
J
H
E
P
0
8
(
2
0
2
3
)
1
8
9

Published for SISSA by Springer
Received: June 13, 2023

Revised: July 31, 2023
Accepted: August 7, 2023

Published: August 28, 2023

Fate of the topological susceptibility in two-color
dense QCD

Mamiya Kawaguchia and Daiki Suenagab,c

aSchool of Nuclear Science and Technology, University of Chinese Academy of Sciences,
Beijing 100049, China

bFew-Body Systems in Physics Laboratory, RIKEN Nishina Center,
Wako 351-0198, Japan

cResearch Center for Nuclear Physics, Osaka University,
Ibaraki 567-0048, Japan

E-mail: mamiya@ucas.ac.cn, daiki.suenaga@riken.jp

Abstract: We explore the topological susceptibility at finite quark chemical potential
and zero temperature in two-color QCD (QC2D) with two flavors. Through the Ward-
Takahashi identities of QC2D, we find that the topological susceptibility in the vacuum
solely depends on three observables: the pion decay constant, the pion mass, and the η
mass in the low-energy regime of QC2D. Based on the identities, we numerically evaluate
the topological susceptibility at finite quark chemical potential using the linear sigma
model with the approximate Pauli-Gursey SU(4) symmetry. Our findings indicate that,
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the behavior observed in hot three-color QCD matter. In addition, effects from the finite
diquark source on the topological susceptibility are discussed. We expect that the present
study provides a clue to shed light on the role of the U(1)A anomaly in cold and dense
QCD matter.

Keywords: Effective Field Theories of QCD, Finite Temperature or Finite Density, Chiral
Symmetry, Non-Zero Temperature and Density

ArXiv ePrint: 2305.18682

Open Access, c⃝ The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP08(2023)189

mailto:mamiya@ucas.ac.cn
mailto:daiki.suenaga@riken.jp
https://arxiv.org/abs/2305.18682
https://doi.org/10.1007/JHEP08(2023)189


J
H
E
P
0
8
(
2
0
2
3
)
1
8
9

Contents

1 Introduction 1

2 Topological susceptibility based on Ward-Takahashi identities of QC2D 3

3 Low-energy effective-model description of two-flavor QC2D 8

4 Topological susceptibility at low energy 11
4.1 Matching between low-energy effective model and underlying QC2D 11
4.2 Topological susceptibility across baryon superfluid phase transition 13

5 Fate of topological susceptibility in dense QC2D 15
5.1 U(1)A anomaly contribution and µq dependence of topological susceptibility 15
5.2 Asymptotic behavior of topological susceptibility in dense baryonic matter 19

6 Contamination by diquark source field 20
6.1 Diquark source effect on topological susceptibility 21
6.2 Diquark source effect on µq dependence of topological susceptibility 23

7 Summary and discussion 25

A Partner structures of the susceptibility functions 27

B Derivation of WTIs (2.12) and (6.8) 29

C Alternative expression of the topological susceptibility 30

1 Introduction

In Quantum Chromodynamics (QCD), the U(1)A anomaly, i.e., the non-conservation of
the U(1)A axial current caused by the gluonic quantum corrections, plays crucial roles
in the low-energy physics governed by the spontaneous breaking of the chiral symmetry.
For instance, the U(1)A anomaly affects the hadron mass spectrum to yield the heavy η′

meson [1] and the order of the chiral phase transition in QCD matter [2]. In addition to
these low-energy aspects, the U(1)A anomaly is also closely related with topological vacuum
structures of QCD [3], which is described by the anomalous gluonic operator tagged with
the θ parameter. The characteristics of the θ-dependent QCD vacuum is captured by the
topological susceptibility: the curvature of the QCD effective potential with respect to θ.

The symmetry breakings in QCD are reflected in meson susceptibility functions defined
by two-point functions of quark composite operators in the low-energy limit. At the hadronic
level, the so-called chiral-partner structure would be an indication of this property [4].
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That is, at high temperature and/or density where chiral symmetry tends to be restored,
masses of the mesons related by the chiral transformation become degenerate, and so do
the corresponding meson susceptibility functions. This implies that, indeed, the meson
susceptibility functions can be regarded as alternative probes to measure the strength of
chiral symmetry breaking and restoration. In a similar way, the effective restoration of
U(1)A symmetry can be quantified by the degeneracies of the meson susceptibility functions
connected by the U(1)A transformation.

Making use of the Ward-Takahashi identity (WTI) associated with chiral symmetry,
one can show that the topological susceptibility is also correlated with the chiral- and U(1)A-
partner structures in the meson susceptibility functions [5–9]. Thereby, the topological
susceptibility can also be referred to as the indicator for the breaking strength of U(1)A

symmetry through the chiral phase transition. In fact, lattice QCD simulations at the
physical quark masses support that the magnitude of the topological susceptibility smoothly
decreases at high temperatures [10–12]. Furthermore, a strong correlation with the chiral
restoration has also been studied through the meson susceptibility functions within 2 flavor
QCD [13–17] and 2 + 1 flavor QCD [18–20].

Thus far, the susceptibilities in hot QCD matter have been explored by both lattice
simulations [10–20] and effective model analyses [7, 8, 21] in order to gain deeper insights
into the symmetry properties of QCD in the extreme environment. However, at finite quark
chemical potential µq lattice QCD simulations with three colors suffer from the sign problem,
and then the first-principle numerical computations cannot apply in baryonic matter
straightforwardly [22]. For this reason, our understanding of QCD at low-temperature and
high-density regime is still limited compared to that in hot medium.

In light of the difficulty of three-color QCD on lattice simulations with finite µq, two-
color QCD (QC2D) with two flavors provides us with a valuable testing ground. This is
because the sign problem is resolved in such QCD-like theory owing to its pseudo-real
property [23]. Focusing on this fact, many efforts from lattice simulations are being devoted
to understandings of, e.g., phase structures, thermodynamics quantities, electromagnetic
responses, the hadron mass spectrum, and gluon propagators in cold and dense QC2D
matter [24–49]. In association with such numerical examinations, theoretical investigations
of QC2D at finite µq based on effective models have been done [50–65].

In QC2D, diquarks composed of two quarks are treated as color-singlet baryons. In
other words, baryons exhibit bosonic behavior similarly to mesons. Reflecting this fact
in QC2D, SU(2)L × SU(2)R chiral symmetry is extended to the so-called Pauli-Gursey
SU(4) symmetry, which allows us to describe diquark baryons and light mesons in the
single multiplets. Accordingly, the spontaneously symmetry-breaking pattern caused by
the chiral condensate is changed to SU(4) → Sp(4) [50, 51]. Despite such an extension
of chiral symmetry, symmetry structures of the U(1)A axial anomaly induced by gluonic
configurations essentially do not differ from those in ordinary three-color QCD.

To shed light on the role of the U(1)A axial anomaly in baryonic QCD matter, the
µq dependence of the topological susceptibility has been numerically measured by lattice
numerical simulations of QC2D [30, 33, 41, 45]. The recent lattice result in ref. [41]
indicates that the effect of µq does not exert any influence on the behavior of the topological
susceptibility in baryonic matter, resulting in an approximately constant value. In contrast,
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the other group shows that the topological susceptibility is suppressed in high-density
regions [45]. Hence, there exist discrepancies among the lattice simulations at finite quark
chemical potentials, and the fate of topological susceptibility at high-density regions is
still controversial.

In this paper, motivated by the above puzzle, we investigate the topological susceptibility
in zero-temperature QC2D at finite µq based on an effective-model approach. In particular,
we employ the linear sigma model based on the approximate Pauli-Gursey SU(4) symmetry
invented in ref. [65]. Notably, this model is capable of treating the η meson which plays
a significant role in describing the U(1)A anomaly structures consistently with other
light mesons and diquark baryons. In QC2D, since the diquarks obey the Bose-Einstein
statistics, when the mass of the ground-state diquark becomes zero they begin to exhibit
the Bose-Einstein condensates (BECs), leading to the emergence of the diquark condensed
phase [50, 51]. This phase is also referred to as the baryon superfluid phase due to the
violation of U(1)B baryon-number symmetry. Meanwhile, the stable phase with no such
BECs connected to the vacuum, i.e., zero temperature and zero chemical potential, is called
the hadronic phase. The former nontrivial phase triggers a rich hadron mass spectrum
such as a mixing among hadrons sharing the identical quantum numbers except for the
baryon number.

Within the linear sigma model, the influences of the U(1)A anomaly on hadrons
are described by the so-called Kobayashi-Maskawa-’t Hooft (KMT)-type determinant
interaction [66–69], which only breaks U(1)A symmetry but preserves the Pauli-Gursey
SU(4) one. This interaction induces a mass difference between the pion and η meson in
the vacuum. Thus, in the present analysis we particularly focus on the strength of the
KMT-type interaction, in other words, the mass difference between the pion and η meson,
in order to quantify roles of the U(1)A anomaly in the topological susceptibility. Besides, in
lattice simulations source contributions with respect to the diquark condensate would be
left sizable, so in this paper we also investigate the diquark source effects so as to facilitate
the comparison with lattice data.

This paper is organized as follows. In section 2 we present general properties associated
with the topological susceptibility in QC2D by focusing on the underlying QC2D theory, and
discuss symmetry partner structures of the meson susceptibility functions. In section 3, the
emergence of the Pauli-Gursey SU(4) symmetry in QC2D is briefly explained, and our linear
sigma model regarded as a low-energy theory of QC2D is introduced. In section 4 we show
how the topological susceptibility within the linear sigma model is evaluated by explicitly
demonstrating the matching between underlying QC2D and the linear sigma model. Based
on it, in section 5 we show our numerical results on the topological susceptibility at finite µq.
In order to facilitate the comparison with lattice simulations, in section 6 we also exhibit
the results in the presence of the diquark source contributions. Finally, in section 7 we
conclude our present study.

2 Topological susceptibility based on Ward-Takahashi identities of QC2D

Our main aim of this paper is to reveal properties of the topological susceptibility in
zero-temperature QC2D with finite quark chemical potential µq. In this section, we
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present an analytic formula of the topological susceptibility based on the underlying QC2D
Lagrangian [5–9], which is useful for the investigation within the effective-model framework
of the linear sigma model.

