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Abstract In this work, we scrutinize the consistency of
spacetime homogeneous Godel-type metrics within
f(R, O, P) theories of gravity for well-motivated matter
sources. As it is well known, such geometries allow for
causality violation. We provide general conditions to engen-
der completely causal solutions in a manner completely dif-
ferent from general relativity. We take some specific models,
4n+2
I

LY
(aR?>+bQ +cP)
illustrate the general results. Notably, we also find an unusual
completely causal vacuum solution in the presence of a non-
trivial cosmological constant which corresponds to the case
m? = 4o’

for instance, f(R, Q,P) = R —

1 Introduction

Studies concerning the nature of gravitational interaction
have become one of the most prominent topics in mod-
ern theoretical physics, opening the door to whether gen-
eral relativity (GR) is the correct theory to describe grav-
ity at different energy scales. At the same time, experi-
mental observations show two different gravitational phe-
nomena: the late-time accelerated expansion of the Universe
and the discrepancy between the experimental and theoreti-
cal data of the rotation curves of galaxies in clusters [1-6],
which cannot be explained in the GR framework without the
deploy of dark matter and energy [7]. Another motivation
being essentially important at the quantum level, that is, the
non-renormalizability of Einstein’s theory, called attention to
modified gravity models. Further, the increase of interest to
gravity was supported by the detection of gravitational waves

e-mail: jroberto @fisica.ufpb.br

b e-mail: petrov@fisica.ufpb.br (corresponding author)

¢ e-mail: pporfirio@fisica.ufpb.br

d e-mail: rns2 @academico.ufpb.br

[8—10], obtaining the first image of the black hole [11], and
further, obtaining the image of the shadow of a black hole in
the center of the Milky Way [12].

Historically, the first interesting classical results within
modified gravity have been obtained already in [13] where
the possibility of de Sitter cosmological solutions display-
ing exponential growth was proved for the modified Einstein
equations involving terms of the second order in curvature.
Further, various extensions of Einstein’s gravity were pro-
posed. The class of possible modifications of the gravity
Lagrangian is very wide — they include the use of a generic
function of the scalar curvature (see f.e. [14] and references
therein) or other manners to implement higher derivatives in
a pure gravitational sector, adding of extra fields (scalar, vec-
tor or even tensor ones) which, instead of being treated as a
matter, are considered as ingredients of a complete descrip-
tion of gravity (for a general review on modified gravity, see
[15-17]).

Among various manners to modify purely gravitational
sector, very interesting ones are based on the use of higher
curvature invariants, namely, 0 = R,,R"” and P =
Ry vpo R*YP?, 50, one can introduce f(R, Q) or f(R, Q, P)
gravities, which give origin to a more wide class of extended
gravity theories, where, certainly, new solutions impossi-
ble in general relativity can arise. Detailed studies of vari-
ous issues related to f(R, Q) gravities, both in metric and
Palatini formulations, have been performed earlier, see f.e.
[18] and references therein. So, the natural extension of this
study consists in treating f (R, Q, P) theories. Originally,
this class of theories was proposed in [19] where some of
its applications within the gravitational wave context were
discussed, further, a detailed discussion of these theories
(especially, their specific form of f (R, G) gravities, with G is
the Gauss—Bonnet invariant) within the cosmological context
was presented in [20-26]. Therefore, the study of the consis-
tency of other known solutions of GR within these theories
is very natural.
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Within this paper, we concentrate on the class of Godel-
type metrics known to generate closed timelike curves
(CTCs) for certain values of their parameters [27-36]. Ear-
lier, the consistency of these metrics, besides GR, was
checked, together with verifying possibilities of causal solu-
tions, also within Chern-Simons modified gravity [37,38],
Brans-Dicke gravity [39], f(R, Q) gravity [18] and some
other gravity models. The aim of this paper consists of check-
ing the validity of Godel-type solutions in f (R, Q, P) grav-
ity. We generalize, in some sense, the results found in [40]
since we are considering all three classes of Godel-type met-
rics while only the hyperbolic class is taken into account
in [40]. Furthermore, we derive expressions for the critical
radius for the linear and hyperbolic classes of Godel-type
metrics.

The structure of the paper looks like follows. In Sect. 2,
we describe our model and write down the field equations. In
Sect. 3, we present a brief review on the main properties of
Godel-type metrics. In Sect. 4, we find Godel-type solutions
for well-motivated matter sources within the framework of
f(R, O, P) theories of gravity. Finally, we give some con-
clusions and a summary.

