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1 Introduction

The observation of gravitational waves by the LIGO/Virgo/KAGRA collaboration has led
to a renaissance in the study of classical aspects of scattering amplitudes [1–35], see [36–39]
for recent reviews. The motivation is precision: future gravitational wave observatories,
such as LISA or third generation ground-based detectors, will require a new generation of
highly precise gravitational wave templates [40–43]. Developments in our understanding
of amplitudes have long been motivated by a (successful) drive for precision at particle
colliders. In the application of amplitudes to gravitational wave physics, however, we must
also refine our understanding of the classical limit of amplitudes.

Renewed interest in scattering amplitudes, and their connection to classical physics, has
been accompanied by a blossoming of ideas about how best to capture the simplifications
of the on-shell amplitudes programme while avoiding complications related to separating
quantum and classical aspects of amplitudes. Effective field theory is a useful tool [7, 44–
70], and has played a crucial role in gravitational wave physics for many years [71–81],
see [82, 83] for reviews. We have learned how to take advantage of the fact that amplitudes
resum into an exponential form in the classical limit, using eikonal ideas [84–104] as well
as WKB-based approximations [105–107]. Since many of the simplifications in amplitudes
follow from their relativistic structure, there has been intense recent work on the relativistic
“post-Minkowskian” effective theory [108–114]. Worldline quantum field theories enjoy some
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of the simplifications of both EFT and scattering amplitudes [115–124]. It is also worth
noting that integration techniques originating from scattering amplitudes have been very
useful in gravitational wave theory, e.g. see five-loop and six-loop examples in [125, 126].

Recently a puzzle has arisen relating to static classical modes and very low energy
gravitons or photons (we will term these massless quanta messengers.) In a recent pa-
per, Damour [127] used a classical (linear response) expression for the radiated angular
momentum at order G2 to discuss the contribution of radiation reaction to the order G3

conservative scattering angle. However, from the perspective of quantum field theory, it is
curious that the radiation of angular momentum occurs at order G2 rather than at order
G3. Indeed an analysis of the relevant scattering amplitudes seems to indicate that any
radiative process must start at order G3. There has been a considerable debate about this
point in the literature, see for example [102, 104, 128–133].

Classically, it is easy to understand the perturbative enhancement of the radiated
angular momentum1 in electrodynamics. The angular momentum density is given in terms
of a three-dimensional distance vector, and the electric and magnetic fields, by r× (E×B).
Now the (boosted) Coulomb fields of a static particle fall of as e/r2. Thus the static
angular momentum density is of order e2/r3. Integrating this quantity over large spheres
leads to a vanishing result as r →∞. In a scattering event, however, there are radiative
contributions to the fields of order e3/r. Hence, there is a contribution to the angular
momentum density of order e4/r2 leading to a finite radiation of angular momentum to
infinity. Radiation of linear momentum on the other hand involves integrating E ×B, and
so the first non-zero contribution during a scattering encounter is of order e6. Notice that
the order e4 term in the radiation of angular momentum involves one static Coulomb field
times the radiation field.

From the perspective of scattering amplitudes, we must either declare that the order
e4 radiation of angular momentum is somehow not accessible, or else we must understand
how to include the static Coulomb mode. Ideas for how to do so tend to involve somehow
including on-shell three-point amplitudes, describing the coupling of a single messenger to
a massive particle, in scattering phenomena. But, as usually understood, the three-point
amplitude only has support on strictly zero-energy messengers in Minkowski space.

This article aims to shine some light on this puzzle by studying what is essentially a toy
model, in which we scatter a massive particle and an exact wave solution in electrodynamics
and gravity. In principle, it should be possible to think of the exact wave solution either as
a coherent state of messengers, or else as a background field [134–136]. However, as we shall
see, a naive comparison between a perturbative scattering amplitudes-based computation
and an all-order background field computation leads to different results, a fact that has been
noticed in [137]. We trace the origin of the discrepancy to a large gauge transformation; in
doing so, we will see that this discrepancy is very similar to the puzzle mentioned above.
Tracking the large gauge transformation carefully in the formalism of quantum field theory
on a flat background, we find that it leads to a modification of the perturbative amplitudes;
for example, altering the support of three-point amplitudes. Once this is taken into account,

1We thank Chia-Hsien Shen for explaining this point.
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there is a complete match between the background computation and the amplitudes. Along
the way, we encounter a memory effect in the linear impulse — another topic of relevance
for gravitational waves.

We begin in the next section by computing the impulse a massive particle suffers in
an encounter with a wave. We first describe the KMOC [8] approach to computing the
impulse, treating the wave as a coherent state and following reference [27]. We then discuss
the background field approach in both electrodynamics and gravity. As also noticed in [137],
the resulting impulses disagree. In fact the background methods are correct — and correctly
reproduce a classical computation which we briefly review in section 2.3. We turn to the
resolution of the apparent conflict in section 3. We first discuss the structure of the coherent
states corresponding to the background fields before tracking the large gauge transformation
through the LSZ procedure both using background-field and perturbative methods, finally
demonstrating a detailed match between the two approaches. We then return to angular
momentum in gravitational scattering, before concluding in section 4.

2 Scattering a particle off a wave

We begin with a discussion of the scattering of a point-like particle with a wave, using the
methods of scattering amplitudes. We will closely follow the KMOC setup [8], especially
as applied to classical wave phenomena in reference [27]. Our main interest will be in the
gravitational scattering of a massive particle from a (classical, gravitational) wave, but as
one would expect from the double copy [138–141], it is frequently helpful to consider the
same system in gauge theory. (For our purposes electrodynamics will be sufficient.) Since
we will have occasion to discuss a variety of theories, it is useful to introduce the notation g
for a generic perturbative coupling, which could be the electric charge e in electrodynamics
or κ =

√
32πG in gravity. We set ~ = 1 throughout.

2.1 The impulse from amplitudes

From the perspective of amplitudes, it is convenient to describe a classical wave as a
coherent state of the relevant messengers (photons in electrodynamics or gravitons in
gravity), see [102, 104, 107, 142, 143] for applications. Coherent states may be defined by
the action of the displacement operator C(α) on the vacuum, where

C(α) = exp
[ ∫

dΦ(k)
(
α∗η(k)aη(k) + αη(k)a†η(k)

) ]
. (2.1)

The creation a∗η(k) and annihilation aη(k) operators create or destroy photons or gravitons
with helicity η, while the complex-valued waveshape αη(k) parameterises the specific
coherent state.2 The measure factor is defined by

dΦ(k) ≡ d4k

(2π)4 (2π)δ(k2) θ(k0) ≡ d̂4k δ̂(k2) θ(k0) . (2.2)

2In our notation, repeated helicity labels are implicitly summed.
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This is the on-shell phase space measure appropriate for a massless particle; we will also
denote the on-shell measure for massive particles as dΦ(p) ≡ d̂4p δ̂(p2 −m2) θ(p0). We have
further defined hatted differentials and delta functions to absorb factors of 2π.

In terms of the displacement operator, the coherent state itself is

|α〉 ≡ C(α) |0〉 . (2.3)

Because of the exponential in the definition of the displacement operator, this state contains
an indefinite number of quanta. To illustrate the physical interpretation of the coherent
state, take an electrodynamic example. The electromagnetic field operator is

Aµ(x) =
∫

dΦ(k)
(
εηµ(k)aη(k)e−ik·x + ε−ηµ (k)a†η(k)eik·x

)
. (2.4)

It is straightforward to compute the expectation value of this field on the coherent state
using the fact that the coherent state is an eigenstate of the annihilation operator:

aη(k) |α〉 = αη(k) |α〉 . (2.5)

One finds immediately that 〈α|Aµ(x) |α〉 is given simply by replacing aη(k) in (2.4) with
αη(k). We therefore identify εηµ(k)αη(k) with the Fourier modes of the classical electro-
magnetic wave off which we scatter the massive particle. Coherent states of gravitons are
defined similarly, with the expectation value of the perturbative gravitational field hµν(x)
in the coherent state yielding a classical gravitational wave.

The initial configuration of interest to us contains both a classical wave and a point-like
particle. We therefore consider an initial state of the form

|ψ, α〉 =
∫

dΦ(p)ϕ(p)eip·z |p, α〉 , (2.6)

where |p〉 is a single-particle momentum eigenstate of a scalar quantum field, z is a spatial
distance and |p, α〉 ≡ |p〉 |α〉. We will frequently be interested in the classical dynamics
of this system, so we have placed our scalar particle in a (relativistically normalised)
wavepacket ϕ(p) so that it is spatially localised. Obviously there is some uncertainty in
both the position and momentum of our particle, but we will only consider situations
where this uncertainty is negligible. We must also choose coherent states with a classical
interpretation: this is the case when the expectation value of the number of photons in the
wave is sufficiently large.

Having set up our initial state, we now turn to computing observables. There are a
host of interesting observables to consider, but here we focus on perhaps the simplest: the
impulse, or total change in the momentum of the particle due to its interaction with the
wave. Let Pµ be the momentum operator for the massive scalar. Writing the S-matrix in
terms of the transition matrix T as S = 1 + iT , the particle impulse is defined to be

〈∆pµ〉 = 〈ψ, α|S†[Pµ, S]|ψ, α〉
= 〈ψ, α|i[Pµ, T ]|ψ, α〉+ 〈ψ, α|T †[Pµ, T ]|ψ, α〉 .

