p with a diffeomorphism constructed from f
with f being only dependent on z and Z. A general diffeo-
morphism is of the form i, = V&, + V,&,. Leté, = d,f.
Then restricting h,;, to the sphere gives

hpc = 2M(2DDcf = ypcD*f). (66)
This leads to the expression
{Q;;(Jr s Q’[]]-{* }D

1
= d*z\/y(DBD*g)e,“(2DgDcf — ypcD*f)

167
(67)
1
= _g/ dzZW(DBDAg)GACDBDcf
1
+ 16x d*z\/y(D"D*g)easD’f. (68)

The second term on the rhs is zero, since DZDAg is
symmetric and €, is antisymmetric. We are just left with
the first term,

+ 2t 1
{Q,H »QZl }D = —&/dZZW(DBDAQ)%CDBDcf-
(69)
Rewrite this as the sum of two terms
+ 2t 1
(0.0 by =—g-(X+¥).  (70)

with
x= [ E/mu((DD gesDep). ()

y=-— / P2 /7 (D*DAg)esCD . (72)

X is of the form of an integral over the sphere of the
divergence of a vector field V4 on the sphere. So,

/dzZﬁDBVB - i/dz A dzyzZ(DzVZ + DZVZ) (73)
= i/dZ A\ dZ(aZVz + azvz) (74)

= if dzV- — i% dzV.. (75)

In the second line, we have used the fact that the only
nonvanishing Christoffel symbols are I'Z, and I':; to write

D,V;=0,V; and D;V, = 0;V,. Finally we use Stokes’
theorem to write X as

X = i?( dz(D;:D*9)e,“Dcf —i ¢ dz(D,D*g)e,“Dcf.
(76)

Everything is smooth except for f = —— so the first term with
Z—w

j; dZ never sees a pole in Z and therefore vanishes. Writing out

the second term while noting that the only nonvanishing

components of e4,% are €, = —e.* = i, we obtain

X = ]{ dz(D.D%g)d.f — ]{ dz(D.D*g)o.f. (77)

The second term vanishes since it has 0. f = 276°(z — w)
and the contour never meets w. We can partial integrate the
first term and using the residue theorem and f = Z_Lw obtain

X=- % dz(0,D,Dg)f (78)
0.D_D*?

- f{ P it (79)
z—w

= —27id.D,Dig|._,. (80)

Now we turn to Y in (70), which reads

Y= _/dzzW(DZDAg)eACDcf (81)

= - [ @@ D gess)
+ / d’z\/y(DcD*DAg)e,C f. (82)

One quickly see that the second term vanishes as
e °DeD*DAg = ‘D -D’D g (83)
= "D [D?, Dylg + €*“DeDyD?*g  (84)
=e*’DeD g+ €*D-D,D*g (85)
=0, (86)

since both DD g and DD 4D?g are symmetric in A and C
and [D?,D4)g = D,g. So we are left with just

y=— / P fiD((DDA e, Ch).  (87)

which again is of the form (75), so we can writing the explicit
form of f as -, and €,; = —e;, = iy; we find
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Y=—i ]{ dz(D*Dig)e, f + i 7{ dz(D*Dg)e..f  (88)

D?D.
—fdzi( 29) +j{dz
w i=w w

Explicitly writing f as Z_LW, and €,; = —e;, = iy,;. The first
term is zero since there are no poles in Z, and the second term

yields the residue at z = w,

(D*D.g)

-w (89)

Y = 27[D2ng|z:w' (90)

Collecting the results (80) and (90) and plugging them
into (70), we obtain

b 1
(0.0} =—g-(X+Y) o1)
i
=7 (=0.D.D*g+ D*D.g) . (92)
Simplifying
—0.D,D*g+ Dzng
= —0,D*D,g+ D*D.g (93)

=-D_D*D.g+ D_.D*D.g+ D:D*D_g (94)
=D;D*D.g (95)
= D*D,D.g, (96)

where in the second line we have used 0,D°D.g =
D.D:D%g = D.D*D.g. This finally leads to

- i
{0}". 0 }p = -, DDy —’ (97)

This is in complete agreement with our earlier result (63) for
the infinitesimal bracket {5Q}ﬁ, 801 ).

What are the implications of this central term? It is
usually understood that this is indicative of an anomaly in
the theory which must be canceled in order for the theory to
make sense. In order to understand how to remove the
central term in the supertranslation algebra we will first take
a look at the simpler case of the electromagnetic charges of
large gauge transformation which is discussed in the next
section.

VII. ELECTROMAGNETISM

Consider now electromagnetic soft charges on the
Schwarzschild horizon. Our discussion is parallel to the
case of future null infinity Z* since both H* and Z* are
null hypersurfaces. We refer the reader to [42,43] for a
treatment of the electromagnetic case on Z™.

Just like the BMS charges, the electromagnetic charges
split into the H* and Z* contributions (16). Horizon
contributions to the (soft) electric and magnetic charges
are given by

Q' = / di A #F, (98)
H+

o :/ dA A F, (99)
H+

where / is an arbitrary function on the sphere. We use the
curly letter Q to distinguish these charges from the
diffeomorphism charges.

We can write these charges as integrals over the null
surface H™ subject to the same boundary conditions as
described in Sec. III. In the complex coordinates (29)

QI =i | dvd2(0A(:F) .= 0.(+F),c)  (100)
H+

__ / dv 2(F,.0 + F,:0.0), (101)
H+

OF =-i [ dvdu(Froa-Fn00. (102
H+

Alternatively we can write the charges as integrals over
section of the horizon at some instant of advanced time v.
In the temporal gauge A, = 0, we have F,, = d,A, and

vz

O =i / d?7(A,0:) — A;0.2). (103)
HE

The relevant Dirac bracket is [43] (see [12,21] for details on
the symplectic structure),

{Qf . A}p = 0.4 (104)
using which we obtain
{QF. 0"} = / d*z/ye*Ba,dpo (105)
HE
:/ dA N do. (106)
s2

For 1 with singularities in z, this gives rise to a central term
in the algebra, just as in the case of gravity.

To get rid of the central term in the algebra, one may
imagine that there exists a boundary theory on H* whose
purpose is to cancel the anomalous contribution suggested
by the central charge discussed above. For this purpose, let
us consider a U(1) x U(1) Chern-Simons theory with two
independent 1-form fields a and @ on a null surface X,
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k
= da. 107
S 471_/2(1/\61 (107)

Under an electric large gauge transformation a and a
transform as

a—a+dp, (108)

(109)

a—a,

and under a magnetic large gauge transformation they
transform as

(110)

a— a,

a—a+dy. (111)

From the action we find the equations of motion to be

da =0 and da = 0. Variation of the action yields

k
5S——/(5a/\d&+a/\d6&) (112)
4 b

T

k k
:—/(5a/\d&—da/\6€z)+—/ anéa, (113)
4r Jx 4 Jox
from which we obtain the symplectic potential as,

O(a,a,éa,déa) = 4£a A éa. (114)

T

Accordingly, the symplectic current density is

k

a)(a, gl, 5161, 6151, 520, 52&) = 4— (5]61 A 5251 - 5261 A 5]&)
T

(115)

Since there are two types of large gauge transformations,
we have two integrable charge variations. One is the electric
charge,

59, :/ w(a,a,da,éa,dep,0) (116)
oz
k -
- d¢ N oa, (117)
477.' oY
the other is the magnetic charge,
60, = | wl(a.a.6a.6a.0.dy) (118)
ax
k[ sand (119)
= — a .
4 Jos “

We can compute the algebra using either one of the
variations,

{Qy- Qx}D = 545@1 = =6,9y; (120)

and one can see that we get the same answer for both cases,

~ k
(Q00)p ==y [ dbndr. (120

The electric-electric and magnetic-magnetic brackets van-
ish regardless of the presence of poles,

{94, Qy}p =0, (122)

{9Q,.Q,}p=0. (123)
Therefore, one finds the algebra to be exactly parallel to
that of standard and dual large gauge transformation
charges on the horizon. The algebra (121), (122) and (123)
tells us that putting a U(1) x U(1) Chern-Simons theory
with the proper choice of the level £ on the horizon, we can
get rid of the central term obtained earlier in the standard
and dual large gauge transformation algebra.

