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ABSTRACT: Both nonzero temperature and chemical potentials break the Lorentz symme-
try present in vacuum quantum field theory by singling out the rest frame of the heat bath.
This leads to complications in the application of thermal perturbation theory, including
the appearance of novel infrared divergences in loop integrals and an apparent absence of
four-dimensional integration-by-parts (IBP) identities, vital for high-order computations.
Here, we propose a new strategy that enables the use of IBP techniques in the evaluation
of Feynman integrals, in particular vacuum or bubble diagrams, in the limit of vanishing
temperature 1" but nonzero chemical potentials u. The central elements of the new setup
include a contour representation for the temporal momentum integral, the use of a small
but nonzero T as an IR regulator, and the systematic application of both temporal and
spatial differential operators in the generation of linear relations among the loop integrals
of interest. The relations we derive contain novel inhomogeneous terms featuring differenti-
ated Fermi-Dirac distribution functions, which severely complicate calculations at nonzero
temperature, but are shown to reduce to solvable lower-dimensional objects as T' tends to
zero. Pedagogical example computations are kept at the one- and two-loop levels, but the
application of the new method to higher-order calculations is discussed in some detail.
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1 Introduction

Perturbation theory is undoubtedly the single most powerful technique for making quanti-
tative predictions in quantum field theory [1-3]. Importantly, its application is not limited
to problems in vacuum, but perturbative methods are equally applicable to the study of
extended systems in and even out of thermal equilibrium [4-7]. In the latter context, the
physical systems of relevance range from the early Universe to the extremely dense cores
of neutron stars and the hot fireball created in heavy-ion collisions. In such applications,
Quantum Chromodynamics (QCD) has proven a particularly challenging theory [8] due
to a combination of complicated phenomenological problems and the slow convergence of
weak-coupling expansions. For this reason, thermal perturbation theory calculations in
QCD need to be pushed to particularly high loop orders, and, e.g., the equation of state
(EoS) of deconfined QCD matter is currently known to partial four-loop level both at high
temperatures 7" and small or vanishing chemical potentials pu [9-14] as well as at high u
and small or vanishing 7" [15-18].

In high-loop-order perturbative calculations, be that in vacuum or a thermal setting,
various methods of automation become indispensable. In vacuum, one of the most cru-
cial tools enabling, e.g., the determination of the five-loop running coupling constant of
QCD [19, 20], is the integration-by-parts (IBP) technique [21, 22]. It allows for the deriva-
tion of linear relations between different Feynman integrals, reducing the number of inde-
pendent master integrals in need of explicit analytic or numerical evaluation. These iden-
tities are typically generated by multiplying the integrand of a Feynman integral, schemat-
ically [p g(P), by a momentum-dependent function f,(P) and using the fact that integrals
over total derivatives vanish, i.e. [pd,(f,(P)g(P)) = 0.

Unfortunately, the derivation of IBP relations relies heavily on Lorentz symmetry,
which is broken by both a nonzero T" and p. In the imaginary-time formalism of thermal
field theory, applicable in thermal equilibrium, the spacetime metric becomes Euclidean
with integrals over the temporal momentum component being replaced by discrete sums
over the so-called Matsubara frequencies [23]. The latter take the form py = wp/" with wf =
2n7T for bosons and wj, = (2n + 1)7T + iy for fermions, n € Z, where an imaginary shift
appears for nonzero chemical potentials. This implies that total derivatives in the temporal
direction no longer lead to vanishing momentum integrals, which prevents the closing of
traditional IBP relations. In existing literature, this issue has typically been resolved by
only considering spatial derivative operators and integrations in the derivation of IBP
relations [24, 25], which however severely limits their power in practical computations.*

In a largely unrelated development, it was recently pointed out in [26] that even the
simplest loop calculations involving chemical potentials require particular care in the low-
temperature limit. A naive application of the residue theorem may lead to the missing
of important contributions to physical quantities. This issue appears whenever fermionic
propagators are raised to (integer) powers higher than 1 and can be most conveniently

circumvented through a consistent use of a contour-integral formulation for the temporal

'Note also that while spatial IBP operators are always applicable, the presence of chemical potential
changes the structure of the corresponding IBP relations derived at y = 0 as demonstrated in appendix D.4.



integral, introduced in [26] and reviewed in section 2 below. In the strict 7' = 0 limit,
this procedure gives rise to d-function terms easily missed in standard residue calculations
that utilize a single linear contour along the real axis,? which also highlights the fact that
thermal field theory calculations performed at T' = 0, u # 0 should always be thought
of as the ' — 0 limit of a finite-temperature computation. As detailed in [26], even if
infinitesimally small, the parameter 1" plays an important regulatory role in loop integrals.

Motivated by the phenomenological need to determine the EoS of cold and ultradense
quark matter, stemming from attempts to determine the EoS of neutron-star matter in
a model-agnostic manner (see e.g., [28-30] for recent studies), our aim in this paper is to
generalize IBP methods to be at least partially available in the limit of nonzero chemical
potentials but vanishing temperatures. Crucially, we are interested in IBPs in all D =
4 — 2¢ dimensions, and to this end insist on including also temporal derivatives in the
operators generating linear relations. As we will detail below, the use of the contour-
integral prescription of [26] will give rise to extra boundary terms or inhomogeneities in
IBP relations that often feature derivatives of the Fermi-Dirac distribution function. While
highly problematic at nonzero temperatures, in the strict 7' — 0 limit these derivative terms
simplify considerably, leading to more easily computable entities that close the extended
IBP relations although some differences to standard vacuum IBP relations are seen to

arise.?

In the practical derivation of the new IBP relations, our strategy is to use temporal
derivatives to write the boundary terms in a form, where ideally all fermionic distribution
functions have been differentiated, while all other terms are of a form familiar from vacuum-
type IBP relations. While the latter can be further simplified using spatial IBP relations
as discussed in section 3 below, the integrals with differentiated distribution functions
need to be evaluated explicitly. The techniques needed in such computations are outlined
in section 2, where we also introduce our notation and general formalism. In sections 4
and 5, we then provide explicit examples of this procedure at the one- and two-loop levels,
wherein we also describe the required regularization due to the complex nature of fermionic
propagators at nonzero p [26]. As a byproduct of our calculations, we end up generalizing
the factorization of the vacuum sunset diagram with collinear scales to finite y, motivated
by an observed factorization from our IBP relations; this topic is discussed in detail in
appendix E. The final objective of our program is to create an automatable algorithm that,
in combination with other tools such as the cutting rules of [31], will facilitate computations
at high orders of perturbation theory. Although this important extension of our framework
is largely left to future work, some related aspects are discussed in the concluding section 6.

2Somewhat analogous é-function terms are known to arise from the temporal integration in the context
of the real-time formalism of thermal field theory [6, 27] when using a generalized Cauchy principal value.

3Unlike in the standard T = p = 0 IBP framework, a consecutive application of a given temporal deriva-
tive operator does not provide additional information. Furthermore, each individual temporal derivative
introduces a new closed group operation for linear algebra, characterized by the number of differentiated
distribution functions in a loop integral.



2 Formalism and setup

We work in the imaginary-time formalism of thermal field theory. Here, the starting
point of any computation at nonzero temperature 1" involves discrete sums over Matsubara
frequencies [23], amounting to w; = 2n7T for bosons and w}, = (2n+ 1)1 +iu for fermions
at a nonzero chemical potential y, with n € Z. As demonstrated in numerous textbooks [4—
6], sums over these discrete frequencies can be easily converted to continuous integrals using
the analyticity properties of the Bose-Einstein and Fermi-Dirac distribution functions,

ne(z) = ! , ng(x) = ! . (2.1)

et —1

Concretely, we may write the (sum-)integration measures appearing in thermal Feynman
integrals in the forms

if wy, ) TZ/ wy, P) f:nB(ino)f(po,p), (2.2)

i Wy P) TZ/f Wy, P) ffnp[iﬁ(po—w)]f(po,p% (2.3)
{r}

where P = (pg, p) stands for a momentum in D = d + 1 dimensions, p is a d-dimensional
spatial vector, and p = |p|. Sum-integrals are denoted by the shorthand ¥, = T > pn fp,
where p,, = wi/" and curly brackets are used to indicate the fermionic nature of the loop
momentum.

Above, we have also introduced a shorthand notation for the (d + 1)-dimensional

integral and its temporal integration contours
oco+ip+in —oo+ip—in de
oty
2

(2.4)

where the integration contour runs (anti-)clockwise for fermions (bosons) around the real

axis of the complex pg-plane. For the dimensionally regulated (MS) spatial integrals in
d = 3 — 2¢ dimensions, we finally introduce the measure

/p - (ﬁ)d / (gil))d’ (2.5)

where A is the corresponding renormalization scale and 7 is the Euler-Mascheroni constant.

Unless otherwise stated, we will provide results for general d dimensions whenever possible.

Below, we will briefly discuss two technical issues that are both frequently used in
our forthcoming presentation. The first issue has to do with subtleties in taking the zero-
temperature limit in the above (sum-)integration measures; see section 2.1. The second
introduces two convenient deformations of the fermionic pg-integration contour defined
above, which turn out to greatly simplify practical calculations; see section 2.2.



2.1 Small-temperature limit and regularization

As discussed in detail in [26], taking the zero-temperature limit in the integrals defined
above can be surprisingly non-trivial, and in particular, changing the order of the temporal
and spatial integrations must be handled with care. To prepare for these subtleties, we
identify the real-valued parameters 2 = Re(pg) and y = Im(pg) — p for the Fermi-Dirac
distribution as well as z = Re(pg) and y = Im(py) for the Bose-Einstein distribution,
whereby the low-temperature limits of the corresponding distribution functions become

‘ 1 sinh(By) i sin(By)
_ +- -
ne) [iBz — By ()5 cosh(By) t cos(Bz)]  2cosh(By) T cos(Bz)
W rey) - 05 20

In this result, the bosonic case is always shown in parenthesis, and the chosen notation
for the two functions defined on the lower line corresponds to the respective behaviors of
the real and imaginary parts of the distribution functions at small but non-vanishing 7"
limp_,o 05" (y) = 0(y) and limp_, 0n® = 0.4

The derivative of the real-valued fermionic distribution function finally gives rise to a

well-known nascent delta distribution, referred to as the 0- sequence below:

/ B T<lyl
—Bni[=By] = [Cosh(ﬁy) 7 ¥ 6r(y). (27)

Similarly, the complex generalizations of the differentiated Fermi-Dirac and Bose-Einstein
distributions (often referred to as primed distribution functions) yield

. B cosh(By) cos(Bz) 1,1 4B sinh(8y) sin(Bz)
_/BnF(B) [ZB‘T - By] [cosh(,é’y) (+) COS(BIE)]Q ( ) 2 [COSh(ﬁy) (+) CO&(BJ")]
Tﬂ" (f)éi‘B) (y) () iog(zB) ) (2.8)

where we introduced two more functions with the respective limits of limy_,o 05" (y) = ()
and limg_,o 055 = 0.

The simplest example of an integrand, for which the use of T" as a regulatory parameter
(through the above relations) becomes important,® consists of a massless fermionic propa-
gator raised to an arbitrary real-valued power . Here, a naive way to proceed would be
to first drop the lower part of the pp-contour in eq. (2.3) due to its exponential suppression
at small T and then to set ng [i8(pp — ip)] — 1, resulting in

f/nwﬁpo—w // dpo 1 (2.9)
Do po +p o) 27'(' p[) + ZM)Q +p2]a ' '

This strategy indeed yields a pg-integral that can be easily evaluated using the residue

theorem, but the result turns out to be the physically correct one only for 1/2 < a < 1

4Upper indices in eq. (2.6) indicate the particular §-function and 0-sequences defined by this equation.
5Keeping T nonzero prevents the temporal components of fermionic momenta Dy = wk = 2n+1)7T+iu
from vanishing, which in turn protects integrals with high powers of fermionic propagators from problematic
divergences from the region p = u, Re(pg) = 0.



see appendix A.1 and [26]. For o > 1, an explicit divergence occurs at p = i, pg ~ 0

€ dpg 1 e dpo 1 (2.10)
—e 27 [po +ip +ip]®[po +ip — ip]®  J_e 27 [po + 2ip]*[po]*’ ‘

which explains the fact that different integration orders are seen to yield differing results

> dpo 1 > dpo 1
/p/—oo 21 [(po +ip)? + p2]™ 7 /_Oo 27r/p [(po +ip)% + Ao (2.11)

As first pointed out in [26] (see also appendix A.1), this discrepancy is correctly treated

through the Fermi-Dirac distribution and its derivative, which induces an additional -
function-type contribution when pg crosses the imaginary axis along the contour of eq. (2.3).

Similar issues are absent for purely bosonic integrals, given the lack of scales like
chemical potentials. However, graphs mixing bosonic and fermionic momenta may again
feature nontrivial low-temperature limits. Like in the fermionic case, keeping T small but
nonzero in egs. (2.6) and (2.8) and utilizing (simplifications of) the bosonic d-sequences
ensure that the order of the temporal and spatial integrations are always interchangeable.

2.2 Contour deformations

To no surprise, the technical complications that we encountered in the 7' — 0 limit of
the one-loop integral (2.9) and that culminated in the isolation of a novel divergence in
egs. (2.10) and (2.11) continue to be present at higher loop orders. Although one may
often bypass these issues by analytically continuing results derived for convergent values of
parameters such as the dimension d and the exponent o above, in the application of IBP
relations we will again encounter integrals containing differentiated Fermi-Dirac distribu-
tion functions that give rise to extra contributions from the momentum region that makes
the argument of the n), vanish, namely p = u, pg ~ 0. It turns out that for the two classes
of po-integrals featuring either undifferentiated or differentiated ny functions the optimal
computational strategies differ somewhat and in particular feature slightly different ways of
deforming the original pg-contour (2.4). Below, we briefly introduce these two deformations
that are respectively summarized in figure 1 (left) and (right).

The former class of integrals is initially characterized by such parameter values that
allow one to take the step-function limit of the Fermi-Dirac distribution function without
introducing new divergences, leading to special function solutions analytically continued
to the relevant parameter values. Akin to eq. (2.9), it is then sufficient to only consider
the first line integral in eq. (2.4), and n can furthermore be taken to 0. The practical
evaluation of such integrals can be simplified by deforming the remaining integral in a
fashion illustrated in figure 1 (left) and detailed in [26]. Using the Cauchy theorem, we can
namely replace the infinite integral (£, L) parallel to the real axis by three separate line
integrals (L1, L2, L3), of which L9 and L3 are of finite length and run along the imaginary
axis while £; runs along the real axis, giving

/OOJFW 90 1 () = /°° LZ:) (Po) — /OHM 920 1 () - /0"'“ W0 f(po).  (212)

—cotip 2T oo 2 2 2
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Figure 1. Left: deformation of the line integral (2.12) for integrals involving np-terms, i.e. (L4, Lp)
to (L1, L2, L3). The contours L, and L; indicate the original line integral parallel to the real axis.
By mapping £, from (—oo + ip,ipn) to (—ig,00 — i) and changing the sign of the integrand
f(po) = —f(—po), the rectangular contour of interest can be closed, while the dashed contours
can be neglected. In turn, the integral is evaluated in terms of the thick blue lines £y, Lo as well
as Ly, L3. The lines £, and L3 are oriented in opposite direction, while £, is used twice in this
construction. Right: deformation of the fermionic contour (2.3) for integrals involving np-terms; i.e.
(Cq,Cp) to (Cy,C;). The initial contour, which is closed by two vertical segments at Re(pg) = to0,
is first split into two semi-infinite closed contours by introducing the vertical segment C, ; and its
inverse. The left of these closed contours is then mapped to the fourth quadrant of the complex
plane upon setting po — —po, whereby the inverse of C,; becomes C;; and we end up with the
final blue contours C, and C;.

The validity of this construction, detailed in appendix A.l, requires that the integrated
function f(pg) be regular inside the closed Cauchy contour. This can typically be achieved
for certain ranges of propagator exponents, resulting in expressions that can be later ana-
lytically continued to the divergent parameter regions.

