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ABSTRACT: We explore the topological susceptibility at finite quark chemical potential
and zero temperature in two-color QCD (QC2D) with two flavors. Through the Ward-
Takahashi identities of QCsD, we find that the topological susceptibility in the vacuum
solely depends on three observables: the pion decay constant, the pion mass, and the n
mass in the low-energy regime of QCyD. Based on the identities, we numerically evaluate
the topological susceptibility at finite quark chemical potential using the linear sigma
model with the approximate Pauli-Gursey SU(4) symmetry. Our findings indicate that,
in the absence of U(1)4 anomaly effects represented by the Kobayashi-Maskawa-'t Hooft-
type determinant interaction, the topological susceptibility vanishes in both the hadronic
and baryon superfluid phases. On the other hand, when the U(1)4 anomaly effects are
present, the constant and nonzero topological susceptibility is induced in the hadronic phase,
reflecting the mass difference between the pion and 7 meson. Meanwhile, in the superfluid
phase it begins to decrease smoothly. The asymptotic behavior of the decrement is fitted
by the continuous reduction of the chiral condensate in dense QCoD, which is similar to
the behavior observed in hot three-color QCD matter. In addition, effects from the finite
diquark source on the topological susceptibility are discussed. We expect that the present
study provides a clue to shed light on the role of the U(1)4 anomaly in cold and dense
QCD matter.
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1 Introduction

In Quantum Chromodynamics (QCD), the U(1) 4 anomaly, i.e., the non-conservation of
the U(1) 4 axial current caused by the gluonic quantum corrections, plays crucial roles
in the low-energy physics governed by the spontaneous breaking of the chiral symmetry.
For instance, the U(1)4 anomaly affects the hadron mass spectrum to yield the heavy n’
meson [1] and the order of the chiral phase transition in QCD matter [2]. In addition to
these low-energy aspects, the U(1)4 anomaly is also closely related with topological vacuum
structures of QCD [3], which is described by the anomalous gluonic operator tagged with
the 6 parameter. The characteristics of the 6-dependent QCD vacuum is captured by the
topological susceptibility: the curvature of the QCD effective potential with respect to 6.
The symmetry breakings in QCD are reflected in meson susceptibility functions defined
by two-point functions of quark composite operators in the low-energy limit. At the hadronic
level, the so-called chiral-partner structure would be an indication of this property [4].



That is, at high temperature and/or density where chiral symmetry tends to be restored,
masses of the mesons related by the chiral transformation become degenerate, and so do
the corresponding meson susceptibility functions. This implies that, indeed, the meson
susceptibility functions can be regarded as alternative probes to measure the strength of
chiral symmetry breaking and restoration. In a similar way, the effective restoration of
U(1) 4 symmetry can be quantified by the degeneracies of the meson susceptibility functions
connected by the U(1)4 transformation.

Making use of the Ward-Takahashi identity (WTI) associated with chiral symmetry,
one can show that the topological susceptibility is also correlated with the chiral- and U(1) 4-
partner structures in the meson susceptibility functions [5-9]. Thereby, the topological
susceptibility can also be referred to as the indicator for the breaking strength of U(1)4
symmetry through the chiral phase transition. In fact, lattice QCD simulations at the
physical quark masses support that the magnitude of the topological susceptibility smoothly
decreases at high temperatures [10-12]. Furthermore, a strong correlation with the chiral
restoration has also been studied through the meson susceptibility functions within 2 flavor
QCD [13-17] and 2 + 1 flavor QCD [18-20].

Thus far, the susceptibilities in hot QCD matter have been explored by both lattice
simulations [10-20] and effective model analyses [7, 8, 21] in order to gain deeper insights
into the symmetry properties of QCD in the extreme environment. However, at finite quark
chemical potential 11, lattice QCD simulations with three colors suffer from the sign problem,
and then the first-principle numerical computations cannot apply in baryonic matter
straightforwardly [22]. For this reason, our understanding of QCD at low-temperature and
high-density regime is still limited compared to that in hot medium.

In light of the difficulty of three-color QCD on lattice simulations with finite pg4, two-
color QCD (QC2D) with two flavors provides us with a valuable testing ground. This is
because the sign problem is resolved in such QCD-like theory owing to its pseudo-real
property [23]. Focusing on this fact, many efforts from lattice simulations are being devoted
to understandings of, e.g., phase structures, thermodynamics quantities, electromagnetic
responses, the hadron mass spectrum, and gluon propagators in cold and dense QCsD
matter [24-49]. In association with such numerical examinations, theoretical investigations
of QCsD at finite p14 based on effective models have been done [50-65].

In QCsD, diquarks composed of two quarks are treated as color-singlet baryons. In
other words, baryons exhibit bosonic behavior similarly to mesons. Reflecting this fact
in QCqeD, SU(2)r, x SU(2)g chiral symmetry is extended to the so-called Pauli-Gursey
SU(4) symmetry, which allows us to describe diquark baryons and light mesons in the
single multiplets. Accordingly, the spontaneously symmetry-breaking pattern caused by
the chiral condensate is changed to SU(4) — Sp(4) [50, 51]. Despite such an extension
of chiral symmetry, symmetry structures of the U(1) 4 axial anomaly induced by gluonic
configurations essentially do not differ from those in ordinary three-color QCD.

To shed light on the role of the U(1)4 axial anomaly in baryonic QCD matter, the
g dependence of the topological susceptibility has been numerically measured by lattice
numerical simulations of QCyD [30, 33, 41, 45]. The recent lattice result in ref. [41]
indicates that the effect of y, does not exert any influence on the behavior of the topological
susceptibility in baryonic matter, resulting in an approximately constant value. In contrast,



the other group shows that the topological susceptibility is suppressed in high-density
regions [45]. Hence, there exist discrepancies among the lattice simulations at finite quark
chemical potentials, and the fate of topological susceptibility at high-density regions is
still controversial.

In this paper, motivated by the above puzzle, we investigate the topological susceptibility
in zero-temperature QCoD at finite 1, based on an effective-model approach. In particular,
we employ the linear sigma model based on the approximate Pauli-Gursey SU(4) symmetry
invented in ref. [65]. Notably, this model is capable of treating the n meson which plays
a significant role in describing the U(1)4 anomaly structures consistently with other
light mesons and diquark baryons. In QCsD, since the diquarks obey the Bose-Einstein
statistics, when the mass of the ground-state diquark becomes zero they begin to exhibit
the Bose-Einstein condensates (BECs), leading to the emergence of the diquark condensed
phase [50, 51]. This phase is also referred to as the baryon superfluid phase due to the
violation of U(1)p baryon-number symmetry. Meanwhile, the stable phase with no such
BECs connected to the vacuum, i.e., zero temperature and zero chemical potential, is called
the hadronic phase. The former nontrivial phase triggers a rich hadron mass spectrum
such as a mixing among hadrons sharing the identical quantum numbers except for the
baryon number.

Within the linear sigma model, the influences of the U(1)4 anomaly on hadrons
are described by the so-called Kobayashi-Maskawa-'t Hooft (KMT)-type determinant
interaction [66—69], which only breaks U(1)4 symmetry but preserves the Pauli-Gursey
SU(4) one. This interaction induces a mass difference between the pion and 7 meson in
the vacuum. Thus, in the present analysis we particularly focus on the strength of the
KMT-type interaction, in other words, the mass difference between the pion and 7 meson,
in order to quantify roles of the U(1)4 anomaly in the topological susceptibility. Besides, in
lattice simulations source contributions with respect to the diquark condensate would be
left sizable, so in this paper we also investigate the diquark source effects so as to facilitate
the comparison with lattice data.

This paper is organized as follows. In section 2 we present general properties associated
with the topological susceptibility in QCsD by focusing on the underlying QCsD theory, and
discuss symmetry partner structures of the meson susceptibility functions. In section 3, the
emergence of the Pauli-Gursey SU(4) symmetry in QC2D is briefly explained, and our linear
sigma model regarded as a low-energy theory of QCsD is introduced. In section 4 we show
how the topological susceptibility within the linear sigma model is evaluated by explicitly
demonstrating the matching between underlying QCsD and the linear sigma model. Based
on it, in section 5 we show our numerical results on the topological susceptibility at finite ji4.
In order to facilitate the comparison with lattice simulations, in section 6 we also exhibit
the results in the presence of the diquark source contributions. Finally, in section 7 we
conclude our present study.

2 Topological susceptibility based on Ward-Takahashi identities of QC,D

Our main aim of this paper is to reveal properties of the topological susceptibility in
zero-temperature QCoD with finite quark chemical potential p,. In this section, we



present an analytic formula of the topological susceptibility based on the underlying QCoD
Lagrangian [5-9], which is useful for the investigation within the effective-model framework
of the linear sigma model.