Chern-Simons theory is a topological theory and as such
is independent of the metric. This is how it is possible to
have a holographic theory defined on the null surface
forming the horizon. There is no obstacle to theory being
defined on a surface with a degenerate metric. A further
benefit is that, being independent of the metric, the theory
has vanishing energy-momentum tensor and so does not
affect the spacetime geometry.

VIII. GRAVITATIONAL
CHERN-SIMONS THEORY

Gravity in three dimensions is a topological theory.
Suppose one starts from the Einstein action, with or
without a cosmological term, and count up the number
of physical degrees of freedom at each point in spacetime.
In d-dimensions the metric has 1d(d + 1) components.
Diffeomorphisms are related to first class constraints
generated by a vector fields that subtract out 2d degrees
of freedom. The total number of physical degrees of
freedom is therefore Jd(d — 3). So in d = 3 there are no
local degrees of freedom. We should therefore expect to
find a topological gravitational theory that is independent
of any metric. The Einstein action is not such a construct.
However, Witten [27] found a Chern-Simons theory that is
equivalent to the Einstein theory provided some of its fields
are identified with the metric. The Chern-Simons theory is
independent of any metric and can therefore be formulated
consistently on null surfaces where the spacetime metric is
degenerate. In more conventional theories the necessity
of using an inverse metric prevents their formulation on
null surfaces.
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A. Chern-Simons actions

We now briefly describe Witten’s gravitational Chern-
Simons theory. The ingredients are a basis of one-forms
e’ = edx!, a connection one-form w® = @;*’dx' and a
dimensionful real parameter A that is in many way analogous
to a cosmological constant. We will see in Sec. VIII D that the
equations of motion fixes —4 to be the curvature of a section
on the horizon. The indices i, j... are spacetime indices
whereas a, b... are tangent space indices. Spacetime indices
never need to be raised or lowered, however we do need as an
extra piece of spacetime structure, the alternating symbol e/*,
By contrast, tangent space indices are raised or lowered using
the Lorentz metric 7,,. To construct a three-dimensional
spacetime, we construct its metric g;; using e{ ej?nab where
Nap = diag(—++). In Witten’s approach to gravity in three
spacetime dimensions, this identification is used to conclude
the equivalence with the Einstein theory. A Chern-Simons
theory needs a gauge group G, and in the case A =0, G is
chosentobe ISO(2,1).1f1 < 0,Gis SO(3, 1) andif 1 > 0,
G is SO(2,2). Note that in last case the gauge group can be
factorized as SO(2,2) = SL(2,R) ® SL(2, R). The case of
SO(3,1) cannot be factorized, but it can be regarded as a
complex group SL(2,C).

One can write an all encompassing gauge field
A; = efP, + o], where f =1, . and P, and J,,
are the generators of the gauge group. They have the
commutation relations
[]a",b] - eabc]61

[Ja’Pb] :eabcPC’ [Pwa] :ﬂeabcjc

(124)
For arbitrary 4, the Killing form is given by

<Ja7Jb>:O’ <Jaan>:’7abv

(P, P,y =0. (125)
However, when A # 0, G factorizes, a second Killing form

exists

<Ja7Jb>:’7ab’ <JavPb>:0’ <Pa’Pb>:’1’7ab' (126)
If 2 =0, the second Killing form is degenerate and not
particularly useful.

From these relations we can construct Chern-Simons

theory from the general expression

k 2
ICS_—/tr ANdA+-ANANA). (127)
47 3

If 2 # 0, we can construct two different actions using the
two different Killing forms. For any value of 4, we can
construct an ‘“electric” theory using the Killing form
of (125). In terms of the differential forms e“ and w* we get

k
Lejecric = % 2e* AN dw, + €06 N 0% N ©F

1
+ = degpee’ A el A ef.

: (128)

or, perhaps more conveniently for some of the following
calculations, in terms of components

k y
Ielectric = %/ dx etk e;'l
1
X (20ja)ka + eabcwfa); + gﬂeabce?ei>. (129)

When 1 # 0, we can use the alternative Killing form (126)
to construct a different action, the “magnetic” action

k 1 .
Imagnelic = ; o’ A dCOa + geabcw“ A @’ A @f

+ e A de, + ey A eP A e (130)
This too can be more conveniently for practical calculations
be written in terms of components as

P 1
Imagnetic - ;/ d3x €Uk (0)? (aja)ka + geabca)]b,a)]i>

+Aefojer, + Aea i €] e’é) : (131)

Both the electric and the magnetic action have the same
equations of motion and the same gauge invariance. The
equation of motion from variation e in the electric action is

1 1
dw® + Ee"bcwb A @, + =g’ A e =0, (132)

2

It is the analog of the Einstein equation and specifies the
curvature of the connection w?. Variation of w® in the
electric action gives

de® + ey Ne. =0 (133)
which shows that the connection is torsion-free. For the
magnetic action, it is the variation of e“ that specifies the
curvature of the connection and the variation of w“ that tells
us that it is torsion-free. It is in this sense that these two
actions are dual to each other.

The gauge transformations are of two types. The first is
labeled by a tangent-space vector p®. The gauge variations
of e and w“ are
abc

oef = —0;p —¢€

1

iy A pe (134)

and
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St = —leeyp.. (135)
The second gauge transformation is generated by a
second vector 7% The resulting gauge variations are

Sed = —eey, AT,

(136)
and

50]? = —ai'r“ - G”bca)ib VAN Te- (137)
After recalling that one has dualized the spin connection,
one observes that the z-transformations are just local
Lorentz rotations.

The nature of diffeomorphisms is not quite so straight-
forward. Suppose that one has a diffeomorphism generated
by an infinitesimal vector field ». The the variation of the
components of the basis of 1-forms is

Se¢ = —vh(0ped — 0;e¢) — 0;(vhed) (138)
Similarly, the variation of the spin connection is
Swi = —vF(0f — 0,0%) — 0;(vFewf).  (139)

We now see how to find a diffeomorphism in terms of p¢
and 7¢. Setting

pt=1vke¢ and ¢ = vFw! (140)
reproduces what is expected for the transformations of both

e’ and w* under a diffeomorphism.

B. The charges

We now need to find the soft charges resulting from this
pair of actions. The calculation is routine in the covariant
phase space formalism. First, one performs a variation of
the action in terms of the variation of the fields e and dw*.
The bulk term then gives the usual equations of motion
which we have already described. However, there is also a
boundary term, the symplectic potential . For our actions
we find for the electric case

k
Oclectric = _;a)a A b, (141)
and for the magnetic case
k
Omagneiic = —— (0% A dw, + e A Se,).  (142)
/3

Given a symplectic potential, one finds the symplectic
form Q by carrying out a second variation in @ of the fields,
& e® and §' w?, antisymmetrizing over the two variations and

integrating the resultant 2-form over a spacelike surface X.
For the electric action we find

k
Qelectric = _;‘/2 de N dw, + 0" A de, (143)

and for the magnetic case
2%k [, /
Quagnetic = —— | F 0 A dw, +A8e" A de,.  (144)
T Js

The charges are now found by setting the second
variation §'¢” and §w® to be pure gauge transformations
determined by p’ and /. Now substituting these variations
into the symplectic form and using the equations of motion,
one finds that the integral for Q collapse into boundary
terms giving the variation of the charges conjugate to p" and
7" on 0% under the variation of the fields de” and Jw”.

For the electric case, we find

k
505, = ——/ 7,6e" + p, o0 (145)
T Jox
and for the magnetic case
" 2k
00, =—— [ 7,00+ Ap,e”. (146)
7T Jox

Both of these charges are integrable, and so we will define
the charges to be

k
0f, = ——/ 7,69 + p,0° (147)
T Jox
for the electric case and
2k
oM = ——/ 7,0% + Ap et (1438)
T Joz

for the magnetic case.

