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1 Introduction

Recently it has been demonstrated in [1], following earlier work in [2], that the conditions

induced by the gravitino Killing spinor equation (KSE) on the (Killing spinor) form bilin-

ears of any supergravity theory, which may include higher curvature corrections, can be

organised as a TCFH. This means that there is a connection D7 which depends on the
fluxes, F, of the theory such that

DN =ixP+XAQ,

(1.1)



for any vector field X on the spacetime, where §2 is spanned by the form bilinears and
P and Q are multiforms which depend on 2 and F. The TCFH connection D may
not be form degree preserving. A consequence of (1.1) is that ) satisfies a generalisation
of the conformal Killing-Yano (CKY) equation® with respect to D7. Killing-Yano (KY)
forms have played a crucial role in the integrability of geodesic flows of several black
hole spacetimes, beginning with the Kerr black hole in [3-5], as well as other classical
field equations on curved backgrounds; for some selected publications see [6-11] and the
reviews [12, 13]. For additional applications of CKY, KY and CCKY forms see e.g. [14-18].
Moreover, it has been demonstrated in [19] that spinning particle probes [20] propagating
on backgrounds equipped with a KY form admit (hidden) symmetries generated by the
form. This raises the possibility that, as a consequence of TCFH, the form bilinears of
supersymmetric backgrounds may be associated with the (hidden) symmetries of certain
probes whose actions may include couplings associated with the supergravity fields. Thus,
there may be an interplay between TCFHs and probe conservation laws.

The construction of the TCFH for 11-dimensional, IIA and IIB supergravities on
generic supersymmetric backgrounds can be found in [21, 22]. Similar results have been
obtained in some lower dimensional supergravity theories [23]. In all cases, it has been
demonstrated that there are supersymmetric backgrounds whose form bilinears generate
symmetries for suitably chosen probe actions, i.e. it has been found that the invariance con-
ditions of the probe actions match those associated with the TCFH on the form bilinears.
Moreover the TCFHs of all 11-dimensional and IIB AdS backgrounds have been presented
in [24, 25]. An investigation of the relation between TCFHs and invariance conditions for
probes has also been presented for AdS backgrounds yielding similar results.

The purpose of this paper is to present the TCFH on the internal spaces of all warped
AdS backgrounds of (massive) ITA supergravity [26]. In addition some of their properties
are explored which include the reduced holonomy of the minimal connection for generic
supersymmetric backgrounds. Next we investigate the question on whether some of the
form bilinears generate symmetries for spinning particles propagating on such backgrounds.
It is demonstrated that this is the case for a class of AdS backgrounds constructed using
ansatze that include the near horizon geometries of some ITA intersecting brane configura-
tions. This work completes the construction of TCFHs for all AdS backgrounds of type II
supergravities in 10- and 11-dimensions.

This paper has been organised as follows. In sections 2, 3 and 4, the TCFH of warped
ITA AdSg, k = 2,3,4 backgrounds are presented. This includes also the investigation of
some of the properties of the TCFH connections, such as their holonomy. In section 5,
the TCFH of warped ITA AdSg, k = 5,6,7, backgrounds are given. In section 6, we
present some explicit examples where the TCFH generates symmetries for spinning particles
propagating on the internal space of AdSo and AdS3 backgrounds, and in section 7 we give
our conclusions.

n%kHX Aéw, where V is the Levi-Civita connection

and w a k-form. If w is co-closed, dw = 0, then w is a KY form. If w is closed, dw = 0, then w is a closed
CKY (CCKY) form. The Hodge dual of a KY form is a CCKY form and vice-versa.

!The standard CKY equation reads V xw = ixdw —



2 The TCFH of warped AdS, backgrounds

The approach that we shall follow below to construct the TCFHs on the internal spaces
of all warped AdS backgrounds of massive ITA supergravity is based on the solution of
the KSEs of the theory presented in [27, 28]. In these works the KSEs of the theory
are integrated over the AdS subspace of warped AdS backgrounds without any additional
assumptions on the form of the Killing spinors. Then the remaining independent KSEs on
the internal space of the AdS backgrounds are identified. A similar procedure is used for
the field equations of the theory. The main advantage of this method is that it does not
involve additional assumptions, such as a certain factorisation of Killing spinors, and so it
is general. For a comparison of the different methods to solve the KSEs of warped AdS
backgrounds see [29].

2.1 Fields and Killing spinors

Let ® be the dilaton, and G, H, F be the 4-, 3- and 2-form field strengths of (massive) ITA
supergravity, respectively. The bosonic fields of a warped AdS, background, AdSg X, M3,
with internal space M?® can be expressed as follows

g=2ete +g(M®), G=e"Ne AX+Y, H=e"Ne AW+ Z,

2.1
F=NetAe +P, S=me?, d=0>, 21)

where ® is a function on M%, & € C®(M?), g(M?®) is a metric on the internal space
M8 and N € C®°(M?®), W € QY (M?®), X, P € Q2(M®), Z € Q3(M?®) and Y € Q*(M?®).
For simplicity, we have denoted the spacetime dilaton and its restriction on M?® with the
same symbol. Moreover, m is a constant? that is non-zero in massive ITA and vanishes in
standard ITA supergravity. We have also introduced the pseudo-orthonormal (co-)frame

1 . .
et =du, e =dr—2rA 'dA— QTZE_QA_Qdu, e = e jdy”’ (2.2)

on AdSs x,, M®, where A € C*°(M?®) is the warp factor, €’ is an orthonormal frame on
M? that depends only on the coordinates y of M8, g(M®) = §;;e'e’, and ¢ is the radius
of AdSy. Moreover (u,r) are the remaining coordinates of the spacetime. It can be seen
after a coordinate transformation that the spacetime metric g can be put into the standard
warped form g = A%gy(AdSy) + g(M?), where go(AdSs) is the standard metric on AdSy
with radius /.

The KSEs of massive IIA supergravity for warped AdSo backgrounds have been inte-
grated over the (u,r) coordinates in [27, 28]. In such a case, the Killing spinors can be
expressed as € = €(u,r,ny), where 4 are spinors that depend only on the coordinates of
M?® and satisfy I'yni = 0, where the gamma matrices (I'y,I'_,T;) are taken with respect
to the frame (2.2). The precise expression for € in terms of u, r and 74, which can be found
in [28], is not essential in what follows and so it will not be presented here. Furthermore,

2Viewing m as a field and in the presence of D8 brane sources, m can be taken as piecewise constant.
The same applies in the description of other AdS backgrounds but we shall not elaborate on this below.



the conditions that gravitino KSE imposes on 1+ along M?® are

D ne =0, (2.3)
where
(+) 1,4 1 1 1
Dm Nt =Vt = §A OmAn: F EXan:I: + myrmni + gSani
) 2.4)
1 1 1 1 (
+I'n <:F4Wm77ﬂ: + meni + gNanj: - wPani> ;
is the supercovariant connection® on M®, m = 1,...,8 and V is the spin connection

associated with the metric g(M®). These are clearly parallel transport equations for 7.
The Killing spinors n4 satisfy additional conditions [28] arising from the dilatino KSE of
massive I[TA supergravity. But these additional conditions are not essential for the TCFH
below and so we shall not describe them here. However, they will be used later when we
discuss examples and some aspects of them will be summarised there.

2.2 The TCFH on M8

It has been demonstrated in [1] that the conditions imposed on the Killing spinor bilinears
by the gravitino KSE of any supergravity theory can be organised as a TCFH. Here we
shall focus on the TCFH associated with the form bilinears on M?® constructed from the
Killing spinors ny satisfying the KSEs (2.3). Given two such Killing spinors 7. and nf,
one can define the k-form bilinears

1 . ) - 1 . )
P = %! (e Tipayni) €A ne't, ¢ = k! (e, Tipa Tnt) e A---ne'r,  (2.5)

where (-, -) denotes the spin-invariant inner product on M?® for which the spacelike gamma
matrices are Hermitian while the time-like ones are anti-Hermitian.

Because of the reality condition on 7+, which follows from that of ITA Killing spinors,
the form bilinears are either symmetric or skew-symmetric on the exchange of n” and n°.
A basis in the space of form bilinears? on M?, up to Hodge duality,® which are symmetric
in the exchange of Killing spinors is

:ri:s - <77T:i:777:sl:>7 ~:T:S - <77:t7F1177fI:>7 k:l:s - <77T:t7rinfl:> ei7
3 1 , . 1 . .
7Y = o (0l Diplany) e el Aef, (= (0, Dy ign) € Aeee Aelt
(2.6)
To find the TCFH associated to the above form bilinears note that

#We use the conventions of [27, 28]. In particular if a is a k-form on M2, then ¢ = «j,..;, [Vi"7/% and
o Giee G
S T R
4Note that the form bilinears constructed from 7, and 7_ spinors vanish.
5 . . * _ 1 q1---9; 1
Our Hodge duality conventions are Wy .mp—p = 1%a1...qp € P mnp where w is a p-form on a
n-dimensional Riemannian manifold M™ with orientation chosen as €12..., = 1.



and similarly for ¢."*. Then using the KSEs (2.3), one can replace in the right-hand-
side of the above equation the derivatives on the spinors in term of a Clifford algebra
element constructed from the fluxes of the theory. After some extensive Clifford algebra
computation, one can demonstrate that the right-hand-side can always be organised as a
TCFH.

