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1. Introduction

Quantum chromodynamics (QCD) accommodates various phases 
with different physical degrees of freedom. The elementary par-
ticles are quarks and gluons, and the physical states which can 
be experimentally observed are only color-singlet bound states of 
quarks and gluons; namely, the mesons and the baryons. In the 
low-energy regime physical processes are dominated by dynam-
ics of the lightest mesons, i.e., the pions realized as the (pseudo) 
Nambu-Goldstone bosons in the chiral broken phase. The Chiral 
Effective Theory (ChEFT) is a systematic low-energy expansion of 
QCD in terms of the pions, particularly in the form of a non-linear 
sigma model with the target space SU (Nf), where Nf stands for 
the flavor number. For modern nuclear physics, the ChEFT is one 
of the most successful ab initio frameworks based on QCD; see, e.g., 
Ref. [1] for a review.

Since the ChEFT postulates the spontaneous breaking of chi-
ral symmetry and the confinement of quarks, there seems to be 
no way to probe the microscopic origin of these non-perturbative 
phenomena within the ChEFT calculations. The mesonic sector is 
indeed difficult but we may be able to diagnose non-perturbative 
aspects of the baryons. The first hint comes from the large-Nc
limit where Nc is the number of colors. It is known that the 
large-Nc limit reduces QCD into a theory with planer diagrams 
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only [2], leading to a non-interacting theory in terms of mesons. 
The quark-quark interaction is suppressed by 1/Nc, which allows 
for an analysis of the baryon wavefunction in the Hartree-Fock 
approximation [3]. Interestingly, this analysis finds that baryons 
behave similarly to quantum solitons [3]. The second hint comes 
from the ’t Hooft anomaly matching. The current algebra among 
the chiral (flavored) current and the baryon current calculated in 
massless QCD has a symmetry-violating contact term that cannot 
be removed. This symmetry violation is called the ’t Hooft anomaly 
and is argued to be preserved by the renormalization group flow. If 
ChEFT is a sufficiently reliable infrared description, we should also 
see this anomaly in ChEFT. Therefore, the ChEFT Lagrangian must 
include a Wess-Zumino-Witten (WZW) term [4], and the topolog-
ical current for the homotopy group, π3(SU (Nf)) = Z, must be 
recognized as the baryon current [5].

Combining two hints above strongly suggests that baryons 
arise in ChEFT in the form of topological solitons protected by 
π3(SU (Nf)) = Z. It is well-known as Derrick’s theorem that the 
soliton energetically collapses in the lowest order of the ChEFT, 
and the Skyrme model adopts a higher derivative term (i.e., the 
Skyrme term) to circumvent the stability problem [6,7]. Thus, the 
Skyrme model is founded as the simplest extension of the ChEFT; 
in this sense, we can say that the Skyrme model is not a mere 
model but a theory having a firm connection to QCD with a pa-
rameter involved in the Skyrme model. This is why the Skyrme 
model is so interesting as a non-perturbative approach to realistic 
nuclear properties on top of a mathematical character of assigning 
the fermionic statistics to the solitons via the WZW term.
le under the CC BY license (http://creativecommons .org /licenses /by /4 .0/). Funded by 
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Recently, in nuclear physics, the strong magnetic field is of in-
creasing interest; see Ref. [8] for a comprehensive review. The 
strongest magnetic field in the universe (up to the scale eB ∼
GeV2) is expected in the high-energy collision of heavy ions in the 
laboratory, as numerically simulated in Refs. [9–11]. This strong 
magnetic field could be a probe to topological fluctuations in the 
QCD vacuum, which triggered intensive discussions on the chi-
ral magnetic effect [12,13] and similar anomalous transport [14], 
though the experimental signature still awaits to be detected. Such 
magnetically induced effects are also highly relevant to neutron 
star physics. The surface magnetic field of the magnetar is of or-
der 1011 Tesla, which is several orders smaller than the typical 
QCD scale (eB ∼ �2