(2.7)
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In the remaining parts of this section, we will compute this impulse using several different
approaches. We will be content to identify the leading order (LO) contribution to the
impulse. Working perturbatively in powers of g, it is clear that this must come from the
first term of (2.7). Inserting the initial state (2.6), we have

〈∆pµ〉 '
∫

dΦ(p, p′)ϕ∗(p′)ϕ(p) eiz·(p−p′)i(p′ − p)µ 〈p′, α|T |p, α〉 , (2.8)

where dΦ(p, p′) ≡ dΦ(p)dΦ(p′). We now expand the coherent state in terms of number
states, using (2.1), which allows us to identify the LO contribution

〈∆pµ〉 ' i
∫

dΦ(p, p′, k, k′)ϕ∗(p′)ϕ(p) eiz·(p−p′)(p′ − p)µα∗η′(k′)αη(k)〈p′, k′η′ |T |p, kη〉 ,
(2.9)

in which the matrix element of number states is just the tree-level four-point amplitude

〈p′, k′η′ |T |p, kη〉 = δ̂4(p′ + k′ − p− k)A4(p, kη → p′, k′η
′) . (2.10)

It is clear that the implied LO impulse must be order g2, in both the quantum theory and
the classical limit, for any choice of particle momentum and waveshape α.

2.2 Solving for the wavefunction

Scattering amplitudes provide an elegant and systematic method for computing the impulse
in perturbation theory. However in certain circumstances, and with some caveats, it is
possible to identify all-orders contributions to the impulse. In this section we explore some
examples, determining the impulse resulting from the scattering of a scalar particle off
simple kinds of wave, in both electrodynamics and gravity. As we shall see, the result is
puzzling since it is in apparent contradiction with the impulse computed in the previous
subsection from scattering amplitudes.

The basic idea we explore in this subsection is very simple. We will reduce our
wave-particle scattering problem to a problem in relativistic quantum mechanics. We will
solve exactly for the wavefunction of our particle, and determine the impulse from the
wavefunction. We first describe the approach, and then make precise the connection to the
coherent state picture above.

Consider the theory described by the action∫
d4x

(
(Dµφ(x))†Dµφ(x)−m2φ(x)†φ(x)

)
, (2.11)

where φ(x) is our scalar quantum field while the covariant derivative is

Dµ = ∂µ + ieAµ(x) . (2.12)

We stress that Aµ, here, is a classical background field, chosen to be equal to 〈α|Aµ(x) |α〉,
the expectation value of the quantum field in the coherent state |α〉. Correlation functions,
scattering amplitudes and observables in this theory all depend on Aµ, and can be extracted
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from solutions of the Klein-Gordon (KG) equation in the background Aµ. (The non-
relativistic analogue is solving the Schrödinger equation.) To make this clear, consider first
a single-particle in-state

|ψ〉 =
∫

dΦ(p) ϕ(p) |p〉 , (2.13)

which is nothing but the scalar matter content of the state (2.6). We define the wavefunction
associated with this state to be

ψ(x) = 〈0|φ(x) |ψ〉 , (2.14)

where φ(x) is the Heisenberg field corresponding to the scalar particle. The wavefunction
satisfies the KG equation in the background Aµ for the simple reason that the quantum
field does.

The explicit form of the wavefunction (2.14) depends on the choice of Aµ. In the
asymptotic past, though, the wavefunction simplifies. Indeed, when the quantum field is
free we may write its mode expansion as

φ(x) =
∫

dΦ(p)
[
a(p)e−ip·x + b†(p)eip·x

]
, (2.15)

(where a(p) and b(p) are the mode operators for particles and antiparticles respectively).
Consequently, in the asymptotic past, the wavefunction is simply

ψ(x) '
∫

dΦ(p)ϕ(p) e−ip·x . (2.16)

In short, ψ(x) is the time-evolved wavefunction of a particle with initial data ϕ(p).
In the asymptotic future, the form of the mode expansion (2.15) is still valid (albeit

with different creation and annihilation operators). Therefore the wavefunction can be
written as

ψ(x) '
∫

dΦ(p′)ϕout(p′) e−ip
′·x (2.17)

in the asymptotic future. The outgoing wavepacket ϕout is (in general) non-trivially related
to the incoming wavepacket ϕ.

Overlaps between different states are basic quantities in quantum field theory. Take a
second state |ψ̃〉 of the form (2.13) but defined by a wavepacket ϕ̃(p). Then in momentum
space the overlap is the familiar

〈ψ̃|ψ〉 =
∫

dΦ(p) ϕ̃∗(p)ϕ(p) . (2.18)

In position space, such overlaps are simple in asymptotic regions. It will for what follows be
particularly convenient to work in light-front coordinates x+, x−, xi where i = 1, 2, defined
by the choice of Minkowksi metric

ds2 = 2dx+dx− − dxidxi . (2.19)

In these coordinates, and at large (asymptotic) x− the overlap (2.18) is given by

lim
x−→±∞

∫
dx+d2x⊥ ψ̃(x) 2i∂+ψ(x) , (2.20)

as can be seen by performing the inverse Fourier transform of (2.16).
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To connect to scattering amplitudes, we are particularly interested in overlaps of fields
which reduce to momentum eigenstates in the asymptotic past or future. We therefore
define the wavefunction of an eigenstate of momentum p to be

ψp(x) ≡ 〈0|φ(x)|p〉 . (2.21)

Thus, ψp(x) is the solution of the KG equation in the background Aµ(x) with the boundary
condition that

ψp(x) ' e−ip·x (2.22)

in the asymptotic past. In other words, the solution ψp(x) is the time-evolution of the
initial momentum eigenstate into the future.

Given knowledge of the wavefunction ψp(x), we can compute the scattering amplitude
〈p′|S[A]|p〉 for a particle of initial momentum p to scatter to momentum p′, in which we
have written S[A] to emphasise that this is the S-matrix in the presence of the background
Aµ. The scattering amplitude is simply the overlap, in the asymptotic future, between
ψp(x) and an out-state wavefunction of given momentum p′. Using (2.20) the scattering
amplitude written in position space is explicitly

〈p′|S[A]|p〉 = lim
x−→∞

∫
dx+d2x⊥ eip

′·x 2i∂+ψp(x) . (2.23)

It is easy to write expressions for expectation values of operators in a similar manner.
The approach as described is sufficient for our purposes. Before applying it, let us

briefly connect to the perturbative and coherent state methods above. To do so we return
to the expectation value of the momentum operator, appearing in (2.7):

〈Pµ〉 ≡ 〈ψ, α|S†PµS |ψ, α〉 . (2.24)

We extract the displacement operators as in (2.3), and combine them with the S-matrix
to obtain

〈Pµ〉 = 〈ψ|C†(α)S†PµSC(α) |ψ〉 = 〈ψ|S†[A]PµS[A] |ψ〉 . (2.25)

Here, we have clarified what we mean by the S-matrix on the background Aµ: it is
defined [134, 135] to be

S[A] := C†(α)SC(α) . (2.26)

Applying perturbation theory on the background to equation (2.25) generates an expansion
in powers of e, as in vacuum, but where each term is, in principle, exact in eAµ:

〈Pµ〉 =
∫

dΦ(p′) p′µ | 〈p′|S[A] |ψ〉 |2 +
∫

dΦ(p′, k) p′µ | 〈p′, k|S[A] |ψ〉 |2 + · · · . (2.27)

The LO contribution to the impulse in this expansion comes from the first term shown.
This is the two-point amplitude (on the background), which is of course determined by the
KG equation. At the same level of approximation, namely exactly in the quantity eA, the
time-evolved state S |p, α〉 may be written

S |p, α〉 =
∫

dΦ(p′) |p′, α〉 〈p′, α|S|p, α〉 =
∫

dΦ(p′) |p′, α〉 〈p′|S[A]|p〉 , (2.28)
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where we have inserted a complete set of photon states, kept terms of all powers of
eA, and neglected terms of order e2A and so on. Clearly this returns us to the theory
defined by (2.11), where the only amplitude is the two-point on the background. In the
examples below we will solve the KG equation exactly which means we are, essentially,
resumming a whole class of diagrams in QED describing the interaction of the particle
with the wave [134, 144–147]. The neglected higher-order terms, both in (2.27) and (2.28),
correspond to other diagrams which describe the radiation of photons and backreaction on
the electromagnetic field, i.e. radiation reaction [148–150]. The inclusion of these terms,
and the extraction of quantum and classical radiation reaction from wave-particle scattering
amplitudes is well studied [147, 151–154].

In gravity, the story is absolutely analogous. We only add that we will use the notation
S[h] for the S-matrix in the presence of a non-trivial gravitational background. Now we
turn to explicit examples.

(i) Electromagnetic “sandwich” plane waves. It is useful to begin with the sim-
plest electromagnetic case: that of plane waves, for which we choose the background
electromagnetic field one-form to be

A(x) = Aµ(x) dxµ = −xiEi(x−) dx− . (2.29)

Notice that the field strength is

F (x) = −Ei(x−) dxi ∧ dx− , (2.30)

so the electric fields of the wave are given by the functions Ei(x−). It is straightforward
to see that all waves of this form solve the Maxwell equations, so we may choose the
dependence of the electric fields on x− freely. For our purposes, it is very useful to pick
Ei(x−) to be non-vanishing only in a finite region, for example 0 < x− < T for fixed finite T .