The topological susceptibility is one of indicators to measure the magnitude of the U(1) 4
anomaly, which is related to nontrivial gluonic configurations such as the instantons [3].
Hence, we need to return to QCD Lagrangian where such microscopic degrees of freedom
are treated manifestly. In two-flavor QCsD, the Lagrangian including the so-called QCD
f-term in Minkowski spacetime is of the form

Lacs = 97Dy — m — 26, G0 40 5w, (2.1)
As for the first term, ¢ = (u,d)” denotes the two-flavor quark doublet and D,y =
(Op — ipgduo — igAGTE )Y is the covariant derivative incorporating effects from a quark
chemical potential p1, and interactions with a gluon field Af,. The 2 x 2 matrix T¢! = 77/2
is the generator of SU(2). color group with 7¢ being the Pauli matrix. Besides, g and my
are the QCD coupling constant and a current quark mass where the isospin symmetric
limit is taken, m, = mg = m;. The second term in eq. (2.1) is a gluon kinetic term where
Gl = 0A, — 0L A, + ge“bcAZAl,j is the field strength of gluons. The last ingredient of
QCyD Lagrangian in eq. (2.1) is the #-term of QCyD, which is described by a flavor-singlet
topological operator Q = (g?/6472)e "G, G, tagged with the 6-parameter. Our purpose
in this subsection is to derive useful identities with respect to the topological susceptibility, so
that only the #-dependent term in eq. (2.1), which is gauge invariant, plays significant roles.
For this reason, the gauge-fixing terms and the corresponding Faddeev-Popov determinant,
which do not affect the following discussions, have been omitted in eq. (2.1).
The generating functional of Lqc,p in the path-integral formulation is given by

mezﬂ%@Wﬂm+/¢Mmmy (22)
and the #-dependent effective action of QCs3D is evaluated as

FQCQD =—tln ZQCQD . (23)

The topological susceptibility xiop is defined by the curvature of I'qc,p, i.e., a second
derivative with respect to 6 at 8 = 0:

F
Xtop / d4 (5 QCQD (24)

0(0)],_

Thus, from a straightforward calculation of eq. (2.4) based on the QCyD Lagrangian
in eq. (2.1), one can find that the topological susceptibility is described by a two-point
correlation function of the topological operator Q = (g2/647> JeH PGl G,

Xtop = —i / d2(0|TQ(2)Q(0)[0) | (2.5)



with T' denoting the time ordered product. It should be noted that contributions stemming
from a product of (@) have been omitted from eq. (2.5) due to the parity conservation. The
topological susceptibility in eq. (2.5) is written in terms of the gluonic operator @, which
would not be a manageable expression since our task in this paper is to evaluate xiop from
a low-energy effective model involving only hadronic degrees of freedom. Difficulties in
matching the susceptibility from the effective models with that from underlying QCsD are,
however, remedied by utilizing the U(1) 4 axial rotation properly as demonstrated below.
Under the U(1) 4 rotation with a rotation angle a4, the quark doublet transforms as

1 — exp(ica/275)0 . (2.6)

Meanwhile, within the path-integral formalism the gluonic quantum anomaly is generated
by the fermionic measure [didi)] according to the Fujikawa’s method [70], resulting in that
the rotated generating functional reads

ZQe,p —* /[di/;d%b] [dA] exp [Z’/d% (%Z)i’Y“DM/} — my exp(iaays )i

2

1 a v,a g vpo a a
- 1GWG“ 40— 2ozA)64ﬂ_26“ P GWG;W)] . (2.7)

Thus, when choosing the rotation angle to be a4 = 6/2, the #-dependence of the QCD
f-term is transferred into the quark mass term as

ZQe,p = /[dlzdlﬂ [dA] exp li/d% (@W”Duw—ml@ exp (iQ/Q’Ys)?ﬂ—iquGW’a)] . (2.8)

Following the procedure in egs. (2.3) and (2.4) with the rotated generating functional (2.8),
the topological susceptibility xiop is now expressed by fermionic operators as

Xtop = _i [ml (JJQ;Z}) + Z.leXn} ’ (29)

where (1¢) is the chiral condensate serving as an order parameter of the spontaneous
chiral-symmetry breaking, and x,, denotes an n-meson susceptibility function defined by

Xo = [ A0 9956) (@) (1035)(0)]0). (210)

It should be noted that, from the rotated generating functional in eq. (2.7), a non-
conservation law of the U(1)4 axial current j4 = 510 is also obtained as

2

. - g 5
gy = 2mybivsep + Wﬁu PG Gho - (2.11)

The topological susceptibility (2.9) is further reduced to a handleable form. In fact,
using the SU(2), x SU(2)g chiral-partner relation shown in appendix A, a chiral WTT with
respect to the chiral condensate (1)) is derived as in appendix B, which reads

() = —imyxr . (2.12)



In this identity, x, is a pion susceptibility function defined by
X = [ A {OT (itrs7i) @) (757} 0)10) (213)

with TJ% being the Pauli matrix in the flavor space. Therefore, inserting eq. (2.12) into
eq. (2.9), the topological susceptibility is found to be determined in terms of a difference of
X and X, as

.9

im

Xtop = Tl(Xﬂ — Xn) . (2.14)

This expression is identical to the one obtained in ordinary three-color QCD through the
WTI [5-9]. Here, to facilitate an understanding of the role of topological susceptibility, we
insert the scalar meson susceptibilities x, and xq, in eq. (2.14):

im?
Xtop = TI [(XW - Xo) - (Xﬂ - XU)] )
im?2
Xtop = Tl [(XW - Xao) - (Xn - Xao)] s (2'15)

where x, and x,, are the susceptibility functions made of the composite operators )
and 1/_17']?1/1, respectively. Indeed, under the chiral SU(2);, x SU(2)g rotation and the U(1)4
rotation, the meson susceptibility functions are transformed into each other:

SU(2)
X Xo
U(1)a U(1)a
Xao
SU(2)

as explicitly shown in appendix A. With this transformation, one can realize that the
topological susceptibility in eq. (2.15) is described by the combinations of the chiral SU(2)
partner X <* Xo (Xao <> Xn) and the U(1) axial partner x» <+ Xao (Xo > Xy). When chiral
symmetry is restored and the order parameter of the spontaneous chiral symmetry breaking
vanishes (1)) — 0, the chiral partner becomes (approximately) degenerate:

Xr— Xo — 0

(2.16)
Xag — X77 —0

SU(2)r, x SU(2) R restoration limit : {

After the chiral restoration, the topological susceptibility is dominated by the U(1)4 axial
partner: Xtop ~ Xn — Xo (Xtop ~ Xx — Xao)s SO that Xtop acts as the indicator for the
breaking strength of U(1)4 symmetry. It should be noted that xiop trivially vanishes in the
chiral limit (m; = 0) as seen from eq. (2.14). In this limit, the topological susceptibility is
no longer regarded as the indicator. This can also be understood by the fact that when
my = 0, the 6 dependence of the generating functional in eq. (2.8) disappears, resulting in
the vanishing topological susceptibility defined by a second derivative with respect to 6.



When studying with a low-energy effective model, the analytical expression of (2.14) is
useful for evaluating the topological susceptibility xtop. Here, we show another expression
of Xtop SO as to see contributions from the chiral condensate <1/_11/J> clearly. That is, from the
identity (2.12) one can rewrite eq. (2.14) into

Xtop = —Wém. (2.17)

In this expression, the dimensionless quantity &,, is defined by

=1 X1 (2.18)

X

which measures the variation of the susceptibility functions x, and x,. Equation (2.17)
indicates, indeed, that the topological susceptibility is proportional to the chiral condensate
(b)) and 6,,; the explicit chiral-symmetry breaking is entangled with the U(1)4 anomaly
contribution captured by the quantity d,, in Xtop. This structure plays an important role in
determining the asymptotic behavior of xiop at sufficiently large 114 where chiral symmetry
is restored.

Furthermore, the Gell-Mann-Oakes-Renner (GOR) relation: f2m2 = —my(ye)/2 [71],
enables us to rewrite the topological susceptibility in eq. (2.17) as

f2m2
Xtop = %&n, (2.19)

where f is the pion decay constant and m, is the pion mass. It is obvious from its derivation
that eq. (2.19) holds model-independently.! Notably, the quantity d,, in the vacuum is
solely determined by the masses of pion and 7 meson as

S — 1 — (2.20)

2
I
m3’
as long as we stick to the low-energy regime of QC2D where x, ~ —i/mZ and x, ~ —i/ m%
can apply. Therefore, eq. (2.19) implies that the topological susceptibility in the vacuum is
expressed by three basic observables in low-energy QC2D: fr, m, and m,. We note that
dm — 1 corresponds to the significantly large anomaly effects, while d,, — 0 implies no such

effects. We also note that Leutwyler and Smilga obtained the following form based on the
Chiral Perturbation Theory (ChPT) in three-color QCD [72]:
f2m2

sy __mulyy) _ frm2 1
Xtop - 4 - ) ) (22 )

where the x,, contributions are missing. Indeed, in eq. (2.21), the large anomaly is acciden-
tally taken into account: d,, = 1. Even in the case of QC2D, the Leutwyler-Smilga relation
was also found in [73].