2 The setup: f(R, Q, P) gravity
2.1 Action and field equations

We start this section by introducing the f (R, Q, P) gravity
action (see f.e. [19]):

S = 22 d*x V=g f(R, Q, P)

+ / d4x A/ —gﬁmat (g;w, ), (M

where k2 = 87 G is related to Newton’s constant G, g is the
determinant of the spacetime metric g,., f(R, Q, P) is a
generic function of the following scalar geometrical invari-
ants: the Ricci scalar, R = g""R,,, @ = R*"R,, and
P = R%, ,Ro PV Furthermore, Lomg; is the Lagrangian of
the matter sources represented above by the arbitrary fields
v.

The gravitational field equations are obtained by the vari-
ation of the action (1) with respect to the metric. Then, by
doing so, one gets

S
fRRMv - Eguv + 2fQR?#Rv)ﬂ + guvaR - V(pcvu)fR

'Hj(fQ Ruv) -2V, I:V(,u(fQ Rﬁ))] + &uwVa Vo

X(fQR™) + 2 fp Rapor R, = 4V Vy | fr R ) |

2
=*T, 2)
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where the covariant d’Alembertian operator is as usual

definedasd = g""V, V, and the other quantities are defined
as follows: fr = g{v fo = @ and f, = "f . On the
r.h.s. of Eq. (2), the stress-energy tensor commg from the

contributions of the matter sources is explicitly given by
T(m) ___2 8(«/ _gﬁmat)
SRV S

The above field equations can be conveniently rewritten

in a compact shape, namely,
Gy = kT + T2, 3)

WlthK z;— and

1/ 1 7
ff
To = E( — SR8 SR+ T 8ur — ZfQRgLRv)ﬁ
_g/waR + v(p,vu)fR - D(fQR;w)
12 [ Vi (o REy] = 81V Vo (f0R*)

_ZfPRaﬂdMRaﬂUU + 4Vavﬁ[fPRa(lw;3])’ 4
where Tlfl;f is the effective stress-energy tensor.
Now, taking the trace of Eq. (3), one finds

R = (k3T + 7). )

where the shorthand notation 7™ = g“"T;g'f) and T° =
g””TIfff has been used. Plugging this back into Eq. (3), one
arrives at the trace-reversed form of the field equations,

1 . .
Ruy = 2 (rgp -~ Eg,wT(m)> + (T/jﬁf - EgWTeH> :
(6)

It is straightforward to note from the previous gravitational
field equations that they, in general, contain higher-order
derivative terms, more precisely, fourth-order ones. In this
respect, it is well known that these models could present
unpleasant pathological behavior, such as the arising of
ghost-like instabilities, then leading to the breakdown of the
unitarity, see f.e. [41]. To avoid this problem, in this paper we
shall follow the methodology of the effective field theories
[42] which means that the effects of the high curvature terms
are suppressed by a typical high energy scale; thus, to some
extent, such instabilities can be neglected at the low energy
limit.

3 Godel-type metrics

Our aim in this section is to provide a brief review of the
main features of Godel-type metrics, in particular, those
fulfilling the conditions of space-time homogeneity (ST-
homogeneous). We also discuss the causality aspects of such
metrics and their three distinct classes.
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The explicit form of the line element of the Godel-type
metrics in cylindrical coordinates looks like [27-35]

ds® = —[dt + H(r)do]> + D*(r)do* + dr* + dz%,  (7)

where H(r) and D(r) are arbitrary functions of the radial
coordinate. However, it was proved in [27] that to attain
ST-homogeneity of Godel-type metrics, the metric functions
must satisfy the following conditions (necessary and suffi-
cient)
/
H()
D(r)
D"(ry
D(r)

where the prime stands for derivative with respect to the radial
coordinate, 7. The pair (m?, w) completely characterizes all
ST-homogeneous Godel-type metrics. Physically, the param-
eter w is the vorticity, while the other parameter is allowed
to assume any real value, —oo < m? < 0o. Henceforth, we
shall restrict our analysis to ST-homogeneous Godel-type
metrics only and refer to them simply for Godel-type met-
rics. The solutions of Eq. (8) define three different classes of
Godel-type metrics for w # 0, depending on the sign of the
parameter m?, namely,