These simple waves have one unphysical property: because the electric field is non-
vanishing over an infinite spatial region, the total energy in the wave is infinite. On the other
hand, they admit a well-defined S matrix (in both gauge theory and gravity) [155–158].
Waves likes this are sometimes called sandwich waves since the spacetime structure is
vacuum in the far past and far future, with only a “slice” of non-trivial field strength in the
middle (see figure 1).

With these choices, the KG equation to be solved is

(D2 +m2)ψ(x) = ∂2ψ(x)− 2ie xiEi(x−)nµ∂µψ(x) +m2ψ(x) = 0 , (2.31)

where we have introduced the null vector nµ defined by dx− = nµdxµ, which will frequently
be useful in what follows. We must solve the KG equation subject to the boundary
condition that

ψp(x) = e−ip·x for x− < 0. (2.32)

(Note that in light-front coordinates the on-shell condition fixes p− = (pipi +m2)/2p+.) As
one can easily verify, the solution is the Volkov wavefunction [144]

ψp(x) = exp
[
− ip · x+ ie a(x−) · x− i

∫ x−

−∞
ds 2e a(s) · p− e2a2(s)

2n · p

]
, (2.33)
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x −

x
+

x
− =

T

x
− =

0

Figure 1. A particle crossing a sandwich plane wave. All particles enter and exit the shaded region
at times x− = 0 and x− = T respectively and have constant velocities outside this region.

where aµ ≡ δiµai is defined in terms of the electric field of the wave as

ai(x−) ≡
∫ x−

−∞
dsEi(s) . (2.34)

The Volkov wavefunction is an example of a WKB-exact solution of the KG equation. It
is increasingly clear [105–107] that solutions of WKB-type are particularly relevant to the
application of scattering amplitudes to classical physics, so the occurrence of a WKB-exact
solution here is a first indication of significant simplifications in the interplay between
amplitudes and classical results.

We introduce here the shorthand

Vp(x−) := 2e a(x−) · p− e2a2(x−)
2n · p

(2.35)

as we will frequently meet this quantity below.
Now that we have an exact solution of the KG equation, it is straightforward to obtain

the non-perturbative scattering amplitude. Using equation (2.23), we find [159]

〈p′|S[A] |p〉 = 2p+δ̂(p′+ − p+)δ̂2(p′⊥ − p⊥ + ea⊥(∞))eiFp , (2.36)

where the phase Fp is

eiFp = lim
x−→∞

exp
[
i(p′− − p−)x− − i

∫ x−

0
ds Vp(s)

]
= exp

[
i

∫ ∞
0

ds s d
dsVp(s)

]
. (2.37)

(We used the on-shell condition p′2 = m2 on the delta function support in equation (2.36),
and the fact that a(x−) is constant for x− > T , to simplify the x− dependence.)
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The impulse follows from the amplitude (2.36) by inspection of the delta-function
constraints and is3

∆pµ = −eaµ(∞) + nµ
2e a(∞) · p− e2a2(∞)

2n · p . (2.38)

One immediate conclusion is that the impulse is linear in the coupling e. This stands in
contrast to our previous conclusion that the impulse must be quadratic in the coupling,
with corrections involving still higher powers of the coupling. Something has clearly gone
wrong: two different computations of the same physical observable lead to results with
completely different dependence on the perturbative coupling.

Another indication that something is wrong relates to the perturbative expansion of
the amplitude (2.36) itself. The amplitude contains non-vanishing terms of order e; for
example, such terms follow by expanding the phase Fp. This appears to defy the fact that
three-point amplitudes do not go on-shell.

Our goal in the reminder of this paper is to reconcile the results using scattering
amplitudes and the KG equation. We will see that there is indeed an impulse at order e,
and that there really is a non-vanishing three-point scattering amplitude in our situation.
To that end, notice that the quantity a(∞) in equation (2.38) is the Fourier zero mode of
the electric field strength:

ai(∞) =
∫ ∞
−∞

dx−Ei(x−) ≡ Ẽi(0) , (2.39)

or, equivalently, the difference in the electric potential between x− = −∞ and x− =
+∞. This potential difference is ultimately the source of the impulse at order e, as we
will see explicitly later. The enhanced impulse is an example of a memory effect in
electrodynamics [159–162]. We will also explore this phenomenon in other gauges below;
we will see that there is a link to large gauge transformations. First, we turn to the same
basic phenomenon in general relativity.

(ii) Gravitational plane waves. Gravitational plane waves are conveniently described
by the Brinkmann gauge metric [163]

ds2 = 2dx+dx− − dxadxa − κHab(x−)xaxbdx−dx− . (2.40)

The vacuum equations require Hab(x−) to be traceless, but place no further restriction on
its functional form. In this gravitational context, it is helpful to use indices a, b = 1, 2 for
transverse coordinates in Brinkmann gauge. As above, we focus on sandwich plane waves
by taking Hab to be compactly supported on a finite interval 0 < x− < T , such that there
are well-defined in and out regions [156]. The KG equation to be solved is now( 1√

−g
∂µ
√
−ggµν∂ν+m2

)
ψ(x) =

(
ηµν∂µ∂ν+m2+κHab(x−)xaxb∂2

+

)
ψ(x) = 0 . (2.41)

This equation is more complicated than the case of linear plane waves in electromagnetism.
Scalar particles in the gravitational plane wave background were studied by Adamo, Casali,

3The component ∆p− follows from momentum conservation.
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Mason and Nekovar [158]. Their solution of the KG equation (2.41)) is expressed in terms
of the zweibein Eia, labeled by a frame index i ∈ {1, 2}, obeying

Ëia(x−) = κHabE
b
i (x−) , Eai (−∞) = δai , Ėai Eja − ĖajEia = 0 , (2.42)

along with its inverse. We further define the associated transverse metric γij(x−) := Eai Ej a
and the deformation tensor

σab(x−) := ĖiaEi b , (2.43)

which describes geodesic shear and expansion. Note that indices a, b . . . are raised and
lowered with the flat metric while indices i, j . . . with γ. In the asymptotic past, the
boundary conditions on Eia imply that γij → δij and σab → 0. The solution itself is
ψp(x) = |γ(x−)|−1/4 exp[−iS(x)] where [158, 164, 165]

S(x) = p+x
+ + piE

i
ax

a + p+

2 σabx
axb + 1

2p+

x−∫
0

ds
(
m2 + γij(s)pipj

)
. (2.44)

The zweibein, metric and deformation tensor receive, in general, contributions at all orders
in the coupling, as does the impulse constructed from the (background) two-point amplitude.
A direct perturbative expansion of this impulse shows that its leading term is O(κ). We
thus lose nothing relevant by demonstrating this in a specific case, namely the impulsive
limit for which Hab(x−)→ δ(x−)Hab with H now a constant matrix. For this field we can
solve everything quite explicitly, finding

Eia = δia + κx−δbiHabθ(x−) . (2.45)

The two-point amplitude becomes

〈p′|S[h]|p〉= 2p+δ̂(p′+−p+) 2π
p+κ

√
|detH|

exp
[
− i

2p+κ
(p′−p)aH−1

ab (p′−p)b
]
. (2.46)

Observe that as κ → 0, the amplitude oscillates very quickly. Defining the limit in a
distributional sense, a stationary phase argument recovers the expected flat-space result,
namely an on-shell delta function,

lim
κ→0
〈p′|S[h]|p〉 = 2p+δ̂(p′+ − p+)δ̂2(p′⊥ − p⊥) . (2.47)

This underlines that we are dealing with the S-matrix, not the T -matrix. From here we
calculate the impulse via the expectation value

〈Pµ〉 =
∫

dΦ(p′) p′µ| 〈p′|S |ψ〉 |2 , (2.48)

the evaluation of which amounts to performing a Gaussian integral in p′. Unlike the
electrodynamic plane wave example above, the position displacement z in the wavepacket
now contributes, although the rest of the wavepacket can be dropped under the assumption
that it is strongly peaked. We find that the impulse is [137]

∆pµ = −κhµ + nµ
2κh · p− κ2h · h

2n · p , where hµ := p+δ
a
µHabz

b. (2.49)
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This is again of order κ. This linear term is a consequence of the velocity memory effect [166–
169]. Like our earlier impulse, equation (2.38), the gravitational impulse (2.49) truncates
at order κ2. This is simply a consequence of taking the impulsive limit — for other fields
in this class the impulse will contain terms of all higher orders in κ. The impulsive case
has the advantage that we can perform the various integrals explicitly, and so serves as a
useful example.

Finally, we note that there is a very closely related system in electrodynamics, specifically,
with potential

Aµ(x) = −nµHab(x−)xaxb , (2.50)

where Hab(x−) is again symmetric and traceless, and may be identified with the function
appearing in the metric (2.40). This gauge potential is a generalisation of the vortex solution
discussed in reference [170] and double-copies to the gravitational plane wave [171]. The
double copy structure becomes evident upon comparing the KG equation (2.41) in the
gravitational plane wave to the KG equation in this ‘generalised vortex’; this is(

ηµν∂µ∂ν +m2 − 2ieHab(x−)xaxb∂+

)
ψ(x) = 0 . (2.51)

Notice that the gravitational KG equation (2.41) contains one additional power of ∂+ relative
to the electrodynamic case (2.51), as one would expect from the double copy.

