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1. Introduction

The Kadomtsev-Petviashvili (KP) hierarchy is one of the most important integrable hierarchies and it appears in many different fields
of mathematics and physics, such as the enumerative algebraic geometry, topological field and string theory [1]. The KP hierarchy has
two important symmetries, they are the Sato’s Biacklund symmetry generated by vertex operator and the additional symmetries by Orlov-
Schulman operator [2]. The KP hierarchy has many generalizations and extensions including universal character hierarchy [3-8]. The mKP
hierarchy is a modified KP hierarchy. As one of the most important research objects in mathematical physics and integrable systems,
the mKP hierarchy is of great significance [9]. Dispersionless integrable hierarchies (KP, Toda etc.) are important systems in integrable
field theories, especially applied in mathematics, physics, topological field theory and matrix model theory [10]. We introduce the Planck
constant € into the ordinary KP hierarchy, and the Planck constant € is restricted to approach 0. The order of microdifferential operators
with € are defined by

ord® (Say j(t)e'd)) = max{j —l|a; j(t) # O}.

In particular, ord®(¢) = —1, ord®(d) = 1. The principal symbol of a microdifferential operator A = Xa; j(t)e"d™ is

—ord€ ;
o€ (A) =€ DN e ALK,

and Lie bracket has become Poisson bracket.

Gauge transformation is one kind of powerful methods to construct the solutions of the integrable systems, it has significant signifi-
cance and is widely used [11-17]. For soliton theory, the Miura map has played a significant role in its development [18-20]. The Miura
map is generally not easy to solve and is a transformation between two nonlinear evolution equations [21,22]. However, the solution of
one nonlinear system can be obtained from the solution of the other nonlinear system through the Miura map. Bdcklund transformations
can be used to study the soliton hierarchies, which is a very effective tool. On the basis of appropriate gauge transformation, using com-
monly used dressing method can obtain the (2 4+ 1)-dimensional transformations [23]. In [19], the Miura map between the dispersionless
KP hierarchy and dispersionless modified KP hierarchy is given. This article has constructed
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—ad
Lamkp =€ " Laxp,

which can also be used for the Miura map between the constrained dispersionless KP hierarchy and constrained dispersionless modified
KP hierarchy and the dKP hierarchy with self-consistent sources to the dmKP hierarchy with self-consistent sources [23]. In [20], the
Miura map between the dDym hierarchy and the dmKP hierarchy is given. Its structure can also be used for the Miura map between the
constrained dispersionless Harry Dym hierarchy and constrained dispersionless modified KP hierarchy [22]. The constrained dispersionless
dmKP hierarchy can be thought of as the quasi-classical limit of the constrained mKP hierarchy [24].

Additional symmetries are important symmetries that explicitly depend on time and space [25-27]. Additional symmetries do not
commute with each other and the additional symmetry flows of the KP hierarchy can form an infinite-dimensional algebra W1,. Ad-
ditional symmetry also has wide applications [28,29]. In [30], the additional symmetries of the dispersionless cKP hierarchy are given
by introducing a new Laurent series ). Additional symmetry can be used to derive string equations and Virasoro constraints in string
theory [31,32].

This paper is organized in the following way. In Section 2, some basic knowledge will be introduced. We introduce the mKP hier-
archy, the constrained mKP hierarchy, the dmKP hierarchy, the constraints of dispersionless mKP hierarchy, the Harry Dym hierarchy,
the dispersionless Harry Dym hierarchy and the constrained dispersionless Harry Dym hierarchy. In Section 3, we give the auto-Backlund
transformations for dmKP hierarchy. In Section 4, we give dispersionless Miura map between the constrained dispersionless mKP hierarchy
and the constrained dispersionless Harry Dym hierarchy. In Section 5, the additional symmetries of the constrained dispersionless mKP
hierarchy are given. In Section 6, the conclusions and discussions are given.

2. Background materials

In section 2, we introduce some basic knowledge, the mKP hierarchy, the constrained mKP hierarchy, the dmKP hierarchy, the con-
strained dispersionless mKP hierarchy, the Harry Dym hierarchy, the dispersionless Harry Dym hierarchy and the constrained dispersionless
Harry Dym hierarchy, which we will use them later on.