I

®)

bl

(1) hyperbolic class, where m? > 0 and

H(r) = 2%[cosh(mr) — 1],

)

D(r) = L sinh(mr);
(ii) trigonometric class, where m* = —p? < 0 and
H(r) = 23[1 — cos(ur)],

" (10)
D(r) = L sin(ur);
(ii1) linear class, where m? =0 and
H(r) = wr?,
D(r)=r. (11

The case corresponding to w = 0 is the degenerate class and
it will not take into account here. Note that the well-known
Godel metric [36], which is a solution of Einstein equations
with a cosmological constant A supported by a dust of den-
sity p, is achieved by taking m”> = 20> = —2A = «?p.
Therefore, the Godel metric is an example of the hyperbolic
class. Regarding isometry groups, the Godel-type metrics
admit different groups of isometries by depending on the
relations between m? and w?. As an example, the special
class m?> = 4w? admits G as the isometry group, which is
the larger one.

One of the most interesting properties of the Godel-type
metrics is the presence of closed time-like curves (CTCs)
which are defined by circles C = {(¢,7,0,2); t,r,z =
const, 6 € [0,2m]}, in a region restricted by the range

ri < r < ra, where the function G (r) = D2(r)— H?2(r) must
be negative inside this region. For the linear class m = 0,
there exists a non-causal region r > r. possessing closed
time-like curves, where

re=1/w (12)

is the critical radius. For the trigonometric class m?> =

—u? < 0, there exists an infinite sequence of alternating
causal and non-causal regions. For the hyperbolic class of
such spacetimes, there exists a non-causal region r > r¢,
where the critical radius r is given by

mr, 40 !
sinh2< 2L) = <—2 - 1) 5 (13)
m

when 0 < m? < 4w?. Note, however, that from the above
equation, when m? > 4w?, the presence of CTCs is totally
avoidable, that is, there is no breakdown of causality. In the
special case m? = 4w?, the critical radius r. — 0o [27].

4 Godel-type solution in f (R, Q, P) gravity

Having found the gravitational field equations in Sect.2,
we now check the viability of Godel-type metrics within
f(R, Q, P) gravity. To begin with, it is convenient to adopt
a local Lorentz co-frame 04 = eAde“ ! for the metric (7).
In particular, we pick the following choice

6© = dr + H(r)do,

oM = dr,

0@ = D(r)do, (19
03 = dz.

Then the line element can be cast into the form:

ds* = napb6®, (15)

where n4p = diag(+1, —1, —1, —1) is the Minkowski met-
ric. In the local Lorentz (co)-frame (14), the field equations
(6) read

1 S| .
Rap = Ke2ff <T,§n1;) _ EUABT('")> + (T,Z% _ ET)ABTCH) ’
(16)

where local Lorentz indices are converted into spacetime
ones by means of the vierbein eAM or its inverse e A“ . For
example, the rule to get the Ricci tensor in the co-frame basis

(14)is Rap = eA’LeB" R,y The specific choice (14) is useful

! Here, capital Latin indices label coordinate fibers of the vector bundle
with structure group SO (3, 1), while small Greek indices label, as usual,
spacetime coordinates.

@ Springer
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since the non-vanishing components of the Ricci tensor, in
this frame, are,

Ro© =20, Riya) = Roye) = 20° —m?, (17)
which, in turn, are constant quantities. On top of that, the
scalar quantities are also constant as we can check by direct
computation. So,

R = 2(m2 — a)z); (18)
0 = 2m*(m® — 40°) + 120™; (19)
P = 4m*(m* — 60°) + 440*. (20)

Taking this into consideration, the effective stress-energy ten-
sor reduces to

1 1 S
Tﬁlf)f = E( — ERguva + Eglw - ZfQRfMRV)ﬂ

— foORyu +2fo Vs [vaﬁ)] — f08uyVaVo R*

_2fPRaﬁUMRaﬂUu +4fPVavﬁRa(/w;3)’ D

which can be simplified further by using the following iden-
tities
1

—0R;
2

1
VoVuRl, = SVyVuR + RuuovRY + R Ry

V.V, R"

(22)

VgVo R, = —0ORyy + VgVuR,P,

then
Tli]f)f = i( - levaR + iguv - (fQ +4fP) URw
fr 2 2
+2(fo+2fp) R, R (23)

- 2fP Raﬂa(u Raﬂav) + 4fP R)L(MRV))L> .

