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We analytically study the quasinormal modes of a scalar perturbation around a rotating BTZ-like black
hole in the Einstein-bumblebee gravity. We observe that the Lorentz symmetry breaking parameter
imprints only in the imaginary parts of the quasinormal frequencies for the right-moving and left-
moving modes. The perturbational field decays more rapidly for the negative Lorentz symmetry breaking
parameter, but more slowly for the positive one. The forms of the real parts are the same as those in the
usual BTZ black holes. Moreover, we also discuss the AdS/CFT correspondence from the quasinormal

modes and find that the Lorentz symmetry breaking parameter enhances the left and right conformal
weights h; and hg of the operators dual to the scalar field in the boundary. These results could be
helpful to understand the AdS/CFT correspondence and the Einstein-bumblebee gravity with the Lorentz

symmetry violation.

© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

Lorentz invariance, as a fundamental symmetry, has been of
great importance in both Einstein’s theory of general relativity and
the standard model of particle physics. However, the recent devel-
opment of unified gauge theories and the observed signals from
high energy cosmic rays [1,2] imply that the Lorentz symmetry
may spontaneously break at a higher scale of energy. Thus, study-
ing the Lorentz violation may be a useful way to obtain a deeper
understanding of nature. There are many theories contained the
Lorentz violation, for example, the standard model extension [3-5],
string theory [6], and so on.

One of simple effective theories with the Lorentz violation
is the so-called Einstein-bumblebee gravity [7]. In this model,
the spontaneous breaking of Lorentz symmetry is induced by a
nonzero vacuum expectation value of a bumblebee vector field B,
with a suitable potential. The corresponding effects of the Lorentz
violation on black hole physics and cosmology have been exten-
sively studied in [8-22]. The first black hole solution in such a
theory of Einstein-bumblebee gravity is obtained by Casana et al.
[23], which is an exact solution describes the gravity of a static
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neutral black hole. The potential observing effects of the Lorentz
violation imprinted in the classical tests including the gravitational
lensing [24] and quasinormal modes [25] have been investigated
in this black hole spacetime. The influence of the Lorentz viola-
tion on the Hawking radiation [26] is also studied for the black
hole. Moreover, other spherically symmetric black hole solutions
(containing global monopole [27], cosmological constant [28], or
Einstein-Gauss-Bonnet term [29]) and the traversable wormbhole
solution [30] have been found in the framework of the bumble-
bee gravity theory. Furthermore, the rotating black hole solution in
the Einstein bumblebee gravity [31] is also obtained, and the in-
formation about the Lorentz violation stored in black hole shadow
[31,32], accretion disk [33], superradiance of black hole [34] and
particle’s motion [35] is discussed. A Kerr-Sen-like black hole with
a bumblebee field has also been investigated [36]. With the ob-
servation data of quasi-periodic oscillations frequencies of GRO
J1655-40, XTE J1550-564, and GRS 1915+105 [37-39], the range of
the Lorentz symmetry breaking parameter is also constrained for
the rotating black hole in the Einstein-bumblebee theory of grav-
ity [40]. These investigations are useful for detecting the effects
arising from the Lorentz symmetry breaking induced by the bum-
blebee vector field.

Three-dimensional gravity has been investigated extensively be-
cause it certainly offers potential insights into quantum gravity.
Recently, a three-dimensional rotating BTZ-like black hole solu-

0370-2693/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.


https://doi.org/10.1016/j.physletb.2023.138186
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2023.138186&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:panqiyuan@hunnu.edu.cn
mailto:jljing@hunnu.edu.cn
https://doi.org/10.1016/j.physletb.2023.138186
http://creativecommons.org/licenses/by/4.0/