For the second class of integrals, a different strategy involving the full fermionic contour
of eq. (2.3) is needed, owing to the sensitivity of the differentiated Fermi-Dirac distribution
to those momentum regions where its argument vanishes. This can be understood by
recognizing that eq. (2.8) describes a two-sided d-distribution, which results in both line
integrals of the fermionic contour (2.4) contributing to the results at 7" — 0. Assuming,
as usual, that f(pg) is regular within the fermionic contour, we can again split the original
integrals, denoted now by C, and Cp, at the imaginary axis as shown in figure 1 (right). The
contour on the left-hand side of the imaginary axis is then mapped to the fourth quadrant
of the complex plane, so that (C, + Cp) — (Cy + C;) as detailed in the figure.

Considering now the n/.-terms integrated over the contours C, and C;, we obtain

Cu

£ stom s 50—} = § 1) {60} 15000 - )

* f;z J(=po){ Bz [i6(=po — im)]} (2.13)

0

where the only nonzero contributions originate from C, 1 and C;; of figure 1 (right). The



leading low-temperature behavior of the fermionic contour integral then becomes

f f(pﬂ){wn% [iB(po — i,u)]} — /Wrin dpo

Po ip—in 2T

[ )i (18- — ]} (210

iptin 27

(po) {8 [iB(po — ip)]}

which demonstrates that the only nonzero contributions to the original integral originate
from the neighborhood of py = iu of eq. (2.4). The deformed contours defined here greatly
simplify analytic computations involving the J-sequences but are nevertheless able to cap-
ture the novel thermal corrections from the differentiated distribution functions. This
resembles, to some extent, the role of the finite line integrals in eq. (2.12).

3 Integration-by-parts relations

Moving on from the details of integration contours to the derivation of the desired IBP
relations, let us first specify the precise form of the vacuum-type Feynman integrals we
will be studying in this paper. To this end, we abbreviate the Fermi-Dirac distribution
functions as

fie(po) = ne [iB(po — ip)] , i (po) = iBny [iB(po — ip)] , (3.1)

and assume a scalarized numerator structure in the Feynman integrals to be considered.
A generic vacuum-type Feynman integral then takes the form

fprE i pko b q np Zﬁ@ll o) 1
{s}.{t} kO i L0
Zlatinniay T {H?{ }{Hf{ Q7] } . [R2]or
2

5 (Pr,Q1)

(3.2)
where we again denote momenta in d + 1 dimensions by P = (po,p). In this expression,
Nl}c stands for the number of fermionic and Ng’ for the number of bosonic loops, with
Py, = (pk0, Px) denoting fermionic and @); bosonic loop momenta. Finally, the momenta R
(no indices) are linear combinations of the P, and Q;, picked from the sets RE, (P, Q;).0

As two explicit examples of the (scalarized) integrals to be considered, the one-loop
fermion bubble and the two-loop fermionic sunset are defined as

i

FWﬂ:<>=f%m%ﬂ@w (33

83113220[3 @ f % p() QO nF pO nF(QO) Sa1a2a3 (PO;(JOJUO - QO) (34)
po “qo

where we henceforth use calligraphic letters for in-medium and Latin letters for d-dimensio-
nal T = 0 loop integrals and also identify Z, (i1, T) = ZO (i, T) as well as Sayanas (i, T) =

5We denote by R>2(Pk, Q1) the set of distinct loop momenta with two or more constituents, while
R§2(Pk, Q) further includes a unique sign signature for each subset corresponding to the fermionic flow in
the corresponding diagram.



Sg?% s (14, T) . In the graphical notation, wiggly lines always stand for bosonic and directed
solid lines for fermionic propagators. We also introduced the corresponding d-dimensional
vacuum integrals for the one-loop bubble and two-loop sunset

- 1 B eTEA2 = INGES 4) [m2]%7°‘
m) _/p [p2+m2]o‘ - ( 4 ) F(a)2 (471')% ) (3.5)
1

/p,q [p?2 + mi]*1[q? + m3]°2[|p — q|? + m3]|*s

5010203 (ml,mg,mg) = s (3.6)
while deferring special mass signatures of the latter to appendix D.1.

In practice, both spatial and temporal IBP relations are derived starting from integral
expressions that vanish as total derivatives. Assuming that the integration orders are
interchangeable, for one loop momentum, P, such a relation can be written as

= [P et ()] = 52 o [ f (e ()]

= [ 0) (57 + P 5 ) TP + 0P o) £
(3.7)

where the integrand f(P) typically takes the form of a product of individual propagators
and we have introduced a notation for the differential operator % o P acting on an
integral. The last term on the last line of eq. (3.7) is seen to contain a derivative of the
Fermi-Dirac distribution, which is specific to a thermal setting. The explicit distribution
functions are essential for ensuring that the total derivatives vanish and that integration
orders are interchangeable.

Considering next two distinct loop momenta P and @, the simplest differential oper-
ators that can be expected to give rise to non-trivial IBP relations are bilinear in both
momenta and derivatives. They form two disjoint classes that are either diagonal or off-
diagonal” in Lorentz indices,

{ 9 i ; i o i o } diagonal
8pl pl’ apz ql) 3}90 p07 apo q07 g Y

0 0 )
{ap ° Pi, 87% ©4qo,- - } off-diagonal . (3,8)

When acting on the integrand apart from the distribution functions, the two classes are self-
contained , such that integrals generated by an operator of a given class can be algebraically
related to integrals generated by other operators in the same class. This property can be
seen in the one-loop expression

U 0 Po
j{ fir(Po) 2
P

dpo [pg + p?]*

(d+1-2a)—

oz, e

2

"The off-diagonal operators lead to scalarized expressions only when combining an even number of them
to a composite operator. While of no interest at the one-loop level, they can play a more pronounced role
in multi-loop problems.



where the emergent quadratic numerator structure pg has been expressed in terms of a
scalar multiplier and a total spatial derivative.

So far, only spatial differential operators have been considered in the derivation of IBP
relations [24, 25] for systems with broken Lorentz symmetry. The extension we propose here
is to generalize the IBP relations to the full (d+1)-dimensional spacetime, taking advantage
of natural simplifications such as that present in eq. (3.9). A pedagogical example of this
procedure at the one-loop level is obtained by acting on Z3(u,T") with both spatial and
temporal derivatives. This leads to

B
0= (G0 om) Tl T) = (d= 200720, T) + 20T w7, (ibp.1a)
o . . 5+2 s+1 ~/ )
0= aip[) © Po Ioz(:u’a T) - (1 + 3>Ia(u7 T) - 2anc+1 M’ + % ) (lbplb)
P s+1n (po)
0= P, 5 (u, d+1-2 75 (u, 7( bo TePo) ibp.1
<8P o ) ol T) = (d+ a+ )Ty (p,T) + T (ibp.1c)

where on the last line we combined spatial and temporal total derivatives into the (d 4 1)-
dimensional bilinear operator

0 0

Y op - 2
op, °H T ap, O

881%‘ op;. (3.10)

In the relations (ibp.la)—(ibp.1lc), each term notably involves either one differentiated
or one non-differentiated distribution function. Proceeding to higher loop orders, the clas-
sification of integrals appearing in our generalized IBP identities will naturally become
slightly more complicated, but all integrals nevertheless still fall into one of the following
three disjoint classes:

type A: integrals with no differentiated distribution functions,
type B: integrals with only differentiated distribution functions, and

type C: integrals with at least one differentiated and one non-differentiated distribution
function.

Conventional spatial IBP identities such as (ibp.la) only involve integrals of type A, which
are also familiar from vacuum computations [21, 22]. There they typically reduce the
numerator and denominator powers in type A integrals while introducing rational functions
of the dimension d. In contrast, the novel terms of types B and C are generated by temporal
derivatives in the thermal context, where they play the role of inhomogeneous terms closing
the IBP relations between type A integrals. This can be seen already in the one-loop
relation (ibp.lc), where the presence of the last term allows writing Z_ (u,T) in terms of
an integral of reduced dimensionality in the zero-temperature limit due to the §-sequence
of eq. (2.7), thus constituting a new representation for the original integral.

At higher loop orders, the utility of the novel IBP relations similarly derives from
a qualitative hierarchy between the computational workloads associated with evaluating



type A, B, and C integrals: type A > type C > type B. This is due to the appearance
of differentiated distribution functions in the type C and B integrals, which according to
the d-sequence of eq. (2.7) amounts to a reduction in their dimensionality.® As we will
demonstrate in the following two sections of the article, results for type B integrals are
typically immediately available through a straightforward analytic continuation of known
massive vacuum (7' = p = 0) integrals, but even type C integrals are normally dramatically
simpler to evaluate than the original type A entities. Accordingly, our general strategy will
focus on deriving relations between type A and B terms, i.e. integrals involving either only
differentiated or non-differentiated distributions functions, with type C terms remaining
present only if absolutely necessary.

4 One-loop integrals: new strategy in action

Having laid out our general strategy above, we will now take a closer look at explicit IBP
calculations at the one-loop level, where we first return to the well-known integral (3.3)
with s =0 (for s € N, see eq. (A.6)). It was shown in [26] that in the limit 7" — 0 and for
any a € R, the integral takes the form

7,00 = Jim T T) = —2Re [ 0 -p) [ o

d+1—2a

YE A2
——(e A ! a (4.1)

A ) (4m) T ()T (d+1—a) (d+1-2a)"

which is nothing but the 7" — 0 limit of the fg function defined in [10], generalized to
an arbitrary spatial dimensionality d. The integral converges for parameter values of «
and d inside the triangle-shaped region {2a —d > 1|4 < a < 1 A d > 0}, but for
strictly vanishing T features a d-independent novel divergence in the neighborhood of
p = p for o > 1 that requires analytic continuation from the convergent region. The result
in eq. (4.1) is easiest derived starting from the spatial integral and utilizing a complex-
valued generalization of Euler’s beta function,” which ensures a consistent treatment of the
problematic neighborhood in the low-temperature limit. A generalization of this result to
non-vanishing masses is detailed in appendix B with additional context found in section I11
of [26]. Further consistency checks are relegated to appendix C, including the verification
of the fact that acting on the master integral eq. (4.1) with spatial total derivatives 8%1- op;
leads to a vanishing result as it should.

As alluded to in the previous section, acting on thermal integrals with temporal total
derivative operators may give rise to non-trivial linear relations, where terms featuring
differentiated distribution functions are expected to lead to simplifications in the low-
temperature limit. To demonstrate this at the simplest possible level, we focus on the

8Each occurring delta function trades a temporal integration for a linear combination of on-shell substi-
tutions, simplifying the evaluation of the corresponding loop integral. This is somewhat analogous to how
the cutting rules of [31] operate.

% Assuming that ao > a3 > 0 and that either ¢ # 0 or y > 0 for ¢,y € R, we can generalize Euler’s beta

function integral such that [~ -9 wot = Dleles—on) (4 je)*1792 ag used in [26].

0 (z+ytic)*2 T(az)
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identity (ibp.1c), which clearly allows the evaluation of the master integral Z, (u) through

a new representation
1 ) f
Zo(p) = —m %1% j{ Po 7 (po)La(po) - (4.2)

To evaluate the right-hand side of this relation, we first apply a complex-valued general-
ization of the integral form of Euler’s beta function, resulting in

A2y T (-4
§ o tatn) = —i( <) flo 1) 1l (-t 0 — 0]}

0 (4m)2I' ()
eq. (2. /eBA2 54T (a — 4) f - .
= _Z< 4m ) (477)51“(204) f;opo[p =~ {5 [ = Tm(po)] + ZOT?} ’ (4.3)

Subsequently, we utilize the contour prescription of figure 1 (right), where nonzero con-
tributions arise from the two finite line segments C, 1 and C; ;. Since these two terms are
related to each other via complex conjugation, we easily obtain

f e’YEAQ 2 F (Oé — %) 1 tutin
lim ¢ po i (po)fa(Po)I( ) Re{z' [ apoplid)t (,u+zp0)}
750 Jp, 0" 4 (4m)3T(a) 7 iv—in ’
(4.4)

Finally, to ensure that the monomial structure resulting from the final pg-integration is

well-defined for arbitrary non-integer powers «, we regulate the imaginary unit inside the
integral by defining

z»—>H+:exp[2 (1+/<;)} , (4.5)

with £ > 0 an infinitesimal positive real number. This allows to extract a result in terms
of trigonometric functions, swiftly leading to the same result reported in eq. (4.1) upon
taking K — 0.

As demonstrated by the above example, the appearance of a differentiated distribution
function reduces the number of integrations by one in the T' — 0 limit, while the remaining
ones correspond to complex-valued generalizations of standard d-dimensional integrals. It
is often operationally useful to first perform the temporal integral but leave the complex-
valued substitution (with the regulated imaginary unit II") to be performed after the
spatial integrations. In the above example, this would imply writing

f 1

Y § 9o () Ta(p0) =5 {P0Ta(p) g TPy f o (46)

where the spatial integral can be identified as the standard one-loop vacuum integral from
eq. (3.5).

To conclude this section, a few general remarks are in order. First, it should be appar-
ent from above that the procedure applied in eq. (4.6) will greatly simplify the treatment
of the inhomogeneous (type B) terms at higher loop orders, which should optimally contain
the maximal number of differentiated distribution functions. Second, we have relegated sev-
eral additional example calculations to appendix C; these include consistency checks of the
one-loop IBP relation (4.2), an explicit computation involving linear pg-structures within
the integrand numerator, and a brief discussion of the use of parametric p-differentiation.
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5 Proceeding to the two-loop level and beyond

The value of the proposed novel IBP machinery only becomes apparent in multi-loop
computations. While this paper is mostly devoted to developing the new formalism, we will
therefore next discuss its application at the lowest nontrivial order of perturbation theory,
i.e. two loops, which amounts to the leading correction to the non-interacting limit for the
QCD pressure. This order is somewhat special, as it allows the derivation of nontrivial IBP
relations while keeping the practical computations at a pedagogical and easily tractable
level. This is particularly true for integrals with unit numerators but sufficiently general
denominators, so that the result does not trivially factorize into one-loop structures.'’

For the aforementioned reasons, we shall concentrate on the fermionic sunset (cf.

eq. (3.4))
@ _gnse 7{f Py T (Po) 4o’ e (90) 1
wee Jpo g+ 2™ lag + ¢%1° [(po — 90)® + [P — qf?]*
f
- p81q82 ﬁF(qO)ﬁF (pO)SOquQOzg (p()u qo,Po — qO) ) (51)
P0,90
where SS?QQ% = S, 0905 and the non-calligraphic Sq,a,q; denoted the corresponding d-

dimensional vacuum sunset from eq. (3.6). The denominator exponents {aq, a2, a3} can
be chosen such that the pg- and gp-integrals are regular both in the ultraviolet (UV) and
at possible individual poles. As detailed in section 2 and appendix A, this allows for using
the Cauchy theorem (see e.g. eq. (2.12)) to analytically continue the results to all integer-
valued exponents. In addition, it allows choosing the integration order at will even in the
low-temperature limit and conveniently isolates the novel boundary contributions to finite
line integrals along the imaginary axis as summarized in figure 1 (left).

Finally, we reiterate that the main goal of our new IBP program is to find relations
between Feynman integrals that are of the vacuum-type A in the presence of additional
non-vacuum type B terms that are needed to close the relations. The latter terms include a
maximal number of differentiated distribution functions and are computationally less com-
plex as demonstrated in the previous section at the one-loop level. At the two-loop level,
scrutinized in the present section, we begin our discussion from these maximally primed
terms in section 5.1, derive and solve novel IBP relations in section 5.2, and finally, dwell
on the closely related factorization of d-dimensional two-loop vacuum integrals in the sub-
sequent appendix E. While the implementation of the computational methods is explicitly
discussed only at the two-loop level, all results are at least in principle straightforwardly
generalizable to an arbitrary loop order.