This equation matches the stress-energy tensor found in [18]
for f(R, Q) gravity by setting P = 0. Note, however, that
the latter equation still carries a fourth-order derivative term,
namely, Y, = — (fQ + 4fp) OR,,y, in contrast to what
is claimed in [40]. On the other hand, all components of
such a higher-derivative term vanish altogether in the co-
frame (14) for the special class of Godel-type correspondent
to m? = 4w?, as we can explicitly see below

Yoyo =4 (fo +4fp) 4o* — mHe?,
You = Yoo =2(fo +4fp) 4o* —m*)e?, (24)

thus, for this specific case, the field equations reduce to a cou-
ple of second-order partial differential equations. Another
possibility would be to enforce the constraint fo = —4 fp.
Before proceeding any further, it is worth stressing that we
shall scrutinize Godel-type solutions belonging to the three
classes—hyperbolic, linear and trigonometric—differently

@ Springer

from [40], where the authors just explored the hyperbolic
class.

4.1 Vacuum solutions

We here are interested in investigating solutions of the grav-
itational field equations in the absence of matter sources,
TP(LT) = 0, boosted in parts by the results found in [18] in
the context of f (R, Q) gravity. As a first step, let us proceed
with the shift in f, namely, f(R, Q) = f(R, Q) —2A,in
order to implement the cosmological constant for the sake of
completeness. Formally, the insertion of a cosmological con-
stant can be viewed as an effective contribution on the rh.s
of the field equations (3), more explicitly, such a contribution
generates a stress-energy tensor given by T/gg) = —Anas.

Taking this into account, the field Eq. (6) in the local
Lorentz basis (14) read

0 = 4w’ fr — f +2A — 16 fpe* (3a)2 - mz)

116 fpaw? (3m2 - 11w2) : (25)
0=2/% <2w2—m2)+f—2A

—4f, (m4 — 6a’m? + 120)4)

—8fp (m4 — 90?m? + 22w4) : (26)
2A = T, 27)

in addition, we have the constraint (5)
fRR+2fo0+2fpP —-2f+4A =0. (28)

Upon combining Eqgs. (25, 26, 27, 28), we are able to find the
relation

fr—4fo (3a)2 - mz) 4fp (3m2 - 11w2) —0. (29

This equation leads us to some important conclusions. First,
by taking fo = fp = 0, we obtain that fg = O; thereby
one concludes that f(R) theories do not admit Godel-type
solutions in the absence of matter sources. As an immedi-
ate consequence of that fact, GR also does not. Second, by
assuming fp = 0, in other words, f = f(R, Q), we recover
the results found in [18]. Another important point to mention
is that our results disagree with those found in [40] for the
hyperbolic class of Godel-type metrics in the absence of mat-
ter sources. Conversely, as we have pointed out before, our
results are in agreement with those found in [18,28-35] for
f(R, Q) and f(R) theories of gravity, respectively. One can
get some general results by exploring further Eq. (29). For
example, to accomplish completely causal Godel-type met-
rics (without the presence of CTCs), which corresponds to
m? > 4w* > 0, Eq. (29) must satisfy the following inequal-



Eur. Phys. J. C (2023) 83:331

Page 50f9 331

ity amid fr, fp and fp,ie.,
fr < —40? (fo + fr). (30)

So, one concludes that theories fulfilling the previous
inequality do not present CTCs. For the linear class (m?> = 0),
the relation amongst fr, fp and fp must satisfy

fr =40* (3fo +11fp), (31)

with the critical radius (r. = 1/w) given by

ro =2 [2Wet+1l/r) 32)
fr

On the other hand, the trigonometric class (m* = — /,Lz) is
achieved when

12fpw® + 44 fpo® — fr
4(fo+3fp)

To shed more light on the vacuum solutions, Eq. (29), it

should be demanded the explicit knowledge of the function

f. In order to do so, let us treat some particular functional
forms of f now:

<0. (33)

