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The (anti)self-dual covariantly constant vacuum fields have positive/stable and infinitely many zero
modes, so called Leutwyller chromons. A regularisation method is suggested that allows to sum the
contribution of the zero modes and to obtain the effective Lagrangian that has contribution of all
positive/stable modes and zero modes. In the second approach we integrated over the collective
coordinates of the nonlinearly interacting zero modes and obtained the same result. The last method
is a generalisation of the t'Hooft integration over the instanton zero mode collective coordinates. It
is important that both methods lead to the same result indicating the robustness of the logarithmic
structure of the effective Lagrangian.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In the earlier investigations of the covariantly constant vacuum
field configurations [1-4] it was realised that consideration of the
vacuum polarisation in the quadratic approximation displays an
apparent instability of the vacuum fields' due to the negative/un-
stable modes [5-17,19-27]. Here we are considering the (anti)self-
dual covariantly constant vacuum fields (25) that have only pos-
itive/stable and infinitely many zero modes, so called Leutwyller
chromons [11-13]. A regularisation method is suggested that al-
lows to sum the contribution of the zero modes and to obtain
the effective Lagrangian that contains the contribution of all pos-
itive/stable modes and zero modes (36). In the second approach
we integrated over the collective coordinates of the nonlinearly in-
teracting zero modes and obtained the same result (48). The last
method is a generalisation of the t’Hooft integration over the in-
stanton zero mode collective coordinates [18]. It is important that
the zero modes contribution that was calculated in terms of in-
frared regularisation of the spectrum (32), (33), (35) and then by
integration over collective coordinates of interacting zero modes
(45), both lead to the same result indicating the robustness of the
logarithmic structure of the effective Lagrangian [1].

E-mail address: savvidy@inp.demokritos.gr.
1 Here, and afterwards, the phrase “vacuum fields” refers to the gauge fields that
are the solutions of the sourseless Yang-Mills equation and, in particular, the covari-
antly constant gauge fields [3].
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2. Euclidean path integral

The amplitudes and the effective Lagrangians [29-31] in Yang-
Mills theory [3,4,32] can be analysed in the Euclidean path integral
representation [18,28]. The quantum-mechanical physical states
are described by the gauge-invariant wave functionals wn[;\] =
(7\|En), and the matrix elements of the operator exp (—HyyT) are
represented in the following form [11,12,28]:

(A'Je T Ay = e BTy [A Ty [A]

=N | DA(z)eSElA®]

:’M\:bl

= Nfe—fd“xﬁeff(A/,A), 1)

where Hyy wn[;\] = Entp[;\]. The left-hand side involves quantities
defined in a physical space-time with the Yang-Mills Hamiltonian

1 - -
Hym =3 / [ B+ (HD?]. (2)

While the right-hand side of the equation (1) involves an inte-
gral over the Euclidean field configurations A?(?c, 7) that have the
proper boundary values

A{ (%, 0) = A] (%),

The Euclidean action is given by

AYR, T) = AlCR). (3)

1 4.,~a a
Sp= Z/d G, G (4)
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where xg — —ixg = —it, Ag — iAg and G;‘W(A) =0, A — 8UA‘,’L +
gf“bCAZA,C). The real electric field corresponds to an imaginary
electric field in Euclidean space E — iE. In order to analyse the
behaviour of vacuum fields in the vicinity of a given interpolating-
vacuum field B“ (x) that starts at A“(x) and ends at A’a(x) we will
represent the ﬂuctuatmg field in the form

Al (x) = B}, (x) +aj, (x) (5)

and expand the field strength Gi’w(A) in powers of quantum field
aZ(X) that has the zero boundary values

Giv(A) = GZ,V(B) + Vzb ab vabab + gfabc b4 . (6)

where Vf}’a'l’) = d,af + gf”chzaf) is a covariant derivative with
respect to the vacuum field Bi’L(x) and [V, Vv, = gf“Cbew(B).
For the Euclidean action (4) we will have