The topological susceptibility is one of indicators to measure the magnitude of the U(1)A

anomaly, which is related to nontrivial gluonic configurations such as the instantons [3].
Hence, we need to return to QCD Lagrangian where such microscopic degrees of freedom
are treated manifestly. In two-flavor QC2D, the Lagrangian including the so-called QCD
θ-term in Minkowski spacetime is of the form

LQC2D = ψ̄(iγµDµ −ml)ψ − 1
4G

a
µνG

µν,a + θ
g2

64π2 ϵ
µνρσGa

µνG
a
ρσ . (2.1)

As for the first term, ψ = (u, d)T denotes the two-flavor quark doublet and Dµψ =
(∂µ − iµqδµ0 − igAa

µT
a
c )ψ is the covariant derivative incorporating effects from a quark

chemical potential µq and interactions with a gluon field Aa
µ. The 2× 2 matrix T a

c = τa
c /2

is the generator of SU(2)c color group with τa
c being the Pauli matrix. Besides, g and ml

are the QCD coupling constant and a current quark mass where the isospin symmetric
limit is taken, mu = md ≡ ml. The second term in eq. (2.1) is a gluon kinetic term where
Ga

µν = ∂µA
a
ν − ∂νA

a
µ + gϵabcAb

µA
b
ν is the field strength of gluons. The last ingredient of

QC2D Lagrangian in eq. (2.1) is the θ-term of QC2D, which is described by a flavor-singlet
topological operator Q ≡ (g2/64π2)ϵµνρσGa

µνG
a
ρσ tagged with the θ-parameter. Our purpose

in this subsection is to derive useful identities with respect to the topological susceptibility, so
that only the θ-dependent term in eq. (2.1), which is gauge invariant, plays significant roles.
For this reason, the gauge-fixing terms and the corresponding Faddeev-Popov determinant,
which do not affect the following discussions, have been omitted in eq. (2.1).

The generating functional of LQC2D in the path-integral formulation is given by

ZQC2D =
∫
[dψ̄dψ][dA] exp

[
i

∫
d4xLQC2D

]
, (2.2)

and the θ-dependent effective action of QC2D is evaluated as

ΓQC2D = −i lnZQC2D . (2.3)

The topological susceptibility χtop is defined by the curvature of ΓQC2D, i.e., a second
derivative with respect to θ at θ = 0:

χtop = −
∫
d4x

δ2ΓQC2D
δθ(x)δθ(0)

∣∣∣∣∣
θ=0

. (2.4)

Thus, from a straightforward calculation of eq. (2.4) based on the QC2D Lagrangian
in eq. (2.1), one can find that the topological susceptibility is described by a two-point
correlation function of the topological operator Q = (g2/64π2)ϵµνρσGa

µνG
a
ρσ:

χtop = −i
∫
d4x⟨0|TQ(x)Q(0)|0⟩ , (2.5)
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with T denoting the time ordered product. It should be noted that contributions stemming
from a product of ⟨Q⟩ have been omitted from eq. (2.5) due to the parity conservation. The
topological susceptibility in eq. (2.5) is written in terms of the gluonic operator Q, which
would not be a manageable expression since our task in this paper is to evaluate χtop from
a low-energy effective model involving only hadronic degrees of freedom. Difficulties in
matching the susceptibility from the effective models with that from underlying QC2D are,
however, remedied by utilizing the U(1)A axial rotation properly as demonstrated below.

Under the U(1)A rotation with a rotation angle αA, the quark doublet transforms as

ψ → exp(iαA/2 γ5)ψ . (2.6)

Meanwhile, within the path-integral formalism the gluonic quantum anomaly is generated
by the fermionic measure [dψ̄dψ] according to the Fujikawa’s method [70], resulting in that
the rotated generating functional reads

ZQC2D →
∫
[dψ̄dψ][dA] exp

[
i

∫
d4x

(
ψ̄iγµDµψ −mlψ̄ exp(iαAγ5)ψ

− 1
4G

a
µνG

µν,a + (θ − 2αA)
g2

64π2 ϵ
µνρσGa

µνG
a
ρσ

)]
. (2.7)

Thus, when choosing the rotation angle to be αA = θ/2, the θ-dependence of the QCD
θ-term is transferred into the quark mass term as

ZQC2D =
∫
[dψ̄dψ][dA] exp

[
i

∫
d4x

(
ψ̄iγµDµψ−mlψ̄ exp (iθ/2 γ5)ψ−

1
4G

a
µνG

µν,a

)]
. (2.8)

Following the procedure in eqs. (2.3) and (2.4) with the rotated generating functional (2.8),
the topological susceptibility χtop is now expressed by fermionic operators as

χtop = −1
4
[
ml⟨ψ̄ψ⟩+ im2

l χη

]
, (2.9)

where ⟨ψ̄ψ⟩ is the chiral condensate serving as an order parameter of the spontaneous
chiral-symmetry breaking, and χη denotes an η-meson susceptibility function defined by

χη =
∫
d4x⟨0|T (iψ̄γ5ψ)(x)(iψ̄γ5ψ)(0)|0⟩ . (2.10)

It should be noted that, from the rotated generating functional in eq. (2.7), a non-
conservation law of the U(1)A axial current jµ

A = ψ̄γµγ5ψ is also obtained as

∂µj
µ
A = 2mlψ̄iγ5ψ + g2

16π2 ϵ
µνρσGa

µνG
a
ρσ . (2.11)

The topological susceptibility (2.9) is further reduced to a handleable form. In fact,
using the SU(2)L × SU(2)R chiral-partner relation shown in appendix A, a chiral WTI with
respect to the chiral condensate ⟨ψ̄ψ⟩ is derived as in appendix B, which reads

⟨ψ̄ψ⟩ = −imlχπ . (2.12)
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In this identity, χπ is a pion susceptibility function defined by

χπδ
ab =

∫
d4x⟨0|T (iψ̄γ5τ

a
f ψ)(x)(iψ̄γ5τ

b
fψ)(0)|0⟩ , (2.13)

with τa
f being the Pauli matrix in the flavor space. Therefore, inserting eq. (2.12) into

eq. (2.9), the topological susceptibility is found to be determined in terms of a difference of
χπ and χη as

χtop = im2
l

4 (χπ − χη) . (2.14)

This expression is identical to the one obtained in ordinary three-color QCD through the
WTI [5–9]. Here, to facilitate an understanding of the role of topological susceptibility, we
insert the scalar meson susceptibilities χσ and χa0 in eq. (2.14):

χtop = im2
l

4 [(χπ − χσ)− (χη − χσ)] ,

χtop = im2
l

4 [(χπ − χa0)− (χη − χa0)] , (2.15)

where χσ and χa0 are the susceptibility functions made of the composite operators ψ̄ψ
and ψ̄τa

f ψ, respectively. Indeed, under the chiral SU(2)L × SU(2)R rotation and the U(1)A

rotation, the meson susceptibility functions are transformed into each other:

χπ χσ

χa0 χη

U(1)A

SU(2)

SU(2)

U(1)A

as explicitly shown in appendix A. With this transformation, one can realize that the
topological susceptibility in eq. (2.15) is described by the combinations of the chiral SU(2)
partner χπ ↔ χσ (χa0 ↔ χη) and the U(1) axial partner χπ ↔ χa0 (χσ ↔ χη). When chiral
symmetry is restored and the order parameter of the spontaneous chiral symmetry breaking
vanishes ⟨ψ̄ψ⟩ → 0, the chiral partner becomes (approximately) degenerate:

SU(2)L × SU(2)R restoration limit :

χπ − χσ → 0
χa0 − χη → 0

. (2.16)

After the chiral restoration, the topological susceptibility is dominated by the U(1)A axial
partner: χtop ∼ χη − χσ (χtop ∼ χπ − χa0), so that χtop acts as the indicator for the
breaking strength of U(1)A symmetry. It should be noted that χtop trivially vanishes in the
chiral limit (ml = 0) as seen from eq. (2.14). In this limit, the topological susceptibility is
no longer regarded as the indicator. This can also be understood by the fact that when
ml = 0, the θ dependence of the generating functional in eq. (2.8) disappears, resulting in
the vanishing topological susceptibility defined by a second derivative with respect to θ.
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When studying with a low-energy effective model, the analytical expression of (2.14) is
useful for evaluating the topological susceptibility χtop. Here, we show another expression
of χtop so as to see contributions from the chiral condensate ⟨ψ̄ψ⟩ clearly. That is, from the
identity (2.12) one can rewrite eq. (2.14) into

χtop = −ml⟨ψ̄ψ⟩
4 δm . (2.17)

In this expression, the dimensionless quantity δm is defined by

δm ≡ 1− χη

χπ
, (2.18)

which measures the variation of the susceptibility functions χπ and χη. Equation (2.17)
indicates, indeed, that the topological susceptibility is proportional to the chiral condensate
⟨ψ̄ψ⟩ and δm; the explicit chiral-symmetry breaking is entangled with the U(1)A anomaly
contribution captured by the quantity δm in χtop. This structure plays an important role in
determining the asymptotic behavior of χtop at sufficiently large µq where chiral symmetry
is restored.

Furthermore, the Gell-Mann-Oakes-Renner (GOR) relation: f2
πm

2
π = −ml⟨ψ̄ψ⟩/2 [71],

enables us to rewrite the topological susceptibility in eq. (2.17) as

χtop = f2
πm

2
π

2 δm , (2.19)

where fπ is the pion decay constant and mπ is the pion mass. It is obvious from its derivation
that eq. (2.19) holds model-independently.1 Notably, the quantity δm in the vacuum is
solely determined by the masses of pion and η meson as

δm → 1− m2
π

m2
η

, (2.20)

as long as we stick to the low-energy regime of QC2D where χπ ∼ −i/m2
π and χη ∼ −i/m2

η

can apply. Therefore, eq. (2.19) implies that the topological susceptibility in the vacuum is
expressed by three basic observables in low-energy QC2D: fπ, mπ and mη. We note that
δm → 1 corresponds to the significantly large anomaly effects, while δm → 0 implies no such
effects. We also note that Leutwyler and Smilga obtained the following form based on the
Chiral Perturbation Theory (ChPT) in three-color QCD [72]:

χ
(LS)
top = −ml⟨ψ̄ψ⟩

4 = f2
πm

2
π

2 , (2.21)

where the χη contributions are missing. Indeed, in eq. (2.21), the large anomaly is acciden-
tally taken into account: δm = 1. Even in the case of QC2D, the Leutwyler-Smilga relation
was also found in [73].