A knowledge of the symplectic form allows one to
compute the Dirac bracket of various quantities of impor-
tance in the theory. For reasons that will be explained later,
we do this now for just the electric theory. On the sphere
coordinatized by the complex coordinate z, the (electric)
symplectic form becomes

ik
Quicre = [ (6880, =0t 0, =(3-3). (149)
From this it follows that only nontrivial Dirac brackets are
in
_Iﬂabéz(z _ Z/)

{ef(z.2). 02} = (150)

and its complex conjugate.
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We can use these expressions to compute the bracket of
the charges with the field variables. Modulo the equations
of motion, these brackets should reproduce the gauge
transformations of the fields. Explicit calculation reveals
that

E a _ a abc abc
{0~ = —0;p" — e eyt — €O,

{0F, 0¢} = =07 — e“*“wyyt. — Ae™Cejyp,., (151)

as expected. Similarly, the brackets of the magnetic charges
with e“ and @“ are

| ==

abc

{QM a}_z ( ‘L' _eabc

WipTe — Ae eibpc),

{O". 0} = 24— (=0ip" — e wipp. — e ep1.).  (152)

bl Bkl

Again, these are gauge transformations but with the role of
7 and o interchanged and rescaled.

C. Charge algebra

We now compute the charge algebra. From here on we
are going to work exclusively with the electric theory. One
might then wonder what the point of introducing the
magnetic theory is. The answer is that allows us to find
the magnetic charges in a straightforward fashion. Had we
not done so, finding the magnetic charges would have been
an involved, convoluted and obscure process. The magnetic
charges still exist in the electric theory just as electric
charges exist in the magnetic theory. However, one needs to
make a choice of symplectic form at some point and we
choose the electric picture.

1. Electric-electric bracket

The bracket between two electric charges is

k :
{QT P QE,/)/} - ﬂlz(eahc (T/bTC + lp/bpc)ea
+ e (Type = Tppl)0,)

k
_k / (pedd, + 2dp,). (153)
T Joz

Recall from (147) that the integrated electric charge takes
the form

k
b=t [ e tpon) 039
T Joz

Comparing this with the result for the bracket, we
observe that

k
{07, T/,}—QE,/,,,—;Lz(padr’aﬂadp;), (155)

where

T//a — eabc(

7T + APpe), (156)

Pl = e (zyp, — 1pl). (157)
With p® = v'e?, the central term is zero whenever 7% = (
or 7% = viw?.

2. Electric-magnetic bracket

The bracket between electric and magnetic charges can
be obtained in two distinct ways since

{QT/” 7 } = 5E 7 p = (4 /)’QT/” (158)
where here 57, denotes the gauge transformation generated
by Q,’if given in (151) and 5% o denotes the gauge trans-
formation generated by Q). given in (152). These two

results must agree. Let us first compute

2k ,
5pr-[ Vi = - az(eabc (T,ch + /Ipéypc)a)a

+ A6 (zype
2k

- pr/c>ea)

(z,d7 + Ap,dp"®).
oz

(159)

Comparing this to the magnetic charge (148), we can
see that

2k

55/) Q‘}fk[»/)/ = Q%,p” T (z,d7"" + Ap,dp") (160)

o0z

where 77 and p” are defined in (156) and (157).
Let us next use (152) to compute —517‘,{ W f,p. We obtain

2k
az( b (T T, + Aphp.)w,

+ /1€‘””(T;,pc —1ppl)e,)
2k

M
51/ /)/ Q‘t‘ ﬂ

(z,d7 + Ap,dp'®).
oz

(161)

Observe that this is exactly the same as the expression for
5,0 - This is a nice consistency check.

Therefore, we conclude that the electric-magnetic charge
bracket is

2k
{0F,. 0 }Q~w;/@MWHmWW (162)
ox

with 77 and p” given in (156) and (157).
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3. Magnetic-magnetic bracket

The bracket between two magnetic charges is

{QM,. 0¥} = 6,0 . (163)
Using (146) and (152), we obtain
{020V ,} = —ﬂcz 2(6““(1270 +Apppe)e

+ 6"‘” (Tppe — TPl ) @)

- 47/?;2 E(p“dr'a + dp)). (164)

Comparing this to the electric charge (147), we con-
clude that

]}2
—4p—

{Q‘rp? pr}_4/1 ﬂ'k oz

QT” v (padf/a + Tadp;)

k2
(165)

Again, 77 and p” are given in (156) and (157). The central
term is the same (up to a constant) as that of { O, Qf}, so it
vanishes for supertranslations.

It may be worth noting that there is a relation

{Qr/)’ 7 } 4/1 k2 {Q‘L'/H QE,/’/}' (166)

The factor of 41 seems to be just an artifact for a less than
optimal choice of scale for Q¥ (and preceding that for
I nagneiic)- For instance, if we started from 2/,0neic We
would have 20" in place of QM and this would have led to
having 164 in place of the factor 4.

D. ¢* and ®w* on the horizon

In this section, we consider putting a gravitational
Chern-Simons theory on the future Schwarzschild horizon
‘H*, and find the solutions of the equations of motion for e“
and @“. We observe that the “cosmological constant” 1 is
fixed by the equations of motion.

In the context of our work, g;; is the pullback of the four-
dimensional metric in advanced Eddington-Finkelstein
coordinates to the future Schwarzschild horizon,

0 0 0
2
gij = 4M2 0 O (1+Z2)2 5 (167)
2
0 (1+2z)? 0

where i, j span (v, z, Z). The “flat metric” 5, is the Cartan
metric 7,, = diag(—1,1,1). They are connected by the
“triad”

0 0 0
a 1 i
e =2M[0 =z 1= (168)
1 —i
0 T+zz  1+zz
that satisfies
eiaejb’?ab = 9ij- (169)

We do not have the inverse relation g/ ¢; e = *? because
g;j 1s not invertible. We can write the above matrix form as
collection of one-forms,

ed =0, (170)
2M 2M
e = dz + dz, (171)
1422 1+z2
2iM 2iM
e P (172)
1422 1427
from which we obtain
dz = L (1+2z)(e! —ie?) (173)
aM ’
&z = (1 + 22)(e! + ie?) (174)
aM ’
_ i _
dz N dz = W(l + ZZ)zel N 62. (175)

The spin connection can be obtained using the equations of
motion and the anholonomy coefficients

1
de® = -, A e’ = Ecabceb A e, (176)
1 c
WDyp = E(Cabc — Cpac — Ccab)e ) (177)

where we keep in mind that ©”¢ = —w%,". The exterior

derivative of e“ yields

de® =0 (178)
-2 i
d€1:2M(1(Z_’_ZZZ))2dZ/\dZ:4]W(Z—Z)€1/\62, (179)
. +z _ 1 _
de? = ZzM%dz ANdz = —m(z+z)e Ae
(180)

from which we read off
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J ;
0112 =C112 :m(z—z),

1

Cr=cp = ~aM (z4+2), (181)

with all other coefficients vanishing. Accordingly, the only
nonvanishing component of the spin connection is

i

1
Wy = — 4M(z—z)e +m(z+z) (182)
iz iz
= — dz. 183
T+z  1+z2"¢ (183)

The only nonvanishing component of the dual o =
Tetbqy, is thus
0 1z 1z

— gy = — dz + dz
A I A T

(184)

since €% = —1.
Let us see if this satisfies the other set of equations of
motion

1 A
da' &5 e wy Aoty nee =0 (185)

Since only @° is nonzero, we have €*“w;, A w, = 0. The
only nonvanishing component of do® is

2i

do® = ————
(1+272)?

dz A dz, (186)

and the only nonvanishing term of 4e“*e, A e, is

8iM?2

(1+ zz)?

Therefore, the above equations of motion boils down to
fixing 4,

A
560“6;;/\%:—/131 A el = dz ndz.  (187)

1

1. Compensating t-transformation for central term

We have seen that the electric and magnetic charges
satisfy the algebra (155), (162) and (165), which reads

{Qr/)v Q‘,’ /7/} H o / (padl'a + Tadpa) (189)

2k

(08, 0} = 0¥y = | (ade® +4pudp), (190)

K> k>

{or,. 0¥} = 473 L —4i— | (ptdr, +dpl).

[
(191)

with the composition 7”7 and p” given by (156) and (157).
We want the central terms of this algebra to cancel
the central term of supertranslation algebra on the
Schwarzschild horizon. Recall that the p transformation
is related to a diffeomorphism »' by

1 1
- ( 35 P F 5 P f), (192)
pa:l)iE? (193)
1
=15 0D + DD = D). (194)

We demand that, in this Chern-Simons theory, super-
translation is accompanied a compensating Lorentz trans-
formation (z-transformation) given by

1 , .
Tl = <8]}1/2 (D2+2)f,lﬂpz,—l\/;1pl>. (195)
This leads to the algebra
{0f,.07 ,} = 0% . (196)
{07,.0/,} =0V, (DZsz’) 197
{Qr/n } - 4/1 2 Q " // (198)

Observe that the standard supertranslations commute by
themselves, the dual supertranslations commute by them-
selves, but the standard and dual charges have the correct
form of central term. Thus, we see that exactly the form of
the central term obtained in Secs. V and VI is reproduced.
The Chern-Simons theory can then be used to cancel the
anomalous behavior of the supertranslation charge algebra
in the case that the supertranslation parameter f has a pole.