The Lax operator of the mKP hierarchy is as

Lmkp =9+ Vvo+vid~ 1 +v2972+...,
where 9 =0y, Vi =vi(x =t1,t2,---).
And it satisfies the Lax equations
O Lmkp = [Qk, Lmkp], (2.1)

where Qi = (LK ;»)>1 means the part of order > 1 of L¥ , ..
The Lax equation (2.1) is equivalent to the existence of wave function W(t, A) such that (t = (t; =x,t2,--+))

LnkpW¥ =AY,
atklp = Qk\ljv

where A is the eigenva!ue of Limkp. o
Let p=>"_ pid' be an arbitrary pseudo-differential operators, p* =Y /. __ (—1)'3'p; is its formal adjoint operator, and (AB)* =

B*A* for pseudo-differential operators A and B. The adjoint wave function satisfies the equations
Lingp¥* =207,
O W' =—Qp .

The Orlov-Schulman operator of the mKP hierarchy is defined by

o0 o
-1 —i-1
M=) "ntaLll+ > vilip. (2.2)
n=1 i=1
The constrained mKP hierarchy is

9 L" =[Qx, L],

the Lax operator L" has the following relationship,

N
L= ("1 + Y vi©d i3, (23)
i=1

where v;(t), ri(t) and Qy satisfy
Vi = Qr(vi),
Mg =—071QF (), i=1,2,3,...,N,
N
Qi =[((LM=1 4 Y vi®)d ri(0)d) )1

i=1
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The Lax equation of the dispersionless mKP hierarchy is defined by (Lgmkp = 1)

Lamkp =P +Vo+ViP~1 4+ VP24

Lamip satisfies the Lax equations

01, Lamkp = {@n, Ldmkp}
where O, (P) is defined by

n = (L p)=1-
The Poisson bracket {, } is defined by

_09fdg 9fog
(F(X. P). 8(X, P)} = AP 3X 09X 9P’

The dmKP hierarchy can be also written in the zero-curvature form

9Qn(P)  9Qm(P)
0Ty aTy

+ {Qn(P)7 Qm(P)} =0.
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(2.6)

We consider the quasiclassical limit of the constrained mKP hierarchy to obtain the constrained dispersionless mKP hierarchy, by taking

ty —> €ty =Ty [24],

Nooor T
n_ oz 1.
Le—Qe,n-l-iE:l v,(e)(ea) T:(e)éa,
Qe,n = (Lg)zl,

where vi(L),ri(L) and Q. satisfy
T T
€WVi(=N1, = Qe k(Vi(=)),
€ €

T _ T .
E(ri(z))Tk = —((€9) 1Q;",k(éa))(n‘(z)), i=1,2,3,...,N,
Qe = (LY ™M)=1.
It can be proved that vi(g) and ri(g) have the following WKB asymptotic expansion as € — 0,

T, X
S(é ) Lan + 0],

S(T, A

T
vi(=) ~exp[
€

T
ri(;) ~ exp[— +aip+ 0(e)l.

By calculation,

ai1+ai2

Vi€ (L)) = —
e D =T8T Tox

+ (ST, ) )"+ 0(e))(€d) ™ +...).

We can obtain the constrained dispersionless mKP hierarchy for £ as

x (14 (S(T, A)x +0()(€) ™ +...

N
a; ai
Ln= _2 -t _”
On iz](Pi+P_Pi)

L={9n, L},
where Qp = (L")>1, a;, P; satisfy

a; = elittai2 ,
Py =S(T, ri)x,
aa; 0Qn
U as _p.lx.
oT, [ai( 5p )p=p;1x
oP;
a1, =[Onlp=p;1x.
Whenn=1,N=1,
a1 a1
L=P—(—+——),
(P1 + P—Pl)

(2.9)
(2.10)

(2.11)

(212)

(2.13)
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we can get its Taylor expansion

+00 ) )
L=P—a;y P{'P7". (2.14)
i=0
As we all know, the symmetry constraint for Harry Dym hierarchy is given by

