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ABSTRACT: Based on the effective Lagrangian in the heavy quark limit, we calculate the
one-boson-exchange interaction kernel of Pl/]}V (4312)7 as the DX molecular state in isospin-
%. We present the Bethe-Salpeter equation and wave function for the constituent particles
to be a (pseudo)scalar meson and a % baryon. By solving the Bethe-Salpeter equation, we
obtain ]31?[(4312)Jr as the DY, molecular state with J¥ = (%)_ Combining the effective
Lagrangian and the obtained BS wave function, the partial decay widths of Péjv (4312)*
to J/¢p, nep, D**AF and DPAF are calculated to be 0.17, 0.085, 8.8, and 0.026 MeV,
respectively, which are roughly consistent with the LHCb experimental measurements and
some other theoretical researches. The obtain results indicate the fraction of D*9A} channel
amounts to ~ 90% of Plfjv (4312)™", and is a highly promising channel to be discovered in
the near future experiments. Our results favor the interpretation of qujv (4312)* as the DX,
1

molecular state with J = (1)~ and isospin I = 1.
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1 Introduction

In 2019, a narrow pentaquark state P.(4312)% is first observed in the J/¢p invariant mass
spectrum [1] by the LHCb collaboration, which indicates this state at least to contain five
valence quarks, namely, [ccuud]| quark contents. This pentaquark state will be labeled as
Pév (4312)" in this work following the new naming scheme proposed by the LHCb collabora-
tion [2], where the superscript N denotes the isotopic spin I = % and the subscript 1 denotes
the hidden charm flavor. The measured mass and total width are M PN (4312)+ = 4312 MeV

and FPJ,V(4312)+ = 9.8+ 2.773TMeV [1] respectively. The proximity to the DY, threshold
of the observed narrow peak suggests that they play an important role in the dynamics of
szpv (4312)* state, and makes the DY, molecular state picture a natural interpretation to
this exotic particle.

The hidden charm molecular pentaquark states have been proposed before the exper-
imental confirmation [3-9]. After the LHCb discoveries, lots of literature explored these



newly observed pentaquark states from different aspects within different approaches, such
as refs. [10-27]. Although the properties of the PJJV (4312)" are most likely to be the S-wave
combination of DY, with I(JF) = 1/2(1/27) [10-16, 26, 27], the contrary view [28], or
the possibilities of the compact pentaquark state [29, 30] or kinematical effects [31, 32] still
exist. Though suggested by the LHCb to be labeled as Pg(4312)+, the essence of this
pentaquark state is still an open question.

Besides the spectrum or electromagnetic properties [33-35], the strong decay proper-
ties play important roles in determining the nature of the pentaquark states. The decay
to J/vp is the discovery channel and also the only detected decay mode of prv (4312)* so
far, and hence this decay channel should be paid more attention to explore the property of
Pé)V (4312)*. Several approaches are used to study the decay properties of these pentaquark
states [10, 15, 30, 36—41], including the effective Lagrangian methods [10, 15], the flavor-spin
and heavy quark spin symmetry [30, 36], the chiral constituent quark model [37], QCD sum
rules [40, 41], etc. Most of the previous studies are based on the nonrelativistic Schrodinger
or Lippmann-Schwenger equation and the results are dependent on several introduced free
parameters, especially the cutoff value in the form factors. These undetermined parameters
weaken the prediction power of the theories and bring ambiguity in interpreting the nature
of Pziv (4312)". Some researches also suggest the n.p channel can be an important decay
mode of Pd])V (4312)* [37, 38], especially, the methods by using the heavy quark symmetry
predict that the decay ratio of PJJV (4312)* to n.p over J/1¢p can reach about three [20, 36].
However, no experimental evidence is reported in a recent search for pentaquark state
P (4312)" in A) — nepK ™ decay channel [42]. Also some studies suggest the D*0A may
be the dominant decay channels of Pé)v (4312)* [15, 37]. Though there are already some cal-
culations on these decays, the relevant researches are still relatively scarce and the current
predictions are not well consistent with each other. More studies on the decay behaviors
of Pg (4312)" can be important and helpful to explore its inner structure and dynamics.

In this work, we will calculate the partial decay widths of Pé)v (4312)* to J/v¢(n.)p and
D(*)O/\zr by combing the Bethe-Salpeter (BS) framework with the effective Lagrangian. The
Bethe-Salpeter equation (BSE) is a relativistic two-body bound state equation. Another
advantage is that the constructed BS wave functions only depend on the good quantum
number spin-parity and Lorentz covariance. The BS methods have already been successfully
used to cope with mass spectra of the doubly heavy baryons [43, 44], producing the recently
observed molecular pentaquarks [26] and the fully heavy tetraquark Tingq states [45],
and also the hadronic transitions and decays [46-52]. The theoretical calculations from BS
methods achieve satisfactory consistences with the experimental measurements.

This paper is organized as follows. After the introduction, we start with the Bethe-
Salpeter equation for Pd]}v (4312)" as the molecular state of a (pseudo)scalar meson and
a baryon, including the interaction kernel and the relevant Salpeter wave function (sec-
tion 2), then we calculate the strong decay widths of PJJV (4312)* — J/4(ne)p and DFOAF
(section 3). We finally present the numerical results, discussion and summaries in section 4.
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Figure 1. Bethe-Salpeter equation of the molecular state consisting of the constituent

(pseudo)scalar meson and J = % baryon. The orange letters denote the Dirac indices. The blue
symbols P, pi(k1), p2(k2) denote the momenta of the pentaquark, constituent meson, and the
constituent baryon respectively.

2 P)Y(4312)" as the DX, molecular state

In this part, we will first briefly review Bethe-Salpeter equation of a scalar meson and
a baryon under the instantaneous approximation. Then we introduce the pentaquark
interaction kernel based on the one-boson exchange. The relativistic BS wave functions of
the J& = (%)_ qujv state will be introduced and solved numerically to prepare for the next
decay calculations.

2.1 Bethe-Salpeter equation of a J¥ = 0~ meson and a E baryon

Figure 1 schematically depicts the Bethe-Salpeter equation for the bound state consisting
of a constituent meson and a constituent baryon, which can be expressed as

4
I'(P,q,r) :/%(—i)K(k,q)[S(kg)F(P,k,r)D(kl)], (2.1)

where I'(P, q,r) denotes the vertex of the pentaquark, constituent meson and baryon; we
used P, g, and r to represent the pentaquark total momentum, inner relative momentum,
and spin state respectively; the inner relative momentum g and k are defined as g =

aop1 — a1p2, k = agk] — arke, with Q) = k:l( 2) denoting the momentum of the

m1+m2 .
constituent meson (baryon), and my ) is the corresponding mass; S(k2) = lé2—lm2 is the

free Dirac propagator of the baryon; D(k;) = = denotes the usual scalar propagator.