Finally, we note that the constant & can also be fixed in
terms of k by demanding that the complexified charge
algebra is closed up to the central terms. One may readily
check that the complexified charge Q,, = pr +i Qi‘f’p
satisfies the bracket

i .
{Qr,pa Qf’,p’} - |:1 - 4& ?:| Qg/,p// + 21Q%,ﬂ”

~ S (DD2p) (199)

=w
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For this to close up to the central term, we demand that the
coefficient of QF, ,» be 2, which fixes kK= —% = kK2M>.

Then, we obtain

1
{Qz’,/}v Q‘r',//} = QZT//.Z/)// - 5 (DZDgf/) (200)

=w

IX. DISCUSSION

We have constructed standard and dual supertranslation
charges on the future horizon of the Schwarzschild black
hole using the first-order formalism of [23,24]. Then, we
have explored the consequences of allowing for singular-
ities in the parameter function of supertranslations. Singular
supertranslations arise naturally in the extended phase
space associated with the BMS algebra [29]. Also, in
electrodynamics singular large gauge transformations are
closely related to Dirac string configurations in the
bulk [43], and singular supertranslations can be considered
as their gravitational analog. Using a simple pole as an
example, we have demonstrated that singularities lead to
the presence of a central term in the Dirac bracket charge
algebra, implying that the symmetry algebra becomes
anomalous. In order to remove such a term, we have
introduced a gravitational Chern-Simons theory [27] with
gauge group SL(2,C) on the horizon. Being a topological
theory, this theory is suitable to live on the horizon which is
a null surface, and in addition does not contribute a stress-
energy tensor which may perturb the gravitational field. We
have shown that the large gauge transformation of this
boundary theory can be organized such that its charge
algebra cancels the anomalous central term of the bulk
gravity theory.

Some comments are in order. In this paper, we have
shown that an SL(2,C) Chern-Simons theory on the
horizon can cancel the central term, but what we have
not shown is that this theory is unique in being capable of
this job. Whether there exist other topological field theories
that can cancel the central term is an interesting question, as
the properties shared by the set of such theories will teach
us more about the fundamental nature of the structure on
the black hole horizon. Also, we have considered one
singular supertranslation with smooth dual supertransla-
tion, as it is the simplest case that yields a nontrivial result.
Considering more complicated cases is an interesting
problem, and may lead to further physical insight. We
leave such directions to future investigations.

Since the standard and dual supertranslation algebra on
the horizon is an asymptotic symmetry algebra and hence is
not gauged, one may observe the anomalous central term
and decide that we extend the symmetry algebra to
incorporate such a term instead of removing it. As an
example of this viewpoint, central extension of classical
asymptotic symmetry algebra is also present in the liter-
ature such as [49]. It would be very interesting to

explore this direction, as the work of Brown and
Henneaux is intimately related to the existence of a dual
two-dimensional holographic boundary CFT. We leave this
for future investigation.

In electromagnetism, there are specific examples of
configurations that are associated with singular gauge
transformations [43]. Then, one may ask whether there
are well-known gravitational configurations associated
with singular supertranslations. It has been shown by
Strominger and Zhiboedov [50] that finite superrotations
at the null infinity map asymptotically flat spacetimes to
spacetimes with isolated defects, which are interpreted as
cosmic strings. It is not clear whether singular super-
translations can have similar effects. It would be very
interesting to see find such an example associated with
singular supertranslations.

Finally, the structure of null infinity is very similar to the
future Schwarzschild horizon, and thus we expect a similar
structure to be present at the null infinity as well. It would
be interesting to explore how such a structure could affect
scattering amplitudes.
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APPENDIX A: MODIFIED LIE BRACKET

In this appendix we describe, in detail, the construction
of the modified Lie bracket [29] on the Schwarzschild
horizon H*.

The vector field & that generates a supertranslation f(©)
and a superrotation Y(0) is

v 1 v
&= (f+§y/>6v—§<D2(f+§z//> +”//>ar

+ GDA<f+gw> +Y">0A, (A1)
where y = D, Y. Let
F(0,0) = f(©) + (), (A2)

2
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such that 9,F = 1y. Then,

1 1
¢ = Fo, S D*F0, +—D*Fo, - %y/a, 1 Y9,

1
§, = —AF —>D°F "

=F
5 &r=F,

Ey = rDAF + r*Y,, (A3)
where Y, = y45Y2. In this form, & is like a v-dependent
supertranslation F but with “corrections” — S0, + Y A0,.
Since we are only interested in terms linear in &, we
can compute the contributions of F and the remainders
separately.

For the unperturbed Schwarzschild spacetime, the non-
vanishing Christoffel symbols I'¢, are

LM MA
Fvv:p7 IﬂAB:_ryAB’ Fvv:77 Fbr:_p’

_ _ 1 _

Chp=—rArap, Tlp= ;5/13’ e =P (A4)

Now, the metric perturbations 8g,, generated by & are
0Gap = L¢Jap and so we find

M 3M 1
69, = 3 DF —y + oy — Dy, (AS)
r r 2
5, =0, (A6)
_ o,
0G,a = —Dy AF—|—§D F, (A7)
6gAB = 2VDADBF - r}’ABDzF
+ (DY + DpY s — yapy). (AB)
The perturbed metric is then
M M 1
ds®> = —(A ——2D2F—|— W ——y —I——D21,1/>d1j2
r r 2
+ 2dvdr — D4(2AF + D*F)dvd®*
+ [r*yap + 2rDyDgF — ry gD*F
+ r2(DaYp + DY — y4py)|dO*dOP. (A9)
Using this and the relation
a a 1 ~ad (\J . S7 Y S7 N S7
Iy =T + 59 (V0G4 + VedGap — VadGp.)
+0(67), (A10)

we compute some of the perturbed Christoffel symbols to
linear order in &,

Iy =15 :FI,‘},:O, (All)

e, =0, (A12)

o1 M 1 5
I, :;DAF_7DAF+5DAD F, (Al13)

1
Il =

r

1
58 ~5 5 (2D"D,F = 8{D°F).  (Al4)

which turn out to be exactly the same as the components of
supertranslated metric with just f — F. Also

yABTY = =2r, (A15)

aM
yABT , = =2rA — D*F +—D*F = 2ry + 6My — rD*y
r

1
-3 D?’D’F, (A16)
ABT-C AB(2)T°C amM C o 2yC
AT, = yA BTG, + —DCF + Y€ + D?YC.  (A17)

r2

Using the above, we can write for any vector field ¢,

V.8 = 0,8, (A18)

vrCA + vAé.//r = aré’A + DACr

2 6M T
~ ¢, (SDAF == DyF +~D,D*F
r r r

2 1
= ~Lu+ 50 (2D"DyF = S{D?F),

(A19)

AB 2 4aM 2 2

r*Vlp = (.| D°F — —D°F + 2ry — 6My + rD*y

r
1
+ 5DZDZF + 2rA> + DAg, +2r¢,
(A20)

4M
~¢c (—2 DEF + Y€ + D2YC).
p

Now we can relate the components of any contravariant
vector field {“ to the components of a covaraint vector field
{, using the perturbed metric,

M 3M 1
$o=—AL"+ (" (;DZF e —§D2W>

+¢ = {ADy (AF + %D2F> , (A21)
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&= (A22)
Cy= ("D, <AF + %D2F> + Py aplt
+ ¢B(2rDysDgF — ry,sD*F
+ r2(DsYp 4+ DpY s —vasw)). (A23)

Now let {“ to be a new Schwarzschild supertranslation
plus superrotation vector field parametrized by ¢(®)
and Z4(®). Employing the shorthand ¢ = D,Z* and
G=g+39,

1

coGran,  o--lpe-lyvar
1

{4 =—-DAG + 74 + ¢4, (A24)
p

where 6¢ is the change in {“ due to the original diffeo-
morphism &%, To first order in the perturbation,