In particular, the TCFH of the form bilinears (2.6), with respect to the minimal con-
nection® D7 is

D) fr =V fs
= 1A 1'9,A fi F imek:ip + %*Ympqr%i”q” (2.8)
Skim + Wmf:t 1 Py,
D) fx = mf:t
= FA 9, AfLF équﬁqum - %Ympqrﬁ-ipqr (2.9)

1 1 1
+ §Wmf:|: + ZNk:tm - Epmpk:tpa

1
D}]r:lk:tz = mG:tz + 7Ympqr<:tpqrz +

12 " Zmpqﬁzl:pqz

4

= FA OmAksi F équCipqmi + %sz‘fi 1. 4,5msz1 pa Gt (2.10)
- %Y[mlpquCquTﬂ - %5mz’5fi + %5miNfi F ﬁ *Prosipy...ps (PP .
+ ipmifi )
Dasish = Vmeih + %*Xm[ijlpqucipqrﬂ 5 Vinfifpg G ) + Z*Zm[ij\pQIﬁiqu}
;Zm[ijk’ikz} - §PmPC:tpijk
=7 A_lamA Thijk £ %5m[ink}fi - %%[i* iKp1opa G

1 1 o1 §
+5 X[mmpqrwﬁi K £ 7 Vimigh e+ Ymigefe £ 70mpi Vijpgr ™y (211)

3

4 *Ym1|pq|C:|: Jk] i Al szgkpl p4<ﬁ:p1 Pt £ 6 mli ]k]pqur:I:
£ Zimijlpar T 0 £ ZN Cemijh + g5m[i|qu|Ci’”’jk1 = Plinjp|C+"ijn

3

YRGS

6See [1] for the definition.



F o * ~ -
Dy, Ciy.is = VinCtir.is — Konfirisialpa T+ 1ia] = 2Ymlivisisktia T 3 YVnivialp| T+ igia)

to
1

= F A OmACeiy iy £ 300, Xigisktiy) — =0mpis Kigigialpgr T

6m
5 )

8 *X[mi1i2i3 |Pq\ﬁipqi4] - 6m[il Yi2i3i4}Pkip N Zy[milizig, kii4]

3

o 3 ;
Win€iy it 74 Cjy gy 3 Zmlivialpq| G Yigia] T 2Pmliy Ttininia]

~ ~ * ~ pqr
+5 *Y[mhiz\z?mipiam] + §6m[i1 *Yi2i3|PQ|7Tipqi4] + o Smi1...i4pqr7ripq

2 24

+ iy Zigislpar|CEP " ia) £ 5 Zimiviolpa S+ Yizia] F NOmfis Tininia]

2
1

+ - *Pmil.‘.i4pk:|:p + 36m[ilpig|p‘ﬁ_:|:pi3i4} + §P[mi17~r:|:i2i3i4} )

4

(2.12)

where for simplicity we have suppressed the r, s indices on the form bilinears that label the
different Killing spinors. It is clear that the above conditions on the form bilinears are of

the form of a TCFH as in (1.1).

A basis in the space of form bilinears on M?®, up to Hodge duality, which are skew-

symmetric in the exchange of " and 7® is the following

rs

];:T:ts = <77:|:arirll77:$t> eia wy = <T];,Fij7]i> el A ej,

—_ N =

rs

The associated TCFH with respect to the minimal connection, D7, is given by

- - 1 ~ 1 1
Dl kg i =Vky + imew:tpi + ZZmqur:I:pqi ~3 mpwW+Ps

_ = 1 - 1 -
=+ A 18mA k:i:i + gémiquw:l:pq + §X[m\p|w:|:pi]

1 1 N 1 .
+ g mipqwipq - gymipqwipq - stimi
1 1 1
+ ZNwimi + gdmippqwipq - §P[m|p|wipi] )

1

1 1 .
D) wiij i=Vmwsy + 5 XmpTalij + 5 Vonfifpg T ) F 5 Wintaij

+ Zonfilp|@+" j] + Prnfiksj)

1 3
-1
= FA OmAwsij F 30m(iXjpg ™5 £ 7 Ximppm+"ij

1 5

F Z Wmijpkip + 12
1S 1N<5 = 1 “p par
= 3 SmEmij F 5 mlik+j) £ a1 FmidparTE

1 _ 3
+ 50mps LDypks” + L Pmiksj)

1 o o
Wi =g (i, TiTuni) e'ned, 7 = 30 (e, Tijrn) e Nel et

3
5m[in]pq7’7Tiqu + gy[milpq\”iqu]

(2.13)

(2.14)

(2.15)



1
2 Wt = vmwﬂ:z] + Xm[zk:t]] :F *}/ [z\pq|7r:|:qu} + §me:|:ij
1
+ Znfifp| =) + Pmpﬂi ij
1
mepqrﬁipq + (5 mliX

3 ~
= F AilﬁmA W45 + — kﬂ:p + ZX[mikij] (2.16)

4! Jlp
1 N
F 130mt Yilpar 1™ F 5 Vi + gymijpk‘ip
| 1 3
= 550miiksj) F y Ntmij = 3 0mfiPlpg 7" j) + 3 Plmppl 7451

3 3 3 -
Dy mtijh = VinTijh 5 Xmfiwik) = 5 Ymlijlpl Wt k) F 5 Vnfiglpl £ 4

3 3. - 3
£ 1 Zmlijlpa ™R — 5 Zmligkin) = 5 Pmli®xn

_ 1 3 3
=FA 1amA T+ijk — g*Xmmkpqw:I:p + 5 mli ]|p|w:|: k] + QX[mzw:l:]k]

3 3 ) )

+ G OmliVikpaW™ = Ymijlol 2"y £ S0mls Vinlpg@2" F Yimijlpl @£y
3 3.

— S 0mlieju E 5m[z Zikpar T £ " Lpmilpg T ) £ T NOmpibjig
1 ) 3.

3 *Prijkpqw+"? 25m[7;Pj\p|wip K~ 5P miein)

(2.17)

where for simplicity we have suppressed the r, s indices on the form bilinears that label
the different Killing spinors. Again the above conditions on the form bilinears have been
organised as those of a TCFH in (1.1).

As it is apparent from the analysis above, the domain of the minimal TCFH connection
D7 can be identified with Q*(M8®). This is the span of ¢ and the Hodge dual of é form
bilinears.” This domain factorises into the space of symmetric form bilinears, (2.6) and
the space of skew-symmetric form bilinears, (2.13). This can be understood as follows.
The spinors 74 can be viewed as Majorana spin(8) spinors. The product of two Majorana
spin(8) representations, Ajg, decomposes as

®?% A1g = A*(R®), (2.18)

and so the space of form bilinears spans all forms over M®, where ®}_,A*(R®) is associ-
ated with the span of ¢ form bilinears while ®§_-AF(R®) is assoc1ated with the span of
the Hodge duals of the ¢ form bilinears. Indeed, we note that dim(®2Ag) = 2*-2* =
dim(A*(R®)). Thus D7 acts on the space of all forms on M®. However, we see that
the minimal TCFH connection preserves the subspaces of form bilinears that are sym-
metric and skew-symmetric in the exchange of the two Killing spinors respectively, i.e. it
preserves the symmetrised S2(A16) and skew-symmetrised A%(A1g) subspaces of ®2A1g.
Therefore, the reduced holonomy of D7 will be contained within the connected component®

"Note that ¢ and ¢ are Hodge duals and so only ¢ is chosen to belong in the basis.

8The reduced holonomy of a connection is by definition connected. So from now on when we refer to a
group in the context of reduced holonomy we shall consider only its connected component even if this is
not explicitly mentioned.



of GL(136) x GL(120). However, the reduced holonomy of the minimal TCFH connection
reduces further to GL(134) x GL(120) as it acts with partial derivatives on the scalars f
and f and so their contribution to the holonomy is trivial.