N

Lchm =Bp+ ZQia_luiaz,
i=1

where g;, u; and B, satisfy

Q1
3tn Bn(qi),
ou;
— =—37?B}3%(u),i=1,2,3,...,N,
aty

Bn = (Llpym)=2,

where B, is the adjoint operator of Bj.
The dispersionless Harry Dym hierarchy is given by

Capym=U1P +Ug+ 2 1 U2 4
dDym = Y1 0 ) p2

it satisfies the Lax equations
8TdeDym = {Bk(P), l:dDym},
where
Bi(P) = (Liip ) =2

Using the same method, consider the quasiclassical limit of the constrained Harry Dym hierarchy, we can obtain the constrained
dispersionless Harry Dym hierarchy [20],

Bn+2(—+ + ——), (215)
pP— ,31
Lr, = {Bn, 2}, (2.16)
where B, = (£")>2, ai, Bi satisfy

o = e tai, (217)
Bi = S(T, rix, (2.18)
S =l Dl lx (219)
85; [Balp=p;1x- (2.20)
3. Auto-Bicklund transformations for dmKPH
In section 3, we introduce the auto-Backlund transformations for dmKP hierarchy by using the method in [19].
We have
A=P" 4 an 1 P" N fam P2 taiP4ag+a Pl va P i,
where ap_1,0am—2,...,01,09,d_1,0_3, ... are functions of T = (T1 =X, T, T3, ...). ¢(T) is arbitrary function of T, and it is independent
o I\)/\./e define

S adp, 1 1

where the Poisson bracket is defined by (2.6). By calculation, we can obtain

b= Z —<¢x)“ap

n= O
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Lemma 3.1. The following identities hold true [19]

e~ (g i) = e g om0y,
foz1=e"% (1u=0) — =0l p=g,
= [20 + $xdp (11=0) + 2,202 (1=0) + - ..
— (@ + am-198 " + ...+ a16x + o)
= e (1) — pz1] =gy
firy — (A1, 8} = e (g, — (W20, u}) — (b1, — (W")0lp=gy- 1)
= e (ur, — {(UW")=1. ) — (b1, — (W) =11p=gy- ).

Let
p=P+Vo+ViP 1+ VP2 4.,
we suppose that V;(T) satisfy the dmKP hierarchy in (2.5), and ¢(T) satisfies the following equation,
¢1, = (W")=1|p=g,-
Then, we have [i =e %4 also satisfy the dmKP hierarchy.
f=P+Vo+ViP 1+ VP2 ...,

we can get V; = V;, it is the auto-Bicklund transformations for the dispersionless mKP hierarchy.

4. Dispersionless Miura map between the constrained dispersionless mKP hierarchy and the constrained dispersionless Harry Dym
hierarchy

In section 4, we introduce the dispersionless Miura map between the constrained dispersionless mKP hierarchy and the constrained
dispersionless Harry Dym hierarchy by using the method in [20].

Lemma 4.1. Let [20]

X =9, T, =Tn, LK, T)=Lx T), P =y 'P.
Noting that,
9 0T, 9 ax 9 9 Y 0

9T, 9T, T, | 9Tnox 8T, 9T, ox'"
A/zz :A/Z1 - A[” = A/Z1 - {Alszl}[OJP/ =A>1 — {A=1, Yo P,

we have
L oy 9L o
= — = ——— = —{—p
nEan, amear 0 G, oS
By = Qn — {Qn, ¥}101 P
We can obtain
d
L1, —{Bn, £} = L1, — {%P’,E} —{On —{Qn. ¥} P, £}
n
oy ,
=Lr, —{Qn, L} — {{(ﬁ —{@n, VoD P, £}
n

Theorem 4.1. If L, a;, P; satisfy the constrained dispersionless mKP hierarchy (2.14) and  is a function of (x, T) satisfying

oy
aT, ={Qn, V01

then £ satisfy the constrained dispersionless Harry Dym hierarchy (2.15).