We may trivially obtain, from the gravitational results above, the impulse in the
single-copy case of the generalised vortex. Noting that p+ is conserved in the solu-
tion (2.44) of the wave equation (2.41), and comparing with the KG equation (2.51),
the single copy of the wavefunction, impulse, and other observables are given simply by the
replacement κ→ 2e/p+.

2.3 A classical check

We have seen in our examples that the impulse appears at a lower order in g than expected
from the KMOC formalism. We therefore perform two checks in the classical limit.

First, we return to the electromagnetic plane wave with field strength (2.30). Classically,
we can determine the impulse by solving the coupled Lorentz force and Maxwell equations
(for a charge moving and radiating.) At low orders we need only study the perturbative
solution of the Lorentz force equation

dpµ
dτ = e

m
Fµν(x(τ))pν(τ) , (2.52)

where p(τ) = mẋ(τ) is the momentum of the particle and x(τ) is the position of the particle
at proper time τ . In the case at hand, the electromagnetic field strength tensor is (2.30)
and, focusing on the transverse components of the impulse, we have

∆pi = − e

m

∫ ∞
−∞

dτ p−(τ)Ei(x−(τ))

= −eai(∞) .
(2.53)

This is in agreement with our result (2.38).
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The gravitational equivalent of this velocity memory effect is easily found. In this case,
the equations of motion are given by the geodesic equation

dpµ

dτ = − 1
m

Γµαβ(x(τ))pα(τ)pβ(τ) . (2.54)

Focusing again on the transverse components for simplicity, the only nonzero Christoffel
symbol needed is

Γa−−(x) = −κHab(x−)xb . (2.55)

At lowest order in the gravitational coupling the change in momentum experienced by a
particle crossing a gravitational plane wave is

∆pa = −
p2

+κ

m

∫ ∞
−∞

dτ Hab(x0(τ))xb0(τ) , (2.56)

in which xµ0 = zµ + τpµ/m is the zeroth order (free) solution of the equations of motion.
This leads a non vanishing contribution to the impulse linear in κ: choosing an impulsive
plane wave (2.45) to illustrate and performing the integral over τ gives the explicit result

∆pa = −κp+Habz
b . (2.57)

in agreement with (2.49).

3 Reconciliation

The background-field calculations above demonstrated a linear contribution to the impulse,
consistent with direct classical calculations. The perturbative amplitude calculations we
began with, on the other hand, were of order g2, being supported on a four-point amplitude.
A linear contribution would have to arise from a three point amplitude, but this vanishes
for real momenta by the on-shell condition. We will see that this apparent contradiction is
resolved by incorporating into our analysis the effects of large gauge transformations which
do not vanish (at least sufficiently rapidly) in the asymptotic region. Unlike their small
counterparts, large gauge transformations are not mere redundancies in the description of the
theory, because they modify boundary conditions in the regions where the transformations
do not vanish. In the language of scattering amplitudes, the transformations act nontrivially
on the external particle states, and are considered to be genuine symmetries of the S-
matrix [172–179].

We will find below that the introduction of these large gauge effects into our scattering
amplitudes modifies their structure leading to the memory effect through a change to the
standard LSZ formalism. This provides a simple context in which the connection between
memory effects and large gauge transformations [180, 181] is explicitly realized. First, we
must study the coherent states corresponding to our classical backgrounds.

3.1 Coherent states

In the perturbative approach, the momentum-space coherent waveshape plays the role of
the background field. In this section, we will compute the waveshapes and comment on
their structure.
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It is simplest to begin with the electromagnetic plane wave (2.29). One easy way to
compute the waveshape is by comparing the Fourier transform of the plane wave’s field
strength with the field strength expectation value. (The advantage of focusing on comparing
field strengths is that they are gauge invariant.) The former is4

Fµν(x) =
∫

d̂2k⊥

∫ ∞
−∞

d̂k−
k−

k−n[µδ
i
ν]Ẽi(k−)δ̂2(k⊥)e−ik·x . (3.1)

in which Ẽi(k−) is the Fourier transform of the electric field of the wave, while the latter is

〈α|Fµν(x)|α〉 =
∫

d̂2k⊥
d̂k−
k−

θ(k−)
(
ik[µε

η
ν](k)αη(k)e−ik·x − ik[µε

−η
ν] (k)α∗η(k)eik·x

)
,

(3.2)
in which we have written the measure explicitly in lightfront coordinates, as its structure
will be important below.

Demanding equality of the field strengths, we read off the relation

k−n[µδ
i
ν]Ẽi(k−)δ̂2(k⊥) = ik[µε

η
ν](k)αη(k) . (3.3)

This requirement must be true for some choice of the polarisation vectors and the waveshape.
Without loss of generality we choose linear polarisation vectors εiµ = δiµ, so that i becomes
the helicity index η = i. These vectors are orthogonal to the wave vector kµ = k−nµ on the
support of the delta function in equation (3.3). We then read off the waveshape

αi(k) = −iẼi(k−)δ̂2(k⊥) . (3.4)

Specialising for clarity to the impulsive case we have

Ei(x) = ai δ(x−) ,
αi(k) = iai δ̂

2(k⊥) .
(3.5)

It is instructive to determine the expectation value of A(x) in this state; the result is

〈α|Aµ(x)|α〉 = δiµai

∫ d̂k−
k−

ie−ik−x
−
. (3.6)

To define the k− integral, we must choose a pole prescription. We do so by including an iε
so that ∫ d̂k−

k− + iε
ie−ik−x

− = θ(x−) . (3.7)

This choice is a definition of how to handle the singularity due to the divergent number of
zero-energy photons and is reminiscent of the soft dressing suggested in reference [102, 104]
to incorporate the effects of the static Coulomb mode in scattering observables.

With this pole prescription, we find that our field expectation is

〈α|Aµ(x)|α〉 = δiµai θ(x−) . (3.8)
4We define antisymmetrisation brackets with no associated factor of 2.
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This is not equal to the electromagnetic potential (2.29) we started with! But that should
be no surprise: we determined the waveshape from the field strength, so we can only expect
that 〈α|Aµ(x)|α〉 is gauge-equivalent to (2.29), and indeed it is. The gauge-equivalence of
this potential with equation (2.29) further justifies our pole prescription (3.7).

Following [158] we refer to (2.29) as Brinkmann gauge, and (3.8) as Rosen gauge,
because of similarities with gauges for the metric of gravitational plane waves. The gauge
transformation from Brinkmann to Rosen will be important for us. Defining

∂µλ(x) = ABrinkmann
µ −ARosen

µ , (3.9)

we find, in the impulsive case,
λ(x) = xiai θ(x−) . (3.10)

It is important to note that this is a large gauge transformation: it does not fall off for
large x.

It is of course possible to Fourier transform the Brinkmann-gauge potential. We
find that

ABrinkmann
µ =

∫
d̂4k

δ̂(k+)
k−

e−ik·x
∂

∂ki

[
kµ iai δ̂

2(k⊥)
]
. (3.11)

We interpret this expression with reference to equation (2.4) as follows. The waveshape
αi(k) of equation (3.5) is present as expected. However, the object playing the role of the
polarisation vector is the operator

∂

∂ki
kµ . (3.12)

Operator-valued polarisation vectors are outwith the scope of standard approaches to
perturbative scattering amplitudes, though it would be very interesting to explore these
more general polarisation objects. (See [182] for a related application of operator-valued
vectors.) For this reason, the coherent state as we have set it up — with standard functional
polarisation vectors — only exists in Rosen gauge (or in small gauge transformations
thereof). Therefore, to use the coherent state and perturbative scattering amplitudes, we
are forced to work in Rosen gauge.

More general plane waves, in Rosen gauge, are given by

〈α|Aµ(x)|α〉 = δiµai(x−) , (3.13)

where the function ai(x−) was defined in equation (2.34). The corresponding large gauge
transformation is

λ(x) = xiai(x−) . (3.14)

The situation in gravity is virtually identical, so we will be brief. The only non-
vanishing component of the Riemann tensor for a gravitational plane wave, in Brinkmann
coordinates, are

R−a−b = κHab(x−) . (3.15)

We compare this with the expectation value of the linearised Riemann tensor in a coherent
state of gravitons |α〉:

〈α|Rµνρσ(x) |α〉 = κRe
∫

dΦ(k)k[µε
η
ν](k)k[ρε

η
σ](k)e−ik·xαη(k) , (3.16)
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with αη(k) to be determined by matching (3.16) to (3.15). The only essential difference
compared to electromagnetism is an additional factor of k− multiplying the waveshape α
on the right hand side. Otherwise, it is again natural to choose, suppressing all indices and
helicity labels, α(k) ∼ δ̂2(k⊥)H̃(k−). Considering, for the sake of comparison, an impulsive
plane wave, we have

α(k) ∼ 1
k−

δ̂2(k⊥)H , (3.17)

with H constant. Compared to the electromagnetic case (3.4), the waveshape now has a pole
in k−, implying that the number of gravitons is power-law divergent in the IR, compared to
logarithmically divergent in QED. We now evaluate the expectation value of a gravitational
perturbation in our coherent state,

〈α|hµν(x) |α〉 =
∫

dΦ(k)εηµεηναη(k)e−ik·x + c.c. (3.18)

For our choice of waveshape (3.17) we find, in the impulsive limit and now being careful
with indices and polarisation,

〈α|hµν(x) |α〉 = −2δiµδjν x− θ(x−)Hij , (3.19)

in which we adopted a similar strategy to (3.7). This is not the metric we began with; as in
QED, our choice of coherent state waveshape implicitly introduced a coordinate (gauge)
transformation, and indeed (3.19) is the linearised5 metric perturbation for a gravitational
plane wave in Rosen coordinates [158].