3 The TCFH of warped AdS; backgrounds

3.1 Fields and Killing spinors

The bosonic fields of warped AdS3 backgrounds, AdS3 x,, M7, with internal space M7 of
massive ITA supergravity can be expressed as

g=2ete + ()2 +gM"), G=e"Ne Ne“ANX+Y,

3.1
H=Wetre Ne*+ 7, F=F, S = me?, d=0>, (3:1)

where m is a constant, g(M7) is a metric on M7, ®, W € C®(M"), X € QY(M"), F €
D2(M7), Ze QBP(M7)and Y € Q*(M7). Note that the Bianchi identities imply that either
S =0or W = 0. From now on, to simplify the notation, whenever a form field strength has
non-vanishing components only along the internal space, the components along the internal
space will be denoted with the same symbol as the spacetime field, e.g. asin F' = F'in (3.1).
Further,

2 . .
e” = du, e =dr — ZTdZ —2rA~YdA, e’ = Adz, e = e jdy”’ (3.2)

is a pseudo-orthonormal frame on AdSs x., M7 with g(M") = J;;e'e’/, where y are the
coordinates of the internal space and (u,r, z) are the remaining coordinates of spacetime.
After a coordinate transformation, the spacetime metric takes the standard warped form
g = A%g,(AdS3)+g(MT) with warp factor A, A € C>°(MT), where g¢(AdS3) is the standard
metric on AdSg of radius 4.

As in the previous case, the KSEs of warped AdSs backgrounds can be integrated
over the coordinates (u,r, z), see [28]. The Killing spinors can be written schematically as
¢ = e(u,r, z,04,7+), where the spinors o4 and 74 depend only on the coordinates of M7

and satisfy 'top = I':7r = 0. Moreover, the gravitino KSE implies that D% )Xi =0,

where
(+) 1.4 1 1
3.3)
1 1 1 (
— ¥, —YTI,,+ -XT
+16F m 11+192Y m SX Zm s
is the supercovariant derivative along the internal space M’, m = 1,...,7, V is the spin

connection associated with the metric g(M7") and x+ stands for either o1 or 7.

The Killing spinors x4 satisfy two algebraic KSEs [28] in addition to the gravitino KSE
along M7. One of these is induced by the dilatino KSE of massive ITA supergravity. The
other arises during the integration of the gravitino KSE of massive ITA supergravity over
the z spacetime coordinate. We shall not describe these here as they are not essential for
the description of the TCFH on M7. However, they are necessary for the correct counting



of Killing spinors in the examples that follow and a brief mention will be made where it is
needed.

For warped AdSs backgrounds, the o4 and 74 spinors are independent, i.e. there is
no a priori Clifford algebra operation that relates the o4 solutions of the KSEs to the 74
ones. A well known consequence of this is that the symmetry superalgebra of warped AdSs
backgrounds factorises into a left and right sector that commute with each other. As we
shall mention later, this is no longer the case for warped AdSy, k > 3, backgrounds where
the o+ and 74 Killing spinors are related with Clifford algebra operations.

3.2 The TCFH on M~

Given Killing spinors X, and x%, the form bilinears on M” can be constructed as for
AdSs backgrounds in (2.5) with n+ replaced with x+. However there are differences. One
is that now €’ is an orthonormal frame on M7 instead on M3 as was the case for AdSs
backgrounds. The other is that one can also insert in addition to I'y; the gamma matrix
I', in the form bilinears. Again, the reality condition on x4 implies that the form bilinears
are either symmetric or skew-symmetric in the exchange of x’. and x%.

A basis in the space of form bilinears? on M7, up to Hodge duality, which are symmetric
in the exchange of Killing spinors x’} and x3 is

F2=0dnxt), =T, F2 = (A Taxd),
. . 1 . .
K= (x4 Taxd) e, OF = 5 O TigsTuxd) e e,y
~TS 1 r s i J k ATS 1 r s i J k (34)
T = §<Xi,rijkrllxi> e Nel ANe y T = §<Xi,rijkzxi> e Ne’ Ne s

°ors

Ty = ? <X;7FijkzF11Xj:> ei A ej A\ ek .

The computation of the TCFH follows the steps described in section 2.2. In particular the
TCFH expressed in terms of the minimal connection, D7, is

,Dn};le: = v’rnf:l:
1 1 1 1, - (3.5)
=+ A_lamA fi - ZSkim - ngq'ﬁipqm + g 7\)Ympq‘i)ipq + Zmei )
D] fr =V [z
-1 1 i 1. . (3.6)
=+ A_lamA J+— ZFmpkip - aympqrﬂ'ipqr + ZXpwipma
Dgfi = mei
1 (3.7)

_ ;o1 . 1. . 1
=FA 18mA J+ — ZZmpqw:I:pq + ngqﬂ-:l:pqm - Ympq’rﬂ':l:pqr + Zme:t )

41

9The TCFHs associated with the form bilinears constructed from the pairs (o4, 74+) and (04,04) (and
(0—,7—) and (0—,0_)) are identical as the supercovariant connection (3.3) on o4 is identical to that on 74.
So it is sufficient to consider only the TCFHs of the form bilinears constructed from the pairs (04,04 ) and

(o—,0-).



1 _ 1 .
Dik:l:z = mG:tz + ZZmqu:I:pqi + 1 *Ympq'fr:l:pqi
1
4!
1 i 1 . 1., .
+ I‘sz *qurﬂ':tqu + Z *Y[m\pq|77:tpqi] + ZXpﬂ-:tpmi ,

— 1 * A T 1 r
=+ A 18mA k':l:i - Eémzsf:t + sz‘pqr”:l:pq + Zszf:I: (38)

. . 1 . 1 . 1 .
D;an:tij =Viwtij F 5 *mepq‘ﬂiqu] — QFmpWipij + §Ym[i\pq|77:tqu]
_ . 1 N 3 .
=+ A 18m‘A W+ij + éém[z *Zj]pqrﬂ-ipqr + Z *Z[mz'|pq\7riqu]
1 A 1. 1 .
+ EZmijfi - stimij + Zém[i\quﬂriqu} (39)

3 . 1 . 3 .
= 1 F bl T i) + 0mlYlpar T+ S Yimilpg T
1

1 R 1 P
o Z *Ymijf:t + g *sz'qur’/'i'j:pqr + §5m[zX]]f:|: s

) ) 3 o 3 Q
D) sije = VinFxijh F 3 Zmliglpl WK — 5 Zmlijkan) £ 7 Fonlijlpa Ty
3 . 1, .
+3 Yonfilp| T+ 1) 5 Xmtiji

_ . . 3 .
= FA O ARsiji F 2 L0+ £ Z%[i *Z i kpq+P?
1 ) 1 . 1 .
£ 51 Smighper L E SOmps Fiigpgr T £ 5 Flmilpg| Ty

3 3 . 3 .
= 1 OmliEim S F 0mis Yjipa T £ 5 Yimalpl T 4

(3.10)

1, : 3 0
+ o Ymigh S % XpnTij) £ 0mpy X"

3 . 3 _
iFm[iw:I:jk] + 5 Yo fifp) T k]

_ . 1 N
=TFA 18mAL T+ijk + @ *Smijk:pqrﬂ':l:pqr + 1 *Fmijkpk:tp

R R 3 .
D) sije = Vinfwijh + §Zm[i|p|7fipjk] +

3 . 3 D 3 _ 3 )
+ 5 Fimi0t i) + S 0mpiE 10k £ 10mi Yipg T F 5 Vimalp) T 4
1 1

. 3
4 S *Xmijkpqwipq + Qém[szkik} )

+ sz‘jkfi ~ 3

(3.11)

. . 3 . 3 _ 3 .
Diih = Vonfijh + 5 Zmfip "8 & 7 Fonligipal 7"k = 5 Yimligipl 9"

F %*Ym[ijk:tk] + %Xmﬁiijk
= F A 0 AL — %Sém[i‘bﬂ:jk] + Z%[if}k] frt é%[i Fiklpgr T+l
+ %F fmijlpg ="k + %%[zyjk}pq@ipq — Yimijlpl0="n) F Z%h Vinph”
F Vimighan) £ XimTrijn + Z%mXpﬁi”ij ,
(3.12)

where for simplicity we have suppressed the r, s indices on the form bilinears that label the
different Killing spinors.
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Similarly a basis in the space of Killing spinor bilinears of AdS3 x,, M7, up to Hodge

duality, which are skew-symmetric in the exchange of Killing spinors is

fi5 = (X4, Talxd) B = (XL DTnxy) e, k2= (x5, Tixi) e,
. . 1 . ,
kT‘iS = <X;7FZZF11X1> el ) U.)f = 5 <XTi7PZ]Xft> el A ej )
e 1 o o o
W = (X5 TiMxd) e nel, WY =5 (X Tijaxi) e e,
1 . .
s = 3 X Tiexs) et ned neb
' (3.13)
The associated TCFH on M7 with respect to the minimal connection, D7, reads
,Dif:l: = vme:i:
_ o 1 . 1 .
=FA 18mA f:l: - ZZmqu:I:pq - ZSk:I:m (3‘14)
1 A 1 1.
+ ZFmpk:I:p + é *Ympqwzl:pq + EXpw:tpm )
- - 1 1 o
Dl kyi i =Viks; — §Fmpwipi + §ka:ti
_ ~ 1 1 1
= F A lﬁmA kii — ZZmqurj:pqi - 18wiml + géminqupq
3.15)
1 1 A 1 - 1 B (
- §F[m|p|wipi] ¥ Yonipk+? — gYmipqwipq + Zfsmikaip
1 o
+ §X[mk:|:i] ;
Dl ky; ==Yk
= F A9, Aky —lZ 4 l::ip—l&bi -:Fl*F . 7Tizvqr_l e
m ) 9 mep 4 me 4‘ mipgr 4 me (316)
1 ~ 1 R 1
+ Z Wmipkip - éYmiquipq + ZXpﬂ'ipmi )
. . 1 . 1 1. .
Dik:tz = vmk:l:z + §Fmpw:|:pi + Z *Ympqﬁ:l:pqi + §ka:|:z
B o 1 A 1 o 1 N
=+ A 18mA k:i:i - §Zmipk:|:p - ZS(Sme:t - g(sminqw:I:pq
1 1 1 (3.17)
+ iF[mlplwipi] + a‘smi VopgrmeP? & 1 Vimlpg T+
1 ~ 1 ~
- = 1 1, .
D) wij = Vimwij + Zyjip@="j) + Finpikay) + o Ymlilpg T+ 5] F 5 Xm@ij
_ 1 1 .
= FA O Awy — ESWimij + 3 “Frnijpgeo+P?
1 - 3 ~ 1
+ §5m[iFj]pk‘ip + ZF[mik:l:j] + ﬁém[i}g]pqmipqr (3.18)

