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1 Introduction

Precise measurements of the interactions of the standard-model (SM) particles, and in
particular, the electroweak bosons and the top, will be a focus of the LHC program in
the coming decade. These interactions can be systematically parameterized in terms of
Effective Field Theory (EFT) Lagrangians, which in principle provide a model-independent
framework for indirect searches for new physics. Much of the collider EFT program has
been guided by the Standard Model EFT (SMEFT), whose starting point is the unbroken
SU(3)xSU(2)xU(1) theory with a single Higgs doublet, focusing in particular on dimension-
six operators [1-3]. Even in the SMEFT framework, it is plausible however that a given
set of heavy fields couple differently to different SM fields. Different SMEFT operator
bases are therefore better suited to describe the effect of different UV models [3-6], and
truncating the EFT at dimension-six may moreover leave out important effects (see for
example [7-11]). Furthermore, some extensions of the SM are not captured by the SMEFT
(at least at low-dimensions), and would lead at low energies to the framework known as
the Higgs EFT (HEFT) [12-25]. These include for example models featuring fields which
get their masses from electroweak symmetry breaking (EWSB), or fields which provide
additional sources of this breaking [17, 26-28].

The on-shell bootstrap (see for example [29, 30]) provides a natural avenue for a bottom-
up construction of EFTs. EFT extensions of the SM can be formulated in this approach
directly in terms of the physical observables of interest, namely, the scattering amplitudes
of the known SM particles, with a one-to-one mapping of EFT operators and contact-term



amplitudes [31-33]. Furthermore, since they are not obscured by field redefinitions and
operator redundancies, questions such as the distinctions between different EFT extensions,
or the assignments of EFT dimensions, are concretely phrased in terms of physical quantities.

In this paper, we derive the full set of four-point contact-term amplitudes, featuring
the SM massive and massless particles, keeping terms with up to quartic energy growth.
Together with the three-point amplitudes listed in [33], these determine the EFT predictions
for four-point amplitudes with this energy growth. These amplitudes are the most interesting
objects for phenomenological purposes, since two-to-two scattering processes, followed by
two- and three-particle decays, are the ones where we can hope to get the most data. Our
results are collected in tables 1 and 3 and section 4. The low-energy E? HEFT contact
terms are given in table 1. The low-energy E? SMEFT contact terms appear in table 3 and
are mapped to the massless SMEFT contact terms [34] collected in table 2, where we also
give the relations to Warsaw basis operators. Section 4 contains the low-energy £* HEFT
contact terms.

Indeed, on-shell scattering amplitudes have emerged in recent years as a powerful
method for constructing EFT Lagrangians [31-42]. Bottom-up constructions of SM, or
SM-like amplitudes were discussed in [33, 43-49]. The emergence of symmetry from the
amplitude bootstrap, and its relation to the geometry of field space was studied for instance
in [50-52].

We employ two types of on-shell constructions. The first is purely bottom-up and gives
HEFT amplitudes. The second is top-down and starts from the massless amplitudes of the
unbroken theory, yielding the SMEFT low-energy contact terms. We now sketch these in
turn. Various methods for constructing generic contact-term bases for massless amplitudes
were described in [26, 34, 38, 53, 54]. The construction of generic massive contact terms
using little-group covariant spinors was discussed in [33, 43, 48, 55-57].

We first derive the most general four-point contact terms involving the SM particles
consistent with SU(3)xU(1)gm symmetry and baryon and lepton number conservation.
Since they are built in terms of the broken-phase electroweak sector, with the physical
Higgs h and the massive W and Z treated as independent degrees of freedom, the resulting
amplitudes are valid beyond the SMEFT. In particular, any tree-amplitude featuring
the SM particles with Wilson coefficients determined by the running to the energy scale
of interest can be spanned by these contact terms. Thus, the contact terms derived in
this way correspond to HEFT amplitudes. Our analysis extends [33], which derived the
three-point SM amplitudes and one four-point example, to include the complete set of
four-point contact terms.

To construct the independent contact terms, we use the strategy of [53, 55]: working
with the little-group covariant massive spinor formalism [43], the basic building blocks
of the basis are Stripped Contact Terms (SCTs), which are massive spinor structures
with no additional factors of Mandelstam invariants. To get the full set of contact terms,
each SCT is then multiplied by an expansion in these invariants. Note that the SCTs
carry the little-group weights of the external particles, and encode the information on
their polarizations. The expansion in the Mandelstam invariants on the other hand only
depends on the scattering angles, and corresponds to the derivative expansion of EFT



Lagrangians. Generic four-point SCT bases for spins 0, 1/2, and 1 were given in [55].
Starting from these, we specify to the SM particle content, impose the low-energy symmetry
and (anti)symmetrize over identical particles. Partial results on the electroweak sector
contact terms were derived in [55], and our analysis extends these to the full set of massive
and massless SM four-points. For each four-point contact term, we indicate the dimension
of the corresponding HEFT operator, namely, the operator which generates this contact
term at leading order, and the dimension at which this contact term can be generated in
the SMEFT.

Turning to the construction of SMEFT contact terms, one way to proceed, which relies
on low-energy input only, is to start from the HEFT contact terms and impose perturbative
unitarity [33]. As we will see in section 2, the equivalence of perturbative unitarity and
gauge invariance is clearly exposed when the amplitudes are written using the little-group
covariant massive spinor formalism.

To recover all the SMEFT relations from this bottom-up approach, however, one
needs to consider a sufficiently large set of amplitudes, including in particular higher-point
amplitudes. Instead, one can start from the massless SMEFT contact terms and “Higgs”
these to obtain the massive contact terms [47]. In the little group-covariant massive spinor
formalism, massless SCTs featuring just fermions and vectors are simply bolded into massive
SCTs. SCTs featuring an external scalar line give rise to two types of massive contact terms.
Directly bolding the massless SCT gives a massive SCT with an external scalar line — a
physical Higgs. Massless SCTs featuring a scalar momentum p bold into a massive vector
line, with p — p)[p. This Higgsing relies on Lorentz symmetry, specifically the little group
transformations of the SCTs in the massless and massive theory, and exploits the simple
relations between the two in the massive formalism [43].

Two examples of four-point dimension <8 SMEFT amplitudes, namely WW hh and
udWh were derived in [47]. Here we extend these results to all the SM particles, but
only include dimension-six contributions. Our starting point is thus the dimension-six
massless SMEFT contact terms derived in [34]. Higgsing these as described above, we
obtain the massive SMEFT contact terms, recovering all the E? HEFT contact terms,
with Wilson coefficients dictated by the SMEFT. In the bosonic sector, the number of
dimension-six independent Wilson coefficients is reduced from eight in the HEFT to six in
the SMEFT. Additional relations appear in the fermionic amplitudes.

Bottom-up derivations of HEFT operators appeared recently in [41, 58-60]. Ref. [60]
presented the list of HEFT operators corresponding to four-point SCTs with Higgs external
legs. (These operators are referred to as primary operators in [60].) Where they overlap,
our results agree with the operator counting of [59, 60]. Hilbert series methods for counting
independent EFT operators [2, 61, 62] were also extended recently to the case of massive
theories and in particular to the HEFT [63].

This paper is organized as follows. In section 2, we review some elements of the
little-group covariant massive spinors and SCT construction. We explain our normalization
of SCTs with inverse powers of the mass and the cutoff, and the implications for identifying
the operator dimensions and perturbative unitarity. We also discuss the equivalence of
perturbative unitarity and gauge invariance, and comment on the differences between



SMEFT and HEFT amplitudes from the point of view of locality and analyticity. In
section 3.1 we derive the generic — or HEFT — SM amplitudes with up to E? growth.
These are shown in table 1. In section 3, we derive the analogous SMEFT amplitudes. The
unbroken SMEFT contact terms are reviewed in table 2, where we also relate their Wilson
coefficients to those of the Warsaw basis. We then list the massive SMEFT contact terms
in table 3. Thus, each kinematic structure in the physical amplitudes can be associated
with a specific operator in the Warsaw basis. In section 4, we derive the remaining HEFT
amplitudes featuring cubic or quartic energy growth. For completeness, we flesh out the
details of on-shell Higgsing in appendix A using the WW hh amplitude as an example. We
discuss the general structure of the low-energy amplitude, explain the derivation of four-
point contact terms, and derive the dimension-six correction to the WW h amplitude from
the relevant massless factorizable six-point amplitude. Finally, in appendix B, we list the
leading high-energy behavior of the generic low-energy factorizable four-point amplitudes.

2 Preliminaries

Each four-point amplitude consists of a factorizable part, which depends on the three-
point couplings; and a non-factorizable part, which is purely local and contains the four-
point contact terms. The independent parameters entering the amplitude are thus the
renormalizable and non-renormalizable three-point couplings, as well as the coefficients of
independent four-point contact terms. Together with the three-point couplings given in
ref. [33], the four-point couplings we will list here parameterize the most general SM EFT
amplitudes, and allow for the construction of the full four-point amplitude.