1The GOR relation f2
πm

2
π = −ml⟨ψ̄ψ⟩/2 is derived model-independently but with an assumption that

the two-point function of the pseudoscalar channel Dπδ
ab ≡

∫
d4x⟨0|T (iψ̄γ5τ

a
f ψ)(x)(iψ̄γ5τ

b
fψ)(0)|0⟩e−ip·x is

dominated by the lightest pseudoscalar-meson pole: Dπ ∝ i/(p2 −m2
π), as in the case of three-color QCD.

Accordingly, the relation (2.19) also holds upon the pole dominance of the lightest pseudoscalar meson.
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3 Low-energy effective-model description of two-flavor QC2D

In QC2D, diquarks (antidiquarks) carrying the quark number +2 (−2) are treated as
color-singlet baryons, namely, baryons become bosonic similarly to mesons. Accordingly,
the so-called Pauli-Gursey SU(4) symmetry, which enables us to treat both the baryons
and mesons in a consistent way, emerges [50, 51]. In this section, we briefly explain how the
Pauli-Gursey SU(4) symmetry manifests itself from QC2D Lagrangian, and based on the
symmetry we present the linear sigma model which describes couplings among the baryons
and mesons.

Thanks to pseudoreal properties of the SU(2) generators for color and Dirac spaces,
T a

c = −τ2(T a
c )T τ2 and σi = −σ2(σi)Tσ2 (σi is the Pauli matrix in the Dirac space), one

can show that the kinetc term of quarks coupling with gauge fields in QC2D, i.e., the first
piece in eq. (2.1), is rewritten to

L(kin)
Q2CD = Ψ†iσµDµΨ , (3.1)

with σµ = (1, σi), in the Weyl representation. In eq. (3.1) the quark field Ψ is given by a
four-component column vector in the flavor space as

Ψ =
(
ψR

ψ̃L

)
=


uR

dR

ũL

d̃L

 , (3.2)

where ψL(R) = 1∓γ5
2 ψ denotes the left-handed (right-handed) quark field and ψ̃L(R) is the

conjugate one:
ψ̃L(R) = σ2τ2

c ψ
∗
L(R) . (3.3)

Equation (3.1) implies that the quark kinetic term in QC2D is invariant under an SU(4)
transformation for the quark field as

Ψ → gΨ , (3.4)

with g ∈ SU(4). Thus, it is proven that SU(2)L × SU(2)R chiral symmetry in QC2D
is extended to the SU(4) one which is often referred to as the Pauli-Gursey SU(4)
symmetry [50, 51].

Similarly to the kinetic part, the quark mass term, i.e., the second piece in eq. (2.1), is
also expressed in terms of the four-component field Ψ, which reads

L(mass)
QC2D = ml

2
(
ΨTσ2τ2

cEΨ+Ψ†σ2τ2
cE

TΨ∗
)
. (3.5)

This term, however, breaks the Pauli-Gursey SU(4) symmetry explicitly due to the presence
of a symplectic matrix in the flavor space

E =
(

0 1
−1 0

)
, (3.6)
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in between the two quark fields. For this reason, the systematic treatment based on the
viewpoint of the SU(4) symmetry is spoiled by the quark masses. To recover the systematics,
we introduce a spurion field ζsp which transforms as

ζsp → g ζsp g
T . (3.7)

To construct the SU(4)-invariant Lagrangian, the quark mass term is promoted to the
spurion term

L(sp)
QC2D = −ΨTσ2τ2

c ζ
†
spΨ−Ψ†σ2τ2

c ζspΨ∗ . (3.8)

In fact, one can show that the quark mass term (3.5) is appropriately reproduced by taking
the vacuum expectation value (VEV) of the spurion field as

⟨ζsp⟩ =
ml

2 E . (3.9)

In what follows, we construct the linear sigma model to describe hadrons at the low-
energy regime of QC2D, based on the symmetries explained above. The fundamental
building block of the linear sigma model in QC2D is a 4×4 matrix field Σij whose symmetry
properties are the same as those of a quark bilinear field ΨT

j σ
2τ2

c Ψi. That is, Σ transforms as

Σ → gΣgT , (3.10)

under the SU(4) transformation. As explained in ref. [65] in detail, the Σ can be parame-
terized by low-lying hadrons in QC2D as

Σ = (Sa − iP a)XaE + (B′i − iBi)XiE , (3.11)

where Sa, P a, Bi and B′i represent scalar mesons, pseudoscalar mesons, positive-parity
diquark baryons and negative-parity diquark baryons, respectively. The 4× 4 matrices Xa

and Xi are generators of U(4) defined by

Xa = 1
2
√
2

(
τa

f 0
0 (τa

f )T

)
(a = 0, 1, 2, 3) ,

Xi = 1
2
√
2

(
0 Di

f

(Di
f )† 0

)
(i = 4, 5) , (3.12)

where τ0
f = 12×2 in the flavor space, and Di

f represent D4
f = τ2

f and D5
f = iτ2

f . Following
the parametrization given in ref. [65], we employ the following hadron assignment for Σ:

Σ = 1
2


0 −B′ + iB σ−iη+a0−iπ0

√
2 a+ − iπ+

B′ − iB 0 a− − iπ− σ−iη−a0+iπ0
√

2
−σ−iη+a0−iπ0

√
2 −a− + iπ− 0 −B̄′ + iB̄

−a+ + iπ+ −σ−iη−a0+iπ0
√

2 B̄′ − iB̄ 0

 , (3.13)

where π0 = P 3 and π± = (P 1 ∓ iP 2)/
√
2 are the pions, η = P 0 is the η meson, σ = S0 is

the iso-singlet scalar meson (σ meson), a0
0 = S3 and a±0 = (S1 ∓ iS2)/

√
2 are the iso-triplet
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scalar mesons (a0 mesons), B = (B5 − iB4)/
√
2 [B̄ = (B5 + iB4)/

√
2] is the positive-parity

diquark baryon (the antidiquark baryon), and B′ = (B′5 − iB′4)/
√
2 [B̄′ = (B′5 + iB′4)/

√
2]

is the negative-parity diquark baryon (the antidiquark baryon).
With the matrix Σ given in eq. (3.13), our linear sigma model in QC2D which respects

the Pauli-Gursey SU(4) symmetry is obtained as

LLSM = tr[DµΣ†DµΣ]− V , (3.14)

where the covariant derivative for Σ is defined by

DµΣ = ∂µΣ− iµqδµ0(JΣ+ ΣJT ) with J =
(

1 0
0 −1

)
. (3.15)

Here, the quark chemical potential µq is incorporated in the covariant derivative through
gauging the U(1)B baryon-number symmetry. Besides, V represents potential terms
describing interactions among the hadrons, which is separated into three parts as

V = V0 + Vsp + Vanom . (3.16)

V0 represents an invariant part under the Pauli-Gursey SU(4) symmetry. When we include
contributions up to the fourth order of Σ as widely done in the linear sigma model for
three-color QCD, it takes the form of

V0 = m2
0tr[Σ†Σ] + λ1(tr[Σ†Σ])2 + λ2tr[(Σ†Σ)2] , (3.17)

where m2
0 is a mass parameter, and λ1 and λ2 are coupling constants controlling the

strength of four point interactions. The second piece of eq. (3.16), Vsp, is the spurion term
corresponding to L(sp)

QC2D in eq. (3.8), which is given by

Vsp = −c̄ tr[ζ†spΣ+ Σ†ζsp] , (3.18)

where the parameter c̄ is real, and has the mass dimension two. Although the Vsp is invariant
under the SU(4) transformation thanks to eq. (3.7), the spurion field χsp must be replaced
by its VEV in eq. (3.9) so as to incorporate the effect of the finite quark mass in a final
step for evaluating physical observables.

The last piece in the potential (3.16), Vanom., includes U(1)A anomalous contributions
which is responsible for the gluonic part in the non-conservation law of the axial current:
the second term of the right-hand side (r.h.s.) of eq. (2.11). Within our present model,
the U(1)A anomalous term is expressed by the Kobayashi-Maskawa-’t Hooft (KMT)-type
interaction, [66–69]

Vanom = −c(detΣ + detΣ†) . (3.19)

As demonstrated below, this anomalous term generates a mass difference between the pion
and η meson in the vacuum [65], and plays an important role in driving a finite topological
susceptibility. It should be noted that the KMT-type interaction is described by four-
incoming and four-outgoing quarks owing to the quark bilinear field Σij ∼ Ψ̄T

j σ
2τ2

c Ψi based
on the Pauli-Gursey SU(4) symmetry. Thus, in hadronic-level diagrams, Vanom represents
four-point interactions.
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4 Topological susceptibility at low energy

General expressions and characteristics of the topological susceptibility in QC2D have been
reviewed in section 2, and the linear sigma model, which describes hadrons in the low-energy
regime of QC2D, has been invented in section 3. In this section, we explain our strategy
to evaluate the topological susceptibility within our linear sigma model through matching
with the underlying QC2D theory.

4.1 Matching between low-energy effective model and underlying QC2D

In section 3 we have constructed the linear sigma model in order to describe the hadrons as
low-energy excitations of underlying QC2D. On the basis of the concept of the low-energy
effective theory, the linear sigma model is equivalent to QC2D in the low-energy regime
through the generating functional:

ZQC2D = ZLSM =
∫
[dΣ] exp

(
i

∫
d4xLLSM

)
. (4.1)

In this subsection, we discuss the matching of the physical quantities between the linear
sigma model and underlying QC2D based on eq. (4.1). Note that we neglect spin-1 hadronic
excitations such as the ρ meson in the low-energy theory ZLSM, even though the mass
spectrums of spin-1 mesons coexist with that of spin-0 mesons in the low-energy regime [74].
This is because the topological susceptibility is evaluated by only the susceptibility functions
χπ and χη as in eq. (2.14), which do not include spin-1 operators. The spin-1 hadronic
excitations would hardly contribute to the following results.