0=09,6¢",

2 1
0= rz}/ABO,éCB + DA(‘SC” - ; (DBG)DADBF + ;(DAG>D2F - (DBG)(DAYB + DBYA> + (DAG)W,

é’v = _A6Cv + 6Cr
M, 3M 1 )
+G|-A+5DF-y+—y—-Dy
r r 2

1 r
—_D?G-—
2 2¢

1 1
- (—DAG + ZA> (ADAF + EDAD2F>, (A25)
p

(=G (320
Ca = <%DBG + ZB) (2rDADgF = ryagD*F

+ 12 (DpyYg + DYy —vapw))

_ G<ADAF+%DAD2F> +rDyG +r*Z,

+ 2y ap8CP. (A27)

Plugging back in and demanding that V., =V, +
V,ly = yA8V 5 = 0, we obtain

(A28)

(A29)

2
0 = —A(DAG)D4F + 2(DADBG)D,DgF + % (DAZB + DBZA) (DAY + DgY4) — (D*G)D*F — r*¢y — r(D*G)y

1
—r(D*F)¢ + 2r(DADBG)D, Y — 5 (DAG)D4D*F + 2r(DAZB)D,DgF + r*D 8604 + 2r8(".

Solving for 6f, we obtain

64‘1)

r

(A30)

=0, (A31)

r

1 1 1
8= (A(DAG)DAF ~ (D'DPG)D4DF + 5 (DZG)DZF) = rDUZP DY) + 5 (D' G)D*DyF — (D' ZP) DDy F

+

| =

1 1 1 1
8¢" = =5 (D"G)DADyF + = (DAG)D*F ——(DyG)(D'Y” + DPY*) +— (D*G)y.
r r r

r

1 1
(D*F)p+3 (DsG)D*Y® +2(DG)Y? + gy,

(A32)

(A33)

We need to remind ourselves here that these 6 are the changes in {* due to the transformation £¢. Due to this nature of 6,
we will change our notation to 6 — 5:(“. The changes in & due to {“ can be obtained by exchanging & <> ¢, and we will

denote this as 5,&°.

The regular Lie bracket [&,{]¢ = £20,(% — %0,&% of two vector fields can be computed straightforwardly from (A1),

1 1
[€.¢]" = S Fb—5Gy + YAD,G — ZAD,F,

(A34)
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1 1 1 1 1
[£.¢]" = ——F1)2¢+ GD2w+ ¢D2F—ZWD2G——(DAF)DAD2G+ 5 (DAG)D,D*F
1 1 1
- E (DAF)DA¢ + E (DAG)DAI// - E YADADZG + EZADADzF - E YADA¢ + EZADAIII, (A35)
1 A A 1 2 A 1 2 A 1 A A L p AG
[J;C] ——FD ¢— GD +F(DF)DG 22(DG)D F—I—EwD G— ¢D F+ (D F)DyDAG

1 1 1 1
- (DEG)DyDAF + . YBDyDAG — - ZBDyDAF + - (DBF)DyZA

1
- (DBG)DgY? + YBDZA — ZBDyYA. (A36)
We define the modified bracket by correcting this by 6:{¢ |
and 6,£°, g £ Y 0 F= §F¢ +YAD,G — (£ < {). (A44)
a . . With this definition, observe that we have exactly the
, =&, )" = 00 + 6,87 A37 ) ’
& ¢lir = 15 €] oL ( ) modified bracket components
Using the expressions for 5. that we have computed 1 r 1 1 1
earlier, we obtain —§D2F - 51/7 = _ZFD2¢ ~1 (D*F)¢ — 5 (DAF)Dy¢p
1
1 A2 AyB
[é,C],UWZEFqﬁ—l—YADAG—(éeC), (A38) 2YDDG (DAY?)D4DG
1
| | | 3 (DAG)D?Y" — EYADA(p (¢«
[&.¢lyy = = FD*¢ =1 (D*F)p = 5 (D F)Dysdp (A45)
1
=5 YAD?D4G = (D*Y*)D4 DG = &%, (A46)
1 r
=5 (DsG)DY? = JY D= (£ 8). (A39)  and
1 1 1 Voag pa_ 1 A ! A 1 s A
&, 4, :—FDA¢—— wDAG + L YBD,DAG + YPDyZA ;D F+Y =5 —FD ¢— y/D G+- YDBDG
,
1
1 B A 4 AyB
+ - (DgG)DAY® — (£ < ©). (A40) +YIDpZ% + - (DpG)DTY
r
-0 (A47)
The v-component can be reorganized as
=[&.m (A48)

1 1
[£.¢]" = Eféb oW + YAD,g— ZAD, f

n %DA(YBDBZA — ZBDpYH). (A41)

This implies that

A v, 1 N v A
€. = <f+21l/>ay ) <D2<f+21//> +rl;/)(),
Let us define 1 )

+ (‘DA (f‘i‘ilf/) + f/A)()A. (A49)
,

| 1

f= §f¢ Wt YADyg—Z'Daf,  (A42)

Comparing the right-hand side (rhs) to the expression (A1),
we can see that it is another supertranslation f‘ together with

A
Y* =Y°DpZ" ~ Z°DpY". (A43) superrotation ¥4
. We conclude that given two pairs (fy,Y;), (f2,Y,) of
Then, define iy = D,¥*, and take F = f + 5W sothat we  gypertranslation and superrotation, the modified bracket
have [, {]" = F, has the algebra
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[(f1. 7). (f2. Yy = (. 7).

with the product being another supertranslation together
with a superrotation parametrized by

(A50)

~ 1 1
f= EleAYg —EszAY? + Y{Dafy, = YiDaf1, (A5])

¥4 = YBDyY4 — YEDRY, (A52)
which is equivalent to the BMS algebra at the null
infinity [29].

APPENDIX B: DERIVATION
OF HORIZON CHARGES

In this section, we will give a derivation of the super-
translation and dual supertranslation charges using the
formula of [23,24],

1

ﬁgg* — Eeaﬁyé /dw(ifEr)awaﬁ A E?, (B1)

v 1 :
JoL = & /W(z,;Ea)(Swa,, NEP (B2)

Here w,; is the (torsion-free) spin connection 1-form, and
ow is the change in w induced by the variation 8g,;, = h,
of the metric.

In order to incorporate the variation of the metric, we will
parametrize a generic metric in Bondi gauge by

V+ WAWA U Wg
Yab = U 0 0 s (B3)
Wy 0 9gap

where V, U, W, are real functions of v, r, ®*. The inverse
metric is
0 U-! 0
gah — U—l _VU—2 _U—l WB
0 _ U—l WA gAB

(B4)

where ¢*2 is the inverse of the two-dimensional metric g, 5,
and WA = ¢"8Wg (not y*BWy). Since this metric may
deviate from that of Schwarzschild, the two-dimensional
curved indices A, B, C, ... in this section, and only in this
section, are raised and lowered using ¢*® and g, rather
than y*2 and y,z, the metric on the unit 2-sphere metric.

We will employ the following set of vielbein
E(l — E(ladxa’
4
E' = Edv + Udr, (B5)
E? = —dv, (B6)

E‘3 = WA[.lAd’U +,LlAd®A, (B7)

E* = Wyihdv + iy de?, (B8)
where pu,, jiy are complex functions of v, r, ®, and
ur = g*Bup, i* = g*Bjiy (bar denotes complex conjuga-
tion, so ji, is the complex conjugate of u, and hence

E3 = E*). They satisfy the conditions

Haltp + HpPa = Gap,  #'Ha =1, plus =iy = 0.
(B9)
The tangent space metric and its inverse are
0O -1 0 O
-1 0 0 O
5 =n"? = , B10
Nap =1 0 0 o 1 (B10)
0O 0 1 0
and the inverse vielbeins E, = E %0, are
E, =U"9,, (B11)
E, = 6+V0+WA0 (B12)
2 — v 2U r A
Ey = o, (B13)
E4 = /,tAOA. (B14)