The momentum-space structure of the Brinkmann gauge metric is very similar to the
story in the electrodynamic plane wave. In particular, it again involves operator-valued
polarisation tensors which are outside the scope of our usual methods in perturbative
scattering amplitudes.

To understand the physics of our waves in perturbative quantum field theory, then,
our programme is as follows. We will build on the successful computation we described
in the last section using background field methods, but we will perform a gauge transfor-
mation/diffeomorphism to Rosen gauge where we have a sensible coherent state. While
changing gauge, we need to be very careful about the large nature of the gauge transforma-
tion. As we will see, once this gauge transformation is performed correctly, we can indeed
recover the full scattering physics using the methods of scattering amplitudes.

3.2 Large gauge transformations and LSZ

Our goal will be to perform correct perturbative computations in Rosen gauge. We first
study how to reformulate our calculations in Rosen-type gauges, keeping track of large
gauge effects.

We focus on the two-point background amplitude (though our arguments apply equally
at higher points). We require some key formulae from LSZ reduction, see e.g. the excellent
discussion in [184, section 5]. Recall that creation and annihilation operators can, at

5It is interesting to note that some linearised solutions can be generalised to full solutions of the Einstein
equations through the existence of a gauge transformation that maps them into Kerr-Schild form [183].
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asymptotic times, be written in terms of the field operator φ by inverting (2.15). This
allows us to express free mode operators in, for example, the asymptotic future in terms of
the full field via

a(p′) = lim
x0→∞

∫
d3x eip′·x i

↔
∂ 0φ(x) . (3.20)

The apparent time dependence on the r.h.s. cancels since φ(x) becomes free in the asymptotic
region. Using the corresponding expression for a†(p) in the far past, we immediately arrive
at the LSZ reduction formula for the two-point amplitude,

〈p′|S[A] |p〉 = lim
x0→∞
y0→−∞

[ ∫
d3x eip′·x i

↔
∂ 0

][
−
∫

d3y e−ip·y i
↔
∂ 0

]
〈0| T φ(x)φ†(y) |0〉 , (3.21)

in which T is the usual time-ordering symbol. This form of LSZ is not manifestly covariant,
and it still contains forward scattering contributions (the “1” in S = 1 + iT ), but it is the
most useful form for our purposes. Let us now ask what happens when we perform a gauge
transformation,

Aµ(x) = A′µ(x)− ∂µλ(x) , φ(x) = eieλ(x)φ′(x) . (3.22)

S-matrix elements, hence (3.21), are of course invariant under gauge transformations.
However, in standard LSZ derivations, it is implicitly assumed that the gauge potential is
‘small’, i.e. it vanishes asymptotically. In situations where the gauge potential is large, we
need to go beyond “standard” LSZ. To see precisely what changes this entails, consider
starting with a small gauge potential and then making a large gauge transformation,
choosing a λ(x) which vanishes in the far past, but not the far future. Consequently, A′µ
will be zero in the far past, but become non-zero and pure gauge in the far future: the
potential becomes large. Inserting the transformation into (3.21) we have

〈p′|S[A] |p〉 = lim
x0→∞
y0→−∞

[ ∫
d3x eip′·x i

↔
∂ 0

]
eieλ(x)

[
−
∫

d3y e−ip·y i
↔
∂ 0

]
e−ieλ(y)×

× 〈0| T φ′(x)φ′†(y) |0〉 .

(3.23)

This expression is not symmetric in x and y. The additional y-dependent phase immediately
drops out because the gauge transformation and potential still vanish in the far past,
y0 → −∞. For the incoming particle LSZ therefore remains unchanged. The situation for
outgoing particles is different because λ(x) 6= 0 for large x0 by hypothesis.

We can simplify this expression substantially. To do so, first note that the time-ordering
operator is inessential in view of the limits on x0 and y0. Inserting a complete set of
in-states, we immediately find

〈p′|S[A]|p〉 = lim
x0→∞
y0→−∞

∫
dΦ(q)

[ ∫
d3x eip′·x i

↔
∂ 0

][
−
∫

d3y e−ip·y i
↔
∂ 0

]
eieλ(x)ψq(x)eiq·y .

(3.24)
We made use of the fact that

lim
y0→−∞

〈q|φ†(y)|0〉 = eiq·y , (3.25)
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since |q〉 is an in-state, and of the definition (2.21). It is now a simple matter to show that
the amplitude takes the form

〈p′|S[A]|p〉 = lim
x0→∞

∫
d3x eip′·x2i∂0

(
eieλ(x)ψp(x)

)
. (3.26)

In lightcone coordinates, the same manipulations result in

〈p′|S[A]|p〉 = lim
x−→∞

∫
dx+d2x⊥ eip

′·x2i∂+
(
eieλ(x)ψp(x)

)
. (3.27)

Comparing to equation (2.23), we see that the large gauge transformation has simply
rephased the final-state wavefunction relative to the initial state, as one would expect.

To illustrate the importance of this modification to the standard LSZ procedure, let us
investigate its ramifications in terms of background field calculations, and then perturbative
field theory.

Electromagnetic plane waves. Returning to our potential (2.29), which vanishes in
both the asymptotic past and future defined by x− → ±∞, we perform the gauge transfor-
mation (3.14). The ‘primed’ potential is thus the Rosen potential

A′µ = −xiEi(x−)nµ + ∂µ(xiai(x−)) = δiµai(x−) , (3.28)

which vanishes in the asymptotic past, but not the future, where it goes to the constant
value δiµai(∞). The impact of the same transformation on the scalar wavefunction is simply
to remove a phase compared to (2.33), hence

ψ′(x) = exp
[
− ip · x− i

∫ x−

−∞
ds Vp(s)

]
, (3.29)

and this is, as is easily checked, the solution of the KG equation in the large gauge potential
A′µ. Using equation (3.27), we find the ‘transformed’ two-point amplitude to be

〈p′|S[A] |p〉 = lim
x−→∞

∫
d2x⊥dx+ eip

′·x+ieai(x−)xi 2i∂+ψ
′(x) (3.30)

in which we passed the phase through the derivative as it is x+-independent; similar
simplifications will hold in our other examples. The expression (3.30) straightforwardly
recovers equation (2.36). Suppose, though, that we began from scratch working in the
gauge A′µ, and simply applied ‘textbook’ LSZ, ignoring the fact that the potential does not
vanish asymptotically. This would incorrectly yield

lim
x−→∞

∫
d2x⊥dx+ eip

′·x 2i∂+φ
′(x)

= 2p+δ̂(p′+ − p+)δ̂2(p′⊥ − p⊥) lim
x−→∞

exp
[
− i

∫ x−

−∞
ds Vp(s)

]
6= 〈p′|S[A] |p〉 .

(3.31)

There are two differences compared to (2.36). First, the delta functions have a different
support, implying an associated impulse ∆pµ = 0. Second, the phase is x−-dependent,
requiring a prescription for the limit; this is a clear sign that something is wrong, because

– 18 –



J
H
E
P
0
6
(
2
0
2
3
)
2
0
4

in asymptotic regions where Ei = 0 the amplitude is just the KG inner product and should
be x−-independent. This underlines that large gauge effects cannot be neglected.

We can consider the same result from another angle. In the asymptotic future, a
free field in the pure gauge potential δiµai(∞) with physical momentum p′ is described by
the wavefunction φ†out(x) ∼ ei(p′+eai(∞))·x. As already pointed out in [134, 185], it is these
‘shifted’ wavefunctions which appear in the free-field mode decomposition and LSZ reduction
formulae when they are expressed in terms of physical quantities. For two-point amplitudes
this immediately recovers (3.30). Thus, using either approach, we see that accounting
for large gauge effects results in modification of reduction formula and, in particular, a
deformation of the momentum conservation delta function in scattering amplitudes.