C. Chen, Q. Pan and J. Jing

tion was obtained in the Einstein-bumblebee gravity [41]. It was
found that the bumblebee field doesn’t affect the locations of the
black hole horizon and ergosphere. In this paper, we will study the
quasinormal modes of a scalar perturbation around such a rotating
BTZ-like black hole. The main motivation is to probe the effects of
the Lorentz symmetry breaking arising from the bumblebee vec-
tor field on the quasinormal modes and the stability of black hole
under the scalar perturbation. Moreover, the AdS3/CFT, corre-
spondence [43-45] indicates that there exists a dual between the
asymptotical AdS3 gravity in the bulk and the two-dimensional
conformal field theory in the boundary. Although the AdS/CFT
correspondence of this black hole has been discussed and the cen-
tral charges of the dual CFT on the boundary have been computed
[41], it is still an open issue how the Lorentz symmetry breaking
affects the left and right conformal weights h; and hr of the op-
erators dual to the perturbational field in the boundary. Thus, we
will further study this interesting issue on the AdSs3/CFT, cor-
respondence in the Einstein-bumblebee gravity from quasinormal
modes.

The plan of our paper is organized as follows. In Sec. 2, we
will review briefly the rotating BTZ-like black hole in the Einstein-
bumblebee gravity. In Sec. 3, we will study the quasinormal modes
of a scalar perturbation around the rotating BTZ-like black hole.
Our results indicate that the presence of such Lorentz symmetry
breaking modifies the behavior of the quasinormal modes in the
black hole and changes the left and right conformal weights hj
and hy of the operators dual to the scalar field in the boundary.
Finally, in the last section we will include our conclusions.

2. Rotating BTZ-like black hole in Einstein-bumblebee gravity

In this section, we review briefly the rotating BTZ-like black
hole in the Einstein-bumblebee gravity obtained in [41]. The ac-
tion of Einstein-bumblebee gravity with a negative cosmological
constant A = —,lz in the three dimensional spacetime can be ex-
pressed as [6-18]

1 2 £
S=| d&x/—g| —(R+ =)+ =B""R
/ X g|:2/€< + 12> 2K e

1
- ZB’”BW—V(BMB”:FbZ)], (1)

where R is the Ricci scalar and « is a constant related to the
three-dimensional Newton’s constant G by k = 8w G. The cou-
pling constant & has the dimension of M~! and the strength of
the bumblebee field B, is By, = 3, By — 3y B,. In this theoretical
model of the bumblebee field, the potential V has a minimum at
B, B* + b% =0 (where b is a real positive constant), which yields
a nonzero vacuum value (B,) = b, with b,b* = Fb? and leads to
the destroying of the U(1) symmetry. The signs “£” in the po-
tential determine whether the field b, is timelike or spacelike.
The nonzero vector background b, spontaneously gives rise to the
Lorentz symmetry violation [7-18,23].

Varying the action (1) with respect to the metric, one can
find that the extended vacuum Einstein equation in the Einstein-
bumblebee gravity (1) becomes [6-18]

1
Ry — Eg/J.VR=T}M}s (2)

with
1
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The extended Einstein equation (2) admits a rotating BTZ-like black
hole solution with a metric [41]

, s+1) ] 2
ds? = — f()de? + ¢ oy At <d9 - 2:/2‘”) ’ (4)
where
r/2 :2
) =" =M+ 5. (5)

Here M and j are the mass and the spin parameters of the black
hole (4), respectively. The bumblebee field has the form b, =
(0,bg,0) and the parameter s = £b% describes the spontaneous
Lorentz symmetry breaking arising from the Einstein-bumblebee
vector field. The determinant of the metric (4) is g = —(s + 1)r'2,
which means that the metric becomes degenerate when s = —1. In
addition, the Kretschmann scalar is [41]

12
RHVPO R =, 6
KT A1 +5)? (©)
It is clear that the spacetime (4) is singular as s = —1. Thus, in

order to maintain that there is no curvature singularity in the
spacetime (4) and to conveniently compare with the case with-
out the Lorentz symmetry breaking (i.e.,, s = 0), we here restrict
the parameter s in the range of s > —1, and then the coupling ¢ is
limited in the region & > —blz. The horizons of the black hole (4)
are located at