5.1 Integrals with only differentiated distribution functions

Let us first examine the evaluation of the boundary or inhomogeneous terms containing
only primed distribution functions n},. Using the contour prescription of eq. (2.14), we can
perform the IT* substitutions akin to eq. (4.6) independently for the 7" — 0 limit of each

OFor two-loop vacuum bubbles with integer-valued exponents, factorization will later be seen to emerge
through IBP relations (see appendix E below).
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temporal integral, which generates 2" independent terms from the contour integrals of an
n-loop diagram. The sign of each term is determined by the even/odd symmetry of the
integrand as indicated by eq. (2.14). Below, we detail this procedure at the two-loop level
focusing on the sunset integral of eq. (5.1).

Acting on Sy, aqa; With two temporal derivatives gives rise to a term with two primed
distribution functions, i.e. an integral of the maximally primed type B. For the purpose of
abbreviating such expressions, we introduce np-differentiating operators D;, that only act
on the distribution functions of the corresponding temporal momentum via

f f
D, f{m i (ko) = 71{% il (ko) . (5.2)

Consistently with the above discussion, we find altogether 22 = 4 separate terms in the
low-temperature limit, totaling

D.D. S _ / ]{f P5' 7ip(po) 4o* 7 (do) 1
pP=q -
p.a

arazas posao [P5 + 1% [a§ + ¢%1°2 [(po — q0)* + |p — q[?]os
To0 1 / Po 40°
(27)% Jp.a [P + PPl (g5 + ¢*1°2[(Po — 90)? + [P — a|?]% [po = p 11T

qo — pll
1 / Py’ (—q0)*?
(27m)2 Jp.q P§ + PPl [ad + ?]°2[(po + q0)? + P — al?]3 |po — n1I”,
1 / (—po)* qy’
(27)2 Jp.a [P3 + P21 [ad + 212 [(po + q0)2 + [P — q?] o o> ALt
1 / (—p0)** (—q0)*
(2m)? Jo.q [P + P[5 + a*1°*[(po — 90)? + [P — a[?]*® [po = /117

+

Each of the terms can be mapped into a form where the propagator masses of underlying
vacuum sunset Sy, a,a4 (7M1, M2, m3) obey the linear relation m; + ma = ms. This class of
massive Feynman integrals is typically referred to as collinear [32]. For their evaluation, we
use standard Feynman parametrization and carefully regulate the vanishing bosonic mass
scale!'! related to (po£qo) = O(k) with the k-regulator introduced in eq. (4.5). One curious
detail of this procedure is that for positive integer values of the exponent as, associated
to the bosonic scale, each arising hypergeometric integral from eq. (D.7) can be shown to
factorize into a product of one-loop vacuum integrals. This is apparent for all four integrals
in eq. (5.3) wherein the complex-valued scales py and gy allow for extracting contributions
proportional to p — g2 = O(k). This factorization property at the two-loop level will be
addressed using a closed-form solution of the collinear vacuum sunset in appendix E and
at the hypergeometric function level in appendix D.1.

Next, we demonstrate in detail, how the above maximally primed integrals of type B
can be computed for §51%2 = using the strategy established in section 4. We do this by

a1o203

1Eyrom the perspective of a d-dimensional momentum integral, the temporal part of the propagator plays
the role of a mass term, which explains this terminology.
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allowing the power of the temporal momentum components s; + sy in the numerator to
take arbitrary even or odd values. To this end, we first write eq. (5.3) in the form

DD Shes = f PR (004 (00) Saaan (0: 0 — 0, 0)
Po,q0

T 1+ (—1)51+s

(27.‘.)2 Re[ 81+8250¢1a3a2 (pOa O(H)»Po)}

por—>p I+

)81+82 n s1ds
II™ Im { ! QSalan(po,O(li),po)]

Lo (=1
(2m)?

_ =D+ (=)
(2m)?

+
porrp [T

Re {pélqé Sarazas (P0, 90, O(Fc))}po o T,
qo — p/It

(_1)81 — (_1)82 + S1 .82
+ 271)2 " Im |:p dp Sa1a2a3 (pOa q0, O(H)>:| Po #H+ ) (54)
(2m) qo = p/TI"

where we have only used the fact that s; + so is an integer but note in addition that
the term corresponding to the imaginary (real) part here clearly vanishes for even (odd)
values of this parameter. Finally, the corresponding d-dimensional vacuum sunset integral
is evaluated in eq. (D.10).12

For concreteness, let us next inspect the simplest nontrivial sunset S111. After directly
evaluating the d-dimensional integral using (D.15), we observe that eq. (5.4) can be recast
as a product of two one-loop integrals. The result reads

D,Dy S = f i (po) 7y (90) 111 (Po, Po — G0, 90)
Po,q0

=0 (272r)2 Re [5111(MH+, pIl, 0)} - (2302 Re {Sm(uH*,u/HﬂO)}
—2((5__23))22(;1)12(#) : (5.5)

We note that in this expression, Sy11(ull™, uII™,0) resembles the standard result for the
vacuum sunset with two real-valued mass scales [33], continued to complex scales,'® while
S111(pIIT, u/ITT0) needs to be evaluated with eq. (D.10). It is also worth pointing out
that akin to eq. (5.5), all type B terms originating from eq. (5.1) are seen to naturally
factorize into one-loop master integrals. For more details on these considerations and an
independent calculation applying the factorization of vacuum bubble diagrams [32], we
refer the reader to appendix D.1.

12Note that the ordering of the exponents {a1, a2, a3} and the temporal momentum scales {po, qo, o —po }
are tied to one another, so that e.g. the replacement of az <+ a2 and qo — po <> qo yields the spatial integral
Saiasas (Posgo — Po, qo) but does not change the value of the original Sa,asas(Po, 90,90 — po). The spatial
integrals in eq. (5.4) are written to make the collinearity of the scales explicit (e.g. po + (g0 — po) = qo)
which allows the direct application of the results of [32], further discussed in appendix E.

13The mass scales appearing in the propagators can be kept general in such a computation, with the
only necessary assumption being that the squared mass scales are not strictly negative (i.e. that they are
either complex-valued or positive and real). As shown in [26], this allows the necessary extraction of beta
functions on the complex plane [26].
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5.2 Integration-by-parts at two loops

Armed with the knowledge of the explicit expressions of the maximally primed terms intro-
duced above, we will next inspect the derivation of the (d+ 1)-dimensional IBP relations at
the two-loop level. Here, we will again concentrate on the sunset integrals of eq. (5.1), with
our aim being to relate them to simpler structures. To achieve this, we find it convenient
to study Si11 in a slightly different manner from the strategy described in section 3, which
involves an IBP relation initially containing integrals of type C, containing both differenti-
ated and non-differentiated distribution functions. While this leads to a simple factorizing
result in this particular case, with more complicated propagator structures, we strongly
recommend the use of IBP relations containing only terms of type A and B.

The first nontrivial IBP relation arises upon taking a diagonal total derivative along
the temporal direction, which produces

— i 5182 _ s182 ! p81+1q82 ﬁ;(po)ﬁp(Q())
0= (apo Op0>5a1a2a3 - (1 + Sl)Samzag + PO [p2]a1[Q2]a2[(p _ Q)Q]a3
F far(P—Q)*pE+ asP%po(po — q0) | sy sy~ _
2\ TP G )

(5.6)

Applying next a diagonal total derivative in the spatial direction on the last term on the
right-hand side, it can be further recast into

. 2<a1881+2,82 + a3881+2’82 + a3881+1,sz+1 ) (5.7)

aj+1laz,a3 aq,az,a3+1 ai,az,a3+1

— . 5182 5182
- {(d —20q — 043) - ] Opl] ‘9041042043 tas (Sa17a2—1,()c3+1 - a1—1,a27a3+1> ’

(2
where the spatial derivative term clearly vanishes.

Following the same strategy as for the diagonal temporal po-derivatives, all other purely
temporal combinations from the bilinear set of eq. (3.8) generate a system of in total n?
linear relations at the n-loop level. Together with the n? spatial IBP relations (ibp.2c)-
(ibp.2d) in appendix D.4, this gives rise to the following (d + 1)-dimensional IBP relations
for the two-loop fermionic sunset

(d+1—-20; —ag+s1)+as34(2- —1_) + 1+Dp = (8 o Pu) ,
0
(043 — Oq) + 511_2+ + Oé11+(37 — 27) + 0433+(2, — 1,) + 2+Dp = <61D o QN) ,
W

which are written in a more compact operator form, omitting S;31%2,, onto which each
operator acts. The two remaining bilinear combinations corresponding to P <+ Q) can be

found through substitutions 1 < 2.
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Here, we have employed standard IBP notation for the raising and lowering opera-
tors [34] for the denominator and {pg, go} numerator powers via

n, 821182013 = SSloszi:l:l ’ for n = 17 s 737 (58)
ntSE2, =8yt forn=1,...,2. (5.9)

The relations (ibp.2a)—(ibp.2b) represent the two-loop equivalent of the one-loop (d +
1)-dimensional IBP relation (ibp.1lc). Independent of the number of loops, the system of
IBP equations is always linear, underdetermined, and inhomogeneous, as the finite-u rela-
tions are characterized by their right-hand sides containing the D, differential operators.
While no general closed-form solution of such infinite systems of equations can be found
with current methods, a typical approach to find a solution is to attempt solving for a
finite number of master integrals [35] using a finite set of starting integrals in the param-
eter space of {a1, a3, a3; 51,52} for S5192 . and its np-version. The solution is then found
via Gaussian elimination implemented in a Laporta-type algorithm [25]. While this type
of a systematic approach, implemented using suitable programs for symbolic manipulation
(e.g. FORM [36]), typically quickly becomes indispensable at higher loop orders, below we
approach the two-loop problem iteratively by hand.

For concreteness, let us now focus on the specific choice of indices a; = ag = a3 = 1,
s1 = sa = 0, which constitutes the Sy integral. In this case, the IBP relation (ibp.2a)
gives rise to an aesthetically pleasing linear dependence between differentiated and non-
differentiated integrals after applying the P <+ Q) symmetry between the loop momenta,

! poit(po)7
Poft (Po)ie (90)
d—23111:—% — 5 - 5.10

(=2 PqQ P?Q*(P —Q)? (5.10)
Next, we linearly combine IBP relations by operating on the above expression for S11; with
a diagonal total derivative in both the P,- and (P, — @, )-directions. This results in the
relation

o) )
0= l(dQ)apuopu%O(QuPu)lJer] S111
= [(d ~22 4 (d-2)3. (2. -1)+2,(3_ —-1.)1"D, —17(2" - 1+)Dqu] Si11 5

(5.11)

where the term 34 (2_—1_)S;111 = S102—So12 can be shown to cancel on the integrand level
upon a relabeling of loop momenta. The integrals Spi12 and Sig2 also vanish individually
in the T'— 0 limit, since they factorize into a fermionic and a vanishing bosonic one-loop
integral, as detailed in appendix D.2.

By explicitly writing the integrals in the above result, we arrive at the relation

(d—2)*Si11 = —[jl{f poﬁ;(po)] [ ! ﬁF(QO)}

p P? o Qf
f =/ ~ f _
i ﬁ,Q W + ng mﬁ%(m)ﬁ%(qw . (5.12)
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where on the right-hand side we identify a sum of three terms. Among them, the first inte-
gral clearly factorizes into two one-loop expressions, the second contains a shifted bosonic
propagator with momentum P — @, and the third is a linear combination of type B terms
in eq. (D.17) which vanishes in the 7' — 0 limit. Upon closer inspection, detailed in ap-
pendix D.2; even the second integral can be shown to vanish as T'— 0, since it contains a
p-independent loop integral.

By removing the vanishing integrals from eq. (5.12) and using the one-loop (d + 1)-
dimensional IBP relation (ibp.lc), the low-temperature limit of the sunset integral is seen
to simplify to

Sy = ((5__21))211(#)12(#) . (5.13)

This result is in agreement with computations of the low-temperature pressure of QCD
(see e.g. appendix B of [10]) and can moreover be computed directly using the cutting
rules of [31], as we demonstrate in appendix D.3. As far as we are aware, the factorization
formula is, however, new. It is notably of different structure than the factorizing integrals
of odd-valued numerator exponents in eq. (D.28), which was derived using a set of spatial
IBP operators listed in egs. (ibp.2¢)—(ibp.2d) of appendix D.4. As a consequence, we can
relate the factorizing one-loop integrals with odd-valued numerator exponents to the even-
valued ones. This is technically not a linear relation among one-loop integrals and curiously
only gets generated at the two-loop level. At low temperatures, we find the relation

d—2a1) (d+1—2a1+2s1) (d+ 1 — 209 + 2s2)

IQSl-i-l I2SQ+1 — _( 1 1'281 IQSQ

a1+1 (M) (D) (H) 2@1 (d—2a1—|—2$1) (d—|—2—2a2—|—232) a1 (/‘1’) (0'D) (H)?
(5.14)

which represents the 7' = 0 limit of a more complicated relation valid at all T" and u. Note
that in the opposing limit of ;. = 0 but 7" # 0, integrals with odd-valued numerator powers
such as the left-hand side of (5.14) vanish, implying that the relation derived here will
necessarily obtain corrections at nonzero T

While the above example led to a simple and aesthetically pleasing result, it was
not perfectly in line with the strategy we outlined in section 3, where we emphasized
the importance of the maximally primed type B terms. A more systematic and more
easily generalizable strategy in line with this idea is to consider exclusively differential
operators that contain temporal derivatives with respect to all fermionic loop momenta.
The vanishing of the total derivatives then leads to relations such as

((96190 Opo) (88(10 o (po — %))5111 = j{ 2 [ i ) fir (Po) i (q0)

P,Q 9podgo L P2Q*(P — Q)?
- ﬁQ Jm%(m)ﬁ%(qa) : (5.15)

where only terms of type A and B are present.

To demonstrate the latter strategy in action, let us again consider the general fermionic
sunset Sa,asas With no numerators. While the full (d + 1)-dimensional diagonal IBP re-
lations (ibp.2a)—(ibp.2b) already give rise to non-trivial relations, full IBP simplification
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is only possible via their combination with either the temporal or spatial IBP relations
generated from the bilinear set (3.8). By combining two consecutive diagonal d + 1 and
temporal derivatives, we indeed obtain

o a a s1—1,50—1
0= (55, ° P) (5 ° ) Siiaie
82 p(8)1q82
= i (Po) i (go) — DyDy S3122 1
Frc o P = s 000 ~Pou S (510

which is the only relation we obtain given its symmetry under the exchange of P < Q.

After using the relations (ibp.2a) and the temporal version of (ibp.2b), we carefully expand
all derivatives on the left-hand side of this equation and again combine the correspond-
ing spatial and temporal total derivatives following eq. (ibp.1lc). After multiple steps of
straightforward algebra, the resulting expression (5.16) simplifies to a recurrence relation
between various sunset integrals S1%2 = that can be dressed in the finite-T" form!

o203

( 0 PM> (;}0 o qo)ssrlvsrl = Do 8552 =0, (5.17)

=5 © a1opa3 Q1203
P,
where

Doo = 201 (g — az)ly + 2a9(a) — a3)24 + 2a3(d — 1 — o — ag — 2a3 + $1)3+
+ 20&3(0[11+2, + 0422+1,)3+ —20q0001,2,3_ — 281(&22+ + a33+)1_2+
+s2(d—2a1 —ag+s1+a3(2- —1-)34)1727 — D,D,, (5.18)

and we have used the operator definitions of egs. (5.2), (5.8) and (5.9). The right-hand side
of this expression can be studied using the factorization formulae derived in appendix D.1 or
the collinear integrand formulae given in [32] and their extensions discussed in appendix E.