QCD), but it may still assist the realization of 
exotic phases such as the chiral soliton lattice or the pion do-
main walls [15,16]. Motivated by these speculations, the lattice-
QCD simulations at strong magnetic field have been studied with 
great care [17,18] and the results have revealed nontrivial re-
sponses of the QCD vacuum to the magnetic field, which includes 
what is called the inverse magnetic catalysis at high temperature. 
The hadron spectra have also been investigated with increasing 
magnetic field; see Ref. [19] for scalar and vector mesons. In par-
ticular, Ref. [20] is a detailed study of the light meson properties 
even including neutral pions and kaons for 0.05 < eB < 3.35 GeV2

and reports that the masses of the neutral mesons are decreasing 
with increasing magnetic field. This nontrivial behavior of neutral 
mesons challenges our understanding of chiral symmetry breaking 
and confinement. It is then a natural question to ask what would 
happen for not only mesons but baryons also under a strong mag-
netic field. In this paper, we answer this question by solving the 
Skyrmion deformed by the effect of the magnetic field.

Actually, in our preceding work [21], we have already solved 
this problem but our emphasis was put on a different aspect of the 
dense nuclear matter which can be approximated by the Skyrme 
Crystal. In this way, we have established a topological phase transi-
tion from normal nuclear matter to an exotic phase with the chiral 
soliton lattice or the pion domain walls. We also addressed, but 
only slightly, the properties of an isolated baryon, i.e., the baryon 
exhibits prolate deformation with the major axis chosen along the 
magnetic field. In the present paper, we further pursue this di-
rection and stress that our physics arguments in this paper are 
quite general and based on the sum rule of the pressure that fol-
lows from the conservation law of the energy-momentum tensor. 
Hence our choice of the Skyrme model is just for the demonstra-
tion purpose whilst our physical results can be understood in a 
model-independent way.

We note that the energy-momentum tensor of a single baryon 
state is attracting interest in the context of the future electron-
ion collider (EIC) experiment. The matrix elements of the energy-
momentum tensor with the proton states are tensor decomposed 
into several form factors, A, B , J , D , etc. The term involving D is 
transverse with respect to the relative momentum between the in-
and the out-states, and is specifically referred to as the D-term [22]
which is directly extracted from the deeply virtual Compton scat-
tering (DVCS); see Ref. [23] for a review. Once the form factors are 
fixed, as articulated in Ref. [24], the pressure distribution inside the 
proton will be deduced. Then, it must be experimentally verified 
that the confining force from the outer shell of the baryon should 
be balanced with the repulsive pressure in the deep central region 
of the baryon. This is totally a novel direction to deepen our insight 
into the confinement problem. In the present work, we will con-
clude that the baryons may be more confined with the help of an 
extra confining force if they are put into the extreme environment 
with strong magnetic fields. This implies that the baryon confine-
ment is assisted by an external magnetic field. Our prediction of 
magnetic enhancement of baryon confinement can be in princi-
ple tested in the lattice-QCD simulation. It is also worth noting 
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that the energy-momentum tensor of the Skyrmion draws atten-
tion in the self-gravitating Einstein-Skyrme system, for which the 
energy-momentum tensor compatible with the metric can lead to 
topological solutions consistent with cosmological scenarios, and 
the solutions represent traversable wormholes [25,26]. The phys-
ical contents are far different, but the technical treatments have 
similarities. It would be interesting to compare the axisymmet-
ric spacetime geometry in cosmology and our axially generalized 
hedgehog in the magnetic field.

2. Skyrme model under a magnetic field

We briefly overview the Skyrme model in terms of the chi-
ral field � ∈ SU (Nf) in the presence of the electromagnetic gauge 
field Aμ . The Lagrangian density L = L0 +LWZW contains L0, the 
ChEFT leading-order term with the Skyrme term, and LWZW, the 
gauged WZW term. The former reads

L0 = − f 2
π

4
Tr(LμLμ) + f 2

πm2
π

2
Tr(� − 1)

+ 1

32a2
Tr([Lα, Lβ ][Lα, Lβ ]) . (1)

We introduced the SU (Nf)L/R current as Lμ ≡ �† Dμ� and Rμ ≡
�Dμ�† with the covariant derivative Dμ� ≡ ∂μ� − i Aμ [Q ,�]. 
In our convention, Aμ absorbs the elementary charge e and Q is 
the dimensionless electric charge matrix which is Q = 1/6 + τ 3/2
for Nf = 2. We fix the model parameters as fπ = 54.0 MeV and 
a = 4.84 according to Ref. [27] with the choice of the pion mass 
mπ = 138 MeV.