1
1.2_ 2
The ie should be implied in all the propagatorsk Since both the two constituent particles,
namely D and X, contain a heavy charm quark, the relative velocity would be small. Then
the interaction kernel K (k,q) is assumed to be instantaneous and is not dependent on the
time component of the exchanged momentum (k — q), namely, K(k,q) ~ K(k, —q.),
where k| = k — k:pP with kp = k - Pand P = M,

spacelike momentum ¢, is defined similarly. Throughout this work, this instantaneous

and M is the pentaquark mass. The

approximation is assumed for the pentaquark kernel.
The four-dimensional Bethe-Salpeter wave function is defined as

¥(q) = S(p2)T'(q)D(p1), (2.2)



where the dependence on P and r omitted for simplicity. Since the interaction kernel
K (k| —q,) is instantaneous, the integral over the time component of ¢ can be absorbed into
the wave function and it is useful to define the three-dimensional Salpeter wave function as

olar) =1 [ Ly(q). (2.3)

where the factor (—i) is just a convention for later convenience.
Performing the contour integral over gp on both sides of eq. (2.2), we can obtain the
Salpeter equation (SE) for meson-baryon bound state [26],

At (pay) A" (p21)
M —wi —wy M+ wi +wo

olqL) = 2;1 [ ['(qL), (2.4)

where w; = (m? — p? J_)1/ 2 (1 = 1,2) denotes the kinetic energy of the constituent meson
and baryon respectively. The projector operators A*(py ) are defined as

A (po1) = % [1 £ Ha(p21)] 70, (2.5)
Hy(par) = Ul (;;z)u + mz) ~0. (2.6)

Notice that Hs(ps ) is just the corresponding Dirac Hamiltonian divided by the kinetic
energy wo. Using the projector operator, we can further define the positive and negative
+ = Ai

energy wave functions as ¢ 7%, and we also have ¢ = p* 4+ ¢~. The SE above can

be further rewritten as the following type
1
Mo = (w1 +w2)Ha(pal ) + vaof(ql). (2.7)

where the vertex I'(q ) is now expressed as the integral of the Salpeter wave function,

3
(o) = [ G = a)e(k). (28)

The Salpeter eq. (2.7) is in fact an eigenvalue equation about the Salpeter wave function
©va(ql), where the pentaquark mass M behaves as the eigenvalue. The three-dimensional
BSE, namely, eq. (2.7), indicates that the mass of the pentaquark state consists of two
parts, the kinetic energy and the potential energy.

The normalization condition of the BS wave function is generally expressed as,

d4 d4 0
i [ [ i o P01 5 Pk )P ) = 20

where ¢ = 94° and 6,7 is the Kronecker symbol; the integral kernel I in the normalization
condition reads,

I(P,k,q) = (2m)25%(k — ¢)S™ (p2) D™ (p1) +iK (P, k, q).

Notice in this work, under the instantaneous approximation, the interaction kernel has no
dependence on P°, which indicates the normalization would only involve the inverses of



the two propagators. Performing the contour integral, the normalization condition can be
further expressed by the Salpeter wave function as

dBQJ_ _ N 0
| G @) Blan, M elas,r) = 20Mé, (29)

where ¢ = ¢T~? and the symbol 7 just denotes the spin state; also notice both the BS wave
function 1 (q) and the Salpeter wave function ¢(q, ) are four-component spinor.

2.2 Interaction kernel from the one-boson exchange

The PJJV (4312)" are consistent with the DY, molecular state with isospin I = 1 and

I3 = —i—%, which can be expressed in the uncoupled representation as

11 V2 1 1 1 11 V2 N
=2y ==L+ 5, —5)— —=IL0)|5,5) = —= [N D7) -
279 V3 2" 20 /3 279 V3

In the molecular state scenario of PzJpV (4312)", the interaction kernel between the two

)| ) |D%) . (2.10)

1
|t
\/§|C

constituents ¥, and D can be realized by the one-boson exchange. Notice the usual one-
pion exchange is not possible in the DY, bound state for the parity. We only need to
consider the light scalar and vector meson exchange.

Considering the heavy quark spin-flavor symmetry, hidden local symmetry and the
light quark chiral symmetry, the involved Lagrangian describing the charmed anti-heavy-
light meson and a light scalar and vector meson reads [6, 53]

ﬁHHV = —pV1 <E5UQVQHE> — PT1 <1T:150'a”8(8aV5 — 6ﬁVa)HE> + 01 <I:[50'H5> . (2.11)

Here () denotes taking the Dirac trace, and o denotes field of the light scalar meson. py1,
pr1, and o1 denote the corresponding coupling constants. H; represents the field of the
(D, D*) doublet in the heavy quark limit,

He = (D + D7) L7, (2.12)
where D = (D°, D™, D7) denotes anti-charmed heavy-light meson fields in flavor triplet,
and D** is the corresponding vector state; Hz = 7' H. 270 is the usual conjunction in Dirac
space; and v denotes four-velocity of the heavy-light meson. The symbol V denotes the
3 x 3 matrix consisting of the 9 light vector meson fields [6, 53]

0 w %
(pj% ) pt K
V=| p 7L¢%w> K0 . (2.13)

K*— K*O ¢

Considering the heavy quark symmetry, hidden local symmetry and chiral symmetry,
the effective Lagrangian of the heavy-light baryon and light mesons reads [6, 54-56]

»CBgB(;V = pv2 <5’,ﬂ)ava5‘u> + ipT2 <§M(8MVV — 8,,VM)S,,> + o2 <§NO'S”> . (2.14)



Here () denotes taking trace in the 3 x 3 flavor space. The baryon spin doublet are

incorporated in field
1 5 *
S, = —%(% +v,)7° Be + B, (2.15)

where the systematic baryon sextet Bg in 3 X 3 matrix reads

++ 1 v+ 1 =+

Ec ﬁzc Nl

_ 1 + 0 1 =0
L=+ 1 =0 0
\/ﬁuc \/5‘—'0 c

The conjugation defines as usual for the spinor field S’IT” = (S’L’L”)T’yo. An asterisk on the
symbol denotes the corresponding spin—% baryon, which is not involved in this work.

Using above relevant Lagrangian and based on the one-boson exchange, we calculate
the interaction kernel of DY, in isospin—% as

K(s1) = F2(s2) (Vi + vfi,) , (2.17)
§

where F(s?) denotes the regulator in the heavy hadron (D or ¥ here) vertex; and the

potential V7 and V5 is specifically expressed as,

1 1
+ pvipveMp ( ) ,

1
Vi = —20105Mp =~ 57
B2 2E2

E2
7 (2.18)

Va = _%PVIPTQMD‘S| (l% - é%) ;
where E, = (s? + m%)l/ 2 denotes the energy of the inter-mediator p meson, and similar for
E, and E,. The influence of the potential strength on the decay widths will be discussed
later.