As an interesting special case of the above result, we note that by setting once again
a1 = ag = az =1 and s; = s9 = 0, the identity reduces to

2(d — 5)S112 + 48202 — 28220 = DDy Si11 - (5.19)

After removing the vanishing bosonic integral Sgpe and inserting the result of eq. (2.14),
the T'— 0 limit of eq. (5.19) reads
T—0 2(d — 3
2(d - 552 "3 Um0 - 0 TG (5.20)
given again in terms of eq. (4.1). By independently studying the lengthy spatial IBP
relation (D.27), we find a factorization into the one-loop integrals of eq. (3.3) and recover
a non-trivial result for general p and T'

1

12 a0 5)

([0, 1)] - 2Tan T)ZHD)). (5.21)

This result arises by carefully removing explicit cancellations between terms arising from the initial
total derivative.
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which also agrees with the T # 0, u = 0 result of [37]'® and wherein we use the superscript
b to denote the bosonic finite-temperature integral Z2(T)). Tt is also straightforward to take
the " — 0 limit from eq. (5.21), giving

2
Stz 12 (d—2)1(d—5) {IQ(M)} ; (5.22)
which is in agreement with eq. (5.20). We emphasize, though, that the derivation leading to
the more general spatial IBP relation requires a lengthy ansatz with 10 bilinear operators
[see eq. (D.27)] as opposed to the more compact one in eq. (5.16). We find this a very
promising observation from the point of view of the future evaluation T' = 0 Feynman
integrals at higher loop levels.

6 Conclusions and outlook

As recently pointed out in [38], to improve from the present uncertainties in the model-
agnostic determination of the neutron-star-matter equation of state [28-30], the thermo-
dynamic properties of cold and dense quark matter need to be known at unprecedented
precision. In the absence of non-perturbative tools, perturbation theory plays a pronounced
role in efforts to reach this goal, with the most prominent individual challenge being the
extension of the weak-coupling expansion of the pressure of cold and dense unpaired quark
matter. While the current state of the art in this problem lies at an incomplete O(a2) or-
der [17, 18, 39], all qualitative issues hindering the completion of this full order have been
resolved by now, so that only one numerical coefficient is lacking. This is the contribution
of the hard momentum scale y5 to the O(a2) pressure, encoded in the sum of all four-loop
vacuum, or bubble, diagrams of full QCD.

While conceptually a straightforward task, the practical evaluation of four-loop vac-
uum diagrams in a thermal setting presents an extremely complicated technical challenge.
Only a handful of simple individual diagrams have been successfully completed by now [40—
42], and they all correspond either to a scalar field theory or to very specific gauge-theory
topologies that greatly simplify the evaluation of the diagrams. The particular case of
dense fermionic matter in the 7" = 0 limit can, however, be seen to exhibit some simplifi-
cations, including the vanishing of diagrams with no fermion loops and the presence of a
convenient computational tool, the so-called cutting rules of [31]. It is, however, evident
that a successful evaluation of all four-loop vacuum diagrams in the theory necessitates
automated tools of computation, both in the identification and eventual evaluation of the
master integrals. Given the complexity of the task at hand, even minor advances, perhaps
leading to the successful evaluation of a handful of four-loop master integrals, would be
extremely valuable.

15This somewhat surprising result can be seen to stem from the d-dimensional integral involved: ac-
cording to [32], the massive two-loop integral Sa,aqasz(m1, m2,m3) from eq. (3.6) factorizes into a linear
combination of products of two one-loop integrals /o, (m:)Ia; (m;) as long as the mass scales involved satisfy
the “collinearity” condition mi + mo = ms and ax € N. The implications of this property, which crucially
holds even for complex-valued masses my, is further discussed in appendix E.
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In the paper at hand, we have taken first preliminary steps towards generalizing one of
the most powerful methods of vacuum (7' = p = 0) perturbation theory to the context of
nonzero chemical potentials: integration-by-parts, or IBP, techniques. They provide linear
relations between master integrals, which are typically derived using the vanishing of (loop)
integrals over total derivatives and lead to a reduction in the overall number of masters. In
the thermal context, a problem can be seen to arise from additional boundary contributions
that are generated due to the breaking of Lorentz invariance and are related to the special
nature of the temporal direction. Our novel idea, presented in this article, is to generate
the full (d + 1)-dimensional IBP identities starting from a contour integral formulation of
thermal sums. This leads to the extra boundary terms being tractable in the small-T" limit
due to the simple limiting behaviors of the bosonic and fermionic distribution functions
and their derivatives. Another key element of our approach is the use of the temperature
T as a natural regulator for specific types of infrared divergences that are encountered in
the strict T = 0 limit.

As part of our new framework, we introduce two deformations of the usual complex
contour of fermionic pp-integrals: eq. (2.12) or figure 1 (left) for convergent line integrals
involving non-differentiated distribution functions, and eq. (2.14) or figure 1 (right) for
thermal corrections involving d-function limits. Their use requires the order of various
integrations to be interchangeable and leads to many simplifications as demonstrated in
sections 3-5. For the simplicity of presentation, the example calculations we present here
are restricted to one- and two-loop calculations involving massless propagators. The pro-
posed method is, however, more general, and we anticipate its true utility to manifest at
the three- and four-loop orders.

We also note that in practical computations, our approach can (and should) be comple-
mented by purely spatial IBP relations, which have been studied in the past both in vacuum
and in thermal systems lacking chemical potential. At the two-loop order in particular,
the integrands of (d + 1)-dimensional bubble diagrams with chemical potentials experience
factorization in a manner similar to how d-dimensional real-valued vacuum bubbles can be
expressed as linear combinations of products of their collinear mass scales, my + mo = mg
(see [32] and appendix E), with complex-valued temporal momenta now playing the role
of masses. An explicit example of the application of spatial IBP relations is given in ap-
pendix D.4, with emphasis on how relations derived at u = 0 may differ from the u # 0
ones due to symmetries broken by a nonzero chemical potential.

Finally, we note that while the spatial operators of eq. (D.27) can be used to derive
closed expressions for 815 for s € {1,2}, their (d+1)-dimensional counterparts in egs. (5.11)
and (5.16) are noticeably simpler. Furthermore, the explicit one-loop factorizations arising
from temporal differentiations [egs. (5.12)—(5.13) and (5.19)] differ from those obtained with
spatial IBPs, cf. egs. (D.28) and (D.29). These features imply that our new framework is
capable of producing novel and useful results, a property that we expect to be particularly
pronounced at higher loop orders. While formally not a closed group action with respect
to differentiation, unlike the purely spatial differential operators, the temporal derivatives
are seen to complement the existing IBP framework.
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6.1 Future directions

To conclude our presentation, let us make a few remarks on the potential extensions and
applications of our main results, including some details of calculations at higher perturba-
tive orders. So far, our discussion has relied on the presence of only one physical scale (the
chemical potential y) in the integrals considered. While this special case often suffices for
phenomenological applications in neutron-star physics, it should be noted that our generic
method can be straightforwardly generalized to the presence of flavor-dependent chemi-
cal potentials, nonzero fermion (or boson) masses, and even to n-point functions, i.e. the
presence of external momenta. The complexity of the novel §-function integrals, however,
rapidly increases with the number of scales present, which we demonstrate in appendix B.2
where the one-loop integrals of section 4 are generalized to the case of nonzero masses.
While this exercise and its two-loop extension in eq. (E.7) can still be completed in a fairly
straightforward manner, introducing external momenta with non-vanishing temporal com-
ponents or considering topologies more complicated than the sunset one would invalidate
all the computational tools relying on collinearity.

At higher loop orders, practical calculations will inevitably rely on a large-scale au-
tomation of the IBP reduction algorithm. While we have not yet performed extensive
studies in this direction, we expect an automated approach to be fully compatible with
our strategy to generate relations where all new thermal terms are of type B, i.e. contain
a maximal number of differentiated distribution functions that reduce to delta functions
as T' — 0. While the calculations will surely be technically more demanding than in our
treatment of the fermionic sunset integral in section 5, we expect important simplifications
to occur from the fact that the extra boundary terms have the form of complexified d-
dimensional massive integrals that can be evaluated with the standard methods of vacuum
field theory.

In an algorithmic implementation of the IBP approach, one faces an infinite, under-
determined system of inhomogeneous linear equations for the unknown integrals.'® In a
practical approach, we are typically only interested in a finite number of master integrals,
so instead of solving an infinite system at once, it is sufficient to only solve for a finite
number of integrals that also constitute a finite linear system of unknowns. This system
can in turn be solved via Gaussian elimination — or a variant of the so-called Laporta
algorithm [25]. For the fermionic sunset considered in section 5, this implies applying both
the diagonal (d+1)-dimensional identities (ibp.2a)—(ibp.2b), the spatial identities (ibp.2c¢)—
(ibp.2d), and their off-diagonal variations to a sufficiently large but finite set of integrals
such that all initial Feynman diagrams are expressed in terms of the masters. The com-
plexity of this process rapidly increases with the number of loops given that at the n-loop
level, the IBP-system of vacuum integrals is generated by 2n? diagonal and 2n? off-diagonal
identities.

As we want the master integrals to be as simple as possible, we propose an ordering
prescription that penalizes more complicated integrals during the reduction. In contrast

16Note that this discussion assumes that all Lorentz, group, and Dirac algebra have been taken care of
after the generation of Feynman diagrams and that the resulting integrals are scalarized.
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to the standard Laporta algorithm [25], and basing on our treatment of the fermionic
sunset S312 . (cf. eq. (5.1)), we propose the following ordering in a decreasing degree of

complexity:
(i) lowest number of primed distribution functions,
(ii) highest total power of temporal momenta in the numerator (s; + s2),
(iii) highest total number of propagator powers in the denominator (g + - - - + ag).

With this type of an ordering, it is conceivable to implement a generalized Laporta algo-
rithm that respects the presence of the novel type B boundary terms at nonzero T and p.
A practical implementation of the algorithm is beyond the scope of this preparatory study,
but we plan to tackle it in the near future as part of the evaluation of the four-loop vacuum
diagrams of QCD in the limit of vanishing temperature and nonzero chemical potentials.
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A Applying the Cauchy theorem to loop integrals

This appendix collects additional details on the constraints related to the Cauchy theorem
as it appears in sections 2-5. We also further detail the application of the Cauchy theorem
at the one-loop level.

A.1 Single propagator

The simplest integral encountered at the one-loop level is given by eq. (4.1). As an example,
we first revisit this integral, working in the parameter region where it converges:

1

Ia(,u)—hmI —hm?{/ Tir (Po) < oo, for {7<Oz<1’2a—d>l}.
70 Jpy Jp [P + 2

(A.1)

A subset of the above parametric conditions for convergence arises from both the UV
behavior and novel p-specific divergences occurring at p ~ p and pg — 0. To track down the
regularity of the integral, we apply the low-temperature step function limit as in eq. (2.6)
to only consider the upper line integral. After a change of variables to move to the real
axis, we remove the regulator n, perform the d-dimensionally regularized integral, and then
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generalize the beta function on the complex plane following [26]. As a result, we obtain
the intermediate regulated expression

Taw) = [ Pora(po+in) = (A) ; F§

oo 2T 47 )

(A.2)

On the last line, we have clearly separated the UV convergence condition 2a0 — d > 0
arising from Euler’s Gamma function and d + 1 — 2a < 0 from the remaining integration.
Conversely, when starting with the pp-integration, the UV convergence requires that o > %
The remaining parametric condition arises from eq. (2.10), which occurs at p = pand pg ~ 0
on the first line of eq. (A.2). Let us reiterate the equation

/E dpo 1 _ /6 dpo 1 (A.3)
—e 27 [po +ip +ip]¥po +ip —ipl® S 27 [po + 2ip]*[po]*’ '

and note that it only converges for a < 1.7 Combining these conditions, both the full
integral in the region of eq. (A.1) and also the pp-integral converge. The latter allows us
to use the Cauchy theorem in the computations.

It is worth noting that it would be possible to apply the Cauchy theorem already for
the original contour integral of eq. (A.1). While this integral does not play a role in our
computations involving J-function entities, it is quite demonstrative, and to this end, we
next reverse the order of integration starting with the temporal integral. To start, we,
however, need to again remove the lower line integral and replace the distribution function
by unity for the upper one. Since everything apart from the above-mentioned occupation-
function limit is exponentially suppressed by e 57 (for n > 0, see eq. (2.6)), we can neglect
subleading terms, giving the thermally leading integral the convergent structure

n dpo 1

Ta(p :/ ol N S
a( ) p LJ—oo+ip+in iutin 2m [p% +p2]a
:/ {/Oo—w_i_/ooﬂu dpo 1
p L/—ip i

2 [pg +p?
Given that the above integral is convergent, the n-regulator in the line integral could

ipu+in oo+tiptin
/ +O(e b,

(A4)

be dropped, followed by changing pg — —pg in the first integral; this is the setup described
in section 2. As the integrand is even in pg, it does not visibly experience the sign change
as described in eq. (2.12). To find the most suitable alternative representation for both of
line integrals, we close the contours along the imaginary and real axes as in figure 1 (left).
Neglecting the finite segment at real positive infinity Re(pg) = oo is possible due to the

17We emphasize that the residue theorem yields physically correct results at o = 1 in agreement with the
analytic continuation from the results computed with the Cauchy theorem at @ < 1 [26]. This property
does not extend to a > 1.
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convergence for o > % This way, we find the minimal integral expression

o= [ e L

- dpo 1
=2l |00 |
(A.5)

The real line integral vanishes in dimensional regularization, and we were able to simplify
the second line since all values p > p explicitly yield imaginary values for the integral
inside the brackets. While the result is formally limited to a small subset of dimensions
and exponents, we can analytically continue it to almost the full parameter space, as
suggested in eq. (4.1).

At the one-loop level also another class of master integrals can appear depending if their
temporal momentum numerator powers are even (¢ = 0) or odd (¢ = 1). By combining
the Cauchy theorem and starting with the spatial integral, we obtain

729 (1)) = lim j{ / Pgpol” e (P0) po 7 (po)

-0 7o Po + p?le

_ (e’YEAZ) a—f { / / m] dpg o0 ],_a+s

N 47 (

3—d

E A2 r fgl d+1—20+2s+0

S (e > (a _ 2) a sin2-(d+2— 20+ 2s)]  (A.6)
4 7(4m)20(a) (d+1—2a+25+0) 2

- <e“fj7i\2> -

I‘(a _ %) Md+17204+25+0'
)

where Z0(u) = 7, ().

A.2 Multiple propagators

As discussed in the main text, the Cauchy theorem approach generalizes to integrals with
multiple propagators and loops. In this section, we indeed extract convergence constraints
for multi-loop and multi-propagator structures similar to the one-loop case in eq. (A.1). To
this end, we consider an integral with a (d+1)-dimensional external momentum K = (ko, k)
with a complex-valued temporal component, relevant to thermal field theory calculations:

. f ﬁF(pO) 1
= Tln D)= f, e e (A7

1

The novel problematic divergence should now only occur at |p — k|? ~ [u — Im(kg)]? for
ag > 1. Therefore, we can even deal with multiple propagators and analytically continue
the result by applying the exponent regulation of appendix A.1.