We derive the contact terms of the massive and massless SM particles below the
electroweak breaking scale. For the most part, we assume baryon- and lepton number
conservation, but we will comment on the modifications to the contact terms in the presence
of Majorana neutrinos. The low energy theory features several dimensionful parameters,
namely the particle masses, and the cutoff, which we denote by A. Neglecting fermion
masses apart from the top, the masses are parametrically of the same order, and the contact
terms can be written as a double expansion in m/FE and E/A, where m denotes the common
mass scale and F is the energy. If we only impose SU(3)xU(1), the contact terms we derive
apriori describe HEFT amplitudes. To obtain the low-energy SMEFT contact terms, we
start from the SMEFT contact terms at high energies, with SU(2)xU(1) broken by the
vacuum expectation value (VEV) v of a single Higgs doublet. The low-energy amplitudes
then involve two dimensionful parameters, namely v and the SMEFT cutoff, which we
denote by A. A large hierarchy between v and the cutoff is only possible in the SMEFT,
where SU(2)xU(1) is linearly realized at A. Thus, for HEFT amplitudes it is appropriate
to set A = v. On the other hand, in the SMEFT, with lepton-number conservation, the
massless amplitudes feature only even powers of A, and typically 1/ A? in the low-energy
SMEFT amplitudes maps to 1/A2, while 1/A maps to v/A2,

The amplitudes are written in terms of spinor variables [64], using the little-group-
covariant bolded spinor formalism of [43] for massive particles. We summarize the essentials
of this formalism here. For more detail, and for explicit expressions for the spinors, we refer



the reader to [33, 43]. Our conventions for the spinors and their high energy limits follow
ref. [33]. An external massive particle ¢ of momentum p; is described by a pair of massless
spinors, 1) =12, Here and in the following, ©) stands for either 4] or i). For each external
fermion ¢, the amplitude contains one factor of 'L’)M =12 with M = 1,2 corresponding to
positive and negative helicity respectively for square spinors, and conversely for angle
spinors. For each external vector ¢, the amplitude contains i){Mi)N}. For square spinors,
(MN) =11, (MN) = 22, and {12}, correspond to positive, negative, and zero polarizations,
respectively. Boldface indicates symmetrization over vector indices, but we use it for any
massive spinor or momentum to distinguish them from massless ones.

The different spinor structures contributing to a given amplitude can be classified
according to their helicity category, namely, the helicities of the external particles in the
massless spinor structure obtained by naively unbolding the massive structure [55]. Thus for
example, the structure [12][12], which can appear in amplitudes with two vectors, 1 and 2,
and two scalars, is in the + + 00 helicity category, since the unbolded [12][12] corresponds
to a + 4 00 helicity amplitude. In contrast, [12](12) is in the 0000 helicity category, since
[12](12) corresponds to a four-scalar massless amplitude.

To obtain the HEFT contact terms, we follow [55]. The contact terms are determined
by Lorentz symmetry, which dictates their little-group transformations, locality, and the
additional symmetries of the theory, in this case, SU(3)xU(1)gy and baryon and lepton
number. Manifestly-local contact terms can be constructed from the list of independent
SCTs, namely spinor structures with no additional powers of the Mandelstams, and then
appending a polynomial in the independent Mandelstam invariants, say s and ¢. Isolating
the independent SCTs can be largely done by relying on the massless limit. However, once
they are multiplied by the Mandelstams, some terms can become redundant. We refer the
reader to [55] for more details. The relevant SCT bases for four-point of spins 0, 1/2, and 1
were presented in [55] and provide the basis for our analysis. Note that the SCTs carry all
the polarization information of the external particles.

Since the low-energy amplitude features several mass scales, the energy growth of a
certain contact term may not simply correlate with the dimension of the operator which
generates it at leading order. In particular, spinor structures in longitudinal-vector helicity
categories should be accompanied by an inverse factor of the vector mass in order to correctly
infer the dimension at which these structures first appear at the Lagrangian level [55].
Concretely, a structure of the form - --4](%- - -, where 7 is a vector line, should be normalized
as ---¢|(¢/M; - - -, where M; is the mass of the vector i. This follows from the fact that
] (¢/M; is nothing but the polarization vector of the vector i. Another way to see this is
to note that the longitudinal vector arises from a derivatively coupled Goldstone. Thus
the corresponding operator contains dG, where G is the Goldstone field. To interpret this
operator as a vector operator requires an inverse mass to get the correct dimension, that
is, 0G — 0G/M,. Note that ¢](¢/M; is finite in the high-energy limit for transverse vector
polarizations, but scales as E/M; for a longitudinal vector polarization.

In fact, the 1/My “poles” appearing in these contact terms (where My stands for
a vector mass) reflect their non-local nature. These terms are required to cancel E/My
growth in the factorizable massive amplitude in order to obtain a well-behaved theory above



v, and are therefore associated with the factorizable part of the amplitudes. In contrast,
the non-factorizable parts of the amplitude consist of terms that are manifestly local, and
which are therefore suppressed purely by powers of A.

The distinction between A and My suppression is only sharp in the SMEFT, where
these scales can be hierarchically separated. For the SMEFT amplitudes to be sensible at
high-energy, v < E < A, positive powers of E/m must cancel. We list the leading power of
E/m terms of the factorizable amplitudes in appendix B. The equivalence of perturbative
unitarity and gauge invariance is very transparent in the massive spinor formalism. The
sources of E//m behavior are factors such as ¢|(¢/M. For zero vector polarization, this
scales as /M, and typically leads to amplitudes growing as a positive power of F/M. Such
terms violate perturbative unitarity, which requires E™ growth to be suppressed by the
same power of the cutoff. Choosing instead the vector polarization to be positive, the factor
i]i) /My is finite, and can be written as i]¢;) where ] is the high-energy limit of i]’=", and
&) = 'L’)I:2 /My is finite. Requiring the high-energy amplitude to be independent of the
arbitrary spinor ;) is thus equivalent to requiring perturbative unitarity. On the other
hand, in the massless, high-energy theory, &;) is an arbitrary spinor, which is nothing but
the reference spinor associated with the vector polarizations, and the condition that the
amplitude is independent of ;) translates to the condition that it is gauge invariant. We
show one example of this type, namely the WW hh amplitude in appendix A.

As mentioned above, inverse mass behavior signals the non-locality of amplitudes,
associated with their factorizable parts. This is precisely the type of behavior we expect to
see in the HEFT. The fact that states getting their mass from EWSB are integrated out,
translates in the on-shell picture to 1/v non-analyticity of the amplitudes, which implies a
cutoff of order v. In contrast, in the SMEFT, the full amplitudes, including factorizable
and contact terms pieces, should be well behaved for v < E < A, with no E/M pieces.

3 Four-point contact terms at O(E?)

3.1 HEFT contact terms

In this section, we list the independent four-point contact terms of SM particles with
E? energy growth, imposing SU(3)xU(1)gy invariance and baryon- and lepton-number
conservation. Bases of independent contact terms for four-point massive amplitudes of
particles of spin <1 were derived in ref. [55]. Here we apply these results to the case of SM
amplitudes. We list contact terms with E? growth here, and contact terms with E* growth
in section 4. Together with the three-point electroweak amplitudes derived in ref. [33],! the
four-point contact terms and their coefficients allow for a full parametrization of general
EFT amplitudes up to E*.

The generic dimension-six contact terms are listed in table 1. The bolded products (ij)
stand for either square or angle brackets, as appropriate for the helicity category in question.
The Wilson coeflicients of these structures are denoted by capital C’s, with subscripts

!Three-point gluons were not included in ref. [33], but can be obtained from the photon amplitudes by
simply adding a color factor.



denoting the external particles, and superscripts denoting the helicity category. Here and
in the following, f denotes any SM fermion, V' denotes the W or the Z, and h denotes the
physical Higgs.

Note that at this order, all the contact terms are given by spinor structures with no
additional powers of the Mandelstam invariants. Thus they correspond to SCTs. In section 4,
when we consider also E* terms, these expansions will appear. Recall that the SCTs carry
the little group weights associated with the external particles and encode their polarization
information. Amplitudes not shown in this table have their leading contributions from
SCTs involving more than two spinor products.