3 1 2 1 .
+ g Yimalpa 7" ) F 7 Ymig f2 F 50miXipi @2

3., .
F ZX[mwiij] ;
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N - 1 .
Diwiij = Vmwﬂj + Zm[i\p|w:|:pj] + §Fmp7r:|:pij + *Ym[i\mw:tpj]

T
= F A O Ay — 50miikj) = J0miiFlpg ")

3 P 1 ~ P4 3 AL P 1 I .p (3.19)
+ 3 F i ) F 70mi Yilpg@ £ L Yimalpl 025 + 3 Ymigphis
1 1 o
- @ *Xmiqurﬂ':tpqr + §6m[1X]} f:t ,
N . 1 o N 1
D} @sij = Vimti; F 5 Zmlilpa ™) — Fmfiks)) F Yonlitpl@+"j) F 5 Xt
_ N 1 3
= FA9,A0; F 65m[z’ L F 1 Zimilpg T£" )
1 o 1 A 1 1 o
+ §Zmijf:t - 555m[zk‘:t]} + g *Fmiquw:tpq - iém[iFj}pkip (320)
3 . 1 A 1 . 3 -
= g Fmiksg) +  Yomigpka? £ 5 0ms Vipg@2P! F 3 Yimitpl@+”)
1 3
+ iém[1X|p\wﬂ:p]] + ZX[mwi’Lj] )
F . 3. ~p 3 - 3. -
Dy mtiji = VinTiijr F 3 Zmlijlp| @+ k) — izm[ijkik] - §Fm[iwijk]
3 3 o
= 5 Ymliglpl w5 £ 5 Vinfikacrg
_ 3 . R
= FA  OmAmi, + 1 0mli Zikpa@+" F 27 Z i p O£ iy (3.21)
3.21

3 1 A 3 N 3 -
- 155m[iw:|:jk] + Z*Fmijkpkip - §5m[iFj\p|wipk] — o F ik
3 3 . .
+ L OmliYikpgWt™ = Yimalpl W) £ 0mls Vjphs” £ Vimijhacr)
1

N 3 -
+ é *Xmijkpqw:tpq + iém[zX]kik’] ;

where, again, for simplicity we have suppressed the r, s indices on the form bilinears.!?

Upon using Hodge duality on M7, the domain of D7 can be identified with Q*(M7) ®
Q*(MT). Moreover it is clear from the TCFH above that the domain of D factorises
into the space of symmetric form bilinears, (3.4), and the space of skew-symmetric form
bilinears, (3.13). To understand this observe that the 16-dimensional Majorana representa-
tion, Ajg, of spin(8) decomposes under spin(7) into a sum of two 8-dimensional Majorana
representations, Ag. In turn the product of two Ajg viewed as representations of spin(7)
decompose as

®% Ag = A*(R") @ A*(R7) . (3.22)

Indeed, we note that dim(®%A16) = 24-2 = 2dim(A*(R")). However, we see that the mini-
mal TCFH connection preserves the symmetrised S?(Ajg) and skew-symmetrised A%(Aj)
subspaces of ®?Ag. Therefore, the reduced holonomy of D7 will be contained within
GL(136) x GL(120). However, the reduced holonomy of the minimal TCFH connection re-

0From now on, we shall always suppress the 7, s indices on the form bilinears that label the different
Killing spinors in all the TCFHs below.
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duces further to a subgroup of GL(133) x SO(7) x GL(112) as it acts with partial derivatives
on the scalars f, f, f and f , and with the Levi-Civita connection on k.

4 The TCFH of warped AdS,; backgrounds

4.1 Fields and Killing spinors

As in the previous cases, the bosonic fields of warped AdS,; backgrounds, AdS, x,, M9,
with internal space MY of massive ITA supergravity can be expressed as

g=2ete” + ()2 + (e%)? + g(M"), G=Xethe Ne*Ne"+Y,

H=H, F=F, S =me?®, d=0, (41)
where g(M?®) is a metric on M m is a constant, ®, X € C*®°(M%), F € Q?>(M"%), H €
Q3(M®) and Y € Q*(MS). Further,

et =du, e =dr— r%dz —2rA"YdA, e = Adz, e = Ae*ldr, e = el ydy”
(4.2)
is a pseudo-orthonormal frame on AdSs x,, M® with g(M%) = §;;e’e’, where y are the
coordinates of M® and (u, r, z, z) are the remaining coordinates of spacetime. As in previous
cases after a coordinate transformation the spacetime metric g can be put into standard
warped form g = A%g,(AdSy) + g(MP®), where A is the warp factor, A € C*°(M?Y), and
ge(AdSy) is the standard metric on AdSs with radius /.

Integrating the KSEs of massive ITA supergravity along the coordinates (u,r, z, x), one
finds that the Killing spinors can be expressed as € = €(u,r, z,z,04,7+), where o4 and
7+ are spinors that depend only on the coordinates of M% and T'roy = Iy = 0 [28].
Furthermore, the gravitino KSE restricts o4 and 7+ along M% as Dq(yjf )Xi = 0, where x4
stands for either o4 or 7+ and

D) =v,, + %A‘lamA + éﬂmru + ésrm + %Frmrn + ﬁy’rm F éxrmm, (4.3)
with V,,, m = 1,...,6, the spin connection of g(M?®). The Killing spinors satisfy two ad-
ditional algebraic KSEs. One is associated to the dilatino KSE of massive IIA supergravity
and the other arises as a consequence of the integration of the gravitino KSE over z. Both
are essential for identifying the Killing spinors of an AdSy background but they do not
contribute in the computation of TCFH on MS%. As a result, they will not be summarised
here.

Unlike for warped AdS3 backgrounds, the o4+ and 7+ Killing spinors are related by
a Clifford algebra operation. In particular, if o1 is a Killing spinor, then I' .04 is a 74
Killing spinor, i.e. it solves all three Killing spinor equations that the 7+ Killing spinors
satisfy [28]. Using this, one can demonstrate that the Killing spinors of AdS4 backgrounds
come in multiples of four.
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4.2 The TCFH of M®

The computation of the TCFH of warped AdS, backgrounds is similar to that of warped
AdS, and AdS3 cases that have already been described in some detail. Because of this we
shall be brief. A basis in the space of Killing spinor form bilinears'! on M9, up to Hodge
duality, which are symmetric in the exchange of Killing spinors x’. and % is

f:7|q:S <X 7X > f:":s = <X§:,F11Xi> , :ts = <Xr:t’Fin|:> ei’
L . 1 . )
Tis - <X 7F7’Z$F11Xi> ? wlnts 2 <Xi7 Fijz$Xsi> e' Ne’ s (4.4)
. 1 ) 1
o = 2 (X gzl ixd) e'nel, T = 3! (X% TieTxd) e Nel AeF

where again x4 stands for either o4 or 1. After some computation, the TCFH is

Dif:l: = vmf:l:
. 1 1 (4.5)
=TFA amAfi_ZSkim_g pqﬂ-i T F — *Ympki )
D] fi :=Vimnfs
. 1 , 1 S (4.6)
=FA 0 Afi mpk;i - Eympqrﬂ-i + Zinma
Dikiz = Vimksi + 4Hmpq7ri T i *Ympwi i
- 1 . 1 -
=+ A 18m14 kii - Z‘szsf:t + g *Fmipqw:tpq + 1szf:t (47)
1 . 1 . L.
+ S Omi Ypgo2! F 5 Vimpp 0Py F Xk,
F T 3 L, ~  pq 1 A D
Dmk:l:i =Vnki F 1 Hmpqﬂ':l: i 5 mpWE"q
B . 1 5 1 -
=FA 18m‘A ki F ﬁémz *Hpqrﬂ':l:qu + 5 *H[m\pq|77:tpqi] (4 8)
1 . 1 R R ’
- *Swimi + *6minqwipq - *F[ |p\wipi]
1
*szfi mzpqwi == X(szfi )
Dy @sij o= Vin@ij + Hm[i|p\‘:jﬂ:pj] + Pk F 5 *Ympﬁ':tpij
_ . 1 ~ 1
=FA 18mA W45 + 274 *sz'qu'rﬂﬂ:pqr + Z *Fmijpk:tp
(4.9)

1 . 3 o 3 -
+ 5 0mpiEphs” +  Fmik ) F 5 Vimlp| T2

1 - 1
£ 7 0mps Yipg 7™ £ 5 XOmlikj)

1We could have considered a more general class of bilinears like for example those that contain either a
single insertion of I'. or a single insertion of I'y, i.e. (x%,T>x%) and (x%,Tzx%) for scalars and similarly
for higher degree forms. However, the choices of form bilinears below will suffice.
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. . . 1 .