!The GOR relation f2m?2 = —m;(¢t)/2 is derived model-independently but with an assumption that
the two-point function of the pseudoscalar channel D6*" = [ d*z(0|T (ithys7f)(x)(ipy57§1)(0)[0)e ™" is
dominated by the lightest pseudoscalar-meson pole: D, i/(p2 - mfr)7 as in the case of three-color QCD.
Accordingly, the relation (2.19) also holds upon the pole dominance of the lightest pseudoscalar meson.



3 Low-energy effective-model description of two-flavor QC-,D

In QC2D, diquarks (antidiquarks) carrying the quark number +2 (—2) are treated as
color-singlet baryons, namely, baryons become bosonic similarly to mesons. Accordingly,
the so-called Pauli-Gursey SU(4) symmetry, which enables us to treat both the baryons
and mesons in a consistent way, emerges [50, 51]. In this section, we briefly explain how the
Pauli-Gursey SU(4) symmetry manifests itself from QCyD Lagrangian, and based on the
symmetry we present the linear sigma model which describes couplings among the baryons
and mesons.

Thanks to pseudoreal properties of the SU(2) generators for color and Dirac spaces,
T¢ = —72(T9)"7? and o' = —0%(0?)T0? (0! is the Pauli matrix in the Dirac space), one
can show that the kinetc term of quarks coupling with gauge fields in QCsD, i.e., the first
piece in eq. (2.1), is rewritten to

kin .
Ly = wtich D, (3.1)

with o = (1,0%), in the Weyl representation. In eq. (3.1) the quark field ¥ is given by a
four-component column vector in the flavor space as

UR
VR dr
W pr— ~ = .
( W) i (32)
dr,

where ¢rr) = 1EV5¢ denotes the left-handed (right-handed) quark field and ) L(R) is the
conjugate one:

brir) = TV (R) - (3.3)

Equation (3.1) implies that the quark kinetic term in QCs2D is invariant under an SU(4)
transformation for the quark field as

U — g, (3.4)

with g € SU(4). Thus, it is proven that SU(2); x SU(2)g chiral symmetry in QCyD
is extended to the SU(4) one which is often referred to as the Pauli-Gursey SU(4)
symmetry [50, 51].

Similarly to the kinetic part, the quark mass term, i.e., the second piece in eq. (2.1), is
also expressed in terms of the four-component field ¥, which reads

m. ml k
Lous) = 5 (0702 2Ew + wlo?r2BTw) | (3.5)

This term, however, breaks the Pauli-Gursey SU(4) symmetry explicitly due to the presence
of a symplectic matrix in the flavor space

01
E:<_10>, (3.6)



in between the two quark fields. For this reason, the systematic treatment based on the
viewpoint of the SU(4) symmetry is spoiled by the quark masses. To recover the systematics,
we introduce a spurion field (s, which transforms as

Csp — g Csp gT . (3.7)

To construct the SU(4)-invariant Lagrangian, the quark mass term is promoted to the
spurion term

L o =~ 2k v — wlo?r2e, v (3.8)
In fact, one can show that the quark mass term (3.5) is appropriately reproduced by taking

the vacuum expectation value (VEV) of the spurion field as

(Cop) = %E (3.9)

In what follows, we construct the linear sigma model to describe hadrons at the low-
energy regime of QCoD, based on the symmetries explained above. The fundamental
building block of the linear sigma model in QC2D is a 4 x 4 matrix field ¥;; whose symmetry
properties are the same as those of a quark bilinear field W?UQTCZ\IIi. That is, X transforms as

Y — g2t (3.10)

under the SU(4) transformation. As explained in ref. [65] in detail, the ¥ can be parame-
terized by low-lying hadrons in QCsD as

¥ = (8- iP“X°E + (B" —iBYX'E, (3.11)

where S, P?% B' and B’ represent scalar mesons, pseudoscalar mesons, positive-parity
diquark baryons and negative-parity diquark baryons, respectively. The 4 x 4 matrices X¢
and X° are generators of U(4) defined by

1 (¢ O
Xt=—=|7 =0,1,2,3),
2/2 (o (T;)T> (a )

;1L (0 D .
X =57 <(DW Of> (i =4,5), (3.12)

where TJ? = 1949 in the flavor space, and D} represent D; = Tf and D}5¢ = ’iTJ%. Following
the parametrization given in ref. [65], we employ the following hadron assignment for X:

0 —B 4iB TS gt
o _1| B-iB 0 o= —in~ Tt i1
T2 —7”_i’7‘t/‘l;_i”0 —a” +in” 0 —-B' +iB |’ (3.13)
4+ s+ o—in—a®+in® nl D
at 4+ — 7 B' —iB 0

where 7° = P? and 7% = (P! 5 iP?)/y/2 are the pions, n = P° is the 1 meson, o = S is
the iso-singlet scalar meson (o meson), a = S* and af = (S' F1i52)/y/2 are the iso-triplet



scalar mesons (ag mesons), B = (B® —iB*)/v/2 [B = (B® +iB*)/\/2] is the positive-parity
diquark baryon (the antidiquark baryon), and B’ = (B> —iB")/\/2 [B' = (B” +iB")/V/?2]
is the negative-parity diquark baryon (the antidiquark baryon).

With the matrix ¥ given in eq. (3.13), our linear sigma model in QC2D which respects
the Pauli-Gursey SU(4) symmetry is obtained as

Lism = tr[D,XTDIY] —V (3.14)

where the covariant derivative for ¥ is defined by

1
DY = 0,5 — ipgbu0(JE + £JT) with J = (0 01> : (3.15)

Here, the quark chemical potential yi4 is incorporated in the covariant derivative through
gauging the U(1)p baryon-number symmetry. Besides, V represents potential terms
describing interactions among the hadrons, which is separated into three parts as

V= % + ‘/;p + Vanorn . (316)

Vo represents an invariant part under the Pauli-Gursey SU(4) symmetry. When we include
contributions up to the fourth order of ¥ as widely done in the linear sigma model for
three-color QCD, it takes the form of

Vo = matr[ST8] 4 A (1r[2T8)])2 + Motr[(2TX)F], (3.17)

where mg is a mass parameter, and A; and Ay are coupling constants controlling the
strength of four point interactions. The second piece of eq. (3.16), Vip, is the spurion term

corresponding to [’S%)QD in eq. (3.8), which is given by

Vop = —ctr[¢,2 + 2¢y], (3.18)

where the parameter ¢ is real, and has the mass dimension two. Although the Vi, is invariant
under the SU(4) transformation thanks to eq. (3.7), the spurion field xgp, must be replaced
by its VEV in eq. (3.9) so as to incorporate the effect of the finite quark mass in a final
step for evaluating physical observables.

The last piece in the potential (3.16), Vanom., includes U(1) 4 anomalous contributions
which is responsible for the gluonic part in the non-conservation law of the axial current:
the second term of the right-hand side (r.h.s.) of eq. (2.11). Within our present model,
the U(1)4 anomalous term is expressed by the Kobayashi-Maskawa-"t Hooft (KMT)-type
interaction, [66—69]

Vanom = —c(detS + det B7) . (3.19)

As demonstrated below, this anomalous term generates a mass difference between the pion
and 7 meson in the vacuum [65], and plays an important role in driving a finite topological
susceptibility. It should be noted that the KMT-type interaction is described by four-
incoming and four-outgoing quarks owing to the quark bilinear field ¥;; ~ @?027'02\1/1- based
on the Pauli-Gursey SU(4) symmetry. Thus, in hadronic-level diagrams, Vanom represents
four-point interactions.

~10 -



4 Topological susceptibility at low energy

General expressions and characteristics of the topological susceptibility in QCsD have been
reviewed in section 2, and the linear sigma model, which describes hadrons in the low-energy
regime of QCsD, has been invented in section 3. In this section, we explain our strategy
to evaluate the topological susceptibility within our linear sigma model through matching
with the underlying QC2D theory.

4.1 Matching between low-energy effective model and underlying QC2D

In section 3 we have constructed the linear sigma model in order to describe the hadrons as
low-energy excitations of underlying QCsD. On the basis of the concept of the low-energy
effective theory, the linear sigma model is equivalent to QC2D in the low-energy regime
through the generating functional:

ZQc,D = Z1sM = /[dz] exp <i/d4$ELSM> : (4.1)

In this subsection, we discuss the matching of the physical quantities between the linear
sigma model and underlying QC2D based on eq. (4.1). Note that we neglect spin-1 hadronic
excitations such as the p meson in the low-energy theory Zipsm, even though the mass
spectrums of spin-1 mesons coexist with that of spin-0 mesons in the low-energy regime [74].
This is because the topological susceptibility is evaluated by only the susceptibility functions
X and X, as in eq. (2.14), which do not include spin-1 operators. The spin-1 hadronic
excitations would hardly contribute to the following results.