1
Sp = 3 / d4xG§'w(B)wa(B)+ f d4xGZU(B)V,‘lba?, +
1
+Z/d4x<(v;aLb b vabab +gfabc b C)2

+2G%, (B) fa}af)). (7)

The vacuum field B‘; is supposed to satisfy the Euclidean YM equa-
tion:

V,.Guv(B) =0, (8)

so that the second term in (7) that is linear in a‘L (x) vanishes and
the effective Lagrangian is a gauge invariant functional [3]. The
quadratic part of the action has the following form:

1
I<E — Z /d4x[(v;b l])) _ Vab b) +2gGa U(B)fabc C:I' (9)

The positive eigenvalues of the quadratic form provide exponential
decay of the amplitude e~Xt and will be referred as stable, while
the negative eigenvalues produce a divergency of the amplitude in
the directions of the corresponding eigenfunctions and will be re-
ferred as unstable. The nonlinear terms in the Euclidean Lagrangian
(7) are cubic and quartic in the quantum field a” (x):

VE:/d4x(—gf”bc ba va;’adJr f‘”’C as, ) (10)

The vacuum field BZ(X) is stable if the action associated with it
is smaller than the action of all neighbouring fields. In that re-
spect the one-loop approximation makes sense if the amplitude
e~Xe (9) decay in all directions of the quantum field af, (x), that
is, all eigenvalues of the quadratic form Kg are positive. If some
of the eigenvalues are negative, the vacuum field Bft(x) displays
an apparent instability, and stability should be reconsidered by in-
cluding the interaction Vg (10) of the quantum field a;’L(x).

We will specify the boundary fields to be equal A{(X) = A{?(X),
to be the covariantly constant fields [33,3,4] that obey the equation
(8). The particular vacuum field BZ(X) has the following form?:

a l a
BM(X):—EFMUXV(S3, (11)
where the vectors E; and H; can be aligned with the z-axis by two
independent rotations [11]:

2 The covariantly constant chromomagnetic fields fulfil the equation VyGuv(B) =
0 [3], which defines a much larger class of Lorentz invariant vacuum field configu-
rations than the one of the form (11).
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Fi2=H, F3=E. (12)

The Euclidean gauge invariants are: g = ;G%,G%, = Z;Ez and
the Gg = }lGZUG‘}w = HE. In the quadratic approximation (9) the

stability analyses reduces to the following eigenvalue problem:

—Va (Vi — VEaS) + gf PG, S, = hal. (13)

It is convenient to decompose the field a;, into the neutral and
charged components’:

— (3 - 1 a2 -1 _ 2
_(au,au,aﬂ), ay =a, +iay,, a,=a, —iay. (14)

For the neutral and charged components we will get:

—0u (ua, — dyay) = Aay
=V (Vypay — Vyay) +igFpa, = Aay, (15)

where V,, =3, — JigF,yx,. Taking into account that [V, V,] =
igF,,» and imposing the background gauge fixing condition on the
quantum field V%a?, = 0 [3,4,18] we will get for the charged com-
ponents the following equation:

—=VuVuay +2igFva, = Aay . (16)

For the vacuum field (11), (12) we will get

Ho=—-V,V,
: g’
= =0} = 93 +igH(ud —x10) + S H (G +x7)
2
—832—a§+igE(Xo83—X3ao)+gZEZ(X§+x5), (17)

and Hy is a sum of isomorphic oscillators in the (1,2) and (3, 0)
planes. The operators [11,12]
Ci=d+ %Hx,-, ct

1

:—8i+§Hx,-, i=1,2

dj=3j+§5xj, dj':—aj—i—%Exj, i=3.0 (18)

allow to represent Hy in the form Ho = (¢ +ic] )(c1 —ic2) + (d5 +
idar)(d3 —1idg) + gH + gE. The eigenstates of the operator Hg there-
fore are:
Ynm = (¢ +ic)™(d5 +id]) ™Yoo