Proof. The Lemma (4.1) indicates that L(x, T) = £(x/, T). Then, using the same method as in [20], we can indicate that «;, B; satisfy the
constrained dispersionless Harry Dym hierarchy through these relationships

o= -y

Bi = vy ' Pi,

which have been confirmed in [22]. O

ai,



X. Luo and C. Li Physics Letters B 843 (2023) 138052

5. The additional symmetries of the constrained dispersionless mKP hierarchy

In section 5, we introduce the additional symmetries of the constrained dispersionless mKP hierarchy by introducing a new Laurent
series ).
The additional symmetries of the dispersionless mKP hierarchy were given by

0 Ldmi p I
T = _{(Mm['dm[(p)<h Lamkp}s

I,m
or they can be written as

9 Lamk p
Btl,m

= {(M" Lyep)=1: Lamip} +mM™ LYo (5.1)

The function M satisfies the equations

oM

o = —{(M™LL ) <1, M,
I,m

where the Orlov-Schulman function of the dispersionless mKP hierarchy is defined by [31]

M= "nTall ko + > Vilyrch, (5.2)

we have {M, Lymkp}=—1.
Furthermore, we have

aMnEk
S AmKP (MMl )1, MUK Y
8tl’m

Now, we apply the additional symmetric flows defined by (5.1) to £ which is defined by (2.14). When m = 1, we have

( ><1 ={((MLYs1, L)1 + (LD 1. (5.3)

Bt*

Next let us analyze the two terms {(ML)x1, £} <1, (L) 1.

Theorem 5.1. The Laurent series £ and the Orlov function M of the constrained dispersionless mKP hierarchy have the following relationship.

+00 +00 ) )
(MLY21, L) <1 = ——ZZn(Md PP

=0 n=1
+00 +00

—a—= ) Ym0+ = 2) (ML PP (54)
i=0 n=1

+00 +00
(ML
_alzZ(n+ _(M )in] pi+i-2pi,

i=0 n=1

we define that (A)(i) mean A; for arbitrary formal Laurent series A =" _; AP

Proof. By using the equation (2.6) and (2.14)
IMLY>1 9L IML) 1 9L

(ML, L)1 =

P aX aX P
IMLY= R, P X o
( 5P ( 29X o 1 1 29X ;_0( ) 1 N<1

I +00
_(8(M£)>1 lel 1p—i- 1) .

+00 +00 +00 400

dPq
:_Z Z n(Mﬁ)an Pl Tpitn-t Z Z (l—l)n(Mﬁ)[nJ(h—Pl 2p—itn-1
n=1i=n—1 n=1i=n-1
+00 400
oML
—a1Z Z ( ax)[” pi-1jp-itn-1
n=1i=n-1
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- aalioionwc’) P 2pi 0, PSS - 2y MLy PP
[n] 9% [n]
i=0 n=1 i=0 n=1
+00 +00
mcL!
_a]ZZ(n+l ( o )[ﬂlpn-H —2p-i
i=0 n=1

Theorem 5.2. The Laurent series L of the constrained dispersionless mKP hierarchy has the following relationship.

I

(Lhar =) Ly 1=1,2.3...., (5.5)
k=1
(L =1. (5.6)
We define that

+00
_ i—1p—i+j
Lj=-ay )y PP
i=j

For =0, 1, 2, the flows can be rewritten as

+o00

aL aday i1 i
(F)d:—wzpa 'pi—qa 8* Z(l—l)Pl Zpi,
11 11 j—o ll i=0
When [ =0,
+0o0
L aay i—1 i -2
(G)<i=—--—) Py P —a I
ath E)t;;’l Z{; 8t01 P
using the equation (5.3),
+00 +00
oL 3(11 it i
(G )<= 2 2 ML) Py 2P
0~ i=0 n=1
9P, 400 400 ) .
—ar—E YD i = 2) (ML PP
i=0 n=1
+00 +00
ML ) .
—a1ZZ(n+ ¥P?+’72P_’+1.
i=0 n=1
When I =1,
oL 301 = i dP1 o . P2 i
(G )<i=——7) P P ' —q (i-1P P,
oty 4 oty 4 = oty 4 ;
using the equation (5.3),
+00 +00
aL 8a1
(F ZZ“(M»C )[n]Pl—H”l 2P i
11 i=0 n=1
9P +00 +00
—a18—122n(n+1—2)(M£1)[n]1)”+‘ 3pi
i=0 n=1
400 +00
ML
—a Y Y (n+i-1 (Ma )[”]P”+' “2p=i 4 rg.
i=0 n=1
When [ = 2,
8£ aa
(= __ % ZP' 1p—i _4
8t21 8t21i0 8t21i0

using the equation (5.3),
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400 +00
aL 8a1
(at* ZZMMEZ)”PH« ZP i
2,1 i=0 n=1
3P1 400 +00

