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P~? expansion of the lattice quasi PDFs. Similar to deep-inelastic scattering, there are two
distinct perturbative scales in the threshold limit where the matching coefficient can be
factorized into a space-like jet function at scale P*|1 — y| and a pair of heavy-light Sudakov
form factors at scale P?. The matching formula allows us to derive a full renormalization
group resummation of large threshold logarithms, and the result is consistent with the known
calculation to the next-to-next to leading order (NNLO). This paves the way for direct large-
x PDFs calculations in lattice QCD. As by-products, we find that the space-like jet function
is related to a time-like version calculated previously through analytic continuation, and the
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as well in the large momentum expansion of quasi transverse-momentum-dependent PDFs
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1 Introduction

The parton distribution functions (PDFs) are universal objects in high energy quantum
chromodynamics (QCD). On one hand, they are non-perturbative scaling functions under-
lining the prior-QCD Bjorken-scaling relation [1] for the total cross section of ep collision.
On the other hand, in modern languages, they are intrinsic non-perturbative distribution
functions describing the internal distribution of quarks and gluons in hadrons (e.g. proton).
In the large Q2 limit of many experimental processes ranging from inclusive deep-inelastic
scattering (DIS) to the Drell-Yan (DY) pair production, the total cross sections can be
expressed in terms of perturbative Q? dependent hard coefficients convoluted with the
PDFs, allowing the later to be extracted from experimental data, such as ATLASpdf21 [2],
NNPDF4.0 [3], MSHT20 [4], CT18 [5], ABMP16 [6], HERAPDF2.0 [7] and JR14 [8].
However, the extraction of PDF at large-x still suffers from large uncertainties (e.g.
5%-10% relative uncertainties for > 0.7), although this region of x is important for
understanding property of strong interaction such as color confinement [9], isospin depen-
dence [10-12], spin structure [13-16] and EMC effect [17, 18], as well as to detect beyond
standard model effects in colliders [19-21]. One reason for the large relative uncertainties
at large-x is because PDFs fall to zero quickly as * — 1, which means the experimental
data sensitive to large-x are relatively low in statistics. Another reason for the lacking
of accuracy for large-x PDF extraction is due to additional complexity on the theoretical
side: in addition to the standard large % logarithms that can be controlled by OPE
and asymptotic freedom, near threshold region for various processes such as DIS, DY
In?"~1(1—z) In?"2(1—x)

1-z ? 1-z
at O (a?), due to presence of additional scales of the form (1 — x)Q?, and requires re-

and Higgs boson production, there are threshold logarithms ~

summation in order to make controlled prediction. The attempt trying to re-sum these
threshold logarithms dates back to early days of QCD [22, 23] and has been investigated
more systematically [24-31] in the framework of soft-collinear effective theory (SCET) and
renormalization group equations [32-34]. At the practical level, threshold resummation has
been implemented in some global fittings such as [35-39], but uncertainties are still large.

In recent years, large-momentum effective theory (LaMET) [40-43] has been proposed
to provide an effective method to calculate the x-dependence of PDFs directly from lattice
QCD without the fitting of unknown functional forms. For example, quark isovector PDFs
have been calculated based on LaMET [44-64]. The most common choice in LaMET



applications is to start from the equal-time matrix element motivated from ordinary
momentum distribution (quasi-PDF)

= X dz . b= - o [F

Fupma() =p= [~ e = Plones i [ 4 |wo|P). (1)
—00

describing the distribution of k* = yP? of quark-parton inside the hadron state |P). At

large P?, the large momentum expansion allows the quasi-PDF to be expressed in terms of

the non-perturbative PDFs and perturbative matching coefficients, in a way similar to that

of the DIS structure function'

2

f(y, Pz,oz(u)) = /1 d:EC(y, :EPZ’Q(M))f<$,a(u)> + O<A§3D> . (1.2)

T\ T :

Notice our PDF f(z, i) is defined as the light-front correlator

faa) =P [~ e (i Penig [ A% [uo)|P).
(1.3)

It is a universal quantity in renormalization schemes where there are no renormalon
ambiguities in the S function and anomalous dimensions. However, it is known [65, 66] that

in the matching kernel C <§ ) xuﬂ’ a(,u)), to arbitrary order n in perturbation theory (PT)

In?n—t1—¢ Im?2|1-¢

there are threshold singularities as & — 1 of the forms > T—¢ .. sometimes

called threshold logarithms. These singularities blow up as the order of perturbation
theory increases and must be re-summed for precise calculations of quark-PDF f(x) even
at moderate z.

The main goal of this paper is to perform a systematic study/resummation of these
threshold logarithms in the perturbative matching kernel C in the case of quark non-singlet
PDF. It is sufficient to study the y — 1 limit for the perturbative quark quasi-PDF in
an on-shell quark state with momentum p* > 0, and then recover C by the substitution
p* = |[zP?| and y — ¥ = £. It turns out that all the contributions at power (1 — o1,
including all the threshold logarithms as well as the §(1 —¢) term can be re-summed through
the factorization formula

2
4

(&2 atn) \H —H (m = ,a<u>> pp((1- 9ptn ‘ff,aw)) SR

to all orders in perturbation theory. The above formula is based on the leading region of
the threshold limit for quasi-PDF as shown in figure 1 and is similar in spirit to that for
deep inelastic scattering (DIS) [22, 30]. The hard kernel H is real, and is the absolute value
of a pair of universal heavy-light Sudakov form factors, due to the hard exchanges around
the quark-link vertices at hard scale 4p*. On the other hand, the modified jet function
J¢ (defined in eq. (4.6)) combines the space-like heavy-quark jet function J (defined in

!The contribution from z < 0 is due to anti-quarks.



Figure 1. The depiction of the threshold factorization of the quark quasi-PDF. The orange lines
represent the incoming and outgoing collinear quark, the purple blobs represent the hard kernel H,
and the jet function, formed by gluons in the blue blob re-sums all the semi-hard exchanges at scale
|1 — £|p® between the collinear quark and the static gauge link.

eq. (3.6)) re-summing all the soft gluon exchanges at the semi-hard or intermediate scale
|€ — 1|p®, together with the phase of the heavy-light Sudakov form factors. In the rest
of the paper we will present their definitions, renormalization group equations (RGEs)
and anomalous dimensions, and make explicit comparison with the exact NNLO result
of quasi-PDF [67, 68]. Notice that H and p*Jy are dimensionless separately. In a future
publication, we will apply our threshold resummation formalism to extract NNLO threshold
resummed pion and proton (lattice) PDFs, understood as approximations to the universal
light-cone PDFs defined in eq. (1.3).

The organization of the paper is as follows. In section 2, we summarize our main results
including the factorization formula in the threshold limit as well as RGE resummed form of
the matching kernel.

In section 3, we discuss the spacetime picture underlying the threshold limit of the DIS
and the quasi-PDF, emphasizing the emergence of scale separation. This naturally leads
us to define a space-like heavy-quark jet function J in terms of light-like and space-like
gauge links. We present its result at NLO, and show that it relates to time-like jet function
in ref. [69] by a simple analytic continuation at NNLO. We also present its RGE and
anomalous dimensions.

In section 4, we review the heavy-light Sudakov form factor that appears in large
momentum expansion of quasi-TMDPDF [70-75] and quasi-LEWF [76], in particular, its
imaginary part. We redefine the jet function by absorbing the phase of the hard kernel
into the jet function, leaving the hard kernel real and the same as the hard kernel for
quasi-TMDPDF. We show that our NLO jet function and hard kernel reproduce the
threshold limit of quasi-PDF.

In section 5, we investigate the threshold limit at NNLO, utilizing the known two-loop
anomalous dimensions [72, 76, 77] and the NNLO jet function in ref. [69]. We show that
our prediction completely agrees with the threshold limit extracted directly from the full



two-loop matching kernel [67, 68]. Furthermore, we extracted the constant terms of the
NNLO heavy-light Sudakov form factor.

In section 6, we investigate further the RGEs and anomalous dimensions. Using relations
among the anomalous dimensions, we show that the RGE of the perturbative matching
kernel in the threshold limit matches precisely with the threshold limit of the DGLAP
kernel. Using the RGE of the hard kernel and jet function, we derive the fully resummed
form of the matching kernel in momentum space.

Finally, we conclude in section 7. Some technical details are collected in appendices.

2 Summary of the main results

In this section, we summarize the main results of the paper. The purpose of this section is
to allow the readers to use the main results without going through the entire paper. We
may refer to the anomalous dimensions and fixed-ordered results appearing later in the text.
For notation simplicity in this paper, we use a = ay; = % to denote the strong-coupling
constant. At the heart of the paper is the factorization formula, stating that the MS scheme
matching kernel between quasi-PDF and PDF, defined in eq. (1.2), in the threshold limit
& — 1, factorizes into two heavy-light Sudakov form factors H and a modified jet function
Jy as:

xP?
c(eat)| = H(Laa()leP (1= OaP Luat) . ()
E—1
In this formula, one has

1. H(Lz, a(u)) with L, = In (Mj#) is the heavy-light Sudakov form factor, re-summing

the hard exchanges at the scale ¢, = 42?P2 around the quark-link vertices. The

renormalization group equation for the hard kernel reads

T In H (L, () = Teusp(@) L + T (), (2.2)
where T'oygp is the light-like cusp anomalous dimension [78] and is known up to four
loops [79, 80], and A is the same anomalous dimension ¢ arising in the context of
large momentum expansion of transverse momentum dependent quantities [43, 72, 76].
The explicit formulas for I'cysp and 4y up to two loops are given in eq. (A.1) and
eq. (A.13) respectively.

2. The modified jet function Jf<(1 —&)zP? L, a(u)) is another perturbative calculable
object. It combines a space-like heavy-quark jet function (defined in eq. (3.6)) re-
summing all the soft gluon exchanges at the semi-hard scale /¢; = [£ — 1||xP?|
between the incoming collinear quark and the static gauge-link, together with the
phase of the heavy-light Sudakov form factors at the scale (,. It is perturbative
calculable when Aqcp < | — 1||zP?| < |z P?| and our result is only valid for  and



¢ = y/x that satisfy the above constraint. The evolution equation for the jet function
in momentum space reads

d
dlnﬂJf(u—g)xPz,Lz,a(m) == (3s+TeuspLz) J¢ (1= €)2P?, Lz, alp))
Jf((l_gl)xPZ7L27a(/’L)>
— 2l cusp P d¢’, (2.3)
¢>€ §'—=¢

where 7 is another anomalous dimension [69] given explicitly in eq. (3.12), and our
principle value or plus function P is defined in eq. (3.16).

Given the RGE of the various pieces, one can resum large logarithms by evolving from
the natural scales of each individual piece to the common renormalization scale p that
matches with the PDF. More precisely, in the Sudakov form factor (including the phase
factor) one evolves from (. to u, while in the heavy-quark jet function J (without the phase
factor) one evolves from /(; = |1 — &||zP?| to p. In practical calculations, one can choose
V¢ = |1 — y|P? during matching or v/¢; = |1 — z|P? during the inverse matching to avoid
Landau pole singularities, and the differences of scale choice during the convolutions are
higher O(1 — y) corrections in the threshold factorization. We will test the scale choice
numerically in later work. The details of the evolution are similar to that in [30] and
provided in section 6. To summarize, the RGE resummed form of the matching coefficient
reads

c (amupz,a(u))

—H (L. =0,a(v/Z0) ) exp | 25(v/Goob) ~28(/Gop) (VG s (/G

><J<lz——26n,a(\/a)) [sin (sign(1|1£)_/2|(@,u)+7g) (2|1—5|<|>:;pz|>n F(l_qzr)efnw |
* (2.4)

In the above formula [ |, is the star operation defined in eq. (6.16), and

1. The evolution factors due to I'cysp [30] read

a(w) o / a(w)
S = [ Pl 110y = [ aatem®) o)

aw)  Bla)  Jaw) B(d) a(v) B(a)
In term of \/(; one has n = 2ar(1/(;, ). The other single log evolution factors [30]
reads
o) Ap(e) o) ()
apg(v, p :—/ da , ag(v,u :—/ da , 2.6
) o) Bla) ) o) Bla) (2:6)

where our convention for § can be found in eq. (5.3).