For Nf = 2, the gauged WZW term further comprises two parts, 
LWZW =L0

WZW +LB. The primitive WZW term L0
WZW is the Z2 θ -

angle that assigns −1 to nontrivial configurations in π4(SU (Nf)) =
Z2 and +1 to trivial ones [5]. Such a term will determine the 
fermionic statistics of Skyrmions as we shall see in the quantiza-
tion section. The second part reads,

LB = q Aμ jμB , (2)

which gauges the baryonic symmetry with a coefficient q ≡
(Nc/Nf)TrQ = 1/2. Here the baryon current is given by

jμB = 1

24π2
εμναβ

{
Tr

(
Lν Lα Lβ

) + i
3

2
FαβTr [Q (Lν − Rν)]

}
. (3)

We note ε0123 = ε0ρφz = ε0rθφ = −1 in the Cartesian, the cylindri-
cal, and the polar coordinates, respectively, in our convention. The 
baryon number, NB = ∫

d3x j0
B, arises as π3(SU (2)) = Z, which is 

intact for the Skyrmion even with an external magnetic field, as 
antecedently discussed in Ref. [21].

In this work, we focus on the energy-momentum tensor and 
derive it by the Noether theorem. If we translate the dynamical 
field � along an infinitesimal vector field εν , i.e. δ� = εν∂ν�, we 
shall find δS = ∫

d4x ∂λεν T λν + ∫
d4x εν jλQ Fλν with j μ

Q ≡ δL/δAμ

being the electric current, and

T μν ≡ − f 2
π

2
Tr(LμLν) + 1

8a2
Tr([Lμ, Lα][Lν, Lα]) − gμνL0 . (4)

Such T μν is the Noether current corresponds to the spacetime 
translation symmetry, i.e. the energy-momentum tensor. We note 
that eventually LW Z W does not enter the expression of Eq. (4)
but it gives a contribution to j μ

Q . The variation δS should vanish 
on the solution to the equation of motion due to the stationary-
action principle, which yields the conservation law assorted with a 
Lorentz force,
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∂λTλν = j λ
Q Fλν . (5)

If only to obtain the energy-momentum tensor T μν (without de-
riving the conservation law), one can just differentiate the action 
with respect to the metric, or translate the background gauge field 
Aμ together with �.1

Our choice of gauge potential reads:

A0 = 0 , A = B

2
r × ẑ (B ≥ 0) , (6)

which means B = −Bẑ. Here, our convention of B is directed along 
the negative z axis. Because the magnetic field breaks rotational 
symmetry, we should generalize the original hedgehog Ansatz. 
Specifically, we adopt the parametrization, � = �4 + iτ · � with 
the Pauli matrices τ , where

�1 = sin f sin g cosϕ , �3 = sin f cos g ,

�2 = sin f sin g sinϕ , �4 = cos f .
(7)

Here, f , g , and ϕ are functions of r and θ in the three-dimensional 
polar coordinates (r, θ, φ). These functions should satisfy the 
boundary conditions as [21]

f (r = ∞, θ) = 0 , f (0, θ) = π ,

g(r, θ = 0) = 0 , g(r,π) = π .
(8)

In the limit of B = 0, f → f (r) and g → θ recover the hedgehog 
form. It would be beneficial to review the symmetry of our model. 
Given a sufficiently small quark mass, the continuous symmetry 
is approximate chiral symmetry, SU (2)L × SU (2)R. However, � re-
tains only the diagonal SU (2)V, which locks up the iso-rotation 
inextricably with the spatial rotation. The magnetic field B fur-
ther restricts such lock-up rotation to the τ3-component in the 
iso-rotation bases, as we will take a closer look when we discuss 
quantization later. We shall turn to the discrete symmetries. Then 
we see that the Lagrangian except LWZW retains the symmetries of 
parity P : �(r) → �†(−r) (where † is needed due to the pseudo-
scalar nature of pions) and G-parity G = C eiπ I2 composed with 
charge conjugation C : � → �T and iso-rotation eiπ I2 : � → �∗ and 
Aμ → −Aμ . The introduction of LWZW violates G-parity due to the 
“incompleteness” of the U (1)B gauging.