In a similar way to eq. (2.3), the effective action of the linear sigma model is given by

'y = —¢ In Z1,SM - (4.2)
From the equivalence in eq. (4.1), we have the following matching condition in terms of I's:
Fqc,p =Tism - (4.3)

Here, we emphasize that both the effective actions I'qc,p and I'sm depend on the spurion
field (s, commonly to maintain the systematics of SU(4) symmetry. In general, (g, takes
the form of
Gop = (€& — iCH)X E + (Cly — iC) X'E (4.4)

where (& (C%) are scalar (pseudoscalar) source fields, and (% (Ck,) are source fields associated
with the positive-parity (negative-parity) diquark baryons.

Taking functional derivatives with respect to the source fields in both sides of eq. (4.3),
the matching between the linear sigma model and underlying QC2D can be done. For
instance, functional derivatives with respect to the scalar source field (g yield?

() = —vaTIeD

LN M
5T

— /2 LM = —V2¢(o). 4.5
OGS e o o

2The quark mass term in eq. (2.1) is now replaced by the spurion term (3.8).
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This implies that the chiral condensate @1@ serving as an order parameter of the spontaneous
breakdown of chiral symmetry is evaluated by a VEV of ¢ meson within the linear sigma
model. Moreover, one can see that the chiral condensate is rewritten as

(i) = < (—;\IJTUQTEE\IJ + h.c.) > : (4.6)

This shows that the chiral condensate is invariant under a transformation with h which is
an element of Sp(4) belonging to a subgroup of SU(4),

W'Eh=E. (4.7)

Hence, the symmetry-breaking pattern caused by the chiral condensate is SU(4) — Sp(4).
Likewise, when we take functional derivatives of eq. (4.3) with respect to (3, the
following equivalence is obtained:

] or
((~gvromsrinpp he.) ) = ~vas o

5 5
(@) Con=(Cop)
0l'Lsm N
=—V2— = —V/2¢(B%), (4.8)
oCp@)|
Csp=(Csp)

with the charge-conjugation operator C' = i7?~". This equation indicates that the diquark
condensate (¢TCV5TET]%w>, which plays a role of the order parameter for the emergence of
the baryon superfluid phases, is mimicked by a VEV of the diquark baryon field B> in the
linear sigma model. Since B carries a finite quark number, the quark-number conservation
no longer holds in the superfluid phase. It should be noted that the common coefficient ¢
in egs. (4.5) and (4.8) is the result of the Pauli-Gursey SU(4) symmetry which combines
mesons and diquark baryons into the single multiplet.

At zero temperature, low-energy effective theories such as the linear sigma model
undergo the baryon superfluid phase transition at the half value of the vacuum pion mass:
pgt = my*¢/2 [51, 53, 65]. Below this critical chemical potential, only the hadronic phase,
where no diquark condensates emerge, is realized, and all thermodynamic quantities do not
change against increment of y,. This stable behavior is often referred to as the Silver-Braze
property, and lattice simulations also support it [49]. Above the critical chemical potential
pg > the baryon superfluid phase transition occurs and accordingly, the baryonic density
also arises there. Meanwhile, in the baryon superfluid phase, the chiral condensate begins
to decrease with increasing the baryonic density, resulting in the (partial) restoration of
chiral symmetry [51, 53, 65].

In what follows, we use

oo = (o), A= (B, (4.9)

to refer to the VEVs, where the phase of (B®) has been chosen to make A real.

In egs. (4.5) and (4.8), we have demonstrated how the QCD observables for VEVs of
single local operators are matched with physical quantities of the linear sigma model: the
chiral condensate and diquark condensate. The matching can be also done for two-point
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correlation functions by taking second functional derivatives in eq. (4.3) with respect to the
source fields. In fact, by performing functional derivatives appropriately, one can find that
the n-meson and pion susceptibility functions, x, and x, defined in egs. (2.10) and (2.13),
are related to two-point functions of the 1 meson and pion in the linear sigma model,
respectively, as

5°T'oc.D
2 4 QQ
’/d TS

x)d
P(2)3¢3(0) o iton)
4 8°T'Lsm _o=2 4
—2i [ d*x =2¢* | d*z(0|Tn(x)n(0)|0), (4.10)
T80 (@)% 0)]
Csp=(Csp)
and
. §*TqeaD
xﬂéab:—Qz/d4x—2
3Ch(x)aCH(0) ],
Csp=(Csp)

fm/dzl 0*T'sm :262/d4x(0|T7ra(x)7rb(O)|O> (for a,b=1,2,3).
3CH@)OCH0)|
oo ()
(4.11)

Using these matching equations, we will present analytic expressions of the meson suscepti-
bility functions within our linear sigma model.

4.2 Topological susceptibility across baryon superfluid phase transition

In this subsection, we proceed with analytic evaluation of the topological susceptibility from
the linear sigma model.

In this work, we employ the mean-field approximation where loop corrections of hadronic
fluctuations have not been taken into account. The effective potential of the linear sigma
model at the tree level is evaluated as

2
8\ + 2\ —
Vinean = —202A% + %(US + A+ %

In this potential the VEV of the spurion field (3.9) as well as the mean fields (4.9) are
inserted. In eq. (4.12) the quark chemical potential y, appears in a quadratic term of A

(o2 4+ A%)% — V2myéoy . (4.12)

with a negative sign, indicating that the larger value of p, yields nonzero A leading to
the baryon superfluid phase as mentioned in section 4.1. The vacuum configurations are
determined by stationary conditinos of Vipean with respect to g and A:

OVimean —0 OVimean
doy  0A

and hadrons appear as fluctuation modes upon the vacuum characterized by the condi-

=0, (4.13)
tions (4.13). In this description, hadron masses are evaluated by quadratic terms of the
fluctuations in the Lagrangian (3.14) with oy and A included. For instance, the pion

8 (UO + A ) = %0 .

mass reads

8A1+2Ay —
mizm%—k—l 2=

(4.14)
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We note that the second equality in eq. (4.14) is obtained by considering the stationary
condition of og in eq. (4.13).
When we approximate the pion two-point function (0|77%(z)7*(0)|0) at the tree level
in the linear sigma model, the pion susceptibility function in eq. (4.11) is evaluated to be
Xr = it (4.15)
m3
Similarly, we employ the tree-level approximation for the n-meson two-point function
(0|Tn(x)n(0)|0). However, since the violation of U(1)p baryon-number symmetry in the
baryon superfluid phase causes the mixing among 7 meson, the negative-parity diquark B’
and antidiquark B’ (or equivalently n, B} and BY), the two-point function of the 5 meson is
not simply given by —i/ m% where the 7 mass is read from 72 term of the 7 fluctuation from
the vacuum. By taking into account the mixing structure, the inverse propagator matrix
for the n - Bjy - B sector in the momentum space at the rest frame p = 0 is obtained as

-1 2 2 2
Dyy Dypy Dypy po—my 0 Mgy
c~—1 . 2 2 ;
iD™" =i Dp, Dpp, Dpp: = 0 pg—mp 4ipgpo , (4.16)
2 4 2 2
DBén DBéBf; DBéBg mBén 4’L,qu0 Do mBé

where we have defined the two-point functions Dxy by Dxy = F.T.(0|7X (z)Y (0)|0) with
X,Y =, B) and Bf, and the mass parameters read

A2

m? =m2 + ?AQ + 2(208 + A%,
A
my =m2 — 4;12 + ?208 + 2(03 +2A%),
2)\2 —C
szgn === 00A. (4.17)

Thus, inverting the matrix (4.16), one can find that D,,, which is of interest now takes the
form of .
iZ4,
Dnn(PO) = Z 2 7 -

—_— 4.18)
2 (
i=1,2,3 Po — My,

In this expression, mg,, mgy, and mg, represent mass eigenvalues of the n - B - Bf sector,
where the subscripts ¢1, ¢2 and ¢3 stand for the corresponding eigenstates with which
the masses satisfy mg, > mg, > mg,. The renormalization constants Zy, in eq. (4.18) are
evaluated by

Zgy 2 Ngn(m(@) 27
(m¢1 o m¢2)(m¢1 a m¢>3)
Zs, . N, gn(m¢§ ) —
(m¢2 h m¢1)(m¢2 o m¢5)
o ok o, ) o
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with
Non(po) = pg — 160595 — (my, + m, )pg +mEbmp, . (4.20)

We note that the constants satisfy a condition Zy, + Z4, + Zg, = 1 reflecting the fraction
conservation. Therefore, Zy4, correspond to the proportion of the mass eigenstates ¢; in the
two-point function D,,, while the information on the respective pole positions is read from
1/(pE - miz) in eq. (4.18).3

By using the n-meson propagator based on the mass eigenstates ¢; in eq. (4.18), the
n-meson susceptibility function is evaluated as

Xn = 2‘_32D7m(0) = Z X s (4.21)
i=1,2,3
with P
= i 0% 4.22
X¢'L e mzl < )

Since the susceptibility is defined at the low-energy limit: py = 0, the susceptibilities x4,
in eq. (4.22) are written by Z;Z/ méi with the constant —2ic?. Therefore, the strength of
Xn is controlled by the combination of the renormalization constants Z,, and the mass
eigenvalues mg, .