Most of the contact terms in table 1 are suppressed by two powers of the cutoff,
namely 1/ A2, and correspond to independent dimension-six operators. The exceptions are
structures in longitudinal vector categories. As mentioned above, these are normalized as
(12)[12]/M2 and (13)[23]/(MyA) (and similarly for 1 <> 2). With this normalization, we
can read off the dimension of the low-energy operator which first generates these terms as
4 and 5 respectively. Indeed, (12)[12] is first generated at dimension-4, and corresponds
to the operator V“VMhQ. It is required to cancel the high-energy growth of the massive
SM factorizable amplitude.? We can split the coefficient of the contact term (12)[12]
as C%}Whh = C’g%;;h + C’ggvggh with the part C’WWhh canceling the EQ/M‘Q/ part of the
factorizable amplitude. Thus Ci(/)l(/)Whh is determined by three-point couplings, while the
remaining C’SI(/) ;l:h constitutes an independent Wilson coefficient. In the SMEFT, this
split cleanly correlates with the counting of operator dimensions in the high-energy theory.
01919Whh is an expansion in v?/A2, with the leading v° piece corresponding to Cg%;;h,
and determined by the SM dimension-four gauge coupling. At dimension-six, both the
three-point couplings and CS[(,)Whh are shifted by v2/A? corrections such that the cancelation
still holds. On top of this, C’gg‘/g}:h /A? is an independent 4-point Wilson coefficient.

In the HEFT, on the other hand, the various couplings are just numbers, and there is
no expansion in the VEV. Power counting can be done in various ways. Splitting C’I%)Whh

C&?Iﬁazh is naturally treated as dimension-four, such that upon adding it to

as before,
the factorizable part, the full amplitude has no E growth. The coefficient CWWhh can
be viewed as dimension-six, since it generates E? terms. Alternatively, it can be viewed
as dimension-four, since it corresponds to the operator V2h2. In any case, the physical
quantity is the numerical coefficient of each kinematic structure, and these differences are
just a matter of theory interpretation. Moreover, there is no sharp distinction in the HEFT
between the cutoff A and the electroweak mass scale v, with A ~ v. In the following,
when we refer to HEFT dimensions, we will refer to the dimension of the corresponding
operator. The contact terms (12)[12] and (13)[23] are then dimension-4 and 5 respectively.
Furthermore, it is easy to read off the minimal dimensions of these operators in the SMEFT.
To leading order in the v expansion, A=2 = A=2, and A~! = vA~2. Therefore, both of these
contact terms can be first generated at dimension-six in the SMEFT. This is consistent
with the fact that the factorizable fermion-fermion-vector-higgs amplitudes only feature

E/M growth (see table 4), so Cfifjg),ifac = 0. Indeed, as was shown in [33], perturbative

2The leading high-energy behavior of each factorizable amplitude is shown in table 4.



‘ Massive amplitudes ‘ E? contact terms

M(WW hh) Citwan(12)[12], Gy, (12)?
M(ZZhh) CYunn(12)[12], C57,,(12)?
M(gghh) Cognn(12)°
M(yyhh) O (12)?
M(yZhh) Cynn(12)?

M (hhhh) Chihh
M(fEfhh) Crinn(12)

M(fefWh) CHrval13](23), Cpip,,(13)[23], O, (13)(23)
M(f°fZh) Cfin(13](23), Cf 7, (13)[23], CF;7,(13)(23)
M(fefyh) O (13)(23)

M(qqgh) Covar (13)(23)
MfEFFF) Cirrr 1(12)(34), Cr 1 (12)[34], O/ (13)[24], Cffy (14)[23]
Chirr *(13)(24), OFf;~(121(34), O [13](24), O [14](23)

Table 1. Contact terms with E? growth. The C’s stand for independent HEFT coefficients, and
are mostly generated at A=2, corresponding to d = 6 operators. The only exceptions are C%Whh

and CfijVh which appear with Mv and (MVA) respectively, corresponding to d =4 and d =5

operators (for details see text). Color structures and indices are not shown but can be added

unambiguously. For identical Majorana neutrinos, the structures Cffizj,i(13)(23) and C?ﬁf(lS)@S)

do not appear.

unitarity of this amplitude only implies relations between SM couplings, specifically, the
relation between the fermion mass, the Yukawa coupling, and the Higgs VEV.

3.2 SMEFT contact terms

To obtain the SMEFT contact terms, we start with the massless dimension-six SMEFT
contact terms. These were derived in [34] and we list them for completeness in table 2.
For each amplitude in table 2, we show the kinematic and group theory structure. We
also list the Warsaw basis operator, or combination of operators, O, that generates this
structure, and the corresponding Wilson coefficient ¢. We use H to denote the Higgs doublet,
g, W and B for an SU(3), SU(2) or U(1) gauge boson respectively, @) (L) for SU(2)-doublet
quarks (leptons), and u, d (e) for SU(2)-singlet quarks (leptons). The different group theory
factors are denoted as follows: ¢! are the Pauli matrices, A are the Gell-Mann matrices,
THM = 1/2(686) + 0%68)), THI™ = 516567 4 616707 + L0707 + 540167 + 61,6767 + 6,676,
and /'K and fABC are the SU(2)p, and SU(3). structure constants respectively.
Parameterizing the Higgs doublet as

H=(0"7

(v+h+zG0)>T, (3.1)

Sl



Amplitude

Contact term

‘ Warsaw basis operator ‘ Coefficient

T+ Ilmn

A(H{H{H{H'H™H™) P Oy /6 (Y
A(H{HSHYH') s Oup/2+ Onn/4 i e
A(H¢HSH*H') (513 — 823)T5;" Oup/2 — Opn/4 oty
A(B*B*H{HY) (12)25] (Onp +i0yp)/2 BB

A(BEW!=He HY) (12)2(0")] Onws +i0kwp | Hwnn
AWIW/HHeHY) (12)2677 (Onw £i045,)/2 EEoun
A(g**gP* H HY) (12)2547 5] (Onc £i0y4)/2 cGonm
A(LseH;H*H') [12]TEH Oerr /2 S rnn
A(QS ;A" HsH"H') (1275 6b Oan /2 Ounn
A( g7iubH;H£Hl) [12]5imT}rkml5Z Oun /2 CQZHHH
A(eceHEHY) (142]07 Otre/2 Cobrnr
A(uguP He HY) (142]573¢ Orru/? Conti I
A(dgd" H{HY) (14206755 Opa/2 Cadrtr
A(ud®H HY) (142]€" 6% Oud/2 Cotir
A(LSLIHEH) [142)T5" (0L +05L) /8 | cliit
A(LSLHEHY) [142) 77" (05, -081) /8 | cinitd
A(QS QM HEHY) [142) 776} (3055, +O5L) /8 | chantl
A(Q Q"I HH') (142753 (Ol ~ Oi0)/8 | oot
A(LseB*HY) [13][23]7 ~i0ep/(2v/2) T
A(Q ;d" BT HY) [13][23]674% ~i0ap/(2V2) ChdBH
A(Q ;u" BT HY) [13][23]ei;4, ~i0up/(2V2) CoubH
A(LgeW ! HY) [13][23](c"); ~iO.w/(2V2) o
A(Q5 ;"W H) [13][23] (") 5% —iOaw /(2V2) Chawn
A(Qg W HS) | [13][23](0")ixef —i0uw/(2v2) CouwH
A(Q5 g™ HY) [13][23]6] (A4, ~i0a/(2v/2) coac
A(Q; ubg™ T HS) [13][23]e;; (A1), ~i0uc/(2V2) Chucin
AWTEWIEWEE) | (12)(23)(31)e /K (Ow +i0y;,)/6 W
Alg*tgPEgC®) | (12)(23)(31) fAPC (Og £i0¢)/6 erere

Table 2. Massless d = 6 SMEFT contact terms [34] and their relations to Warsaw basis operators [3].
For each operator (or operator combination) O in the third column, ¢ O generates the structure
in the second column with the coefficient ¢ given in the fourth column. c-superscripts denote
charge conjugation.



we can obtain the high-energy amplitudes featuring the Goldstones G* and the radial
mode h on the external legs. Each one of the massless contact terms is then “Higgsed” to
obtain the corresponding massive contact term(s), as described in ref. [47]. Massless contact
terms featuring only fermions and vectors are simply bolded to give massive contact terms
with fermions and vectors, in transverse vector helicity categories. Massless contact terms
featuring a Higgs leg give rise to contact terms with a massive scalar leg, in which case they
are simply bolded; or to contact terms with a massive vector leg. Thus for example, based
on kinematics alone, it is easy to see that at order E2, the QTQH'H contact term gives rise
to a QTQZh contact term, but does not generate a contact term with two physical Higgses.
The massless amplitude features [132). We can then read off the massive structure using,

[132) = [13)(32) — [13](32) , (3.2)

which contributes to the QTQZh amplitude. Note that only a structure with a momentum
insertion ps can give rise to a vector amplitude. Indeed [132) is consistent with being a
Goldstone amplitude since it is derivatively coupled. On the other hand, [132) cannot
contribute to a low-energy amplitude with two physical Higgses: Bose symmetry would
require [132) — [1(3 4 4)2) which is vanishing.