—ar= Y Y i = 2 (ML) PP

i=0 n=1
400 +00

o awme? ; ;
—a Yy Y (+i- 1)%13’1”'—21)—1 + L3+ 2L

i=0 n=1

We can find that the flows do not hold for =0,1,2,....
Therefore, we construct new flows,

L
(5 )=<1= (=MLY <1+, L) <1,
ty
where

+00 Pi—l P—i+l—l<+1

=—a ck 1 1=1,2,3,...,

Yo=M

in which aq, Py satisfy the following equations

daq n(ML )[HJPn+l 1

+
301 i-1p—i 3P = i-2 k1—1
ZP P —a—— 2(1—1)1) P~ ~|—Z£ =0,k; =k.
i=0 k1 1
We define that
I 400 da; I +o00 40
.1 i i—1
B I P DI
k=1 i=0 J k=1n=1i=0

Py (I —k+n+i—1)nML )y

—i+1

a—
0x

oML
+a1pr11+1 1 ; [n]
X

Lemma 5.1. The Laurent series £ and ) satisfy the following relation,

I 400 o0 Ck 3

Db =-Ehata) d > — 8XP1

k=1m=0i=0

-n—i+1

|—k+i+m—2

P - i
tar =k m = PR pI =123,

{y07 £}<1 =

The Laurent series ) also have the following relationship.

Lemma 5.2. The formal Laurent series ), satisfy the following relation,

)

v = {(ML)o1, V)1 4+ A= DYy j1s
j

where j,1=0,1,2,....

Proof. The left-hand side of equation (5.10) is

or: +l—k+1 065 ! 13*

k=1i=Il-k

the first term on the right-hand side of equation (5.10) is

I 400 k
d C d
_ylz_z Z : I ( a1P Ta (l_-l)Pl 2y p—itl—k+1,

n+i—2
P]

+00 o
)+ (= jary itp{Th

i=0

Physics Letters B 843 (2023) 138052

(5.7)

(5.10)
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+oo | +00 i—1 i j
8a1 (ML) P} 3Py (i = DHRML ) i o

£ kel Yoy i —ra D
(MLD21. == > ) ¢ Cox “iti—k+1 " Mox —iti—ks1 1

n=1 k=1 i=l—k+n

4P M) pitl—ktn
1 X ’

the second term on the right-hand side of equation (5.10) is

. ) Ck
(= DVipjr==U=Dmd, >, P P

k=1i=l+j—k—1

By comparison, we know that the left and right sides of the equation (5.10) are equal. O

Lemma 5.3. The additional flows 337 commute with the flows % of the constrained dispersionless mKP hierarchy.
1 n

Proof.
0o 0

T

atn

3By (=ML + ) <1 | L

= {(=ML + W) <1, (L2121, L+ (LD 21, (=ML + D) <1, L))
— {21, (ML + W) <1}ar. L} = (ML + W) {(E) =1, L)
= {—-ML+ V)1, (L1} L)+ (LD 21 { (ML + V) <1, L}
— =ML+ W) <1, (LM 21, L)
By using the Jacobi identity of the Poisson bracket {{f, g}, h} + {{g, h}, f} + {{h, f}, g} =0, we can get the last equation is 0. O

1£ =3 {Bn»ﬁ} —{ ML+, L)
t

= {

Lemma 5.4. The additional flows act on the space of the formal Laurent series L of the constrained dispersionless mKP hierarchy, forming a subalgebra
of the Virasoro algebra.

Proof.