411 f(R,Q,P)=R+aR*+BQ +yP

In this particular case, Eq. (29) reduces to

2=4a)2(a+3,3+11y)—1
a+pB+3y

4m , (34)
where «, B and y are constant parameters. Of course, the
case « = f = y = 0, which corresponds to GR, is pre-
cluded, as expected. However, by introducing the Gauss—
Bonnet scalar invariant, § = R? — 40 + P, which is a
topological invariant (total derivative) in four dimensions,
this particular model f(R, Q, P) = R +aR>+ BQ +yP
can be mapped into f(R, Q) = R + o«’R> + B'Q by
means of a redefinition of their parameters. Such theory
has been already explored in [43] and completely causal
vacuum solutions have been found there, apart from other
results. Another plausible possibility would be to consider
f(R,Q,P) = R+ f(G), where f(G) corresponds to an
arbitrary function of Gauss—Bonnet scalar invariant [44]. In
this situation, we have fr = 14+ 2fgR, fo = —4fg and
fp = fg. Plugging these identities into Eq. (29), one finds
an inconsistency that entails that this model does not admit
Godel-type solutions. Of course, this result also holds for
f(R, O, P) = F(R,G) generalized gravity models since
frR = Fr +2FgR, fg = —4Fg and fp = Fg do not
fulfill Eq. (29), except for Fg = 0, which is not a realistic
case because does not recover GR at the low-energy limit.
These models have been recently used to explain the cosmic
speed-up of the Universe [20].

4.12 f(R,Q,P)=R+g@R*>+bQ +cP)

This model generalizes the previous case by considering a
generic function of the higher order curvature invariants,
g(aR2 + bQ + cP). Actually, such a class of general theo-
ries has been explored in several contexts [45]. To have more
explicit results and for the sake of convenience, we shall treat
the particular class of theories defined by

M4n +2

aR?>+bQ +cP) = — ,
8 ¢ ) (aR*+bQ +cP)"

(35)

where a, b and ¢ are dimensionless constant parameters, 7 is a
positive integer number and y is a mass scale constant. In par-
ticular, the choice (35) is useful to study modifications of the
Einstein—Hilbert action in the infrared regime that means that
such modifications manifest relevance at low curvatures. This
scenario is important in cosmology, for instance, to investi-
gate the late-time accelerating cosmic expansion [45].

All three classes of Godel-type metrics are possible for this
specific class of theory. We remark that the first completely
causal solution (m? = 4w?) must satisfy

4n+2

12" .3Ba+b+c)"’

with the additional conditions: n being a positive odd number
and 3a + b + ¢ < 0 to assure the positivity of the vorticity.
The linear class is also a solution if

4n+2
dn+2 np

T A4n(a+3b+ 1)

w 37
Note that this solution supports either a + 3b + 11c¢ > 0 or
a + 3b + 1lc < 0 when n being a positive even number.
In contrast to n being a positive odd number, which only
supports a + 3b 4 11c > 0.

Another interesting model consists of taking b = —4c¢ in
Eq. (35) so that the Gauss—Bonnet term G emerges. In this
case,

g(aR2 +bQ+cP)=¢g ((a — )R>+ cg)

4n+2
. a (38)

((a — o)R? +cG)" '

which leads to the following completely causal solution
(m2 = 4a)2)
Wit = _ nput"t?

127 . 3n+1 (a _ C)" ’ (39)

with the further conditions: n being a positive odd number
and a — ¢ < 0, similarly to the aforementioned general case.
For the linear class, we achieve the following solution

4n+2

anpa _ "t

= Pa—o “0)

@

@ Springer
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where should be fulfilled the following requirements: if # is
odd then a — ¢ > 0 and if n is even then eithera —c > 0
or a — ¢ < 0. Such conditions guarantee the positivity of the
vorticity.

4.2 Solutions in the presence of matter sources

Here we introduce a new ingredient: the matter sources. Alto-
gether, let us deem a perfect fluid and a massless scalar
field as the matter content, in much the same way as [18].
The stress-energy tensor of a perfect fluid is defined by
TP = (p + p)uaup — pnag, in the tetrad basis (14),
where p and p are the pressure and density of the perfect
fluid, respectively. The 4-velocity of a particular point parti-
cle of this perfect fluid is characterized by u4 = 83. Putting
all this information together, we arrive at the only non-zero
components of the stress-energy tensor are