This procedure reproduces the full set of structures of table 1, and relates their
coefficients to the massless SMEFT coefficients. We collect the massive SMEFT contact
terms and their coefficients in table 3. Four-fermion contact terms are not shown here
because their matching to the high-energy amplitudes is straightforward. Each of the Wilson
coefficients C' in table 3 is d = 6, and is suppressed by A2. As explained in section 3.1,
the low-energy amplitudes may also contain mass-suppressed contact terms in longitudinal
vector helicity categories, which are associated with the factorizable part of the amplitude.
Thus for example, the structure (12)[12] in the WWhh amplitude has two pieces: one
comes with a coefficient ngi,f;zh, which is determined by three-point couplings, and one
which is an independent SMEFT d = 6 four-point coupling, C%%;zh. Only the latter is
given in table 3, but we omit the superscript CT for simplicity.

Note furthermore that high-energy four-point contact terms with Higgs legs may also
correct the three-point couplings. The d = 6 SMEFT corrections to the three-points were
derived in ref. [33] by matching to the Feynman diagram result obtained using ref. [65].
These corrections can also be obtained by on-shell Higgsing. For an explicit example,
see appendix A, where we calculate the v2/A? correction to the WWh coupling from the
massless H2(H)?WW amplitude.

For the d = 6 bosonic contact terms of table 3, the only change compared to the HEFT
contact terms of table 1 is in the ++ helicity categories of V'V hh, where six d = 6 SMEFT
parameters control eight HEFT parameters. Additional relations appear among the fermion
SMEFT amplitudes, where the coefficients of up- and down-quark (or antiquark) amplitudes
featuring %), (or [¢) are equal, since they originate from the same doublet (anti)-quark
amplitude. The coefficients of lepton-doublet amplitudes are similarly related.
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‘ Massive d = 6 amplitudes SMEFT Wilson coefficients
MWW hh) = Ciyyy, (12)[12] CWwan = (CE;})TH) 3CEH)1H) )/2
M(WEWLRR) = Cpijyy, (12)? Civvan = 26w
M(ZpZihh) = Cy,(12)[12] C%onn = =263 12
M(Z1Zihh) = C,(12)? Coznn = Cveivwnn + SWCBban + oW sw
M(geghh) = Copy (12)? Coghh = CCGnn
M(yeyzhh) = Cp (12)? O = SWCivwvan + S CEBHE — CWSW R
M(y£Zhh) = Ciyy (12)° Cznn = SWeW ey — SWewCEnnn + 35ty — & )Cow
M(hhhh) = Chpnn Chinh = =3¢zt ry2 + 45 vt prys
M(fEfehh) = Ci5,,(12) Ciinn = 3Cuymmmv/(2V2)
M(F5F-WLh) = Oy [18](28) Cfn = (Chuirn — Couinn)/2
M(fEfLWLh) = CffWh(13)[ 3] Cf_fWh = c;Rw, o
MfSLAW=h) = CFii,(13)(23) Ciivwn = cviivnl?
M(fSf-Zrh) = C;rf?h[13]<23> C:LegZh = _Z\[cqupHHv CJLVQZ}L = _Z(C\IJ\I/HH + \I/\IJHH)/f
M(fEf+ZLh) = th< 3)[23] CferZOhCT Z\TCWHH
M(fLfeZih) = Cffizj;( 3)(23) C}tfizi = (SWC\I/z/;BH +CWC:\151¢}I:/EVH)/\/§
M(f§ fyeh) = Cri (13)(23) Chith = (—sweypivn + cweyppn)/ V2
M(qSargith) = Coit A (13)(23) Coaeit = Cogon/ V2

Table 3. The low-energy E? contact terms (left column) and their d = 6 coefficients in the SMEFT

(right column). ¢yt )2 without a superscript is the renormalizable four-Higgs coupling. The

mapping for four fermion contact terms is trivial, so we do not include them here.

4 Four-point contact terms at E3 and E*

In this section, we derive the remaining contact terms contributing to the SM amplitudes
up to and including quartic energy growth. These include additional SCTs beyond those
listed in table 2, as well as variations of the SCTs in table 2 multiplied by powers of
the Mandelstam invariants. For generic four-point amplitudes with spins < 1, the list of
independent SCTs is exhausted at quartic energy growth. However, for the SM particle
content, some of these only contribute at higher orders, when multiplied by additional
powers of the invariants, due to (anti)symmetrization over identical particles. We comment
on these additional contributions where relevant.

For each amplitude, we show the independent contact terms, and the dimension of the
corresponding HEFT operator, following the discussion in section 3.1. Recall that apart
from longitudinal vector categories, all structures are suppressed by the appropriate power of
A, namely A® or A* here. On the other hand, each longitudinal vector i comes with a factor

i)[¢/M;. In the HEFT, A = v ~ My, but the My factors allow us to infer the dimension of
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the corresponding operator. We also show the lowest dimension at which each structure
may be generated in the SMEFT, using the fact that any single power of A can be written
as 1/A = v/A%. Thus for example, in the WW Zh amplitude, the structure [13][12](23) is
accompanied by 1/(My MzA), and its HEFT and possible SMEFT dimensions are given
as (5,8).

Where appropriate, we only show “half” the allowed structures, with the rest obtained
by a parity flip (PF), switching all angle and square brackets. The number of independent
structures is also given, following the HEFT and SMEFT operator dimensions. In the
HEFT, the coefficients of the terms listed here are all independent. In the SMEFT, many
of them are related. These relations can be derived by “Higgsing” the massless amplitudes.
This was done for udWh and WWhh in ref. [47]. We also comment on how the contact
terms are modified when Majorana neutrinos are involved.

4.1 Bosonic amplitudes with all massive particles
4.1.1 hhhh

There is no E? contact term due to the Bose symmetry of the Higgs legs. The first contact
term appears at E* and is,

Sat+ 85 +30 (88) #=1 (4.1)

Here and in the following, the numbers in the parenthesis indicate the dimensions of
the corresponding HEFT and SMEFT operators respectively, and # is the number of
independent contact terms.

4.1.2 Zhhh

Once we symmetrize over h legs, there is no E? contact term. At E* there is a single
structure,

0: §12[121> + §13[131> + §14[141> (77 8) #=1 (42)

The Mandelstams are necessary due to symmetrization over h. The symmetric sum of
513[121> is (813 + §14)[121> + (812 + §14)[131> + (513 + 514)[141> which simplifies to the
above structure. Note that there is no LE factorizable amplitude.

There is an additional SCT in this case, which first contributes at dimension 13,
(812 — 313)(812 — 514)(813 — 514)([1231] — (1231)).

4.1.3 ZZhh
00: [131)[232) + [141)[242),515[12](12) (6;8) # =2
++ 512[12]%; PF (8:;8) # =2 (4.3)
+—: [1(3 —4)2)2 + (1(3 — 4)2)? (88) #=1

Since there is no E*/(M?A?) growth in the factorizable amplitude, there are no M2A%-
suppressed contact terms in the SMEFT. All independent vvss SCTs appear at E* order.
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4.1.4 WtW-—hh

00: [131)[242) + [141)[232),512[12](12) (6;8) # =2
++: 512(12]% PF (8;8) #=2 (4.4)
+-—: [1(3 — 4)2)%; PF (8;8) # =2
All independent vvss SCTs appear at order E*.
4.1.5 WTW~Zh
000 : [12][343)(12), (1 <> 3), (2« 3) (5;8) #=3
+00 : [12](23)[31]; Perm(+00); PF (5;8) # =6
++0: {[12)%[313),[12]?[323)}; Perm(+ + 0); PF  (7;8) # =12 (4.5)
+-0: [13][142)(23), Perm(+ — 0) (7;8) #=6
+++: [12][13][23]; PF (7,8) #=2

Above, “Perm” stands for the different possible helicity assignments, eg, (400), (0 + 0),
(00+4). For the (+ —0) helicity category, two of the six structures can be exchanged for other
O(E*) SCTs times Mandelstams. Since the latter are beyond quartic order and therefore
not included in our counting, all six structures (+ — 0) are independent.

41.6 ZZZh
000 : [12][343)(12) + Perm(123) (5;8) #
++0: [12]*[343) + Perm(+ +0); PF  (7;8) #
+—0: [13][142)(23) + Perm(+ —0)  (7;8) #

1
2 (4.6)
1

Here, Perm(123) means all permutations of the momenta. The remaining SCTs which
appear in WW Zh require additional Mandelstams to satisfy the Bose symmetry of the Z
bosons. The (+00) helicity category first appears at E° as (s12 — s13)[12](23)[31]. With
the parity flipped structure, this introduces two independent coefficients. The (+ + +)
helicity category first appears at £ from (s12 — 513)(513 — 523)(s21 — $23)[12][13][23], with
an additional independent structure from parity.