D] Wtij = Vim@iij + Hyjijp @+’ = 3 Fonlilpg T F Yonfik+]

_ . 1 o 3 .

= F AT On Ay — 580mikaj) £ 2 Flmijpg 7+
1 . 1 3
+ ﬁ(sm[z *Fj}pqrﬂ-:l:pqr + iam[l *Y}']pk:tp + Z *Y[mik:tj}

1
4

(4.10)

. 1.
+ ~Yinijpha? £ 15 Tmig »

- . 3 o .
D] #tijh o= VmFLiji F 3 Hpfijhsr — §Hm[z'jkik} +5 Fonfijip| W+ k)

3 .
T3 Y [i O+ k)

_ - 3 . o 1 R
= FA  Om AR F 3 0mli Hjpph+"” F 2" Hpijksn F 3 “Smijkpg0+"?  (4.11)

3 3 0 3 .
= 4Ol f F GOmls Fingpa®x? £ FlonilplOx"s) F 5 0mli Vilpl 0= s

3 N 1 ~ 3 .
T3 Yimi@ ) + ZYmijkf:I: + ZXém[iw:I:jk] )
where D7 is the minimal connection.

Similarly, a basis in the space of form bilinears on M%, up to Hodge duality, which are
skew-symmetric in the exchange of Killing spinors x/. and x% is

f:TI;S = <X§:7 szXj:> ) f:Tl‘:S = <X§:7 szFIIXj:> )
]%;S = <Xria FZZZ‘XSj:> ei7 ];;;8 = <Xria FZF11Xft> ei7
1 . , 1 . .
Wy = B} (X% Tigxi) ' ne, WY = B (e, TyTuxi) e nel, (4.12)
1 o
7-(;5 = ? <X;7F2Jkat> eZ A e] A\ ek .
The associated TCFH is
,Dif:l: = vmf:l:
. N 1, R I (4.13)
= q:A 8mAf:t _ZSk:I:m:FI Fmpqrﬂ—:t il*ympk:l: )
anzfo:t = v’rn.]gzl:
1 o 1 ~op 1 v 1 - (4.14)
=FA 8mAfi _ZFmpki ig*ypqﬂ'i miZinma
Fl, . - 1. 1 Pq 1 P
Dmk:ti =Vpkii + ZHmpq']T:l: i 5 mpW4 i
_ ~ 1 1 1
=T A9, Aky; — gswimi + gaminqwipq — iF[mWipi] (4.15)

1 A 1 N 1 o
+ Z *szf:t - gYmipqw:I:pq + ZX(szf:t )
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~ A~ 1 1 ~
Dik:tz =Vmki F Z *Hmpqﬂ:tpqi + 5 *Ympw:tpi

_ A 1 1
=FA 18mA kii ¥ ﬁémz *Hpqrﬂ':l:pqr + 5 *H[m\pq|77:tpqi]
(4.16)

1
S 5mi *qua}:tpq

1 o
*Fmipqw:tpq + Zszf:I: + 3

1 A 1
=86, -
45 fj::F8

1 5 1
3 Yim|p|@+"3 £ 7K wmi
- ~ 1
Dy wsij 1= Vinwij + Hmmp\%”j] + Fm[ikij] + *Ym[ﬂpq\ﬂi”qﬂ

= $A‘18mAwﬂj — Sﬂ'imzy:': szjpki + m[z ]]pki (4.17)

4
3 I 1 pgr 3 Pq I
+  Flmikag) + 750mliVipar T+ S Vimilpg 75 F §X Ormfikxj)
1
D7 wﬂj :—Vmwiw + Hm[”p‘wi 4 + Fmp7T:|: ij + Y [zk:i:j]

= FA 0 Adsi; — §S5m[ikiﬂ - 15m[iF|pq\7rip i

5 . ) 5 A (4.18)

+ o it ™45 £ 50mp Vipphe? £ 7 Vimikay)

+ EYmiij}:tp - I *Xmiqurﬂ-:l:p(IT s
Dl miijp =V 3H k e Fop — 2 _3
mTijk = VmTLijk F mlij :I:k:] mlijREk) — 5 m[iW+jK] 5 mliglp| WL k]
3

=F A" o) A7T:|:2]k + 5m[z jk]pki F2 H[mzjk:tk] S5m[iw:tjk:} ( )
4.19

1, 3 3 3
¥ mijhfx — S0mliFp @) = 5 Flmi®ajn] + S0mliVinpgw="

= Yimijip/w+"n F gém[i *ij]le: + é*Xmijkpqa):l:pq ;
where, again, D7 is the minimal connection.

The domain that the minimal TCFH connection D7 acts factorises into the space of
symmetric form bilinears, (4.4), and the space of skew-symmetric form bilinears, (4.12)
in the exchange of the two Killing spinors x’} and x%5. A direct counting of dimensions
reveals that the reduced holonomy of D7 must be contained in GL(64) x GL(64). But

as D7 acts trivially on the scalars f, f, f and f , its reduced holonomy is contained in
GL(62) x GL(62).

5 The TCFH of warped AdS,,, n > 5, backgrounds

5.1 Fields and Killing spinors

The bosonic fields of warped AdS,,, AdS,, x.,, M'9~" n > 5, backgrounds with internal
space M10=" of (massive) ITA backgrounds can be written as follows

g=2ete +( +Z )2+ g(M10m)

G=G, H=H, F=F S=me®, &=0,

~16 —



where g(M97") is a metric on M0~" m is a constant, ® € C°(M0~"), F € Q*(M10~"),
H € Q3(M™=") and G € QY M'9~"). For sufficiently large n, some of the fluxes may
vanish; for example G vanishes for n > 7. Further,

et =du, e =dr— %rdz —2rATYdA, € = Adz, e = Ae*/'dz®, € =€l dy’,
(5.2)
is a pseudo-orthonormal frame on AdS,, x,, M*0~" with g(M19~") = §;;e’e’, where y are
coordinates on M'°~" and (u,r, z, z%) are the remaining coordinates of the spacetime. As
in previous cases, A € C°° (M=) is the warp factor and after a coordinate transformation
the spacetime metric g can be written in the usual warped form involving the standard
metric on AdS,, of radius /.
Again the Killing spinors of these backgrounds can be expressed as € = €(u,, z, 2%, 04,
7+), where o1 and 74+ depend only on the coordinates of M~ and T'yoy = T'y7e = 0 [28].
Furthermore, the gravitino KSE along M!'9~" requires that D,(ﬁt ) x+ = 0 with

1 1 1 1 1
DEFE =V, + A9, A+ —H,T11 + =STp + —FT 01 + —¢T 5.3
m vm 2 m +8Hm 11+8 m+16F m 11+192$ m ( )
where V,,, m = 1,...,10 — n, is the spin connection of g(M'°~") and y. stands for either
04+ O T4.

TCFH of warped AdS,, backgrounds will be stated below for each n, 5 < n < 7. As
the computation is similar to those that have already been described in previous cases, we
shall simply state the results.