Each loop order introduces one additional contour integral, akin to the two-loop level
discussion in section 5. As at the one-loop level, we study the convergence properties of
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eq. (5.1), and write the strict (naive) low-temperature limits in terms of the upper line

integrals of the contours:

lim f ﬁF (po) e (qo) 1
70 Jpo.g0 [P + 02 14§ + ¢2]°2 [(po — q0)? + |p — qf?]°s
_ /OOJ”“ dpo dqo 1 (A.8)
cotip (2m) (27) [p§ 4 p?]*1 (g8 + ¢?]°2[(po — @0)? + [P — q|?]*®

The first two (fermionic) propagators are similar in their behavior when p = p for ay > 1
and ¢ = p for ag > 1. The third (bosonic) propagator on the other hand diverges in
the hyperplane |p — q| = 0 for ag > 1, similar to the other two cases but shifted from
the position near the origin by the length of py or ¢y depending on the chosen integration
variable. Again, by neglecting these divergences, not only the integral becomes dependent
on the integration order but also the dimensionally regularized loop momenta. Thus, the
conditions a, ag, a3 < 1 are necessary (but not sufficient) to be able to apply the Cauchy
theorem. Further conditions are needed to treat the UV behavior of both zero-components
of the (d + 1)-loop momenta. For this purpose, we use the Feynman parametrization

T 1 a1—1 _ as—1
1 - (041 + 042) / ds z (1 Z) (A.Q)
0

ASTAS2 T T(ag)T(a) [2A] 4 (1 — 2) Ag)*1 T2

which is valid for aq, g > 0. Parametrizing the second and third propagator in this fashion

yields
T 1
(A8) = ((123)/ do zo271(1 — g)*s~! (A.10)
F(OQ)F(O@) 0
" / ootk dpg dgo 1
—ootip (2m) (27) [p§ 4+ p?]*1[(q0 — xpo)? + x(1 — z)p§ + z|p — q|? + (1 — z)g?]o2

where we apply the compact notation ayy =3¢ (i} Q5

The UV behavior of the integral is contained in the gg-integral if % — a3 < 0. To
consider this behavior explicitly, we change the integration variables according to u(qy) =
qo — xpg for fixed values of x and pg, and focus on the innermost integral

co+(1—z)ip du
/ 2 2 2 21023 * (A-ll)
—oo+(1—a)ip (U2 + (1 — z)p§ + z[p — q|? + (1 — 2)¢?]

The UV behavior of this expression can be studied easier by moving the line integral to run
along the real axis which gives rise to a beta function as in our Cauchy theorem prescription.
Hence, the computation reduces to evaluating

du
2
/0 (w2 +2(1—2)p +z|p —q2 + (1 — 2)¢?]**
F(Oé23 - 1)1“(1 1—ag3

) 2
= F<a223) 2 [9«“(1 —2)p+zlp—al®+ (1- x)qZ] , (A.12)

where we used a complex-valued generalization of Euler’s beta function to find the given

representation (see e.g. section III of [26]).
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Extracting all of the elements contributing to the remaining pg-integration above, we
need to consider another Feynman parametrization:

/oo+iu dpo 1
—cotip [P§+ p?]o‘1 2, 1 2 @ram—3
+iu (Po [ + 125 [p—al" + T
I( 04123 —3 / _3 1
= dyy*» 2(1 —y)™
F(Oq Oé23 -5
0o+ d
X / Po _. (A.13)

. 2 — =
ot [+ (L= P + o lp — qf + 1)

The UV behavior of this integral can again be extracted after a reflection of the pp-integral
to the real axis and the evaluation of the corresponding beta function. The resulting
hypergeometric integral structure

I(a123 — )T(2)?
I'(o1)T(a2)T (as)T(
y)p’

x [2(1 = 2)(1 -

is well-defined for ajo3—1 > 0, ajj > % and a; > 0 for {i,7} € {1,2,3}. These constraints
are complemented by the above-mentioned conditions «; < 1, associated with the IR

(A.8) —

/ dx dyx 3(1 _ x)am*%ya%*%(l _ y)ozl—l
Oz23

1—ai23

+2ylp — af* + (1 - 2)yg’] ) (A.14)

behavior of the propagator structure.

Applying total derivatives to any full expression such as eq. (5.1) can organically
generate different propagator powers. However, differentiation can not be successfully
applied directly to formulae, in which the zero-temperature limit has been previously taken
such that the distribution function is fully removed; see eq. (A.5). Indeed, differentiated
distribution functions generate essential corrections arising from the finite-temperature
regulation as implied in eq. (2.8). In the presence of such J-function limits, the Cauchy
theorem does not need to be applied to find a closed-form result. A more convenient
prescription involves a clever splitting of the original contour in two (see section 2) and
the completion of the two line integral halves. This approach is faithful to the original
conditions of the fermionic sum-integral and allows a simple substitution procedure to
replace highly non-trivial complex contour computations.

B One-loop master integral with a mass scale

In [26], two methods were introduced for approaching the computation of the fermion one-
loop master integral involving a single imaginary scale 7u. The integration order, where one
starts from the spatial integral, excels in directly treating the (potential) p ~ u divergence
for general a > 1 through a generalization of Euler’s beta function. Adding another (mass)
scale to the propagator would merely shift the location of the (potential) novel divergence
while other properties stay similar, so that in the T" = 0 limit, the massive variant

f S 7
_ pOnF(pO)
T2 (u,m, T :7{ , B.1
i ) P [P+ p* + m2e (B.1)
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where T (y1,m, T) = IO (u, m, T). The massive integral has the same convergence properties
as the massless integral, with convergence achieved in the triangle-shaped subregion of
eq. (A.1). In the opposing case of m > u, we on the other hand automatically avoid not
only the p ~ p divergence, but also any p dependence on the result as will be explicitly
demonstrated below.

In this appendix, we explicitly compute the low-temperature limit of eq. (B.1) using the
regulatory methods of [26] as well as hypergeometric algebra. Subsequently, we construct
a generalization of the IBP relation of eq. (4.2) in the low-temperature limit, including the
additional mass scale.

B.1 Direct computation

In analogy with the zero-mass case of our eq. (4.3) (see also [26]), computing first the
d-dimensional dimensionally regularized spatial integral in eq. (B.1) yields

o L N
T, T) = (M>32 F<OZ2)j']€fT"lF(po) [p§+m2]d72

Am (47m)5T(a) Jro
— eVE/_Xz ; I'a — d S ] d—22a
eTEA2 ¥F(a_d) d+1—2a 00 . a2 d=20
B ( Am ) F(a)2 /;(4705 Re/o dp‘){(m“)u(ﬂ” :
(B.2)

wherein we simultaneously scaled out the chemical potential and took the low-temperature
limit by discarding the lower part of the contour as it is exponentially suppressed. The
remaining integral is most straightforwardly evaluated using the Cauchy theorem, assuming
the usual convergence region of eq. (A.1). To this end, we apply eq. (2.12) and write

/OOO dpo — /Oi dpo} [Pg + (?)2} : (B.3)

First inspecting the case m > u, we note that the last term above is purely imaginary.
Inserting the real part of the remaining expression into eq. (B.2) yields then

T > = [ ) (eVEP)fF(a—‘*;l) [m?]

m = = s

“ K p [P? + m?]« I'(«a) (4@%

d+1—2a
2

(B.4)

which agrees with the massive vacuum integral I, (m) from eq. (3.5), in (d+ 1) dimensions,
with no chemical potential dependence present.
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For m < pu, we proceed somewhat differently by first simplifying the last term in

2\ 2o 2
Z(W) 2F1[1 a_d-?’-”}
12 2’ 272" m?2

2 d—22(1 d 3 2
(™ 3. m
Z(/ﬂ—l) 21 {1’a_2’2’/12—m2} ) (B.5)

where on the last line we applied the so-called Pfaff transformation of [43].1¥ The mo-

eq. (B.3) according to

d—2a

[ [(m) -]

tivation for this transformation stems from the series expansion of the hypergeometric
function 9 F} [a, b; ¢; z] only converging when its last argument satisfies z < 1. To obtain an
expression satisfying this constraint, we further apply the transformation [43—45]
I(e)'(—a—b+c)
I'(c—a)l'(c—b)
I(e)l(a+b—c)

oF1 [a,byc; 2] = oFi[a,b;a+b—c+1;1 — 2]

(1—2)9%FR [c—a,c—b;—a—b+c+1;1—2],

I'(a)I'(b)
(B.6)
which allows us to write
Z. L ) - 9 d722a
7/ deax™ 2 () —a:}
2 Jo H
i <m2 1>d‘f(’ ol d d-1 m?
S d+1—2a\ p? S 2 7 pZ—m?
1 m72 % m? % ,u2_m2 %F(%)F(a_%) (B 7)
"2 2 _ 2 2 _d '
K ms—p K INCEE)
d+1-2a 9. =2 2
(IT*) ( m ) 2 d d—1 m
=) (- Filla-Sa— -
'_>d+1—204 2 A haT e 2 7 p?—m?
d+1—2«
12 SR ()0 — 4
+ + il 2 2
+(H)(H) <u2) PR (B.8)

In the second iteration, we regulated the complex-valued power functions using IIT =
exp {%(1 + m)} as defined in eq. (4.5).

Taking now the real part of the above expression and the x-regulator to vanish, we
can write for m < p

d—2 7r(d+1—2a)}
2

][ W e

2, =2 d—1 m?
2
X(l_ﬁ> 2F1l1,0( s — B ) MQ m2
m2 Mrﬁra_ﬂ
+( 2) 2 (2)( d2)7 (Bg)
p I'(o—35)

8 This transformation [43] reads 2 Fi [a,b;¢;2] = (1 — 2) %2 F) [c —a,b;c; ﬁ]
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where we extracted the real part via Re(IIT)* ~ cos(m(1+k)s/2) for s € R. As a final step,
we use Euler’s reflection formula on the trigonometric function and combine this expression
with eqgs. (B.2)—(B.4), which upon further simplifying the result with eq. (4.1) leads to

m?\ 7 d d—1 m?
Zo(m < p) :Ia(,u)(l—?) o Fy 1,a—§;a— 5 ;_,uz—m2 . (B.10)

This expression allows studying the m < p regime in detail, and in particular, leads us to
verify that the m — 0 limit indeed yields eq. (4.1) and that the result for Z,(u, m,T) is
continuous in the limit m — p~. The latter follows from the result

(1m22)d22a2F llvadﬂld_l; 2m2 2] =1 F( 1ol %)7
Iz w2 —m L(3)

(B.11)
provided convergence is enforced by the parameter constraints in eq. (A.1). In combination
with eq. (B.10), this shows the continuous limit Z,(m < p) = lim,,,_, - Zo(m > p).

The above result has a logical interpretation even outside of the parametric values,
for which the limit m — p remains formally convergent. Denoting x = u? — m?, we
recognize that eq. (B.11) is the O(x") term of a series expansion around x = 0, with all
other terms being of order O(x*) or O(X%+k) with k € Z;. Whenever Z,(m > p) is
UV-convergent, both subsets only contain positive powers, and similarly to our analytical
continuation of the Euler gamma functions in Z,(m > p), we may regulate both the
dimension and denominator exponent parameters to remove all terms except for the one

shown in eq. (B.11).

B.2 Integration-by-parts with two scales

Integration-by-parts relations can also be derived for massive integrals as in eq. (B.1).
Given the full solution in eq. (B.10), we expect to find inhomogeneous equations for master
integral structures for m < u. For eq. (B.1), the IBP approach aligns with the discussion
of section 4. By acting on the massive master integral with diagonal spatial and temporal
total derivatives, we find

9 s
0= (8]?1 Opi)za(u7m7T)
= (d —2a)Z%(u,m,T) + 2am?T ,  (u,m,T) + 2aZ°F2 (u,m,T) , B.12a
« a+1 a+1

0= (- o) Zelpm, )

s+1 (
Po)
= (14 8T (p,m, T) — 2aZ312 (u,m, T) +7f B.12b
( ) a(:UJ ) oa—i—l(lUJ p0+p —|—m2} ( )
a S
0= (5, ° )il )
s+1 (
Po)
=(d+1—-20+ s)Z5(p,m, T) + 2am>T? ,m,T) —i—sz{ B.12¢
( Vi1, m. ) San B (B120)
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where in the last line we combined spatial and temporal total derivatives into a d + 1
dimensional total derivative bilinear akin to identity (ibp.lc). After setting s = 0, we
again discern two hierarchy regimes:

Hierarchy m > p. In the low-temperature limit, the right-hand side vanishes such that

TEAZN 3 T d —2a
7{ / por(po) - -0 <6 A ) 2 (ad 5) Re{i,u[mQ—uz]dTQ} =0, (B.13)
Po [p[) +p +m] 47T 71—(4 5 ( )

where we have used the results of section 4. This naturally implies the familiar recursion

from zero-temperature scalar field theory, i.e.

d+1-2«
2am?

Zot1(m > p) = — Zo(m > p). (B.14)

Hierarchy m < p. In the opposite regime, we regulate the power-law term and the
imaginary unit as above to find

. 3=d
7{ / Do ( T=0 <67EA2> ) Re{u[#Q_mg]d_ga (H+)‘MT_2°}
Po po + p? +m2] 47 7T(47T)%F(04)
2 d-2a
= —(@d+1-2)T,w(1-"5) * (B.15)

where we again used the II™ convention of eq. (4.5). This implies the validity of the identity

2 d—2«

(d+1—20)To(m < 1) + 20m*Tapa(m < p) = (d+1 - 20) T () (1 - 25 ) 7

r . (B.16)

C One-loop consistency checks and additional examples

This appendix complements the results of section 4 by providing consistency checks related
to known standard properties of dimensionally regularized loop integrals. In particular, we
focus on the one-loop result given in eq. (4.1) as well as its finite-temperature generalization

YE A2 ﬂr _d
T (SA) T Hesd ©1)

Lo ) = ) feloo) Lu(ro) D ol
H = e (Po bo) = e (Po 2
(e% 9 o F a 47T F(a) o F 0
Along the way, we also discuss the role of chemical potential in parametric differentiation
and its relation to symmetries at the one-loop order. We further emphasize that our
results should be formally considered analytical continuations of mathematically convergent

integrals, which in the low-temperature regime again implies parametric constraints akin
to eq. (A.1).

C.1 Linear algebra and loop-momentum differentiation

For the sake of completeness, let us first demonstrate that the fermionic one-loop master
integral allows the application of various linear decompositions while keeping the result
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intact. For this purpose, we multiply eq. (C.1) by unity 1 = (p3 + p*)/[p3 + p?] and first
evaluate the spatial integral, producing

L) = § pinm) [ Dieoo) [
1= f o [ o f i [ P
* N O R

_ (e’mP)?’zd [ Plat1-9)  (2mT(§+1(a—4) 420
(

/ > 2
dnr 4m)iT(a+1)  a(4m) T T(HT (o + 1) ] f}o 7ie (o) po)

_ l<1 - d> + d]Ia(p,T). (C.2)

200 200

After moving to numerator structures containing exclusively spatial structures, all required
symmetries arise from the dimensionally regularized beta function.

In section 4, we also discussed the effect of the diagonal total derivative operator
6%0 o po, where one simplification was found in the vanishing of total spatial derivatives,
or conversely the generated boundary terms. This is a central element in dimensionally
regularized integral algebra, and here we apply the one-loop master integral to confirm this
result explicitly. By first performing the spatial integration, we retain all differential and

linear algebra within the innermost integral. The diagonal operator can be re-written such

that
]I{)f ﬁp(po)/pf)ipi :ji:ﬁF(pO)/p (d+pi8i) ' (3)

(0]

Upon performing the innermost integral, this operator structure introduces two terms: one
proportional to the master integral and another with increased radial power, of which the
latter can be geometrically interpreted as a master integral in a higher dimension. To this
end, the total spatial derivative acting on the integrand of eq. (C.1) results in'?

9
0=dZa(d, p, T) — (20) 5 (27)*Tas1 (d + 2, 11, T)
Q4o
=dZo(d,pu,T)—4m - g c(2a)Zops1(d+ 2,1, 7). (C4)

We emphasize that a naive application of the residue theorem at 7" = 0 (cf. [26]) would not
agree with this relation.?’

The results listed above and in section 4 give great insight into expressions with trivial
or quadratic numerator structures. To address the subset of cases with numerator struc-
tures linear in the zero-components of momenta, let us next discuss the case of the temporal
derivative a%o, which acts on the distribution function. Unlike the bilinear operators intro-
duced in section 3, such an operator allows for relating primed (n},) integrals to ones with

linear numerator structures that cannot be further simplified using linear algebra from

19To simplify the computation, we vary the spatial dimensionality of the master integral, Z, (d, i, T), and
write it explicitly in the superscript.