4.1.7 Wtw-2zZZzZ

0000 : [12][34](12)(34), [13][24](13)(24) + (3 > 4) (4;8) # =2
++00: [12])%[34](34); PF (6;8) # =2
+0+0: {[12][34][13](24), [14][23][13](24)} + (3 <> 4); (1 > 2); PF (6;8) # =38
00 + + : [34)%[12](12); PF (6;8) # =2
+—00: [13][14](23)(24); PF (6;8) # =2
+0—0: {[12][14](23)(34) + (3 <> 4), (1 +» 2)}; PF (6;8) # =4
00+ —: [13]]23](14)(24) + (3 + 4) (6;8) #=1

++++: {[12]%[34]%,[13]*[24]> + (3 <> 4)}; PF (8;8) #=4

++——: [12)%(34)%; PF (8;8) # =2

— 4+ —+: [14]2(23)? + (3 +» 4); PF (8;8) # =2
(4.7)

At order E® several new vvvv SCTs become independent in the (+000), (+ + +0), and
(+ + —0) helicity categories.
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4.1.8 Wtwtw-w-

0000 : 12][34)(12) (34), [13][24)(13) (24) + (3 > 4) (48) #=2
++400: [12]2[34](34); PF (6;8) # =2
+0+4+0: {[12][34][13](24), [14][23][13](24)} + (1 <> 2) + (3 +> 4); PF (6;8) # =4
00+ + : [34)%[12](12); PF (6;8) # =2
+—00: [13][14](23)(24) + (1 +> 2) (6;8) #=1
+0—-0: [12][14](23)(34) + (1 <> 2) + (3 +» 4); PF (6;8) # =2
00+ —: [13][23](14)(24) + (3 <> 4) (6;8) #=1

+ 4 4+ {[13]?[24]? + (1 « 2), [13][14][23][24]}; PF (8;8) # =4
++—: [12]%(34)%; PF (8;8) # =2
—+ —+: [24])%(13)2 + [14])%(23)2 + (3 > 4) (8;8) # =1
(4.8)
At E® several new vvvv SCTs become independent in the (+000), (+ + +0), and (+ + —0)
helicity categories.
419 ZZZZ
0000 : [13][24](13)(24) + Perm(1234) (4:8) #=1
+400: [12])%[34](34) + Perm(1234); P (6;8) # =2
+—00: [13][14](23)(24) + Perm(1234) (6;8) #=1 (4.9)
bbb [12]2[34]2 + [13]2[24)2 + [14]2]23]2; PF (8;8) # =2
++——: [12]%(34)2 + Perm(1234) (8;8) #=1

At E® several new vvvv SCTs become independent in the (+000), (+ 4+ +0), and (+ + —0)
helicity categories.

4.2 Fermionic amplitudes with all massive particles

4.2.1 ffhh

++: 512[12]; PF (7;8)
4—: {51[132) + 513[142)}; PF (8:8)

ﬁ (4.10)

All SCT bases are covered at E4. For Majorana neutrinos, there is only a single independent
coefficient in the (4+—) category.

4.2.2 f°fZh and ff'Wh

++0: {[12][313),[12][323)}; PF (6;8)
+—+:  {[13][312),[23][321)}; PF (7;8)
+—-0: [13](23) x {312,513}; PF (7;8)
[23] x (8;8)

(8;8)

(4.11)
++ 4+ [13](23] x {312, 513}; PF
TR [12](3123); PF

F= H FHF
I
CRNNN NN

All SCT bases are covered at E*.
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For identical Majorana neutrinos, the vvZh structures are modified to,

++0: [12][313); PF (6;8) # =2
+—+: [13][312); PF (7:8) # =2
Fo0: ([13](23) — (16 2)) x 51, ([13)(23) + (15 2)) X (515 — 329) (7;8) # =2
+ 4+ 4+ [13] [23] X (513 — 523); PF (8; 8) # =2
(4.12)

where we only show the HEFT operator dimensions. The (+ + —) helicity category only
appears at E®, with the two independent E* structures multiplied by s13 — S14.

4.2.3 fefeff

When the four fermions are distinguishable, the contact terms are,
+++—: {[12][324), Perm(+ + +—)}; PF (7;8) #=38
++++: {513[13][24], 513[14][23], 514[14][23]}; PF (8;8) # =6 (4.13)
+ 4+ ——: {[12](34), Perm(+ + ——)} x {812,513} (8;8) # =12

All SCTs are covered at E*. For four Dirac fermions of the same flavor, f{f{f1 f1, the basis

is to modified to,

+ + ++ {[12][34] X 512, ([13”24] + (1 < 2)) X (§13 — 514)}; PF (8; 8) # =4
+ 4+ —— [12]<34> X §12; PF (8; 8) H#=2
+—+—: [([13](24) — (3> 4)) — (1 <> 2)] X 512,
[([13](24) + (3 <+ 4)) + (1 > 2)] x (813 — 514) (8;8) # =2
(4.14)
For four identical Majorana neutrinos, one has
++++:  [12][34] x 512 + Perm(1234); PF (8;8) # =2 (4.15)
+ 4+ ——: [12](34) x 312 + Perm(1234) (8;8) # =1 '

For the same flavor and Majorana neutrinos, the missing SCTs in the (+ + +—) helicity
category appear at E°.

4.24 WHW-ff and WZfef’

00 + + : {(12)[12][34], (12)[13][24]}; PF (5;8) # =4
0+ +—: (14)[12][23]; (1 <+ 2); (3 <» 4); PF (6;8) # =38
00+ —: {(14)(231][23], (1 <+ 2)}; PF (6;8) # =4
++++: {[12)%[34],[12][13][24]}; PF (7:8) # =4
++——: [12)%(34); PF (7:8) # =2 (4.16)
0—++: {(12)[34)(241], (1 <> 2)}; PF (7;8) # =4
0+ ++: {(132][12][34], (132][13][24]}; (1 <> 2); PF (7;8) # =38
++4—: {[12]%[314), (3 +> 4)}; PF (8;8) # =4
+——+: {[14][132)(23), (1 <> 2)}; (3 < 4) (8;8) # =4

There is a non-trivial reduction of the spinor basis for the (0 — ++) helicity category, but
the reduction appears as a linear combination of terms with higher energy growth which we
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have neglected. Thus all of the structures appear with independent coefficients in our basis.
All independent SCTs appear at E* order for distinguishable fermions.
For identical Majorana neutrinos, WW ~vv,

00 + + : (12)[12][34]; PF (5;8) — 2

0++—: {(14)[12][23] — (3 +> 4),(1 +> 2)}; PF (6;8) — 4

00+ — : (14)(231][23] — (3 4),(1 < 2)  (6;8) # =2
++ 4+ [12]%[34]; PF (7;8) # =2 (4.17)
++——: [12)%(34); PF (7;8) # =2 '
0+ ++: {(132][13][24], (1 +» 2)}; PF (7;8) # =4
++4+-: [12)%[314) — (3 +> 4); PF (8;8) # =2
+——+: [14][132)(23) — (3> 4),(1 < 2)  (88) # =2

The missing (0 — ++) helicity category SCT first appears at E® as (si3 — s14)
(12)[34](2(3 — 4)1] with four independent coefficients.

4.2.5 ZZf°f
00 + +: (12)[12][34]; PF (5;8) #=2
0+ +—: {(14)[12][23] + (1 <+ 2),(3 <> 4)}; PF (6;8) # =4
00+ —: (14)(231][23] + (1 <+ 2); PF (6;8) #=2
++++: [12]2[34]; PF (7;8) #=2 (4.18)
++——: [12]2(34); PF (7;8) #=2
0—++: (12)[34](241] + (1 +» 2); PF (7;8) #=2
0+ ++: {(132][12][34], (132][13][24]} + (1 <> 2); PF (7;8) # =14
+ = —+: [14][132)(23) + (1 <> 2), (3 <> 4) (8;8) # =2
All independent SCTs appear at E4.
For identical Majorana neutrinos,
00+ +: (12)[12][34]; PF (5;8) #=2
04++—: [(14)[12][23] + (1 +> 2)] — (3> 4); PF (6;8) # =2
00+ —: [(14)(231][23] + (1 + 2)] B3<4) (6;8) #=1
++ 4+ [12]?[34]; P (7;8) #=2 (4.19)
++——: [12]%(34); F (7;8) # =2
0+ ++: [(132][13][24] + (1 +» 2)] — (3> 4); PF (7;8) # =2
+——+: [[14][132)(23) + (1 <> 2)] — (3 4) (88) #=1

The missing (0 — ++) helicity category SCT first appears at E® from symmetrizing
(s13 — $14)(12)[34](2(3 — 4)1] with two independent coefficients.

4.3 Bosonic amplitudes with massless vectors
4.3.1 ~hhh

There is a single structure appearing at dimension 13, using (512 — 513)(S12 — 514) (513 —
514)([1231] — (1231)).
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4.3.2 ~Zhh

++: 512[12)%; PF (8;8) # =2
9 (4.20)
+—: [132)°+ (3« 4); PF  (8;8) # =2
All independent vvss SCTs appear already at E*.
4.3.3 gghh and y~vhh
++ §12[12)%; PF (8;8) # =2
9 (4.21)
+—: [[132)°+ B+ 4]+ (1< 2) (88 #=1

The 648 color factors are suppressed in gghh. All independent vvss SCTs appear already
at E*. These amplitudes were derived in [31] up to dimension-10.