5 Fate of topological susceptibility in dense QC,;D

With the help of the susceptibility functions x and x, obtained in egs. (4.15) and (4.21),
the topological susceptibility xop is evaluated within our linear sigma model from eq. (2.14):

-2
m
Xtop = 4l Xn — E Xoi | - (5‘1)
i=1.2,3

In this section, based on it, we show the numerical results of xop at finite y.

5.1 U(1)4 anomaly contribution and p, dependence of topological
susceptibility

As explained at the end of section 2, the topological susceptibility is substantially controlled
by the U(1)4 axial anomaly, i.e., the mass difference between the 7 meson and pion in
low-energy QC2D. For this reason, we particularly investigate xiop at finite p, with the two
cases of mp*®/m7*¢ = 1 and m;*°/m;* = 1.5. The former corresponds to vanishing anomaly
effects for the hadron spectrum, while the latter implies the substantial anomaly effects.

5In eq. (4.18) we have expressed D, (po) in terms of three contributions of ¢1, ¢2 and ¢3 so as to see
roles of the mass eigenstates clearly. In the low-energy limit po = 0, D, (0) is of course equivalent to the

simple form of
m?g/
Dyn(0) = —i 5
nn 2.2 1
mam=, —m
n"py Bln

which can be straightforwardly derived by evaluating the inverse matrix of n - B sector of eq. (4.16).
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Mass ratio c Al Ao ma myc/2

My /m¥e = 1 0 0 656 —(693MeV)? (364MeV)?
myc/mi© =15 |21.8 0 547 —(373MeV)? (364 MeV)?

Table 1. Fixed parameters for m;*/my*¢ =1 and m;*°/my*¢ = 1.5.

When we fix the mass ratio m;*¢/m;*¢, there remain four parameters to be determined.

As inputs, we employ m;* = 738 MeV and m‘gf( By = 1611 MeV from the recent lattice

data [74]. Besides, based on the previous work [65], og?¢ = 250 MeV is used as another
input as a typical value. For the last constraint, we take A\; = 0 corresponding to the large

N, limit since A; term includes a double trace in the flavor space. With those inputs, the

vac

n
only when ¢ # 0. In other words, the KMT-type interaction mimicking the

model parameters are fixed as in table. 1. The table indicates that m 2 becomes larger

vac

than mY

U(1) 4 anomaly effects in the linear sigma model generates the mass difference between the
1 meson and pion, as expected from underlying QCsD.

In order to demonstrate typical phase structures at zero temperature and finite chemical
potential described by the present linear sigma model, we depict i, dependences of the
chiral condensate oy and diquark condensate A in the panel (a) of figure 1 for the two
parameter sets of table 1. This figure clearly shows that the baryon superfluid phase emerges
from pug" = m;*°/2, and accordingly chiral symmetry begins to be restored. The mean field
oo decreases in the superfluid phase independently of the strength of the U(1)4 anomaly
effects, whereas the anomaly accelerates the increment of A there. We note that the smooth
reduction of oy in the superfluid phase is analytically evaluated as
_ mic _q
= ﬁﬂq )
from the stationary conditions in eq. (4.13). We also note that in the case of the nonlinear
representation of the Nambu-Goldstone (NG) bosons, the vacuum manifold of the SU(4)

symmetry breaking is constrained as “of + A2 = (constant)” at the tree level which was

(5.2)

g0

found in refs. [50, 51]. However, this is not the case in the linear representation [65].

Incidentally, Figure 1 also depicts the g, dependence of the baryon number density
(p = 4A?p,) normalized by 16 f2m¥¢ in panel (b). The baryon number density is generated
after reaching the baryon superfluid phase. Owing to the increment of A, the baryon
number density is enhanced by the U(1)4 anomalous contribution.

For later convenience, here we comment on the masses mg, and renormalization
constants Zg, across the phase transition. Displayed in figure 2 is y, dependences of the
masses of 77 - B' - B’ sector for my**/my** =1 (a) and my**/m}** = 1.5 (b). In the baryon
superfluid phase, mg,, mg, and mg, correspond to the green curves from above: my, are
ordered from the largest mass, mg, > mg, > mge,. Panel (b) in figure 2 indicates that
the mass ordering of B’ and 7 is interchanged below the critical chemical potential pg" for
my¢/m;*¢ = 1.5 whereas such a level crossing does not take place for my*¢/my*¢ = 1. For

this reason, the masses of ¢1, ¢ and ¢3 are connected to
(Mg, My, Mgy) = (M, mpr,my) for m‘,;ac/m;ac =1,

(m¢1am¢2>m¢3) - (mBMmmmB/) for m;a(:/m;frac =15, (5.3)
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Figure 1. Chemical potential ;1, dependences of chiral condensate oy and diquark condensate A
(a) and that of the baryon density p normalized by 16 f2m¥*¢ (b).

™

at pg". These correspondences are also reflected in the renormalization constants Z,, as
depicted in figure 3. Indeed, the figure indicates that in the hadronic phase the Zy, are
reduced to

(Zoy Zsy. Zsy) = (0,0,1)  for my>/m> =1,
(Zsy Zsy Zsy) = (0,1,0)  for mi™/m¥ =1.5. (5.4)

Thus, ¢3 (¢2) state is connected to the n-meson state in this phase when my*°/m;*¢ =1
(my/my2¢ = 1.5). Meanwhile, in a limit of p1; — oo, both the parameter sets read Zg, — 1
while Zy, , Zy, — 0, reflecting a fact that the state of 1 ~ viy51 is dominated by ¢ solely
at sufficiently large i, where o is negligible [65]. It should be noted that the ¢; component
in the 7 state is suppressed at any chemical potential.

Keeping the above properties in mind, we depict p, dependences of the topological
susceptibility xtop in figure 4. From panel (a) one can see the topological susceptibility is

always zero in the absence of the U(1)4 anomaly effects. In the hadronic phase, such a

vac

trend is easily understood by a fact that m}’

coincides with my*° together with eq. (2.14).
The null topological susceptibility in the superfluid phase is rather surprising, but it is
also understood as follows. Within our linear sigma model, the KMT-type interaction
is introduced to mimic the gluonic anomalous part in the non-conservation law of the
U(1)4 axial current in eq. (2.11). This structure is irrespective of changes of dynamical
symmetry-breaking properties such as the emergence of the baryon superfluidity. Hence,
even in the superfluid phase where the 1 meson mixes with B) and B, the 6 dependence in
the quark mass term in eq. (2.8) would be rotated away under U(1)4 transformation when
the KMT-type interaction, i.e., the U(1) 4 anomaly effect, is turned off. For this reason, the
topological susceptibility defined by a second derivative with respect to 6 always vanishes
as long as ¢ = 0 is taken.

Here, we comment on behaviors of the each contribution from x, and x4, in panel (a)
of figure 4. First, since the pion mass in the baryon superfluid phase is expressed as

m2 = 4pd (5.5)
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Figure 2. j, dependence of the masses of 1 - B’ - B’ sector for mye/mye¢ =1 (a) and my*¢/mz¢ =
1.5 (b). In the baryon superfluid phase, mg,, mg, and mg, correspond to the green curves from
above. In this figure the hadron masses are scaled by m}*°.
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(a) (b)
Figure 3. p, dependence of the renormalization constants Zy, for my*/mi* = 1 (a) and

mye /m¥ = 1.5 (b).

the pion susceptibility function x, decreases in this phase with a power of ,u(;?. In contrast
to the baryon superfluid phase, x, does not change in the hadronic phase. Next, the figure
indicates that, in the hadronic phase, the n-meson susceptibility function is completely
dominated by xg,, while x4, and x4, vanish there. Hence, x4, coincides with x. to yield
Xtop = 0. This behavior is understood by panel (a) of figure 3; the 7 state in the hadronic
phase is connected to the ¢3 one solely. Moving on to the baryon superfluid phase, we
find that x4, grows from zero and x4, becomes smaller than x to compensate the growth.
Although figure 3 exhibits the significant interchange of Z,, with Z,, above g ~ 0.53mJ*°,
X4, is smaller than x4, at any chemical potential due to the comparably strong suppression
stemming from the mq;f dependence in eq. (4.22). Meanwhile, x4, is always negligible
because of the large mass suppression of 1/ mil and the small value of Zy, (see in figures 2
and figure 3).
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Figure 4. pu, dependence of the topological susceptibility and the meson susceptibility functions
for my*¢/m3*¢ =1 (a) and my*/my*¢ = 1.5 (b). In this figure, the susceptibilities are scaled by

(m;ac)él.