In a similar way to eq. (2.3), the effective action of the linear sigma model is given by

ΓLSM = −i lnZLSM . (4.2)

From the equivalence in eq. (4.1), we have the following matching condition in terms of Γ’s:

ΓQC2D = ΓLSM . (4.3)

Here, we emphasize that both the effective actions ΓQC2D and ΓLSM depend on the spurion
field ζsp commonly to maintain the systematics of SU(4) symmetry. In general, ζsp takes
the form of

ζsp = (ζa
S − iζa

P )XaE + (ζi
B′ − iζi

B)XiE , (4.4)
where ζa

S (ζa
P ) are scalar (pseudoscalar) source fields, and ζi

B (ζi
B′) are source fields associated

with the positive-parity (negative-parity) diquark baryons.
Taking functional derivatives with respect to the source fields in both sides of eq. (4.3),

the matching between the linear sigma model and underlying QC2D can be done. For
instance, functional derivatives with respect to the scalar source field ζ0

S yield2

⟨ψ̄ψ⟩ = −
√
2δΓQC2D
δζ0

S(x)

∣∣∣∣∣
ζsp=⟨ζsp⟩

= −
√
2 δΓLSM
δζ0

S(x)

∣∣∣∣∣
ζsp=⟨ζsp⟩

= −
√
2c̄⟨σ⟩ . (4.5)

2The quark mass term in eq. (2.1) is now replaced by the spurion term (3.8).
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This implies that the chiral condensate ⟨ψ̄ψ⟩ serving as an order parameter of the spontaneous
breakdown of chiral symmetry is evaluated by a VEV of σ meson within the linear sigma
model. Moreover, one can see that the chiral condensate is rewritten as

⟨ψ̄ψ⟩ =
〈(

−1
2Ψ

Tσ2τ2
cEΨ+ h.c.

)〉
. (4.6)

This shows that the chiral condensate is invariant under a transformation with h which is
an element of Sp(4) belonging to a subgroup of SU(4),

hTEh = E . (4.7)

Hence, the symmetry-breaking pattern caused by the chiral condensate is SU(4) → Sp(4).
Likewise, when we take functional derivatives of eq. (4.3) with respect to ζ5

B, the
following equivalence is obtained:〈(

− i

2ψ
TCγ5τ

2
c τ

2
fψ + h.c.

)〉
= −

√
2δΓQC2D
δζ5

B(x)

∣∣∣∣∣
ζsp=⟨ζsp⟩

= −
√
2 δΓLSM
δζ5

B(x)

∣∣∣∣∣
ζsp=⟨ζsp⟩

= −
√
2c̄⟨B5⟩ , (4.8)

with the charge-conjugation operator C = iγ2γ0. This equation indicates that the diquark
condensate ⟨ψTCγ5τ

2
c τ

2
fψ⟩, which plays a role of the order parameter for the emergence of

the baryon superfluid phases, is mimicked by a VEV of the diquark baryon field B5 in the
linear sigma model. Since B5 carries a finite quark number, the quark-number conservation
no longer holds in the superfluid phase. It should be noted that the common coefficient c̄
in eqs. (4.5) and (4.8) is the result of the Pauli-Gursey SU(4) symmetry which combines
mesons and diquark baryons into the single multiplet.

At zero temperature, low-energy effective theories such as the linear sigma model
undergo the baryon superfluid phase transition at the half value of the vacuum pion mass:
µcr

q = mvac
π /2 [51, 53, 65]. Below this critical chemical potential, only the hadronic phase,

where no diquark condensates emerge, is realized, and all thermodynamic quantities do not
change against increment of µq. This stable behavior is often referred to as the Silver-Braze
property, and lattice simulations also support it [49]. Above the critical chemical potential
µcr

q , the baryon superfluid phase transition occurs and accordingly, the baryonic density
also arises there. Meanwhile, in the baryon superfluid phase, the chiral condensate begins
to decrease with increasing the baryonic density, resulting in the (partial) restoration of
chiral symmetry [51, 53, 65].

In what follows, we use
σ0 ≡ ⟨σ⟩ , ∆ ≡ ⟨B5⟩ , (4.9)

to refer to the VEVs, where the phase of ⟨B5⟩ has been chosen to make ∆ real.
In eqs. (4.5) and (4.8), we have demonstrated how the QCD observables for VEVs of

single local operators are matched with physical quantities of the linear sigma model: the
chiral condensate and diquark condensate. The matching can be also done for two-point
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correlation functions by taking second functional derivatives in eq. (4.3) with respect to the
source fields. In fact, by performing functional derivatives appropriately, one can find that
the η-meson and pion susceptibility functions, χη and χπ defined in eqs. (2.10) and (2.13),
are related to two-point functions of the η meson and pion in the linear sigma model,
respectively, as

χη = −2i
∫
d4x

δ2ΓQC2D
δζ0

P (x)δζ0
P (0)

∣∣∣∣∣
ζsp=⟨ζsp⟩

= −2i
∫
d4x

δ2ΓLSM
δζ0

P (x)δζ0
P (0)

∣∣∣∣∣
ζsp=⟨ζsp⟩

= 2c̄2
∫
d4x⟨0|Tη(x)η(0)|0⟩ , (4.10)

and

χπδ
ab =−2i

∫
d4x

δ2ΓQC2D
δζa

P (x)δζb
P (0)

∣∣∣∣∣
ζsp=⟨ζsp⟩

=−2i
∫
d4x

δ2ΓLSM
δζa

P (x)δζb
P (0)

∣∣∣∣∣
ζsp=⟨ζsp⟩

=2c̄2
∫
d4x⟨0|Tπa(x)πb(0)|0⟩ (for a,b=1,2,3) .

(4.11)

Using these matching equations, we will present analytic expressions of the meson suscepti-
bility functions within our linear sigma model.

4.2 Topological susceptibility across baryon superfluid phase transition

In this subsection, we proceed with analytic evaluation of the topological susceptibility from
the linear sigma model.

In this work, we employ the mean-field approximation where loop corrections of hadronic
fluctuations have not been taken into account. The effective potential of the linear sigma
model at the tree level is evaluated as

Vmean = −2µ2
q∆2 + m2

0
2 (σ2

0 +∆2) + 8λ1 + 2λ2 − c

32 (σ2
0 +∆2)2 −

√
2mlc̄σ0 . (4.12)

In this potential the VEV of the spurion field (3.9) as well as the mean fields (4.9) are
inserted. In eq. (4.12) the quark chemical potential µq appears in a quadratic term of ∆
with a negative sign, indicating that the larger value of µq yields nonzero ∆ leading to
the baryon superfluid phase as mentioned in section 4.1. The vacuum configurations are
determined by stationary conditinos of Vmean with respect to σ0 and ∆:

∂Vmean
∂σ0

= 0 , ∂Vmean
∂∆ = 0 , (4.13)

and hadrons appear as fluctuation modes upon the vacuum characterized by the condi-
tions (4.13). In this description, hadron masses are evaluated by quadratic terms of the
fluctuations in the Lagrangian (3.14) with σ0 and ∆ included. For instance, the pion
mass reads

m2
π = m2

0 +
8λ1 + 2λ2 − c

8 (σ2
0 +∆2) =

√
2mlc̄

σ0
. (4.14)
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We note that the second equality in eq. (4.14) is obtained by considering the stationary
condition of σ0 in eq. (4.13).

When we approximate the pion two-point function ⟨0|Tπa(x)πb(0)|0⟩ at the tree level
in the linear sigma model, the pion susceptibility function in eq. (4.11) is evaluated to be

χπ = −2ic̄2 1
m2

π

. (4.15)

Similarly, we employ the tree-level approximation for the η-meson two-point function
⟨0|Tη(x)η(0)|0⟩. However, since the violation of U(1)B baryon-number symmetry in the
baryon superfluid phase causes the mixing among η meson, the negative-parity diquark B′

and antidiquark B̄′ (or equivalently η, B′
4 and B′

5), the two-point function of the η meson is
not simply given by −i/m2

η where the η mass is read from η2 term of the η fluctuation from
the vacuum. By taking into account the mixing structure, the inverse propagator matrix
for the η - B′

4 - B′
5 sector in the momentum space at the rest frame p = 0 is obtained as

iD−1 = i

 Dηη DηB′
4

DηB′
5

DB′
4η DB′

4B′
4
DB′

4B′
5

DB′
5η DB′

5B′
4
DB′

5B′
5


−1

=


p2

0 −m2
η 0 −m2

B′
5η

0 p2
0 −m2

B′
4

4iµqp0

−m2
B′

5η −4iµqp0 p2
0 −m2

B′
5

 , (4.16)

where we have defined the two-point functions DXY by DXY = F.T.⟨0|TX(x)Y (0)|0⟩ with
X,Y = η,B′

4 and B′
5, and the mass parameters read

m2
η = m2

π + λ2
2 ∆2 + c

4(2σ
2
0 +∆2) ,

m2
B′

5
= m2

π − 4µ2
q +

λ2
2 σ

2
0 + c

4(σ
2
0 + 2∆2) ,

m2
B′

5η = 2λ2 − c

4 σ0∆ . (4.17)

Thus, inverting the matrix (4.16), one can find that Dηη which is of interest now takes the
form of

Dηη(p0) =
∑

i=1,2,3

iZϕi

p2
0 −m2

ϕi

. (4.18)

In this expression, mϕ1 , mϕ2 and mϕ3 represent mass eigenvalues of the η - B′
4 - B′

5 sector,
where the subscripts ϕ1, ϕ2 and ϕ3 stand for the corresponding eigenstates with which
the masses satisfy mϕ1 > mϕ2 > mϕ3 . The renormalization constants Zϕi

in eq. (4.18) are
evaluated by

Zϕ1 = Nηη(mϕ1)
(m2

ϕ1
−m2

ϕ2
)(m2

ϕ1
−m2

ϕ3
) ,

Zϕ2 = Nηη(mϕ2)
(m2

ϕ2
−m2

ϕ1
)(m2

ϕ2
−m2

ϕ3
) ,

Zϕ3 = Nηη(mϕ3)
(m2

ϕ3
−m2

ϕ1
)(m2

ϕ3
−m2

ϕ2
) , (4.19)
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with
Nηη(p0) = p4

0 − 16µ2
qp

2
0 − (m2

B′
4
+m2

B′
5
)p2

0 +m2
B′

4
m2

B′
5
. (4.20)

We note that the constants satisfy a condition Zϕ1 + Zϕ2 + Zϕ3 = 1 reflecting the fraction
conservation. Therefore, Zϕi

correspond to the proportion of the mass eigenstates ϕi in the
two-point function Dηη while the information on the respective pole positions is read from
1/(p2

0 −m2
ϕi
) in eq. (4.18).3

By using the η-meson propagator based on the mass eigenstates ϕi in eq. (4.18), the
η-meson susceptibility function is evaluated as

χη = 2c̄2Dηη(0) =
∑

i=1,2,3
χϕi

, (4.21)

with
χϕi

≡ −2ic̄2 Zϕi

m2
ϕi

. (4.22)

Since the susceptibility is defined at the low-energy limit: p0 = 0, the susceptibilities χϕi

in eq. (4.22) are written by Z2
ϕi
/m2

ϕi
with the constant −2ic̄2. Therefore, the strength of

χη is controlled by the combination of the renormalization constants Zϕi
and the mass

eigenvalues mϕi
.