One can readily check that

EYE*, = 6, ES EP, =65,0, (B15)
EaaEﬂhnaﬁ = Yab» EaaE/)’br]aﬁ = gab. (B16)
The spin connection 1-form w, is defined as
dE* = - Eﬁ—1 @ EP N EY B17
= —W Vi AN = EC By A\ R ( )
1
Wap = 2 (Caﬁy = Cpay — Cyaﬁ)E}/’ (BIS)
where c,4, are the anholonomy coefficients. Explicit
expressions for the coefficients read
Clﬁ}’ ES 0, (B19)
Ly _ g iwaau (B20)
Gn=—|(zV- ,
m = \5 A
—A
o u
€213 = UA ] (B21)
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1 flo,U _ N
n = _EﬂAaAV + 2;} v, (B22) €323 = MAaA(W ) — g + 2UA v
+ WARP (04fip — Opfia). (B27)
234 =0, (B23) WA
x4 = pH04(W - 1) — p iy + 2UA 14
Al
C310 = — W R , (B24) + WAUP (04fip — Opfia), (B28)
: U
334 = (UE® — B uP)opfis. (B29)
SAT AT
C33 = FRA , (B25) The remaining coefficients can be obtained using the
v antisymmetry c¢,5, = —C,; and the fact E3 = E* implies
A= switching indices 3 <> 4 corresponds to complex conju-
C314 = H 'MA, (B26) gation, for instance c¢,j3 = Cp14 and c434 = C343 = —C334-
v Using this to compute @z, we obtain
|
W, = 1 —lv’ +U—-WA9,U | E? —i—i(—ﬁ"a U+ WV, E? +i(—;ﬁa U+ WAu,)E* (B30)
2=\ 73 A U A A U A A)ET,
o = o (W — 0, U)E ~ B g _ L gy gy (B31)
13=57 A A U U A A=
1, _ 1/ o, U
T (—it0aU — WA, )E" + 3 (MA()AV - TA V) E?
. ﬁAﬂ/
— (B 0A(W - o) — iy + =2V + WARE (0afip — Opiia) | E®
2U
1 .t
—3 (#AaA(W ) = i, + U V + WAUB(04fip — Opita) + C-C-> EY, (B32)
1 At Al L (4 I A~ B 2
w34 = 50 (WY + BHG)E + S BROA(W - ) = up + 7V o+ WP (Oaup — Ogua) —c.c. | E
— (W'B® = g ) opaaE® — (WA E® — i ) opuaE. (B33)

We keep in mind that E* = E*. The remaining components can be obtained by antisymmetry and complex conjugation, for
instance @y, = @3, = —@y3.

1. Supertranslation charge

The conserved electric charge involves the differential form

1
Weaﬁy(;(igE”)éw“/j A E(S. (B34)
T

We are interested in integrating

1
§€aﬂ},5(i§Ey)5(l)aﬂ VAN E5 = 61234i§E35a}12 A E4 + €1324i5E25(1)13 VAN E4 + €2314i§E15w23 VAN E4 + €1243i§E45a)12 A E‘3

+ €1423i§E25wl4 A E3 + €2413l.§E]5a)24 AN E3 + e (B35)
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over S2. Observe that the alternating tensor Eqpys 18 purely
imaginary,

€1234 = €1243 = —€1234- (B36)
By explicit computation, one finds that
€134 = E\"Ey" Es“Eyeqpeq = =i, (B37)

where €., is the alternating tensor in the curved coor-
dinates with €,,94, = \/—det g=U r? sin @. Using this and
rearranging the indices, we obtain

%G(lﬁy(;(l.éEy)&waﬂ AN E5

= —i:E%wy AN E* + i:E*6wyy N E* — i:E'5w14 N E*
+ iE*Swiy N E3 —i:E*Swy3 A E® 4 i:E'Swi3 N E
e (B38)

Let us look at this expression term by term. We are
interested only in coefficients of E3 A E* as we are
integrating a the two-sphere on the horizon. The first
and fourth terms combine to yield

— ieE3%wiy A E* + i:E*6wy A E?
= %5/* <aAh,,, + %h,,A - a,h,,A>E3 A E*
+oee (B39)
For the second term we have

i§E25w24 AN E4

"1
= % <; hm: + aAhAv + hAu(ﬂBaA/’tB + ﬂBaAﬁB))E3 A E4

e, (B40)

where we have used 8(%fi,) = 6(utjiy) = 0. It turns out
that

0ah?, + h? (B 0,pp + pBoufip) = g*8Dsh,p

1
:p ABDAh,L,B, (B41)

where D, denotes covariant derivative on the unit 2-sphere
(that is, compatible with y 45, not g,5). Thus, we can write

v /1 1
ieE* 8wy N E* = % (;h,,,, —I-ﬁyABDAhvB) E3NE Y+,

(B42)

The coefficient of E3 A E* is real,

i5E25w24 A\ E4 — l.gE256023 AN E'3

1 1
=& <; h,, +;yABDAh1;B> EPAE* 4. (B43)

We also have

E3 AN E*

. I _
—iE'6wi4 N E* =E75 [ﬁ (B + p' i)

& _
+ 5 (B4 + W R)OEY A E

+o (B44)

. 1 -
i:E'6w;3 N EY = &5 [ﬁ (it +//‘M2)] E* A E?

&
+ 5 (W + i) EP A SE*

(B45)
Together we have

— llgEl5CO14 A E4 + l-gEléCUl?, A E3
2ET r
= —ihwﬁ A E* +€—5(E3 ANEY) + -,
r r

(B46)
where we have used S(ufi,) = 8(i*py) = 0. With 6r = 0,
we also have §(E® A E*) =0 due to the Bondi gauge
condition y48h,p = 0.

Collecting the results, we obtain

i 1 2
Eeaﬂ75(i§Ey)5waﬂ A E(S = |:§§A (aAhvr + ;h'vA - arth)

1 1
+ fb <;hm/ + pyABDAhvB>

2 r
i N (B47)
p

Plugging this into (B1), we obtain the electric diffeo-
morphism charge associated with vector field £ on the
Schwarzschild horizon r = 2M to be

N M2 1
dQH = E/ d2®\/}7 |:§A (aAhw +thA - arhUA)

1 v 1 AB A 25}’
+M§ (hw +2My D hvB) thr . (B48)

For a smooth function f(®) and the horizon supertrans-
lation vector field (21), this formula is in exact agree-
ment with the horizon supertranslation charge derived
in [4], as anticipated.
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2. Dual supertranslation charge

The magnetic diffeomorphism charge associated with a
vector field & takes the form

i
joly = /W(%E Jowe A EP. (B49)

Again, we only need to compute the E> A E* component of
the two-form

(ieE*)6was N EP. (B50)

The only part of the expression relevant to the S? integral is
(ieE*)5wqp A EP = (icE") (613 A E® + w14 A E*)

+ (lez)(é(Uzgg VAN E3 + (5(1)24 AN E4)

+ (15E3)5a)34 A E4 ‘I‘ (15E4)5a)43 A E‘3

+oee (B51)

where - - - contains all the irrelevant components. Using the
expression (B32) for the spin connection, we can write

(6w A E? + 6014 A E*)|gon naor

I _
= =055 By + W) (B3 A EP 4+ B A EY)

1
=5 (BWy + W B (S A E* + SE* A E?)
— (B'EL)SE® A EP — (u'u,)SE* A E*. (B52)

The first line on the rhs is clearly zero since E* A E* 4
E* A E® = 0. The third line is also zero since

1 1

By = ;ﬂAﬁA =0, piy, = ;ﬂAﬂA =0. (B53)
In the second line, we have
SE* AN E* +8E* N E?
= (Spafip + Ofiapp)d®* A dO. (B54)

One can show that the expression in parentheses on the rhs
is %h 4p and is therefore symmetric,

hap = O(uafip + fiaps) = 2(Suafip + Sfiapp),  (BSS)

which implies SE° A E* + SE* A E* = 0. Therefore we
have

(60)13 AN E3 + 60)14 A E4)|d®AAd®B = O (B56)

The expression for dwy; A E> + dwyy A E* is similar but
with just more complicated coefficients. To see this, first
observe that the E* and E* components of @,3 and w,, have
the form

wy; = -+ —AE® — BE*, @y = -+ — BE3 — AE*,

(B57)

where A is complex and B is real,

_ oA N >
A=W ) = i +— 2 (V= W?)
+ WAEP (0afip — Opfia), (B58)
1 _ . ﬂAﬁ/
B—— ( A L 3) — A Ay _ w2
5 \WH0a(W ) = g+ 2 (V = W7)
- WAL (Oyjip — Opfiy) +c.c.). (B59)

Note that A = B =0 on Schwarzschild; it is only the
variations A and 6B that do not necessarily vanish. Thus,
we have

(8wnz A E* 4 84 A EY)| yot naen
= —(6B)(E® A E*+ E* A E?) — B(SE® A E* + 6E* A E?)
— ASE3 AN E? — ASE* A E*

=0, (B60)

where the second line vanishes since A = B = 0, and the
first line vanishes due to E> A E* 4+ E* A E? = 0.
At this point we are left with the two terms,
(i§E3)5(l)34 AN E4 + (i§E4)50)43 AN E3. (B61)
We first note that the E* and E* components of w3, = —w,3
can be written compactly using u*i? — pAu® = ie'® as
w3y = -+ i€*B(0\igE® + 0supE*).  (B62)
The variation 5e4? is proportional to the trace yA2h,, and
therefore vanishes in Bondi gauge. Therefore if we vary

w34, the variation only acts on the expression inside the
parentheses,

Swyy = -+ i€*P5(0sfigE® + appE?)
= ot €M (0,005E + 0ySupE?