9 9
—, ML) L) = gl . L
oty at*] oty M), 0) at*{( W< L)

_ (=ML
= T LY+ {(—ML’ )<17£}

(=ML + W) oL
ML + )0 _ ) Loy — (ML V),
3tj 8tj

= {(=ML+ W) <1, (ML)} 1, £}
—({(=ML) <1, (ML + V)}<1, £}
— (=ML + W) <1, (=ML 1}, £}
= {{—=ML' + W, —MLI} 4, L)

[

—{ }

By the equation (5.10), we can get

(=ML Y, — MLy = (= DML+ Vi),

it also means that
0
ot at*

’

[ 7=1=0—-D

%
at]-H 1

where j,l€ Zso. O

Theorem 5.3. The additional flows acting on a; and P of the constrained dispersionless mKP hierarchy are given by

aaq 8a1
= ML) P,
oty ; (ML) Py
o +o00
8P‘1 8P‘1 _ 8(M£)
o = (G 2 nm =2 (ML Py 1—{—2(11—1)87["113'11).
fi = n=1 X
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When [ =0,

0aq 3a1
3t>61 = ZHM[n]P1 ,

Py Py n-1 Mm
@——(—Zn(n—z)M P! +Z(n PY).

When [ =1,

daq 3(11
oty 4

Zn(/vw) m P

8P1 3P1 n—1 3(./\/l£)[n] n
- —\— n —2 MZ P + —P .
BtT’] ( § (n )( )[nJ n§ 1(n Ix 1)

These can be proven by the above lemmas and the equation (5.3).
In (2.7), when n=1,

sz(
j=1

we can get its Taylor expansion

)

N +00
L=P-Y a;y PP\
j=1 i=0

Now, we can construct the additional symmetries of the constrained dispersionless mKP hierarchy,
aL
(Gp)<1= {(—MLY + N, Ly,
t
where
V=M,
+00 Pi— p—it—k+1

Z( CIJZC[ Z W),I=1,2,3,...,

j=1 k=1 i=l-k

in which aj, P; satisfy the following equations

_Zaajzpn 1p—i Za] 812(,_1)1)1 2p-i +ZL‘,"‘ 1—0,k =k

k1 1
We define that

N too )
Lix=) (=a;y PP,

j=1 i=k

The Laurent series £ of the constrained dispersionless mKP hierarchy has the following relationship,

I
(L1 =) CfLjrlioh 1=1.2.3,....
k=1

LY =1.

The additional symmetries of the constrained dispersionless mKP hierarchy are constructed.
6. Conclusions and discussions

In this article, we have discussed the auto-Biacklund transformations for dmKP hierarchy, its construction method draws inspiration from
the article [19]. In section 4, we construct the dispersionless Miura map between the constrained dispersionless mKP hierarchy and the
constrained dispersionless Harry Dym hierarchy. In section 5, we construct the additional symmetries of the constrained dispersionless
mKP hierarchy by introducing a new Laurent series ) in equation (5.8) and (5.9). We have been indicated that the additional flows
commute with the flows of the constrained dispersionless mKP hierarchy. We also have been indicated that the additional flows act on
the space of the formal Laurent series £ of the constrained dispersionless mKP hierarchy, forming a subalgebra of the Virasoro algebra.
The additional flows acting on a; and Pi of the constrained dispersionless mKP hierarchy are given.

10



X. Luo and C. Li Physics Letters B 843 (2023) 138052

Declaration of competing interest

We declare that we have no known competing financial interests or personal relationships that could have appeared to influence the
work reported in this paper.

Data availability
No data was used for the research described in the article.
Acknowledgements
This work is supported by the National Natural Science Foundation of China under Grants No. 12071237.