There is no general method to choose the regulator functions. In this work, we use the
following propagator-type form factor, namely,

2
UL

F(s?) = (2.19)

s24+m3’
where m, is the introduced cutoff parameter to characterize the regulator function. Notice
my is the only free parameter in this analysis and can be determined by fitting bound
state mass to the experimental data, which is found to be my = 1.25 GeV for qujv(4312)Jr
and close to the mass scale of the exchanged particle. In the limit s2 — 0, the heavy
hadron is seen by the inter-mediator mesons as a point-like particle, and hence the form
factor is normalized to 1. The cutoff value my is usually believed to be much larger than
the typical energy scale \/2ue ~ 0.1 GeV for 131]p\7(41312)Jr [15, 57], where p = ;"L72 is the
reduced mass of the two-hadron system and € = (mj +mg — M) denotes the bound energy.
Our determined cutoff value is consistent with this universal estimation. The obtained V3
and V5 for isospin—% are displayed graphically in 3a.



2.3 Salpeter wave function for the JF = %_ pentaquark states

According to the spin-parity properties, and also considering the proper Lorentz structures,
the Salpeter wave function of JX = %7 pentaquarks consisting of a 0~ meson and %Jr baryon

can be generally constructed as
P = 1Y) s
e(Pgi,r)=(fi+ fo i) u(P,r), (2.20)
where the radial wave function f1()(|¢’|) only explicitly depend on |7[; u(P,r) denotes

Dirac spinor with spin state r. In terms of the spherical harmonics Y;™, the wave function
can be rewritten as

1

V3

where 7+ = $%('yl +i7?). Then it is obvious to see that f; and f» represent the S- and

p(P.qi,r) =2V7 {leoo +—=f (Vi + Y - Y1°73)] Y u(P,r), (2:21)

P-wave components, respectively. Inserting the wave function into eq. (2.9), we obtain the
normalization satisfied by the radial wave functions as

3
/((127‘5)?21,01 (f2+153) =1 (2.22)

Inserting the Salpeter wave function eq. (2.20) into the Salpeter equation (2.7), elim-
inating the spinor, calculating the trace, we can obtain two coupled eigenvalue equations
with the pentaquark mass M as the eigenvalue and f(o) as the eigen wave functions (see
refs. [26, 43, 44] for details). Solving the eigenvalue equations numerically, we can obtain
the corresponding mass spectra and numerical wave functions, which are also graphically
displayed in 3b.

3 Strong decays of P)Y(4312)" to J/(n.)p and D®°A} within the BS
wave function

In this section, we first present the relevant effective Lagrangian; then we give the decay am-
plitude by using the BS wave function combining with the effective Lagrangian; finally, the
expressions of the partial decay widths are presented in terms of the relevant form factors.
For Pé)\f(4312)+ — J/9(ne)p, the involved interactions are .J/yDD™, n.DD*, and
Y. ND™  which involve the Lagrangian of the doubly heavy meson and the heavy-light
meson. The heavy-light charmed mesons in S-wave can be represented by [53, 58, 59|

_1+¥

H.
2

(D5, +iDys), (3.1)
where D** and D denote the corresponding vector and pseudoscalar charmed D mesons
respectively. The anti-heavy-light meson doublet H; has been presented in eq. (2.12).

For doubly heavy mesons, the heavy quark flavor symmetry does not hold any longer,
while the heavy quark spin symmetry still holds. In the ground states, the charmonium



forms a doublet consisting of a pseudoscalar 7. and a vector state J/tv, which can be

represented by [60]
1+9 . 1—

2 (1/}#7# + 177075) 2 9
where ¥* and 7. denotes the fields of the corresponding mesons. Here all the hadron fields

R:

(3.2)

in above equations contain a factor of /My with My the corresponding meson mass.

By assuming the invariance under independent rotations of the heavy quark spins, it
is possible to write down the effective coupling between the S-wave charmonia and the
heavy-light mesons as [61]

- H p—
Lo = go'Tr (R gfﬁHC) + H.c., (3.3)

<~
which is invariant under independent heavy quark spin symmetry; and the notation AgB =
AOB — 0AB is used. Consequently, we obtain the following effective Lagrangian describing
J/v¢ and 7. coupling to the DD*,

Ly = +gypp™Dd,D

1 vo > * N*
i B 9,p1 (DD + D},95D)

— igyDD*

+ gy p (D 0,D}; — 8,D;D* + 20,D* Dj) (3.4)
+ gDD*ncnI(auDD*“ — D*9,,D)
1 _
+ 19D+ D*n. M—ewﬁaunlpzaapg +H.c.,
Me
where we have divide a meson mass in the second and the last Lagrangians to keep all
the coupling constants dimensionless. The symbol e#**? denotes the totally antisymmetric

0123 — 1. All these coupling

Levi-Civita tensor with e = —€uwap and convention e
constants are related to a single coupling g2, which is determined to be go = /My /(2Mp fy)
with fy, denoting the J/1 decay constant [61]. Then all other coupling constants can also

be expressed in terms of the gypp as

2My,
gyDD = —
b fw
Mp- 1/2
gyDD* = Mp gyDD,
B 1 (MD*)
gyD*D* = 2 \ Mp 9yDD, (3'5)
1 (M Mp\ P
9DD*n. = 5 MwMD 9gyDD,
M, \"? Mp-
9D*D*n. = m Mp 9gyDD-

In next section, we will also discuss the effects of these coupling constants on the final
decay widths.
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Figure 2. Strong decay of me;\’ (4312)* to the J/+p by exchanging a virtual mediator D (left panel)
and D* (right panel). P, k1, ko, P1, P denote the momenta of Pév , constituent meson, constituent
baryon, the final J/1, and the final p respectively.

3.1 Amplitude for Plf)\’(4312)+ — J/¢Yp

szjv (4312)* as the DY, molecular state can decay to .J/1p by exchanging either a D or a
D* virtual meson, and the total amplitude is the sum of the two.