We can determine these functions, f , g , and ϕ , to minimize 
the energy functional, M = 2π

∫ ∞
0 dr

∫ π
0 dθ r2 sin θ T 00, which we 

call the Skyrmion/soliton mass (i.e., the mass before quantization). 
We can immediately show that ϕ = φ, and for f and g , we em-
ploy the finite element method to solve the Dirichlet problem. For 
B = 0 the problem reduces to a standard Skyrmion solved with the 
original hedgehog Ansatz. Because the effective nucleon magnetic 
moment is negative (see later discussions for our sign convention), 
the soliton mass M(B) should be a decreasing function of B as 
long as the linear approximation is justified. With our generalized 
hedgehog Ansatz, we can continue solving M(B) for larger B be-
yond the linear regime. In this way, we find that M(B) features 
one global minimum M(B0 = 3.60 f 2

πa2) = 61.6 fπa−1 = 687 MeV
where 

√
B0 = 496 MeV in the physical units; see the dashed line 

in the left panel in Fig. 2. For B > B0, the soliton mass M(B) grows 
with increasing B . We will closely explain this behavior after quan-
tization in later discussions.

1 This last approach has a subtlety: We need to interpret what is “translating” 
a vector field along a vector field. To get Eq. (4), we must adopt a geometric in-
terpretation treating the translation as the infinitesimal diffeomorphism, i.e. the Lie 
derivative δAα = εν∂ν Aα + Aν∂αεν .
3

3. Confinement from the pressure sum rule

We can derive that the behavior of M(B) is dictated by

∂M

∂ B
= −μ , (9)

where μ can be readily recognized as the magnetic moment since

μ ≡
∫

d3x
1

2
r × jQ . (10)

We do not take the B = 0 limit in Eq. (9). Also, μ is not yet the 
nucleon magnetic moment before the soliton is quantized. Multi-
plying xμ on both sides of the conservation law Eq. (5) and per-
forming spatial integration by part under the condition that xμTλν

vanishes sufficiently fast at the infinity, we arrive at the following 
sum rule:∫

d3x Tμν = −
∫

d3x xμ jλQ Fλν . (11)

From this sum rule, it is straightforward to confirm that the spatial 
integration of the longitudinal pressure, P z , is zero,

P z =
∫

d3x pz =
∫

d3x T zz = 0 . (12)

This is a widely known relation [23] and we can immediately give 
a clear physical interpretation. In the vicinity of the soliton center, 
pz is supposed to be outward-directed (which we define as positive
direction) to prevent the system from collapsing. Meanwhile, for 
the system not to explode, pz must turn inward-directed, i.e., neg-
ative in our sign convention, near the surface of the soliton. Then, 
the outward force from quark motions and the inward force from 
quark confinement should be balanced for the self-bound system 
of soliton, and Eq. (12) is nothing but the balance equation of con-
finement. In view of the Landau quantization exerted only on the 
transverse directions, it is natural that the balance equation for pz

parallel to B is unaffected. By contrast, the balance of confinement 
on the transverse plane is significantly altered by the magnetic 
field as

P =
∫

d3x p =
∫

d3x
1

3

∑
i=x,y,z

T ii = −2

3
μ · B . (13)

Here, we defined the rotationally averaged pressure p. As men-
tioned before, M(B) first decreases and then gets to increase as a 
function of B , which corresponds to positive (and negative) μ · B
for small (and large, respectively) B . We can understand that μ ‖ B
reduces the magnetic energy, Em = −μ · B , so that P < 0 can be 
expected for small B . The interpretation for P < 0 is that the outer 
shell region must have a stronger confining force. In other words, 
μ · B > 0 tends to disfavor confinement and extra inward pressure 
is required. In contrast, for B > B0, the Skyrmion is squeezed into 
a smaller transverse radius due to heavy π± , i.e., prolate deformed, 
as we demonstrated in our previous work [21]. This transverse 
shrinking results in a stronger repulsive force with P > 0. Because 
less confining pressure can saturate the balance condition, we can 
interpret Eq. (13) with μ · B < 0 as enhanced confinement assisted 
by the magnetic effect.