5 Fate of topological susceptibility in dense QC2D

With the help of the susceptibility functions χπ and χη obtained in eqs. (4.15) and (4.21),
the topological susceptibility χtop is evaluated within our linear sigma model from eq. (2.14):

χtop = im2
l

4

χπ −
∑

i=1,2,3
χϕi

 . (5.1)

In this section, based on it, we show the numerical results of χtop at finite µq.

5.1 U(1)A anomaly contribution and µq dependence of topological
susceptibility

As explained at the end of section 2, the topological susceptibility is substantially controlled
by the U(1)A axial anomaly, i.e., the mass difference between the η meson and pion in
low-energy QC2D. For this reason, we particularly investigate χtop at finite µq with the two
cases of mvac

η /mvac
π = 1 and mvac

η /mvac
π = 1.5. The former corresponds to vanishing anomaly

effects for the hadron spectrum, while the latter implies the substantial anomaly effects.
3In eq. (4.18) we have expressed Dηη(p0) in terms of three contributions of ϕ1, ϕ2 and ϕ3 so as to see

roles of the mass eigenstates clearly. In the low-energy limit p0 = 0, Dηη(0) is of course equivalent to the
simple form of

Dηη(0) = −i
m2

B′
5

m2
ηm2

B′
5
−m4

B′
5η

,

which can be straightforwardly derived by evaluating the inverse matrix of η - B′
5 sector of eq. (4.16).
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Mass ratio c λ1 λ2 m2
0 mlc̄/2

mvac
η /mvac

π = 1 0 0 65.6 −(693MeV)2 (364MeV)3

mvac
η /mvac

π = 1.5 21.8 0 54.7 −(373MeV)2 (364MeV)3

Table 1. Fixed parameters for mvac
η /mvac

π = 1 and mvac
η /mvac

π = 1.5.

When we fix the mass ratio mvac
η /mvac

π , there remain four parameters to be determined.
As inputs, we employ mvac

π = 738MeV and mvac
B′(B̄′) = 1611MeV from the recent lattice

data [74]. Besides, based on the previous work [65], σvac
0 = 250MeV is used as another

input as a typical value. For the last constraint, we take λ1 = 0 corresponding to the large
Nc limit since λ1 term includes a double trace in the flavor space. With those inputs, the
model parameters are fixed as in table. 1. The table indicates that mvac

η becomes larger
than mvac

π only when c ̸= 0. In other words, the KMT-type interaction mimicking the
U(1)A anomaly effects in the linear sigma model generates the mass difference between the
η meson and pion, as expected from underlying QC2D.

In order to demonstrate typical phase structures at zero temperature and finite chemical
potential described by the present linear sigma model, we depict µq dependences of the
chiral condensate σ0 and diquark condensate ∆ in the panel (a) of figure 1 for the two
parameter sets of table 1. This figure clearly shows that the baryon superfluid phase emerges
from µcr

q = mvac
π /2, and accordingly chiral symmetry begins to be restored. The mean field

σ0 decreases in the superfluid phase independently of the strength of the U(1)A anomaly
effects, whereas the anomaly accelerates the increment of ∆ there. We note that the smooth
reduction of σ0 in the superfluid phase is analytically evaluated as

σ0 = mlc̄

2
√
2
µ−2

q , (5.2)

from the stationary conditions in eq. (4.13). We also note that in the case of the nonlinear
representation of the Nambu-Goldstone (NG) bosons, the vacuum manifold of the SU(4)
symmetry breaking is constrained as “σ2

0 +∆2 = (constant)” at the tree level which was
found in refs. [50, 51]. However, this is not the case in the linear representation [65].

Incidentally, Figure 1 also depicts the µq dependence of the baryon number density
(ρ = 4∆2µq) normalized by 16f2

πm
vac
π in panel (b). The baryon number density is generated

after reaching the baryon superfluid phase. Owing to the increment of ∆, the baryon
number density is enhanced by the U(1)A anomalous contribution.

For later convenience, here we comment on the masses mϕi
and renormalization

constants Zϕi
across the phase transition. Displayed in figure 2 is µq dependences of the

masses of η - B′ - B̄′ sector for mvac
η /mvac

π = 1 (a) and mvac
η /mvac

π = 1.5 (b). In the baryon
superfluid phase, mϕ1 , mϕ2 and mϕ3 correspond to the green curves from above: mϕi

are
ordered from the largest mass, mϕ1 > mϕ2 > mϕ3 . Panel (b) in figure 2 indicates that
the mass ordering of B′ and η is interchanged below the critical chemical potential µcr

q for
mvac

η /mvac
π = 1.5 whereas such a level crossing does not take place for mvac

η /mvac
π = 1. For

this reason, the masses of ϕ1, ϕ2 and ϕ3 are connected to

(mϕ1 ,mϕ2 ,mϕ3) → (mB̄′ ,mB′ ,mη) for mvac
η /mvac

π = 1 ,
(mϕ1 ,mϕ2 ,mϕ3) → (mB̄′ ,mη,mB′) for mvac

η /mvac
π = 1.5 , (5.3)
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(b)

Figure 1. Chemical potential µq dependences of chiral condensate σ0 and diquark condensate ∆
(a) and that of the baryon density ρ normalized by 16f2

πm
vac
π (b).

at µcr
q . These correspondences are also reflected in the renormalization constants Zϕi

, as
depicted in figure 3. Indeed, the figure indicates that in the hadronic phase the Zϕi

are
reduced to

(Zϕ1 , Zϕ2 , Zϕ3) = (0, 0, 1) for mvac
η /mvac

π = 1 ,
(Zϕ1 , Zϕ2 , Zϕ3) = (0, 1, 0) for mvac

η /mvac
π = 1.5 . (5.4)

Thus, ϕ3 (ϕ2) state is connected to the η-meson state in this phase when mvac
η /mvac

π = 1
(mvac

η /mvac
π = 1.5). Meanwhile, in a limit of µq → ∞, both the parameter sets read Zϕ2 → 1

while Zϕ1 , Zϕ3 → 0, reflecting a fact that the state of η ∼ ψ̄iγ5ψ is dominated by ϕ2 solely
at sufficiently large µq where σ0 is negligible [65]. It should be noted that the ϕ1 component
in the η state is suppressed at any chemical potential.

Keeping the above properties in mind, we depict µq dependences of the topological
susceptibility χtop in figure 4. From panel (a) one can see the topological susceptibility is
always zero in the absence of the U(1)A anomaly effects. In the hadronic phase, such a
trend is easily understood by a fact that mvac

π coincides with mvac
η together with eq. (2.14).

The null topological susceptibility in the superfluid phase is rather surprising, but it is
also understood as follows. Within our linear sigma model, the KMT-type interaction
is introduced to mimic the gluonic anomalous part in the non-conservation law of the
U(1)A axial current in eq. (2.11). This structure is irrespective of changes of dynamical
symmetry-breaking properties such as the emergence of the baryon superfluidity. Hence,
even in the superfluid phase where the η meson mixes with B′

4 and B′
5, the θ dependence in

the quark mass term in eq. (2.8) would be rotated away under U(1)A transformation when
the KMT-type interaction, i.e., the U(1)A anomaly effect, is turned off. For this reason, the
topological susceptibility defined by a second derivative with respect to θ always vanishes
as long as c = 0 is taken.

Here, we comment on behaviors of the each contribution from χπ and χϕi
in panel (a)

of figure 4. First, since the pion mass in the baryon superfluid phase is expressed as

m2
π = 4µ2

q , (5.5)
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Figure 2. µq dependence of the masses of η - B′ - B̄′ sector for mvac
η /mvac

π = 1 (a) and mvac
η /mvac

π =
1.5 (b). In the baryon superfluid phase, mϕ1 , mϕ2 and mϕ3 correspond to the green curves from
above. In this figure the hadron masses are scaled by mvac

π .
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Figure 3. µq dependence of the renormalization constants Zϕi
for mvac

η /mvac
π = 1 (a) and

mvac
η /mvac

π = 1.5 (b).

the pion susceptibility function χπ decreases in this phase with a power of µ−2
q . In contrast

to the baryon superfluid phase, χπ does not change in the hadronic phase. Next, the figure
indicates that, in the hadronic phase, the η-meson susceptibility function is completely
dominated by χϕ3 , while χϕ1 and χϕ2 vanish there. Hence, χϕ3 coincides with χπ to yield
χtop = 0. This behavior is understood by panel (a) of figure 3; the η state in the hadronic
phase is connected to the ϕ3 one solely. Moving on to the baryon superfluid phase, we
find that χϕ2 grows from zero and χϕ3 becomes smaller than χπ to compensate the growth.
Although figure 3 exhibits the significant interchange of Zϕ2 with Zϕ3 above µq ∼ 0.53mvac

π ,
χϕ2 is smaller than χϕ3 at any chemical potential due to the comparably strong suppression
stemming from the m−2

ϕ2
dependence in eq. (4.22). Meanwhile, χϕ1 is always negligible

because of the large mass suppression of 1/m2
ϕ1

and the small value of Zϕ1 (see in figures 2
and figure 3).
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Figure 4. µq dependence of the topological susceptibility and the meson susceptibility functions
for mvac

η /mvac
π = 1 (a) and mvac

η /mvac
π = 1.5 (b). In this figure, the susceptibilities are scaled by

(mvac
π )4.