= (gH)" (x1 +ix2)"(gE)™ (x3 + ix0) ™ Y00, (19)

_gH2. 2y _8En2. 0 . .
where ygg = e~ 7 ¥11t%2) e~ (X37%) and the corresponding eigen-

values HoY¥rmm = Ao¥nm are:
All eigenstates have infinite degeneracy because the states

Ynm (o, Mo) = (¢ — idg )™ Ynm (21)

have identical eigenvalues (20) and are indexed by two integers
np,mp =0, 1, 2.... The eigenstates of the charged field (14) are de-
fined by the operator

ic)"(dy —

Hyy =—8guwViVy —2igF (22)
and have the following form:
b=aj+iay, b~

=ay—iay, h=as+iag, h™ =a3—iap. (23)

3 We will consider the SU(2) gauge group in the remaining part of the article.
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Thus the eigenvalues of the operator H,, will take the following
form:

b™: Mm=Q@n+1)gH+ (2m+1)gE +2gH
b: X=Q@n+1)gH+ (2m+1)gE —2gH
h™: A=Q@n+1)gH+ (2m+1)gE + 2gE
h: l=Q@n+1)gH+ (2m+1)gE — 2gE, (24)

where n,m =0, 1,2.... The conjugate field a, has the identical
eigenvalues A;, i =5, ..., 8.

The negative eigenvalues appear in Az,As4 when E # H, and
only in the case of (anti)self-dual vacuum field [11,12]

E=H (25)

there are no negative/unstable eigenvalues in the spectrum. It fol-
lows that when n = m = 0, there is an infinite number of zero
eigenvalues Ay = A4 = 0 that appear due to the high symmetry
of the self-dual field E = H and the degeneracy (21). These are
Leutwyller zero mode chromons, and they are linear combinations
of (21) (b~ =ay —iap =0, h™ =a3 —iag=0):

a1 (§) =iaz(&) =Y &ymy (] —ic3)™(d] —id{)™ o0
ng,Mo
az(n) =iao() = Y Nngmy (cf —ic3)"(d3 — idd)™ oo, (26)
ng, Mo

where we introduced the zero-mode complex amplitudes (collec-
tive coordinates) &nym, and 7nym,, generalising the t'Hooft instan-
ton zero mode collective coordinates [18]. On the zero mode eigen-
functions the quadratic form (9) vanishes Kr = 0 and the stability
of the vacuum field B‘l’L (x) is determined by the nonlinear interac-
tion term Vg (10).

3. The effective Lagrangian and the contribution of
positive/stable modes

First let us calculate the contribution of positive/stable eigen-
values of the quadratic form K which is defined through the
determinants of the operators H,, and Ho [3,4]:

£

positive modes

1
V3T = 5 InDetH — In DetHg

1
= EDeg Z Inij(n,m) — Dengnko(n, m)

n,m,i n,m

Z—EDeg/ d_se—Zn.mMi(n,m)s
2 s

ds
+Degf ?e_vam“(”'m)s, (27)

2
where Deg = (%) V3T is the degeneracy of the eigenstates (21).
Substituting the eigenvalues (24) we will get

m __ 1 [ds_gH®
ﬂpositive modes . (28)
872 ) s sinh?gHs
By using the renormalisation condition [1,2]
aL
E'gzﬁw“ =1 (29)

where Fg = %wac‘/’w = H? for the contribution of the posi-

tive/stable modes, we will get:
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£ _ / dj[ﬂ
positive modes — 8772 S sinh2 gHs
g2H? g2H?u?s cosh u?s
~ sinh? u2s sinh® u2s ]
——ngz[l @—1]. (30)
4872 A