Let us take a closer look at the local pressure distribution inside 
the soliton. The left panel in Fig. 1 shows the angular-averaged lon-
gitudinal pressure, i.e., pz(r) = 1

2

∫ π
0 dθ sin θ T zz(r, θ), multiplied by 

4πr2, so that the positive area and the negative area should be 
the same and the r integration is vanishing according to the sum 
rule (12). We can indeed confirm that the sum rule holds for any 
magnetic field in the figure, and the stronger magnetic field tends 
to squeeze the pressure distribution to smaller spatial region. For 
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Fig. 1. Longitudinal pressure pz (left) and rotationally averaged pressure p (right) after the angular integration multiplied by 4πr2. For B < B0 (and B > B0) in the right 
figure, the positive area with p > 0 is smaller (and larger, respectively) than the negative area with p < 0. Specially with |μ| = 0 at B = B0, the pressure balance is realized.
the rotationally averaged pressure, the sum rule should be Eq. (13), 
and this is the case in the right panel in Fig. 1. In the weak mag-
netic region, 0 < B < B0 (where B0 is defined for |μ(B0)| = 0 as 
discussed earlier), the right-hand side in Eq. (13) is negative, and 
the dashed curve for B = 0.5B0 in the figure certainly has a larger 
negative area. For B = B0, the magnetic moment is vanishing, and 
as seen by the dotted curve in the figure, the total area becomes 
vanishing, while the positive area is enhanced in the dot-dashed 
curve for B = 1.5B0 in the figure. For B > B0 the peak positions 
are close for 4πr2 pz(r) and 4πr2r(z), and the repulsive cores are 
squeezed by the strong magnetic field in a similar way. However, 
the tail behaviors associated with confining shells are different, 
and this is because quark confinement is assisted by the Landau 
quantization which generates the energy gap ∼ √

B among trans-
verse orbits.

Here, we shall comment on a subtlety in the energy-momentum 
tensor. Our Tμν given in Eq. (4) is obviously symmetric with re-
spect to μ and ν and also gauge invariant, but we could have 
written down another form of the “canonical” energy-momentum 
tensor,

T̃μν = δL
δ(∂μ�)

∂ν� − gμνL0 . (14)

Both Tμν and T̃μν are usually qualified as the conserved energy-
momentum tensors, but special caution is necessary because of the 
modified form of the conservation law in Eq. (5). If we adopt a dif-
ferent scheme, the decomposition to the Lorentz form contribution 
may change. Indeed, for Eq. (5), we must utilize not T̃μν but Tμν . 
To see this explicitly, we can compute the difference in the (aver-
aged) pressure difference,

p̃ − p = 1

3
�T φφ = 1

6
Bγ

(
1 − 1

2
Br2 sin2 θ

)
cos f , (15)

where we defined,

γ = sin2 f sin2 g

[
f 2
π + 1

a2

(
|∇ f |2 + |∇g|2 sin2 f

)]
, (16)

which is the integrand for the moment of inertia we will soon en-
counter. We note that the pressure difference (15) is nonvanishing 
even after the volume integration, which means that the conser-
vation law (5) is indeed modified. Thus, for our discussions about 
pressure balance and confinement, our choice of symmetric Tμν is 
crucial.