+ 0 figdE® + 0 upSEY). (B63)

Plugging this in and using i:E° = &y and i:E* = Ejiy,
we obtain
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(i5E3)5w34 VAN E4 (15E4)5a)43 AN E3

ie"BECU (0,0 E® + 04jigSE> + 04upSE*Y) N E*

— ie"BECL(040upE® + 0pligSE> + 0aupdE*) N E3

=X,

where X takes the form

X = ie"Buc(048fgE> + 04figSE> + 04updE*) A E*

= ie*"P[uc(0x0fip)uphie + pc(0afip)Supity + He(Oapp)Sfipiis + iic(0adup)iphiE

+ ic(Oafip)HpSps + fic(Oapp)updip)dOP A dOF.

One finds that this expression is

1 ]’l{/,g 2cos @
Xe==(a -
¢ <gsint9+ sin2g

0{/, hgg
sin@’

sin2 6

where dQ = sin0df A d¢, and D, denotes the unit 2-
sphere covariant derivative compatible with y,5. Notice
that €42 here is the Levi-Civita tensor for the metric g4z,
which contains the 7 factor. If we write &2 for the Levi-
Civita tensor corresponding to the S? metric 745, we have
the relation &% = r?¢48 and

1
Xc - —E_ABDAthdQ. (B67)

Collecting the results, we obtain the magnetic diffeomor-
phism charge associated with a vector field & to be

1
87z
1

- C—ABD .
167 /e d’0/yEE*BD s hye

Joy é:CXc

(B68)

APPENDIX C: DIRAC BRACKET
OF NONINTEGRABLE PIECE

We can rewrite ./\/H

0-f =278*(z—w). Domg so and taking note that the
covariant derivative D, is acting on a scalar and is therefore
a plain partial derivative, we obtain

in terms of the delta function

1

N =51 ),

v 2(0:/)0,D? = 1] DP Doy

(C1)
Partial integration in the second term by Z yields

+ 1

1 nBNHA
f _—87[M ] D”D OAB-

/ dvd*z(0,0f)[D? (C2)

sin 89, {/"/) +

(B64)
— ie*Bjic(0,OugE* + 05figdE> + 0pupSE*) A EP
(B65)
2cos 0 hoy r?
By — 0y —2 ) dQ = ——€*BD 4 hpdQ, B66
sinZg ¢sin9> 2 € Patse (B66)

The boundary term arising from this vanishes, since d; f =
2728%(z —w) and the contour does not cross w. To treat
[D? —1]7! explicitly, let us consider its Green’s function
A(z,7') of D> —1, [51]

1
(D> —=1)A(z,7) = —¥&(z - 7)), (C3)
Yz
which is derived in Appendix C 1 to be,
Az) = — pi(-n.-n) (C4)
“t 4 sin(zA) SR

where A =1 (-1 +i V/3), P, is the Legendre function, and

i(z-2) 1—ZZ> (©5)

S z2+z
o\l 422 1422 1422

is the Cartesian coordinates of a unit vector on the sphere
characterized by (z,z). The quantity n,-n_ reduces to
cos@ when (7/,7) is set to the north pole, as it should.
Using A, we can write (43) as

1
HY 2 .
N = - L* dv d*z(0,0-f)

X / 7Y Az, )DE DY 6. (C6)

In the second term on the rhs, let us partial integrate the two
covariant derivatives on o, to A. This gives rise to two
boundary terms, but one can use (C4) to show that they
vanish, see Appendix C 2 for details,
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H
Nf

:&[LM%#J%( 0-f) /aaz

First, let us compute the Dirac bracket {N", 5Q7f }p- This is zero, since it is proportional to the expression

that vanishes. Next, we compute {\ ;ﬁ, (SQZ]ﬁ }p- It is proportional to the quantity

DA DB ( ))O-A’B” (C7)
{/ dv d*2(0.9:f) / &2 \/Y (DY DP A(2.7))owy. / dv dzz”W(zJE”DC"g)aDIIa}
HT HT D
{/ dU d2 0 azf \/fz DA/DB/A(Z Z O'A B> / JZZ//\/T(DE”DCHQ)é‘EHD hD//C//}
HY D
(C8)

= 3272M? A+ dzz(azazf)/dzzl\/y(DA/DB/A(ZvZ/))(DE/DCIQ)GE’D/}’A’B’D’CB

where we have used (26), with ysgcp = Yac¥Bp + YaDYBC — YABY cD- Partial integrating the two covariant derivatives on A
to g while noting that D ege = 0 and D ypcpe = 0, we obtain

{ / dv d*z(0,0-f) / &7 \/Y (DY DB A(z.2))oup. / dzz”\/y”(DE"DCHg)eEuD”hDHCH}
HT HE

D

:32ﬂM2/dzz(0Z()Zf)/dzz’\/VA(z,z’)(DB/DA/DE'DC/g)eE/D/yA/B,D/C/

= 64xiM> / dZZ(aZaZf>/dQZ/\/?A(Z’Z/)(DZ/DZIDZ/Dz/g_ szszDZ/Dng)(yZ/z/)Z

= 64m‘M2/ 2(0,0-f) /d%’fA z,7)

The boundary term arising from the partial integration is
similar to that discussed in Appendix C 2 and vanish for the
same reason. [52] In the second equation, we have used the
fact that the only nonvanishing components of €42 and y 4 gy
are ef=-e =i and y.:=y::. = ﬁ =2y’
respectively. One can readily check that [D2, D2]g = 0.
We conclude that A }ﬁ has zero bracket with both

charges,

(N800 =0 (N 601}, =0, (Cl10)
and therefore we do not be concerned about this term when

computing Dirac brackets.

1. Green’s function for D* -1

In this section, we present a derivation of the Green’s
function for the negative-definite operator D> — 1 on the
unit sphere using standard textbook techniques. As oper-
ators of this form are of interest in various areas of physics,
their Green’s functions can be found in many places in the
literature, see for example [53] and references therein.

The Green’s function A(Q, Q') for D? — 1 is a solution to
the equation

)*[D%. D3 ]g.

(D? = )A(Q, Q) = §(Q - Q)

50 -0)5(¢ = ¢'),

1
—_— Cl1
sin @ ( )

where Q and Q' represent points on the unit sphere, and the
differential operator acts on 2. Due to spherical symmetry,
the Green’s function will only depend on the geodesic
distance between Q and Q'. Without any loss of generality,
we can assign the coordinates on the sphere such that Q' sits
at the north pole. Then, the geodesic distance between
and Q' is given by 6. By spherical symmetry, this solution
must be the same as when ' is not necessarily at the north
pole but instead ¢ = ¢’, in which case the geodesic
distance is |0 — @'|. Thus, we will solve the following
equation first,

(D>~ 1)A(0-0']) =5 50-0),  (Cl2)

7 sin @

and restore the ¢-dependence later. The operator D? in
spherical coordinates reads
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1 9. 0 1 0

- %oy 2 (13
sn000° " 30 " sinZ0.04? (C13)

so by changing variables to t = cos 6, we can write (C12) as

d o d , 1 ,
<dt(1 t)dt I)A(t,t) fzﬂ_é(t ). (C14)
We can obtain the Green’s function A by solving this
equation for # < ¢ and 7 > ¢, and then stitching the two
solutions together at t = 7.