References

[1] E. Date, M. Kashiwara, M. Jimbo, T. Miwa, Transformation groups for soliton equations, in: Nonlinear Integrable Systems-Classical Theory and Quantum Theory, Kyoto,
1981, World Sci., 1983, pp. 39-119.
[2] L.A. Dickey, On additional symmetries of the KP hierarchy and Sato’s Backlund transformation, Commun. Math. Phys. 167 (1995) 227-233.
[3] C.Z. Li, B. Shou, Supersymmetric quantum spin chains and modified universal characters, J. Stat. Phys. 190 (2023) 55.
[4] Q. Yang, C.Z. Li, Multiparameter universal characters of B-type and integrable hierarchy, J. Math. Phys. 63 (2022) 113503.
[5] C.Z. Li, Multi-component universal character hierarchy and its polynomial tau-functions, Physica D 432 (2022) 133166.
[6] C.Z. Li, N =2 supersymmetric BKP hierarchy with SW1,., symmetries and its multicomponent generalization, Phys. Lett. B 820 (2021) 136563.
[7] C.Z. Li, Multi-component supersymmetric D type Drinfeld-Sokolov hierarchy and its Virasoro symmetry, Phys. Lett. B 823 (2021) 136774.
[8] C.Z. Li, SW14oo symmetries of N =2 supersymmetric CKP hierarchy and its multicomponent generalization, Nucl. Phys. B 969 (2021) 115465.
[9] Y. Cheng, M.H. Li, K.L. Tian, On the modified KP hierarchy: tau functions, squared eigenfunction symmetries and additional symmetries, J. Geom. Phys. 134 (2018) 19-37.
[10] K. Takasaki, T. Takebe, Integrable hierarchies and dispersionless limit, Rev. Math. Phys. 07 (1995) 743-808.
[11] J.C. Shaw, M.H. Tu, Miura and auto-Backlund transformations for the cKP and cmKP hierarchies, J. Math. Phys. 27 (1997) 5756.
[12] J.P. Cheng, ].S. He, The integral type gauge transformation and the additional symmetry for the constrained KP hierarchy, Acta Math. Sci. 35 (2015) 1111-1121.
[13] H.Z. Chen, L.M. Geng, N. Li, J.P. Cheng, Solving the constrained modified KP hierarchy by gauge transformations, J. Nonlinear Math. Phys. 26 (2019) 54-68.
[14] ].P. Cheng, The gauge transformation of the modified KP hierarchy, ]. Nonlinear Math. Phys. 25 (2018) 66-85.
[15] R. llangovane, K. Krishnakumar, K.M. Tamizhmani, Algebraic structures on the flows of dispersionless modified KP equation, Pramana J. Phys. 95 (2021) 207.
[16] XJ. Liy, R.L. Lin, B. Jin, Y.B. Zeng, A generalized dressing approach for solving the extended KP and the extended mKP hierarchy, J. Math. Phys. 50 (2009) 053506.
[17] W. Oevel, C. Rogers, Gauge transformations and reciprocal links in 2 + 1 dimensions, Rev. Math. Phys. 05 (1993) 299-330.
[18] B.A. Kupershmidt, The quasiclassical limit of the modified KP hierarchy, J. Phys. A, Math. Gen. 23 (1990) 871-886.
[19] J.H. Chang, M.H. Tu, On the Miura Map between the dispersionless KP and dispersionless modified KP hierarchies, J. Math. Phys. 41 (2000) 5391.
[20] Y.T. Chen, M.H. Tu, A note on the Dispersionless Dym Hierarchy, Lett. Math. Phys. 63 (2003) 125-139.
[21] H.X. Wu, Y.B. Zeng, A new extended dispersionless mKP hierarchy and hodograph solution, Commun. Nonlinear Sci. Numer. Simul. 17 (2012) 2766-2775.
[22] H.X. Wu, Y.B. Zeng, ].X. Liu, New extension of dispersionless Harry Dym hierarchy, J. Nonlinear Math. Phys. 23 (2016) 383-398.
[23] T. Xiao, Y.B. Zeng, Backlund transformations for the constrained dispersionless hierarchies and dispersionless hierarchies with self-consistent sources, Inverse Probl. 22
(2006) 869-879.
[24] T. Xiao, Y.B. Zeng, The constrained dispersionless mKP hierarchy and the dispersionless mKP hierarchy with self-consistent sources, Phys. Lett. A 349 (2006) 128-134.
[25] H. Aratyn, E. Nissimov, S. Pacheva, Virasoro symmetry of constrained KP hierarchies, Phys. Lett. A 228 (1997) 164-175.
[26] ].S. He, Kelei Tian, A. Foerster, W.X. Ma, Additional symmetries and string equation of the CKP hierarchy, Lett. Math. Phys. 81 (2007) 119-134.
[27] C.Z. i, ].S. He, Virasoro symmetry of the constrained multicomponent Kadomtsev-Petviashvili hierarchy and its integrable discretization, Theor. Math. Phys. 187 (2016)
871-887.
[28] K.L. Tian, HJ. Song, J.P. Cheng, Y. Cheng, Additional symmetries of constrained CKP and BKP hierarchies, Sci. China Math. 54 (2011) 257-268.
[29] H. Aratyn, Constrained KP hierarchies: additional symmetries, Darboux-Bicklund solutions and relations to multi-matrix models, Int. J. Mod. Phys. A 12 (1999)
1265-1340.
[30] K.L. Tian, S. Li, G. Yi, Y. Xu, Additional symmetries of the dispersionless cKP hierarchy, Phys. Lett. B 822 (2021) 136643.
[31] T. Takebe, A note on the modified KP hierarchy and its (yet another) dispersionless limit, Lett. Math. Phys. 59 (2002) 157-172.
[32] M.Y. Hu, C.Z. Li, Additional symmetries of the dispersionless extended noncommutative Gelfand-Dickey hierarchy, Int. J. Geom. Methods Mod. Phys. 18 (2021) 2150145.