Figure 2. The space-time picture for DIS (left) and quasi-PDF (right) in the threshold limit. The
t-direction is vertical while the z-direction is horizontal. The orange line represents the collinear
quarks. The blue single (double) line represents the anti-collinear quark (space-like gauge link).
Blue blobs represent gluon exchanges at intermediate scale @); pis or ¢;. Finally, the purple blobs
show where Sudakov hard exchanges happen.

2. H(L, = 0,a(+/C.)) is the real part of the hard kernel evaluated at scale (,, which
can be found up to NNLO in eq. (4.12), eq. (5.7) and eq. (5.11). J(I,,a(+/(;)) is the
space-like heavy jet function in coordinate space at scale 1/(; in MS scheme, which
can be found in eq. (3.8), eq. (5.1) and eq. (5.2). One can modify it to the hybrid
scheme [81] in practical calculations. Finally,

A(Germ) = AL = 0,a(V/G2)) + mar (V) (27)

where A(Lz =0, oz(\/?z)) is the phase angle of the imaginary part evaluated at scale
(s, which can be found in eq. (5.5), eq. (5.6) and eq. (5.10).

In a future publication, we will apply our threshold resummation formalism to extract
NNLO threshold resummed pion and proton (lattice) PDFs.

3 Space-time picture of the threshold limit and the space-like heavy-quark
jet function

In this section, we study the space-like heavy quark jet function, a crucial object in order
to resum the large threshold logarithm. Our convention for the light-cone plus vector is
n= %(1, 1,0,0) and the space-like vector is n, = (0,1,0,0), where our convention for the
four vector is (t,z,2Z,). In order to be pedagogical we first provide a brief introduction
to the threshold factorization of DIS induced by an incoming quark with four-momenta
p= %(1, 1,0,0) and a virtual photon with four-momenta ¢ = (0, —v/2zp*,0,0). As usual,
—¢* = Q* = 22}(p™)? is large and z; = —%.

Unlike the collinear factorization of DIS at a generic xp, in the threshold z; ~ 1
region [22-31], all the collinear splittings ¢ — ¢ + g along the trajectory of the incoming
quark have very small gluon momentum fraction or pf = zp* with z ~ (1 — ;) < 1. Due

to this, the incoming quark almost loses no collinear momenta, until hit by the virtual



photon and turns into an almost anti-collinear one with p + ¢ ~ (1,—1,0,0)p", inducing
the final state jet. This leads to strong Sudakov effect [82, 83] caused by hard exchanges
that are purely virtual, at the scale Q2. On the other hand, the final state jet, consisting of
the anti-collinear quark and all the real “soft gluon emissions” has a new perturbative scale

Q; pis satisfying
A2 2 _ 2 _ 1— 2 2 3.1
oep K Qipis=(+¢)" =(1-2,)Q" < Q°. (3.1)

As a result, in perturbation theory there are large logarithms involving this scale, requiring
re-summation. The object that achieves this resummation and separates all the logarithms
depending on @; pis is called the “jet function” [22, 30, 84-86] and can be defined as a
quark-quark correlator attached to the light-like Wilson-lines along the direction of incoming
collinear quark [22, 30, 84, 86]. Similar to the TMD soft functions [43, 72, 87-90], in the
threshold region, soft emissions with z < 1 can not change the momentum and direction of
the fast-moving incoming quark, leading to the light-like Wilson line in the jet function.

The above picture extends naturally to the threshold limit of the matching kernel for
the quasi-PDF. Let’s consider the quasi-PDF for a collinear quark with momenta p in
perturbation theory. When y — 1, the z-component momentum (1 — y)p* flowing from 0 to
z becomes much softer than p?, leading to large threshold logarithms. Furthermore, in the
threshold limit, at leading power most of the incoming (outgoing) collinear momenta simply
flow out (in) directly at the quark-link vertices at 0 and z in eq. (1.1), similar to the case of
DIS. This is due to the fact that otherwise there will be at least two hard real exchanges
with almost opposite k* = O(p?), which is strongly suppressed due to the small phase space
available. As a result, up to the overall phase factor e”?"*, the intrinsic z dependency of
the quasi-PDF is conjugate to (1 — y)p*. When y — 1, z becomes large, in this way the
threshold limit can also be viewed in coordinate space as the large z limit of the quasi-PDF
with the natural “semi-hard” scale

. 1
G = (11— ylp*)* ~ Eik (3.2)

Similar to the case of DIS, all the exchanges at this scale between the incoming/outgoing
collinear quark and the static gauge link in the z direction can be re-summed in terms of a
simple jet function. Notice that in the current case the anti-collinear quark in DIS has been
replaced by a static gauge link in the z direction, which can be viewed as a heavy quark
moving in the imaginary time direction. Therefore the jet function is called “space-like
heavy quark jet function”, explaining its name in the title of this section. The space-time
pictures of the threshold factorization for DIS and quasi-PDF are shown in figure 2.

Inspired by the underlining space-time picture, we now define the jet function in position
space. Defining the gauge-links

-0
Wi, —(x) = Pexp _ig [m dsn - Az + sn)} , (3.3)
W,(z) = Pexp zg /OOO dsn, - A(x + snz)} , (3.4)
Wh.4(x) = Pexp zg /OOO dsn - Az + sn)} , (3.5)




Figure 3. The space-like heavy-quark jet function J(uz). Double lines represent gauge links
while the solid dot denotes the gauge-link cusps. The t-direction is vertical while the z-direction
is horizontal.

in terms of which, the space-like heavy-quark jet function (sometimes called space-like jet
function for simplicity) can be defined as the correlator

J(z,D) = (T Wy o (2n,) W] (zn )W, (0)W,, _(0)|Q), (3.6)

where |Q2) is the perturbative vacuum and 7 denotes the time ordering. The second
representation has the advantage of being below threshold and time-ordering independent,
therefore its high level of analyticity is manifest. Intuitively, it can be viewed as a transition
form-factor where an incoming light-like heavy-quark traveling at a velocity of light transits
into a space-like heavy-quark, traveling for an imaginary time z, then transits back into the
outgoing light-like one. The only scale of the jet function is |z|, conjugating to |1 — y|p®.
We will use the form-factor representation for the calculation. See figure 3 for a depiction
of J(uz).

3.1 Total result at NLO and RGE in coordinate space

At leading order, the jet function simply equals the identity. At NLO, the jet function
is calculated in appendix B in dimensional regularization (DR) with D = 4 — 2e. The
result reads

J(z,D) =1+

g2CFr(€1><uorz\)4—D< 2 1 ) (3.7)

pp (D—4?  (D-4)(D-3)
Notice that our convention is Cp = ]\QET_Cl and C4 = N, for SU(N,). For N, =3, Cr =4/3
and Cy = 3. We will use ny to denote the number of quark flavors. Now, introducing the
standard replacement u? = 47pue~77 for MS scheme, one has the renormalized one-loop
jet function in coordinate space after expanding around € = 0 as

_ a(p)Cr (1 2 ﬁ )
(L a(w) =1+ s (gt g t2), (3.8)



where we have defined
218 122

. (3.9)

l,=1In
Notice that the space-like jet function depends only on |z| and is real. This can be argued
to all orders in the following way. In the time-ordered perturbation theory, the incoming
and outgoing light-like gauge links are represented as heavy quarks traveling at the speed
of light with dispersion relation £ = k7, as a result, all the energy denominators are of the
same sign and can not produce any imaginary part. The only source for the imaginary part
is therefore the gauge link in the z direction, represented as a static operator at ¢ = 0. One
can see immediately that flipping the direction of the gauge link simply changes the sign of
the imaginary part. However, for z > 0 the Wilson-loop in eq. (3.6) contains only space-like
and light-like separations and is below threshold, therefore real. This implies that for z < 0
the result is also real. This argument is similar to that given in appendix A of ref. [76] for
the imaginary part of quasi-LFWF amplitudes.
Similar to the time-like heavy-quark jet function in ref. [69], the space-like jet function
in coordinate space satisfies a simple renormalization group equation

din J (L., a(p))
dln p

= Leusp(a)l; — () . (3.10)

The T'eysp(a) is the standard light-like cusp-anomalous dimension [78] and is known up to
four-loops [79, 80], while 47(«) is the same as the anomalous dimension for the “heavy-
quark jet function” in ref. [69]. In fact, it can be expressed in terms of the UV anomalous
dimension —2vg, of a heavy-light Wilson-line cusp originally calculated in ref. [84] and the
“soft-anomalous dimension” ~, for a light-light Wilson-line cusp [91]. One can check that

Yy =2VHL — 27s - (3.11)

Notice that the soft anomalous dimension 7, comes from the implicit “zero-bin subtrac-
tion” [30, 69, 92] when calculating the jet function. Given these, it is easy to show that

ey = =20 (o)

T 47

1396 2372 232 272
= 2 i
CrCy ( 57 + 9 + 0C3> -i-C'an < 57 9 )}

(3.12)

As expected, the above reproduces the same anomalous dimension for the heavy-quark jet
function defined through time-like Wilson lines in ref. [69].
3.2 Beyond NLO: relation to the time-like heavy-quark jet function

Beyond NLO, in order to utilize the known results in the literature, one needs another
less-trivial fact about the space-like jet function: it relates to a time-like version J(t, D)
with time-like heavy gauge-link simply through ¢ — —i|z| when ¢ > 0:

J(t, D) = (T Wy 1 (tne) W] (tng) Wi (0) Wy, (0)|2) (3.13)



Figure 4. The time-like jet function J(¢, D) (left) and the space-like jet function J(z, D) (right).
The t-direction is vertical while the z-direction is horizontal. The time-like jet function simply
relates to the space-like one through changing ¢t — —i|z| when ¢ > 0 up to all orders in PT.

where W;(x) is defined in a way similar to W, (z) with n, replaced by n; = (1,0,0,0). See
figure 4 for a depiction of the time-like jet function. This fact holds to all orders in PT and
we will provide two proofs for this fact in appendix C. On the other hand, at NNLO as
claimed in appendix A of ref. [69], the light-like gauge link from —oon to 0 in J(¢, D) can
also be chosen from ocon to 0, due to the fact that all the resulting differences are scaleless.
This observation allows the authors of ref. [69] to calculate their target heavy-quark jet
function based on relatively easier Feynman-integrals for J(¢, D). In fact, we have checked
that all the integrals in eq. (A5) and eq. (A6) in ref. [69] correspond exactly to our J(t, D)
and one can indeed flip the direction of the incoming light-like gauge-link. Given this, it is
easy to show using a spectral representation that our J(I, «(p)), at NNLO equals mB(y, i)
in ref. [69] with y — —i|z|. More precisely, one needs eq. (53) in ref. [69].

3.3 Space-like jet function in momentum space

To check the threshold logarithm, one needs the momentum space version of the jet function.
This can be done using the following relations for the Fourier transform (A = z - p = 2zp®)

1 e . M2€27E)\2 1 4p2
— deint=——" = P (=) —In=2§ 14
5 [ et = e (L) ), (3.14)
4p2y?
— daem? —2 2 =9 ( K ) ( 12>5 . 3.15
o /_oo CO T2 F w )T\ T g W) (3:19)
The principal values for even distributions are defined as
1 p(z) — ¢(0) p(x)
(P(), ) :/ dx7+/ a2 (3.16)
|z jol<1 |z wl>1 |l
In 22 In 22 In 22
P = [ (e - @) + [ @), (@)
|z i<t | af>1 |7

For odd distribution, it agrees with the standard Cauchy principal value. In appendix D we
will provide a self-contained derivation of these Fourier transformation rules. As a result,

~10 -



one has

p*I (1= y)p=, () = g/_ e M0 g (lz =1In (%) 70<(u)>

a(u)Cr ( ™ 1, )}
=(l-y) 1+ (o Dy 2
S(1-y|1+ W (24 T 312 - L,
=) (=)
+ P +(L,—1D)P|+—— )|, (3.18)
2m 11—y : 11—y
where one has defined
2
L=l o & (3.19)
1 1

The L. — 1 term differs from that of the one-loop quasi-PDF by a factor of P(), which

1-y
will be provided by the imaginary part of the hard kernel.

4 Universal heavy-light Sudakov form factor and redefinition of the
jet function

In the previous section, we have introduced the most crucial object in the threshold re-
summation: the space-like jet function resuming all the semi-hard exchanges at scale
VG =11 —ylp* ~ % in the large z or large y limit, fluctuating between the collinear quark
and the static gauge link. On the other hand, the incoming collinear quark, when hit by the
quark-link vertex, transits into a space-like heavy quark with low virtuality |1 —y[p® ~ |z|~!.
This leads to strong Sudakov effect due to virtual fluctuations nearby, similar to the case
where a collinear quark becomes another anti-collinear quark in the case of DIS.