T =ro T =T = T86 = 1
The second matter source is a massless scalar field ()
in which its stress-energy tensor, in the local Lorentz co-
frame (14), Ty} = VayVa¥ — InagnPVeyVpy,
where Vo = e A” Vur as usual. In addition, the scalar
field must satisfy the Klein-Gordon equation, Oy =
nAB (VAVBw + a)CBAVcl//) = 0, where a)CBA are the non-
holonomic coefficients. Using the symmetries of the Godel-
type metrics, it is reasonable to restrict the scalar field to be
z-dependent only. In this case, by solving the Klein-Gordon
equation, we obtain W = bz + by, where b and bg are con-
stants. It is worth calling attention to the fact that the gradient
of the scalar field, V4¢ = [0, 0, 0, b], is aligned along the
same direction, at each point of the space-time, as the angu-
lar velocity, ot = %EABCDa)BCD = [0, 0, 0, w]. Thus, the
non-zero components of the stress-energy tensor of this scalar
field are given by

76N _q6n _ Lo p6n

_p6h Lo
00 =306 = 3 mo =T b™. (42

@@ — 2
Assembling both matter sources, we have TXZ) = ngf ) +

ng) whose non-zero components in the non-local Lorentz
co-frame (14) are given by

1 1
m _ Lo e o _ 1
Toyo =, + 5% Thay =Tee =P =30
1
(m) _ 2
Tgye =p+5b" (43)

The non-vanishing components of the modified Einstein
equations (6), in the presence of the aforementioned matter
content, look like

@ Springer

0 =402 fx — f — 16 fow* (3w2 - mz)
+16fpe? (3m = 110?) = 22 — 207,
44)
0=2fr <2a)2 — m2) +f—4fo (m4 — 6w’m? + 12a)4)
—8fp (m4 —90°m? + 22w4) — 2% p +k2b%; (45)
0= f—22p—«b>. (46)

Solving the previous set of algebraic equations in terms of
the matter sources, we found that

K2b* = (m* — 207%) fg + 2(m* — 60’m* + 1207) fo
+4(m* + 90 m? — 220™) fp; (47)
1 1
sz = Ef — E(m2 — 20)2)fR
—(m* — 60*m* + 120) fo
—2(m* 4+ 90 m? — 2207) fp; (48)

1 1
Kip = _Ef - E(mz — 607) fr

—(m* — 140’m?* 4 360%) fo

—2(m* = 30 m? + 2207) fp. (49)

Making use of the above equations one can obtain infor-
mation on the causality properties of the Godel-type met-
rics. First, It realizes that by taking fp = 0, which corre-
sponds to f(R, O, P) = f(R, Q), we recover the results
found in [18] and, particularly, those ones found in [43] for
f(R, Q) = aR+ B Q. On the other hand, let us take the par-
ticular class of the Godel metric (m? = 2w?), which presents
CTCs, toillustrate the causality properties of the general case,
i.e., when fp # 0. In this scenario, the critical radius, whose
explicit form is given by Eq. (13), looks like

2
re = —sinh™" (1)
m

= 4+/5sinh~! (1)

fr

X 9

(fR +/fr* = 40K2 (202 + p + p) fp)

(50)

where we have made use of Eqgs. (47, 48, 49) in the sec-
ond equality. Recalling that we must assume the following
requirements: fg? > 40«2 (262 + p + p) fp and fp > 0,
so that the critical radius equation (50) holds. Similarly, one
can compute the critical radius for the linear class (m? = 0),
using Eqgs. (47, 48, 49) besides Eq. (12), thereby

fr }1/4

_ 51
K2(2b% + p + p) G1)

rC:22|:



Eur. Phys. J. C (2023) 83:331

Page 70f 9 331

with either fp > 0 and 26> + p+ p < O or fp < 0 and
2b% + p + p > 0 being satisfied.

4.2.1 Completely causal solutions

As previously discussed, the metric parameters must satisfy
the inequality m? > 4w? in order to circumvent the arising of
CTCs. We here analyze the conditions on the gravitation field
equations in the presence of matter sources (a perfect fluid
and scalar field) to engender completely causal solutions.

Our starting point is rewriting the field equations (44, 45)
and (46) in a more convenient form, i.e.,

8 (2640 + 41m*w? — 200m*w* — m®) fp
m2(4w? — m?)
K2 (m* — 60’m* + 120*) (p + p)
@?*m?(4w? — m?)

K2 (6a)2 — mz) b?
—_—— (52)

2fr =

J’_
w?m?

16 (20% — m?) (110® — m?) fp
m2(4w? — m?)
k2 (20> —m?) (p+p) kb2 .
w?m? (4> — m?)