The U(1)A anomaly effect represented by a nonzero c in our linear sigma model can
be seen from panel (b) of figure 4, where mvac

η /mvac
π = 1.5 is taken. In the hadronic

phase mvac
π < mvac

η holds, and thus, χη becomes smaller than χπ, resulting the nonzero
topological susceptibility. In the baryon superfluid phase, χtop decreases monotonically
and approaches zero. The detailed analysis on this asymptotic behavior is provided in
section 5.2. Before taking a closer look at the smooth suppression of χtop at larger µq, we
explain behaviors of the respective meson susceptibility functions in the presence of the
KMT-type interaction. First, the µq dependence of χπ remains the same as one without
the U(1)A anomaly effects: the µq scaling of mπ in the superfluid phase, m2

π = 4µ2
q , holds

even when the anomaly is included. Second, in the hadronic phase only χϕ2 contributes to
the topological susceptibility while χϕ1 and χϕ3 do not, as seen from panel (b) of figure 3.
Third, in the superfluid phase, the finite χϕ3 is induced above µcr

q owing to the bump
structure of Zϕ3 shown in panel (b) of figure 3. But soon it begins to decrease and becomes
negligible around µq ∼ 0.8mvac

π accompanied by the suppression of Zϕ3 . Meanwhile, the
abrupt suppression of χϕ2 occurs above µcr

q to compensate the enhancement of χϕ3 , and
at larger µq, χϕ2 gradually approaches zero in accordance with the increment of mϕ2 . We
note that χϕ1 is almost zero at any chemical potential from the same reason explained for
mvac

η /mvac
π = 1.

5.2 Asymptotic behavior of topological susceptibility in dense baryonic matter

Here, we focus on the cases for mvac
η /mvac

π > 1, in which the finite χtop is provided, in order
to delineate the asymptotic behavior of χtop at larger µq.

The smooth reduction of χtop at larger µq in panel (b) of figure 4 can be explained by
the continuous reduction of ⟨ψ̄ψ⟩, as inferred from eq. (2.17).4 In order to see this behavior,
we rewrite the topological susceptibility to χtop = (mlc̄)2δm/(8µ2

q) with the help of eqs. (4.5)
4A similar smooth decrease of χtop associated with the continuous chiral phase transition was observed

in hot three-color QCD matter based on chiral model analyses [7, 8, 21], and lattice simulations at physical
quark masses support such a behavior [10–12].
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Figure 5. Topological susceptibility in the baryon superfluid phase with several values of mvac
η /mvac

π .

and (5.2). The dimensionless quantity δm is easily evaluated at sufficiently large µq with an
assumption that χη is solely controlled by ϕ2 state. Indeed, the asymptotic behavior of mϕ2

is known to be m2
ϕ2

∼ 12µ2
q [65], so that the quantity δm is approximated to be δm ∼ 2/3

with eq. (5.5). Therefore, the asymptotic behavior of χtop would be analytically fitted by

χtop
(mvac

π )4 ∼ (fvac
π )2

12 µ−2
q , (5.6)

where (mvac
π )2 =

√
2mlc̄/σ

vac
0 = mlc̄/f

vac
π is used. The µq scaling of χtop coincides with

that of the chiral condensate in the superfluid phase [see eq. (5.2)]. In figure 5, we plot the
topological susceptibility in the baryon superfluid phase with several values of mvac

η /mvac
π

with keeping input values: mvac
π = 738MeV, mvac

B′(B̄′) = 1611MeV and σvac
0 = 250MeV. The

figure shows that the asymptotic behavior of χtop is fitted by the analytic expression in
eq. (5.6) well, regardless of the value of mvac

η /mvac
π .

The lattice simulation performed in ref. [41] at T = 0.45Tc indicates that the topological
susceptibility of QC2D in the hadronic phase has a finite value with the error bars and is not
influenced by the µq effect.5 Moreover, the lattice result shows that such an approximately
µq-independent behavior is further extended to the baryon superfluid phase, which obviously
contradicts our model estimations. One possible scenario explaining this discrepancy is
discussed in section 6. In contrast to ref. [41], the other lattice result reported in ref. [45]
would suggest that the topological susceptibility in the baryon superfluid phase is suppressed,
as estimated by our present study.

6 Contamination by diquark source field

In the evaluations in section 5, we have included only the VEV of a scalar source field from
the spurion field ζsp which turns into the current quark mass as shown in eq. (3.9). On the
other hand, in lattice simulations diquark source effects incorporated from a VEV of ζ5

B in
5Here, Tc denotes the pseudocritical temperature for the chiral phase transition at vanishing µq, which

are fixed to be Tc = 200 MeV [44].
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eq. (4.4) would remain additionally, particularly in the baryon superfluid phase. Then, in
this section we discuss the diquark source effects to the topological susceptibility at finite
µq within our linear sigma model.

6.1 Diquark source effect on topological susceptibility

To analytically find out contributions of the diquark source field j to the topological
susceptibility, we first incorporate j in underlying QC2D by adding the VEV of ⟨ζ5

B⟩ =
√
2j

from the spurion field (4.4). Now the VEV of ζsp reads

⟨ζsp⟩ =
ml

2 E − i
√
2jX5E . (6.1)

With this VEV, a diquark operator tagged with the diquark source j shows up as a new
ingredient in the quark mass term:

L(mass)
QC2D = −mlψ̄ψ − j

(
− i

2ψ
TCγ5τ

2
c τ

2
fψ + h.c.

)
. (6.2)

This mass term implies that the extra term characterized by j explicitly breaks the U(1)A

symmetry as well as the U(1)B baryon-number symmetry. In fact, under the U(1)A axial
transformation with an angle satisfying αA = 2θ, the generating functional of QC2D with
the modified mass term (6.2) is rotated to

ZQC2D =
∫
[dψ̄dψ][dA] exp

[
i

∫
d4x

(
ψ̄iγµDµψ −mlψ̄ exp (iθ/2 γ5)ψ

− j

(
− i

2ψ
TCγ5τ

2
c τ

2
f eiθ/2γ5ψ + h.c.

)
− 1

4G
a
µνG

µν,a

)]
, (6.3)

and hence, from eq. (2.4) via eq. (2.3) the net topological susceptibility χw/j
top is evaluated

to be
χ

w/j
top = χ

(M)
top + δχtop . (6.4)

In this expression, χ(M)
top is identical to χtop given by eq. (2.14), but here the superscript

“(M)” has been attached in order to emphasize that only contributions from the meson
susceptibility functions are included:

χ
(M)
top = i

4m
2
l (χπ − χη) . (6.5)

δχtop denotes additional contributions from j which is of the form

δχtop = −1
4

[
j

(
− i

2⟨ψ
TCγ5τ

2
c τ

2
fψ⟩+ h.c.

)
+ ij2χB′

5
− 2ijmlχB′

5η

]
, (6.6)

where χB′
5

and χB′
5η represent a susceptibility function for the B′

5 channel and a mixed one
between the η and B′

5 channels, respectively. Those contributions are defined by

χB′
5
=
∫
d4x

〈
0
∣∣∣T (−1

2ψ
TCτ2

c τ
2
fψ + h.c.

)
(x)

(
−1
2ψ

TCτ2
c τ

2
fψ + h.c.

)
(0)
∣∣∣0〉 ,

χB′
5η =

∫
d4x

〈
0
∣∣∣T(ψ̄iγ5ψ

)
(x)

(
−1
2ψ

TCτ2
c τ

2
fψ + h.c.

)
(0)
∣∣∣0〉 . (6.7)
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The additional contributions (6.6) can be further reduced. That is, using an identity

− i

2⟨ψ
TCγ5τ

2
c τ

2
fψ⟩+ h.c. = −ijχB4 , (6.8)

with

χB4 =
∫
d4x⟨0|T

(1
2ψ

TCγ5τ
2
c τ

2
fψ + h.c.

)
(x)

(1
2ψ

TCγ5τ
2
c τ

2
fψ + h.c.

)
(0)
∣∣∣0〉 , (6.9)

which is derived in appendix B, the corrections δχtop in eq. (6.6) are rewritten in terms of
the hadron susceptibility functions as

δχtop = χ
(mix)
top + χ

(B)
top , (6.10)

where6

χ
(mix)
top = i

2mljχB′
5η , χ

(B)
top = i

4j
2(χB4 − χB′

5
) . (6.11)

It is interesting to note that the baryonic contribution χ
(B)
top is proportional to the difference

of χB4 and χB′
5
, which takes a partner structure similarly to χ(M)

top argued in section 2; the
baryon susceptibility functions χB4 and χB′

5
are also transformed to each other under the

U(1)B and U(1)A transformations. In the baryon sector, the partner structure reads

χB4 χB5

χB′
4

χB′
5

U(1)A

U(1)B

U(1)B

U(1)A

as explicitly derived in appendix A.
The susceptibility functions χB4 , χB′

5
and χB′

5η in eq. (6.10) are evaluated within our
linear sigma model by tracing a similar procedure in obtaining χη and χπ in section 4.2.
The B4 mode does not mix with other hadrons in the low-energy limit, so χB4 is simply
expressed by

χB4 = −2ic̄2 1
m2

B4

, (6.12)

where m2
B4

= m2
π − 4µ2

q [65]. Meanwhile, χB′
5

and χB′
5η are evaluated as

χB′
5
= DB′

5B′
5
(0) , χB′

5η = DB′
5η(0) , (6.13)

6Utilizing the matching condition (4.8) and the stationary condition for ∆ in the presence of j, one can
show that the GOR-like relation with respect to the breakdown of U(1)B baryon-number symmetry reads
f2

Bm
2
B4 = −j⟨ψψ⟩/2, with fB = ∆/

√
2 being the corresponding decay constant and m2

B4 = m2
π − 4µ2

q. Here,
⟨ψψ⟩ is identical to the l.h.s. of eq. (4.8). From this relation, χ(B)

top can be rewritten into

χ
(B)
top =

f2
Bm

2
B4

2 δ(B)
m ,

with δ
(B)
m = 1 − χB′

5
/χB4 , analogous to the expression for the meson sector in eq. (2.19).
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by inverting the matrix (4.16), which may be expressed in terms of three contributions of
ϕ1, ϕ2 and ϕ3 as done for Dηη(0) in eq. (4.18). Based on these expressions, we numerically
investigate µq dependences of χw/j

top for several j in the next subsection.
It should be noted that the non-conservation law of the U(1)A current in eq. (2.11) is

now modified as

∂µj
µ
A = 2mlψ̄iγ5ψ +

(
jψTCτ2

c τ
2
fψ + h.c.

)
+ g2

16π2 ϵ
µνρσGa

µνG
a
ρσ , (6.14)

where corrections of the diquark operator ψTCτ2
c τ

2
fψ accompanied by the diquark source j

are present.