As usual, the Sudakov effect can be resummed to all orders using a universal object, the
heavy-light Sudakov form factor, which is similar to the standard Sudakov form factor [82, 83,
93, 94] involving only light-quarks. For quasi-PDF since there are two quark-link vertices,
one needs a pair of Sudakov form factors, each one with a light external on-shell quark with
p? = 0 and an external heavy gauge-link extending to infinity. The natural scale of the form
factor is (, = 4"2# = 4p?, which is the only scalable quantity that can be formed in terms
of Lorentz invariant combinations of p and n,. We have already encountered such object in
factorization of quasi-TMDPDF [43, 71-75] and quasi-LFWF [43, 76]. In the current case,

the hard kernel simply agrees with the quasi-LEFWF one
Hy (Lzsign(2), o)) = Hipgi™ (Le, a(p)) (4.1)

Notice that there are imaginary parts of each Sudakov form factor, as demonstrated in
ref. [76]. In the case of quasi-TMDPDF they cancel with each other, while for the threshold
limit and for the quasi-LEWF the imaginary parts of the two Sudakov kernels add together
and depend on the sign of z [76]. At one loop, one has [76]

a(p)C 572
HfFWF:1+%(—4—6+2Li—Li>, (4.2)

Li=In
112

=L, +in. (4.3)
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More generally, the RGE for the above heavy-light Sudakov form factor reads [72, 76]

dn In Hyy, (Lz, sign(z), a(u)) = DLeusp(@) L, + A (o) — imsign(z)ensp () (4.4)

Here 457 = 7¢ is the same anomalous dimension for the hard kernel of the quasi-TMDPDF
factorization and is known to two-loop [72, 76]. We will discuss more on anomalous
dimensions in appendix A.

Given all above, it is much more convenient to redefine the hard kernel to be purely
real, while assigning the phase to the heavy jet function:

H(Lz,a(n)) = [Hluw (Ls, o)) (4.5)
Jy (lz, sign(z), L, a(,u)) = J(lz, a(u)) exp [isign(z)A(Lz)} , (4.6)

where we define the phase angle as
sign(z)A(Lz, a(ﬂ)) = Arg(HHL (L.,sign(z), a(p)) ) (4.7)

Notice that the phase angle is proportional to sign(z) to all orders. After this redefinition,
one can see that the real part of the modified jet function J; at one-loop remains the same
as J, while the imaginary part becomes

o(n)Cr

21

ImJy (lz, sign(z), L, a(,u,)) = (L, — 1)imwsign(z) . (4.8)

After Fourier transform, one simply has

]:(iﬂ'sign()\))(l —y) = P(liy> , (4.9)

where the convention of Fourier transformation is
1 fo° 4
FU-y) =5 [ e 0050, (4.10)

Adding this to eq. (3.18), one has the final NLO jet function

p (= L)) =009 1+ 28 (2. T Lo )]
G () v (P (5)+ ()]
(4.11)
and the NLO hard kernel
H(Ls, o) =1+ a(g;CF ( —24 7;; - I; + Lz> . (4.12)

It is easy to check that the above hard kernel together with the modified jet function J;
completely reproduces the one-loop quasi-PDF in MS scheme [65, 95] at power (1 —y)~*
through the factorization formula eq. (1.4), when the plus-functions are converted to the
principle value using the rules in appendix D. Moreover, the hard kernel completely agrees
with the hard kernel for quasi-TMDPDF /quasi-LFWF factorization [71-74, 76].
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5 Threshold limit at NNLO: explicit results and extraction of the
heavy-light Sudakov form factor

In this section, armed with the factorization formalism eq. (1.4) and all the ingredients
defined in previous sections, we investigate the threshold factorization at NNLO to demon-
strate the correctness of our formalism. Since our space-like heavy quark jet function agrees
with the analytic continuation of the time-like version in ref. [69], we can completely predict
the threshold limit of the M.S matching kernel at power (1 —%)~! up to two unknown
constants ¢, and cyy. We show that our prediction completely agrees with the threshold limit
extracted directly from the full two-loop matching kernel [67, 68]. Furthermore, it allows
us to extract the two unknown constants ¢, and cyg and completely determines the heavy-
light Sudakov hard kernel at NNLO that also appears in the quasi-TMDPDF/TMDWF
factorization.

5.1 NNLO threshold limit in coordinate space

Here we present the results of the quark quasi-PDF in the threshold limit, predicted by our
factorization formula eq. (1.4). Our notation are H = 14+ oHW + o?H? J =1+ aJ® +
2] Jp =1+ onj(fl) + oz2JJ(02), v = ayW + a?y? and Arg (Hyy (L., sign(z),a(n))) =
sign(z)A = sign(2) AW (L,)a + sign(2)A® (L,)a?. We first consider the space-like jet
function. Using the RGE eq. (3.10) of the jet function, one has

2 ~(2)
InJ® = %13 + 1 (F(2) + CFBO) 12+ (CFﬁO (2 + W) — 7J>lz +e. (5.1)

24w F 4\ 9P o A

Here Fg%)sp is given in eq. (A.1), and 752) is given in eq. (3.12). As we show in appendix C,

the constant term c; is the same as that in the time-like jet function [69]

2680CF (281 572 (3 CrCa 11 77?2 177*  5(s
c1 = STl R ——t - - (5.2)
T 216 576 48 T 54 144 2880 8
Notice [, is defined in eq. (3.9), and our convention for [y is
One also needs the two-loop value of the imaginary part
CrBo [ L?
ALy ="\r@ p _ZE (2= g a} 4
( ) 2 cusp 27_(_ 2 + € ? (5 )
where L, is defined in eq. (3.19) and ¢, is a constant to be determined. Combined together,
one has
9 1. . .
T = SO 400 +isign(2) A1), (5.5)
2 2
w _Cr (£ ™ . 1)
IS I <2 +1+ 7 2) + isign(2)AYY(L,), (5.6)
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where AN(L,) = %(Lz — 1) is given in eq. (4.8). Finally, one also has the two-loop hard
kernel

CrpBo 1 CrpBo CrBo 2 ’NY(Q)
mH® =223 _ (r@ ) L? - 24— |+ )L, .
. oan 2 g \Fewp T o )z A NETY R ten

(5.7)

The explicit expression for ﬁ/}?) is given in eq. (A.13). And cpy is a constant to be determined.
Given all the above, our two-loop prediction for the quasi-PDF in the threshold limit reads

in coordinate space as’

7@ <z,Lz> Ly emizP? () <lz,sign(z),Lz> , (5.8)
where one has
1
7O = J® s HO ¢ HOJO (0. (5.9)

When Fourier-transforming (the same convention as eq. (3.18)) it into momentum space,
1 In(y—1) In?(y—1) In3(y—1)

» y—10 y—1 > y—1 y—1

41 non-vanishing terms, and all of them are consistent with the exact results. Detailed

one obtains all the singular terms §(1 — y) There are
expressions are presented in appendix F. In particular, this confirms the correctness of our
’3/ J and ’N}/H

5.2 Extraction of the universal heavy-light Sudakov form factor: ¢, and cpg

Through comparing our prediction for the ﬁ term based on threshold factorization in
either y > 1 or y < 1 region with the exact calculation [67, 68], one confirms the correctness

of 47, and extracts ¢, as

36 7 1\ (11@, 11 475) (1 38)
Y . 2420 Tp .
Ca ( 2 12 27r2)CF+ 2 21 1oanz) CFCat Gt ore ) O TE
(5.10)

Through comparing the 6(1 — y) term based on threshold factorization with the exact
calculation [67, 68], one confirms the correctness of all the anomalous dimensions, and
obtains the constant term in the two loop hard kernel In H® as

(241G 117?559 971 —45(3 — 2% + 3072 — 30> )
CH = (1447r2 t 320 T 1708 324772>CF Cat ( 2472 Cr
36(3 + 51m2 + 1312)
CrnTr. 5.11
< 120672 FIpLE (5.11)

2We should mention that the threshold limit in Mellin space has previously been studied at NNLO level
in ref. [66]. In Mellin space, threshold logarithms are caused by the In™ zp® terms in the large A = zp® limit
at fized z2. In momentum space, threshold logarithms are caused by both In™ zp* and In™ 22 terms, resumed
systematically by our formalism.
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Numerically, one has
cy = 0.0725 C% — 0.0840 CpC4 + 0.1453 CrnsTr . (5.12)

Details of the extraction of cy are presented in appendix E and G. Combining with ¢4, the
above completely determines the heavy-light Sudakov form factor at two-loop, a universal
object that also appears in TMD factorization for quasi-TMDPDFs and quasi-LFWFs.

6 Evolution equations and RGE resummation for the matching kernel

To summarize, the perturbative quark quasi-PDF for an incoming collinear quark with
momentum p, in the threshold limit reads

Py Do)y = H Lz, ()2 I (1= 9)p*, Ly ) (6.1)

to all orders in perturbation theory. The matching kernel [41, 65, 95], in the { = £ — 1
limit can then be read directly by the substitution y — & and p* — |zP?|, leading to
eq. (2.1). Clearly, after using the RGE, the scale in the jet function, \/¢; = |1 — £||xP?|
will be re-summed, leading to all the threshold logarithms. We now collect all the RGE
and show that after using the relations of the anomalous dimensions, the matching kernel
matches precisely with the threshold limit of the DGLAP kernel. This allows us to use
the formalism in ref. [30] to obtain a fully RGE re-summed form of the matching kernel in
momentum space, facilitating further applications to lattice calculation.

6.1 Evolution equation and matching to DGLAP

Using eq. (2.1) and combining the renormalization group equation of the hard kernel eq. (2.2)
and that of the modified jet function eq. (2.3), one has

C (¢, 2 am)
€>¢€ §—=&

dliﬂc (57 :Cupzaa(/i)> = e —35)C <€, xﬂpz,a(u)> — 2T cuspP

dg’,
(6.2)
which we now show to agree with the DGLAP evolution equation in the endpoint region

with splitting fraction z — 1.
For this purpose, one needs the universal endpoint limit of the splitting function [30, 96]

2FCUS

It is easy to see that the second term in eq. (6.2) simplify matches with the (211};35; In order

for the (1 — y) term to match, one must have
296 + A0 — Y =296 + 0 — 2vHL + 27 = 2F, (6.4)

where p is the UV anomalous dimension of a heavy-light current [97, 98]. However, by
studying the threshold factorization of DIS in terms of quark jet function, one can show
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that -4 is simply related to the soft anomalous dimension ~, and the anomalous dimension
~v of the light-light Sudakov hard kernel [93] through

W (% + %) +76 =0, (6.5)

where v, + 7, is just —vy [30, 86], the constant term of the anomalous dimension for
light-quark jet function. As a result, one has 274 = —v; —7y. Eliminating v, from eq. (6.4),
one ends up at the relation for g

Yo =W +29F + (Q'YHL - %) : (6.6)

To show this agrees with our previous formula ~¢ for quasi-TMDPDF factorization, one
simply notice that vy = 2vg, where g is the “hard anomalous dimension” related to the
TMDPDFs through [71, 99]

d TMD M2
_— b =DeuspIn — — 2vg, 6.7
dll’lﬂf (IL‘, LHUHC) p 1 C YH ( )
which leads to
Y =2y + 2vF + (2yHL — 7s) - (6.8)

In fact, the 2vgr, — v in the bracket is nothing but the anomalous dimension I'g for the
“reduced soft factor” [67, 72, 76] or equivalently the “instant-jet TMD distribution” [73]
defined through a ratio between two light-heavy Wilson-loops and one light-light Wilson
loop [76]. It can also be defined purely in terms of a heavy-heavy Wilson loop at a
large rapidity gap, using the relation for the large-Y asymptotics for the hyperbolic-angle
dependent cusp anomalous dimension [78, 100]

Fcusp(a, Y) — Yl“cusp(a) + ’YHH(Ol) , (6.9)
Yar =ls =2vur — s (6.10)

The above relation will be verified explicitly in appendix A.

6.2 RGE resummation of the matching kernel

In this subsection, we will use the renormalization group equations for the hard kernel and
the jet function to perform the resummation of the matching kernel C. Our resummation
strategy is similar to that in ref. [30].