3.1.1 Amplitude with D exchange

The left panel of Figure 2 shows the Feynman diagram of szjv (4312)" — J/vp by ex-
changing the D meson. Besides the pentaquark vertex, we also need two other effective
Lagrangian to obtain the decay width. From above results, the effective Lagrangian de-
scribing the DD.J /1 interaction read

['wDD = ngD(w“)TD@LD, (3.6)

where D = (D%, D*, DF)T represents the charmed meson fields in flavor triplet, and D rep-
resents fields of the corresponding anti-charmed mesons. Whereas the effective Lagrangian
for NDY.. interaction behaves as [10, 62]

Lxps, = (—1)avps, NvsX.DT 4 Hec., (3.7)

where N stands for nucleon field doublet; ¥, = o - ¥, with o denoting the Pauli matrix
and 3. denoting the Y. baryon isospin triplet.

The invariant amplitude for Pé)v (4312)* — J/vp by exchanging a D can then be
expressed by the Bethe-Salpeter vertex as

4
A= /((217:;“2(—19ND26)75 [S(k2)T(P, k,7)D(k1)] (9:00) D (ks) 1)ei ko, (3.8)

where us is short for U(TZ)(PQ) with ro representing the proton spin state; e; is short for
e(ry)(P1) representing the polarization vector of the final J/¢) with P denoting the J/¢
momentum and r; = 0, =1 representing the 3 possible polarization states. The polarization
vector e; fulfills the Lorentz condition

efPia =0. (3.9)



The momentum of the exchanged virtual charmed meson is denoted as k3 = (k1 — P;). We
will use My and M; to denote the masses of the final .J/1 and proton respectively.

Also notice k1 = (a1 P + k) and k3 are involved in the four-dimensional integration
over k. To simplify this amplitude, first we strip off the triangle amplitude involved the
integral over k as

d*k
Gyt [T (P, 7)D (k)] Dl (3.10)

where the Lorentz condition of the vector meson is utilized, and we also strip off the spinor

Tlozu(P7r) = 75/

u(P,r) for later convenience. The decay amplitude A; can then be simplified as

./41 = (gNDEcngD)BTa[ﬂngau(P, 7’)] (311)
Then we perform the contour integral over kp on eq. (3.10), and obtain

dk3

— — (apt +aSe 3.12
(271')3 2w3(a1§0 tasp )’ ( )

Tru(P.r) = [

where we used the expression of the positive(negative) energy wave functions ¢t = A*~%¢;
the two coefficients a1 and as behaves as

al = c1zf + cox§ + czaf, (3.13)

ay = c4xy + c5x5 + cexg, (3.14)
where x; = ki(kp = kp;) with (¢ =1,---6), and kp;s are defined as
kpv=CF kpe =, kps=CF, kpa =1, kps = (5, kpe = (5, (3.15)

where the abbreviations (i = — (a1 M Fw1), ¢ = (aaM Fwy), and (& = (B — a1 M +w3)
are used. The coefficients ¢;s (i = 1,---6) are defined as

1
aw = wy +ws F Ey’
_ (-1
26) = ws T By’ (3.16)
B (w1 + wy F M)
C3(6) —

(w1 +ws £ Eq)(we + ws F Ea)

Now the amplitude A;7., has been expressed by the three-dimensional Salpeter wave func-
tion ¢(k ), and can be further simplified as the two form factors

Tio = (51P704 + SZPpoc)a (317)

Inserting the obtained sz}\7(4312)Jr wave function, namely, eq. (2.20), into eq. (3.12) and
then calculating the three-dimensional integral numerically, we can obtain the amplitude
Tio in terms of s1p and s1p. In the appendix A we collect the specific expressions of the
two form factors in terms of the Salpeter wave functions f; and fy. The amplitude A; then
behaves as

A1 = (9nDx.9yDD) €U (51PYa + 520 Pa)u(P,r). (3.18)

~10 -



3.1.2 Amplitude with D* exchange

For szpv (4312)" decaying by exchanging D* in the lowest level, the relevant Feynman
diagram is displayed in the right panel of Figure 2, and the two involved interaction vertexes
are DD*J /¢ and ¥.D*p. The DD*J /v interaction is represented by the following effective

Lagrangian
: v 1 ER e
Lypp+ = (—1)gypp=€” aﬁ@%@%@gﬂ (3.19)

Notice here the coupling constant g,pp+ is defined to have the same dimension with the
pseudoscalar coupling constant gypp. The effective Lagrangian of ND*3, reads [62-64]

‘CND*EC = igND*ECN’}/aZCD:;T + HC (320)

All the coupling constants in these effective Lagrangian will be specified in next section.
The invariant amplitude for prv (4312)" — J/1p by exchanging a D* can be expressed
by the Bethe-Salpeter vertex as

[ A% —i3 .
Az = (gND*x. 99y DD )27y /(%)4[S(kz)F(Pak,T)D(kl)]D;w(ks)Ml€P1a5“€1ak‘15, (3.21)

where the propagator of the exchanged D* meson behaves as

.G T k‘gukig,//m%
D, (k3) =
“(3) ! k%—m§+ie

: (3.22)

Here the propagator mass ms is Mp+. Notice the contraction with Levi-Civita tensor forces
the momentum part in numerator of D, (k3) to be zero. The amplitude can be further

simplified as
1

Ay = (QECND*gquD*)e“fo‘ﬂﬂ“(—i)MEPWWTQ’BU(P,7‘), (3.23)
where we have stripped off the amplitude involved the integral over k as before
5 d'k 8
TPu(P,r) = / Gyt [SUR2)T (P, r) D)) Dk (3.24)

In order to express the amplitude by the three-dimensional Salpeter wave function, we
perform the contour integration over kp on eq. (3.24) as usual and obtain

A3k, 1 _
TQ*BU(P,T) = / (QW)STM (afg@+ + agtp ) ) (3.25)

Combining Tf u(P,r) with ’y“%e PraBu, and using the following identity of the Levi-Civita
symbol,
it =0 (v0 Ny =g + 479 — 4¢P, (3.26)

we can express the decay amplitude Ay for D* exchange by the following form factors
Az = (gppp*gs.ND+ )€1 Uz (51 Va + s2v Pa)u(P, 7). (3.27)

Namely, the amplitude As can be expressed by the same form as A, which is just what it
should be. In above equations, the specific expressions of s1y and s9y can be obtained by
inserting the Salpeter wave functions into eq. (3.25) and performing the integral numeri-
cally. The specific expressions are presented in the appendix A.
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3.2 Amplitude for Pé,v(4312)+ — NP

Since 7. with JP = 07, the decay to n.p can only happen by exchanging a D* while the
mode of exchanging a D is forbidden. From eq. (3.4), the effective Lagrangian responsible
for DD*n. interaction reads

Lppy. = gppey.1i0, DD, (3.28)

The effective Lagrangian describing N D*3. interaction has been presented in eq. (3.20).
The corresponding Feynman diagram is similar with that for the decay to J/v¥p with D*
exchange. The decay amplitude for PJJV (4312)" — n.p behaves as

. o [ Ak . B
Az = uz(ignp+s. )y /(27T)4[S(kQ)F(kaT)D(kl)]Daﬁ(k'?))gD*Dnc(_1P1 )- (3.29)

As usual, it is convenient to strip off the part involved the integral over k as

d*k
(2m)*

Performing the contour integral over kp, we can express T3 by the three-dimensional

(v*P)[S(k2)T (k, 7)D(k1)] Dag (k3),

Tsu(P,r) = /

Salpeter wave function

w

3k, 1
(27T)3 2w3

Tgu(P, 1“) :/ apl Z |:Cz af yz 90 + Cz+3do¢5(yz+3)@ } ) (3'30)

=1

where the positive (negative) energy wave function is related to the Salpeter wave function
by ¢t = AT~y¢; and we define dop and y; as
YiaYi
daﬁ(yi) = —YGapB + = 2157
m3 (3.31)
y; = k3(kp = kp;) = xipP + k1 — Pp.