The U(1)4 anomaly effect represented by a nonzero c¢ in our linear sigma model can

be seen from panel (b) of figure 4, where my*°/m3*¢ = 1.5 is taken. In the hadronic

vac
n

topological susceptibility. In the baryon superfluid phase, xiop decreases monotonically

phase m;*¢ < m)* holds, and thus, x; becomes smaller than X, resulting the nonzero
and approaches zero. The detailed analysis on this asymptotic behavior is provided in
section 5.2. Before taking a closer look at the smooth suppression of xiop at larger u,, we
explain behaviors of the respective meson susceptibility functions in the presence of the
KMT-type interaction. First, the i, dependence of x, remains the same as one without
the U(1)4 anomaly effects: the p, scaling of m; in the superfluid phase, m2 = 4u(21, holds
even when the anomaly is included. Second, in the hadronic phase only x4, contributes to
the topological susceptibility while x4, and x4, do not, as seen from panel (b) of figure 3.
Third, in the superfluid phase, the finite x4, is induced above pg" owing to the bump
structure of Zy, shown in panel (b) of figure 3. But soon it begins to decrease and becomes
negligible around pq ~ 0.8m}*¢ accompanied by the suppression of Zy,. Meanwhile, the
abrupt suppression of x4, occurs above pg" to compensate the enhancement of x4, and
at larger jiq, x¢, gradually approaches zero in accordance with the increment of mg,. We
note that x4, is almost zero at any chemical potential from the same reason explained for
m%ac/m;/rac — 1.

5.2 Asymptotic behavior of topological susceptibility in dense baryonic matter

Here, we focus on the cases for m;* /my¢ > 1, in which the finite xtop is provided, in order
to delineate the asymptotic behavior of xiop at larger fi,.

The smooth reduction of xiop at larger p, in panel (b) of figure 4 can be explained by
the continuous reduction of (¢4), as inferred from eq. (2.17).* In order to see this behavior,
we rewrite the topological susceptibility to xtop = (14€)%6p/ (8u2) with the help of eqgs. (4.5)

4A similar smooth decrease of xtop associated with the continuous chiral phase transition was observed
in hot three-color QCD matter based on chiral model analyses [7, 8, 21], and lattice simulations at physical
quark masses support such a behavior [10-12].
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Figure 5. Topological susceptibility in the baryon superfluid phase with several values of m;* /myac,

and (5.2). The dimensionless quantity d,, is easily evaluated at sufficiently large p, with an
assumption that x,, is solely controlled by ¢» state. Indeed, the asymptotic behavior of 1,
is known to be miQ ~ 12,u3 [65], so that the quantity d,, is approximated to be d,, ~ 2/3
with eq. (5.5). Therefore, the asymptotic behavior of xtop would be analytically fitted by

pg? s (5.6)

where (m¥2©)? = /2m;c/o® = myc/ fY2° is used. The p, scaling of yiop coincides with
that of the chiral condensate in the superfluid phase [see eq. (5.2)]. In figure 5, we plot the
topological susceptibility in the baryon superfluid phase with several values of m* Jmac
with keeping input values: my?*¢ = 738MeV, m‘gf( By = 1611MeV and o§?¢ = 250MeV. The
figure shows that the asymptotic behavior of xiop is fitted by the analytic expression in
eq. (5.6) well, regardless of the value of my*°/my*°.

The lattice simulation performed in ref. [41] at T" = 0.457 indicates that the topological
susceptibility of QC2D in the hadronic phase has a finite value with the error bars and is not
influenced by the 1, effect.® Moreover, the lattice result shows that such an approximately
pg-independent behavior is further extended to the baryon superfluid phase, which obviously
contradicts our model estimations. One possible scenario explaining this discrepancy is
discussed in section 6. In contrast to ref. [41], the other lattice result reported in ref. [45]
would suggest that the topological susceptibility in the baryon superfluid phase is suppressed,

as estimated by our present study.

6 Contamination by diquark source field

In the evaluations in section 5, we have included only the VEV of a scalar source field from
the spurion field (s, which turns into the current quark mass as shown in eq. (3.9). On the
other hand, in lattice simulations diquark source effects incorporated from a VEV of C% in

5Here, T. denotes the pseudocritical temperature for the chiral phase transition at vanishing 1tq, which
are fixed to be T = 200 MeV [44].
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eq. (4.4) would remain additionally, particularly in the baryon superfluid phase. Then, in
this section we discuss the diquark source effects to the topological susceptibility at finite
ftq within our linear sigma model.

6.1 Diquark source effect on topological susceptibility

To analytically find out contributions of the diquark source field j to the topological
susceptibility, we first incorporate j in underlying QCsD by adding the VEV of (C%) =2j
from the spurion field (4.4). Now the VEV of (g, reads

(Cop) = %E —iV2jX°F. (6.1)

With this VEV, a diquark operator tagged with the diquark source j shows up as a new
ingredient in the quark mass term:

mass N . /lr
EEQCQD) =—myp —j (—2¢TC’Y5TCZTJ%w + h.c.) . (6,2)

This mass term implies that the extra term characterized by j explicitly breaks the U(1)4
symmetry as well as the U(1)p baryon-number symmetry. In fact, under the U(1)4 axial
transformation with an angle satisfying a4 = 26, the generating functional of QCsD with
the modified mass term (6.2) is rotated to

Zacan = [ ldbdvlidA]exp [ [t (mwuw — it exp (i6/275) ¥

. ‘ )
—Jj (—;chgfg%ew/%w + h.c.) - 4waG‘“”“>] : (6.3)

w/]

top 1S evaluated

and hence, from eq. (2.4) via eq. (2.3) the net topological susceptibility x

to be

w/j M
Xto/g = Xéop) + 0 Xtop - (6.4)

In this expression, xﬁff

“(M)” has been attached in order to emphasize that only contributions from the meson

is identical to xtop given by eq. (2.14), but here the superscript

susceptibility functions are included:

M 1
Xiop = 3m7 (xx = Xn)- (6.5)

dXtop denotes additional contributions from j which is of the form

1[.( i g y
OXtop = —7 [J (—2<wT075737?¢> - h‘c.) +ij°xp; — 21szng4 : (6.6)

where x B! and y BYy Tepresent a susceptibility function for the Bf channel and a mixed one
between the 1 and Bf channels, respectively. Those contributions are defined by

XB, = /d4x<0‘T <—;1/JTCTC2T]%1/J + h.c.) () (—;T,Z)TCTET]%Q/J + h.c.> (0)‘0>,
XBin = / d4x<o‘T(sz5w) (z) (—;WCTET]%«/; + h.c.) (o)‘0> : (6.7)
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The additional contributions (6.6) can be further reduced. That is, using an identity
—5 (V! CoTiTfY) + hoe = —ijxa, (6.8)
with
1 1
XBy = / 442 (0|T <2¢T075737J%¢ + h.c.) (z) <2¢T075T§r}¢ + h.c.) (o)‘o> . (6.9

which is derived in appendix B, the corrections dxtop in eq. (6.6) are rewritten in terms of
the hadron susceptibility functions as

mix B
5Xt0p = X‘Eop ) + Xgog ’ (610)
wheref . .
(mix) . B) .9
Xtop = = imleBéT]’ Xtop = Z] (XB4 - XBg) . (611)

It is interesting to note that the baryonic contribution ngg is proportional to the difference

(M)

top argued in section 2; the

of xp, and x B which takes a partner structure similarly to x
baryon susceptibility functions xp, and x By are also transformed to each other under the

U(1)p and U(1) 4 transformations. In the baryon sector, the partner structure reads

U)s
X By XBs
U(1)a U(1)a
XB) XBY
U(l)p

as explicitly derived in appendix A.

The susceptibility functions xp,, Xp; and xp;, in eq. (6.10) are evaluated within our
linear sigma model by tracing a similar procedure in obtaining x;, and X, in section 4.2.
The B4 mode does not mix with other hadrons in the low-energy limit, so xp, is simply

expressed by

1
9
XB, = —2i¢"——, (6.12)
4 mQB4
where m234 =m2 — 4u3 [65]. Meanwhile, x Bl and x By are evaluated as
xp, = Dpp(0), Xpry = Dpy(0), (6.13)

5Utilizing the matching condition (4.8) and the stationary condition for A in the presence of j, one can
show that the GOR-like relation with respect to the breakdown of U(1)p baryon-number symmetry reads
famp, = —j{¥)/2, with fz = A/v/2 being the corresponding decay constant and m¥, = m2 — 4u2. Here,
(1)) is identical to the Lh.s. of eq. (4.8). From this relation, x>

top Can be rewritten into

@) _ [BmE, 5®
top T 2 m

with 6 =1 — XB, /XB., analogous to the expression for the meson sector in eq. (2.19).

- 29 —



by inverting the matrix (4.16), which may be expressed in terms of three contributions of
¢1, ¢2 and ¢3 as done for Dy, (0) in eq. (4.18). Based on these expressions, we numerically
investigate j, dependences of X:ZQ for several j in the next subsection.
It should be noted that the non-conservation law of the U(1)4 current in eq. (2.11) is
now modified as
2
Ough = 2my iyt + (j@ZJTC'TCQTJ%@Z) + h.c.) + éﬁe”l’szyGZU , (6.14)
where corrections of the diquark operator wTCTCQTJ%w accompanied by the diquark source j

are present.