We first consider RGE resummation of the hard kernel H. Using the renormalization
group equation eq. (4.4) and the evolution factors defined in eq. (2.5) and eq. (2.6), one
evolves from the hard scale ¢, to u and the resumed form of the hard kernel reads

H(L.,a(w)) = H(L. = 0,a(vC)) exp |28 (Vo 1) = an (Vo) (6.11)
A(Lzya(w) = A(L. = 0,a (VC)) + mar (VG 1) | (6.12)
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where H (LZ =0, a(\/@)) is the absolute value of hard kernel defined in eq. (4.5) and
A(Lz =0, oz(\/?z)) is the phase angle defined in eq. (4.7).

We then consider the RGE resummation of the space-like jet function. We start from
the coordinate space jet function defined in eq. (3.6). Based on the RG equation eq. (3.10),
and the evolution factors defined in eq. (2.5) and eq. (2.6), one evolves from the semi-hard

scale v/(; to scale u,

(1 0) = e [~ 250/Go) + a4/ (g ) I (LD 0(VED)
(6.13)

for the jet function without phase. Absorbing all the phases in eq. (6.12), one has for the
modified jet function

J¢(l2,sign(z), Lo, a () (6.14)

— exp [z’sign (2) (A (Lz =0,a (\/?z)) +map <\/?Z “))}

osp |25 (VE) b (Va)] (s ) 1 (LVED0(VD).

2
|2|v/Gierm

Clearly, the scale ¢, = 422P2? coming from the imaginary part is separated from the
threshold scale /(; that will be chosen as /(; = |(z — y)P?*| = |(1 — £)zP?|. We then
Fourier transform it to momentum space (n = 2ap(+/(;, 1)) based on eqgs. (D.5) and (D.12)

Jp(p, Ly a(p)) (6.15)

e [-25 (VG s (Vo)

sin (A (¢, p)sign(p)+1LF) /9 1 P(1—p)e—mE
@) [ ] e

)
s

*

where we write A(C.,pu) = mar(v/C, p) + A(Lz = 0,a(\/§)) and p = (1 — &)p, for

abbreviation. J (I, = —28,,a(/(;)) denotes the fixed order space-like heavy-quark jet
function in coordinate space and its argument &, denotes a derivative with respect to n to
generate the log terms, which is the same trick in [30]. The star distribution is defined as

[l )= o 2] (- 5550

where n < 0 and n is an integer for n < —ny < n + 1. For n > 0, the subtraction terms

involving f*)(0) are not required.

Combining all above, the threshold resummed form of the matching kernel in momentum
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space reads as

xP*
c (éau,a(u)> (6.17)
=H (Lz,a(p) |eP*|Js (1= P, L., ()

(12 =0.0 (V) 25 (V) o (V)25 (Vo) (Vo)

><J<lz=—28n,a<\/a-)> Sin<A(<Z’M)|1Sigz|(lf)+ng7r) <2|1—jégpz|)n F(l—nw)e*?wE’

where ¢, = 422 P? and /; = |(z —y)P?| = |(1 — &)z P?|. The formula is valid up to O(1 —¢)
corrections.

7 Summary and outlook

In this paper, we have presented all the necessary results on the threshold limit of quark
quasi-PDF. We have shown that in the threshold limit, the quasi-PDF factorizes through a
space-like jet function and a pair of heavy-light Sudakov form factors. By comparing the
prediction based on our factorization formula with the exact calculation in refs. [67, 68], we
are able to confirm the correctness of our formalism explicitly up to NNLO, and extract the
universal heavy-light Sudakov form factor at NNLO. Using the RGE of the individual pieces,
we obtain the resummed form of the matching kernel in momentum space that will be
applied to numerical calculations. Finally, the results reveal a high level of universality across
the threshold limit of quasi-PDF and the large momentum expansion of quasi-TMDPDFs
and LFWFs.

In future work, we will study further the RGE re-summation of the threshold region of
matching kernel based on our current formalism and apply it to the numerical determination
of pion PDF.

Note: during the writing-up stage of this paper, we noticed that ref. [101] explicitly
computed two-loop heavy-light Sudakov form factor in the context of quasi-TMDPDF
large-momentum expansion, which agrees with the result we found here.
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A Universality of anomalous dimensions

In fact, in all the TMD factorization and threshold factorization formalism for light-light and
light-heavy current collaborators, besides the universal light-like cusp anomalous dimension
Icusp(a) [78] and the heavy-light current UV anomalous dimension vz [97, 98], there
exists only three independent UV anomalous dimensions serving as basic building blocks,
generating all others through linear combinations. We chose them as ~y (for light-light
Sudakov hard kernel [30, 93]), vs (for light-light Wilson line cusp [91]) and gz, (for heavy-
light Wilson line cusp [84]). Up to two loops, the light-like cusp anomalous dimension is
given by

I‘cusp =

aCp 042{ 67 72
36 12

- —> CACF—Can] (A.1)

while the heavy-light current anomalous dimension ~p is given as [97, 98]

3aCF a\2[ (49 272 5 812\ , 5
- = = Y -2 . A2
=y T <47r> [(6 3 )CACF (2 3 | CF 3CF”f} (A-2)

The vy for light-quark Sudakov form factor reads [30, 93]

__3CF04
W= o
a2 961 1172 130 2x2
+(E) |:CFCA (—27— 3 +52C3>+CF( 3+47T —48(3)+Cpnf< >:|

(A.3)

where the presence of C}% term indicates that this is not for a Wilson loop. For soft
anomalous dimension 5 one has [91]

a 808 1172 112 272
vs = (47‘1’) [CFCA < 97 9 > +C'an < 27 + 9>] s (A.4)

notice the absence of ay order contribution, as well as absence of C’% term. For the

heavy-light Wilson-line cusp anomalous dimension vz, one has [84]

Cra a)? 110 #2 4 7T2
- _ el - — . A.
YHL o + <47T> [CFCA < o7 + 13 18¢3 | + Crny 27 9 (A.5)
Again, C’% term is absent. In terms of the above, one can directly show that
aC 49 7r2 5C’ n
2pL — s = — + — |CrCa - *C aca (A.6)
T 36 18

which agrees with our previous formula for vy = I's [43, 72, 76]. In terms of the above,
one can express the following:
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. The 6(1 — 2z) term in the quark splitting function near z = 1:

2]TCUS

The 74 (we use the notation in ref. [30]) is just the anomalous dimension for an
on-shell quark attached to a light-like Wilson-line, and equal to

4% Vs
V=T Ty (A.8)

. The constant term of the anomalous dimension —27v; [30, 86] for the quark-jet
function in DIS threshold factorization/quark beam function for TMD factorization
of DY/SIDIS

4% Vs
oy s = VT A.
et e e e (A.9)

Clearly, one has the relation vy + v4 — 75 = 0.

. The anomalous dimension —4; for heavy-quark jet function [69] is simply given in
terms of vz, and s as

Vg =2VHL — 27s - (A.10)

Notice that it remains the same for the space-like heavy quark jet function for
quasi-PDF and the time-like heavy quark jet function.

. The UV anomalous dimension 4z for a conjugating pair of heavy-light Sudakov hard
kernels [43, 72, 76, 77] can be expressed as

Ya =W +2vF + 2vHL — s - (A.11)
Explicitly, one has
s Cr
’YJ(L}) =-=, (A.12)
_(2) 11883 — 997% — 1108 386G+ 6T
= 43272 CrCa o2 CF
1 10
— 4+ — ) Al
+ (53 + 3703) Crns (A.13)

Notice that the hard kernel for quasi-TMDPDF /quasi-LFWF factorization, as well as
the threshold factorization for quasi-PDF are universal and is just the heavy-light
Sudakov form factor, with the same anomalous dimension given in eq. (A.11).

. The constant part of UV anomalous dimension of the standard TMD soft factor
composed purely of light-like gauge links is simply —2+;.

. The constant part of the UV anomalous dimension for the TMD soft factor composed of
one light-like Wilson-line staple and another space-like/time-like Wilson line staple [76]
is given by —2vgr.
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Figure 5. The one-loop vertex (left) and self-energy (right) diagrams for the jet function.

7. Finally, notice that the constant term of UV anomalous dimension for quark TMD-
PDF/TMD fragmentation functions is simply given by —vyy = —2vg.

To summarize, there exists a large number of relations between different anomalous di-
mensions ranging from threshold factorization to TMD factorization, very similar to the
relations among different critical exponents for critical systems [102]. This should be
expected, since the high-energy limit of an asymptotically free QFT is indeed a critical
system with logarithmic critical exponents.

B Space-like heavy quark jet function at NLO

In this appendix, we present the one-loop calculation of the space-like jet function. There
are two types of diagrams, the vertex diagram and the self-energy diagram, shown in figure 5.

B.1 Vertex-diagram

The calculation is most easily done in coordinate space. For this purpose, one needs the
gluon propagator in D-dimensional coordinate space

L(§ —Dug "
(4m)=z 22D

D
2

G (z) = —gu (—z? +i0)'~ (B.1)

S]]

Given these, the diagram with one-gluon exchange between W, _ and the z-direction
link reads

0 z
Vi(z>0)= (ig)ZcF(_n'nZ)—D/ dSl/ dsz(_(nzsz—n81)2+i0)l_%.
2 —00 0

(B.2)

Notice that n-n, = —\%, —(n.s2 — ns1)? = 53 — v/25159. In the region z > 0, changing
s$1 — —s1 one simply has

b TR0 o e
Vi(z>0)=—g CF—D/ dSQ/ dsi(s5 + \@3132) 2
4213 0 0

_ gPCPI(5 = 1)(po2)* ™"

D

472 (D — 4)?

(B.3)

- 21 —



The other vertex diagram between z and W), ; contributes equally. In the region z < 0, the
situation becomes tricky, one needs to take care of the imaginary part. The contribution
simply reads

0 2] 2 n1—L2
—5 / dsq dsa(—(n.s2 +nsp)“ +1i0)" 2
2

—00 0

Vl(Z < 0) = (ig)2C'F(fn . —nz)

F(% - 1)#37D > 12l 2 D
R ds dso(s2 — V28981 +i0)17 2
12 ; A 2(s3 251 )

This integral must be performed separately for s; > 8—22 and s1 < %, in the first region,

= ¢*Cr (B.4)

a potential imaginary part can be generated. However, this contribution vanishes in DR
simply due to lacking scale, as a result one simply has

g*CrT(5 — 1) (ol *~"

Vl(z < 0) = 5 (B.5)
d72 (D — 4)2
In conclusion, the jet function depends only on |z|.
B.2 Self-energy diagram
Similarly, the self-energy diagram can be evaluated as
) I“ D _ 1 M4*D z S1 _
S = (ZQ)QCF(—T@)—(Q 12 / dSl/ dsa(s1 — s2)> 7P
A2 0 0
OB = 1)) 56)

473 (3 — D)(4 — D)
The 3 — D in the denominator corresponds to the linear divergence.

C Relation between time-like and space-like heavy quark jet functions

The time-like and space-like heavy quark jet functions, shown in figure 4, are defined
as follows

J(t, D) = (QUT Wi 1 (tn)) W] (tne) Wi (0) W, (0)92) , (C.1)

J(z,D) = (QT W+ (21) W] (2n.) W, (0) W, _ (0)|2) | (C.2)

where the light-like vector n = %(1, 1,0,0), the space-like vector n, = (0,1,0,0) and the
time-like vector n; = (1,0,0,0). In this appendix, we show that they are related by simply
replacing t = —i|z| starting from the ¢ > 0 region, to all orders in perturbation theory

J(t = —i|2|, D) = J(z,D). (C.3)

The key issue in the proof is to show that one can do the Wick rotation in the loop integral

without encountering any residue poles.
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C.1 A proof based on parametric-space representation

First, we study the analyticity structure of the scalar field correlation function in coordinate
space. Recall the Feynman propagator for scalar fields at tree level

Pk i
(2m)P k% 40

= /(;i:)]; /OJrOO doexp {ia(kQ +1i0) — ik(z1 — $2)}

—/+Oodoz/de ex z'oz(k:—xl_m2>2—i(x1_fc2)2_i0
~Jo (2m)P P 2a 4o

- /+OO daii 77TD/2 ex —i—(xl —22)* — 0

~Jo (2m)P (ia)P/2 P 4oy

r(f-1
2 . —
N W(—m — x9)® +0) 7P/, (C.4)

Glar,2) = (T o)) = | exp [-ik(e1 — 22)]

where the 40 in the variable —(x1 — 22)? +i0 comes from the time ordering and is crucial in
guaranteeing the exponential decay for a — 0.