Notice that contribution of the momentum part in d,g will be suppressed when the ex-
changed particle is heavy. Inserting the Salpeter wave function eq. (2.20) of PJJV (4312)T,
we obtain T3 expressed by one form factor,

T3 = S3v75. (332)
Finally, we obtain the amplitude for decay to n.p by form factor s3y with a simple form
Az = (gND*x,.gn.DD*) U2 (83v75) u(P, 7). (3.33)

The expression of s3y is also listed in appendix A as the integral over Salpeter wave
functions.
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3.3 P (4312)T — D*AS

The strong decay of P$(4312) — D*OAY is similar with the decay to J/vp, just the vector
meson .J/¢ replaced by D*, the proton replaced by the A} baryon, and the propagator
D™ replaced by the 7(p) respectively. The effective Lagrangian describing the interaction
of D*D¢ and A.X.¢ are [65-68]

Lppeg = 9DD*¢(D*M)T5;L¢D, (3.34)
Ls.rs = (—1)gA5.pAT5EcP, (3.35)

where ¢ is the 3 x 3 traceless hermitian matrix consisting of eight pseudo-scalar meson
fields,

w0 + +
EtE T K
¢) = T _Lﬂ + % KO . (336)
- 0 2
K K v

The coupling constants can be obtained under the heavy quark spin-flavor symmetry. Here
we use the coupling constant gpp., = ;—f\/m with the 7 decay constant f; =
0.132 GeV and the coupling constant g = 0.59 [66], and the coupling constant ga 5.4 =
19.3 [68].

Combining above effective Lagrangian and the BS vertex, we can express the decay
amplitude of P,) (4312)" — D*A} by exchanging a 7 as

d*k _ . ok
Ay = /(%)4(—IQACEC¢)U2V5[5(/€2)F(7€,T)D(kl)]D(kS)(9D*D¢>)(1k1a)(61) - (3.37)
By taking a similar calculation procedure with that in decay to J/¢¥p, we can further
express this amplitude by two form factors,

Ay = (92,5090 D) (€)W (54970 + s5pPa) (P, 1), (3.38)

where the form factor s4p and ssp has exactly the same expressions with s1p and sop,
respectively, just the masses of mg, My, and Mz changed from Mp, My, and M), to My,
Mp.0, and My, respectively.

The decay to D*OAZr by exchanging a p is similar with the decay to J/¥p by exchanging
a D*  and the relevant effective Lagrangian are

i

Lppv = —9bH+v 09, (D) 0, V3D, (3.39)

D
EZ(;ACV - igEcAcV‘/_XCPYOZECva7 (340)

where the coupling constants gp 5.y = 4p11 = 9.3 GeV™!, and gs_a.y = 0.56 [68]. Then
we can express the corresponding amplitude as

4 _i3
As = (a5 app i [ (o5 [SG2)T(P ) DOk Do)

epl“yﬁe”{“(ikg,,).

(3.41)
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Here the propagator mass ms3 is M,. Again by taking a similar calculation procedure as in
subsection 3.1.2, the invariant amplitude is finally expressed by the form factors

As = (QD*DpQAcch)eia%(szxv’Ya + S5Vpa)u(P7T)u (3.42)

where the form factor sy = s12)v(ms = My, M1 = Mp.o, My = My,).
Finally, we can express the total amplitude for decay to D*OAj as

A[P) (4312)T D*Ac) = Ay + As (3.43)

3.4 P$(4312)+ — DAY by exchanging a p

The decay of Pév (4312)7 — DOA} is quite similar with the decay to n.p. The involved
interaction Lagrangian is

Lppy = 9ppvu(DNVID, (3.44)
where the coupling constant gpp,, = 2py1 = 7.51. The corresponding decay amplitude
behaves as

_ o[ d% . B
Ao = rovovin” [ G SlSIIT 0 r) D] Dasks)opoy (). (345

As usual, it is convenient to strip off the part involved the integral over k as

d*k
(2m)*

which can be further simplified by finishing the integral involved the Salpeter vertex as

Tyu(P.r) = [ o6 PIS ()L (k. 1) D(Jk1)] Dy (),

Ts = s6vs, (3.46)

where the only form factor s has the same expression with ssy, just the taking the
parameter values mz = M,, My = Mpo, My = My, in the form factor expressed by the
Salptere wave functions. Finally, the decay amplitude of pr\] (4312)* — DYA} can be
expressed as

As = i(9a.2.v9ppy )82 (Sevs) u(P,r). (3.47)

3.5 Partial decay widths

Combing the two amplitudes from D and D* mediators together, we obtain the full invari-
ant amplitude for Plfjv (4312)" — J/vp decay by two form factors,

A[PY (4312)F = J/p] = A1 + Ag = €%z (5170 + 5280 ) u(P,7). (3.48)
where s; and so are related to the coupling constants and are expressed as

81 = 9yDDYUNDX.S1P + GyDD* gND* %, S1V 5 (3 49)

82 = GyDDYNDS..S2P + GyDD*gND*S. 52V -
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Similarly, the total invariant amplitude for Péjv (4312)* — D*OAZ can also be obtained as
AP (4312)" — D*OAY] = As+ A5 = ei%s (5470 + 5580 ) u(P,7). (3.50)
where s4 and s5 are related to the coupling constants and are expressed as

84 = 9P+ 9SedpAeSAP T 9Dy P+ ISV A SAV
D¢D ¢ DVD (3.51)

55 = 9ppD*9ScdpAS5P T 9Py pr ISV ASEV -

For the decays with final vector meson .J/1 or D*?, squaring the amplitude and sum-

ming all the polarization states, we obtain

a phB
S AR = <gaﬁ " le\ﬁl) Te (fy + Mo) TulJ /(D] (P+ M) Ty, (3.52)
T1,72,T 1
where
To[J /(D)) = (51(4)% + 82(5)15a) ) (3.53)

and TB =0T g’Yo is defined as the usual conjugation variable; we also used the relationship
of the summation over the vector polarization states rq,