1
ri2 = 3 (M12 + 1,/ M212 — j2) , (7)

where the signs + and — correspond to the outer and inner hori-
zons, respectively. It is easy to obtain that the horizon radius of
the black hole does not depend on the spontaneous Lorentz sym-
metry breaking parameter s. However, the Hawking temperature of
the event horizon [41]

2
h=— (o), (8)
2n/s+1\ P 47
is related to the breaking parameter s and decreases with this pa-
rameter. Substituting the relationship lz = —% and j =8] (where

J is the angular momentum of the black hole), and replacing the
parameter s by ¢, the Hawking temperature (8) reduces to its form
obtained in Ref. [41].

3. Quasinormal modes of a scalar perturbation around a rotating
BTZ-like black hole in Einstein-bumblebee gravity

To analytically obtain the quasinormal modes of a scalar per-
turbation, we introduce a radial coordinate transformation

r—r=r? 9)

and the form of the metric (4) becomes

2_ _ 2, 6+D 5 A
ds® = —f(rdt” + o) dr +r(d9 2rdt) , (10)
where

LAY 11
f(r)_[_Z_ +E' (11)
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The horizon radii of the black hole (10) become

1 2 I3
re=g (Ml +1,/M212 — ]2) . (12)

For the spacetime (10) after the radial coordinate transformation
(9), we find that the Kretschmann scalar has a form R*"P? R ;55 =
ﬁ, which is the same as in the spacetime (4) without the
transformation. This means that the spacetime (10) has no curva-
ture singularity at the origin as in the spacetime (4). Similarly, the
temperatures T+ of black hole (10) at the outer (4) and inner (—)
horizons can be expressed as [41]

ry —T¢
221+ s rt
Moreover, we find that the first law of thermodynamics and the

Smarr formula for the inner and outer horizons respectively have
the forms

Ty=+ (13)

dEL =T41dS+ +Qid] + VidP,
0=T4Sy+Qs]—2VLP, (14)

with
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where E. denote the energy of the black hole at the outer and
inner horizons respectively, and are related to the ADM mass
Mapym = %M by E;+ = Mapm and E_ = —Mypy. The angular mo-
mentum is J = j/8. These formulas are exactly the same as those
for the spacetime (4) without the transformation (9) [41]. Thus, the
radial coordinate transformation (9) does not change the intrinsic
properties of the spacetime (4). However, it will simplify the radial
equation of the scalar perturbational field. In the three dimen-
sional spacetime, the scalar perturbation can be assumed as a form
W = e~ i@HiMIR () where m is a quantum number of the angular
coordinate ¢, and w is the frequency of the scalar field perturba-
tion. Then, the Klein-Gordon equation of the massive scalar field

1
ﬁau(ﬁg“”avw) — gy =0, (16)

in the background of a rotating BTZ-like black hole in the Einstein-
bumblebee gravity can be expressed as

d’R(r 1 f'n7dR@r)  (s+1 1 om
g ) L [ (r n ( ) . mj
dr r o f(m | dr 4 rf(r) 2
2 2
m 15 :|
- S R(r)=0, (17)
r2fry  rf(r)
where the prime is the derivative with respect to the coordinate r
and (o is the mass of the scalar perturbational field. Defining the
variable

r—ry

, (18)
r—r_

we find that the radial equation (17) can be rewritten as
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As in [46,47], one can use the following redefinition of the radial
function
R(z) =21 -2)PF(2), (21)

and then the new function F(z) satisfies the Hypergeometric dif-
ferential equation

d*F(2) (Z)

z(l—z) 122 +[(1420) — (1 4+ 20 +28)z]
A B ,
+ (— - -C ) F(2) =0, (22)
z 1-z
with
A'=A+a? =B+B(1-p),
C'=C+(@+p> (23)

To find the solution for the total physical spacetime, one must re-
move the poles at z=0 and z =1 by applying some constraints
on the coefficient of function F, i.e.,