A general m-point scalar correlation function at arbitrary order in perturbation theory
can be obtained through a number of contractions on a bunch of Feynman propagators.
We start from the multiplication of N/2 Feynman propagators including N different
spacetime locations,

N/2

1 G(2im1,220), (C.5)
=1

which can be written in the following form,

+00 7 N
IP,Q,N,{—(z; — l’j)2 +1i0}] = /0 DaP(a) exp [—2 Z Qij(a)(w; — :Ej)2 , (C.6)

1,j=1

where Q > 0 and Q;; = Qj;. o denotes a set of Schwinger parameters: o = {a1,a9,...}
and f0+°° Da = 0+OO [I; do;. This general correlation is a function of the relative spacetime
intervals {—(z; — z;)? +i0} of the N points, where +i0 is consistent with @ > 0. Then we
contract M points (M < N),

/dDy /ﬁdDa:jéD(xj—y)

j=1

= JrooDoﬂ?(oz)/alDyexp [—i' Z ZQij(Oé)(Ii_y>2] exp [—; Z Qij(OZ)(Ii_Ij)2]

i,j=M+1

L DAY —l’j)QQi(Oé)Qj(a)]

i=M+1 ' QZ?LM-H Q,—(Oz)
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+oo
= DaP' () exp[ Z Q' ij(a)(w;—m;)?

0 i,j=M+1

=I[P', Q' N—M,{—(v;—x;)*+i0}], (C.7)

where Q;(a) = Ej]\il Q;j(a), @ >0 and Q';; = Q'j;. In principle Q;j can be expressed in
terms of standard Graph polynomials [103], but we will not need the explicit forms. To
summarize, the contraction keeps the form eq. (C.6). The result after the contraction is
a function of the relative spacetime intervals {—(z; — z;)? +i0} of the remaining N — M
points, where +i0 is consistent with @' > 0. One can keep doing the contractions over and
over again until obtain the desired m-point correlation function, which is a function of the
relative spacetime intervals {—(z; — z;)? +i0} of the m points.

We can introduce Feynman parameters in eq. (C.6): a; = &p. & is the dimensionless
Feynman parameter and p has the dimension. For m Schwinger parameters, the integral

measurement becomes
+oo M 1m +o00 m
[ ldoi= [ Tlasi [~ dpomt(1-2 ).
0 =1 0 =1 0 i=1

And eq. (C.6) for m Schwinger parameters becomes

I[P, Q, N, {—(z; — x;)* +i0}]

1m 400
=/ dei/o dp p" 6 (1—Z€z> (&p)exp |—- Z Qij(&p)(wi — x;)*| . (C.8)
i=1 1,j=1
Then, an m-point gluon correlation function is defined as
G (@, ) = (QTA(z1)) - Alem) )7 |2) (C.9)

where 1 ... u, are Lorentz indices for the gluon fields, a;j...a,, are color indices and
Z1,...,Tm are the spacetime locations. This is a general correlation function including both
fully connected and separately connected parts. But vacuum bubbles are not included. The

color, spin, and scalar structures can be factorized out

G0 (1) = 3T () Gil{— (2 — ) +01) # kY,
i

(C.10)
where Cj"'*™ denotes the color structure, which is independent of ;. le_”um (1, Tm)
is the spin structure, which can contain the metric tensor g"* and the spacetime vectors
xé‘ . We absorb all the residue poles in the scalar structure G;, which is a function of all
the relative spacetime intervals {—(x; — xx)? +140[j # k} as we have argued above. Here 40
comes from the time order, which is crucial in our proof. >, means summing up all the
possible combinations of color structure, spin structure, and scalar structure.
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Then the timelike jet functions can be written as the gluon correlation function attached
to the Wilson links

Z Z 1 tns+oon L tne M u
J(t,D)= P dzh* .. dxp)? dot ™ dx,
1 - mi mi1+1 7TL1+’IYL2
Ao, MMl (m—my—ma)! Jin, 0
0 1
m1+mo+1 m . . a
/ dx ety dahr (—igtay ) - (=igta,, )G i (T, Tm), (C.11)
—oon

where m; gluons are attached to W, 1 (tn;), mg gluons are attached to WtT(tnt)Wt(O), and

m—my —meg gluons are attached to W, _(0). > means summing up all the possibilities

m1,ma
for distributing m into mi, me and m — my — ms. P is the path ordering operator along
the positive direction of the gauge links, which is —ocon — 0 — tn; — tn: + oon, and one

needs to permutate the color matrices (—igty,) ... (—igts,,) according to the path ordering.

We parametrize the spacetime coordinates as

sjn + tng, forj=1,...,m
xj(S,tng,n) = S s;jng, for j=mq+1,...,my +mg ;. (C.12)

sin, forj=mi+ma+1,...,m
To simplify the notation, we introduce S™% = {s1,...,8m;}s S = {Smyt1y---» Smytms
and S™" = {Sm,+myt1,---,Sm}. And we will use S;L’Jr (for j =1,...,m1), S (for j = m;+
1,...,my+msg) and S;-L’* (for j =mi+ma+1,...,m) to denote the elements in these sets.

We introduce Cy,. 4, = (—igta,) ... (—igta,,) for color structures. We introduce LZIJF“ ™=

= pHmitmatl = pHm

MHmq+1---Hmq+m MHmq+1 Hmq+m MHmq+mo-+1---Um
1 1 1 2 1 1 2 1 2
ntt . ontm ) Ly =ny N and L;, ™

for spin structures. The timelike jet function becomes

J(t D)
1 +oo
—Z > Pl DS“+/ DSt/ DS™~
mq!mo!(m—mq—ms)!

m=0m1,m2

H1--Bmq 7 Bmq+1---Bmi+mg Nm1+m2+1 Hm al Qo
Cay.am Ly Ly L, G (T, )

_ n,+ t n,—
Z > Zml% e m1—m2)7) DS /DS/ DS

m=0mi,mz ¢

Coy.ruay, O Lty Lt timatms plmtmatoobimpi (™ nttng, S'ng, S™ 7 n)
Gy ({= (S =S 202 i0]j # kY, {—(St—S§)2nd +i0]j # k},

{— (S}~ =Sy )?n®+i0|j # kY, {— (S} n+tn, — Sgne)* +i0[j # k},

(- <s;nt—s" “n)2+i0lj £k}, {— (S;“Jrn—i—tnt—S,Z’*n)Q—kiOU;ék:}), (C.13)

where we classify the relative spacetime intervals (which are variables of the scalar structure
G;) into six categories according to whether the spacetime points are on the n+, ¢, or n—
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Wilson links. And only four categories are left since n? = 0,

~+o00 1 400 _— t . +oco o
JHD) =3 3 Zml!m2!(m_ml_m2)!7>/o s+ [ st [ ps

m=0mi1,mz2 1

(C-G) (Ln,+ Li Ly, TY(S™%n + tng, Stny, —S”’_n))

Gi (0,{=(S} = S)? +i0},0,{—(t — S})* = V28] (¢ — S}) + 40},

{=(8))? = V2SI 40}, {12 = V2U(S]"T + ) + 40}, (C.14)
where we omit the color indices, spin indices, and j # k in the spacetime intervals for

simplicity. Following the same logic, one can express the space-like Jet function with the
same gluon correlation function

+o00 1 oo : .
J(z, D) = 73/ DS"*/ DSZ/ DS™
(Z ) Tngom;w; mllmQ!(m—ml —m2)' 0 0 0

(C ' CZ) (Ln’+ LZ an_ Fi(Sn7+n + 2Ny, Sznzy _anin))

G; (0, {(S; — Sp)? +1i0},0,{(z — 57)* + V25" (z — 5}) + 0},

{(S5)? + V283517 + 0}, {22+ V22(S"F + $p7) + 0} ), (C.15)

Homy 41 fimy + Hmy+1 Hmy +
where L,™ TITT2 =TTy T

In the time-like Jet function, one can introduce the dimensionless Feynman parameters

g2t = {517 s ,§m1}a g = {£m1+1a s v§m1+m2} and =™ = {§m1+m2+1, s agm}' Then
one can write the spacetime intervals with Feynman parameters, S;-L’Jr = §;s, S;- = ¢t
and S’;L’f = £;s, where s has the length dimension and 0 < §; < 1. The time-like Jet

function becomes

m=0mi,mz 1©

+o0 ! ! '
1
J(t,D)= 7’/ DE”’+/ DEt/ DE™"J(E™F,ELEMT
(t,.D) Z Z Zm1!m2!(m_m1—m2)! 0 0 0 ( )
+o0 ;
/ dst™2s™ "2 (C-C;) (L 4 Lt Ly, — TH(S™ Tn+tny, S'ny, —S™ ™ n))
0

G (0,{ (&= &) +i0},0, {—(1-&)*12 — V2, (1€, )ts+i0},
(= (&) —V2E&ts+i0}, {1 —V2(& +&)ts+i0} ) (C.16)

where J (2™, 2L 2%7) =6 (X0 & 4+ i, 4mat1 & — 1) is the dimensionless part of the
Jacobian. On the complex plane of s, the residue poles only exist in Quadrant IT (One can
check all the variables of G; including {—(&; — &) %2 +i0}, {—(1—& )2 —/2&;(1—&k)ts+i0},
{—(&;)*t? —V2€;&kts+i0} and {—t2 —/2(&; +&)ts+i0}). So one can do the Wick rotation
s — —is without encountering any poles. In the parametric representation of G;, this Wick
rotation keeps the exponential decay, see eq. (C.8). Then one can simply replace t — —iz
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since it is an analytical function of ¢. The time-like Jet function becomes

—=n,+ —t —_n,— =_n,+ —=t —=n,—
J(t D)= Zzzmﬂmzmmrmz P/D /D /D JELELE

m=0m1i,mz2 1

/+Oods( i)z m2 g m2 = (CLCy) (L 4 Ly Ly~ TH(=iS™ Y n—izng, —iS'n,iS™ n))
0

G (0.4(6—6)%2> +i0},0.{(1—64)% 2> + V28, (1 &)z +i0)},
{(gj)2z2+\@§jgkzs+i0},{z2+\@(§j+5k)zs+m}) . (C.17)

Then one can rewrite the integral with the S" o+ St S;-L’_ parameters. The final result is

the same as simply replacing S; — —iS; and t — —iz in eq. (C.14),

+00 n’+/z t/+oo _—
Zzzml,mm i s [ost [T s

m=0mi,m2 i

(C-C;) (=)™ (Ln7+ Li Ly, TY(—iS™%n — izng, —iS'ny, Z'S"’*n))
Gi (0,{(S} = Sh)? +10},0,{(= — Sp)* + V28] (= = 8f) + i},
{(S9)? + V2SLSp™ + 0}, {2 + V22(S)T + Sp7) +i0}) (C.18)

where the scalar structure G; is exactly the same as that in eq. (C.15).

Now Let’s study the spin structures. The general form of the spin structure in the
time-like Jet function eq. (C.14) is

Lyt Ly Ly TY(S™n + tny, Stny, —S™ n)

k:1 k2
= (H n- (S}“”Ln + tnt)) (H ng - S;-nt) (H ng - tn+ tnt))
j=1 J=1
k4 ks ke k7
(H n- S;fnt) (H T n) (H ng - n) (H ng - nt)
7j=1 7j=1 7j=1 7=1

B @ k1 ko . k3 @ ot k4 @ . ks _Q - (\/§>k6
_<2t> (jl:[lsj) (}1 55 +t)(j1:[1 25].)(]1:[1 55 ) 5|

(C.19)

where k1 + ko + k3 + k4 + ks + 2k + 2k7 = m. Here we don’t consider the contractions
between S™Tn + tng, Stng, —S™n since we absorb that in the scalar structure. After the
Wick rotation, the spin structure multiplied by (—4)" in eq. (C.18) is
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(=9)" Ly 4+ Li Ly — Fi(—z’S"’Jrn—iznt, —iStny, iS™ " n)

2
I N V- B N (L SV B W ALV, S W AVo A
X (Ez%) (1:[12253‘ ’+zz) (1:[122Sj) (1:[11\55 ' ) <\2f>
= (—i)mim 2o 2kt (—ﬁz> ’
2
ko , ks 3 ks 3, ks o ke
() (B2 (-2 () ()
:(_1)k +k (—222)
k:z . k‘3 2 " k:4 2 . k:5 2 . 2 k6
) () (- 2) ({ee ) () e
J= J= J= J=

which is exactly the same as the general form of the spin structure in the space-like Jet
function eq. (C.15)

Ly L, L, _TY(S""n+zn,,S%n,, —S" n)

k1 ko k3 ka4 ks ke
\/5 z \/5 T, \/5 z \/5 n,— \/5 k7
= (—zz> (H—Sj) (H—Qsj +—Z) ( —25j> (st ) <—2) (=)™
j=1 j=1 j=1 j=1

(C.21)

So eq. (C.18) is the same as eq. (C.15). Thus the space-like Jet function is equal to the
time-like Jet function with ¢ — —iz.