*B  _ _ _af .
el €y = =9 + ; (3.54)
2oy W7
and the summation over the polarization states of the spinors
Z u(TQ)(PQ)a(TQ)(PQ) = (PQ + M2>7 (3.55)
72

> w(Pr)a(P,r) =P+ M). (3.56)

r

For qujv (4312)" — nep(D°A}) decay, the squared amplitude behaves as

Z ’A3(6)’2 =Tr (Pz + M2) -A3(6) (P + M) -’i3(6) =4M(Fs — M2)3§(6)7 (3.57)

ro,T

where s3 = gnp*x.gn.D*DS3v and s¢ = ga.x.v9ppySev- The squared amplitude is propor-
tional to the kinetic energy of the final baryon.
Finally, the partial decay width of P)'(4312)" to J/4(n.)p or D™OAT is expressed as

| P |

I[P} (4312)" — MpB] = Y

1
Ciy Y0 AP, (3.58)

1,72

where C1 denotes the isospin factor, and the three momentum of the final meson, J/1(n.)
or D™ ig given by

|| = ﬁ (M2 = (My + Mp)?) (M? — (M; — Mﬁ)}é . (3.59)
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4 Numerical results and discussions

4.1 Numerical parameters

Before giving the decay widths, we first summarize the effective interaction coefficients we
used in above effective Lagrangian. The interaction coefficients between the heavy hadron
and the light bosons are obtained under the heavy quark symmetry, which read [6, 9, 12,

14, 26]: py1 = 5% = 3.75, ppy = 29 = 2.34GeV !, and 01 = 0.76; pyy = /35% — 7.26,

pT2 = )‘f/%" =13.81GeV !, and 03 = 6.2. In the heavy quark limit, the coupling constants

between the heavy hadrons read [61] gppy = % and gpp+y = (%—Ig)l/QgDDw with the J /9
decay constant f, = 0.416 GeV estimated from the dilepton decay width [69]; the DD*7.

. 1 M’H MD*
coupling constant reads gpp«;,, = §<W

eq. (3.48), it can be found that the partial decay width is proportional to

)1/ QQDDw. Combined with the total amplitude
1
£
constants related to the baryons used are gyps, = 2.69 and gvp+x, = 3.0 [10, 62]. These

The coupling

values are the standard parameters used in this work, and we will also vary the standard
parameters to explore their influence on the wave functions and the final decay widths.

The hadron masses used are MP$(4312)+ = 4.312GeV, My = 3.097GeV, M, =
2.983GeV, M), = 0.938 GeV, Mp.o = 2.007 GeV, M,+ = 2.286 GeV [70].

4.2 Numerical results and theoretical uncertainties

The only free parameter in this work is the regulator my, in the form factor F(s?) in
eq. (2.19). All the other parameters have been determined by the previous experimental
data. By solving the relevant BS eigenvalue equation, we find proper cutoff values of my can
produce bound state of DY, based on the one-boson exchange kernel in isospin—%. Then by
fitting the bound state mass M to the experimental measurement MP$(4312)+ = 4.312 GeV,
we fix my in eq. (2.19) to be 0.87GeV. Then the obtained V; and V3 in the interaction
kernel are graphically shown in 3a.

In 3b we show the obtained BS wave functions f; and fs for Pqiv (4312)*. On the other
hand, the obtained radial wave functions depend on the obtained potential Vj(z), which is
directly related to the coupling constants oy(3), pvi(2) and pr2. To reflect the influence of
these parameters on the wave functions and decay widths, we vary the numerical values of
Vi(2) under standard parameters by F50%. Under these variations, the obtained regulator
values are then my, = 1.288GeV and 0.73 GeV respectively, and the corresponding wave
functions obtained are displayed in 3c and 3d. As Vi, decreases, the fitted regulator
parameter mp increases, and also the role of wave function f; becomes more important.

Our results of the mass spectra for I(J) = 1/2(1/2)~ DX. molecule indicate that
there only exists one bound state, namely, qujv (4312)7 as the ground state of DY molecule.
Our results do not support any radially excited states. This conclusion is robust even under
the £50% change of the interaction kernel Vo).
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Figure 3. The figure (a) shows the isospin-1 potentials V,,F? (n = 1,2). Figure (b) is the Bethe-
Salpeter radial wave function f; and f; for Plf}V (4312)* as the DY, molecular state based on the
one-boson exchange; while (c¢) and (d) are the radial wave functions when the interaction potential
V. in eq. (2.18) is reduced and increased by 50% based, respectively, where the corresponding
regulator values are my = 1.288 GeV and 0.73 GeV respectively.
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The obtained numerical values of the form factors for decays to J/ip and D*OAF
channels in eq. (3.48) are

sip=11x1073,  s9p=19x10"3, sy =—-41x1073,  sop =7.6 x 1073,

sap=T7.5x 1073, s5p =6.0x 1073, sy =—-87x1073, sz =12x10"%

For decays to n.p and DA}, the obtained form factors s3y in eq. (3.33) and sgy in eq. (3.47)
are
ssy =5.1x 1073, sgy = 3.6 x 1072

Inserting above form factors into the decay width expressions, we obtain the partial
decay widths as I[P, (4312)% —.J/¢p] = 0.11 MeV and I[P, (4312)" —1.p] = 0.085 MeV.
The obtained partial width for decay to J/¢p is ~ 1% of the total width I'roy = 9.8 £
2.7J_rijg MeV [1] reported by the LHCb collaboration. The J/ip channel is also the only
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J/p | 017798 0.3240.08 1.6779%2 1073~0.1 0.033 (3~8) 9.3%1%°

nep | 0.085 0018 0.98£0.25 5547570 1072~04 0.066 — = 0.260725
D*OAF 8.819 — — 10.7 6.16 — —
DOAF | 0.0262000 — — 0.3 0 — —

Table 1. Comparison of partial decay widths of Piiv (4312)F to J/4(ne)p and DXOAT with other
works in units of MeV, where our theoretical uncertainties are induced by varying the relevant
coupling constants by +£5% in the effective Lagrangian.

observed decay mode of Plf}V (4312)" currently. While the decay fraction of sz}v (4312)* to
nep is about 50% smaller than the J/¢p channel. There is still no evident signal in recent
experimental search of prv (4312)" in n.p channel [42]. Notice the obtained results are
totally predictive and there are no any free adjustable parameters since the regulator mp
has been fixed by the mass of P,Y(4312)".