6.2 Diquark source effect on µq dependence of topological susceptibility

In the presence of the diquark source j, U(1)B baryon-number symmetry is explicitly broken
even in the vacuum as understood from the modified quark mass term in eq. (6.2). In other
words, ∆ would be always nonzero in our linear sigma model, so that the phase structures
are expected to be modified from the ones for j = 0. Then, before showing numerical
results of the topological susceptibility (6.4), first we explore µq dependences of σ0 and ∆
corresponding to the chiral condensate and the diquark condensate, to clarify the phase
structures in the presence of j.

In figure 6, we show the µq dependence of the mean fields for j/ml = 0.05 and 0.18
with mvac

η /mvac
π = 1 (a) and mvac

η /mvac
π = 1.5 (b). The figure indicates that the definite

phase transition with respect to the baryon superfluidity disappears and the value of ∆
continuously increases for j ̸= 0, whereas the second-order phase transition has certainly
occurred for j = 0 as seen from figure 1. Accompanied by such a continuous change of ∆,
σ0 also shows a similar smooth change. Besides, figure 6 indicates that σ0 at µq ∼ 0 is not
significantly affected by the size of j while ∆ is significantly affected. This is because the
diquark source field j induces an additional tadpole term of ∆ in the effective potential
in eq. (4.12) which only contributes to the stationary condition of ∆ directly. Meanwhile,
in the high-density region, j contributions become negligible due to large µq, so that the
behavior of σ0 (∆) including the j effect merges into the one for j = 0 there.

Next, we show the diquark source effects on the topological susceptibility in figures 7
and 8. Figure 7 exhibits the µq dependence of the topological susceptibility including
diquark source effects in the absence of the KMT-type interaction: mvac

η /mvac
π = 1. As

depicted in panel (a), the net topological susceptibility χ
w/j
top is null at any µq regardless

of the value of j. This is because the gluonic U(1)A anomaly is mimicked by only the
KMT-type interaction in the linear sigma model even with the diquark source field j. We
also analyze each component of the net topological susceptibility, χ(M)

top , χ(mix)
top and χ

(B)
top

defined in eqs. (6.5) and (6.11) for j/ml = 0.18, in panel (b). This panel clearly shows that
the susceptibilities satisfy the relation χ

(M)
top = χ

(B)
top = −1

2χ
(mix)
top to result in the null χw/j

top .
This notable relation can be analytically derived from the anomalous WTI associated with
the U(1)A transformation as shown in appendix C.

By taking the KMT-type interaction into account, the net topological susceptibility
χ

w/j
top becomes sensitive to the diquark source field especially above µq ≈ mvac

π /2 as depicted
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Figure 6. µq dependences of σ0 and ∆ for j/ml = 0.05 and 0.18 with mvac
η /mvac

π = 1 (a) and
mvac

η /mvac
π = 1.5 (b).
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Figure 7. µq dependences of the topological susceptibility including the diquark source effects in
the absence of the KMT-type interaction: mvac

η /mvac
π = 1.

in figure 8. Panel (a) shows that the decreasing trend of χw/j
top at higher µq is hindered

as we take the larger value of j. Notably, when taking j/ml = 0.18, the net topological
susceptibility approximately holds the vacuum value at any µq. To grasp this behavior,
we show separate contributions of χ(M)

top , χ(B)
top and χ

(mix)
top with j/ml = 0.18 in panel (b) of

figure 8. This figure indicates that χ(M)
top is not substantially influenced by the diquark source

and its decreasing behavior is governed by the smooth chiral restoration as explained in
section 5.2 in detail. In contrast, χ(B)

top is enhanced above µq ≈ mvac
π /2, which is understood

by the increment of ∆. In fact, from the matching condition (4.8) and the stationary
condition for ∆ in the presence of j, one can easily show χ

(B)
top = (jc̄)∆δ(B)

m /(2
√
2) with

δ
(B)
m = 1− χB′

5
/χB4 . Here, similarly to the discussion for the meson sector in section 5.2,

δ
(B)
m approaches a constant value asymptotically in the high-density region. Therefore, we
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Figure 8. µq dependences of the topological susceptibility including the diquark source effects with
the substantial anomaly effect of KMT-type interaction: mvac

η /mvac
π = 1.5.

can prove that the growth of χ(B)
top can be determined by ∆ at larger µq. Hence, when the

source contribution is sufficiently large, the net topological susceptibility can grow with
increasing µq. The last contribution, χ(mix)

top , represents a mixing susceptibility between the
mesonic and baryonic sectors, and this is suppressed compared to χ(M)

top and χ(B)
top, as long as

j is small, as shown in the figure. We note that, the mixing strength of B′
5 and η becomes

weak for larger value of c as seen from m2
B′

5η in eq. (4.17), and hence, the larger c we take,
the smaller χ(mix)

top we obtain.
To summarize, from the demonstration in this subsection, we have revealed that the

diquark source j contaminates the fate of the net topological susceptibility linked with the
chiral restoration. Therefore, one can infer that the approximately µq-independent behavior
of the topological susceptibility exhibited by the lattice data [41] would be understood by
the finite diquark source effects. Note that although the approximately µq-independent
behavior was found on the lattice at T = 0.45Tc, the temperature effects are expected to be
insignificant. This is because the phase structure at T = 0.45Tc does not significantly differ
from one at T = 0.

7 Summary and discussion

In this paper, we have explored the topological susceptibility in QC2D with two flavors
at finite quark chemical potential µq, to clarify the U(1)A anomaly properties in cold and
dense matter. With the help of the WTIs, we have found that the topological susceptibility
is analytically expressed by a difference of the pion and η-meson susceptibility functions
with the current quark mass. We have also argued that, in the low-energy regime, this
expression is understood as a generalization of the one invented by Leutwyler and Smilga
based on the ChPT in three-color QCD [72].

In order to investigate the topological susceptibility at finite µq, we have employed the
linear sigma model in which the U(1)A anomaly effects are captured by the KMT-type
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determinant term, as a suitable low-energy effective theory of QC2D [65]. This model
successfully not only describes the emergence of the baryon superfluid phase but also
reproduce the hadron mixings originated from the breakdown of U(1)B baryon-number
symmetry there, which is indeed suggested by the lattice data [74]. Based on a mean-field
treatment, we have found that the topological susceptibility is always zero at any µq in
both the hadronic and superfluid phases in the absence of the U(1)A anomaly effects, where
the vacuum mass of pion coincides with one of η meson. When the U(1)A anomaly effect is
switched on, the nonzero and constant topological susceptibility is induced in the hadronic
phase. Moving on to the superfluid phase, we have found that it begins to smoothly decrease
with increasing µq. We have analytically clarified that the latter smooth decrement is
fitted by µ−2

q at larger µq, reflecting the continuous restoration of chiral symmetry. This
property is qualitatively the same as in hot three-color QCD matter [7, 8, 10–12, 21]. From
those examinations, we can conclude that, in cold and dense QC2D, roles of the topological
susceptibility as an indicator for measuring the strength of U(1)A anomaly effects do not
differ from those in hot three-color QCD, despite the complexity of phase structure due to
the presence of the superfluidity.

In lattice simulations, effects from the diquark source would remain sizable. For this
reason, we have further investigated the topological susceptibility in the presence of the
diquark source. From this examination, we have revealed that the source effects enhance
the topological susceptibility in accordance with the growth of the diquark condensate as
µq increases, such that the reduction of the topological susceptibility found in the presence
of the U(1)A anomaly effects can be hindered. Hence, when the source contribution is
sufficiently large, the topological susceptibility can grow with increasing µq. On the other
hand, when the U(1)A anomaly effects are absent, the topological susceptibility vanishes at
any value of µq consistently regardless of the size of the diquark source.

In closing, we give a list of some comments on our findings and its implications.

• As argued in the later part of section 2 in detail, the topological susceptibility in the
vacuum is determined by only three basic observables: the pion decay constant, pion
mass and η mass, in the low-energy regime of QC2D. Thus, in order to pursue a
consistent understanding of U(1)A anomaly effects in low-energy QC2D, we expect
precise determination of both the decay constant and the η mass as well as that of the
topological susceptibility itself from lattice simulations. Those determinations would
be regarded as a foundation toward more quantitative description of the topological
susceptibility at finite µq.

• In the present analysis, we have used the linear sigma model based on a mean-field
approach, and hence, all coupling constants in the model do not change at any µq. On
the basis of the functional renormalization group (FRG) method in three-color QCD, it
was suggested that the coupling strength of the KMT-type interaction can be enhanced
in medium, leading to the effective enhancement of the U(1)A anomaly effects [75–78].
If this is the case, then the topological susceptibility can also be enhanced at finite µq.
Hence, analyses from effective models beyond the mean-field level such as the FRG
method, in which fluctuations of the hadrons are non-perturbatively incorporated,
are worth studying.
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• In our present study, we have focused on the topological susceptibility at finite µq but
with zero temperature. Currently, the µq dependence on the topological susceptibility
around the critical temperature has been also evaluated in the lattice QCD [41].
Thus, it would be worth investigating finite temperature effects to the topological
susceptibility to fit the lattice data, to pursue more comprehensive description of the
U(1)A anomaly effects on the phase diagram of QC2D.

• In this study, we have clarified that the asymptotic behavior of the topological
susceptibility at larger µq is mostly determined by the smooth reduction of the chiral
condenesate, despite the presence of the diquark condensate in dense QC2D. This
structure is essentially understood by a fact that the WTIs used to express the
topological susceptibility in terms of the meson susceptibility functions are not altered
by the diquak condensate, unless the diquark source contributions remain finite. In
ordinary three-color QCD, on the other hand, the WTI associated with the pion would
be modified in the color-flavor locking (CFL) phase, since the CFL configuration
changes the chiral-symmetry breaking pattern due to correlations from SU(3)c color
symmetry [79]. For this reason, it is not clear whether a similar asymptotic behavior
is derived in cold and dense three-color QCD matter, and we leave this issue for
a future study. Meanwhile, the two-flavor color superconductivity (2SC) is singlet
under chiral symmetry, and hence, at intermediate density regime one can expect that
a qualitatively similar behavior of the topological susceptibility follows even in the
presence of the 2SC phase.
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A Partner structures of the susceptibility functions

In this appendix, we derive partner structures of the meson and diquark-baryon susceptibility
functions with respect to appropriate transformations.