4.3.4 gggh
+ 4+ fABON2)13][23]; PF (7;8) # =2 (4.22)

The (+ + —) helicity amplitude is first generated at E® as fABC[12]3(13)(23) with 2
independent coefficients. The gggh amplitudes are given to dimension-13 in [31].

4.3.5 ggvh and vy~vh

The only structures with E™, n < 4 are [12][13][23] which are manifestly antisymmetric
under 1 — 2 exchange and therefore do not appear. This SCT structure first appears at E°
by multiplying by (s12 — s13)(s21 — $23)(831 — $32) with two independent coefficients. The
+ + — helicity amplitude is first generated at E7 with [12]3(13)(23))(s13 — s23). The yyvh
amplitudes can be easily obtained from the gggh amplitudes given in [31].

4.3.6 ggZh and yvZh

++0: [12)%[313) + (1 <+ 2); PF  (7;8) #
+—-0: [13][142)(23)+ (1< 2) (7;8) # =

2
) (4.23)
We suppressed the §48 color factor in ggZh. For same-helicity gluons or photons, the
helicity category (&4 +) first appears at E° with two independent coefficients. For opposite
gluon or photon helicities, (= F £) first appears at E° with two independent coefficients.
(Note that (£ 4 F) which could appear at E7, is reducible to a linear combination of other
structures multiplied by Mandelstams and the Z mass [55].)

4.3.7 ~ZZh
++0:  {[12]%[313) + (2 +> 3),[12]%[323) + (2« 3)}; PF  (7;8) # =4 (4.24)
+—-0: [13][142)(23) + (2 +» 3); PF (7;8) # =2 ‘

The helicity category (+ + +) first appears at E° with two independent coefficients, while
(— + +) first appears at E7 with two independent coefficients. The (+ — +) structure first
appears at E7 but is reducible to a linear combination of other structures multiplied by
Mandelstams and the Z mass [55].

17 -



4.3.8 YWWh

+00 : [12](23)[31]; PF (5;8) # =2

++0:  {[12]*[313),[12]*[323)}; (2 +» 3); PF  (7;8) # =38 (4.25)
+-0: [13][142)(23), (2 +> 3) (7;8) # =4 '
+++: [12][13][23]; PF (7,8) # =2

The helicity category (— + +) first appears at E” with four independent coefficients. The
(+ + —) structure first appears at E® but is reducible to a linear combination of other
structures multiplied by Mandelstams and the W mass [55].

4.3.9 yyvY
bt [12P7[B34) + [137[24) + [14]°[23]% PF (8;8) # = (4.26)
b [12]%(34)2 + Perm(1234) (8;8) # = .

There is an additional structure in the helicity category (+ + +—) which first appears at ES.

4.3.10 gg9Z, gggv and yyvZ
+4+——: [12]2(34)% + Perm(123); PF (8;8) # =2

bt (12023402 + [13)2(24)2 + [14]2[23)% PP (8;8) # =2 (4.27)

We suppressed the d45¢ color factor. There are no contact terms with an f4B¢ structure
at this order. The gggZ amplitudes were worked out in [31] up to dimension-12. There are
additional structures in the (+++0), (++ —0), and (++ —+) helicity categories which first
appear at E°, E7, and E' respectively. Note that the (+ + +0) and (+ + —0) structures
are not present for the gggy contact term, and the (+ + +—) helicity category structure is
reducible. gggvy can be obtained by unbolding. The yy~vZ contact terms can be obtained
from gggZ with fAB¢ =0 and d48¢ = 1.

4.3.11 ggZZ and vvZZ

++00: {[12]?[34](34)}; PF (6;8) # =2

+—00: [13][14](23)(24) + (1 < 2) (6;8) # =1
+ 4+ {[13)%[24]% + (1 < 2),[13][14][23][24]; PF (8;8) # =4 (4.28)
++—: [12]2(34)2; PF (8;8) # =2
— 4+ —+: ([24]2(13)% + [14]2(23)%) + (3> 4)  (88) # =1

For ggZZ, there is a 647 color factor. There are additional structures in the (+ + +0),
(++—0), and (+—++) helicity categories which first appear at E°, E7, and E° respectively.
Note that the (+ + +—) helicity category structures are reducible.

4.3.12 ggWW and vvWW

++00: {[12]*[34](34)}; PF (6;8) # =2
+—00: [13][14](23)(24) + (1 <> 2) (6;8) #=1
+ 44+ {[12)%2[34]2,[13)%[24] + (1 < 2)}; PF (8;8) # =4 (4.29)
+4+——: {[12]?(34)%}; PF (8;8) # =2
— 4+ —+: {[14]?(23)% + (1 +» 2)}; PF (8;8) # =2
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For ggWW there is a 62 color factor. There are additional structures in the (4 + +0),
(++—0), and (+—++) helicity categories which first appear at E°, E7, and E° respectively.
Note that the (+ 4+ +—) helicity category structures are reducible.

4.3.13 YZWW

++00: {[12)%[34](34), [12][13][24](34)}; Perm(+00); PF  (6;8) # = 12
+-00: {[13][14](23)(24), Perm(-00)}; PF (6:8) # =6 (4.30)
bkt (12234 (13P24R, 142232 PF (8:5) £-6
++——: {[12]?(34)%, Perm(+ — —)}; PF (8;8) #=6
There are additional structures in the (44 40), (++ —0), and (+ + +—) helicity categories

which first appear at E®, E°, and ES respectively. Note that the (— + +4) helicity category
structures are reducible.

4.3.14 ~ZZZ

++00: [12]?[34](34) + [13]?[24](24) + [14]?[23](23); PF  (6;8) # =2

+—00: [13][14](23)(24) + Perm(234); PF (6;8) # =2 (4.31)
+ 4+ ++: [12]2[34]2 + [13][24)? + [14]%[23]?; PF (8;8) # =2 ‘
++——: [12]2(34)2 + Perm(234); PF (8;8) # =2

There are additional structures in the (44 +40), (++ —0), and (+ + +—) helicity categories
which first appear at E°, E°, and E respectively. Note that the (— +++) helicity category
structures are reducible.

4.3.15 ggv~y
++++ 0 {[12%[34]%, [13]*[24]? + (1 <> 2)}; PF (8;8) # =4
++——: {[12)?(34)%}; PF (8:;8) # =2 (4.32)
+—+—: [[13]2(24)% + (1 <> 2)] + (3 <> 4) (8;8) #=1

We suppressed the 647 group factor for the gluons. The (++4—) helicity category structure

first appears at ES.

4.3.16 ggvZ
+4+++: {[12]%[34])%,[13]%[24]> + (1 <> 2)}; PF (8;8) # =4
+4—— {[122(34)%}; PF (8;8) # =2 (4.33)
+ - —+: {[14)%(23)2 + (1 +» 2)}; PF (8;8) # =2

We suppressed the 648 group factor for the gluons. There are additional structures in the

(++ +0), (++ —0), and (+ + —+) helicity categories which first appear at E°, E7, and E°
respectively. Note that the (+ + +—) helicity category structures are reducible.

4.3.17 gggg

++++: {G x [12]?[34]% + Perm(1234), fABE fCPE[13]2[24)% + Perm(1234)} (8;8) # =3

— — —— {G x (12)2(34)% + Perm(1234), fABE fCDE(13)2(24)2 + Perm(1234)} (8;8) # =3

++——: {G, fACE fBPE 4 fBCE fADEY 5 ([12]7(34) + Perm(1234)) (88) #=3
(4.34
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Here G = {§4B5CP dABEGCPEY is a set of SU(3) structures. There are additional structures

in the helicity category (4 + +—) which first appears at E°.

4.4 Fermionic amplitudes with massless vectors

4.4.1 f°f~h and f°fgh

+++: [13][23] X {812, 813}; PF (8; 8) # =4
b — 4 {[13]312),(1 < 2)}; PF (7;8) # —4 (4.35)
++ —: [12](3123); PF (8;8) #=2

The gluon amplitude is only nonzero when the fermions are quarks, in which case it appears
with the color factor (A4)2. All SCT bases are covered at E*. For identical Majorana

a
neutrinos, the independent structures are,

4+ [13][23] X (s13 — s23); PF (8;

8;8) # =2
+—+: [13][312) — (1 +» 2); PF (7;8) # =2 (4.36)

)

In this case the (+ + —) helicity category only appears at E° with the two independent E*
SCTs multiplied by s13 — s14.

4.4.2 ggfef and yyfef

+ 4+ ++: [12]?[34]; PF (7:8) # =2
++—: [12]2(34); PF (7;8) # =2 (4.37)
+——+: [14][132)(23) + (1 > 2); (3> 4) (88) # =2

The gluon contact terms are proportional to 642, The fermions form an SU(3) singlet in
both cases. For identical Majorana neutrinos one has

++++: [12]2[34]; PF (7;8) # =2
+4+——: [12]*(34); PF (7;8) # =2 (4.38)
4 (14][132)(23) + (1 < 2)) — (3> 4) (8;8) # =1

There are structures in the (+ + +—) and (— + ++) helicity categories which first appear
at E® and E® respectively.