4. Distinguishing the proton and the neutron

To identify our soliton with the proton/neutron, we need to per-
form the projection of the soliton to the eigenstate of spin and 
4

isospin. To this end, we vary the already attained static solution �
as

�(t) = eiα(t)Q � e−iα(t)Q (17)

with the collective coordinate α(t) that encodes the time depen-
dence. Inserting this �(t) into L, we find the effective Lagrangian 
for α(t), i.e.,

L = −M − �α̇ + 1

2
�α̇2 . (18)

Here, M is the soliton mass, and the term ∝ α̇2 represents the 
rotational energy with the moment of inertia � = ∫

d3x γ where 
γ is given in the above Eq. (16). The linear term in α̇ is rooted in 
the WZW action. The coefficient � has the physical meaning of a 
transverse magnetic flux based on its explicit expression,

� = qB

2

∫
d3x (r sin θ)2ρT , (19)

where ρT is the topological part of the baryon density independent 
of the gauge field, that is,

ρT = εi jk

24π2
Tr(Li L j Lk) = sin2 f sin g

2π2r2 sin θ
(∂θ f ∂z g − ∂z f ∂r g) . (20)

In Eq. (19) we see that a transverse area occupied by the soliton is 
effectively quantified by the weight ρT , and the multiplication of 
B makes an effective magnetic flux. It should be noted, however, 
that � is not simply proportional to B , but it shows a nonlinear 
saturation for large B . Also, � turns out a nonmonotonic function 
of B .

The Hamiltonian thus reads,

H = βα̇ −L = M + 1

2�
(β + �)2 , (21)

where β is the canonical momentum: β ≡ δL/δα̇ = �α̇ − �. The 
primitive WZW term, i.e. the Z2 θ -angle, dresses the amplitude of 
a soliton rotating by 2π with an extra factor (−1)Nc . Thus, Nc = 3
dictates the fermionic statistics, leading to a half-integer spectrum, 
i.e.,

β = 2n − 1

2
, n ∈ Z . (22)

In view of the Noether theorem with regard to the isospin rotation 
in the τ3 component and the locked spatial rotation in the ẑ direc-
tion, we infer the quantum numbers accordingly, I3 = − J3 = −β . 
Provided that �, � ≥ 0 and � is small for small B , we can find that 
the ground state has β = −1/2 to minimize H . This means that the 
ground state is |p ↓〉 and the first excited state is |n ↑〉. Then, from 
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Fig. 2. Mass difference after quantization, mn − mp , under the strong magnetic field (left). The magnetic moments of the proton and the neutron, μp,n in the unit of the 
nuclear magneton, μN = eh̄/(2mN ) (right).
the expression of H , we can immediately deduce the mass differ-
ence between |p ↓〉 and |n ↑〉. Specifically, from the masses defined 
by mn = H(β = 1/2) and mp = H(β = −1/2), we see the neutron 
gets heavier due to the magnetic effect by �m = mn − mp = �/�

as reported in our previous work [21]. The left panel in Fig. 2
shows the mass splitting between the proton and the neutron with 
increasing B . As we mentioned, the overall structure which hits a 
minimum around B ∼ 0.2 GeV2 inherits from the soliton mass be-
havior.

Here, an important remark is that we limit ourselves to the 
full polarization case for simplicity. In the absence of the mag-
netic field, the rotational energy spectra should involve not I3 and 
J3 but the angular momenta squared like I(I + 1) and J ( J + 1). 
If the magnetic field is strong enough, it is expected that the rota-
tion is eventually restricted to the axisymmetric motion. Therefore, 
our treatment of quantization implicitly presumes strong B , while 
the soliton itself reduces to the hedgehog form in the B → 0 limit.

Now, we shall discuss the pressure difference between |p ↓〉 and 
|n ↑〉 as quantized Skyrmions in the magnetic field. The nucleon 
magnetic moment μn,p is derived from the definition in Eq. (10), 
which can be conventionally decomposed into the isoscalar and 
isovector parts associated with the baryon current jB and the 
isospin current jI , respectively. The magnetic moment after quan-
tization is

μp,n =
∫

d3x
1

2
r × (q jB + jI)