5.2 The TCFH of warped AdS5 backgrounds

A basis in the space of form bilinears'? on M®, up to Hodge duality, which are symmetric
in the exchange of Killing spinors x’. and x3 is

f2=0xg) s =0 Td) s A= 0 P D)

K = (X Tixd) e B = (X TiznaX3) € (5.4)
. A R 1 o
k’/‘is = <X;,Fiwlmzfnxi> e’ s w;s 5 <Xi,rz’jzm1m2Xi> el A e] .
The TCFH is
D}, f1 =V fs
1 1 1 N ~ g 1 N ° (55)
=FA 8mAf:t_ZSk:tmi§ Fmpqwﬂ: :FZ Gmf+,
D] fr :=Vmfs
B R 1 N DU (5.6)
= FA OnA fr— ZFmpk:t + Z Gpwi m
Dl fi =V fs
1 oo ) (5.7)
= :FA 7) Afi 4 mpqwi _*Skim+4Fmpki :F Gmfia

12As for warped AdS, backgrounds a more general class of form bilinears can be considered but the
choices below for all AdS,,, n > 5, backgrounds will suffice.
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D} k:l:z =Vpn k:l:z:F Hmpwzt z:l: G k:ﬁ:z
=FA 18 mAky; F H[m|p\wﬂ: 7 + 5mz pqw:I: - *5szf:|: (58)
1 * 1 * *
7 Frniph+? + ZFmifj: + dei Gphs? + 5 Gk,
Diz::l:z = le%ii

_ A 1 . 1
= FA 0, Aky; — 2Hm1pki Sw:l:mi F 5 Fmipk=? (5.9)
1 o 1 .
- Zszf:l: - gGmipqw:I:pqv

D ki i=Vimkyi + %Fmpaipi + %*Gmkii
= FA 9, Aky; — %Hmipl%g - iémS fa— éaminq@qu (5.10)
+ %F[m,p@ipi] + iémi Gpki? + %*G[mk:h] ,
Diisi; = V@ii; F Hjikaj) — Fonjikay

3
=FA 19 Awiw F Opli J]pki ¥ H[mzkij]

1 (5.11)
Hmz]fi 55 [kij]i le]fi m[z Fjjph?

2
3 o
4 [mzk:t]] + 5m[7, j]f:l: + sz]pk )
where V is the frame connection of g(M?).

A basis in the space of form bilinears on M?, up to Hodge duality, which are skew-
symmetric in the exchange of x" and x* is

= <X;7sz1x2Xft> ) ];:Tis = <X;7F1F11Xi> eiv
1 . . N 1 . .
Wi =5 (X Tigxd) e Ae, OF = 5 (X TyTxd) e nel, (5.12)
. 1 o
wris = 5 <Xria Fijzz1$2F11Xft> el A e] .
The TCFH is

anzf:t = v’rn.]?:l:

) L 1 1 (5.13)
=FA 0 Afi - 4 mpqwi e 3 Fmpqwi + - Gpwi m
- ~ . 1
Dikﬂ:z =Vmksi F - *Hmpw:tpi - 5 mpW:I:pz'
= FTA 10, Ak £ 5,m Hypglo+" F Hipp) 023 (5.14)

- 1 -
- Eswﬂ:mi + §5minqwipq - §F[m\p|wipi] — gCmipg=™
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N - 1 .
D) wiij i=Vimwiij + Hufip @=P ] + Fropikaj) £ 3 G mWutij

_ 1 . 1, - 1
= FA 0 Awy; £ g*sz'quwipq F 1 Fonij [+ + 55 i Fjppks? (5.15)
3 ~ 1
+ g Flmikis) £ 50mpi Glpjx” }i GlmtDsij]

Dy iy = Vmisij + Hm[ilp\‘*’ipj] + mem% J
= q:A_lamAcDiij S5m[zkij} F (5m[l g+ (5.16)
+ z*F milpl W5 = §5m[i e+ gsz‘jp/?&py
D) dsij = Vim@rij F Humpkag) F Frjip@’y = 1*GmWiij

3
=FA la Awizy :F(sm[z ]]pki + 5 H[mzk:l:j] + Hmz]fi

L ) ; (5.17)
ig Smijpqw+"? & 5 mli Fipg@+™ F F[WIP\wi jl

1
£ 5 0mpi Glpjws” }i Glmwaij] -

As the domain of the TCFH minimal connection, D7, factorises on the symmetric and
skew-symmetric form bilinears under the exchange of x’. and x% and after taking into
account the details of the action of D7 on the forms, one concludes that the reduced
holonomy of D7 is included in GL(20) x SO(5) x GL(35).

5.3 The TCFH of warped AdSg backgrounds

A basis in the space of form bilinears on M*, up to Hodge duality, which are symmetric in
the exchange of x’. and x% is

= <X§:7X8:I:> , TS = <X:|:aF11X:|:> A:T:s = <X:|:7FZC61932333X§:> ) (5.18)
f:7|q:S = <X:tyrzx11213F11Xfl:>v :I: = <X:|:aFiX:I:> e ) kr:i:s = <X;7Fi211x2x3xi> e'
The TCFH is
'Dif:l: =V ft
(5.19)
=FA O Afy — Sk‘im:F4 Frnphs?
'Difi :me:t
(5.20)
—F A OAfr — Fmpkip + — *Gk:im
D] fi ==V fs
(5.21)
=F A OA S — Skiqu 4*Fmpki ;
D;ngi :vmfi
1 (5.22)

_:FA 18 Af:t Fmpkzl:pj: *Gk:l:ma
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1 -
Dyksi :=Vimksi F 5 Huksi
_ 1 N « 1
=FA 1amA ki F §5mz *Hpk:tp + *H[mk:ti} - Z(szsf:t (523)
1 A 1 ~ 1 o
T 1* mif+ + ZFmifj: ¥ Zémi G,
F 1. 7 1 *
Dy k+i :=Vinks; F 5 Hnks

~ 1 1 ~
=+ A_lamA kii + 5677% *Hpkip + *H[mkiz} - Z5mzsfi (524)
1, 1 o 1. =
+ Z mzfi + Zlefi + Zémz Gf,

where V is the spin connection of g(M*?).
A basis in the space of form bilinears on M*, up to Hodge duality, which are skew-
symmetric in the exchange of x|, and x% is

R = (G TiTuxd) e B = (s Tinaan Tixd) e
(5.25)

1 ) )
wr:ts = 5 <X§:a FZijI:> eZ A e] , Wi =
The TCFH is
. - 1 o 1
Dl kg :=Vpke + 5 Hiki = 5 Frpws?

_ - 1 . . 1
=F A 0 Aky; £ §5mi *Hypk+? + "Hyp ko) — stimi (5.26)
1 1 1 -
+ ggminqw:l:pq - QF[m|p|w:|:pi] - gGmiqu:l:pq’
. .1, - 1 X
szkiz ::vmkii + 5 *Hmkii + 5 *Fmpwipi
- ) 1 " . 1
=F A 0 Ak + 5 Omi ‘Hpks? & “Hip ki) F 2 "Simipgo™ (5.27)
1 ~ 1 5 1
+ gémz *quw:l:pq + 5 *F[m\p|w:|:pi] + 1 *Gw:tmi )
D] wij i =Vimwtij + Hofipp) @5 + Fnfikisg)
_ 1 o 1 -
=FA ' 0pAws; F 1 “Smijpk+? + §5m[iFj]pk‘ip (5.28)
3 ~ 1 o
D) boij =Vmboij + Hufipw"s) £ Fnfiki

_ - 1 ~ 1 .
=F A 16mA Wi4j — §Sdm[ik:|:j] + §5m[i *Fj}pk‘ip (5.29)

3 o 1 ~
+ Z *F[mik:l:j] + ZGmijpk:tp .
Notice that the minimal TCFH connection, D7, acts on the form bilinears ki + I%i and
kr — ki as a connection gauging a scale symmetry of the type k + k— stk £ l?:),
s € R — {0}. Therefore the reduced holonomy of the minimal TCFH connection, D7, is
included in SO(5) x GL(1) x GL(20).
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5.4 The TCFH of warped AdS; backgrounds

A basis in the space of form bilinears on M3, up to Hodge duality, which are symmetric in
the exchange of x’. and x% is

:7|“:s = <X:|:>Xf|:> ) f;‘:s = <X:|:7F11X8:|:> ) '\:7;:5 = <X:|:>Fzzlx4Xf|:> 3

rs r s i (5.30)
P= (x4 Tixd) e .
The TCFH is
Dﬁfi ::vmfi
o 1 1, . . (5.31)
::FA am*Af:I:_ZSk’:I:m:FZ mf:i:v
,Dile: ::vmf:t
1 ~ 1 » (5.32)
::FA amAf:I: - ZFmpk:I: )
,Dif:l: ::vmle:
. . 1, 1, (5.33)
::FA amAf:I: :l:§ Hk:l:m:FZ me:l:a
Dl ki =V ki
(5.34)

1 A 1 1 ~
=+ A_lamA kii + iémz *Hfi - Zémzsfi + iszfi )

where V is the spin connection of g(M3).
A basis in the space of form bilinears of M3, up to Hodge duality, which are skew-
symmetric in the exchange of x|, and x% is

18 = (X%, Doy ooa DuiX) s K2 = (XL, Til1ixs) €, (5.35)
k:l:s = <X§:a File...x4Xi:> ez’ T:I:S = <XT:|:a Fizml...x4F11Xf|:> eZ,
The TCFH is
Di]@i ::vm]?i
1 ° 1 I 1- 1 £ (536)
::FA 8mfélf:l: + 5 Hk;:l:m - Zk:tm + ZFmpk:t )
F 7. 7 1 * 3
Dmkii =Vnkti F 5 Frk
_ ~ 1 o 1 A
=F A 0nAky; F B *H i f+ F 1 “Smipk+? (5.37)
1 o 1 o
+ Zémz *Fpk:tp + 9 *F[mk:tz] )
D;ﬁ/;}:tz Z:Vm/;?ii
1 ~ 1 o 1, ~ 1 o (538)
=+ A am14 kii - §Hmipkip + Z Smipkip - Zlefi 5
Fe o 1 . ~
Dipkzi :=Vmksi F 5 Pk
_ o 1 A 1 o
=+ A lamA k:i:i - 5 mipkzl:p - 155mzf:|: (539)

1 ~ 1 ~
+ Z‘sz *Fpkzl:p + 5 *F[mkiz] .
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As in the previous AdSg case, observe that the minimal TCFH connection, D7, acts on
k + k like gauging an additional gauge symmetry. Therefore the reduced holonomy of the
minimal TCFH connection, D7, is included in SO(3) x SO(3) x GL(1).