200 naiv3€ dapplication of the residue theorem to eq. (4.1) results in Z2(d,u, T = 0) =
_ (ETWA2> 2 (4W)d/1;m¢7;r1(f)>r(d/2) *;(i::;:, which leads to a non-vanishing right-hand side of eq. (C.4).
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other total derivatives. The simplest such structure is the temporal integro-differential

relation in eq. (ibp.1b) for a fixed numerator parameter s = —1

0
—T T) = —2aT" , +j1§ C.5
Ao ( ) a+1 (w, T p +p ( )

which can again be confirmed to vanish by direct computation of both expressions on the
right-hand side. The first integral on the right-hand side is given by eq. (A.6), which was
evaluated using the methods introduced in section III of [26]. By combining the Cauchy

theorem and starting with the spatial integral, we obtain

0 ./ €TEA? %F(a*d> 9 . [T
2072 1 (1) =20 z( p ) 7r(47r)gf‘§a) pd=2 sm{g (d— 204)} : (C.6)

The second expression in eq. (C.5) can be computed using methods introduced in sections 2

and 4, yielding

! ip(po) 10 (€A El Pla—9) 4
£l =) ity @20 = 20T,
(C.7)

which indeed agrees with eq. (C.6), causing eq. (C.5) to vanish as expected. This is
another consistency check between the two contour methods introduced in section 2 for
the evaluation of the loop integrals in egs. (2.12) and (2.14).

C.2 Parametric differentiation

Parametric differentiation or Feynman’s trick can also be used to associate most single-
scale (1) one-loop integrals to the master integral Z,(u). The practical value of such an
operation relies heavily on the assumption that the differentiated structure can be dealt
with more easily than the non-differentiated one, and that there are no scale-invariant
contributions removed by the differentiation. As for the latter concern, we note that the
integrals discussed in this work contain two independent scales, p and T, the latter of
which is taken to an unessential limit (and hence should not contribute in a meaningful
way to the results we are seeking). To this end, the u-differentiation can only miss fully
scale-independent, O(u?), contributions to the integral in question.?!

In the low-temperature limit, the distribution functions bring no scale to the energy
dimension of the full integral while their derivatives lower it by one, so that all loop integrals
of interest take the form of a power of u. The n-regulators are on the other hand suppressed
in our explicit results, whose low-temperature limits take forms such as

. pop’y 7 d+vy+s+1—2a

hmj{ / po) ~ ptY , C.8
70 Jpy Jp [P§ + P?|* +(o) (C8)
s popv ~/ d+v+s—2a

hm]{ / ~ v . C.9
T N Ny fig(po) ~ p (C.9)

2IThe situation is different for integrals with, e.g., both mass and chemical potential scales. In these
cases, each parametric differentiation carries the risk of canceling out a part of the full solution. Such a
case can be found in appendix B for the scale hierarchy m > pu.
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Accordingly, the presence of dimensional regularization should be sufficient to avoid any
loss of information in parametric differentiation.

At the one-loop level, Feynman’s trick can be used both as another consistency check as
well as in the derivation of u-dependent symmetries extending beyond the low-temperature
limit. While the full solution is explicitly temperature-dependent, the only parameter we
can differentiate is the chemical potential, which leads to non-unique identities involving
the null space of J,,, such as

67{f 7ir(Po) :8{
o Jp i +p4*  Ou

For multi-loop computations and when applied directly, the trick generates differential

7{’0 e (po) _%f’“o nr [i5po] } (C.10)

P [pg+pH> Jp [ + p?]°

equations to replace the inhomogeneous recursive equations, corresponding to the power-
law behavior of the result in .22 While computations involving parametric differentiation
are not central to our work, we add a few examples below to demonstrate their connection
to the formulae used here and in [26].

Similarly to many previous computations presented in this work, we need to first keep
the temperature nonzero to ensure that we do not miss important contributions to our
integrals that might vanish upon differentiation at exactly 7' = 0. Without any loss of
information, we can then write the partial differentiation of the distribution function as

j{fﬁ’(p)pfl— ’ 8 (D /
R S T C‘M 0) [p2+po

C.11
ith i (po) = —i-0e(p0), o
w 3M Po 8p0an0

and subsequently, move the differentiation outside the pg-integral due to the closed nature
of the integration contour. By differentiating the low-temperature limit corresponding to
the rest of the integrand on the right-hand side, we find using methods discussed above

2 i 5]
op\150 Jy T J 2+ PR

0 {(eVEA2>32d F(a — g) pdt2=2a

) cos E(d—i— 3— 2a)}}

o 4 (477 NG ) (d+2 -2«
= —(d+1—2a)Za(p)
f 1
=1 il / — - C.12

As stated above, this implies that the parametric differentiation encompasses all terms con-
taining explicit u-dependence. Furthermore, we note that the order of the zero-temperature
limit and parametric differentiation does not affect the result. Using this flexibility with

221f multiple distribution functions are present, the p-differentiation is considerably less useful. The prob-
lems can be partially alleviated by introducing an independent chemical potential for each loop momentum,
but this complicates the structure of the master integrals.
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the limits, we can also confirm the result derived for master integrals equipped with linear

E . e’yEAQ % Iud—2a
utel) = ( ) (Am)r(@L(E 11— a) (C.13)

po-structures:

which indeed agrees with eq. (C.7).
Finally, we note that we can rather easily derive additional formulae for similar master
integrals, including e.g.

f 1 1 92

. ~/ _
5 5, nF(pO)pO/p P +pgle 2(a-1) gyt (C14)

and that we can discern from egs. (4.1) and (4.2) — or eq. (C.13) — that the pg-numerator
in eq. (C.12) can be replaced by u such that

9 eq. (C.13) . ) %f ~, 1
—pu=—2y = i) X lim e (P / ——
Maﬂ/ (:u‘) ( lu) T0 o F( 0) p [pz +p(2)]a
ea. (42) . I, / 1
= -
10 5, PR |
(ibp.1c) 0
= [P# o —apu + 2| Zo (1) - (C.15)

Here, we applied eq. (ibp.lc) on the last line to re-write the relation in terms of the
operator P, o % which is reversed to operators of the set in eq. (3.8). This relation
further demonstrates the non-trivial nature of the py = +iu substitutions arising from
eq. (2.14) in the low-temperature limit. The relevant details of the delta function limits
and contours have been discussed already in sections 2 and 4.

D Additional details of two-loop IBP computations

In this appendix, we present several extensions and consistency checks for the computations
presented in sec 5. In the first part, we introduce conventions for the spatial integrations
taking place in eq. (5.4) and similar relations, while in the second subsection, we study
in more detail the vanishing integrals that contain propagators with shifted bosonic mo-
menta. The third subsection then evaluates the group of two-loop integrals {S115|s € N}
at T'= 0, using the cutting rule toolkit from [31] and providing a comparison point for our
independent evaluation of such diagrams. The last subsection finally utilizes spatial IBP
operators from [37] to derive IBP relations for the integrals S111 and Spi2 that explicitly
differ from what one would expect at u = 0. These results act as further cross-checks of
our full (d 4 1)-dimensional IBP relations (5.13) and (5.22).

D.1 Vacuum integrals with complex mass scales

Let us begin by considering the one-loop integral of eq. (4.6) and the two-loop integrals
of eq. (5.4) without explicit replacements. Akin to section 4 of [26], we may regulate the
quadratic scales using iy +— Iy from eq. (4.5), which allows using the generalized Euler
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beta functions in the dimensionally regularized radial integrations. At the one- and two-
loop levels, the initial spatial momentum integration corresponds to vacuum integrals of
the type

n —d
Sa1a2a3 (mh ma, 0) = (67EA2)3 F(a123 - d)F<g _ OJ3>F(0413 B g)r(a% — %)

Am D ()T (02)0 ()T (123 + a3 — d)
m2 d—a23 d m2
X [EJWZZFl lazza— 500128 — djongs oy —d; 1 — m%] ;
(D.1)
1(d—2)[Li(m1) L(me)  Ii(my) Ii(ms)  Ti(mg) Li(m
Sm(mhm%mﬁrm):j ) [ i(ma) Li(me) — Li(ma) Ii(mg) — Ti(me) Ii(ms) 7
2(d—3) L miq mo mi ms mo ms
(D.2)
o 1(d—2) Il(ml) Il(mg) ms Il(mg) Il(mg)
5121(m17m27m1+m2)—4(d_5) m?2 m3 +((d 4)m2 1) m2 m2
B oy Ii(my) I (m2)
((d 4)m2+1) s s (D.3)

where in the first integral one assumes the hierarchy m? > m3 and in the latter two cases
the collinear relation ms = mq + msg that gives rise to the factorization of the vacuum
sunset reported in [32, 46].

In the evaluation of the maximally primed type B integrals of section 5.1, we may
apply the above collinear results because one of the three complex mass scales in the
corresponding d-dimensional integrals always vanishes due to the substitutions of py and
qgo in relations such as eq. (5.4). The specific mapping between the masses m; appearing
above and the momenta pg, qo, and py & qo is determined by the integral in question,
typically leading to only one of the three terms in egs. (D.2) and (D.3) obtaining a nonzero
value. To remove the vanishing mass scale from the denominator, we typically use the one-
loop massive vacuum IBP relation Iy 1(m) = —(d — 2a)/(2am?)I,(m) (see appendix E),
which leads to two cases

S111(po, 0, po) = _(d3)2(d2) [POIQ(PO)}Z, for po—qo =0, (D.4)
S111(po, o, 0) = (d—3)2(d—2) {pob(po)} [%1'2(%)} ; for po+qo=0. (D.5)

To finally arrive at results such as eq. (5.5), we must still connect the temporal momentum
components to the substitutions g (IIT)*!. In this way, eq. (D.4) is associated with the
po = qo = uIlI™ substitution in the first term on the right-hand side of eq. (5.4), while
eq. (D.5) is associated with the second term there.

One more subtlety, however, remains: for Sy11(ull™, p/IIT, O(k)), a straightforward
generalization of the hypergeometric expression (D.1) would provide a complex-valued
result for an integral that is by construction its own complex conjugate. To remedy this,
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we must return to the defining integral (obtained after shifting p — p + q)

1
a [Ip +al? +pglet[e? + g§lo2[p? + O(k)]es

Sasasas (70,10, O()) = | (D.6)
where we can use standard Feynman parametrization if a1, as > 0. By regulating again
the complex-valued mass scales such that i — IIT, we may straightforwardly evaluate the
two spatial loop integrations, obtaining a hypergeometric integral of the form

g ( 0) (67EA2)3_(1F(O¢123 — d)F(d 3) 1d xa23*%*1(1 — .T)am*%*l
arazasz (P05 40, = d / xz —d
4 (4m)T (1) T (a2)T(5) [zq§ + (1 — )pg] ™™
(D.7)

where again agy = 32y @

To proceed from here, let us next assume that as € N. Since the denominator and
numerator powers differ by (ag3 — g) + (a3 — %) — (a123 — d) = ag for the remaining
hypergeometric integral, we can rewrite its integrand by multiplying with unity

[zg5 + (1 —x)pp]™®  [pd+ (6 —pp)z]™®  [pg+ O(k)a]™

[vgg + (1 —a)pglos  [vqg + (1 —a)pples  [vgg + (1 —a)pplos’ (D-8)

where the subtraction pg — ¢2 = O(k) is proportional to the s-regulator scale. Writing
the numerator of the multiplier in terms of a binomial expansion, we may then remove the
contribution proportional to the regulator, obtaining

d d
1 1‘023_5_1(1 _x)a13—§—1
dx
0

g5 + (1 - w)pﬁ]alzg_d

s a O¢3+a23—7—k‘ 1 1—2x 0413—%—1
= z (;) [p(z)] pO a3 k/ dx ( 2 a33—a123—d
k=0 quo (1 —2)pg]
d _d
_! (03— 5)T (0‘13 ) [pg) +O(r) (D.9)

I' (a3 + a3 — d) [p%]algfg [qg]a%,%

where we have reversed the Feynman parametrization of eq. (A.9) to find the factorization
explicitly manifested.
Collecting the above results, we recognize that for ag € N, we can write

Soqozgozg (p07 q0, 0)

_ (e'YE/_\2>3_dF(04123 —d)T'(% — a3) T'(az2s — HT (a3 — 9) [po]f—m[qg]g—azg (D.10)
4 F(al)F(ag)F(g) F(Oég + 193 — d) ) ’

where the binomial expansion in eq. (D.9) has clearly broken the symmetry between py and
do- A more symmetric result can be reinstated by writing the solution arising from (D.9)
trigonometrically using [¢2]" = cos(mn)u?® for n € N. With this parametrization, we
obtain

[P35 ag)2 o2 = 22 fcos[r (d — augg)] £ isin[r (d—a1s)] }, (D.11)
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for po = go = (II")*'px and

2(d—a123)

3] 1 [q] 20 = %{COS [ (a3 — a1)] + cos|m (az — a13)]}

uQ(d—a123)

L
Ty

{sin (7 (23 — )] + sin|[m (a2 — alg)]} , (D.12)
for po = (IT*)*'p and go = (I17)F' .

The result we have arrived at is equivalent to performing the binomial expansion
symmetrically in terms of both py and gg, but cannot be straightforwardly extended to
a3 € Ry. This can be seen by carefully studying Newton’s extension to the binomial
theorem in the context of eq. (D.9). Indeed, for ag € (0,1), po = pII™ and go = p(I17) 1,
we obtain

1 xazs—%—l 1—2 onz— 41 as
/0 dz : ( ) {xqg +(1- x)pg}

xqg + (1 _ :K)p%] az+aiaz—d
i [yt e
—H t staizs—d
R
+ 2a3 /1d $a23_%_1(1 — x)oq:;—%—l
K £ —d
F T ()

[—1 +irkr(l — 2z) + (’)(/-@2)}%

as

{—1 —irk(2x — 1) + (9(/{2)} , (D.13)

where we have paid close attention to the signs of the O(k) terms, according to which the
integral has been split in two. In the end, we can collect the leading contributions from
both integration intervals such that

. N B O O o
(D.13) = p=*3 cos(ﬂag)/ dx + isin(mag) / dz — / dz per—
0 0 3 [z + (1 — z)pg] ™"

(D.14)

which retains the familiar factorizing structure of eq. (D.10) when a3 € N.

A natural generalization to eq. (D.10) is found by adding a mass m € R4 to the
propagators. Such a scale can be inserted to both fermionic propagators of eq. (D.6)
(associated to pp and ¢p) while still conserving the binomial expansion condition (p% +
m?) — (g3 +m?) = O(k). The regulator k can be fitted such that for u > m we may replace
II"p s IITy/pu? — m?2 in the thermal integral akin to the one-loop example of appendix B.
For m > p, the result on the other hand trivializes to the classical real-valued sunset with
only one scale p2 = g3 = m? — u? > 0. We emphasize, though, that the m > y hierarchy
leads to the vanishing of the type B term due to subtractions akin to eq. (5.3), making the
corresponding IBP relation independent of .