C.2 A proof based on general properties of Wightman functions

The above proof can be generalized to the case where a non-perturbative Wightman function
is attached to the Wilson links through perturbative vertices. In eq. (C.14), requiring the
time ordering, one can rewrite G; in terms of a Wightman function W,

00 “+o00 S1 Smq—1 t Smy+mg—1
JtD) =3 3 Z/O dsl/o dsz.../o dsml/o dsmlﬂ.../o s

m=0mi,m2 i

0 Sm—1
/ dSmy+ma+1 - - - / dsm (C : Cz) Ln,Jr Ly Ln,f
—00

—0o0

: W((wi(S, tng,n) — xip1(S, tng, n)) (1 — zO)) , (C.22)

where the Wightman function W contains the Lorentz vector indices contracted with
L, 4+ LiL,_ and we just omit them here for simplicity. The Wightman function depends
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on the consecutive increments according to the natural time order. More explicitly, one has

(:L'Z' — xi+1> (S,tng,n) = (si —sig1)n, 1<i<mg—1, (C.23)

(:r:ml - xm1+1> (S,tng,n) = Smyn + (1 — Spmy+1)tne (C.24)

(ﬂ?i — xi+1> (S,tng,n) = (s; — sit1)tng, m+1<i<m3+mg—1, (C.25)

<xm1+m2 — $m1+m2+1> (S, 0, 1) = Smy+motft — Smy+mat17, (C.26)

(ZL‘Z‘ — aciH) (S,tng,n) = (s; — sip1)n, mi+me+1<i<m-—1. (C.27)

The 0 choice guarantees that the consecutive increments in this Wightman function are all
within the forward lightcone direction, namely, x; — x;11 € R* —iV,, the natural analyticity
domain. So one can do the analytical continuation s; — —is; and t — —iz to obtain

J(t = —ilz|, D)

too +00 51 Smy—1 z Smqtmg—1
=3 S S s s [ sy [ s Sy pms
— JO 0 0 0 0

m=0mi1,m2 1

0 Sm—1
/ d8m1+m2+1 e / dSm (C . CZ) (—Z.)an7+ Lt Lm_

—00

. W( —ix;(S, zng, n) + ixi11(S, 2ng, n)) (C.28)
According to the general analyticity property of the Wightman function [104], L, Ly L, — -
W is invariant under the complex Lorentz transformation A(tn; + zn, + Z,) = itn, +
1zn; + £, which transforms n; — —in, and n — —in. The inverse transformation is
A~! = —A. The vector field transforms as UA*(x)Ut = A A¥(A~'z), which implies that
WHLbn (g ) = (ATH)E (AT WP (A, ... Azy,) in the analyticity domain
under complex Lorentz transform A with det A = 1.

So we can obtain the following identity

Lo+L,L,_- -W(xi(s, 2nz,n) — xir1(S, zny, n))

= (—=9)" Ly L Ly — - W( —ix;(S, zng, n) + i1 (S, zng, n)> , (C.29)

where z;(S, zn,,n) is defined exactly as x;(S,tn;,n) with tn; replaced by zn,. Here we
used the fact that —iAz;(S, zng,n) = z;(S, 2nz,n), —i(ng)(A1)H0” = —v* = (n,),0* and
—i(n) (A 1)tv” = vt = (ny),0*. Plug the above identity into eq. (C.28), we obtain

J(t = —ilz|, D)

100 +o00 s1 Smq—1 z Smy+mg—1
=3 XN s [Cdsee [ sy [ dsminne | 081y 4
— J0 0 0 0 0

m=0mi,m2 i

0 Sm—
/ Sy +mat1 - - - / 1 dsy, (C-Ci) Ly + L, Ly - W(mi(S’, 2Nz, n) — xip1(S, z2n,, n)),
(C.30)
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which is the same as the spacelike jet function (eq. (C.15)), written with the Wightman
function,

(IZ! D)

Smq—1 z Smi+mg—1
= Z > Z/ dsl/ dsy .. / dsm1/0 dsm1+1.../0 dSm, +ms

m=0mi,mz2 1

/ dSmy+mat1 - - / " dsy (C-Ci) Ly L, Ly — ~W($¢(S, 2Nz, n) — xir1(S, zn,, n)) .
(C.31)

This shows that the time-like jet function simply relates to the space-like version through
the analytic transform ¢ — —iz when t > 0 and z > 0.

D Fourier transform of logarithms

In this appendix we provide a pedagogical introduction to Fourier transforms of logarithm,
emphasizing the singular contribution at = 0. We first introduce for ¢ € S(R) (the
Schwartz class),

(10N = [ lalele)ds. (D.1)

Clearly, this defines for any —1 < o < 00 a tempered distribution acting on smooth functions
v € S(R) with a fast decrease at large z. Furthermore, it is easy to see that it is infinitely
smooth near a = 0, with

mn

Al e amo = [ 1 lplz)d. (D2

We would like to express the distribution eq. (D.1) in terms of ¢(z), the Fourier transform of
©(z), through absolute convergent integral representations. The key point is, for 0 < a < —1,
Fourier transform of |z|® is of the form |z|~1+ which is integrable at |z| = 0 and requires
no subtraction at all. Therefore one needs to partially integrate to decrease the power of
2| down to |z|*~!. This can be performed below

/ dz]z]o‘/ eimcfa(:):)dac:2/ dzzo‘_l/ zcosxzp(x)dx
—0o0 —00 0 —00
* a1 [T Al . am [ ¢(x)sign(x)
= —2/0 dzz / sinzz@' (x)dx = —2I'(«) sin —/ de——F——F7"——+. (D.3)

o 2 Jooss ]

Clearly, for 0 < o < 1 this integral is convergent absolutely near x = 0. Now, we simply
partially integrate

. dx@’(x)sign(m)

—00 ||«
(@) - p0) @@ - ) _ [, @)
=) ¢ !I“ +/ e |x|a / e |x|a [
1 5(x) — p(0 .
_ a/_ldxcp( ‘33'1:2( ) +a/|$|>1da;‘§|(l+a —25(0). (D.4)
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Therefore, one finally has the master formula

- (D.5)

Now, all the integrals converge absolutely and define a smooth function of « in a neighbor-
hood of a = 0, therefore by taking the derivative at & = 0 and equating two sides of the
equation, one generates the Fourier transform of all the In" |z|. For example

1
Fln |2} (z) = 758(a) - Py D.6)
2 ln eE
Flta? @) = (7 + T3 )3(o) + PW , (D.7)
1 121n? 7% 2
F (o) = = (1 + e + 26 o) - PR (.5)
22 1974 41n® €72 |z| + 72 IneV? x| + 8¢
In4 _ (4 JET ) 3
Fitnt o) = (76 + B + $va6s + Sy )8(a) + P o ,
(D.9)
and so on. The convention of Fourier transformation is
1 +oo —12T
F(@) = 5 /_ dze™ " f(2). (D.10)

Clearly, the method above can be generalized to Fourier transform of sign(z)In" |z| with

minor modifications. In fact, the only formula one needs is

I'(ar) cos 5

o
/ dzz*"'cos zx = ) (D.11)
0 |z|*
when 0 < o < 1, which leads to
o0 o) !
/ sign(2)|2|%p(2)dz = 2T (a) cos ~ / FRACI (D.12)
. 2 J-x ||«

and one then proceeds exactly the same way by partial integration. The results up to
sign(z) In? | 2| reads

Flimsign(2))(z) = P~ . (D.13)

F(imsign(z) In |z|)(z) = _Phne;E]:d’ (D.14)
o 9 In? e72|z| — 72

F(imsign(z) In®|z|)(z) = PT (D.15)

Notice the absence of any subtraction term at x = 0, which is expected for odd distributions.

E Converting the threshold “plus function” to principal value and
numerical extraction of cg

Like many other quantities in QF T, the quasi-PDF in massless perturbation theory has a
high level of regularity in coordinate space: it is not only a tempered distribution,? but also

3This is the level of regularity for a generic correlator in local quantum field theory [104].
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an analytic and local-integrable function with logarithmic small and large z asymptotics.
In particular, the large z asymptotics for non-singlet quark quasi-distributions has the form
e~ "2 1n" z and corresponds exactly to the threshold limit. As a result, when transformed to
the momentum space in the sense of tempered distribution, the level of singularity at z =1
is enhanced, requiring additional subtraction terms. The spirit of such subtraction is the
same as the Fourier transform of logarithms and is normally presented in the “plus-function”
notation in literature [67]. Since in the threshold limit the natural prescription is perhaps
the principal value, which is adopted in this paper, we need to convert the “plus-functions”
into principal value, defined in eq. (3.16). This is crucial to extract the coefficient of 6(1 —y)
term. In this appendix, we present the details of this conversion.
We first consider the region y > 1. A plus function of the following form

[o0]

(Jow-0rw] o) = [~ 1) (o) - o)) dy. (£1)

o(1)

can be converted to principal value in the threshold limit in the following way. First, one
expand f(y) at y = 1 and separate the O(1 — y)~! singular term and non-singular term

f(y) = fsing(y) + (f(y) - fsing(y)> ) (E2)

the first term survives the threshold limit in the region 1 < y < 2, while the second term
will only contribute to threshold limit through the §(1 — y) term, namely

/loo f(y) (w(y) - 90(1))dy = /12 fsing(y) (go(y) - (p(l))dy + [:o Feing ()0 (y)dy
- [/12 (f(y) - fsing(y)>dy+ /;O f(y)dy}so(l)
+ /100 (f(y) - fsing(y))w(y)dy, (E.3)

clearly, the first line is just our convention of the principal value, while the last term is
power-suppressed. As a result, one has in the threshold limit

[oo]

[H(y - 1) f(y)

e(1)

S 7><9<y - 1)fsmg(y)) _ [ /12 (f(y) - fsmg(y))dy + /2 ” f(y)dy} Sy—1).  (E4)

Similarly one has

—o0)

{0(1 - y)0(y)f(y)

+(1)

— 73(0(1 - y)H(y)fsing(y)> _ {/01 (f(y) - fsing(y)>dy]6(y —1), (E.5)
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and

[—o0]
o0+ 050 == [ s ), (©0
+(1) -1
[—oo] ~1
[9(—3/ —1/fw) - —/ F(y)dyd(1 —y). (E.7)
+(1) —oo

Given all the above, it is not hard to convert all the quasi-PDFs in the threshold limit
into principal values. All the terms depending on L, are easy, so we present here only the
constant terms in 6(1 — y).

E.1 C4sCF term

For this term, numerically one has

—528¢3 — 37* + 10072

2(cy +c1)cpc, + 71672 = 0.6589, (E.8)
culepc, = —0.0840, (E.9)
consistent with the numerical result in the main text.
E.2 012? term
For this term, numerically one has
—572 + 31* — 120¢3
3072 + QCH‘C% =0.4782, (E.10)
CH|C% =0.0725. (E.11)
This is in agreement with the result in the main text.
E.3 CpnsTy term
For this term, it is easy to check that
—4n? + 24G3 -8 5
lo = W + 2(01 + CH)CanTF = 71'2 — a 5 (E12)
from which one has
36(3 + 5172 + 1312
CH|Cpn;Tr = 120672 = 0.1453, (E.13)

consistent with the numerical result in the main text. In appendix G we extracts the CrC4
and the C’% terms in cy analytically through the coordinate space representation.
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F Results for the NNLO threshold limit in momentum space

In this appendix, we present the detailed results for the quark non-singlet quasi-PDF in the
threshold limit. Given the coordinate space expressions in section 5.1 and the explicit form
of ¢, in eq. (5.10), by Fourier transforming all the results to momentum space using the
rules in appendix D and E, one obtains the threshold limit of the quasi-PDF*

2f@(y, L)

22: [CFCA (sz y) + gz’%) +Cf (Phi(y) + hi5y) + CpnyTr (Pli(y) + lz‘5y>] (—L.)".