Gravitational plane waves. We now turn to gravity. Here similar ideas apply, but
the large gauge are now diffeomorphisms, and they act differently. Beginning with the
metric (2.40), we consider the transformation

y− = x− ,

y+ = x+ + 1
2σabx

axb ,

yi = Eiax
a ,

(3.32)

under which the metric is transformed to ‘Rosen’ form [186]

ds2 = 2dy+dy− − γij(y−)dyidyj . (3.33)

The transverse metric γij reduces to δij in the far past, and generically depends quadratically
on y− in the far future, though it is diffeomorphism-equivalent to the flat metric. Hence we
are again dealing with a large gauge transformation. To see the effect of the transformation,
we apply (3.32) to our two-point amplitude (2.23). The scalar wavefunction does not
pick up an explicit phase as in QED, but rather is evaluated on the new coordinates, so
ψp(x) = ψp(y) where

ψp(y) = |γ(y−)|−1/4 exp
[
− ip+y

+ − ipiyi −
i

2p+

y−∫
0

ds
(
m2 + γij(s)pipj

) ]
. (3.34)

The LSZ part of the amplitude changes nontrivially where the diffeomorphism acts on
the measure,

dx+dx⊥ = dy+dy⊥
√

det γ(y−) , (3.35)

and on the exponential factor eip′·x in the LSZ formula;

p′µx
µ = p′−y

− + p′+y
+ + p′aE

a
i (y−)yi +

p′+
4 γ̇ij(y−)yiyj := Λ(p′, y) . (3.36)

Consequently, the LSZ formula picks up a determinant and a Gaussian factor in the trans-
verse coordinates, both of which depend nontrivially on y−; the two-point amplitude becomes

〈p′|S[h]|p〉 = lim
y−→∞

∫
dy+d2y⊥

√
γ(y−) eiΛ(p′,y) 2i∂+ψ(y) . (3.37)
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This amplitude should be diffeomorphism invariant (and it is), so let us check again that
neglecting large gauge effects yields the wrong answer; in this case we would simply apply
the standard LSZ in Rosen gauge, calculating

〈p′|S[h]|p〉 6= lim
y−→∞

∫
dy+d2y⊥eip

′·y 2i∂+ψ(y) ∝ δ̂(p′+ − p+)δ̂2(p′⊥ − p⊥) (3.38)

for any gravitational plane wave, and the implied impulse is ∆pµ = 0, in contradiction
to (2.49). Neglecting the large diffeomorphism would therefore mean missing memory effects,
including in particular the ‘three-point’ contribution to the impulse (2.56)–(2.57).

The single-copy of this discussion yields analogous results for the generalised vor-
tex in electromagnetism. Beginning with the potential (2.50) one makes a large gauge
transformation with parameter

λ = Iab(x−)xaxb , (3.39)

where I ′ab(x−) = Hab(x−). The new potential is A′µ = 2δaµIab(x−)xb, which is zero in the
far past and becomes pure gauge in the far future owing to the symmetry of Iab. As a
result LSZ contains a Gaussian integral, like the gravitational plane wave case. Neglecting
this shift in LSZ would again lead to an amplitude supported only on forward scattering,
and a vanishing impulse. One implication of the Gaussian factor, compared to the case of
electromagnetic plane waves, is that the scattering amplitude is dependent on the transverse
position za. This leads to the position-dependent single-copy analogue of the impulse (2.49).

3.3 Recovering the non-perturbative amplitude from perturbation theory

We have seen that large gauge effects must be included in the LSZ prescription to ensure
that background-field computations in the Rosen- and Brinkmann-type gauges agree. We
have also seen that our coherent states make most sense in Rosen gauge. In this section
we will show in detail that a perturbative computation in Rosen gauge, including the non-
trivial large gauge transformation from Brinkmann to Rosen, leads to complete agreement
between perturbative and background-field methods. One important consequence is that
the large gauge transformations modify the structure of momentum conservation, leading
to non-vanishing three-point amplitudes in our examples.

First on our order of business is to recover the O(gN ) term in the expansion of
the (background) two-point amplitude by considering Feynman diagrams with N photon
emissions (see e.g. [187–189] for applications of this idea in QED and Yang-Mills). This
means that we want to confirm the equality (2.36) from a purely perturbative scattering-
amplitude calculation. We present the three-point term explicitly here, using the modified
LSZ formula (3.23); the remaining terms are discussed in appendix A.

To access the three-point contribution to 〈p′, α|S|p, α〉 we expand the coherent states
to linear order, and focus on

〈p′, α|S |p, α〉 →
∫

dΦ(k)
(
α∗η(k)〈p′, kη|S|p〉+ αη(k)〈p′|S|p, kη〉

)
. (3.40)
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The necessary correlator 〈0| T φ(x)φ†(y)Aµ(w) |0〉 is easily computed from the standard
Feynman rules:

〈0| T φ(x)φ†(y)Aµ(w) |0〉 =

− ie
∫

d̂4(p1, p2, q)δ̂4(p1 − p2 − q)
ieip1·y

p2
1 −m2 + iε

i(p1µ + p2µ)e−ip2·x

p2
2 −m2 + iε

−ie−iq·w

q2 + iε

(3.41)

Applying LSZ to this correlator gives, writing down only the first term on the right hand
side of (3.40),

∫
dΦ(k)α∗η(k)〈p′, kη|S|p〉 =

∫
dΦ(k)α∗η(k) lim

x−→∞

[ ∫
d3x eip′·x i

↔
∂+

]
eieλ(x)

· · · 〈0| T φ(x)φ†(y)Aµ(w) |0〉 ,
(3.42)

in which the ellipsis stands for the normal LSZ factors for the incoming scalar and the
photon, neither of which are modified by the large gauge terms.6 As such the propagators
corresponding to p1 and q in (3.41) are truncated as usual. What remains is

∫
dΦ(k)α∗η(k)〈p′, kη|S|p〉 = (−ie) lim

x−→∞

[ ∫
d3x eip′·x+ieλ(x) i

↔
∂+

]
×
∫

dΦ(k)α∗η(k)
∫

d̂4p2
ie−ip2·x εη(k) · (p+ p2)

p2
2 −m2 + iε

δ̂4(p− p2 − k) .

(3.43)
We perform the integral over p2− by residues, with the appropriate contour specified by the
limit x− →∞. The integral over the remaining three components of p2 is then written in a
covariant form by introducing the on-shell delta function and is readily evaluated using the
overall delta function, yielding∫

dΦ(k)
(
α∗η(k)〈p′, kη|S|p〉+ αη(k)〈p′|S|p, kη〉

)
=

(−2ie) lim
x−→∞

[ ∫
d3x eip′·x (p+ + p′+)

]
e−ip·x+ia(x−)·x

∫ x−

−∞
ds a(s) · p

2n · p ,
(3.44)

where we have included the second contribution from (3.40) and made use of the coherent
waveshape (3.4) to integrate over photon momenta. Performing the remaining integral
we obtain

(−2ie)2p+δ̂(p′+ − p+)δ̂2(p′⊥ − p⊥ + ea⊥(∞)) lim
x−→∞

ei(p
′−p)−x−

∫ x−

−∞
ds a(s) · p

2n · p . (3.45)

To evaluate the limit, first note that due to the on-shell condition the transverse delta
function implies that

p′− − p− = Vp(∞) . (3.46)

6There is no issue with a large gauge transformation ∂µλ of the photon field because of the usual LSZ
contraction with an external on-shell polarisation vector.
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Next, we note that the exponential factor ei(p′−−p−)x− is present not only in the contribution
under discussion, but also in the would-be forward scattering term. Thus, we have

〈p′α|S |pα〉 = 2p+δ̂(p′+ − p+)δ̂2(p′⊥ − p⊥ + ea⊥(∞))

lim
x−→∞

ei(p
′−p)−x−

(
1− 2ie

∫
ds a(s) · p

2n · p

)
.

(3.47)

The final limit can be expressed more compactly by using (3.46) and integrating by parts
to arrive at the final form:

〈p′α|S |pα〉 = 2p+δ̂(p′+ − p+)δ̂2(p′⊥ − p⊥ + ea⊥(∞))(
1 + i

∫ ∞
0

ds s d
ds

(2e a(s) · p
2n · p

)
+O(e2)

)
,

(3.48)

which is in exact agreement with equation (2.36) to this order of precision.
We have now explicitly recovered the three-point contribution from perturbative ampli-

tude methods. By returning to (3.40) and retaining higher order terms in the expansion
of the coherent state, we could extend our calculation to higher orders in the coupling.
Making use of the fact that all the photons in the state are collinear yields significant
simplifications, with the ultimate result that the infinite series of perturbative amplitudes
exponentiates [134, 135]. (We include a demonstration of this fact in appendix A.) The
result is in agreement with (2.36), confirming the equivalence between coherent state and
background field methods, i.e. 〈p′α|S |pα〉 = 〈p′|S[A] |p〉.

It follows that the exponent in (2.36) is simply some combination of perturbative
scattering amplitudes in vacuum, convolved with the background field profile. The fact
that the exponent truncates at order e2, rather than containing terms of all orders in the
coupling, immediately implies that there must exist an infinite number of relations between
perturbative amplitudes on plane wave backgrounds. Let us define ‘reduced’ amplitudes
from which we strip momentum-conserving delta functions, so:

〈p′α|S |pα〉 = 2p+δ̂(p′+ − p+)δ̂2(p′⊥ − p⊥ + ea⊥(∞))
(

1 + i
∞∑
n=1

enA2+n

)
. (3.49)

These reduced amplitudes can be explicitly computed as follows. As we have emphasised,
the amplitudes receive nonvanishing contributions from both the large gauge transformation
and the naive perturbative amplitudes (ie, those obtained from the standard LSZ procedure
omitting large gauge effects; in other words, those obtained from Feynman diagrams).
In particular, the (full) amplitudes are obtained in perturbation theory by applying the
modified LSZ formula to a single off-shell current Jn+2: the set of Feynman diagrams
where only the outgoing massive particle is kept off-shell. In appendix A we explicitly
demonstrate that the diagrams contributing to Jn+2 exponentiate; applying LSZ reduction
to the resulting exponentiated form yields equation (2.36) as it should. Expressed in terms
of the coherent state waveshape, this becomes:
〈p′α|S |pα〉 = 2p+δ̂(p′+ − p+)δ̂2(p′⊥ − p⊥ + ea⊥(∞))

× exp
[
2ie

∫
dΦ(k)k−

(
αη(k) εη(k) · p δ̂′(2p · k)

)
ie2
∫

dΦ(k, k′)(k′− − k−)
(
αη(k)αη′(k′)εη(k) · εη′(k′)δ̂′(2p · (k′ − k))

) ]
.