A =0, B'=0. (24)
These mean that

P yrVT+s@— 30

o =FivA=Fi 201 ,
= % (1 + 1 +4B). (25)

It implies that the corresponding Breitenlohner-Freedman bound
MéBF [42] in the spacetime (10) becomes as

1
1+s)

Only the scalar field with the mass o above the Breitenlohner-
Freedman bound does not induce an instability in the spacetime.
It is clear that with the increase of the spontaneous Lorentz sym-
metry breaking parameter s, the Breitenlohner-Freedman bound
increases and the corresponding range of the mass wo of scalar
field yielding instability becomes narrow. The equation (22) can fi-
nally reduce to the Hypergeometric equation

Hoppl =~ (26)

2
20 —z)% tie—d+a+02 T2 L arg =0, @7
with
c=2u0+1, a:oc—i—,B+ix/E, b:oz—i—ﬁ—i\/a (28)

Thus, the general solution of equation (19) can be given by a linear
combination of Hypergeometric functions F, i.e.,

R=2z(1—2)P[C1F(a,b,c;2)
+Cz " Fla—c+1,b—c+1,2—c;2)], (29)
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where Cq and C, are the constants of integration.

Given that the wave functions are purely ingoing at the horizon
z=0, the boundary conditions determine o = —i+/A. Thus, in the
near horizon region, the contribution to the wave function only
comes from the first term in Eq. (29), i.e.,

R=C1z2(1 - 2PF(a,b,c; 2). (30)

In the far region r > r, one can make use of the property of the
hypergeometric function [48]

'c)I'(c—a—>b)

F(a,b,c;2) = F(c—a)F(c—b)F(a’b’a+b_C+1;1_Z)
_ _c—ap©@I'@+b—0)
+{1-2) T(a)'(b)
x Fc—a,c—b,c—a—-b+1;1-2), (31)

and obtain the asymptotic behavior of the wave function R at the
spatial infinity (i.e., z— 1)

R~z%1— Z)ﬁw (32)

I'(c—a)l'(c—b)

In the rotating BTZ-like black hole for the Einstein-bumblebee
gravity (4), the effective potential in the radial equation for the
scalar perturbation tends to infinity as r — oo, so the physical
requirement should be imposed as in Refs. [49,50], i.e., the wave-
function is just purely outgoing at spatial infinity and its corre-
sponding flux is finite. After some careful analysis, one can find
that all of the divergent terms in the flux are proportional to

r'c)l'(c—a—>b) 2
I'(c—a)'(c —b)

Thus, the boundary condition of the non-divergent flux at the
asymptotic infinity leads to

(33)

c—a=-—n, or c—b=-—n, (34)

with n being a non-negative integer. It should be noted that these
two relations can be also obtained by simply imposing vanishing
Dirichlet condition at spatial infinity.

From the relation ¢ — a = —n, we find that the right-moving
quasinormal frequency obeys to
PV " ijlPmy1+s
2T V) AT (T + )
+%(1+m):_n. (35)

Solving Eq. (35), one can obtain the right-moving quasinormal fre-
quency for the scalar field in the background of the rotating BTZ-
like black hole for the Einstein-bumblebee gravity

__m_, 21+ 1) > 5
wp = =T —i= = [ +2+2,/1+l (1+s)u3|. (36)

Similarly, from the condition ¢ —b = —n, we obtain the left-moving
quasinormal frequency

_m_ 2 -V 1 2
o= N [+2+2,/ +RA+s)ud|. (37)

Obviously, the real parts of both right-moving and left-moving
quasinormal frequencies are defined by only the scalar field’s an-
gular quantum number m and the cosmological parameter [. How-
ever, the imaginary parts depend on the spontaneous Lorentz sym-
metry breaking parameter s and the spin parameter j. Comparing
with the case without the Lorentz symmetry breaking, the positive
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symmetry breaking parameter s makes the absolute values of the
imaginary parts decrease, but the negative s makes them increase.
Thus, the scalar perturbation field decays more rapidly in the case
with the negative breaking parameter. Moreover, with the increase
of the spin parameter j, we find that the absolute values of the
imaginary parts increase for the right-moving modes, but decrease
for the left-moving modes. These changes of the imaginary parts
of quasinormal frequencies are also shown in Fig. 1. As the Lorentz
symmetry breaking parameter s vanishes, one can find that the
formulas (36) and (37) of quasinormal frequencies are consistent
with those of the scalar field in the usual rotating BTZ black hole
spacetime.