Next, we apply eq. (D.10) to an explicit evaluation of the sunset S11; with both Fermi-
Dirac distributions differentiated. In practice, we write the integrand in terms of the
spatial integral S111(po, g0, 0) and use the contour deformations from eq. (2.14) to recover
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the solution to eq. (5.5),

D,D; S = }{ ﬁ,F(PO)ﬁ%(QO)SHKQO»PO*CIOapo)
20,90

To0d — 2 <67EA2>3d,u2(d_2) r2(1 -4
d—3\ 4r (4m)d  (27)2
_ (enyA2)3_du2(d2) 1
47 (4m)? T(HTr(d —1)(d-3)°

) (cos[w(d —2)] — 1)

(D.15)

where standard trigonometric formulae and Euler’s reflection formula have been applied.
Similarly, it is straightforward to extend the result to the full class of maximally differ-
entiated two-loop vacuum bubbles, for which aj,as € Ry and a3 € N. Applying again
eq. (D.10), we obtain

DpDg Sarasas = 7{ 71 (90) 75 (90) Sevzasary (40, PO — G0, P0)
Po,q0
T;O (eVEZ_X2)3_dr<a123 — d)I‘(%l — Oég) F(Ong — %)F(O&lg — %)
4m (47r)dF(a1)F(a2)I‘(%) F(O&3 + o193 — d)
s 2M2(d7a123)
ey

x(—1 (COS[TI‘(CZ — aiz)] — cos[m(ag — ag)]) .(D.16)
Finally, we note that numerators with integer powers of temporal momentum compo-
nents {pp} can be implemented through eq. (5.4) and hence do not introduce any further
complications. Following the conventions of section 5, the two type B terms required in

the derivation of 811 read
1 T=0 17=0 2(d — 3)

T=0
DquSllll = DquS%% = _MZDquSHl = 12 Lo() Lo (1) - (D.17)

(d—2)
D.2 Momentum-shifted bosonic propagators

Next, we take a closer look at the zero-temperature limits of the integrals Sig2 and Spio,
appearing in eq. (5.7). Following the convention of eq. (2.3), we may write

OO o= fr it
e Ipq P8+ pA (Do — @0)? + [p — 22

1 i 1
:i 2 2]a _ 2 — q2]a
tpy i+ 2210 T (o = gm)? + [ — g

— 1 i 1 :ff i (po) j{b n [ifro]
(RPN T + 020 Te g+ pPle TR g4 rtes
(D.18)

where we have used the sum-integral definitions of eq. (2.3) and noted the bosonic nature
of the momentum R = ) — P. To proceed to the low-temperature limit, we first perform
the spatial integral and then compute the remaining zero-component integral through the
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step function limit of ng in eq. (2.6) (cf. section III of [26]):

b _ TEA2N 3T INCE %) ot dpgy . o.d_,
§ nalipl Lot) = 2( ) T 2 re [T e
p 2 7

0 a7 in 2m

TEAZN 3 1 120
:_< 4 > d d d+1—2 =] -
™ (4m)20(a)(§ +1 - ) (d+ a) =
(D.19)

The above expression formally corresponds to the fermionic one-loop integral of
eq. (4.1). Its dependence on the powers of the regulator scale n (from the contour) indicates
the factorizing of the R-integral in eq. (D.18), leading to the entire diagram vanishing in
dimensional regularization.?> This result is retained also with a numerator linear in g
after splitting the computation into two upon writing gy = 9 + pg9. An integral with a
po-numerator also follows the same steps as above while an integral with an rg-numerator
involves an imaginary part taken during the remaining rp-integral, similar to eq. (C.6).

Next, we inspect the closely related integral of eq. (5.12), which contains one primed
and one unprimed distribution function, marking our first example of a simple type C
integral. Using the formulae of section 5, we obtain for it

f iy (Po) Gy (o) o Fo,
e o B =+ lp =P = Jy 7001 o)t )
(D.20)

where the right-hand side follows after performing the d-dimensional spatial integrals. Fo-
cusing next on the remaining two integrals, we change the integration variable of the
qo-integral via gy — 19 = qp — pp and also split the pg-integral using the line integral
description. This leads to

f;f (P15~ 72r (po) f;f @o[(po — 40)*)2 =7} (q0) =

0 0

co+iu+1inp de d_ b,— 4
L R e ) § (o o)) 0+ o)
—ootiptin, <7 ro

oo+ip—1i b+

s [T B ) ot R ot (D21
H—inp 7o

where 7, is the regulator on the p-integral contour and the £ symbols correspond to the

+in, shifts of the bosonic contour along the imaginary axis. In the 7" — 0 limit, the

leading behaviour of distribution functions is solely determined by the imaginary part of

loop momenta [cf. eq. (2.8)],

fip(ro + po) = iBny{iB[Re(ro + po) + i Im(ro) % iny} =0 —i0[Im(ro) £ 1y, (D.22)

ZTaking the limit n — 0 before letting the dimensional regulator vanish results in a vanishing scaleless
integral as expected for 7" = 0 bosonic integrals.

-39 —



which we can be immediately applied given that all the momentum dependence outside
of distribution functions is of the form of generalized monomials** and where the pg line
integrals fix the value of Im(pg). Thus, the r¢ integration akin to eq. (2.14) becomes

b+ iNg+1
7{ [7.8] %7042 ﬁ% (TO N po) ‘ L /znq Mp d’f’O
ro Im(po)=ip—iny —ing+inp 2m

~ [Mg—inp d_,
i [ SR () — ),
—ing—iny 4T
(D.23)

[r3]%=°25[Im(ro) — n)

which shows the proprtionality to the regulator in the form o nd 2az,

Similarly, each term
in eq. (D.21), through the evaluation of the ry integrals, contains a factorizing dependence
on the regulator powers. As in the previous example of eq. (D.19), this indicates that the
full integral vanishes in dimensional regularization — a property that is trivially retained
for unit-valued numerators. Should we take the additional regulator 7, to zero beforehand,
the integral containing d-sequence expressions in the 7' — 0 limit would on the other hand

be identical to one with a bosonic §-sequence (as generated by differentiation).

D.3 Evaluation of the sunset integral with cutting rules

For the sake of completeness, we present next an alternative evaluation of the standard
sunset integral at 7' = 0 using the so-called cutting rules of [31]. By setting a; = ag =1
and a3 = s € N in eq. (5.1), we are indeed able to take the zero-temperature limit and
compute the remaining integral using the residue theorem [26, 31], evaluating multiple
integrals at once. We emphasize, however, that raising either of the other two exponent
parameters aq, ao to values higher than unity would require the introduction of corrections
akin to the differentiated distribution functions discussed in section 2.

In the application of the cutting rules, we write the residues as cuts along the fermionic
propagators, obtaining thereby the expression

Su T—>0/ /°° dpo dQO 1
° ™) [(po + ip)? +WW%+%M2+¥WW—@w”Hp—qWS

1 1
PQ P?Q?[(P — Q)] 2/ {/Q QUQ - PPl
(L —p)0(p —q) 1
" /p,q 4pq [(P—Q)2* porsip ’ (D.24)

where we again use capital letters to signify Euclidean (d 4+ 1)-momenta integrated over
R using dimensional regularization. The first of the three terms on the right-hand side
of this expression is said to correspond to a O-cut, the second to a 1-cut, and the third to
a 2-cut contribution to the Feynman integral.

Given that all scaleless integrals vanish in dimensional regularization, the 0-cut con-
tribution on the second line above clearly vanishes, and the same can be seen to be true

24Monomials do not introduce problematic poles and allow a straightforward taking of the naive 7' — 0
limit in both differentiated and non-differentiated distributions.
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for the 1-cut term given that the substitution enforces P? = 0. For a general exponent, s,
the remaining integral and also the full result therefore becomes

_ O(u—p)0(p—q)
po—ip Jpq22Tpg(pg—p-q)’

qo — tq
() el B« [ 52
=\ 922+5(27r)2d F(g) F(%) 0 aq 1—¢ |

where the angular parameter in the dot product reads z = p - q/(pq). To evaluate the

/ O —p)0(p—q) 1
p.g 4pq (P — Q)%

z-integral, we next change the integration variable as z — y = (1 + z)/2 to obtain a scaled
Euler’s beta function

J e
Z =
(1-2) I'(d—1-5s) ’

(D.25)

again regularized in d dimensions. After finally utilizing Legendre’s duplication formula,
we can substitute 2972725 (%) =T (%) I'(d—1-2s)/T (%l - 5) and obtain for the
value of the zero-temperature fermionic sunset in d dimensions

T—0 (d—1) T(s+1)I'(d—2s)

Sus (d—1—s) TI(d—s)

Ty (1) Lo g1 (pe), (D.26)

where we applied the one-loop result of eq. (4.1). It is easy to verify that the full result
indeed reproduces our earlier expressions for Sii; in eq. (5.13) and for S92 in eq. (5.22).

D.4 Sunset integral and spatial IBP relations

In section 5.2, we derived factorizing low-temperature results for the fermionic sunset
integrals Si11 and Spi2 in egs. (5.13) and (5.22), respectively. At nonzero temperature
but vanishing chemical potentials, the sunset S111 is on the other hand known to vanish
identically, as demonstrated in [24, 37] using spatial IBP relations and initially argued up
to O(e) in [47]. Given the non-vanishing nature of our corresponding 7' = 0, u1 # 0 results,
it is interesting to compare these calculations and attempt to pinpoint the reason for the
observed difference.

To gain further insights into the sunset integral, we apply the diagonal spatial IBP
identities from the set (3.8) using an in-house Laporta-type reduction [25], implemented in
FORM [36]. The relations are homogeneous and can be written compactly in operator form

(again omitting the two loop master integral S31%2 .. on which each operator acts) as

(d — 201 — 013) + O[33+(2, — 1,)

0
+2011,171T + 2033, (1717 —1727) = (a opz) , (ibp.2c)
7
(g —a1)+a114(3- —2_) +334(2- —1_)
0
+201141727 — 2043, (2127 —1727) = < 5 ° qz) , (ibp.2d)
Pi
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where the two remaining bilinear combinations can be found via the substitution 1 < 2
corresponding to p; <+ ¢;. These relations can be combined to yield operator anséitze leading
to an explicit one-loop factorization of two-loop expressions with collinear temporal scales.
The ansatz we choose reads (cf. [37])

0= {(;piopi> (d=25) =2, (2-1727 43 —1) + (aa )[2 11t -1 ]2,
+(8aqiopi> [(d=25)+1,(2-17 2" — (s - 1)3 ( ) 2- 1+1+}1+}8115
(D.27)
Choosing now s = 1 and s = 2, this result reduces to the identities?
(d=2)(d-3)5m1 = —2[B1)] . (D.28)
(d=2)(d—5)Sn2 = L T)] —2L,(u, T)ZHT). (D.29)

where we dubbed bosonic integrals with the superscript b and utilized the master integrals
of eq. (A.6) and where the fully bosonic integrals Z2(T') vanish here in the 7 — 0 limit.

By inspecting egs. (D.28) and (D.29), we immediately recover the high-temperature
fermionic result of [37] using the fact that sum-integrals of the form

I p§ e (po) _ Py
b e =t e (30

identically vanish for odd values of s at 4 = 0. At T = 0, u # 0, such integrals, however,
produce nonzero results (see eqs. (C.5)—(C.6)), which reflects the breaking of the charge
conjugation symmetry by nonzero chemical potentials. This highlights the fact that IBP
relations derived in vacuum or at 7" # 0 but 4 = 0 cannot be directly applied to nonzero
densities.

Lastly, we note that we may use the IBP relation (D.27) (enacted on S111) as a fur-
ther cross-check of our results. Indeed, a straightforward calculation utilizing eq. (C.13)
produces

d—2)(d—3) |fp P
2
2y W] = o hWne . D3

where the final line can be seen to fully agree with our earlier results given in eqs. (5.13)
and (D.26).

25The quadratic dependence on the dimension arises from contractions of the form fp %pk = fp d.
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E Two-loop factorization at finite density

In section 5, we encountered the partially unexpected factorization of two-loop thermal
vacuum integrals into a sum of products of one-loop integrals, the immediate consequences
of which we will now investigate further. Such a property has been known to hold for
d-dimensional T'= p = 0 sunset integrals with a collinear mass signature [32, 46],

Soqoczozgg (ml) ma, m3) = Z CZ]me”m?Z]
1<J

, for collinear masses m3=m;+mg. (E.1)

The coefficients, ¢;;, and exponents { fi;, gi; } have recently been determined in a closed form
for integer-valued exponents «,, € N in [32] and agree with values previously suggested by
recursion formulae such as two-loop vacuum IBP reduction. In our present context, it is
a nontrivial and very interesting question, to which extent such a factorization extends to
the description of the thermal sunset Sy, a,a4(tt, ") in terms of products of the one-loop
integrals Z, (i, T'). In the following, we present such a generalization using the formalism
of sections 2 and 3.

For integer-valued exponents of Sy, aqa4 i €q. (5.1), the corresponding vacuum sun-
set (3.6) features exactly the factorizing collinear mass signature of [32]. To apply such a
formula in the context of complex scales and for gog > pp > 0 (cf. egs. (3.5) and (3.6)), we
want to recast their results in a form where no temporal momenta appear in the denomi-
nator. This can be achieved through identities such as

S111(po; g0 — Po, q0) = (d—3)2(d—2) [—po%fz(po)fz(%) — qo(g0—po)I2(q0 —Po)I2(q0)
+ o0 = po) T2 (po) Iz (a0 — o) (E2)
S121(po; g0 — Po, q0) = (d—5)1(d—2) [Iz(po)IQ(CIo) — I2(po)I2(q0—po) — 12((]0)[2((]0_170)}
4

- —po)I3(qo— I — pol ) E.3
d—5)d—2) [(QO p0)I5(qo Po)] [QO 2(q0) — po 2(]70)] (E.3)
which can be derived using the d-dimensional one-loop massive vacuum IBP relation
In+1(m) = —(d — 2a)/(2am?)I,(m) on eq. (D.2) for S111 and eq. (D.3) for Sia;.

Starting from the factorization observed in eq. (E.2), we can analytically continue such
expressions to complex values following the work of [26]. In particular, we assume that
the linear numerator terms can be analytically continued to complex values, keeping the
even/odd property of S3i¢2 - for general values of s1,s2. To demonstrate the validity of
this assumption, we can compute the T — 0 limit of the sunset integrals S111 and Sii9
using eq. (E.2), obtaining

(d—-1)

Sii1 = i 1)|” T2 I, (0T E.4
111_—(d_3)(d_2)[2<u, = a2 B n. (B.4)
Sz = —i—(d_5)1(d_2)([12(M7T)}2 — 2D (p, T)IS<T)) =0 (d—5)1(d—2) {12(/0}2-
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Given the antisymmetry between pg <> qg, all terms of the underlying spatial inte-
grand (E.2) and the lower row of eq. (E.3), that contain odd bosonic one-loop integrals,
can be seen to vanish. The low-temperature limit limp 0 Z3(u,T) = Zi(u) can fur-
thermore be evaluated using eq. (5.14) or directly as in eq. (A.6), while the remaining
limp_0Z, (1, T) = Z,(p) follows from eq. (4.1). Both relations were of course already
confirmed using only IBP relations in egs. (5.13) and (5.21), respectively.

Finally, we note that due to the factorization (via collinear scales) of the d-dimensional
vacuum sunset S, asay f0r a1,...a3 € N [32], it is in fact all thermal two-loop bubbles
Saiasas and not just the above special cases that factorize, and this appears to happen
for arbitrary values of T" and u. Specific examples of this generic result include the low-
temperature regime of 7' — 0 but u # 0, where the factorization emerges explicitly as
observed in section 5.1, as well as the high-temperature regime 7" # 0 but u = 0, where the
factorization was demonstrated already in [24, 48] for a few special cases. The factorization
becomes particularly transparent in the IBP approach, where it is automatically built in the
relations (ibp.2a)—(ibp.2d); see section 5.2 and the appendix D.1. We emphasize, however,
that it is not a universal property of multi-loop thermal integrals nor do we expect it to
generalize to higher loop orders or massive propagators. Even in these cases, the maximally
primed type B integrals and the corresponding J-functions nevertheless remain tractable
at low temperatures, thus simplifying the corresponding computations.

One example of possible extensions of the above results is the two-loop fermionic sunset
with equal positive mass scales m? and chemical potential x in the fermionic propagators,

/ i (po) e (qo) 1
Sosagas (p 1y T) = 7{%@ [p5 + p? + m7] (g5 + 2 + mF]°2 [(po — q0)? + |[p — a2

(E.6)

Evaluating this integral directly using factorization is not possible, since the d-dimensional

integral is no longer collinear. Its maximally primed expression, however, still has this

property and can thus be evaluated directly using Feynman parametrization and the cor-

responding hypergeometric integral (D.10) or using the factorization observed in [32]. The

result can be given readily for g > m in the form

D, D, Sy (p,m, T) =" —2((dd__23)) {12 ( p? = mfc)r ; (E.7)

while for m > p it is observed to vanish; see appendices B and D.1 for more context and
details. Such differentiated integrals are again seen to appear as a part of (d+1)-dimensional
IBP reduction akin to eq. (5.16) or (5.18), thus contributing to the determination of the
full massive thermal integral.