6.2 Diquark source effect on p, dependence of topological susceptibility

In the presence of the diquark source j, U(1)p baryon-number symmetry is explicitly broken
even in the vacuum as understood from the modified quark mass term in eq. (6.2). In other
words, A would be always nonzero in our linear sigma model, so that the phase structures
are expected to be modified from the ones for j = 0. Then, before showing numerical
results of the topological susceptibility (6.4), first we explore 1, dependences of og and A
corresponding to the chiral condensate and the diquark condensate, to clarify the phase
structures in the presence of j.

In figure 6, we show the i, dependence of the mean fields for j/m; = 0.05 and 0.18
with my*¢/m72¢ =1 (a) and my*°/m;*¢ = 1.5 (b). The figure indicates that the definite
phase transition with respect to the baryon superfluidity disappears and the value of A
continuously increases for j % 0, whereas the second-order phase transition has certainly
occurred for j = 0 as seen from figure 1. Accompanied by such a continuous change of A,
op also shows a similar smooth change. Besides, figure 6 indicates that og at ;14 ~ 0 is not
significantly affected by the size of j while A is significantly affected. This is because the
diquark source field j induces an additional tadpole term of A in the effective potential
in eq. (4.12) which only contributes to the stationary condition of A directly. Meanwhile,
in the high-density region, j contributions become negligible due to large p,, so that the
behavior of oy (A) including the j effect merges into the one for 7 = 0 there.

Next, we show the diquark source effects on the topological susceptibility in figures 7
and 8. Figure 7 exhibits the u, dependence of the topological susceptibility including

diquark source effects in the absence of the KMT-type interaction: my* /mya¢ = 1. As

w/j
top

of the value of j. This is because the gluonic U(1)4 anomaly is mimicked by only the

depicted in panel (a), the net topological susceptibility xi.; is null at any p, regardless

KMT-type interaction in the linear sigma model even with the diquark source field j. We
also analyze each component of the net topological susceptibility, Xﬁfj, XEEBX) and Xéfg
defined in egs. (6.5) and (6.11) for j/m; = 0.18, in panel (b). This panel clearly shows that

1) — 1y 46 result in the null y}iJ.

the susceptibilities satisfy the relation thf) = Xtop = —3Xtop

This notable relation can be analytically derived from the anomalous WTI associated with
the U(1)4 transformation as shown in appendix C.
By taking the KMT-type interaction into account, the net topological susceptibility

X:Z)g becomes sensitive to the diquark source field especially above p, ~ my*‘/2 as depicted
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Figure 6. 1, dependences of og and A for j/m; = 0.05 and 0.18 with m;**/m;* = 1 (a) and
mp¢/myr¢ = 1.5 (b).
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Figure 7. 11, dependences of the topological susceptibility including the diquark source effects in
the absence of the KMT-type interaction: my**/m;*¢ = 1.

w/j

in figure 8. Panel (a) shows that the decreasing trend of .

at higher p, is hindered
as we take the larger value of j. Notably, when taking j/m; = 0.18, the net topological

susceptibility approximately holds the vacuum value at any 4. To grasp this behavior,

we show separate contributions of ng, XEEF), and XE(I;EX) with j/m; = 0.18 in panel (b) of

figure 8. This figure indicates that XE&Q is not substantially influenced by the diquark source
and its decreasing behavior is governed by the smooth chiral restoration as explained in
section 5.2 in detail. In contrast, XEEIE is enhanced above p; &~ m)**/2, which is understood
by the increment of A. In fact, from the matching condition (4.8) and the stationary
condition for A in the presence of j, one can easily show X(B) = (jE)A&g? ) /(2/2) with

top
6,9? )1 XBL /xB,- Here, similarly to the discussion for the meson sector in section 5.2,

6%3 ) approaches a constant value asymptotically in the high-density region. Therefore, we
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Figure 8. 11, dependences of the topological susceptibility including the diquark source effects with
the substantial anomaly effect of KMT-type interaction: my** /myac = 1.5.

(B)

can prove that the growth of x;q,

can be determined by A at larger u,. Hence, when the
source contribution is sufficiently large, the net topological susceptibility can grow with

(mix)

increasing pg. The last contribution, xiop,

, represents a mixing susceptibility between the
(M) (B)

mesonic and baryonic sectors, and this is suppressed compared to Xy fop

and y as long as

j is small, as shown in the figure. We note that, the mixing strength of B} and n becomes

weak for larger value of ¢ as seen from m2B, 0 in eq. (4.17), and hence, the larger ¢ we take,
5

(mix)

top ~ We obtain.

the smaller x

To summarize, from the demonstration in this subsection, we have revealed that the
diquark source j contaminates the fate of the net topological susceptibility linked with the
chiral restoration. Therefore, one can infer that the approximately ji,-independent behavior
of the topological susceptibility exhibited by the lattice data [41] would be understood by
the finite diquark source effects. Note that although the approximately p,-independent
behavior was found on the lattice at T = 0.457, the temperature effects are expected to be
insignificant. This is because the phase structure at T' = 0.457, does not significantly differ

from one at T = 0.

7 Summary and discussion

In this paper, we have explored the topological susceptibility in QCoD with two flavors
at finite quark chemical potential p4, to clarify the U(1)4 anomaly properties in cold and
dense matter. With the help of the WTIs, we have found that the topological susceptibility
is analytically expressed by a difference of the pion and n-meson susceptibility functions
with the current quark mass. We have also argued that, in the low-energy regime, this
expression is understood as a generalization of the one invented by Leutwyler and Smilga
based on the ChPT in three-color QCD [72].

In order to investigate the topological susceptibility at finite 114, we have employed the
linear sigma model in which the U(1)4 anomaly effects are captured by the KMT-type
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determinant term, as a suitable low-energy effective theory of QCyD [65]. This model
successfully not only describes the emergence of the baryon superfluid phase but also
reproduce the hadron mixings originated from the breakdown of U(1)p baryon-number
symmetry there, which is indeed suggested by the lattice data [74]. Based on a mean-field
treatment, we have found that the topological susceptibility is always zero at any p, in
both the hadronic and superfluid phases in the absence of the U(1)4 anomaly effects, where
the vacuum mass of pion coincides with one of n meson. When the U(1) 4 anomaly effect is
switched on, the nonzero and constant topological susceptibility is induced in the hadronic
phase. Moving on to the superfluid phase, we have found that it begins to smoothly decrease
with increasing 1. We have analytically clarified that the latter smooth decrement is
fitted by ,uf at larger p,, reflecting the continuous restoration of chiral symmetry. This
property is qualitatively the same as in hot three-color QCD matter [7, 8, 10-12, 21]. From
those examinations, we can conclude that, in cold and dense QC3D, roles of the topological
susceptibility as an indicator for measuring the strength of U(1)4 anomaly effects do not
differ from those in hot three-color QCD, despite the complexity of phase structure due to
the presence of the superfluidity.

In lattice simulations, effects from the diquark source would remain sizable. For this
reason, we have further investigated the topological susceptibility in the presence of the
diquark source. From this examination, we have revealed that the source effects enhance
the topological susceptibility in accordance with the growth of the diquark condensate as
g increases, such that the reduction of the topological susceptibility found in the presence
of the U(1)4 anomaly effects can be hindered. Hence, when the source contribution is
sufficiently large, the topological susceptibility can grow with increasing ji,. On the other
hand, when the U(1)4 anomaly effects are absent, the topological susceptibility vanishes at
any value of yu, consistently regardless of the size of the diquark source.

In closing, we give a list of some comments on our findings and its implications.

e As argued in the later part of section 2 in detail, the topological susceptibility in the
vacuum is determined by only three basic observables: the pion decay constant, pion
mass and 7 mass, in the low-energy regime of QCyD. Thus, in order to pursue a
consistent understanding of U(1)4 anomaly effects in low-energy QCyD, we expect
precise determination of both the decay constant and the n mass as well as that of the
topological susceptibility itself from lattice simulations. Those determinations would
be regarded as a foundation toward more quantitative description of the topological
susceptibility at finite fi,.

e In the present analysis, we have used the linear sigma model based on a mean-field
approach, and hence, all coupling constants in the model do not change at any p,. On
the basis of the functional renormalization group (FRG) method in three-color QCD, it
was suggested that the coupling strength of the KMT-type interaction can be enhanced
in medium, leading to the effective enhancement of the U(1)4 anomaly effects [75-78].
If this is the case, then the topological susceptibility can also be enhanced at finite p,.
Hence, analyses from effective models beyond the mean-field level such as the FRG
method, in which fluctuations of the hadrons are non-perturbatively incorporated,
are worth studying.
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 In our present study, we have focused on the topological susceptibility at finite 114 but
with zero temperature. Currently, the i, dependence on the topological susceptibility
around the critical temperature has been also evaluated in the lattice QCD [41].
Thus, it would be worth investigating finite temperature effects to the topological
susceptibility to fit the lattice data, to pursue more comprehensive description of the
U(1)4 anomaly effects on the phase diagram of QCsD.