4.4.3 ~gf°f
++++: {[12]?[34], [12][13][24]}; PF  (7;8) # =4
++——: [12](34); PF (7:8) #=2 (4.30)
+++—: {[12]2[314), (3 +> 4)}; PF  (8;8) # =4 '
+— =+ {[14][1832)(23), (1 <> 2)}; (3 ¢> 4) (8;8) # =4

This amplitude is only nonzero for quarks, and involves the color factor (A4)%. There is an
SCT in the (— + ++) helicity categories which first contributes at E°.
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4.4.4 ~Zfef, yW s, gZfcf and gW fef’

+0+ —: {[12][13])(24), (3 ++ 4)}; PF  (6;8) # =4
+ 4+ ++: {[12]%[34], [12][13][24]}; PF  (7;8) # =4
++——: [12]2(34); PF (7;8) # =2
—0++: (12)[34](142]; PF (7:8) # =2 (4.40)
+0++:  {(231][12][34], (231][23][14]}; PF (7;8) # =4
++4+—: {[12]%[314), (3 <> 4)}; PF (8;8) # =4
+— =+ {[14][132)(23), (3 < 4)}; PF  (8;8) # =4

The gluon amplitude is only non-zero for quarks, and appears with (/\A)Z. There is an
additional structure in the (— + ++) helicity category which first appears at E°.
For identical Majorana neutrinos, yvZvv, one has instead,

+0+—:  [12][13](24) — (3 <> 4); PF (6;8) # =2

++++: [12]2[34]; PF (7:8) # =2

++——: [12]2(34); PF (7;8) # =2 (4.41)
+0++:  (231][23][14] — (3> 4); PF (7;8) # =2 '
+++—: [12]2[314) — (3 <+ 4); PF  (8;8) # =2

+— —+:  [14][132)(23) — (3 <> 4); PF (8;8) # =2

The (-0 + +) helicity-category SCT first appears at ES.

5 Conclusions

The on-shell bootstrap is ideally suited to the derivation of low-energy effective amplitudes,
since the latter are fully determined by the particle content and assumed symmetry. In this
paper, we have applied these methods to parametrize the four-point local amplitudes of the
known particles, keeping structures scaling with the energy as E™"<*. These are given by a
set of independent contact terms, which can be organized in terms of linear combinations
of independent, manifestly-local spinor structures, or SCTs, multiplied by expansions in the
Mandelstam invariants.

Our results provide the basic building blocks for collider EFT searches. Two-to-two
EFT scattering amplitudes can be derived from the set of SM three-point amplitudes
obtained in [33], and the four-point contact terms derived here. Together, these contact
terms also parametrize two- and three-particle decay amplitudes. The resulting EFT
formulation involves just physical quantities. We also discuss the mapping of the contact
terms to the HEFT and the SMEFT. In particular, in table 3, we derive the low-energy
SMEFT contact terms, and relate them to the Warsaw basis. These results can be used to
distinguish between the HEFT and SMEFT frameworks, and to identify observables that
are particularly sensitive to different types of UV models.
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A W Whh: on-shell construction of the HEFT and SMEFT amplitudes
and on-shell Higgsing

In this appendix we provide a detailed derivation of the WWhh HEFT and SMEFT
amplitudes. This illustrates several points:

o Mass-suppressed contact terms, which appear for longitudinal-vector helicity categories
are associated with the factorizable part of the SMEFT amplitude.

e The coefficients of these terms are determined by the three-point couplings based
on the high-energy limit of the amplitude. This can be done in two equivalent ways:
requiring that the zero-polarization amplitude has no F/m growth, or requiring that
the transverse-polarization amplitude does not depend on spurious spinors. This latter
requirement is nothing but gauge invariance, so the equivalence of gauge invariance
and perturbative unitarity are manifest.

e The remaining contact terms can then be determined by “Higgsing” the massless
4 4+ nyg contact terms.

A.1 The structure of the full amplitude

The on-shell construction of the WW hh amplitude requires as inputs the WWh and hhh
3-point couplings, as well as the 4-point WW hh contact terms. In the HEFT, the 3- and
4-point couplings are the most general ones consistent with the symmetry of the low-energy
theory. In the SMEFT, both the 3-points and the 4-points can be derived by Higgsing the
massless amplitudes in the unbroken phase.

The most general three points consistent with the symmetries of the low-energy theory
are [33],

MW W~ h)= CSVOW,I“E[H] + melm + C;V;Vh% , (A1)
w A A
M(h, h, h) = thhhh . (AQ)

The three-point couplings Cyywy and Cppp, are numbers, since there is no kinematic
dependence in 3-point amplitudes. In the SMEFT, they are given as an expansion in
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v/A. In this subsection, we neglect the terms with C%/%Vh because they will not affect our

discussion.? The WW hh amplitude is then,

MV W b h) = ~ mp My Cyy g, chnn [12](12)

S$12 — mi MEV
COws? [ (131)(242]
S M7 T [12](12)
Cown > ( (141](232]
S14 — MI%V 2M3V B [12]<12>

12)(12)  oocr [12](12)
COO,fac [ ', 1)
+ Cwivan M2, + Cwwan A2

n ClOO,fac[12]<1%>Sl2 n Cl/OO,fac<131]<242] + (141](232]
WWhh " 12 32 WWhh M2 A2

(A.3)

where we have kept terms up to E*. The first two lines of this expression are obtained by
gluing the 3-point amplitudes.* The last two lines of eq. (A.3) contain the most general
manifestly-local structures, or contact terms.® As explained above, to read off the operator
dimension at which each longitudinal vector structure first appears, we normalize it with a
factor of 1/Myy. In the SMEFT, each of the couplings Cyywp, entering the amplitude is
given as an expansion in v/A, and in particular, each power of A is given in terms of A and
potentially v.

Note that we have isolated the 1 /MI%V pieces of the longitudinal-vector contact terms,
and labeled them with the superscript fac: these pieces are associated with the factorizable
parts of the amplitudes, and in the SMEFT arise from the factorizable parts of the massless
amplitudes. Thus, these pieces are determined by the three-point couplings. The remaining
pieces are labeled by CT for contact terms: at each dimension, these are the novel inputs
in the theory, which arise in the SMEFT from massless contact terms. In the HEFT on the
other hand, A = v ~ Myy, there is no real separation between the two types of terms.

To determine the 1 /MI%V pieces, consider the expansion of the amplitude in terms of
Sij/ A? and Sij /MI%V For the longitudinal-W amplitude, this expansion starts as,

MWHO =0 b p)~ — O0Sae 512 00,cT S12 CPwn? s12

WWhh MI%V WWhh ]\2 2 MI%V

2 2 2
_ /0. fac_ 812 | 00, facS13 + 51y (A.4)
WWhh 372 13 WWhh 3,2 x2 :
M2, A M2 A

where we only kept terms which grow with the energy. The superscripts (0) denote the W
polarization. At dimension-six, the amplitude should be unitary up to E2/A? terms. Thus,

30ur focus here is on the C9%; 1., terms, and the relevant helicity amplitudes to consider are +F and 00.
The Cviﬁ”h contributions are subleading in the high-energy limit of these amplitudes. One can show, either
by Higgsing the high-energy amplitudes or by requiring good high-energy behavior of the amplitudes with
the same W helicities that C%,%Vh x v.

4For details of this gluing, see ref. [33]. Note that this simple gluing can only be done for massive legs
(see eg [49] for a recent discussion).

5In the notation of ref. [33], the coefficients Cwwrn of the spinor structures are expansions in the
Mandelstams, but here we expanded these out.
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pieces with E? /M‘%V should vanish, fixing,

o00.fac _ CWwn” C! 00 fac _ on00.fac _ (A.5)

WWhh — — 9 WWhh — “WWhh —

Therefore, at dimension-six, these coefficients are determined in terms of the three-point
couplings. At dim-8, this implies cancellations between terms in C’gg&{,’fh and C’{,S%};?,f 1
the HEFT, one cannot take the high energy limit, since the cutoff cannot be much higher
than the electroweak scale. Thus, the reasoning above only serves to differentiate between
dimension-4, 6, etc contributions to the Wilson coefficients. In particular, since we can set
A = v, there are still independent dimension-six contact terms suppressed by v, such as
Crvivmnl12](12) /0.