Finally, we will probe the relationship between the AdS/CFT
correspondence and the quasinormal modes of the scalar field in
the background of the rotating BTZ-like black hole (10) in the
Einstein-bumblebee gravity. At thermal equilibrium of the black
hole, the two sectors may have different temperatures (T, Tg) for
the rotating BTZ-like black holes (10), i.e., [41]

_ VoV :\/H—}-\/r—,. (38)
272 /1 +s’ 221 +s

From Egs. (36) and (37), we can find that the quasinormal fre-
quencies of a scalar field around the BTZ-like black hole in the
Einstein-bumblebee gravity can be rewritten as

m .
wp=— —4miT (n+hy),

m .
i wR:_T_47TlTR(n+hR)a

(39)

with the conformal weights of its corresponding operator in the
dual CFT

1 1
hL=hR=§+§,/1+12(l+s)ué. (40)

Thus, one can find that the conjectured AdS/CFT correspondence
still holds for the BTZ-like black hole in the Einstein-bumblebee
gravity. Moreover, we also find that the conformal weights h; and
hg increase with the Lorentz symmetry breaking parameter s, but
are independent of the spin parameter of the black hole.

From Eq. (39), one can find that the quasinormal frequencies
are related to thermodynamic properties of the black hole. The lit-
erature [51] shows that the left-moving and right-moving modes
for the scalar field become normal modes without any decay in a
static and massless AdS spacetime and then the quasinormal fre-
quencies can reflect the transition between black hole phase and
massless phase. Repeating the similar operations, it is easy to ob-
tain that there only exists the normal mode with w; g = imT in
the spacetime (10) with M =0 and j = 0. For the rotating Einstein-
bumblebee BTZ-like hole, one can find that the mass parameter M
must satisfy M > j/I and in the extremal black hole case the mass
parameter M is equal to its minimum M = j/I. For the extremal
rotating Einstein-bumblebee BTZ-like hole the radial equation (17)
of the scalar perturbation can be expressed as

4d R(r)
dr?

3dR(1)

+42r — M%) y
.

@r — M)

+(s+ 1P {4(0)1 —m)[(wl + m)r —mi*M]

—Q@r— MIZ)ZMS}R(r) =0. (41)
Redefining
MI?

Z=— - (42)

2r — Mi2’
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Fig. 1. Variety of the imaginary parts of right-moving and left-moving quasinormal frequencies with the symmetry breaking parameter s and the spin parameter j. Here, we

set M=1,1=1 and ,u,(z) = —0.65.
Eq. (41) becomes
d’R(2)  G+DI[2(wl—m)? (02 —m?) lez
+ R(z) =
dz? 4 M Mz z2
(43)

The general solution of the above equation is given by

R=A1(22)Pe™*F[p1 — ¢4, 2p1; 2¢-2]
+ A2(22)Pe T EF [ — By — ¢4, 2(1 = B1); 2¢-z], (44)
with
_ 2iy/1 4 s(m + wl) 1 \/ﬁ
QE_T’ /31—5|:1+ 1+l(1+S)Mo],