6 Symmetries of probes, AdS backgrounds and TCFHs

6.1 Probes and symmetries

The dynamics of relativistic and spinning particles propagating on warped AdS back-
grounds, AdS,, X, M'°~" have been investigated in detail in [24]. Here we shall summarise
some key properties of the dynamics of spinning particles which are relevant for the exam-
ples that we shall present below. As we shall consider examples for which the warp factor
is constant, the action of spinning particles propagating on the spacetime factorises to an
action on AdS,, and an action on the internal space M0~ The latter can be written as

v == [ dtdor,Dy oy’ (6.1)

where y = y(¢,0) is a worldline superfield, (¢,6) are the worldline coordinates, v is the
internal space metric and D? = i9;. Of course if M'°~" is the product of two or more
other manifolds, then the action Aj; factorises further into actions associated to each
manifold in the product.

It turns out that the infinitesimal variation

6yI = EO[I‘]lmeilDyjl .. Dy‘]’"*1 , (6.2)

associated with a m-form o on M'9~" is a (hidden) symmetry of Ay, iff « is a (standard)
KY form, where € is an infinitesimal parameter. Below we shall present several examples
of ITA AdS backgrounds where KY forms arise as a consequence of the TCFH on their
internal spaces. In this way, we shall provide a link between TCFHs and conservation laws
of probes propagating on such backgrounds.

6.2 Examples of TCFH and KY forms

There are many ITA AdS backgrounds that we can consider, see e.g. [26, 30-37]. As
the aim is to provide some examples of backgrounds for which the TCFHs give rise to
symmetries for spinning particle probes, we shall not be comprehensive and instead focus
on AdS backgrounds that arise as near horizon geometries of intersecting branes [38-40],
see also [41]. In the analysis that follows, we shall present an ansatz which includes the near
horizon geometry of intersecting branes under consideration and proceed to demonstrate
that the associated TCFH gives rise to KY forms on the internal space. In turn these
generate symmetries for spinning particle probes and so demonstrate a relation between
TCFHs and probe symmetries.

The formulae for the reduced field equations and KSEs on the internal space of a
warped AdS background that we shall use to construct the AdS solutions suitable for our
purposes can be found in [28]. As it has already been mentioned, these have been obtained
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after suitably solving the field equations and KSEs of the theory over the AdS subspace
and identifying the remaining equations on the internal space of these backgrounds. Here
we shall typically quote the relevant parts of these equations — for the derivation and the
full expressions of these equations the reader should consult the original reference.

6.2.1 An AdSj solution from a fundamental string on a NS5 brane

An example of an AdS3 solution arises as the near horizon geometry of a fundamental
string on a NS5-brane background. This configuration has played a prominent role in a
microscopic string theory counting of entropy for extreme black holes [42, 43]. An ansatz
which includes such a solution is

g = go(AdS3) 4+ g(RY) + ¢(S?), H = pdvoly(AdSs) + gdvol(S?), (6.3)

the dilaton is constant, ® = const, and the rest of the fields are set to zero, where gy(AdS3)
(9(S?)) and dvol,(AdS3) (dvol(S?)) are the standard metric and associated volume form of
AdS; (S3) of radius ¢ (unit radius), respectively, g(R*) is the Euclidean metric of R* and
p,q € R. From here on we shall adopt the same conventions for the AdS,, (S*¥) metric and
volume form in all the examples below — g(R™) will always denote the Euclidean metric
on R™. Note that R* can be replaced with any Ricci flat manifold, like for example K3,
but the choice of R* suffices for the purpose of this example. Moreover as the warp factor
A is constant and the radius ¢ of AdS3 has been kept arbitrary, without loss of generality,
we have set A = 1. Furthermore, the radius of S3 has been set to 1 after possibly an overall
rescaling of the spacetime metric and H.

To find a solution based on the ansatz (6.3), one has to determine p,q and ¢ after
solving the field and KSEs on the R* x S? internal space. As the ITA 4-form flux vanishes,
one has that X =Y = 0. Moreover a direct comparison of (3.1) with (6.3) reveals that
p=W and Z = qdvol(S?) .

To determine the remaining constants g and ¢, one first considers the field equation of
the dilaton &,

1 1
2 2 2
VP = —— 7+ -W* = 4
12 2 0, (64)

which implies that ¢ = W? = p?. Next, the Einstein field equations along the S? directions
and the field equation of the warp factor
0 Ly srs=25
Raﬁ = Z avyd B = aB
) 2 1, (6.5)
\% logA:—ﬁ—FiW =0,
respectively yield p> = W? = 4 and £ = 1, i.e. the AdS3 and S® subspaces have the same
radius and p,q = +2.
Turning attention to the KSEs, and focusing for simplicity on those on o, the dilatino
KSE, Ao, =0, with

1 1
A = EZFH — oWl (6.6)
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gives the condition I'(3)I";04 = —o 4 provided we choose!? p = ¢, where I'(3) is the product
of the three gamma matrices along the orthonormal directions tangent to the three sphere.
The additional algebraic KSE, 2404 = 0, which can be found in [28] with

1 1

+=—5; T W, (6.7)

[1]

that arises from the integration of the gravitino KSE along the z direction, results in the
condition I'yy04 = o4, where we have chosen p = 2. Therefore, we find that o4 is a
spacetime chiral spinor. The solution with p = —2 can be investigated in a similar way to
that for p = 2.

The gravitino KSE (3.3) along R* shows that the Killing spinors o satisfy the condi-
tion V];RZI o4 = 0 and so do not depend on the coordinates of R*. Furthermore, the gravitino
KSE along S3 can be written as:

1
Vo, + glalz0 =0, (6.8)
where we have made use of the conditions I'(3)[";0+ = —04 and I'1104 = 0. This does not
impose further constraints on 0. Therefore the only conditions on o are I'i3\I";0 = —0.

and I'1104 = 04 and so o4 has 4 independent components. A similar analysis of the KSEs
on o_ and 74+ spinors yields another 12 independent Killing spinors and so the solution
preserves 1/2 of supersymmetry as expected. Note that if R* is replaced by K3 or any
other 4-dimensional hyper-Kéahler manifold Q* and the orientation of Q* is chosen to be
compatible with the conditions I';3)I";04 = —o and I'1104+ = 04, the solution will again
preserve 1/2 of supersymmetry. The spinors o+ and 74 will be covariantly constant with
respect to the spin connection of the hyper-Kéhler metric on X*.
A consequence of (6.8) is that the bilinears

(K)o = (04, Ta0k),  (W¥)ap = (0%, Tapol), (78 )apy = (04 Tapyol),  (6.9)

are CCKY forms on S3, while the bilinears

(k) = (0%, Tal0%), (@5)as = (04, Taplz0%) s (R5)agy = (0%, Tagylz0), (6.10)
are KY forms on S3. The latter generate symmetries for spinning particle actions on S3.

6.2.2 An AdS; solution from intersecting D2- and D4-branes

An ansatz which includes the near horizon geometry of two D2- and two D4-branes inter-
secting on a O-brane is

g9 = ge(AdS2) + g(5*) + g(R?) + g(RY),

, (6.11)
G = dvoly(AdS2) A a+ dvol(S) A S,

with constant dilaton ® and all other remaining fields set to zero, where ¢ is the radius of
AdS, and o and 3 are constant 2-forms on R?.

13The treatment of p = —q case follows from that of p = ¢ in a straightforward manner.

— 24 —



Assuming that R* = R{(e3, e4, e5, eg)), there is an SO(4) transformation such that the
form o can be written as a = pe3 A et + ge® A eS. The isotropy group SO(2) x SO(2) of
a can then be used to choose § without loss of generality as

B=re*ret +senebtaed ne’ +bhet Aeltcet ne, (6.12)

where all components of « and [ are constants in R.

The Einstein equations along R* (with the two indices distinct) imply that cr = cs =
¢b=ca=0. Thusif c # 0, r = s = b = a = 0. Then the remaining Einstein equations
along R* give that p = ¢ = 0. Finally, the dilatino KSE for the ansatz (6.11) is

1 1
—= — = 1
(-5 + 57 ) me =0, (6.13)
and gives ¢ = (0. Therefore all fluxes vanish for this case, so to proceed we take ¢ = 0.