In contrast, in the SMEFT, we can really take the high-energy limit as in eq. (A.4),
with My ~ v < E < A. Furthermore, we can alternatively obtain the relations in eq. (A.5)
by considering the high-energy limit of the amplitude with transverse W’s (which are finite
in this limit),

s 00,fac [1k2)(1q2k) | wn ? [L314)[2442)
AWHE) = )’h’h)NcWIthh al\ g WWh a/l4q

MI%V 2MI%V 513
W [141,)[2,321) o
2MI%V S14 ' '
The spinors 1,) and 2;) scale as the mass, and can be written as (see eg [47])
My
i) = ; A7
i) = s ) (A7)

where ;) is an arbitrary constant spinor. For the amplitude to be well-defined at high
energies, it must be independent of the arbitrary spinors. Requiring that the amplitude in
eq. (A.6) is independent of these arbitrary spinors, one recovers the relation

00, fac CI(/)I(;W}L 2
Cywivhn = T o (A-8)
Indeed, in the SMEFT, the high energy EFT has the full unbroken gauge symmetry, and the
role of the arbitrary spinors &; is clear — these are the reference spinors for the two massless
vector polarizations [47] (see also [66]). Thus the equivalence of perturbative unitarity and
the restoration of gauge symmetry is manifest in this example.

A.2 Four-point contact terms from on-shell Higgsing

As we saw above, the independent couplings appearing in the amplitude are the three-
point couplings and the A-suppressed contact terms (with no My suppression). In the
SMEFT, these can be determined by Higgsing the massless SU(3)xSU(2)x U(1)-symmetric
amplitudes [47]. Two examples, namely WWhh and udWh were worked out in detail in
ref. [47] up to dimension-8. Here we briefly repeat the WW hh derivation for completeness,
keeping only dimension-six terms. The results for all the four-points at dimension-six appear
in table 3.
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The dimension-six contributions to the three points were derived in ref. [33] by matching
the amplitudes to the broken-phase SMEFT using [65]. We do not repeat the derivation
using on-shell Higgsing. Instead, we just show a few examples deriving the three-points
from on-shell Higgsing in the next subsection.

The low-energy WW hh contact terms originate from a number of high-energy contact
terms. The coefficient of each structure in a given helicity category is determined, to
leading order in v/A, by the corresponding helicity amplitude in the high-energy theory. For
instance, the massless WW H'H amplitudes give the leading-order contribution to the 4+
and —— helicity categories, while (H'H)? is the leading-order contribution to the 00 helicity
category. Sub-leading v?/A? contributions originate from higher-point contact terms such
as (HTH)3. Here, we just focus on their leading order pieces. It is worth noting that the
high-energy contact terms fully determine the coefficients of the low-energy massive contact
terms. Each massive contact term is of course a little-group tensor, and the derivation
of its coefficient Cj,,, essentially relies on the matching of the leading-energy component
to the contact term of the corresponding high energy amplitude, with Wilson coefficient
Chigh- The sub-leading components of the massive structure are generated by factorizable
high-energy amplitude featuring the coupling cp;gp,-

Let us begin with the contribution from (H'H)2. The high-energy amplitude is

812 — S14
A2

513

A(HiHZHjHlT) =) CEHHHFT+ ZJZ +tCupan - Z:jl (A.9)

where Tiz = (6};5{ + 6;5%)/2 are the symmetric and anti-symmetric SU(2) structures.
Parameterizing the Higgs doublet as in (3.1), we find that

+ —
1 c —3c
A(GTG™hh) = 5 (A(HlHIHQHg) + A(HlHIH§H2)> _ _ _(#tH)? ; (HTH)? ;/152
(A.10)
which bolds into
+ - + -
_ CYHtE)? T 3Ctmye s12 N Sty ~ 3wty [12](12) (A.11)
2 2A2 2 A2 ’
Thus there is a contact term in the massive EFT of the form,
+ —
cooer [12](12)  Cuine ~ 3Cwinye [12](12) A12
WWhh A2 - 2 A2 : ( ‘ )
We now turn to the contribution of the massless WW HTH contact terms,
. , (12)% /_\J
AW WEEHTHT) = 655 A2) (7). (A.13)

Here £ are the helicites of the W’s, (12) = [12] for ++, (12) = (12) for ——, and (T“b)JA =

. (2
5“b(5f is required by the symmetry of the spinor structure. The kinematics bold trivially

(12) — (12), and one finds the low-energy contact terms

12 12
Coivmn (Ag) = 2Cij/:Vjt:/VHH(A2) : (A.14)
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A.3 The WWh coupling from on-shell Higgsing

The WWh coupling C{;), in eq. (A.1) is given by the gauge coupling to leading order,
with a v2/A? correction at dimension-six. Here we show how both of these contributions
can be obtained from on-shell Higgsing. The relevant massless amplitudes to consider are
WH'H or WWH'H to determine the dimension-4 part, and H2(H')?WW to determine
the dimension-6 shift.

Our discussion closely parallels the derivation of three-points from the massless ampli-
tudes of a toy model with higgsed U(1) symmetry in ref. [47], and we refer the reader to
that paper for more details.

To determine C%(}Wh one can start from either of its components, which map to different
high-energy amplitudes. Apriori, the obvious amplitude to start from is the massless three
point WHTH, which for positive W helicity is,

g [12][13]

V2 (23]

where we parametrized the Higgs doublet as in eq. (3.1). Bolding this amplitude is not

A(WH*TG™h) = (A.15)

entirely straightforward because it is non-local, and indeed, its non-locality translates in
the massive amplitude to the 1/Myy “pole”. However, we can proceed by multiplying and
dividing eq. (A.15) by (3¢) for some arbitrary . After some manipulations using momentum
conservation, we get

A((WHYGh) = % “ﬂgm . (A.16)

Identifying 1,] = £], this maps to the longitudinal W component of

Cowwn <1]2\4>£;2] (A.17)

with C%}Wh = g. Alternatively, a simpler way to get this coupling is to start from the
4-point amplitude H?(HT)2, which matches the all-longitudinal component of the spinor
structure. At the renormalizable level, this amplitude,

(132]

2
Asni (W)~ (W) hi) = —% 231" (A.18)

Identifying i,) = (Mw/(ix3)) 3) for i = 1,2 and taking ps — 0 gives,

AZ G (RWTW ™) = gﬁm (A.19)
2 My
where we also used (igiq) = [iqix] = My . Therefore, at the leading order, CY%yy, = g2v/Myw .
Note that the arbitray £ spinor that we identified with the ¢ spinors above naturally arises
in this case from the soft higgs leg, with iq and Qq along 4 (see also ref. [66]).
Turning to the dimension-six correction to C%}Wh, this originates, to leading order,
from the 6-point H2(HT)2WW factorizable amplitude with a single insertion of a H2(HT)?
contact term. The massless amplitude can be written as,

A (HO) WHTW)7) = AD(H W W) 7) + AD(HO) WH W )7),
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Figure 1. Feynman-diagram of H2(HT)2WW factorizable amplitude.
with
. 8g2C [ [142) [162) [132) (251]
AB (HOY* WHr W) = S63 -+ s s
(O V)W) = S gy s+ g bsas s | gy
+ (5 4,6,3),
. 84%C (25)[15]
@O EOY WH W) = L2000 (53,46 A.20
A VW )T) = S5 s + (5. 3,4.6), (A.20)
and
C = (clumty = 3¢amtye)/2- (A.21)

The piece A®) ((H*)*(W*)*(W~)~) is the sum over Feynman diagrams in which the vector
legs attach to different scalar legs (left panel of figure 1), and A® ((HO)*(WH)*(W~)")
is the piece with the vector legs attached to the same scalar legs (see the right figure in

figure 1). (Of course, only the sum is gauge invariant.) Taking the momenta of three H°
legs-4,5,6 to be soft, only AW (HO)*(WT)T(W~)7) survives,

1.£2

lim A (HO(q0) H(g5) HO () HOG) W)+ (1) (W)~ (2)) = 6% C A28 (4 29
q4,5,6—0 [2k§1k>

where at the last stage we set ¢; o € for some arbitrary £ as before. This bolds to the same

massive structure as above. Altogether, after adding in the renormalizable contribution

we have,
Eo(hV ) (7)) = g1 +07C) FALEL (229
Note that this correction is nothing but the correction to the Higgs wave-function renormal-
ization induced by the four-Higgs contact term C.
One can derive the SMEFT corrections to the remaining three-point low-energy ampli-
tudes along the same lines. However, since the most general 3-point couplings were listed

in ref. [33] based on Feynman diagrams matching, we do not do so here.
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B

Energy-growth of factorizable amplitudes

’ Massive amplitudes ‘ FE growth ‘

M(Zhhh) no factorizable contribution
M(VV hh) E?/M?

M(WW Zh) E?/M?, E3/(M?A)
M(ZZZh) no factorizable contribution

MWWWW/ZZWW) | E3/(M?A), E*/M*, E*/(M?A?)

M(ZZZZ) E%/M? E?/(MA)
M(ffVh) E/M

M(ffWW) E?/M?, E®/(M?A)
M(ff22) E/M, E?/(MA)

Table 4. Leading energy growth in the massive factorizable amplitudes.
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