Our result of Pqiv(4312)+ — D*A} is 8.8 MeV, which can amount to ~ 90% of the
total width. This prediction is consistent with the calculations in refs. [15, 37]. The partial
decay width T'[P))(4312)* — DOA}] is about 0.026 MeV, which is comparable with decay
to 1.p but negligible with D*°AF. The huge difference between D** and D channel mainly
stems from the difference of the involved coupling constants. Our results support D*9AF to
be the dominant channels for PJJV (4312)™", which would be a most promising decay channel
to be detected in experiments. The sum of these four decay widths are ~ 9.1 MeV, which
amounts to ~ 93% of the total width I = 9.8 MeV reported by the LHCb.

A comparison of our results with other works is listed in Table 1. Our obtained partial
decay widths are roughly consistent with those in refs. [15, 37, 38]. Notice the theoretical
results for decay widths of bev (4312) = J /¢ (n.)p are quite different from each other for the
complication of this problem. Also besides the result in ref. [24], the partial decay width
to nep is great than J/v¢p in refs. [15, 37, 38, 40|, which is roughly consist with a simple
analysis in the heavy quark limit in ref. [20]. However, our result of the partial decay width
to nep is about the half of that to J/¢¥p. The reason for this difference are analyzed as
follows. First, the phase space of J/¢p channel is almost the same with that of n.p channel.
While after summing over all polarization states, we obtain the squared amplitudes as

> A(J/¢p)|* = 17557 + 825152 + 1.6, (4.1)
71,72
> [Amep)? = 5.0s3, (4.2)
71,72

where the form factor s; part dominates in .J/¢p channel, which corresponds to the J/¢p
channel amplitude obtained in ref. [20] in the nonrelativistic format. It is easy to see the
coefficient in front of s} in J/vyp channel is ~ 3 times of that in 7.p channel, which steps
from the vector polarization states of J/i. On the other hand, the coupling constants
Jypp(» 1s about 2 times of g, pp+; and the obtained form factor sgy for 7.p decay channel
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is roughly near with the dominant item s;y for J/v¢p, which finally makes our partial
decay width for n.p channel is smaller than that for J/¢¥p channel. Notice in the DMA,
decay channels, the obtained form factor sgy in pseudoscalar mode is about 3 times of that
in the vector mode, which is consistent with the nonrelativistic estimation in the heavy
quark limit in ref. [20]. The main difference between .J/4(n.)p and D™ A, channels stems
from the much heavier exchanged particle D* in the former one, which would suppress the
contribution of the momentum part in the numerator of the propagator D,g(k3) and then
make sz ~ s1y. However, more researches are still needed.

Since the obtained partial decay widths are also directly dependent on the coupling
constants gypp, gypp*, gNDS., gND*x., and gpp+y. in the relevant effective Lagrangian.
To see the sensitivity of the our partial decay widths on these parameters, we calculate the
theoretical uncertainties by varying the every coupling constant by +5%, and then searching
the parameter space to find the maximum deviation. The obtained theoretical errors are
also listed in above Table 1, where the relative uncertainties induced from the coupling
constants amount to about ~ 20% for the four channels we calculated here. Another
theoretical uncertainties come from the interaction strength in the BS kernel, which can be
collected into the kernel potential V(3). When the interaction kernel Vj () varies by +50%
based on the standard parameters, the obtained decay widths are 4.3 MeV and 0.04 MeV for
J/¥p channel, respectively; while for D*OAzr channel, the results are 1.1 MeV and 9.1 MeV,
respectively; while for D°AF channel, the results are 2.5 MeV and 0.005 MeV, respectively.

Also it is worthy to notice that the obtained partial decay widths for J/(n.)p channels

are both proportional to —, while the values of f, used in ref. [10] and ref. [40] are 0.426

1
and 0.481 GeV respectively, under which our result for J/¢(n.)p channel would be 5% and

25% smaller respectively.

4.3 Summary

We give a brief summary. In this work, firstly, based on the effective Lagrangian in the
heavy quark limit, we calculate the one-boson-exchange interaction kernel of DY, in the
isospin—% state. Then by using the Bethe-Salpeter equation, we obtain the mass spec-
trum and wave functions of the experimental Piiv (4312)* as the DY molecular state with
JP = (%)_ Then combining the effective Lagrangian and the obtained BS wave function,
we calculate the partial decay width to be 0.17 MeV, 0.085 MeV, 8.8 MeV, and 0.026 MeV
for qu)V (4312)" — J /1, nep, D*OAF and D°AF, respectively. The obtained numerical re-
sults indicate that the fraction of D**A} channel can amount to ~ 90% of P,)(4312)",
which makes Z_)*OAZr to be a much more promising decay channel to be discovered in ex-
periments. This result can also serve as an important test for the molecular interpretation
of Plfjv (4312)". Our results are roughly consistent with some other calculations and also
the LHCb experimental measurements. However, more theoretical analysis and experi-
mental measurements are necessary to determine the properties of the pentaquark state
PJ'(4312)*. The interpretation of P))(4312)" as the DX, molecular state with J” = (3)~

and isospin [ = % is favored by this work.
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A Expressions of the decay form factors

For completeness, we list the specific expressions of the relevant form factors here, which
are all represented by the integral over the radial Salpeter wave functions f; and fs. Parts
of following expressions are calculated with the help of the FeynCalc package [71-73]. The
four form factors for decay Plf}\[(4312)+ — J/1p in eq. (3.49) are

&Pk 1
s1p = — / WT“}QCQQ}C U{?’Uofl + (’lUQUO + mQUO) fQ] s

Bk 1
= [ =2~y Y:
S2p /(%)3 2w2P12( 1f1+Yafa),

&Pk 1
S L A
S1v /(%)3 2w2P12( i+ 2Z2f2),

s __/dgkll(zf + Zufs)
2V = (271_)3 2w2P12 3J1 4J2)

where Y7, Yo, and 7 ~ Z4 read

Y1 = PPwauy + c1 E1kPyvy + cikMyPyvy — eikM Prop — moPRvy — ¢ Erk Prwaug

— czlE%k‘Qvo — 91 E1k? Movg + co1 E1 k> Mug 4 ¢4 ErkmaPyvg + 622k2P12U0, (A.2)
Y5 = i E1 Piwouy — ci M Piwsuy + g Mo Piwouy — ci EymoPivy — 2¢1 Eamo Prvy

+ cyma Mo Pivy + cymoM Pivy + /-cPlzvl — 021E%k:w2u0 + co1 1k Mwoug

— co1 EhkEMowoug + CQQkawguo + czlE%kmgvo + 2¢91 B Eskmovg

— 1 E1 k2 Prvg — co1 ErkmaMaovg — co1 ErkmaMug + czgkmngvo, (A.3)
Zy = —E1 Prwyuy + M PRwouy + MyPlwauy — ¢ E?kPyvy 4+ c1kM? Pivy + Eyma PPy