(3.50)
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We see that the reduced amplitudes differ from the naive amplitudes obtained from the
normal LSZ prescription. Specifically, we note the unusual appearance of the derivative of
the on-shell delta function.

The reduced amplitudes can also be obtained by expanding the exponential exp iFp
in (2.37). Equating the result with (3.49) the leading terms are clearly

A3 =
∫ ∞

0
ds s d

ds
a(s) · p
n · p

, A4 = i

2A
2
3 −

∫ ∞
0

ds s d
ds
e2a2(s)
2n · p . (3.51)

We can ‘invert’ these expressions in order to rewrite the two points amplitude on a
background in terms of perturbative three- and four-point amplitudes:

〈p′α|S |pα〉= 2p+δ̂(p′+−p+)δ̂2(p′⊥−p⊥+ea⊥(∞))exp
[
ieA3+ie2A4+e2 1

2A
2
3

]
. (3.52)

Notably, it follows that we can express all higher point amplitudes in terms of A3 and A4
by expanding the exponential in this form, obtaining for example

A5 = iA3A4+1
3A

3
3 ,

A6 = i

2A
2
4+ i

12A
4
3 ,

A7 = −A3A2
4

2 + iA3
3A4
3 + A

5
3

20 ,

(3.53)

and so on — all higher-point vacuum amplitudes factorise. From a purely perturbative
approach, none of these relations are obvious from the start, but they are all implied by
the exponential form of the Volkov solution, and the fact the exponent truncates at second
order in the coupling. (The situations in gravity and for the electromagnetic vortex is
different — the exponent is a Laurent series in g.) It is now clear that the three-point
contribution is essential in order to recover the full result. For example, without the
three-point contribution all amplitudes with an odd number of legs, A2n+1, would be found
incorrectly to be zero. Hence the nonvanishing 3-point amplitude is necessary to obtain the
recursive relationships in (3.53).

3.4 Recovering the impulse

Earlier we encountered what seemed like a problem: perturbative methods led to an
incorrect impulse. Now that we understand the origin of the problem — namely that we
were neglecting an important large gauge transformation — we can correctly recover the
impulse using perturbative techniques. We first use the resummed expression to find a
convenient form of the final state in a classical scattering event, reminiscent of the eikonal
context (see reference [107] for a recent discussion.) The initial state (2.6) depends on a
wavepacket ϕ(p), which is sharply-peaked at an initial classical momentum pinitial

µ . Inserting
a complete set of states and retaining only dominant terms as in equation (2.28), the final
state is

S |ψ, α〉 =
∫

dΦ(p′, p)ϕ(p) |p′, α〉 〈p′, α|S |p, α〉 . (3.54)
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Since the resummed amplitude (3.52) contains three delta functions, we can integrate over
the phase-space of p to find [137]

S |ψ, α〉 =
∫

dΦ(p′)ϕ(p(p′)) |p′, α〉 eiFp(p′) , (3.55)

where now the quantity p(p′) is defined to be

pµ(p′) = p′µ + eaµ(∞)− nµ
2e a(∞) · p− e2a2(∞)

2n · p . (3.56)

(Note the various sign changes compared to (2.38), and see [185] for related discussions.)
With this form of the final state, it is straightforward to compute outgoing observables. For
example, the final momentum is

〈ψ, α|S†PµS|ψ, α〉 =
∫

dΦ(p′, p′′)ϕ∗(p(p′′))ϕ(p(p′)) 〈p′′, α|Pµ|p′, α〉 ei(Fp(p′)−Fp(p′′))

=
∫

dΦ(p′)ϕ∗(p(p′))ϕ(p(p′)) p′µ .
(3.57)

Since the wavepackets are steeply-peaked at p(p′) = pinitial, the integration is trivial, and
recovers our previous expression (2.38) for the impulse.

The situation in the generalised electromagnetic vortex (2.50) is similar though more
complicated. Once LSZ is correctly implemented, the perturbative amplitudes exponentiate
and satisfy

〈p′, α|S|p, α〉 = 〈p′|S[A]|p〉 , (3.58)

where now the background A is the vortex. Since the relevant large gauge transforma-
tion (3.39) is quadratic in position, the resummed amplitude involves Gaussians instead of
the naive delta functions. The final state S |ψ〉 can again be simplified using

S |p, α〉 =
∫

dΦ(p′) |p′, α〉 〈p′, α|S|p, α〉

=
∫

dΦ(p′) |p′, α〉 〈p′|S[A]|p〉 .
(3.59)

The story for the gravitational plane wave is essentially the same as for the generalised
vortex, as one would expect from the double copy. The perturbative amplitudes again
exponentiate into 〈p′|S[h]|p〉 — explicitly given for the impulsive case in equation (2.46)
— and again one encounters a Gaussian function where naively a delta function would be
expected. Equation (3.59) holds with the background S-matrix set to S[h].

3.5 Angular momentum

In this section we consider the effect of the large diffeomorphism (3.32) on the change of
angular momentum experienced by a pair of particles crossing a gravitational plane wave.

Consider two particles which, in the far past x− → −∞, are situated symmetrically
around the line z+ = 0, at positions (z+, zi) and (−z+,−zi). We will calculate the change
of angular momentum experienced by each of these particles. To this end we require
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the angular momentum operator Jµν which, expressed in terms of creation/annihilation
operators of the free field, is7 [129, 130]

Jµν =
∫

dΦ(p) a†(p)ip[µ

↔
∂

∂pν]a(p) . (3.60)

To obtain the expectation value of Jµν in the final state, we express the final state in the
form (3.55) where, in the impulsive limit, the momentum shift is given by equation (2.49).
As in the QED case, the final state S |ψ, α〉 acquires a phase due to the exponentiation
of soft gravitons. This phase cancels in the overlap with the conjugate state and thus
does not contribute to the expectation value 〈ψ, α|S†JµνS |ψ, α〉. The change in angular
momentum is therefore obtained solely from the deformed wavefunction. Taking for example
the transverse components of angular momentum we find

〈ψ, α|S†JijS |ψ, α〉 =
∫

dΦ(p′, p′′)ϕ∗(p(p′′))ϕ(p(p′)) 〈p′′, α|Jij |p′, α〉 ei(Fp(p′)−Fp(p′′))

= −
∫

dΦ(p′)ϕ∗(p(p′))ϕ(p(p′))p′[izj] .

Integrating out the wavepacket, in the limit that it is sharply peaked as usual, has the effect
of replacing pµ with the on-shell value implied by the argument of the wavefunction. The
change in angular momentum is given by subtracting, from this result, the initial angular
momentum, 〈ψ| Jij |ψ〉, so that

∆Jij = −κp+Habz
bδa[izj] . (3.61)

The change in angular momentum for the system of the two particles described above
is twice the contribution in (3.61); the quadratic dependence of ∆Jij on the transverse
coordinates zi means that the two contributions sum up, rather than cancel. This result is
O(κ), lower than expected for the change in mechanical angular momentum in ordinary
perturbative scattering. This is due to fact that there is an O(κ) contribution in the impulse,
which we know results from the action of the large diffeomorphism on the amplitude. The
same result holds for the electromagnetic vortex, upon making the ‘single copy’ replacement
κ→ 2e/p+ as before.

This low-order ∆Jij is reminiscent of the situation discussed in [128], where the
appearance of radiated angular momentum at O(G2) [127], as opposed to the expected
O(G3), was attributed to the ambiguity of choosing a BMS gauge. In our context, we also
encounter a parametrically enhanced change of angular momentum. We have concretely
connected this phenomenon to large gauge effects, which alter the basic structure of naive
perturbative amplitudes. It will be interesting to explore the connection between LSZ, large
gauge effects, and scattering amplitudes further in future.

4 Conclusions

We have examined the role of large gauge transformations in wave-particle scattering, in
both QED and gravity. We began by highlighting an apparent tension noticed in [137]

7Our antisymmetrization brackets are defined without a factor of 2, but we do include a factor of 2 in
our double-sided derivative.
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between perturbative scattering amplitude computations, exact methods in field theory, and
direct classical calculations, in which the same radiative observables were found to be O(g)
or O(g2) depending on the approach taken. By studying the properties of the coherent
states which describe the wave in the scattering process, we identified the presence of large
gauge contributions. We showed that these modify the structure of momentum conservation
in perturbative methods, leading to non-vanishing three-point amplitude contributions.
Once these are taken into account, there is a complete match between all methods of
computation, and perturbative methods recover the classical and background field results.

The use of three point amplitudes to describe certain aspects of classical physics is not
new. It has been demonstrated that these amplitudes, whether in the on-shell split signature
approach [190, 191] or off-shell in Minkowski space [192], can be utilized to derive classical
solutions. What is new here is that we have shown that on-shell three-point amplitudes
can, under certain conditions, be relevant for physical observables in Minkowksi signature.
Indeed we have seen that they play a crucial role in the derivation of memory effects.