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.

— 44 —


https://creativecommons.org/licenses/by/4.0/

References

1]

2]

[10]

[11]

[12]

[13]

M.E. Peskin and D.V. Schroder, An Introduction to quantum field theory, Addison-Wesley,
Reading, U.S.A. (1995) [INSPIRE].

J.C. Collins, Renormalization: An Introduction to Renormalization, The Renormalization
Group, and the Operator Product Expansion, Cambridge University Press, Cambridge (1986)
[DDI:10.1017/CB09780511622656] [INSPIRE].

S. Weinberg, The Quantum theory of fields. Vol. 1: Foundations, Cambridge University
Press, Cambridge (2005) [DOI:10.1017/CB09781139644167] [INSPIRE].

J.I. Kapusta and C. Gale, Finite-temperature field theory: Principles and applications,
Cambridge University Press, Cambridge (2011) [DOI:10.1017/CB09780511535130] [INSPIRE].

M.L. Bellac, Thermal Field Theory, Cambridge University Press, Cambridge (2011)
[DDI:10.1017/CB09780511721700] [INSPIRE].

M. Laine and A. Vuorinen, Basics of Thermal Field Theory, Springer (2016)
[D0I:10.1007/978-3-319-31933-9] [INSPIRE].

J. Ghiglieri, A. Kurkela, M. Strickland and A. Vuorinen, Perturbative Thermal QCD:
Formalism and Applications, Phys. Rept. 880 (2020) 1 [arXiv:2002.10188] [INSPIRE].

N. Brambilla et al., QCD and Strongly Coupled Gauge Theories: Challenges and
Perspectives, Eur. Phys. J. C 74 (2014) 2981 [arXiv:1404.3723] INSPIRE].

K. Kajantie, M. Laine, K. Rummukainen and Y. Schréder, The Pressure of hot QCD up to
g6 In(1/g), Phys. Rev. D 67 (2003) 105008 [hep-ph/0211321] INSPIRE].

A. Vuorinen, The Pressure of QCD at finite temperatures and chemical potentials,
Phys. Rev. D 68 (2003) 054017 [hep-ph/0305183] [INSPIRE].

M. Laine and Y. Schréder, Quark mass thresholds in QCD thermodynamics,
Phys. Rev. D 73 (2006) 085009 [hep-ph/0603048] [INSPIRE].

J.O. Andersen, L.E. Leganger, M. Strickland and N. Su, Three-loop HTL QCD
thermodynamics, JHEP 08 (2011) 053 [arXiv:1103.2528] [INSPIRE].

S. Mogliacci et al., Equation of State of hot and dense QCD: Resummed perturbation theory
confronts lattice data, JHEP 12 (2013) 055 [arXiv:1307.8098] INSPIRE].

N. Haque et al., Three-loop HTLpt thermodynamics at finite temperature and chemical
potential, JHEP 05 (2014) 027 [arXiv:1402.6907] INSPIRE].

A. Kurkela, P. Romatschke and A. Vuorinen, Cold Quark Matter,
Phys. Rev. D 81 (2010) 105021 [arXiv:0912.1856] [INSPIRE].

A. Kurkela and A. Vuorinen, Cool quark matter, Phys. Rev. Lett. 117 (2016) 042501
[arXiv:1603.00750] InSPIRE].

T. Gorda et al., Soft Interactions in Cold Quark Matter, Phys. Rev. Lett. 127 (2021) 162003
[arXiv:2103.05658] [INSPIRE].

T. Gorda et al., Cold quark matter at N3LO: Soft contributions,
Phys. Rev. D 104 (2021) 074015 [arXiv:2103.07427] [INSPIRE].

P.A. Baikov, K.G. Chetyrkin and J.H. Kiithn, Five-Loop Running of the QCD coupling
constant, Phys. Rev. Lett. 118 (2017) 082002 [arXiv:1606.08659] [INSPIRE].

— 45 —


https://inspirehep.net/literature/407703
https://doi.org/10.1017/CBO9780511622656
https://inspirehep.net/literature/209810
https://doi.org/10.1017/CBO9781139644167
https://inspirehep.net/literature/406190
https://doi.org/10.1017/CBO9780511535130
https://inspirehep.net/literature/738588
https://doi.org/10.1017/CBO9780511721700
https://inspirehep.net/literature/1384874
https://doi.org/10.1007/978-3-319-31933-9
https://inspirehep.net/literature/1468954
https://doi.org/10.1016/j.physrep.2020.07.004
https://arxiv.org/abs/2002.10188
https://inspirehep.net/literature/1781986
https://doi.org/10.1140/epjc/s10052-014-2981-5
https://arxiv.org/abs/1404.3723
https://inspirehep.net/literature/1290484
https://doi.org/10.1103/PhysRevD.67.105008
https://arxiv.org/abs/hep-ph/0211321
https://inspirehep.net/literature/602565
https://doi.org/10.1103/PhysRevD.68.054017
https://arxiv.org/abs/hep-ph/0305183
https://inspirehep.net/literature/618947
https://doi.org/10.1103/PhysRevD.73.085009
https://arxiv.org/abs/hep-ph/0603048
https://inspirehep.net/literature/711776
https://doi.org/10.1007/JHEP08(2011)053
https://arxiv.org/abs/1103.2528
https://inspirehep.net/literature/892475
https://doi.org/10.1007/JHEP12(2013)055
https://arxiv.org/abs/1307.8098
https://inspirehep.net/literature/1245256
https://doi.org/10.1007/JHEP05(2014)027
https://arxiv.org/abs/1402.6907
https://inspirehep.net/literature/1282909
https://doi.org/10.1103/PhysRevD.81.105021
https://arxiv.org/abs/0912.1856
https://inspirehep.net/literature/839461
https://doi.org/10.1103/PhysRevLett.117.042501
https://arxiv.org/abs/1603.00750
https://inspirehep.net/literature/1425672
https://doi.org/10.1103/PhysRevLett.127.162003
https://arxiv.org/abs/2103.05658
https://inspirehep.net/literature/1850931
https://doi.org/10.1103/PhysRevD.104.074015
https://arxiv.org/abs/2103.07427
https://inspirehep.net/literature/1851401
https://doi.org/10.1103/PhysRevLett.118.082002
https://arxiv.org/abs/1606.08659
https://inspirehep.net/literature/1472834

[20] F. Herzog et al., The five-loop beta function of Yang-Mills theory with fermions,
JHEP 02 (2017) 090 [arXiv:1701.01404] [INSPIRE].

[21] K.G. Chetyrkin and F.V. Tkachov, Integration by Parts: The Algorithm to Calculate beta
Functions in 4 Loops, Nucl. Phys. B 192 (1981) 159 [INSPIRE].

[22] C.M. Bender, R.W. Keener and R.E. Zippel, New Approach to the Calculation of F(1)(alpha)
in Massless Quantum Electrodynamics, Phys. Rev. D 15 (1977) 1572 [INSPIRE].

[23] T. Matsubara, A New approach to quantum statistical mechanics,
Prog. Theor. Phys. 14 (1955) 351 [INSPIRE].

[24] M. Nishimura and Y. Schroder, IBP methods at finite temperature, JHEP 09 (2012) 051
[arXiv:1207.4042] [INSPIRE].

[25] S. Laporta, High precision calculation of multiloop Feynman integrals by difference equations,
Int. J. Mod. Phys. A 15 (2000) 5087 [hep-ph/0102033] [INSPIRE].

[26] T. Gorda, J. Osterman and S. Sippi, Augmenting the residue theorem with boundary terms in
finite-density calculations, Phys. Rev. D 106 (2022) 105026 [arXiv:2208.14479] [INSPIRE].

[27] E.V. Gorbar, V.A. Miransky, I.A. Shovkovy and X. Wang, Radiative corrections to chiral
separation effect in QED, Phys. Rev. D 88 (2013) 025025 [arXiv:1304.4606] [INSPIRE].

[28] E. Annala et al., Multimessenger Constraints for Ultradense Matter,
Phys. Rev. X 12 (2022) 011058 [arXiv:2105.05132] [INSPIRE].

[29] T. Gorda, O. Komoltsev and A. Kurkela, Ab-initio QCD Calculations Impact the Inference
of the Neutron-star-matter Equation of State, Astrophys. J. 950 (2023) 107
[arXiv:2204.11877] [iNSPIRE].

[30] E. Annala et al., Strongly interacting matter exhibits deconfined behavior in massive neutron
stars, arXiv:2303.11356 INSPIRE].

[31] I. Ghisoiu et al., On high-order perturbative calculations at finite density,
Nucl. Phys. B 915 (2017) 102 [arXiv:1609.04339] [InSPIRE].

[32] A.I. Davydychev and Y. Schréder, Recursion-free solution for two-loop vacuum integrals with
“collinear” masses, JHEP 12 (2022) 047 [arXiv:2210.10593] [nSPIRE].

[33] A.A. Vladimirov, Method for Computing Renormalization Group Functions in Dimensional
Renormalization Scheme, Theor. Math. Phys. 43 (1980) 417 [INSPIRE].

[34] V.A. Smirnov, Feynman integral calculus, Springer, Berlin, Heidelberg (2006) [INSPIRE].

[35] A.V. Smirnov and A.V. Petukhov, The Number of Master Integrals is Finite,
Lett. Math. Phys. 97 (2011) 37 [arXiv:1004.4199] [ixSPIRE].

[36] B. Ruijl, T. Ueda and J. Vermaseren, FORM version 4.2, arXiv:1707.06453 [INSPIRE].

[37] M. Laine, P. Schicho and Y. Schroder, A QCD Debye mass in a broad temperature range,
Phys. Rev. D 101 (2020) 023532 [arXiv:1911.09123] [NSPIRE].

[38] T. Gorda, O. Komoltsev, A. Kurkela and A. Mazeliauskas, Bayesian uncertainty
quantification of perturbative QCD input to the neutron-star equation of state,
JHEP 06 (2023) 002 [arXiv:2303.02175] [INSPIRE].

[39] T. Gorda et al., Degenerate fermionic matter at N3LO: Quantum electrodynamics,
Phys. Rev. D 107 (2023) L031501 [arXiv:2204.11893] [INSPIRE].

— 46 —


https://doi.org/10.1007/JHEP02(2017)090
https://arxiv.org/abs/1701.01404
https://inspirehep.net/literature/1507902
https://doi.org/10.1016/0550-3213(81)90199-1
https://inspirehep.net/literature/171845
https://doi.org/10.1103/PhysRevD.15.1572
https://inspirehep.net/literature/4317
https://doi.org/10.1143/PTP.14.351
https://inspirehep.net/literature/8703
https://doi.org/10.1007/JHEP09(2012)051
https://arxiv.org/abs/1207.4042
https://inspirehep.net/literature/1122861
https://doi.org/10.1142/S0217751X00002159
https://arxiv.org/abs/hep-ph/0102033
https://inspirehep.net/literature/552763
https://doi.org/10.1103/PhysRevD.106.105026
https://arxiv.org/abs/2208.14479
https://inspirehep.net/literature/2144137
https://doi.org/10.1103/PhysRevD.88.025025
https://arxiv.org/abs/1304.4606
https://inspirehep.net/literature/1228702
https://doi.org/10.1103/PhysRevX.12.011058
https://arxiv.org/abs/2105.05132
https://inspirehep.net/literature/1862797
https://doi.org/10.3847/1538-4357/acce3a
https://arxiv.org/abs/2204.11877
https://inspirehep.net/literature/2072329
https://arxiv.org/abs/2303.11356
https://inspirehep.net/literature/2644523
https://doi.org/10.1016/j.nuclphysb.2016.11.023
https://arxiv.org/abs/1609.04339
https://inspirehep.net/literature/1486533
https://doi.org/10.1007/JHEP12(2022)047
https://arxiv.org/abs/2210.10593
https://inspirehep.net/literature/2167394
https://doi.org/10.1007/BF01018394
https://inspirehep.net/literature/140541
https://inspirehep.net/literature/728109
https://doi.org/10.1007/s11005-010-0450-0
https://arxiv.org/abs/1004.4199
https://inspirehep.net/literature/852886
https://arxiv.org/abs/1707.06453
https://inspirehep.net/literature/1610864
https://doi.org/10.1103/PhysRevD.101.023532
https://arxiv.org/abs/1911.09123
https://inspirehep.net/literature/1766465
https://doi.org/10.1007/JHEP06(2023)002
https://arxiv.org/abs/2303.02175
https://inspirehep.net/literature/2638606
https://doi.org/10.1103/PhysRevD.107.L031501
https://arxiv.org/abs/2204.11893
https://inspirehep.net/literature/2072440

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

A. Gynther, A. Kurkela and A. Vuorinen, The Nf396 term in the pressure of hot QCD,
Phys. Rev. D 80 (2009) 096002 [arXiv:0909.3521] [NSPIRE].

A. Gynther et al., Four-loop pressure of massless O(N) scalar field theory,
JHEP 04 (2007) 094 [hep-ph/0703307] [INSPIRE].

P. Navarrete and Y. Schroder, Tackling the infamous g® term of the QCD pressure,
PoS LL2022 (2022) 014 [arXiv:2207.10151] [INSPIRE].

M. Abramowitz and I.A. Stegun, Handbook of mathematical functions with formulas, graphs,
and mathematical tables, vol. 55, US Government printing office (1964).

E.W. Barnes, A New Development of the Theory of the Hypergeometric Functions,
Proc. London Math. Soc. s2-6 (1908) 141.

W.N. Bailey, Generalized hypergeometric series, Cambridge University Press, Cambridge
(1935).

AL Davydychev and J.B. Tausk, Two loop selfenergy diagrams with different masses and the
momentum expansion, Nucl. Phys. B 397 (1993) 123 [INSPIRE].

P.B. Arnold and C.-X. Zhai, The Three loop free energy for high temperature QED and QCD
with fermions, Phys. Rev. D 51 (1995) 1906 [hep-ph/9410360] [INSPIRE].

I. Ghisoiu and Y. Schréder, A New Method for Taming Tensor Sum-Integrals,
JHEP 11 (2012) 010 [arXiv:1208.0284] [iNSPIRE].

— 47 —


https://doi.org/10.1103/PhysRevD.80.096002
https://arxiv.org/abs/0909.3521
https://inspirehep.net/literature/831671
https://doi.org/10.1088/1126-6708/2007/04/094
https://arxiv.org/abs/hep-ph/0703307
https://inspirehep.net/literature/747509
https://doi.org/10.22323/1.416.0014
https://arxiv.org/abs/2207.10151
https://inspirehep.net/literature/2120510
https://doi.org/10.1112/plms/s2-6.1.141
https://doi.org/10.1016/0550-3213(93)90338-P
https://inspirehep.net/literature/336695
https://doi.org/10.1103/PhysRevD.51.1906
https://arxiv.org/abs/hep-ph/9410360
https://inspirehep.net/literature/378914
https://doi.org/10.1007/JHEP11(2012)010
https://arxiv.org/abs/1208.0284
https://inspirehep.net/literature/1124601

	Introduction
	Formalism and setup
	Small-temperature limit and regularization
	Contour deformations

	Integration-by-parts relations
	One-loop integrals: new strategy in action
	Proceeding to the two-loop level and beyond
	Integrals with only differentiated distribution functions
	Integration-by-parts at two loops

	Conclusions and outlook
	Future directions

	Applying the Cauchy theorem to loop integrals
	Single propagator
	Multiple propagators

	One-loop master integral with a mass scale 
	Direct computation
	Integration-by-parts with two scales

	One-loop consistency checks and additional examples
	Linear algebra and loop-momentum differentiation
	Parametric differentiation

	Additional details of two-loop IBP computations
	Vacuum integrals with complex mass scales
	Momentum-shifted bosonic propagators
	Evaluation of the sunset integral with cutting rules
	Sunset integral and spatial IBP relations

	Two-loop factorization at finite density