Here, we define the following composite operators

Oσ ≡ ψ̄ψ , Oa
a0 ≡ ψ̄τa

f ψ , Oη ≡ ψ̄iγ5ψ , Oa
π ≡ ψ̄iγ5τ

a
f ψ ,

OB4 ≡ 1
2ψ

TCγ5τ
2
c τ

2
fψ + h.c. , OB5 ≡ − i

2ψ
TCγ5τ

2
c τ

2
fψ + h.c. ,

OB′
4
= − i

2ψ
TCτ2

c τ
2
fψ − i

2ψ
†Cτ2

c τ
2
fψ

∗ , OB′
5
= −1

2ψ
TCτ2

c τ
2
fψ + 1

2ψ
†Cτ2

c τ
2
fψ

∗ .

(A.1)
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The U(1)B, SU(2)V , U(1)A and SU(2)A rotations are generated by (a = 1, 2, 3)

ψ
U(1)B→ e−iϵBψ , ψ

SU(2)V→ e−iϵa
V T a

f ψ , ψ
U(1)A→ e−iϵAγ5ψ , ψ

SU(2)A→ e−iϵa
AT a

f ψ ,

(A.2)
respectively. Then, the meson operators Oσ, Oa

a0 , Oη and Oa
π are invariant under the

U(1)B and SU(2)V rotations, while under the infinitesimal U(1)A and SU(2)A ones they
transform as

Oσ
U(1)A→ Oσ − 2ϵAOη , Oa

a0

U(1)A→ Oa
a0 − 2ϵAOa

π ,

Oη
U(1)A→ Oη + 2ϵAOσ , Oa

π
U(1)A→ Oa

π + 2ϵAOa
a0 , (A.3)

and

Oσ
SU(2)A→ Oσ − ϵaAOa

π , Oa
a0

SU(2)A→ Oa
a0 − ϵaAOη ,

Oη
SU(2)A→ Oη + ϵaAOa

a0 , Oa
π

SU(2)A→ Oa
π + ϵaAOσ . (A.4)

Hence, one can find the following partner structure

χπ χσ

χa0 χη

U(1)A

SU(2)

SU(2)

U(1)A

where the susceptibility functions are defined by

χσ =
∫
d4x⟨0|TOσ(x)Oσ(0)|0⟩ , χa0δ

ab =
∫
d4x⟨0|TOa

a0(x)O
b
a0(0)|0⟩ ,

χη =
∫
d4x⟨0|TOη(x)Oη(0)|0⟩ , χπδ

ab =
∫
d4x⟨0|TOa

π(x)Ob
π(0)|0⟩ . (A.5)

Meanwhile, the diquark-baryon operators OB4 , OB5 , OB′
4

and OB′
5

are invariant under
the SU(2)V and SU(2)A rotations, while under the U(1)B and U(1)A ones they transform as

OB4
U(1)B→ OB4 + 2ϵBOB5 , OB5

U(1)B→ OB5 − 2ϵBOB4 ,

OB′
4

U(1)B→ OB′
4
+ 2ϵBOB′

5
, OB′

5

U(1)B→ OB′
5
− 2ϵBOB′

4
, (A.6)

and

OB4
U(1)A→ OB4 + 2ϵAOB′

4
, OB5

U(1)A→ OB5 + 2ϵAOB′
5
,

OB′
4

U(1)A→ OB′
4
− 2ϵAOB4 , OB′

5

U(1)A→ OB′
5
− 2ϵAOB5 . (A.7)
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Hence, similarly to the meson sector, one can find the following partner structure

χB4 χB5

χB′
4

χB′
5

U(1)A

U(1)B

U(1)B

U(1)A

where the suseptibility functions are defined by

χB4 =
∫
d4x⟨0|TOB4(x)OB4(0)|0⟩ , χB5 =

∫
d4x⟨0|TOB5(x)OB5(0)|0⟩ ,

χB′
4
=
∫
d4x⟨0|TOB′

4
(x)OB′

4
(0)|0⟩ , χB′

5
=
∫
d4x⟨0|TOB′

5
(x)OB′

5
(0)|0⟩ . (A.8)

The infinitesimal transformation laws obtained in this appendix play important roles
in deriving the WTIs employed in the present paper.

B Derivation of WTIs (2.12) and (6.8)

In this appendix, we derive the WTIs in eqs. (2.12) and (6.8) which allow us to rewrite the
topological susceptibility in terms of only the hadron susceptibility functions.

Toward derivation of eq. (2.12), we try to perform the SU(2)A rotation in the following
path integral:

Ia
π ≡

∫
[dψ̄dψ][dA]Oa

π(y) ei
∫

d4xLQC2D , (B.1)

where the QC2D Lagrangian of interest here includes the diquark source term in addition
to the mass term as

LQC2D = ψ̄i /Dψ −mlOσ − jOB5 −
1
4G

a
µνG

µν,a + θ
g2

64π2 ϵ
µνρσGa

µνG
a
ρσ . (B.2)

In this Lagrangian, the covariant derivative Dµψ = (∂µ − iµqδµ0 − igAa
µT

a
c )ψ describes

contributions from the quark chemical potential µq and couplings with the gluons Aa
µ, and

Ga
µν = ∂µA

a
ν − ∂νA

a
µ + gϵabcAb

µA
b
ν is the gluon field strength. Under the infinitesimal local

SU(2)A rotation, Oa
π transforms as shown in eq. (A.4), while the QC2D Lagrangian exhibits

the following transformation law:

LQC2D
SU(2)A→ LQC2D + 1

2(∂µϵ
a
A)j

µ,a
A +mlϵ

a
AOa

π , (B.3)

where jµ,a
A ≡ ψ̄γµγ5τ

a
f ψ represents the axial current. Thus, under the same rotation,

eq. (B.1) transforms as

Ia
π

SU(2)A→ Ia
π +

∫
[dψ̄dψ][dA]

{
ϵaA(y)Oσ(y)

+ i

∫
d4xϵbA(x)

[
−1
2∂

x
µj

µ,b
A (x)Oa

π(y) +mlOb
π(x)Oa

π(y)
]}

ei
∫

d4xLQC2D , (B.4)
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and imposing the invariance of Ia
π under the SU(2)A transformation, one can obtain the

following WTI

⟨Oσ⟩δab = i

∫
d4x

[1
2∂

x
µ⟨0|Tj

µ,b
A (x)Oa

π(y)|0⟩ −ml⟨0|TOb
π(x)Oa

π(y)|0⟩
]
. (B.5)

Here, since the QC2D Lagrangian explicitly breaks SU(2)L ×SU(2)R chiral symmetry, there
is no room for massless modes coupled to the axial current jµ,b

A , so that the first term of
the r.h.s. in eq. (B.5) trivially vanishes from the surface integral. Therefore, we arrive at

⟨ψ̄ψ⟩ = −imlχπ , (B.6)

with eq. (A.5).
Similarly to the above derivation, the identity (6.8) is also derived by focusing on the

U(1)B transformation of

IB4 ≡
∫
[dψ̄dψ][dA]OB4(y) ei

∫
d4xLQC2D . (B.7)

In fact, under the infinitesimal local U(1)B rotation, OB4 transforms as in eq. (A.6) and
the QC2D Lagrangian shows the following transformation law:

LQC2D
U(1)B→ LQC2D + (∂µϵB)jµ

B + 2ϵBjOB4 , (B.8)

where we have defined the vector current by jµ
B ≡ ψ̄γµψ. Thus, the U(1)B invariance of

eq. (B.7) yields

2⟨OB5⟩ = i

∫
d4x

[
∂x

µ⟨0|Tj
µ
B(x)OB4(y)|0⟩ − 2j⟨0|TOB4(x)OB4(y)|0⟩

]
. (B.9)

Here, the first term of the r.h.s. vanishes since no massless modes couple to the vector
current jµ

B owing to the presence of j term which violates U(1)B symmetry explicitly, and
thus, one can obtain

− i

2⟨ψ
TCγ5τ

2
c τ

2
fψ⟩+ h.c. = −ijχB4 (B.10)

by defining
χB4 =

∫
d4x⟨0|TOB4(x)OB4(0)|0⟩ , (B.11)

with eq. (A.8).

C Alternative expression of the topological susceptibility

In this appendix, we present an alternative expression of the topological susceptibility χtop.
For this purpose, here, we consider the U(1)A transformations in the following two

path integrals:

Iη ≡
∫
[dψ̄dψ][dA]Oη(y) ei

∫
d4xLQC2D ,

IB′
5
≡
∫
[dψ̄dψ][dA]OB′

5
(y) ei

∫
d4xLQC2D . (C.1)
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Under the infinitesimal local U(1)A rotation, Oη and OB′
5

transform as in eqs. (A.3) and (A.7)
while the QC2D Lagrangian shows the followng transformation law:

LQC2D
U(1)A→ LQC2D − (∂µϵA)jµ

A + ϵA(2mlOη − 2jOB′
5
) , (C.2)

with the flavor-singlet U(1)A axial current defined by jµ
A ≡ ψ̄γµγ5ψ. Thus, tracing a similar

procedure in deriving the WTIs (B.6) or (B.11), one can find

⟨ψ̄ψ⟩ = −i
(
mlχη − jχB′

5η + 2χQη

)
,

− i

2⟨ψ
TCγ5τ

2
c τ

2
fψ⟩+ h.c. = i

(
mlχB′

5η − jχB′
5
+ 2χQB′

5

)
, (C.3)

where we have defined mixed susceptibility functions by

χB′
5η =

∫
d4x⟨0|TOB′

5
(x)Oη(0)|0⟩ ,

χQη =
∫
d4x⟨0|TQ(x)Oη(0)|0⟩ ,

χQB′
5
=
∫
d4x⟨0|TQ(x)OB′

5
(0)|0⟩ , (C.4)

with the gluonic topological operator Q = (g2/64π2)ϵµνρσGa
µνG

a
ρσ. It should be noted that

the U(1)A anomaly contributions have been properly incorporated when performing the
U(1)A axial transformation in Iη and IB′

5
in eq. (C.1).

Here, using eqs. (B.6) and (B.11), the anomalous WTIs in eq. (C.3) are rewritten into

χ
(M)
top = −1

2χ
(mix)
top + i

2mlχQη , χ
(B)
top = −1

2χ
(mix)
top − i

2jχQB′
5
. (C.5)

Therefore, when we suppose that the U(1)A anomaly effects can be neglected for some
reason, the operator Q vanishes and

χ
(M)
top = χ

(B)
top = −1

2χ
(mix)
top (C.6)

is satisfied. Indeed, this relation is consistent with the numerical results in figure 7(a) where
the U(1)A anomaly effects are absent.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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