Setting ¢ = 0, the dilatino KSE as well as the gravitino KSE along R* can be written
for the fluxes (6.11) as

(=p+qh +To)(—r+sh) —aly —bI1I3)ny =0,
(—p—l—q[l—|—F(2)(—7"—|—811)—aIQ—bfllg)FHT]Jr =0, pu=3,45,6 (614)

where I; = I'sysg, Io = Fi)las, gy is the product of two gamma matrices along or-
thonormal directions tangent to S? and we have taken 7, to be constant along R*. Sep-
arating the Hertmitian and anti-Hermitian components of the above equations and using
that I1I'y, = —I',I; as well as the commutation relations of I', with I, one finds that
r,s =0 and

(¢li +p)ny =0, (b —a)ny =0, (ala+p)ny =0. (6.15)

These can be solved by restricting 14 to the eigenspaces of I1 and Is. In turn, one finds
that p, g, a, b are proportional to each other with proportionality factor of a sign. Therefore
in all cases, a®> = b?> = p? = ¢%. A similar analysis holds for the n_ Killing spinors. As each
eigenspace of I and I on either 74 or 77— has dimension 4, there are 8 Killing spinors that
solve the above KSEs.

After using that S? has radius 1, the Einstein equation along S? reveals that a® = 1.
In turn the field equation for the warp factor A gives ¢ = 1. Therefore AdSs and S? have
the same radius. All the remaining field equations are satisfied.

As the gravitino KSE along R? is satisfied, it remains to explore the gravito KSE along
S2. This can be written as

V. + grggam ~0. (6.16)

This does not impose any additional conditions on n4 and the same applies for the cor-
responding equation on 7_. Therefore the solution preserves 1/4 of supersymmetry. It
follows from this that the 1- and 2-form bilinears along S? and their duals are either KY
or CCKY forms. There are several KY forms. For example, one can easily show that
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(K5)a = (e, Tani) and (K5%)e = (0, Tal12ns) are KY forms. The KY forms generate

symmetries for spinning particles propagating on the internal space of these backgrounds.
The background can be generalised somewhat by replacing R* with any other 4-

dimensional hyper-Kihler manifold Q*. In such a case, X and Y are chosen as

X =p"\, Y =dvol(S*)Ad"\,, (6.17)

where \ are the 3 Kéhler forms of Q% associated with the hyper-complex structure and p”
and a” are constant 3-vectors. Under a frame SO(4) rotation both p" and a” transform as
SO(3) vectors. Moreover, the field equation for the magnetic component of the 3-form field
strength implies that §,sp"a® = 0, i.e. they are orthogonal. In such a case, there is an SO(4)
rotation such that p")\, = a with p? = ¢? and a"\, = B as in (6.12) withr = s =c =0
and a® = b%. Moreover the relative signs in the equalities p = +¢ and a = +b should
be chosen such that « and 8 have the same self-duality properties on Q*. After that the
previous analysis on R* can be repeated to solve both KSEs and field equations yielding a
new solution preserving again 1/4 of supersymmetry. The identification of the KY forms
on S? can be done as for Q* = R%.

6.2.3 AdSj3 solutions from intersecting D2- and D4-branes

An ansatz that includes the near horizon geometry AdSs of a D2- and a D4-brane inter-
secting on a 1-brane is

g = go(AdS3) + g(S%) + g(RY), G = dvoly(AdS3) Ao+ dvol(S®) A B,  (6.18)

with constant dilaton ® and all other remaining fields set to zero, where £ is the radius of
AdSs3 and a and § are constant 1-forms on R?.

First notice that the field equation for the magnetic component of the NS 3-form
implies that « A 8 = 0 and so « and [ are co-linear, i.e. they are proportional and so write
B = pa. Next the dilatino KSE on o4 and the algebraic KSE =0, = 0 imply that

1 1
(Pora+ ) o =0, (G+d)ar =0, (6.19)

where I'(3) is the product of three gamma matrices along orthonormal tangent directions of
S3 . i.e. the Clifford algebra element associated to dvoly(AdSs). The dilaton field equation
gives p = +1 and so a® = 32. Moreover the warp factor field equation yields a? = 4¢2.
Turning to the Einstein equation along S, one finds that
g3 2
Ry5 = ﬁéaﬂ . (6.20)

As S3 has unit radius, one concludes that £ = 1 and so a®> = 2 = 4. Therefore AdSs
and S% have the same radius. Furthermore, one can verify that all the remaining field
equations and KSEs are satisfied apart from the gravitino KSE along S3. This can be
written using (6.19) as

1
(Vf’ + 4FZ¢F,Y> oy =0, (6.21)
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and gives no additional conditions on 4. A similar analysis holds for the remaining Killing
spinors o_ and 74. As a result, the solution preserves 1/2 of supersymmetry.

To proceed one can consider the bilinears as in (6.10) and (6.9) and proceed to demon-
strate that these and their Hodge duals on S® are either KY or CCKY forms. The former
generate symmetries for spinning probes on S%. In particular ki, xwy and 74 are KY
forms on S3.

6.2.4 AdS; solutions from intersecting D2-branes and fundamental strings

An ansatz that includes the near horizon geometry of two D2-branes and a fundamental
string intersecting on a 0-brane is

9 = 9e(AdS) + g(5%) + g(R®)
G = dvoly(AdS2) N X, H = dvoly(AdSy) AW, (6.22)

with constant dilaton ® and all other remaining fields set to zero, where X and W are a
2-form and 1-form on R®, respectively.

The field equation for the magnetic part of the 2-form field strength implies that
iwX = 0. The dilaton field equation gives W2 = 1/4 X2 and the warp factor field
equations can be expressed as W2 = (72,

Taking R> = R((e,es,...,es5)), there is a SO(5) transformation, up to a possible
relabelling of the basis, such that X = A\ el Ae?+ Xy e® Ae? and A, Ay € R. Next if either
A1 or Ay vanish together with iy X = 0, one can show that the gravitino KSE on 74 along
R® becomes inconsistent. Therefore from now on, we take A, Ay # 0 and as iy X = 0, we
have W = pe®. Using this, the dilatino KSE yields

1 1
<2>\1 - §>\2F1234 +pF12F11F5) Ny =0. (6.23)
This together with the gravitino KSE along R® imply that

(Aolioga + A)ny =0, (pI'iol'ul's +Ai)nye =0 (6.24)

As a result A2 = \3 = p? = W2

Restricting the Einstein equation along S3, which has unit radius, yields A? = 4. The
warp factor field equation in turn gives £ = 1/2. Therefore the AdSs subspace has half the
radius of the internal space S3. It remains to explore the gravitino KSE along S3. This
can be rewritten as

1
(v§3 + 4)\1F12Fa> nye=0. (6.25)

This does not impose any additional conditions on n;. A similar analysis can be carried
out for the n_ Killing spinors. As a result the solution preserves 1/4 of supersymmetry as
a consequence of the conditions (6.24) on 14 and the analogous conditions on 7)_.

There are several form bilinears that one can consider on S2 like for example those
in (6.10) and (6.9) and their duals on S3. All of them are either KY or CCKY as a
consequence of (6.25). In particular, ki, xwi and 7y are KY forms and so generate
symmetries for spinning particles propagating on S3.
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7 Concluding remarks

We have presented all the TCFHs of massive IIA warped AdS backgrounds. In particular
we have shown that the form bilinears of supersymmetric AdS backgrounds satisfy a gen-
eralisation of CKY equation with respect to the TCFH connection. In addition we have
explored some of the properties of the minimal TCFH connection like its reduced holon-
omy. Furthermore we have investigated the question on whether the TCFHs give rise to
hidden symmetries for probes propagating on the internal space of AdS backgrounds. For
this we presented some examples of AdS backgrounds, namely those arising as near horizon
geometries of intersecting ITA branes, and demonstrated that some of their form bilinears
are KY forms. As a result they generate symmetries for spinning particles propagating
on the internal space of such backgrounds. This work, together with those in [24, 25],
completes the investigation of TCFHs of all warped AdS backgrounds of type II theories
in 10 and 11 dimensions.

The extent of the interplay between TCFHs and symmetries of probes propagating on
supersymmetric background remains open. There are certainly many examples of back-
grounds that the TCFH conditions coincide with those required for the invariance of probe
actions under transformations generated by the form bilinears. For example in the het-
erotic and common sector cases, all form bilinears generate symmetries for certain string
and particle probes. However for generic type II theories, the relation between TCFH and
probe symmetries can only be revealed on a case by case basis after exploring separately
the geometric properties of each background. The difficulties lie both in the lack of classi-
fication of supersymmetric backgrounds in type II theories and the plethora of probes [44]
that one can consider. A more systematic investigation will require developments both
in the understanding the supersymmetric backgrounds of type II theories as well a better
handle on probe actions and their symmetries.
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