= −
[

1

2

∫
d3xγ

(
1 − 1

2
Br2 sin2 θ

)
− (β + �)�

�B

]
ẑ , (23)

with β = 1/2 for |p ↓〉 and β = −1/2 for |n ↑〉. The right panel 
in Fig. 2 is the plot for μp,n which are the projected expectation 
value along the spin direction of either proton or neutron. Because 
|p ↓〉 and |n ↑〉 have the opposite spin alignment, the magnetic mo-
ments should flip the sign accordingly, i.e., μp > 0 and μn < 0
in accord with experiments. The values of μp,n in the figure look 
nearly three times larger than the empirical values in Ref. [27], 
and this discrepancy is explainable from our approximation of full 
polarization (see also, e.g., Ref. [28] in which a similar approxi-
mation was adopted). Conclusively, by such an effective nucleon 
magnetic moment μp,n we yield the nucleon pressure from the 
sum rule, P p,n = −(2/3)μp,n · B . As we have demonstrated ear-
lier, μ becomes anti-parallel to B (i.e., positive along ẑ) for large 
magnetic fields. The magnetic energy is thereby increasing with B , 
supporting the confining feature against P p,n > 0. This trend is un-
changed after quantization, as we can easily make sure from the 
behavior of mp and mn in Fig. 2. In this way, we can quantify the 
5

discrepancy in spatially integrated pressure between |p ↓〉 and |n ↑〉
as

Pn − P p = 2

3

�

�
= 2

3
�m . (24)

This relation appears consistent with our intuition. Since the neu-
tron enjoys a stronger B-induced assistance for confinement, the 
neutron can store more energy inside and thus become heavier.

5. Discussions and conclusions

This work extends the analysis in our previous work where 
the technical formulation was established [21]. The major update 
is that we have taken into account the finite pion mass effect. 
The overall qualitative behavior is hardly changed by mπ �= 0, 
but it may be useful to clarify some differences. In our previous 
work [21], we observed that the B-induced deformation on the 
soliton starts from the oblate direction for B � 0.4 f 2

πa2. Then, for 
B � 0.4 f 2

πa2, the deformation changes into the prolate direction. In 
contrast, in the present study with mπ = 138 MeV, there is no such 
turnover in the deformation and the prolate shape is always fa-
vored. The profile is optimized to minimize the energy or the inte-
gration of T 00. The pion mass term enters T 00 via f 2

πm2
π (1 −cos f ), 

which repels π0 ∝ sin f to an outer torus region inside the soliton. 
This π0 surrounding from the outer torus would prevent π± from 
expanding transversely for a weak B , which makes a contrast to 
the argument in Ref. [21].

An intriguing feature is also recognized in the soliton mass M
as a function of mπ . We have numerically verified that M grows 
up with increasing mπ monotonically. The growth rate, however, 
becomes slower for larger B . This is easily understood through the 
structure in T 00; a large B effectively makes π± very massive and 
suppressed, letting the mass term, f 2

πm2
π (1 −cos f ) insignificant in 

the energy function.
We expect that the lattice-QCD simulation is sufficiently ca-

pable of testing our theoretical prediction for the nucleon mass 
behavior in the left panel in Fig. 2. From the observed magnetic 
moments, it is trivial that the masses should decrease for small B
(as long as our identification of the ground state as |p ↓〉 and the 
first excited state as |n ↑〉 is correct which implicitly assumes the 
full polarization). It is not surprising to have rising M for larger B
from the magnetic catalysis [8] that would generate heavier con-
stituent quark masses. We note that a similar trend was reported 
in the preceding Skyrmion calculation [29] under a simpler Ansatz. 
It would be technically far more challenging to compute the pres-
sure distribution but it should be in principle feasible by means of 
the gradient flow. Then, whether the lattice-QCD results satisfy our 
proposed rum rule in the presence of the magnetic field would be 
directly examined.
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Another interesting direction is, as exploited in Ref. [30], the 
pressure distribution can be translated to the equation of state 
(EOS) i.e., a relation between the pressure and the energy density. 
The EOS determined in this way was found to be fairly consistent 
with the empirically acceptable one in neutron stars [30]. Our re-
sults in Fig. 1 could be also converted in terms of the quark-core 
EOS, making a prediction for the magnetic field dependence.
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