— moM P?vy — moMy PRy + c1 E2kPrwoug — ¢1 E1kM Prwsug — ¢1 EykMa Pywsug

+ 021E%k‘2v0 - clEIkamgPlvo — 022E1k:2P121)0 — 621E1k:2M12v0

+ c1 By kmaM Prog + ¢1 Erkma Mo Pyvg — cook® M PRy — cook® Mo PPy, (A.4)
Joy = 61M12P1w2u1 + ClE%?TLQPl'Ul + 2c1 1 Eomo Pyv1 — 2c1 E1mo M Pivp

+ cxmaMEPyvy + kM PEvy + kMo Puy + co1 Efkwaug + c1 E3k* Prog

— czlEllegwguo — cnglk‘waguo — czgk‘Mwaguo — czgkzMngwguo

+ QCglE%kWQMUO - ClEleMplv() — 01E1k2M2P11)0 + CQQEl]CmQPlQU()
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- czlElkmngzfuo + 2622E2km2P12'U0 — 3022km2MP121)0 — CQkagMngUO

— 2021E’%Egk‘m2vo — 021Efk‘m2vo — Elk‘val — clEflegul, (A.5)
Z3 = —M P}wouy — MyPPwauy + c1 EykM Pyvy — ¢ EykMa Py — eikM?EPyoy

+ mo Mo P2vy + ¢1 By kM Prwogug + ¢ By kMo Prwsug — co1 E2k? Mg

+ co1 B2 k* Mawg + co1 E1k* M7vg — ¢ Erkma M Pivg — 1 Eykma Mo Prug

+ moM Py — caok® My P?ug 4 3caok?® M Py, (A.6)
Zy = a1 E1M Piwauy — i By Moy Prwouy — clelegul + c1 Eymo M Pivy

— cyma M2 Prvy — kM P?vy — kMyPRvy — eo1 EZkMuwyug + o1 B3k Mowsug

+ 021E1k:M12w2u0 + 3022kMP12w2u0 — czgk:Mngwguo — czlE%k‘mngo

+ co1 EZkma Mavg + 1 E1k* M Pyvg + c1 E1k* Mo Pyvg + co1 E1kma Mivg

+ 3622km2MP12v0 — CQQk'mQMQPlQ’UO — c1 EymoMoPrvy. (A.7)

In above expressions, P, = |Py|, and
1 2 1 2
c=cosf, co = 5(3008 0—1), coo = 5(008 0—1), (A.8)

where 6 denotes the angle between k and P;. We also define u,, and v, (n = 0,1,2) for
later convenience
un = (1@7p + c2a5p + c333p) + (ca®lip + c5T5p + C6Tp),

(A.9)
vn = (c12p + c25p + c33p) — (Caxlfp + C525p + C6TEp)-

The expressions of ¢; are listed in eq. (3.16).
The form factor s3y in eq. (3.33) for Pé\f(4312)+ — 1ncp decay behaves

d3kJ_ 1
S3v = / (27)? dm2wows P? {(P12X1 + ke1 Xs) f1 + (kPEXo + c1X4)f2} , (A.10)

where X7 ~ X4 read

X1 = —ckM Pywsoug — ck Mo Prwoug + m%nguo + m%MQwQuo — MM%wguo

- M12M2w2u0 + ckmsPiwsuy + EymgMwouq + EymsMowouq +m3M12w2u1

— Elmgwgug + ck3Plvo + k:QMlgvo + ckmo M Pyvg + ckmo Mo Py g

—ckmaomsPivy — QOgM’U[) + mgMvao — mgmgMgvg + m2M12M2v0

— E1k*msv; — EymamsMuy — Eymams Maovy + E1m2m§v2 — m2m3M12v1, (A.11)
X9 = ckPiwoug+ M12’LU2U0 — E1mswoug + ckmo Pivg + ckms Pivi + m3M12v1

— ckM Pyvg — ck My Pyvg +m3 Mug +m3 Movg +ma MEvg — M M7

— M12M2U0 + EymgMuvy + EymgMovy — Eymomavy — Elmgvg, (A.12)
X3 = —cE1kPiwaug — By MEwaug + ck M Pywaug 4 ck Ma Pywaug + M MEwaug

+ M2M12w2u0 + E%m;;wgul — EymsMwauy — EymsMowsoug + cE1kme Prug

—cFE1kmsPiv1 — cE1kM Pyvg — cE1 kMo Pivg + Elmngvo + Elmngo
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+ Eym3Myvg — Ey M Mivg — Ey Mo M?vg 4 ckms M Pyvy 4 ckmsg Mo Proy
—ckmo M Pyvg — ckmo Mo Prvg + ck:MfPlvo - m%vao — mQMMIQUO

— mgMngzvo + M{lvo + Efmngl + EfmgMgvl — E%mgmgful + Efm%vg

— 2E1m3M1201 + EimomsgMuv1 + E1momsMovy — Elmngg — Elmgszg

+mgM Mivy +msz My Mivy, (A.13)

X4= U()’m,g]wf‘—|—’U,0w2]\4il —Uomgmngz —|—E1k2U0M12 +2E2k2U0M12 —I—m2m3M2111M12

— k2 MuvoM}E — Ey Mugma M3 + k*vo Mo M} — Eyvgma My M3 + ckugma Py M?

— Uom?y)wQM]? — ElMuongl2 - Elqugnglz + ckuoleng2 + 2E2m3w2u1M12

— Mmgwgule + m3M2w2u1M12 — 2E1m2m3v1M12 + Mmgmglel2

+ E1M00m2m§ + Elfuomgm%Mg +cE1k3vo Py + 2¢Esk3vg Py — ek Mug Py

—cE1 kMuvomao Py + ck3voM2P1 —cE kvomeo Mo Py + ElMuomgwg + E1u0m§M2w2
—cE1kMugPywy — cEykugMao Prws + Emegwgul + E%TngMng’U,l +cE1kmsPrwauq
+ 2cEskms Prwouy — ckMmsg Prwouq + ckmsg Mo Pywouq — E%m%wgug — 2E1E2m§w2u2
+ Ele§w2u2 — E1m§M2w2u2 — E%k2m3v1 —2F) Esk*mavi + E1k*> Mmsv,

+ E%Mmgmgvl — E1k2m3M2v1 + E%W’LngMg’Ul —cE1kmoms Piv1 4+ ckMmomsg Pyvq

+ Ckm2m3M2P1v1 + Elzmgmng - Elegmgvg - ElmgmgMg’Ug. (A.14)
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