(45)

where Fla, b; z] is the confluent hypergeometric function. .A; and
Ay are the constants of integration. As in [52], the boundary con-
dition of no outgoing wave at the spatial infinity requires 4, in
Eq. (44) must be zero and the asymptotic limit of the wave func-
tion becomes

o ) B
1//00=A1e_lwt+lm0€_§2_f<—> . (46)

v
Thus, the conserved radial current of the scalar perturbation at the
spatial infinity becomes

dy dl/f*

J= w——w (47)

and the corresponding flux F = /—gJ/(2i) also vanishes at the
spatial infinity. This means the absence of quasinormal modes for
the extremal rotating Einstein-bumblebee BTZ black hole under the
scalar perturbation. Thus, there also only exists the normal mode
without imaginary part in the spacetime (10) with M = j/I. This
property is valid for the arbitrary Lorentz symmetry breaking pa-
rameter s. However, in the non-extremal Einstein-bumblebee BTZ
black hole case, the quasinormal frequencies (36) and (37) have
the non-zero imaginary parts for the left-moving and right-moving
modes. Therefore, combining with the previous discussion for the
case j =0, it is easy to obtain that the change of the imaginary
parts of the left-moving and right-moving quasinormal frequencies
from a non-zero value to zero reflects a kind of phase transitions
from the rotating non-extremal BTZ-like black hole to the extremal
black hole or from the static BTZ-like black hole to the massless
AdS phase.

Actually, as Cai et al. observed in [53], for the BTZ-like space-
time (10), some second moment related to the Hawking tempera-
ture Ty = 1/8 (for example, (8888) ~ /1 + s(Ml — j)~3/2) in the
microcanonical ensemble diverges as M — j/I. The similar behav-
iors also appear in the previous nonrotating case as M — 0. There-
fore, the above phase transition belongs to the thermodynamic
phase transition. As in [53,54], for such kind of phase transitions,
the difference between r; and r_ can be served as an order pa-
rameter € =r, —r_. From Eq. (37), it is easy to find that the imag-
inary part of quasinormal frequencies for the left-moving mode is
directly related to the order parameter € by

2(n+hp)e
RVTHs(Jrs+ o)

Im(wp) = — (48)
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Although the quasinormal frequencies for the right-moving mode
have not such direct connection with the order parameter €, their
values are non-zero in the non-extremal BTZ-like black hole phase
and are zero in the extremal black hole phase. In this sense, the
change of the imaginary parts of the right-moving quasinormal
frequencies also reflects such kind of thermodynamic phase tran-
sitions between BTZ-like black holes.

4. Summary

We have studied the quasinormal modes of a scalar pertur-
bation around a rotating BTZ-like black hole in the Einstein-
bumblebee gravity. We find that the spontaneous Lorentz sym-
metry breaking parameter imprints only in the imaginary parts of
the quasinormal frequencies for the right-moving and left-moving
modes. Comparing with the case without the Lorentz symmetry
breaking, the positive symmetry breaking parameter s makes the
absolute values of the imaginary parts decrease, but the nega-
tive s makes them increase. Thus, the scalar perturbation field
decays more rapidly in the case with the negative Lorentz sym-
metry breaking parameter. Moreover, with the increase of the spin
parameter j, we find that the absolute values of the imaginary
parts increase for the right-moving modes, but decrease for the
left-moving modes. The real parts depend on only the scalar field’s
angular quantum number m and the cosmological parameter I,
which is consistent with the quasinormal modes in the usual BTZ
black hole.

Moreover, we discuss the AdS/CFT correspondence from the
quasinormal modes and find that it still holds for the BTZ-like
black hole in the Einstein-bumblebee gravity. The Lorentz sym-
metry breaking parameter enhances the left and right conformal
weights h; and hr of the operators dual to the scalar field in the
boundary. In addition, the quasinormal frequencies are related to
thermodynamic properties of the black hole and the change of the
imaginary parts of the quasinormal frequencies reflects a kind of
phase transitions from the nonrotating BTZ-like black hole to the
massless AdS phase or from the rotating BTZ-like black hole to the
extremal AdS black hole. These results could be helpful to under-
stand the AdS/CFT correspondence and the Einstein-bumblebee
gravity with the Lorentz symmetry violation.
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