The differential equation (C14) states that a second-order
differential operator acting on A yields a delta function.
This implies that A is continuous at = ¢; otherwise the
discontinuity can locally be Written in terms of the

Heaviside step function, and ~ acting on it will yield a

derivative of the delta functlon which is not present in
(C14). So, we have

ImA(f —e,7) = im A(f' +e.7').

e—0" e—=0"

(C15)

On the other hand, ‘fﬁ is discontinuous, which can be seen

by integrating (C14) around an infinitesimal region around

t="t,
dA dA 1
lim (1 —ﬂ2)( > — . (Cl6)
e—0" dt t={+e dt =t — 2

With the stitching conditions (C15) and (C16) in mind,
let us solve (C14) for ¢ # ¢'. Equation (C14) for t # ¢ takes
the form of a Legendre equation,

<jt (1=2) jt A+ 1)> ALY =0,  (C17)

with 1 = _liT’\/g (such that A(A+ 1) = —1). Being a sec-
ond-order ordinary differential equation, this has two
linearly independent solutions, the Legendre functions
P,(1) and Q,(r) of the first and second kind. When 4 =
n where n is an integer, P, (¢) is a Legendre polynomial.
Legendre polynomials have a definite parity, so for instance
P,(t) and P,(—t) = (—1)"P,(t) are not linearly indepen-
dent. However, for noninteger A, P,(¢) is linearly indepen-
dent to P,;(—t), (Egs. 8.2.3 and 8.3.1 of [54])

Py(~1) = cos(Az)P, (1) — %sin(ml)Q,l(t). (C18)

This relation implies that for noninteger 4, we can use P, (t)

and P, (—1) [instead of the standard pair P,(¢) and Q,(¢)] as
a basis of solutions to (C17). Thus, we can write

(JIPA(I) —+ azPi(—t) for t < t/,

byP)(t) + by P;(—t) (€19)

A1) = {

for t > ¢,

where a,, a,, b, and b, are functions of # only. We demand
that the Green’s function A(z,7) is well-defined every-
where but f=1¢. Taking note that P,(1)=1 and
P;(—1) = oo, one can see that this fixes a; = b, =0,

azPi(—t) for t < ZJ,

biP,(1) (20

A, 1) = {

fort > 7.

The remaining coefficients a, and b, are fixed by the
stitching conditions (C15) and (C16), which read
aPy(=1') = by Py(1'). (C21)

1

by P (") + ayPy(—1') = 27(1=17)

(C22)

These can equivalently be written as

i ()~ (i)

Solving for a, and b, we obtain

(&(—r’)
P(=1)

(Z) ~ (P(=0)Py(7) Jlr Py (1) Py(=1))
't / 0
* <—Ilz§§t—)ﬂ) P}Z(—?)> <2n(11-ﬂ2)>

_ 1 < Py(7) )
27(1 =2 )W{P, (1), Py(=1)} ;¢ \ P;(~1") )’

(C24)
where W{-, -}|,_, is the Wronskian,
Py(1)  Pai(=1)
WP (1), Py(=1)} = Pt) LPy(1)
_ ‘ A0 Py
Py(1)  —Pi(=1)
—(Py(1)Py(=1)
+ Py(=0)P (1), (C25)

evaluated at 7 = ¢'. To compute the Wronskian of P,(7) and
P;(—t), we first note that the Wronskian of P;(¢) and Q, ()
is (Eq. 8.1.9 of [54])

1
-7

WHP,(1), 0,(1)} = (C26)

Then, we use the relation (C18) to obtain
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WH{P,(1), P;(—1t)} = cos(An

2.
— —sin(x
T

IW{P;(1), Py(1)}

WP, (1), Qa(1)}

_ —2sin(z1)
a(1-7)"

since W{P,(t), P,(t)} = 0. This with (C24) implies that a,

and b, are
() =20 (o)

Plugging these into (C20), we obtain the Green’s function

1 {Pi(ﬂ)Pl(_t)
4sin(zd) | P,(=1)P,(1)

Putting Q' back at the north pole (and hence & = 0 and

¢ =1) and recalling that 1 = #, we obtain

(C27)

(C28)

fort <t

At 1) = (C29)

fort > t.

1
A(0) = ——=P_.5(—cos ). C30
6) = Feimen) =pa(=cos®)- - (C30)
So, this is the Green’s function when €’ is the north pole.
For a generic point Q' on the sphere, spherical symmetry
demands that A only depend on the geodesic distance y

between Q and Q', which is given as

cosy = cosfcos @ +sinfsiné cos(p —¢'), (C31)
and we have
1
AQQ)=—F—P_, C32
(©.9) = g Paaal—cosy). (C32)

as a solution to the Eq. (C11). We note that it does not

matter which of the two orders 4 = %’ﬂ we choose, since
P,(t) = P)-(1); we have just chosen a plus sign for
definiteness.

2. Treatment of boundary term

In this section, we show that the boundary terms arising
from partial integrating the rhs of (C6) vanish.
One can see that this partial integration involves

/ 7Y Az, 2 )D¥ DX o
/dzz’\/_DB (2.2 )DVoup)
- /dQZ/ \/VDA/(UA’B’DB/A(Z’ 7))

/dzz

V7 (DY DP A(z, (C33)

))O-A’B”

so the boundary term arising from this procedure is
proportional to the quantity

/ P27 DY (Az. 2 )DV o)
_/dzz/WDA/(UA’B’DB/A(%Z/))

- _if dz/},z’i’ (A(Z’ Z/)az’az’z’ - Gz’z’aZ’A(Z’ Z/))

Z

+i%dz/yZ,Zr(A(ZvZ')az"’z’z’—Uz'z’az’A(Z’Z')% (C34)

Z

where we have used Stokes’ theorem. This vanishes if (a) A
and 0~ A do not have z’-poles at z/ = z and (b) A and 9 A
do not have Z'-poles at 7/ = z.

To show that both (a) and (b) are true, we start from the
Green'’s function A(z, z’) given in (C4). For the moment, let
us put 7/, 7 = 0 (the north pole) and restore them later. This

gives
1 z-1
= P :
4sin(Ar) (zz + 1>

Only the asymptotic behavior of A(z,0) near z,Z =0 is
relevant for the boundary contribution (C34), and for this
we need the asymptotic behavior of P,(¢) near t = —1. This
can be derived via the asymptotic behaviors of P,(¢) and
0,(t) near t = 1, which read [55]

A(z,0) (C35)

P/{(t) ~ 1,

Qz(f)N%hl( 2t>’ ast—1, (C36)

and using the relation (C18), which yields

1
P;(t) ~—sin(zA)In (1 +17), ast— —1.
P

(C37)

Applying this to the Green’s function (C35) with
t=(zz—1)/(zz+ 1), we obtain

1
A0 ~7In(). aszz—0.  (C38)

Restoring the reference point z/, the asymptotic form of the
Green’s function near z = 7' is [56]

1
Az, 7)) NZIH as (z,zZ) = (£.,7). (C39)

One immediately sees that A has a logarithmic singularity
at z = 7' and therefore has no poles there. Also, d,A =

- )hasnoz -pole at 7 = z, and 0- A = pe _)hasnoz—

pole at z = 7. Therefore, the boundary term (C34) receives
no residues and vanishes.
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(C40)
It is shown in Appendix C1 that A ~Jlog|z—2/|* as
z — 7/, so the above expression vanishes due to lack of
appropriate poles.

[53] R. Szmytkowski, J. Math. Phys. (N.Y.) 47, 063506 (2006). 22

[54] M. Abramowitz and 1. Stegun, Handbook of Mathematical 1 —cosy= ;,_,2
Functions, With Formulas, Graphs, and Mathematical (1+27)
Tables, (Dover Publications, Inc., USA, 1974).

[55] DLMF, NIST Digital Library of Mathematical Functions, which plugged into (C37) for P;(—cosy) and then into (C4)
http:/dImf.nist.gov/, Release 1.0.28 of 2020-09-15, edited leads to A(z,7/) ~4Inr? = {In(z = 2')(z = Z') for r — 0, in
by f.W.J. Olver, A.B. Olde Daalhuis, D.W. Lozier, agreement with (C39).

Then, taking z = 7/ + re’? and expanding around r =0
leads to
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