=0
(F.1)
Here the L,(ZO) coefficients reads
—331In%(y — 1) + (100 — 37%) In(y — 1) — 27¢3 + 7w — 12
— F.2
90()ly>1 5y 1) , (F.2)
1981n%(1 — ) + (1872 — 600) In(1 — y) — 432(3 + 5772 + 1022
_ F.3
241n3(y — 1) — 241n*(y — 1) + 872 In(y — 1) + 84¢3 — 1172 4+ 6
h = F.4
0(y)ly>1 2720y — 1) ) (F.4)
—241n3(1 — y) +481n*(1 — y) — (872 +24) In(1 — y) — 12¢3 — 372 + 6
ho(y)’yd = D) )
1272(y — 1)
(F.5)
6In%(y —1) —16In(y — 1) — 72 +3
! — F.6
—181n2(1 — y) + 481In(1 — y) — 672 — 85
l = : F.7
O(y)’y<1 27772(y B 1) ( )
For the —L, term one has
11In(y — 1)
= - F.8
gl(y)’y>1 67T2(y _ 1) ) ( )
—33In(1 — y) — 372 + 100
— F.
1)y T s (F.9)
—61In?(y — 1) — 72
h = F.1
1(y)’y>1 37T2(y — 1) ) ( 0)
12In2(1 — y) — 12In(1 — y) + 72
h = F.11
2In(y — 1)
I _ F.12
l(y)|y>1 37T2(y — 1) ) ( )
6In(1 —y) — 16
l = . F.13
1(?J)|y<1 | 97T2(y — 1) ( )

4The threshold limit is independent of the spin structure, since both the heavy-light Sudakov form-factor
and the jet function are independent of the spin structure.
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Finally, for the L? term one has

92(y)ly<1 = —1%2311_@, (F.14)
ha(y)ly<1 = m (F.15)
la(y)ly<1 = 37T2(11_y) (F.16)

Notice that L? terms only appear in the “physical region”. Finally, for the dy=0(1—-y)
term, one has

(—18¢s+m2—8) . —528(3—3m!+1007>

gotgi1L,= 1972 L.+ 21672 +2(c1 +CH)CFCA ,  (F.17)
L? 2—72428 —5m2 4374 —120
Mot Lot hol? =~ 22 22T E G+ - 1 2eules, (F.18)
1 —472 424
l0+l1LZ:QLZ+T2<‘;$+2(CI+CH)CanTF' (F-lg)

The above provides a complete presentation of the threshold limit predicted by our factor-
ization formalism and matches precisely with the two-loop exact result.

G Analytical extraction of cy

Although the momentum-space representation can be used to determine all the L, and L?
terms in 6(1 — y) analytically, it is relatively hard to obtain from that representation the
constant terms cg in 0(1 — y) without numerical integration, except for the Cpn T term.
In this appendix, we extract the remaining part of ¢y in eq. (5.7) analytically using the
coordinate space representation.

The starting point is the coordinate space representation in ref. [67], for example for
the C4Cr term one has®

f(Z L, |g3;Cp le/ a( ( —iAt —M) dt—l—ZlZ [ gz (t) ( —z)\t_e—iA) dt |
(G.1)

One needs to extract the A — oo limits in all integrals, corresponding to the threshold limit.
For the purpose of extracting cg, only ¢« = 0 term or g§ = ga, gg = gp terms are needed.
For g,, as usual, one has

/01 ga(t) (e—i)\t _ e—iA) dt

1 , , 1
— /0 Ja,sing(t) (e_”\t — e_’)‘) dt — e_Z)‘/O (ga — ga,sing> (t)dt. (G.2)

>The a(%)o term is trivial and therefore omitted in the equation but will be added back at the end.
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The first term will contribute to e~**In™ X in the threshold limit and is relatively easy.
The second term is relatively hard. We first consider the first term, to compare with our
coordinate result one needs

1 l, 1
In(+i\) = §Lz + 3 + %sign(z) —YE (G.3)
which implies that for L, =0
—zt)\ —iA ) lz ;
/ dt 1 _te T (2 + Z;Tsign(z)) , (G.4)
—zt/\ —7,
S -t — l .
A e U ST o), (G5)
P2 ) CS
/ a1 = ) > —e 2+ O(L, sign(2)). (G.6)

As a result, using the explicit form of the singular part of g,, it contributes to

1 , , 22¢3 600 — 1872\ _.
—iXt —iX 3 —iX\
/0 ga,sing(t) (e T et ) dt — ( 972 + 1296 )6 ¢ , (G?)

for the pure constant term (which means I, = L, = sign(z) = 0 after using sign®(z) = 1).
Similarly, for g, one has

0 )
/ ab(t) (™M — e ) dt - —e / digy(t) (G.8)
-1
One can check that most of the integrals can be performed. The difficult integrals are
I Lig(—t) — Lig(—1 n(1—¢
I = / fy(=t) = Lis(=1) / =) (—pdt (G.9)
0 1-t 0 t
1 In(1+t¢
I :/ Lis(1 —t)n(:)dt. (G.10)
0

In fact, these integrals can also be performed in terms of Liy % . The crucial thing is the
explicit formulas for two alternating Euler sums [105]

- H, 11 7lm2,  Wn®2 "2 1
—)EE = gy - - —2Lig ( = 11
ST = G e ey 25 (G11)
o0 (2) 4
oy 51 71112 In* 2 1
—1)n! == —In?2( + —— +4L : 12
() = gt G 26+ T i (5) (G.12)

Given these, all the difficult integrals above can be expressed in terms of special values of
zeta-function up to Liy (%)

G.1 CpCy term

We first consider the 0 < ¢ < 1 region, namely, the g,(t) term. We split the terms into three
categories g, = ¢a1 + ga2 + 9a3: ga1 includes all the algebraic and logarithmic terms, gqo
includes all the Lis and g,3 includes all the Lis. The first categories can be even spilt to
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three subcategories as gq1 = ga11 + ga12 + ga13: ga11 contains all the algebraic terms and
powers of In(1 —t), gq12 contains all the powers of Int¢, and g413 contains all the products
of logarithms with two different arguments such as In¢In(1 —¢). One has

(2 +3)¢ (41 (—i72 (1 — 1) - 2G) 32+ 1) (A7*m(1 1) + G)

™ a1 = =1 20t — 1) 20t — 1)
w2 (1—2t%) 772 — 1104t + 77  (=3t2+ 6t +85)In*(1 —¢) 7*2In(1 —t)
24(t — 1) 108(t — 1) 24(t — 1) 3(t—1)
27t2 — 36t + 409) In(1 — t)
( 361 1)) : (G.13)
2+ D)t (17t2 4+ 24t +11)In®t (1012 + 3t +29) Int
™ gar2 = <24(t 2 n | 48(t — 1) pet g 36(t — 1) Lat, (G.14)
) (2 + 1) Intln*(1—¢)  (3t2+6t —53)Intln(l —¢) In®tIn(l —¢)
T Jals = 20t — 1) N 12t — 1) t—1
—(t+1)Intln(t+1). (G.15)

Only the first sub-category requires subtraction. Each sub-category can be evaluated and
the total result reads

1 SBG _lyome 22 241
/0 dt (gan(t) — Ga11sing(t) + ga12(t) + gals(t)) =—= 7r28 +35 1 216
(G.16)
We then move to term with Liz. The expression reads
5(t* + 1)Lig(1 —t) = 2(t* — 1+ 2)Lig(—t) (¢ + 1) Lig(¢
gag(t) _ ( ) 3( ) + ( ) 3( ) + ( )2 3( ) ] (G17)

2(t — 1)n? (t—1)m2 T

Notice the t? 4+ 1 in the second term has been split as t> + 1 = t> — 1 + 2. All the terms
expect the +2 can be evaluated explicitly. The total result reads

/01 dt (9a3(t) - 9a3,sing(t))dt _

1 243 — 641n4 4 [l Lig(—t) — Liz(—1
1 (9(96g3 +243-64Ind) |, 210) - 7/ ig(~1) ~ Lig(~1)
288 2 w2 Jo (1—1)

Notice the appearance of I; from the 2. We then move to Lis terms. The expression reads

(G.18)

~( = Dwe+2me+ @ - 1)L

w2 (t—1)

Ga2 (t) -

(563 2 (2 = 1)In(1— )+ 2m(1 — ) + (1 — £2)Int + 21nt>Liz(t)
272(t — 1)

Again, all terms can be explicitly integrated, except for the two 2Int terms. The total

+ . (G.19)

result can be expressed, after partial integrating using the relations

Int d _2In(t+1) In(1-¢)

. d (.. .
= _@Lu(l —1), pr (ng(t) - 2L12(—t)> 7 PR

(G.20)

— 37 —



in terms of I as

/01 (gaz(t) - ga?,sign(t)>dt _

1 (5(304C3 —33+96In2) /1 In(1+t)_ .
o ( - 67> + 5) =Lkt (G.21)

Notice the appearance of Is.

Similarly, for the g; integral in the region —1 < ¢ < 0, using the same method one has
the final result

0
/lgb(t)dt
1 5(768Lis (1) +24¢5(19+121n2)+39+32In" (2)) , ,
=5 |- - +3472+160 (2+1n(2) )
0 Lig(—t)In(—t) . 2 [0 Lig(—t)
T e A e LA T dt. 22
w2 ) 1-t 7T2/1 1—t (G.22)

Now, after a few more partial integration, all the remaining integrals can be expressed in
terms of

1 (1
I, = 7/ A+ syt (G.23)
™= Jo t
1
I, = 12/ Mmgu —t)dt . (G.24)

Expanding the logarithm, in terms of Harmonic numbers H,, = >7ji_; ¢ L and Hn => %,
one finally has

n4
) 1H 2Li4 (%) + %CB In(2) — g% + ! 152) 1127'('2 1112(2)

I,=— - Z - , (G.25)

1 )n 1H( ) —dLis (3) = 3G (@) + T - $nt(2) + fr?n?(2)

T2 Z - 2 :
(G.26)

Combining all above, one finds that
1 1860¢3 — 347 +2655 11

a(t) = Gasign(t) ) dt = —, 2

| (30 = gusnl®) SRS, (@)
0 456(3 — 6472 + 39
| ottt = -2 P (G.28)
1 0 96¢3 +341 20 1772

a(t) = asign(t) ) dt fdt = —> """ 4 — 2

[ (50 = gosin® )+ [ gutrrar = 23 22 ST (G-29)

As expected, all the Liyg <%) and powers of In 2 cancels. It is easy to check the correctness
of such results numerically. Combining all the above, one has the asymptotics

96¢3 + 341 N 20 1772 N (22g3 N 600 — 187r2> ( " 52 4877)
6472 27 240 972 1296 57 24 576
=2(cy +c1)lopcy (G.30)
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which leads to

241¢5 x® 559 971
14472 320 1728 32472

crlopc, = —0.084043046 , (G.31)

in agreement with the numerical result.

G.2 CIZ; term

Similarly, one starts with®

1
Z L, ’(C?Q) — le / ha ( —iXt e—iA) dt + Zl; /01 hi’(t) <€—i)\t - e—i)\) dt, (G32)
=0 -

and denote hd = h,, hY = hy. Using similar methods, one can show that for the h, term
(when all the Lis are transformed to be with arguments z and —z, but not 1 — z),

1 13¢3 +2In4 293 7% 3529
hat(t) — hat sign () |dt = — =23 T 272 292 T4 2927 G.33
/0 ( 1(#) 1sig U) 72 144 120 T 19272 (G-33)

And for the Liy terms

1 1 1 14 2In4
0

240 2
4 rlin(1

A A0 b (G.34)
™ Jo

The only difficult integral is I,. Now, for the Lis term one finally has

1 1 /45(72¢3 — 95+ 64In4
/ (ha?,(t) - has,sign(t)>dt =50 ( (726 — O g 90)
0

/1 Lia(~ 1_1;13< D (G.35)

Again, notice the appearance of I;. Using the results for these integrals in the C'4CF section,
one finally has

1 822 _9¢; 87 14
/O (ha(t) - ha,sign(t))dt oSS - (G.36)
Again, all the In2 and Liy (%) cancels. It is not hard to check this result numerically. For
hy, since one has hy = —2¢p, one can use the result before
0 456¢3 — 6472 + 39
/ dthy(tydt — 20063 = 04T+ 39 (G.37)
—1 967’(2
which leads to
1 0 703 —816¢3  8m2 20
/0 (ha(t) _ ha,sign(t))dt + [ dthy()de = TR L B T (G.38)

6Again, the a(()21)0 term is trivial and will be added only at the end.