=2 <2p + b2) , (54)

et (53)

with m? # 4w?, m* # 0 and, of course, w* # 0. Nonethe-
less, for the class m? = 4w?, which corresponds to the first
completely causal solution, we have

K2(p + p) = —1120°* fp; (55)
KK2b% = 1200* fp + 8w fo + 20 fr; (56)
K*(b* +2p) = f. (57)

It realizes from the above equations that the pure scalar field
case cannot generate the class m?> = 4w?> whether fp # 0.
As fp = 0 one recovers the same results obtained in [18].
On the other hand, the pure perfect fluid case constraints the
functional form of f(R, Q, P), as we can see from Eq. (56)
that reduces to

fr = =600 fp — 40’ fo. (58)

This suggests that the generic case permits new completely
causal solutions within the range m? > 4w? and also a further
arbitrariness on the functional form of f(R, Q, R).

In order to investigate such CTC-free solutions, let us
assume m? > 4w? in Eqgs. (52, 53). Note yet that these solu-
tions can be broken into two distinct cases:

e p+p>0andb? > 0.

This case is achieved if the conditions below are satisfied:

fo >0, if 40? <m? < 11w? and fp >0
or m> > 11w? and fp <0,

fr <0, if 6w* <m? <355887w> and fp >0
or m*> > 35.5887w? and fp < 0.

e p+p <0andb?® > 0.
In this scenario, we conclude from Egs. (52, 53) that fg
and fp can assume both signs regardless of the sign of

fr.

To illustrate the aforementioned discussion, let us consider
again the particular theory

M4n+2

(aR2+bQ +cP)"

f(R,Q,P)=R— (59)
For convenience and without loss of generality, we shall con-
centrate our efforts on the simple case n = 1 (the analysis
is similar for generic n). It is straightforward from Eq. (58)
that the parameters of the model must fulfill the condition

1 3a+ 15¢+b

6
w

) = 2 T 3@+ 50)+b <0,
<M> 4(9a+b+3c)2:> (@+35c)+b<

(60)

in order to admit the first completely causal solution (m? =
4w?) supported by a pure perfect fluid.

5 Summary and conclusions

In this work, we have investigated the conditions to engender
completely causal Godel-type solutions within f(R, Q, P)
theories of gravity for a well-motivated matter content com-
posed of a perfect fluid and a massless scalar field. As a
first step, we have demonstrated that the field equations for
f(R, Q, P) do not reduce to a set of second-order partial
differential equations for Godel-type metrics, in disagree-
ment with [40]. Actually, this just happens for the special
class m? = 4w?, which corresponds to an important and non-
trivial result since it avoids the potential arising of ghosts and
also the emergence of CTCs. Despite these models present-
ing this particular CTC-free solution, we were successful to
generate other causal solutions inside the range m?> > 4w?.
Apart from that, it is noteworthy that the three classes of
Godel-type metrics have been obtained, and then generaliz-
ing the results found in [40], which takes into account only
the hyperbolic class.

We have found many solutions without any parallel with
GR. For example, we have shown that f(R, Q, P) grav-
ity with a non-trivial cosmological constant admits vacuum
Godel-type solutions (all three classes), in particular, com-
pletely causal ones. In this context, we have treated two par-
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ticular models, namely: f(R, Q, P) = R+aR*+BQ+yP

_ _ Iu4n+2
and f(R, Q. P) = R — ot

this model is equivalent to f(R, Q) = R + «’R*> + /0,
where the Godel-type metrics have been studied in [40,43].
In the latter case, however, it was provided the conditions
on the constant parameters to accomplish the first CTC-free
solution (m? = 4w?).

By including matter sources, a perfect fluid and/or a
scalar field, we explicitly computed the critical radius r,
for the Godel class (m? = 2w?) and also for the linear
class (m2 = 0). We have also obtained the necessary con-
ditions to achieve completely causal solutions in the pres-
ence of a perfect fluid and/or a scalar field. As a specific
example, we have deemed the effective ghost-free model

6
f(R,Q,P) =R —

7
(aR?+bQ +cP)

theory presents a completely causal Godel-type solution if

Eq. (60) holds. We close the paper with the statement that

other forms of the function f(R, Q, P) displaying similar

behaviour also can exist.

In the former case,

. In particular, this
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