e In this study, we have clarified that the asymptotic behavior of the topological
susceptibility at larger u, is mostly determined by the smooth reduction of the chiral
condenesate, despite the presence of the diquark condensate in dense QCoD. This
structure is essentially understood by a fact that the WTIs used to express the
topological susceptibility in terms of the meson susceptibility functions are not altered
by the diquak condensate, unless the diquark source contributions remain finite. In
ordinary three-color QCD, on the other hand, the WTT associated with the pion would
be modified in the color-flavor locking (CFL) phase, since the CFL configuration
changes the chiral-symmetry breaking pattern due to correlations from SU(3). color
symmetry [79]. For this reason, it is not clear whether a similar asymptotic behavior
is derived in cold and dense three-color QCD matter, and we leave this issue for
a future study. Meanwhile, the two-flavor color superconductivity (2SC) is singlet
under chiral symmetry, and hence, at intermediate density regime one can expect that
a qualitatively similar behavior of the topological susceptibility follows even in the
presence of the 2SC phase.
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A Partner structures of the susceptibility functions

In this appendix, we derive partner structures of the meson and diquark-baryon susceptibility
functions with respect to appropriate transformations.
Here, we define the following composite operators

OO’ = 1;@5 ) Ogo = &T}llﬁ ) O’I] = 121751# ) 07(11— = 1%757'}1¢ )

1 1
Op, = §wTC'75TC27'J%1/) + h.c., Op, = —§¢TC’Y5TCQTJ%¢ +h.c.,

i i . 1 1 .
OBZ; = —inCTczT]%w — inCTCQT‘%’I/J N OBé = —inCTczT]%w + 5’(/)1—07'027"%7# .
(A.1)

_97 —



The U(1), SU(2)y, U(1)4 and SU(2)4 rotations are generated by (a =1,2,3)

" U(‘lgB e By " SUE})V e—ie‘{/T;}w7 " U(_le eI A5 " SUg)A e—ie‘}qT}‘w’
(A.2)
respectively. Then, the meson operators Oy, Og , O, and Of are invariant under the
U(1)p and SU(2)y rotations, while under the infinitesimal U(1)4 and SU(2)4 ones they
transform as

0, W0, 2,0, 0 "Yror 9,00,

0,"% 0, 12,0, 02" W01 20,0%,. 83)
and

0, 810, - wos, 05,0, -0,

0,8 0, + 05, 02" on 0, (A-4)

Hence, one can find the following partner structure

SU(2)
X Xo
U(1)a U(1)a
Xao SU(Q) XW

where the susceptibility functions are defined by

Xo = / d*z(0|T O, (2)05(0)|0),  Xag0™ = / d'z(0|TOg (x)05(0)]0)

Xy = / d'z(0|TOy(2)0y(0)[0),  xx0™ = / d'z(0|TOR(x)05(0)|0) . (A.5)

Meanwhile, the diquark-baryon operators Op,, Op,, O B, and O py are invariant under
the SU(2)y and SU(2) 4 rotations, while under the U(1)p and U(1)4 ones they transform as

Op, Vs Op, +2ep0p;, OB, e Op; —2¢p0p, ,

Op, "W 0y 426505, Op "B 0p — 26504, (A.6)
and

Op, "W O, + 26405, Op, "B* 0p, + 26405,

Op "B 0p —2e40p,,  Op "Y' 0py — 2640, . (A7)
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Hence, similarly to the meson sector, one can find the following partner structure

U(l)p
X By XBs
U(1)a U(1)a
XB, XB!
4 1)B 5

where the suseptibility functions are defined by
xi, = [ d0(01TO8,(#)08,0)0), x5, = [ d'2(0ITOp, ()05, (0)]0).

xm, = [ d(0TOR, @0, 0)0),  xp; = [ d'a(0TOR ()05 0)0). (A8

The infinitesimal transformation laws obtained in this appendix play important roles
in deriving the WTTs employed in the present paper.

B Derivation of WTIs (2.12) and (6.8)

In this appendix, we derive the WTIs in egs. (2.12) and (6.8) which allow us to rewrite the
topological susceptibility in terms of only the hadron susceptibility functions.

Toward derivation of eq. (2.12), we try to perform the SU(2) 4 rotation in the following
path integral:

72 = [1bav)iaa] 03(y) e #55acop. B.1)

where the QCyD Lagrangian of interest here includes the diquark source term in addition
to the mass term as

2

Lqoc,p = YiPy —mO, — jOp, — %GZVGW + 9&&“/’6@;@*% : (B.2)
In this Lagrangian, the covariant derivative D,y = (0, — iptq0u0 — igAZTca)LZJ describes
contributions from the quark chemical potential i, and couplings with the gluons Aj, and
Gl = 0uAy — 0, A7 + geabCAZAl; is the gluon field strength. Under the infinitesimal local
SU(2) 4 rotation, O% transforms as shown in eq. (A.4), while the QC2D Lagrangian exhibits
the following transformation law:

SU(2 1 )
Lac ™5 Laoun + 5(Ouei4" +michO2. (B.3)

where ji* = &7”757']?1/1 represents the axial current. Thus, under the same rotation,
eq. (B.1) transforms as

"9 12+ [ldbav) [dA]{ewy)oa(y)

+i [ ddy(@) [~ 308" @08 ) + mOLDOHw)] }f Metacn  (BA)
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and imposing the invariance of Z¢ under the SU(2) 4 transformation, one can obtain the
following WTI

(©a)5" =i [ d'a |30 01T @O0} ~ mOTOL@OLWI0)| . (B5)

Here, since the QC2D Lagrangian explicitly breaks SU(2)z, x SU(2)g chiral symmetry, there
is no room for massless modes coupled to the axial current jff"b, so that the first term of
the r.h.s. in eq. (B.5) trivially vanishes from the surface integral. Therefore, we arrive at

() = —imuxr , (B.6)

with eq. (A.5).
Similarly to the above derivation, the identity (6.8) is also derived by focusing on the
U(1)p transformation of

Ty, = [[09ae][d4] O, () ] <000 (B.7

In fact, under the infinitesimal local U(1)p rotation, Op, transforms as in eq. (A.6) and
the QC,D Lagrangian shows the following transformation law:

ua . .
Lqc,D s Lqc,p + (Ouer)it + 2epjOpB, (B.8)

where we have defined the vector current by j% = ¥y#¢. Thus, the U(1)p invariance of
eq. (B.7) yields

205;) =i [ d'a (00T 1(2)08,w)I0) - 2H(01TOp,)Om,)I0)] . (B

Here, the first term of the r.h.s. vanishes since no massless modes couple to the vector
current ji owing to the presence of j term which violates U(1) g symmetry explicitly, and
thus, one can obtain .
i .
—§<¢TC’}/5TCQTJ%’QZJ> +h.c. = —ijxn, (B.10)

by defining
XBy = /d4x<0\ToB4(x)OB4(o)\o>, (B.11)

with eq. (A.8).

C Alternative expression of the topological susceptibility

In this appendix, we present an alternative expression of the topological susceptibility Xiop.-
For this purpose, here, we consider the U(1)4 transformations in the following two
path integrals:

7= [[ahau]da) 0,y "ot

Toy = [1dddulldA] Opy(y)e | #Facan. (C.1)
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Under the infinitesimal local U(1) 4 rotation, Oy and Op; transform as in egs. (A.3) and (A.7)
while the QC2D Lagrangian shows the followng transformation law:

U@ . .

Locsn "B Loeup — (Duea)ih + ea2mO, — 2j0p;) (C.2)
with the flavor-singlet U(1) 4 axial current defined by j4 = y#vs5t. Thus, tracing a similar
procedure in deriving the WTIs (B.6) or (B.11), one can find
() = —i (mzxn —JixByy + QXQn) ;

v
2

W Cys7eTiY) + e =i (szBgn —jxp, + 2XQBg> : (C.3)

where we have defined mixed susceptibility functions by

X = [ d'2(0[T O, ()0, (0)/0)
xan = [ @507 Q()0,(0)/0)
xap, = [ ' (01TQ@)0p; 0))0). (C.4)

with the gluonic topological operator Q = (g2/ 647T2)€MVPUGZVGZ(7. It should be noted that
the U(1)4 anomaly contributions have been properly incorporated when performing the
U(1) 4 axial transformation in 7, and Zp; in eq. (C.1).

Here, using egs. (B.6) and (B.11), the anomalous WTIs in eq. (C.3) are rewritten into

M 1 (mix) |, ¢ B 1 mix) 7.
Xiop = —§x§§§ '+ 3MXQn Xiop = —§x§§; )~ 39XQn; (C.5)

Therefore, when we suppose that the U(1)4 anomaly effects can be neglected for some
reason, the operator () vanishes and

M B 1 mix
XEop) - XEO[Z - _5 gop ) (C6)

is satisfied. Indeed, this relation is consistent with the numerical results in figure 7(a) where
the U(1)4 anomaly effects are absent.
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