The contribution of the zero mode eigenstates (26) should be con-
sidered separately. The zero-mode amplitudes are not suppressed
by the exponent e~ XE, because K =0, and the amplitudes can
grow unbound. It merely means that the integration in these direc-
tions is not Gaussian [18] and the zero modes contribution should
be calculated by integration over collective coordinates (26):

zero modes Deg
a _ / " ’ i
1_[ Dal/« =] 1_[ dsﬂomod nomodnnomodnnomo’ (31)
a, ng,mo=0

where &ymy = &y + Enomo» Momo = Mhomg + iMngm, and J* is the
Jacobian factor [18,34]. In order to calculate the contribution of
zero modes we will suggest two alternative methods, the method
of infrared regularisation and the integration over collective co-
ordinates of interacting zero modes. Both methods, the infrared
regularisation and integration over the collective coordinates, lead
to the same result (36), (48).

4. Infrared regularisation of zero modes

Let us infinitesimally elevate the zero mode spectrum (24) by
adding the terms agH and agE to the zero eigenvalues spectrum
(24):

Mm=02n+1)gH+ 2m+1)gE —2gH +agH
M=02n+1)gH+ 2m+1)gE —2gE + agE, (32)

where « is a dimensionless infinitesimal parameter. As we will see,
the result does not depend on «. The contribution of these modes
AMa=(2n+2m+a)gH at n=m =0 will be

212
1 g H ds _agH
Ezeromodesz_2 472 /?e i (33)

Thus the contribution of positive (28) and zero modes (33) will
take the following form:

1 _ »(M (1
LE - Epositive modes + L:zero modes
1 ds[ g’H? 2.9 —weH
=——— | | —2——— +g°H% *¢ 5]. (34)
272 ) s L4sinh? gHs

By using the renormalisation condition (29) for the effective La-
grangian we will get

Lg):—L E[ gH g’
2n2 ) s l4sinh®?gHs  4sinh? u2s
g2H?p%s cosh u?s (35)
4sinh3 u2s

2
+g2H2 (e—agHs _ e—au.zs + ag S e—au.zs):l

B ngzl:

2g%H?
- S 1]
4872

g2H2 2g2H2
° [Eaa

4572 Iu4

4 The Jacobian J here is a gauge field strength independent function.



G. Savvidy

The Lagrangian does not depend on the infrared regularisation pa-
rameter «. The effective Lagrangian will take the following form:

nngz[l 2g%H? _1]'

Lp = H?
£ + 4872 uA

(36)

There is a perfect consistency between this result and the one ob-
tained in a physical space-time [1,17]:

11g2Fr. 2g%F 1
Lyy =—F — g [l g——l],

a a
1872 A F=3GGlw > 0.
(37)

As it was already mentioned, the electric field in a physical space-
time E corresponds to an imaginary electric field in Euclidian
space E — iE, therefore one can map the gauge invariant opera-
tors as
1 -2, 72

f_z( E) = E(H + E%)g = FE, (38)
and the effective Lagrangian (37) transforms into the Euclidean ef-
fective Lagrangian (36).

5. Nonlinear interaction of zero modes

Here we will turn to the second approach taking into account
a nonlinear interaction of zero modes performing the integration
(31) over the collective coordinates in the zero-mode directions.
The cubic self-interaction term (10) vanishes in the zero mode di-
rections (26):

vy = /d4x e®abat, vial = 0. (39)

The quartic interaction term is not vanishing, and the path integral
has the following form:
zero modes

2
g4 /d4x(€abc b c) ] l_[ Da?p
a,u

(40)

zzero modes — N/ exp [

where the integration is over all interacting zero modes. The zero
mode partition function (40), if expanded in the coupling constant
g2, will generate an infinite number of multi-loop diagrams, and
it seems impossible to calculate them. Nevertheless the exact cal-
culation of the zero mode partition function is possible because
the field strength dependence within the path integral (40) can be
factorised. In terms of collective coordinates the zero mode inter-
action term has the following form:

"

= g;/d“x(’ Z Snomolﬂoo(no,mo;x)‘z

np,Mo

gz
Vg = I/d“X(EabCab ac

2,2
+’ Z ﬂnomol/foo(ﬂo,moix)’ ) ; (41)
nop,MmMo

and the corresponding partition function will take the following

form®:

5 I would like to thank Konstantin Savvidy for pointing out to me the possibility
of such generalisation.
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Z zero modes

:/exp{ &H)Z/Q Z &nomo Voo (Mo, mo,y)‘

np,Mp

+‘ Z Tinomo%o(no,mo;y)‘ ) d4y]

No,Mo

Deg
»] 1_[ M’4d§n0m0déngmgdn;lomgdni/”l/gmo’ (42)
np,mo

where we introduced the dimensionless coordinates y; = x;(gH)!/2
in the integral Vg allowing to factorise the field strength de-
pendence in the exponent of the path integral (42). The wave
functions g (g, mo; x) were normalised, and in terms of the di-
mensionless coordinates they are:

Yoo(ng, mo; y)

_ 01—y s —iyo)™ { B
(w22motmot2ngimg!)1/2

yi+ys+yi+yd
4

By introducing the dimensionless collective coordinates (¢,7n) —
&, m/(gH)/? we will get

}. (43)

Z zero modes

:/exp{ — g;/(’ Z Enomollfnomo(J’)lz

+ ‘ Z 771101710%0’“0(}/)‘2)2 d'y ]

np,Mmo
Deg

J 1_[ ( ) A&30mo Bngmo Mgmo Mngmo- (44)

np,Mo
The field strength dependence completely factorises and we have

4

w
Zzero modes = N 1_[ ( 2H2>
ng,mo
4 Deg _gH 2H o
=N(ggH2> =Ne 4 "t 0 (45)

where

N=/exp{— %2/(’ Z gnom(ﬂpnomo()’)‘z
nop,Mo

| 2 momovnome | ) 'y )

ng,Mg
Deg
-l l_[ dénomodéjﬂomodnnomodnnomo (46)
ng,mp
In the limit T — oo we have Z,, . — Ne~LeffVsT and from

(45) for the zero modes contribution we will get
g?H?  g?H?

=—1In .

4772 /1«4

(47)

ﬁinteracting zero modes =

The effective Lagrangian is a sum of positive/stable (30) and inter-
acting zero modes (47):

ff _ M
L =H+r

positive modes + ﬁinteracting zero modes

=H2+

11g Hz[l 2g%H? _1]7 (48)

4872 75
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and coincides with our previous results (36). It is remarkable that
the zero modes contribution that was calculated in terms of in-
frared regularisation of the spectrum (32), (33), (35) and then by
integration over collective coordinates of interacting zero modes
(45), both lead to the same result indicating the robustness of the
logarithmic structure of the effective Lagrangian [1].

6. Conclusion

It is appealing to notice that the stability of a larger class of
vacuum fields that were considered in the literature [36-46] allows
to conjecture that the Yang-Mills vacuum is a highly degenerate
state. Some of these vacuum fields expose a natural chaotic be-
haviour [36-42]. In this respect one should ask whether there are
other physical systems that have high degeneracy of the vacuum
state as it is the case in the Yang-Mills theory [35]. Turning to the
statistical spin systems, one can observe that the classical 3D Ising
system has a double degeneracy of the vacuum state and of all its
excited states. It is this symmetry that allows to construct a dual
gauge invariant representation of the 3D Ising model [47]. The ex-
tensions of the 3D Ising model that have a direct ferromagnetic
and one quarter of the next to nearest neighbour antiferromag-
netic interaction constructed in [48], as well as a model with a
zero intersection coupling constant (k = 0) [49,50,52,53], have ex-
ponential degeneracy of the vacuum state. In recent publications this
symmetry was referred to as the subsystem symmetry [56]. This
higher symmetry allows to construct the dual representations of
the same systems and in various dimensions [49-51]. As a conse-
quence of the high degeneracy of the vacuum state, these systems
have rich physical properties, including a glass behaviour [54,55],
exotic fracton excitations [56] and was suggested a as high density
memory device in [57].
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