Although our work focused on a selection of exact solutions in electromagnetism and
gravity, there are a number of provocative similarities between our cases and the situation
in gravitational scattering. One example which we highlighted is that the change in angular
momentum of a particle, as it passes through a wave, can be of lower order than one
would expect from perturbation theory. We also saw that the coherent waveshape α plays
an important role in the all-order structure of the amplitude. In particular, there can
be a deformation of the basic structure of momentum conservation we naively expect in
scattering amplitudes. As we saw in equation (2.39), this dressing is connected to zero-
energy messengers. In gravitational scattering, a similar dressing [130] correctly captures
the radiated angular momentum [104, 130], including the BMS dependence of the O(G2)
angular momentum loss [128].

While most of the interest in the classical particle scattering is in the gravitational case,
it is worth noting that there is also an enhancement in the loss of angular momentum in
electrodynamics. We have seen a similar parametric enhancement occurs in the background
of the generalised electromagnetic vortex, which double copies to the gravitational plane
waves we have considered. Unlike the situation in gravity, where angular momentum is
subject to a BMS ambiguity, ∆Jij is gauge invariant in electrodynamics. Thus, the issue of
angular momentum loss in QED is in some respects sharper than in gravity [193]. It would
be interesting to understand this situation more clearly, particularly from the perspective
of the double copy.

Our waves are idealised toy models, and it would in future be useful to extend our
analysis to different wave solutions, such as generic pp-waves. Still, plane waves have several
useful properties: it is possible to find exact solutions of the KG equation in their presence,
and they provide a toy model in which to understand caustics, strong lensing, and tails
effects [194–198]. More realistic waves would be damped in all spatial directions, and are
easily dealt with perturbatively — a non-perturbative treatment is however challenging due
to the difficulty of solving the KG equation, see e.g. [199] for a review.

The exact wavefunctions that played an important role in our work are also the
solutions that one would find using the WKB approximation — in other words, the WKB
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approximation happens to be exact in the circumstances of interest to us. This connects
our work again to an important set of ideas in the literature relating scattering amplitudes
to classical physics. The fact that perturbative amplitudes, in the classical regime, can
be resummed into an exponential form is the key idea of the eikonal approximation [85,
86, 89–104]. A closely-related resummation connects scattering amplitudes to the classical
radial action and the Hamilton-Jacobi equation [105–107]. It may be fruitful to examine
whether the perspective we gained from plane wave calculations can be applied to the
more complicated context of BMS transformations and the ambiguity in radiated angular
momentum building on approximate WKB methods.

Another interesting direction is to understand the relations between on-shell amplitudes
on flat spacetimes and n-point amplitudes on curved backgrounds [200, 201] in more depth.
For the case of plane wave backgrounds [165], it has recently been shown that these quantities
naturally reproduce gravitational self-force results. The self-force technique is an expansion
in energy ratios and therefore naturally resums the post-Minkowskian approximation to all
orders [202]. This could open the way to the application of on-shell methods to alternative
perturbative schemes like the self-force programme [203–205].
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A Exponentiation

In what follows we will illustrate the exponentiation of the amplitude 〈p′α|S |pα〉 in a plane
wave background [134, 135]. To do this, we first consider the diagrams contributing to order
O(eN ), keeping all but the outgoing massive leg on shell, we then treat the LSZ reduction of
the outgoing particle separately. We denote the contributions of these diagrams at O(eN ) by
J2+N , so that the S-matrix is obtained by applying the LSZ truncation to the outgoing leg:

A2+N = lim
x−→∞

[ ∫
d3x eip′·x+ieλ(x) i

↔
∂+

]
J2+N (A.1)

In the limit x− →∞, the Feynman propagator on the outgoing leg reduces to a retarded
propagator. In this limit, we can write the contribution of J2+N as

J2+n =
∫
d̂4p2θ(p+)δ̂(p2

2 −m2)e−ip2·xδ̂4
(
p2 − p−

N∑
i=1

qi

)
.

×


q2q1

· · ·

q2mq2m−1

· · ·

qN−1 qN

p p+ q̃1 p+ qn−1

+ permutations ,

(A.2)
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where we have shown the diagram in J2+N consisting of m four-point vertices and N − 2m
3-point vertices, with all four-point vertices placed before all three-point vertices. We have
also isolated the contribution of the outgoing leg into the prefactor multiplying the diagram.
As we will see, the full result can be obtained by evaluating this diagram and subsequently
summing over permutations. Evaluating the diagram in this arrangement and making use
of the delta function yields

δ̂

(
2p·
( m∑
i=1

q̃i+
N∑

j=2m+1
qi

)) (ε·ε)m(ε·p)N−2m

(2p·q̃1) · · ·(2p·(
∑m
i=1 q̃i)(2p·(

∑
q̃i+q2m+1)) · · ·(2p·(

∑N−1
i=1 qi)

×exp
[
−i(p+(

N∑
i=1

qi))·x
]
,

(A.3)
where we have made use of the lightfront gauge condition ε(qi) · qj = 0 to write the
contribution of three-point vertices as ε(qi) · p regardless of where the vertex is placed in the
diagram, and used collinearity to linearize the massive propagators. We have also stripped
off the couplings and the prefactors arising from the expansion of the coherent state. We
have furthermore defined qi as the momentum of the i’th emitted photon while q̃i as the
sum of photon momenta emitted by the i’th four-point vertex. So that in the diagram
above, q̃1 = q1 +q2 and q̃2 = q3 +q4 etc. We then sum over permutations using the identity:8

δ̂

( N∑
i=1

ωi

)[ 1
(ω1 + iε)(ω1 + ω2 + iε) · · · (

∑N−1
i=1 ωi + iε)

]
+ permutations =

N∏
i=1

δ̂(ωi),

(A.4)
where the sum runs over permutations of the vertices. Note that this is not equivalent
to permuting the photon momenta, since in our notation we have labeled the sum of two
momenta flowing through a 4-point vertex by one symbol q̃i. This is remedied by inserting
the factor (2m)!/m! which accounts for the missing permutations. Attaching this prefactor
to the above identity yields

(2m)!
m!

 N∏
j=2m+1

δ̂(2p · qj)(εj · p)

[ m∏
i

δ̂(2p · q̃i)(ε · ε∗)
]

exp
[
−i(p+ (

N∑
i=1

qi)) · x
]
. (A.5)

This is the contribution to the n-point amplitude of the diagrams with r four-point vertices.
To get the full amplitude, we have to account for the

( N
2m
)
ways of making this choice. It

remains to sum over all allowed values of m, which takes the range 0 < m < N/2 when N
is even and 0 < m < (N − 1)/2 when N is odd, we will denote this value by bN/2c. The
O(eN ) contribution is

J2+N =
bN/2c∑
m=0

N !
2m!(N−2m)!

(2m)!
m!

 N∏
j=2m+1

δ̂(2p·qj)(εj ·p)

[ m∏
i

δ̂(2p·q̃i)(ε·ε∗)
]

×exp
[
−i(p+(

∑
qi))·x

] (A.6)

8See e.g. [206] for a proof.
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Finally, we restore the couplings along with prefactors arising from the expansion of the
coherent state:

1
N ! (−2ie)N−2m(ie2)m

 N∏
j

∫
dΦ(qj)α(qj)

 m∏
j

∫
dΦ(qi, q′i)α(qi)α∗(q′i)

 , (A.7)

which gives the result

J2+N = e−ip·x
bN/2c∑
m=0

1
m!(N − 2m)!

(−2ie)N−2m
N−2m∏
j

∫
dΦ(qj)eiqj ·xα(qj)δ̂(2p · qj)(εj · p)


×
[
(ie2)m

m∏
i

∫
dΦ(qi, q′i)ei(qi+q

′
i)·xα(qi)α∗(q′i)δ̂(2p · q̃i)(ε · ε∗)

]
.

(A.8)
This is the total contribution of the O(eN ) diagrams with the LSZ reduction applied to all
legs except the outgoing leg. Adding to this forward scattering contribution, and making
use of the explicit form of the coherent waveshape α defined in (3.5), we see that (A.8)
coincides with the expansion of the exponential

J ≡ exp
[
−ip · x− i

∫ x−

0
ds Vp(s)

]
, (A.9)

where Vp(s) is the Volkov phase (2.35). The matrix elements J2+N can therefore be obtained
at any order from the series expansion of J . The amplitudes A2+N are then obtained from
J2+N by truncating the outgoing leg with the prescription (A.1). Likewise, let us define A
by applying the same LSZ factor to J :

A = lim
x−→∞

[ ∫
d3x eip′·x+ieλ(x) i

↔
∂+

]
exp

[
−ip · x− i

∫ x−

0
ds Vp(s)

]

= 2p+δ̂(p′+ − p+)δ̂2(p′⊥ − p⊥ + ea⊥(∞)) lim
x−→∞

exp
[
i(p′ − p)x− − i

∫ x−

0
ds Vp(s)

]
.

(A.10)
The final limit is evaluated by noting that, due to the deformed delta function, the mass
shell condition now implies

p′− − p− = Vp(∞). (A.11)

Using this and integrating by parts, it is easy to check that the limit above can be written as

A = 2p+δ̂(p′+ − p+)δ̂2(p′⊥ − p⊥ + ea⊥(∞)) exp
[
i

∫ ∞
0

ds d
ds Vp(s)

]
, (A.12)

in agreement with the full amplitude in (2.36).
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