11


http://refhub.elsevier.com/S0370-2693(23)00386-6/bib32D996915A5CFF511D69FA854F3AF213s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib32D996915A5CFF511D69FA854F3AF213s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib53176BD0E05659E37F86FC499471B37As1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bibD879F7F9AE765EEC4EEEDCF997E93754s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib5C129CF4BD118FD588ACE73ACA14F1FEs1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib08394313C5C7890F3C385EEAECD3FF0As1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib15BF3ABC0A2583641532C024F4E7459Es1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bibFF342E106EC189D72D4E5095435464D4s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bibA67905661D62E76DDD29A51203895D63s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib81C717DD648F5DB72AB2857DC6DA8317s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bibB43B21778D0FB7B0B9FCB6036F92BE90s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bibCC3295D6D5B2D5593D827403A8CC1393s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib22990E5D2F6262E0BD2890DF71CB852Bs1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib94204623A6F53AC1FC47603DA44B5848s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib2EA5941A495F72885B4BB2BA23E19943s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib47977B1D51389FCAA838989FCF868011s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bibE796923725A9BA4F98EFAAEB0664CF8Cs1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib49D2A1EF589F153B5068E8DE91E4843As1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib2505E28746F20679CD1A77A52BAF8A07s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bibEE385FC479839E2F329C965A7758A00Es1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib353AE13E9EE60CEDE6E90A6D4C679236s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib4B5AF8D439490AD269BBC2B5D40DBF4Cs1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib9D0B43C334643E45F934F72B954CE9D1s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib134960E5A9B76FB8F5A1B8AC14B499D1s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib134960E5A9B76FB8F5A1B8AC14B499D1s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib81803450E9AEC4D9A707ADC4397F65B0s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bibCED9BF7AD447396EC3FCBBDCB55F168Cs1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bibBB5A93B7A34FE3D05A43B7EF52195FD8s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib6818D7C50DEDB36A5B3B8880BB25E6F5s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib6818D7C50DEDB36A5B3B8880BB25E6F5s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib8C092F6545118783CD9C4C2ABE4414E9s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bibC03C89EA2D26251146353092B10C644Bs1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bibC03C89EA2D26251146353092B10C644Bs1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib57A4D581C8F5C174DA185B6BFFAC0C61s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib0A5D987270312204702815A75B80D838s1
http://refhub.elsevier.com/S0370-2693(23)00386-6/bib206FDB95CC0AAD175E1ABDE4A64BAD03s1

	Virasoro symmetries of the constrained dispersionless mKP hierarchy
	1 Introduction
	2 Background materials
	3 Auto-Bäcklund transformations for dmKPH
	4 Dispersionless Miura map between the constrained dispersionless mKP hierarchy and the constrained dispersionless Harry Dy...
	5 The additional symmetries of the constrained dispersionless mKP hierarchy
	6 Conclusions and discussions
	Declaration of competing interest
	Data availability
	Acknowledgements
	References