-39 —



Figure 6. One of the two-loop diagrams for time like jet function, with a triple gluon vertex.

This finishes the most difficult step. To extract the ¢z, one still needs to obtain the large A

asymptotics as the case with C4Cr. For this purpose one needs one more integral
1 —itA _ ,—iX L 3d
/ At (1 —t) & —e P 4 O(L,, sign(2)) . (G.39)
0 1—t 320

Given these, one has

72 —36 5403 + 237" — 32472 + 360

2eiley + g 14472 ’ (G.40)
which leads finally to
—45(3 — 274 Z_
chlez, = oG 247:; 0T =30 _ o718t (G.41)

consistent with the numerical result. As a result, all the three terms for ¢y are determined
analytically now:

14472 ' 320 1728  324x2 2472
<36C3 + 5172 + 1312

129672

(241g3 1172 559 971 —45(3 — 2% + 3072 — 30) 5
CH = CF

Jorca+ (

)cpnfTF . (G.42)

Combining with ¢,, the above completely determines the heavy-light Sudakov kernel at
two-loop, a universal object that also appears in TMD factorization for quasi-TMDPDFs
and quasi-LEFWFs.

H A sample two-loop diagram for the jet function

In this appendix, we present calculation details for a sample two-loop diagram with triple
gluon vertex and with six propagators, shown in figure 6. The purpose of this appendix
is threefold. First, it provides a check on the non-trivial fact claimed in ref. [69], that
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Figure 7. A master integral from IBP reduction of figure 6 with five propagators.

after flipping the incoming light-like gauge link direction from pointing to +oon to —oon,
the two-loop diagrams remain the same up to scaleless terms. Second, it verifies in an
explicit way, the all-order result that after flipping the light-like gauge-link, the time-like
jet function relates to its space-like version through the analytic continuation ¢ — —i|z]|
without encountering any singularities. Finally, it serves as a pedagogical introduction to
sample two-loop calculations with gauge-link propagators and light-cone singularities, which
is hard to find in the literature.

The starting point is figure 6. Using the standard Feynman rule, it is easy to check
that the in momentum space (¢ is conjugating to ¢°) this diagram is proportional to

F(111;110; 100) = / Phdl 1 ! (H.1)
’ ’ o (271')2[) Dle_HDk (l "U—qu)((k-i-l) 'v—i-qo)(l n) . '
The IBP reduction of this integral, after using once 0 - k and once J; - I, reads
1
F(111;110;100) = D1 (F(lOO; 100; 100) F'(002; 001; 000) — F(021;110; 100))
1
— ——( F(012;020; 100) — F(102;020;100) ) . H.2
(D_4)2( (012;020;100) — F(102;020; 100)) (H.2)

The convention for integrals F'(ningons;mimaoms;lilals) can be read from the expressions
above and follows roughly the same pattern as ref. [69] without the pre-factors. Notice that
all the denominators are with 430 prescriptions, corresponding to one incoming light-like
gauge link and one outgoing. This Wilson-line configuration is in fact much simpler than
the one with both outgoing light-like gauge links and can be directly analytically continued
into our space-like jet function without any discontinuity.

In principle, the power of the denominators can be reduced more, but we will not
proceed further in the IBP reduction since the level of difficulty is already not very high.
In particular, all the integrals with four propagators are easy, so we focus on one of the
“difficult” integrals, F'(021;110;100) with five propagators. More explicitly, in momentum
space one has

dPkdPl 1 1
(2m)2D Dl2+ka l-v+q)((k+1)-v+ql-n’

I = F(021;110;100) = Mg—w/ (H.3)
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Diagrammatically, it can be represented as in figure 7. The dot in the gluon propagator
simply denotes the doubling Dy — DZ,; = ((k +1)* 4+ i0). This diagram can be most
efficiently evaluated in position space. For this purpose, one needs the coordinate space
version of the doubled propagator

dPk —ie~*tr  T(§ —2)

G (=2 40 :/ = —2? +i0)2 7 . H.4
(410 = | G = e U O @)
Remember the coordinate space version of the single propagator reads
INEZ D dPk e~k
G(—z? +i0) = —2—"(—2? '01_*:/77. H.5
(i) = o2 et iy R = [ oS (1.5)

Given this, one actually has

0o 00 A\ |
1= 2/ d)\3/ d)q/ dAaGP (=22 — V2 A3 +i0)G(—A2 — V2Xo )3 + iO)el)‘lqo .
0 0 0

(H.6)
Clearly, for ¢" < 0, it is possible to simply analytic continue in \; = —i); to obtain
D D
I — _M8—2D’q0|2D—9P(7 — 2>F(§ — 1)
0 V2(4m)D26-2D
0o 0o A1 9 9_D 1_D _y
x / d)\g/ d)\l/ Do £ AN 22+ dohg) "B (HT)
0 0 0
Introducing the parameterization
=\z, 0<zx<1, (HS)
A3 =zAp, 0<p<oo, (H.9)

one obtains

8—2D’q0|2D—9F(%_2)F<%_1)F(9_2D)

! [ o [ dmrt P g8
=— xx 2 x 2.
a V2(4m)D26-2D o o ’ ’
(H.10)
Now, replacing z by x — 1 — y and re-introducing through p = 1=, one has
rL-2rf -1nr©-20
I— _ug—zD’qo‘2D79 (3 (5 )T )M (H.11)

\/5(47T)D26—2D ’
M= /31 dz /31 dy(1 — )" 172 (1 — )1 H24(1 — 2y)° (H.12)

To make further simplification, one would like to partially integrate with respect to = by

writing (1 — z) 7172 = i%(l — )72¢. Then one obtains

1 1 1 1
- - _ = d dy(1l — —2€ 1— 2¢ 1— —1+4e€
M= =5 [ o [y - a0 - ) - ay)

1 1 1
+ 5/ dx/ dy(1 — 2)~2¢(1 — )~ 1261 — ay) "I (H.13)
0 0
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Notice that the rule of the dimensional regularization 09t = 0 and 1%t% = 1 has been
used. To evaluate the simpler one among the two integrals, the

M, = /01 dz /01 dy(1 — )21 — 9)2(1 — 2y)~ ¥, (H.14)

simply notice that this integral is absolutely and uniformly convergent in the strip regions
—3+6 <Re(e) < — 0 for any 0 < § < 3, therefore it defines an analytic function around
e = 0 with all the Taylor coefficients obtainable through expanding before integrating. As a
result, one obtains

2
M1:7:—<36+/01/01dxdy(21“(1_y)_221?1(1_;g+1n(1_xy)) S+O().  (H.15)

The first term is due to

1 1dd 1 7r2
p— = — H-l
/0/0 vy == (HL16)

while the second term is due to

Lol 2In(1 — —2In(l —y) — In(1 —
/ / dxdy n(l —z) il( y) —In(1 — zy)
0 Jo )

= (5. (H.17)

To evaluate the third term, it is instructive to list all the necessary pieces

In?(1—2z) =t
dxd = — H.1

/ / T oy l—azy 15’ (H.18)

In%(1 — In"(1 —zy) m
dxdy — H.19
/ / 1—xy 45 ( )

1 —y)In(l —2) 177

dxd = . H.20
/0 /0 dy ™ 1—ay 360 (H.20)

Given all above, one finally has

2 4 1 17
Mlzﬂ——C;;e—I—Tr <15+—)62+0(63)

6 90 90
2 4t
=%~ (3¢ + ﬁ‘f + O(e ) (H.21)

One then moves to the more difficult integral

My — /01 dx /01 dy(1 — )21 — )~ 121 — ay) e (H.22)

To evaluate this integral, it is more convenient to transform it into a single infinite sum.
This can be achieved using

= I'(e I'l+n-—e
(1 =)= = _nZ::o r(—e)r(()l ) (r(2+ 1) oy (H.23)

43 —



Integrating term by term, one get

['(1 — 2¢)T'(e)I'(2¢) sin e

My = - S(e), (H.24)
> I'l+n
Ste)= nz::of(l+n+§e);(2)+n—2e)r(1+n_6)' (H.25)

The sum converges absolutely for Re(e) > 0, but develops a pole at € = 0. To extract the
O(€?®) contribution one can first expand

T'(14n) 1 2 e (4-4(n+1)2D(n+1))
T(I+nt20T(2+n—26)  T(2+n) (e 1)2T(n+l) (n+1)3T(n+1)
& (8-8(n+1)20W(n+1)) —
(n+1)i0(n+1) '

Now, one can sum term by term, and in the third term one simply set € = 0 in I'(1 +n — €).
The reason is that the decay of the polygamma function makes all the terms except the
first one absolutely convergent at € = 0. Using the relations

X T(14+n—e¢ I'(l—e¢
3 (F(;n)): (6 ) (H.27)

n=0
N 2e0(1+n—¢)
nZ::O (n+1DI'(n+2)

X 1—(n+1)2pW(n+1)
Z (n+1)3C(n+1)

=20(1 =€) ((e+1) + ) , (H.28)

4T (14+n —¢) = gf(—e) (71'262 — 6e(Y(€) +vE) — 6) ,

n=0
(H.29)
28— 8(n+1)%pW) 1 4
3 (n + )T/’4(”+ ) _ ™ (H.30)
— (n+1) 15
one finally obtains
1 1/ 5 —68C3 + 275 + 5yEm?
S(e)—g+7E+E(6’yE+57r)e+ 19 €
—81 4 4 4 2,2
. 8160vE(3 + 60vE + 497 + 300y5 ™ 3 (H.31)
1440
Combining with the coefficients, one obtains
1 72 At
My= — +— — —— ¢ 3 H.32
2 2€2+2 3(3e + 15 € + O(e”), (H.32)
which leads to
Moot M My m AT e o (H.33)
- e —c €’). .
122 T2 T 6 T
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The above completely determines the momentum space version of the integral. In fact,
converting to the notation in ref. [69], using a = 2¢°, one has

0
F(021;110;100) = u4ﬁe’YEf(47r)D%n ol (H.34)
0 2 -2r& -nre-2n)
— _fdermeq DL 02D-92 12 2 M H.
preeTe e (4m) " ld | 372D (4m)D , (H.35)
tep(L (L - 119 - 2D
2’q0| 28—2D
4de 2 4
I T 61w 9
_ ([ _T _ , H.
(—a) < e + (3 180 e+ O(e )) (H.36)

The O(€) term is required in order to obtain the constant contribution to £'(111;110;100)
due to the ﬁ prefactor.

One also notices that to determine the same diagram directly in coordinate space, one
simply needs to Fourier transform back

o d 0 )
1) = [ Shei), (H.37)
oo 2T
which results in
o] t
It)=i / dAs / dAoGP (=12 — V2tA3 +i0)G (=3 — V2o A3 + i0) . (H.38)
0 0

Now, the analytic continuation in ¢ — —i|z| can be performed easily, which gives

il(|z]) = /0 W 0' ld)\gG (22 + V22203 +i0)G(A2 + V2 o )3) (H.39)
and
Q D D
I(12]) = (sol])>2” y(;;g%w 7 ap [ daa =P pyE 14 ot
O 4
~ Gl P HE TG D (2 s 20, (1.40)

which is again determined by the same integral. As a result, the coordinate space version is
also completely determined. It is easy to check that the above is simply the same integral
resulting from the IBP reduction of our space-like jet function.

Finally, we address the issue of the flipping the sign of n. Clearly, in case of
F'(021;110;100) it is suffice to show that

/ X302+ A A3)2" T (A2 4+ dodg) !~ 2

U

/ dA3(A2 — Mg — i0)2 2 (A2 — A\gAg — i0)1 7% (H.41)
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After exponentiation, the difference is easily seen to be proportional to
o8} .
/ d)\3€z>\3(a1)\1+a2>\2) = 271'5(0&1)\1 + 042)\2) . (H.42)
—0oQ

However, since g A1 + agXg > 0, the delta-function after integrating with the remaining
parameters simply vanishes due to the rule 0%¢ = 0 for any a # 0 in DR. It is not hard to
check this for all the remaining terms.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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